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Constructing derived moduli stacks

JONATHAN P PRIDHAM

We introduce frameworks for constructing global derived moduli stacks associated
to a broad range of problems, bridging the gap between the concrete and abstract
conceptions of derived moduli. Our three approaches are via differential graded Lie
algebras, via cosimplicial groups, and via quasicomonoids, each more general than
the last. Explicit examples of derived moduli problems addressed here are finite
schemes, polarised projective schemes, torsors, coherent sheaves and finite group
schemes.

14A20; 14D23, 14J10

Introduction

In [25], representability was established by the author for many derived moduli problems
involving schemes and quasicoherent sheaves. However, the derived stacks there were
characterised as nerves of co—groupoids with very many objects, making it difficult to
understand the derived stacks concretely.

By contrast to the indirect approach of satisfying a representability theorem, Ciocan-
Fontanine and Kapranov [6; 5] construct explicit derived Hilbert and Quot schemes
as dg-schemes with the necessary properties, but give no universal family, so the
derived moduli spaces lack functorial interpretations. In this paper, we will show how
to reconcile these approaches, thereby giving explicit presentations for the derived
moduli spaces of [25].

In fact, we go substantially beyond the problems considered in [6; 5], and give a
framework valid in all characteristics (rather than just over Q). This is done by
working with quasicomonoid valued functors, which give a global analogue of the
simplicial deformation complexes of the author [20]. In broad terms, derived moduli
constructions over Q tend to be based on differential graded Lie algebras (DGLAs),
while quasicomonoids perform the same role in much greater generality. Since quasi-
comonoids arise naturally from algebraic theories, they are much more general than
DGLAs, even in characteristic zero.
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1418 J P Pridham

Beware that for the purposes of this paper, derived algebraic geometry will mean the
theory of Lurie [18] based on simplicial commutative rings, or on dg algebras when
working over Q, rather than the more exotic HAG contexts of Toén and Vezzosi [32].
This enables us to apply Lurie’s Representability Theorem in Section 1, but is also
needed in later sections. The key to Section 3 is that tensoring a commutative algebra
with a Lie algebra gives a Lie algebra, but similar constructions could be made with any
pair of algebras for Koszul-dual operads. Likewise, the constructions of Section 4-5
adapt to give functors on any category of simplicial objects. However, they will not
adapt to give functors on symmetric spectra, since they depend on the functor 4 > Ayg.

The structure of the paper is as follows. Section 1 summarises various results from
the author [26] concerning representability of derived stacks, and gives a few minor
generalisations. Section 2 develops some technical results on the pro-Zariski and
pro-étale sites. Lemma 2.3 shows that any finitely presented sheaf is a sheaf for the
associated pro site, and our main results are Lemmas 2.10 and 2.13, concerning the
existence of weakly universal coverings. These are applied in later sections to deal with
infinite sums of locally free sheaves, which feature when studying polarised projective
varieties.

In Section 3, DGLAs are introduced, together with the Deligne groupoid Del(L) asso-
ciated to any DGLA L with a gauge action. By adapting the techniques of [5], DGLAs
are used to construct derived moduli stacks for pointed finite schemes (Proposition 3.16)
and for polarised projective schemes (Proposition 3.33). The resulting functors are
shown (in Propositions 3.18 and 3.34, respectively) to be equivalent to the corresponding
functors in [25], defined as nerves of co—groupoids of derived geometric stacks.

DGLAs only tend to work in characteristic 0, and Section 4 shows how to construct
derived moduli stacks using cosimplicial groups instead. For any simplicial cosimplicial
group G, there is a derived Deligne groupoid ®¢l(G); Proposition 4.15 shows that
cosimplicial group valued functors G give rise to well-behaved derived moduli functors
Del(G). For any DGLA L with gauge G, there is an associated cosimplicial group
D(exp(L), Gr), and Corollary 4.27 shows that the Deligne groupoids associated to L
and D(exp(L), Gr) are isomorphic. Section 4.4 defines a kind of sheafification G*
for cosimplicial group valued functors G, removing the need to sheafify Del(G); this
gives an immediate advantage of cosimplicial groups over DGLAs. Proposition 4.38
gives a cosimplicial group governing derived moduli of torsors, a problem not easily
accessible via DGLAs.

Cosimplicial groups cannot handle all moduli problems, so Section 5 begins by recalling
the quasicomonoids from the author [23], and the derived Deligne groupoid Del(E)
of a simplicial quasicomonoid E. Corollary 5.43 then shows that quasicomonoid
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Constructing derived moduli stacks 1419

valued functors E give rise to well-behaved derived moduli functors Del(£). In
Section 5.2.1, we recall basic properties of monads, together with results from [23]
showing how these give rise to quasicomonoids. Monads are ubiquitous, arising
whenever there is some kind of algebraic structure. Section 5.2.2 goes further, by
associating quasicomonoids to diagrams. In particular, this allows derived moduli of
morphisms to be constructed for all the examples considered in Section 6. Section 5.5
then defines a kind of sheafification E*# for quasicomonoid valued functors E, removing
the need to sheafify Del(E).

For every cosimplicial group G, there is a quasicomonoid £(G), and Lemma 5.12
shows that Del(£(G)) ~ Del(G), ensuring consistency between the various approaches.
For moduli problems based on additive categories, the associated quasicomonoid E
is linear. This means that its normalisation NE is a DG associative noncommutative
algebra (so a fortiori a DGLA), so the techniques of this section give DGLAs for abelian
moduli problems. Moreover, Proposition 5.40 gives an equivalence D¢l(E) ~ Del(NE),
so quasicomonoids and DGLAs give equivalent derived moduli.

Section 6 gives a selection of examples which can be tackled by quasicomonoids.
Derived moduli of finite schemes, of polarised projective schemes, and of finite group
schemes are constructed in Propositions 6.4, 6.17 and 6.28, respectively. In Proposi-
tions 6.6, 6.18 and 6.32, these are shown to be equivalent to the corresponding functors
in [25], defined as nerves of co—groupoids of derived geometric stacks. Proposition 6.11
constructs derived moduli of coherent sheaves, and Proposition 6.12 shows that this is
equivalent to the nerve of co—groupoids of hypersheaves considered in [25].

Acknowledgements The author was supported during this research by Trinity College,
Cambridge and by the Engineering and Physical Sciences Research Council (grant
number EP/F043570/1).

1 Background on representability

Let S be the category of simplicial sets. Denote the category of simplicial commutative
rings by sRing, the category of simplicial commutative R—algebras by sAlgg, and
the category of simplicial R—modules by sModg. If Q C R, we let dg+Algp be the
category of differential graded-commutative R—algebras in nonnegative chain degrees,
and dgyModp the category of R—modules in chain complexes in nonnegative chain
degrees.

Definition 1.1 Given a simplicial abelian group 4., we denote the associated nor-
malised chain complex by N*A4 (or, when no confusion is likely, by NA). Recall
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1420 J P Pridham

that this is given by N(A), 1= ();~ ker(d;: A, — A,—1), with differential dy. Then
Hi«(NA) = 74(A).

When Q C R, using the Eilenberg—Zilber shuffle product (see Weibel [33, 8.5.4]),
normalisation N extends to a right Quillen equivalence

N: sAlgp — dg+Algp,
by Quillen [28, Section 1.4].

Definition 1.2 Define dg1 N (resp. sNg) to be the full subcategory of dg4Algg
(resp. sAlgp) consisting of objects A for which the map 4 — HoA (resp. A — moA4)
has nilpotent kernel. Define dg+ N % (resp. SN%) to be the full subcategory of dg+ Ng
(resp. s/N'g) consisting of objects 4 for which A; = 0 (resp. N;A =0) forall i > 0.

From now on, we will write d A/ (resp. dAlgg, resp. dModg) to mean either S/\f'l’e
(resp. sAlgp, resp. sModg) or aﬂg.,./\/lbe (resp. dg4+Algg, resp. dg4+Modpg), noting
that we only use chain algebras in characteristic 0.

Definition 1.3 Say that a surjection A — B in dgAlgg (resp. sAlgg) is a tiny
acyclic extension if the kernel K satisfies I4- K = 0, and K (resp. NK) is of the
form cone(M )[—r] for some HyA—module (resp. m9gA-module) M . In particular,

1.1 Formal quasismoothness and homogeneity
The following definitions are mostly taken from [25].

Definition 1.4 Say a natural transformation 7: F — G of functors F, G: d N b S
is homotopic (resp. prehomotopic) if for all tiny acyclic extensions 4 — B, the map

F(A) — F(B) xg(p) G(A)
is a trivial fibration (resp. a surjective fibration). Say that F' is homotopic if F' — e is

so, where e denotes the one point set.

Definition 1.5 Say a natural transformation 7: F — G of functors F,G: dN” — S
is formally quasipresmooth (resp. formally presmooth) if for all square zero extensions
A — B, the map

F(A) — F(B) XG(B) G(A)

is a fibration (resp. a surjective fibration).

Say that n is formally quasismooth (resp. formally smooth) if it is formally quasipres-
mooth (resp. formally presmooth) and homotopic.

Geometry & Topology, Volume 17 (2013)



Constructing derived moduli stacks 1421

Definition 1.6 Say that a natural transformation n: F — G of functors on d N b is
formally étale if for all square zero extensions 4 — B, the map

F(A) — F(B) Xg) G(A)
is an isomorphism.

Definition 1.7 Say that a natural transformation F — G of functors on dN b is
(relatively) homogeneous if for all square zero extensions 4 — B, the map

F(AxpC) = G(A X C) X[Ga)xg 6(C)] [F(A) Xp(p) F(C)]
is an isomorphism. Say that F' is homogeneous if ¥ — e is relatively homogeneous.
Proposition 1.8 Let o: F — G be a formally étale morphism of the functors

F,G: dN® — Set. If G is homogeneous, then so is F. Conversely, if « is surjective
and F is homogeneous, then so is G .

Proof This is [25, Proposition 2.18]. O

1.2 Tangent complexes

Given a category C, write Ab(C) for the category of abelian group objects in C.
Definition 1.9 For a homogeneous functor F: d b 5>S, A€dN® and M €d Mod,,
define the tangent space by

T(F.M):=F(A® M)eS|F(A),

noting that this is an abelian group object in this category. Here, S| F(A) denotes the
category of objects over F(A).

Given a natural transformation «: F — G of homogeneous functors F, G: dN? — S,
define the relative tangent space by

T(F/G, M) :=ker(T(F,M)— T(G,M) x4 F(A)) € Ab(S| F(A)).
Given x € F(A), define Tx(F/G, M) :=T(F/G, M) X4y {x} € Ab(S) = sAb.
When «: F — G is formally quasipresmooth, note this definition is compatible with [26,
Definition 1.8], in the sense that for x € mg F(A), the space Tx(F/G)(M) of [26] is

the homotopy fibre of T(F/G, M) — F(A) over x, since T(F/G, M) — F(A) is a
fibration.
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Definition 1.10 Given a prehomotopic formally quasipresmooth transformation
a: F — G of homogeneous functors F,G: dN” — S, an object A € d N, a point
x € Fo(A) and amodule M € dMod, define D!.(F/G, M) as follows, following [26,
Definition 3.14].

For i <0, set .
DL(F/G. M) = n_i(Tx(F/G. M)).

For i > 0, set
DL(F, M) := o F(Tx(F/ G, M[~i])) /7o (Tx(F/ G, cone(M)[1 —i])).

Note that homogeneity of F ensures that these are abelian groups for all i, and that
the multiplicative action of A on M gives them the structure of A—modules.

If a: F — G is formally quasismooth, note that [26, Lemma 1.12] gives
DYT(F/G, M) = 1 (Tx(F/G. M[~n)).

The following is immediate.

Lemma 1.11 If X,Y,Z: dN® — S are homogeneous, and X SYis formally

quasipresmooth, with B: Z — Y any map, set T := X Xy Z, and observe that T — Z
is quasipresmooth. There is an isomorphism

DX(T/Z,M)~D*(X/Y, M),
for t € T(A) with image x € X(A).

Proposition 1.12 Let X, Y, Z: dN® — S be homogeneous functors, with a: X — Y
and B: Y — Z formally quasismooth. For x € X(A), there is then a long exact
sequence

DL(X/Y, M) DL(X/Z, M) DL(Y/Z, M)

0

.« ey

DY (X/Y. M) —=D{T(X/Z. M)
where y € Y (A) is the image of x.

Proof Since Tx(X/Y, M) =ker(a: Tx(X/Z, M) — T,(Y/Z, M)), we have fibra-
tion sequences

oo T ( XY, M[—n]) > 7 Tx(X/Z, M[-n]) > ;] Tx(Y/Z, M[—n]) — - --

for all i,n > 0 so the result follows because 7; Ty (X /Y, M[—n]) = D" (XY, M),
and similarly for X/Z,Y/Z. |
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Definition 1.13 Recall that a local coefficient system on S € S is an object V' of
Ab(S| §) for which the maps 9;: Vs — Vj, ¢ are isomorphisms for all s € Sy, where
Vs i=Vyxg, {s}.

Lemma 1.14 If o: X — Y is a formally quasismooth morphism between homoge-
neous functors, take an object A € d N b and M € dMody. Then there is a local
coefficient system

D*(X/Y, M)

on X(A), whose stalk at x € X(A) is DY(X/Y, M). In particular, D}(X/Y, M)
depends (up to noncanonical isomorphism) only on the image of x in wy X (A4).

Proof As with [26, Lemma 1.16], this follows straightforwardly from the proof of
[26, Lemma 1.9]. O

1.2.1 Obstructions

Proposition 1.15 If F, G: dN® — S are homogeneous, with G prehomotopic and
a: F'— G formally quasismooth, then for any square zero extension e: I — A — B
(with f: A— B)in dN?, there is a sequence of sets

70 (FA) L5 70 (FB xg GA) 2 T'(FB, D (F/G. I)),

where I'(—) denotes the global section functor. This is exact in the sense that the fibre
of 0, over 0 is the image of f, Moreover, there is a group action of D%(F/G, I) on
the fibre of my(FA) — 7o (FB) over x, whose orbits are precisely the fibres of f.

For any y € FyA, with x = fiy, the fibre of FA — FB xgg GA over x is isomorphic
to Tx(F/G, I), and the sequence above extends to a long exact sequence

€x f* O¢ 1— €x
-« —= 1mu(FA, y) — mn(FB xgp GA, x) — D} "(F/G,I) — my—1(FA, )

S S —*y

71 (FB xgp GA, x) —<= D%(F/G. ) 7o(FA).
Proof The proof of [26, Proposition 1.17] carries over to this generality. |

Corollary 1.16 If F,G: d\N' b 'S are homogeneous, with G prehomotopic and
o: F — G prehomotopic and formally quasipresmooth, then « is formally presmooth
if and only if D!.(F/G, M) = 0 for all i >0, all discrete rings A, all x € 7o F(A)
and all A—modules M .
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Definition 1.17 Given a functor /' on dNI;e’ define the functor 7° F on Algy, g by
(O F)(A) := F(A).

Corollary 1.18 Take a morphism a: F — F' of homogeneous formally quasismooth
functors F, F': dN® — S. Then « is a weak equivalence if and only if

(1) 7 7°F — n°F’ is a weak equivalence of functors Algy, g = S;

(2) the maps D'.(F, M) — D}, .(F', M) are isomorphisms for all A € Algy, g, all
A-modules M , all x € F(A)g, and all i > 0.

Proof For any A € dN”, we need to show that ay: F(A) — F'(A) is a weak
equivalence. By hypothesis, we know that this holds if we replace A with HoA.
Now, the map A — HgA is a nilpotent extension; let the kernel be I4. The maps
A/l Z“ — A/I’] are square zero extensions, and their kernels 7% /1 Z“ are HoA—
modules. This allows us to proceed inductively, using the long exact sequence of
Proposition 1.15 to deduce that F(A/I T’l) — F'(A/I T’l) is a weak equivalence
whenever F(A/I}) — F'(A/I}) is so. O

1.3 Representability

For the remainder of this section, R will be a derived G -ring admitting a dualising
module (in the sense of [18, Definition 3.6.1]). In particular, this is satisfied if R is
a G-ring admitting a dualising complex in the sense of Hartshorne [13, Chapter V].
Examples are Z, any field, or any Gorenstein local ring.

Theorem 1.19 Take a functor F': a’/\flbe — S satisfying the following conditions:
(1) F is formally quasismooth.
(2) For all discrete rings A, F(A) is n—truncated, ie w; F(A) =0 forall i > n.
(3) F is homogeneous.
(4) 7OF: Algy g — S is a hypersheaf for the étale topology.
(5) mon®F: AlgHO r — Set preserves filtered colimits.

(6) Forall A € Algy,g and all x € F(A), the functors m; (r°F, x): Algy — Set
preserve filtered colimits for all i > 0.

(7) For all finitely generated integral domains A € Algy g, all x € F(A)o and all
étale morphisms f: A — A’, the maps

DX (F, A) ®4 A" — D}, (F. A')

are isomorphisms.
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(8) For all finitely generated A € Algy g and for all x € F(A)o, the functors
D!{.((F/R),—): Mod4 — Ab preserve filtered colimits for all i > 0.

(9) For all finitely generated integral domains A € Algy g and all x € F(A)o, the
groups D'.(F/R, A) are all finitely generated A—modules.

(10) For any complete discrete local Noetherian Hy R —algebra A, with maximal ideal
m, the map
0 : r
n " F(A4) — LinF(A/m )

is a weak equivalence.

Then F is the restriction to aU\/}’e of an almost finitely presented geometric derived
n—stack F': dAlggr — S. Moreover, F’ is uniquely determined by F (up to weak
equivalence).

Proof This variant of Lurie’s Representability Theorem essentially appears in [26,
Theorem 2.17], which takes a homotopy preserving, homotopy homogeneous functor
instead of a formally quasismooth homogeneous functor. However, every homotopic
functor is homotopy preserving (by [25, Lemma 2.24]), while every formally quasipres-
mooth homogeneous functor is homotopy homogeneous (by [25, Lemma 2.27]). Finally,
note that formal quasipresmoothness allows us to replace homotopy limits with limits.

O

Remark 1.20 For the definition of hypersheaves featuring in (4) above, see [26,
Definition 1.29]. For all the applications in this paper, the following observation suffices.
Given a groupoid valued functor I': Algy g — Gpd, the nerve BT Alg, p — Sisa
hypersheaf if and only if I" is a stack (in the sense of Laumon and Moret-Bailly [17]).

Remark 1.21 Note that there are slight differences in terminology between [32; 18].
In the former, only disjoint unions of affine schemes are O0-representable, so arbitrary
schemes are 2—geometric stacks, and Artin stacks are 1-geometric stacks if and only
if they have affine diagonal. In the latter, algebraic spaces are 0—stacks. A geometric
n—stack is called n—truncated in [32], and it follows easily that every n—geometric
stack in [32] is n—truncated. A weak converse is that every geometric n—stack is
(n + 2)—geometric.

Theorem 1.19 follows the convention from [18], so “geometric derived n—stack” means
“n—truncated derived geometric stack”.

Beware, however, that condition (2) of the theorem only applies to discrete rings. In
general, if 4 € dN Ibe with H; 4 = 0 for i > m, then a geometric derived n—stack F
will have the property that 7; F(A) =0 forall j >m +n.
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1.4 Prerepresentability

Concrete approaches to derived moduli can naturally produce functors F: d N }’Q —-S
with the property that 7; F(A) = 0 for all i > n and all A. Such functors are not
geometric derived n—stacks, since they cannot be both homotopic and homogeneous.
The purpose of this section is to establish weaker conditions which can be satisfied
by such functors, and still allow us to associate a geometric derived n—stack F to F.
In particular, all of the examples in Sections 3—6 will work by constructing derived
geometric 1—stacks F from groupoid valued functors F'.

Definition 1.22 Define a simplicial enrichment of s II’Q as follows. For 4 € S./\/'}’e and
a finite simplicial set K, AX S/\/'}’e is defined by

(AK), := Homg (K x A", A).
Spaces Hom(A4, B) € S of morphisms are then given by
HomsN;2 (A, B)p = HomsN:;z (4, BAn).

Definition 1.23 Define a simplicial enrichment of dg N })2 as follows. First set €2,
to be the differential graded algebra

Q[zo,tl,...,t,,,dzo,dzl,...,dtn]/(Zzi—I,Zdti)

of rational differential forms on the n—simplex A", where ¢; is of degree 0. These fit
together to form a simplicial complex 2o of graded-commutative DG—algebras, and we
define A2" as the good truncation 42" := 75¢(4 ® ,,). (Note that this construction
commutes with finite limits, so extends to define AX for finite simplicial sets K .)

Spaces Hom(A4, B) € S of morphisms are then given by
Definition 1.24 Given a functor F: dN® — S, we define F: dN® — sS, (for sS
the category of bisimplicial sets), by

F(A)n = F(4™").

Definition 1.25 Define W: sS — S to be the right adjoint to Illusie’s total Dec
functor given by DEC (X)mn = Xm+n+1. Explicitly,

p
Wp(X) = {(xo,xl,...,xp) € 1_[ Xip—i | 0gxi = 81}-’+1x,~+1, VO<i< p},

i=0
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with operations

v v v h h h
0i (x0,...,Xp) = (0;X0,0;_;X1,...,0]X;—1,07 Xi41,07 Xig2,...,0;Xp),

v v v h h h
0i(x0,...,xp) = (07 X0,0;_{X1,....00Xi,0; Xi,0; Xj41,...,0; Xp).

In [3], Cegarra and Remedios established that the canonical natural transformation
diagX — WX
from the diagonal is a weak equivalence for all X .

Lemma 1.26 For a homotopic functor F: d N b 'S, the natural transformation
F — W F is a weak equivalence.

Proof This is [26, Lemma 3.13]. O

Proposition 1.27 If a formally quasipresmooth homogeneous functor F: dN® — S
is prehomotopic, then the functor WF: d N b S is homogeneous and formally
quasismooth.

Proof This is essentially the same as [26, Corollaries 3.10 and 3.12] (replacing weak
equivalences with isomorphisms, and homotopy fibre products with fibre products), us-
ing the result from Cegarra and Remedios [4] that diagonal fibrations are W —fibrations.

O

Lemma 1.28 Given a formally quasipresmooth prehomotopic homogeneous functor
F: aU\/}’e — 'S, an object A € dN?, a point x € Fy(A), and a module M € dMody,
there are canonical isomorphisms

D! .(F, M) =D (WF,M).

Proof The proof of [26, Lemma 3.15], which deals with the case when 4 and M are
discrete, carries over to this generality. O

Corollary 1.29 If a formally quasipresmooth homogeneous functor F: d/N b 5 Sis
prehomotopic, and admits a morphism «: F — G to a formally quasismooth homoge-
neous functor, then o induces a functorial weak equivalence
WF ~G
if and only if
(1) 7°%: 7°F — n°G is a weak equivalence of functors Algy, g = S;

(2) the maps D;(F, M)— Dfxx(G, M) are isomorphisms for all A € Algy g, all
A-modules M , all x € F(A)g, and all i > 0.
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Proof By Lemma 1.28, the map from F to WF induces isomorphisms on D’, so the
maps
Dy (WE. M) — D (WG. M)

are isomorphisms. Proposition 1.27 shows that WF and WG are formally quasismooth
homogeneous functors. Since F ~ WFE does not change 7°F, Lemma 1.28 and
Corollary 1.18 imply that the map

is a weak equivalence.

Since G is also homogeneous and formally quasismooth, Corollary 1.18 gives a weak
equivalence G — WG . Combining this with the weak equivalence above, we see
that WF and G are canonically weakly equivalent. a

Remark 1.30 By replacing Proposition 1.15 with [26, Proposition 1.17], the proof
of Corollary 1.29 works just as well if F is homotopy homogeneous and homotopy
surjecting, while G is homotopy homogeneous and homotopy preserving. In particular,
this holds if G is any presentation of a derived geometric n—stack.

Theorem 1.31 Take a functor F: d /N Ibq — S satisfying the following conditions:

(1) F is prehomotopic.

(2) F is formally quasipresmooth.

(3) For all discrete rings A, F(A) is n—truncated, ie w; F(A) =0 forall i > n.
(4) F is homogeneous.

(5) #°F: Algy, g — S is a hypersheaf for the étale topology.

6) mor F: Algy, g — Set preserves filtered colimits.

(7) Forall A € Algy g and all x € F(A), the functors r; (m°F, x): Algy — Set
preserve filtered colimits for all i > 0.

(8) For all finitely generated integral domains A € Algy g, all x € F(A)o and all
étale morphisms f: A — A’, the maps

Di(F,A)®4 A" — D;X(F, A"
are isomorphisms.

(9) For all finitely generated A € Algy, g and for all x € F(A)o, the functors
Déc (F,—): Mody4 — Ab preserve filtered colimits for all i > 0.
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(10) For all finitely generated integral domains A € Algy, g and all x € F(A)o, the
groups D.(F, A) are all finitely generated A—-modules.

(11) For all complete discrete local Noetherian Hy R —algebras A, with maximal ideal
m, the map

n°ﬁ(A)->ggprhnm

is a weak equivalence.

Then WF is the restriction to a’J\/}’e of an almost finitely presented geometric derived
n-stack F': sAlgp — S (resp. F': dgiAlgg — S). Moreover, F' is uniquely
determined by F (up to weak equivalence).

Proof This essentially appears as [26, Theorem 3.16], which takes a homotopy surject-
ing, homotopy homogeneous functor instead of a formally quasismooth prehomotopic
homogeneous functor. However, every prehomotopic functor is automatically homotopy
surjecting, while every formally quasipresmooth homogeneous functor is homotopy
homogeneous (by [25, Lemma 2.27]).

Alternatively, note that Proposition 1.27 ensures that WF is homogeneous and formally
quasismooth, so we may apply Theorem 1.19. a

2 Sheaves on the pro-Zariski and pro-étale sites

Our primary motivation for this section is the following. In general, an infinite direct
sum M = P; M; of locally free A—modules is not locally free for the étale topology,
in the sense that there need not exist any faithfully flat étale morphism A — A’ with
M ® 4 A’ free. However, for all maximal ideals m of A, the Ay,—module M ® 4 Ay, is
free. Indeed, for any set S of maximal ideals, the [ [,,cg Am—module M ®4][[,cs Am
is free. As we will show below, this amounts to saying that M is locally free for the
pro-Zariski topology, and hence for the pro-étale topology.

Definition 2.1 A presheaf %: Algp — Set is said to be locally of finite presentation
if for any filtered direct system {4;};, the map

lim F(A4;) — @(lim Ai)
> e
l 1

is an isomorphism.
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Definition 2.2 Given a property P of morphisms of affine schemes, we say that
f: X =Y ispro-P if it can be expressed as the limit X = liml_ X; of afiltered inverse
system {X;}; of P-morphisms X; — Y, in which all structure maps X; — X; are P—
morphisms. Likewise, we say that a map 4 — B of rings is ind-P if Spec B — Spec 4
is pro-P.

Lemma 2.3 If %: Algp — Set is locally of finite presentation and a sheaf for a class P
of covering morphisms, then % is also a sheaf for the class pro(P).

Proof Given any finite (possibly empty) set {As}ses of objects of Algg, we auto-
matically have an isomorphism

9( I1 As) — [[F4s).

seS seS

so we need only check that for any ring homomorphism 4 — B in ind(P), the diagram
F(A) > F(B) = F(B®4 B)

is an equaliser diagram.

Now, we can express A — B as a direct limit B = li_r)nl_ B; of P-morphisms A — B;, so

g ~ 1im F( R: o ~ lim % ( R: .
F(B) =lim F(B:), F(B®4 B) =limF(B; ®4 Bi),
i i

& being locally of finite presentation. Since & is a P—sheaf, the diagram
F(A) = F(Bi) = F(Bi ®4 Bi)

is an equaliser, and the required result now follows from the observation that finite
limits commute with filtered direct limits. d

We will now construct weak universal covers for the topologies which concern us.

2.1 The pro-Zariski topology

Definition 2.4 A morphism A — B of commutative rings is said to be conservative
if the map
A* — Axg B

is an isomorphism, where A denotes units in A. Say a morphism Spec B — Spec 4
of affine schemes is conservative if 4 — B is so.
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Definition 2.5 Say that a map A — B of commutative rings is a localisation if
B = A[S™!], for some subset S C A.

Note that Spec D — Spec C is an open immersion if and only if D =~ C[S~!] for
some finite set S. Thus 4 — B is a localisation if and only if Spec B — Spec 4 is a
pro-(open immersion).

Lemma 2.6 Any commutative ring homomorphism f: A — B has a unique factori-
sation A — C — B as a localisation followed by a conservative map.

Proof This is from Anel [1, Proposition 52]. The factorisation is given by setting
S:={aec A| f(a) € B*}, then letting C := A[S™]. ad

In order to study the Zariski topology, we wish to use local isomorphisms rather
than open immersions. Likewise, for the pro-Zariski topology, we want pro-(local
isomorphisms) rather than pro-(open immersions).

Definition 2.7 A morphism A — B of commutative rings is said to be strongly
conservative if it is conservative, and the map id(A4) — id(B) on sets of idempotent
elements is an isomorphism. Say that a morphism Spec B — Spec A of affine schemes
is strongly conservative if A — B is so.

Remark 2.8 The set id(A) just consists of ring homomorphisms Z? — 4. If 4
is finitely generated, then Spec A has a finite set 7 (Spec A) of components. Since
an arbitrary ring A can be expressed as a filtered colimit 4 = 1_ir_1>1iA,~ of finitely
generated rings, we can then define 7 (A4) to be the profinite set lim 7 (Spec 4;). Thus
a conservative morphism Spec B — Spec A4 is strongly conservative if and only if
7 (Spec B) — m(Spec A) is an isomorphism of profinite sets.

Lemma 2.9 Every morphism f: X — Y of affine schemes has a unique factorisa-
tion X — (X/Y)°° — Y as a strongly conservative map followed by a pro-(local
isomorphism).

Proof This is remarked at the end of [1, Section 4.2], where strongly conservative
maps are denoted by Conv, and pro-(local isomorphisms) by Zet. Explicitly, we first
factorise /" as X — Y Xz (y)m(X)— Y, and then apply Lemma 2.6 to the first map,
obtaining X — (X/Y)*° - Y Xp)m(X) —Y.If X =Spec B and Y = Spec 4,
note that

Y Xy m(X) = Spec (4 ®7 iq(4) Z.1d(B)).

Note we would get the same construction by applying Lemma2.6to X — Y xnw(X). O
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Lemma 2.10 For any commutative ring A, the category of pro-Zariski covers of
Spec A has a weakly initial object Spec C . In other words, for any covering pro-(local
isomorphism) Y — Spec A, there exists a map Spec C — Y over Spec A, although
the map need not be unique.

Moreover, every covering pro-(local isomorphism) Z — Spec C has a section.

Proof Let S be the set of maximal ideals of 4, and set C := (A/ [[,es(A4/m))c,
as constructed in Lemma 2.9. Explicitly, we first form the subring A’ of A5 consisting
of functions f: S — A with finite image. To form C, we then invert any element
f € A’ whenever forall s € S, f(s) & m;.

Now, given any covering pro-(local isomorphism) Spec B — Spec A4, use the covering
property to lift the closed points of A to closed points of B this gives us a map

g: B— l_[ A/m.
m
Properties of unique factorisation systems then give a unique map

B (a/ [T a/m)”

mes

compatible with g.

For the second part, take a covering pro-(local isomorphism) Z = Spec D — Spec C,
and choose a lift D — A/m of each canonical map C — A/m. This gives a diagram
A — D — []hes A/m with h: A — D opposite to a pro-(local isomorphism), so
the universal property of C then gives a unique factorisation D — C — [[,cg A/m.
The composition C — D — C must then be the identity, since C — [[,cg 4/m is
strongly conservative. |

2.2 The pro-étale topology

Definition 2.11 A morphism f: A — B is said to be Henselian if any factorisation
A— A’ — B, with A — A’ étale, has a section A’ — A over B. Say that a morphism
Spec B — Spec A of affine schemes is Henselian if 4 — B is so.

Lemma 2.12 Every morphism f: X — Y of affine schemes has a unique factorisation
X — (X/Y)h" Y as a Henselian map followed by a pro-étale morphism.

Proof This is an immediate consequence of [1, Proposition 64], which shows that ind-
étale morphisms and Henselian morphisms form the left and right classes of a unique
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factorisation system on the category of commutative rings. Explicitly, if ¥ = Spec 4
and X = Spec B, then
hen .__ 1; A

where A; runs over all factorisations 4 — A; — B of f # with 4 — A; étale. Then

(X/Y)hen .= Spec (4/B)P". m|

Lemma 2.13 For any commutative ring A, there is a weakly initial object Spec C in
the category of pro-étale coverings of Spec A.

Moreover, every pro-étale covering Z — Spec C has a section.

Proof For each point x of Spec 4, choose a geometric point X over x, so k(X) is a
separably closed field, and let the set of all these points be .S'. Now, use Lemma 2.12
to construct the unique factorisation

hen
A— (A/ I1 k()?)) =[] k®
xeS xes
of A = [[zes k(X). The arguments used in Lemma 2.10 now adapt to show that

Spec C :=[(Spec [[zes k(X))/Spec AJ'°" is weakly initial in the category of pro-étale
coverings of Spec A, and that every covering of Spec C has a section. a

2.3 Sheaves on derived rings

Definition 2.14 Given a subclass P of flat morphisms of commutative rings, closed
under pushouts and composition, say that a morphism f: A — B in sRing is

(1) homotopy P if 7y f: mgA — o B is in P, and the maps
7n(A) @nya mo B — 1y B

are isomorphisms for all 7;

(2) strictly P if fy: A9 — By is in P, and the maps
Ap @4, Bo — By
are isomorphisms for all 7.
Definition 2.15 Given P as above, say that a morphism f: A — B in dg1Algg is
(1) homotopy P if Hy f: Hy4A — Hg B is in P, and the maps
H;(A4) ®u4y4 HoB — H, B

are isomorphisms for all #;
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(2) strictly P if fo: A9 — By is in P, and the maps
An ®A0 BO g Bn
are isomorphisms for all 7.

Lemma 2.16 Every strictly P morphism in sRing or dg+ Algg is homotopy P.

Proof We first prove this in the simplicial case. Take a strictly P morphism f: A — B;
taking homotopy groups gives 7, (B) = m,(A4) ® 4, Bo, by flat base change. We then
have isomorphisms
7n(B) = n(A) ®4, Bo
= 71y(A) ®rya (ToA ® 4, Bo)
= 7Tn(A) ®7T()A ﬂOBv

as required. For the chain algebra case, replace 7, with Hy,. |

Definition 2.17 On sRing°®? and d(gurAlg?Qf)p , we define topologies for every class P
as above by setting P, to be the intersection of P with faithfully flat morphisms, and
saying that f: A — B is a homotopy P covering (resp. a strict P covering) if f is
homotopy P, (resp. strictly P.).

In this way, we define both homotopy and strict sites for the étale, Zariski, pro-étale
and pro-Zariski topologies.

3 Moduli from DGLASs

3.1 DGLAs

Definition 3.1 A differential graded Lie algebra (DGLA) is a graded Q—vector space
L=, eNo L', equipped with operators [—, —]: L x L — L bilinear and d: L — L
linear, satisfying

() [L',L7]c L',

@) [a,b]+ (~1)@[p,a] = 0;

3) (=D%a.[b, ]+ (=)@, [c.a]] + (=1)*¢[c.[a. b]] = 0;
(4) d(Lh)c L't

(5) dod =0;

(6) dla,b] =da,b]+ (—l)a[a, db].

Here a denotes the degree of @ mod 2, for a homogeneous.
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3.1.1 Maurer-Cartan

Definition 3.2 Given a DGLA L°®, define the Maurer—Cartan set by
MC(L):={we L' |do+ i[w,0]=0¢€ L?}

Lemma 3.3 Ifamape: L — M of DGLAs has kernel K, with [K, K] = 0, then for
any w € MC(M), the obstruction to lifting w to MC(L) lies in

H2(K,d + [w,—]).
Proof This is well-known. Given w € MC(M), choose a lift @ € L', and look at
u(w) :=dow+ %[&3,&3]. Since [a,[a,a]] =0 for any a € L', we get
du+[o,u(®)]=[do,®]+ |®,dw] =0,

soueZ*(K,d+ [w, —]). Another choice for @ is of the form @ + «a, for a € K,
and then
u((w+a) =u((®) +da+|o,aqal,

so the obstruction is

ve(@) :=[u(@)] € Z*(K.d + [0, -))/(d + [0, -DK' =H*(K.d +[w.—]). O
3.1.2 The gauge action
Definition 3.4 Given a DGLA L, we say that a group Gy, is a gauge group for L if

it is equipped with the extra data

(1) group homomorphisms ad: Gy, — GL(L") for all n,
(2) amap D: G, - L1,

satisfying the following conditions for g,h € Gy, v,w € L:

(1) adg([v, w]) = [adgv, adgw].

(2) D(gh) = Dg +adg(Dh).

(3) d(Dg) = ;[Dg. Dg].

(4) d(adg(v)) =[Dg,adg(v)] + adg(dv).
Examples 3.5 If the DGLA L is nilpotent, then a canonical choice for G, is the
group exp(L°), with D(g) = (dg)-g~'.

When LY is finite-dimensional, G, will typically be an algebraic group integrating L°,

again with D(g) = (dg)-g~'.
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Definition 3.6 Given a gauge group Gy for a DGLA L, define the gauge action
of Gy on MC(L) by
g*w:=adg(w)— Dg

for g € G and w € MC(L), noting that the conditions on adg and D ensure that this
is well-defined and a group homomorphism.

Definition 3.7 Given a DGLA L with gauge group G , define the Deligne groupoid
by ®Del(L) :=[MC(L)/GL]. In other words, Del(L) has objects MC(L), and mor-
phisms from w to w’ consistof {g € G | g*w = &'}.

Define Del(L) € S to be the nerve BOel(L) of Del(L).

3.2 Moduli of pointed finite schemes

For a fixed r € N, we now construct a DGLA governing moduli of pointed finite
schemes of rank r + 1. For any commutative Q—algebra 4, our moduli groupoid
consists of nonunital commutative A—algebras B, with the A—module underlying B
being locally free of rank r. Our approach is analogous to the treatment of finite
subschemes in [6, Section 3].

Definition 3.8 Given a graded vector space V over Q, let CL(V) be the free (ind-
conilpotent) graded Lie coalgebra @, ; CL,(V) cogenerated by V. Note that
CL,(V) is a quotient of V®" by graded shuffle permutations.

Definition 3.9 Given a graded-commutative chain algebra A, define 8(A) to be the
dg Lie coalgebra CL(A[—1]), with coderivation d¢ given on cogenerators by

da; n=1,
dc(a1 ®az---Qap) =qaja, n=2,
0 n>2.

Definition 3.10 Define a DGLA L by
L" :=Homq(CLy+1(Q"[-1]). Q"[-1]):

this can be identified with the space of degree —n Lie coalgebra derivations of S(Q"),
and this latter description allows us to define differential and bracket as

dp(f)=dgo f £ fodp. [f.g]l=[fogFgol

Define a gauge group for L by setting Gy, = GL(Q") = GL, (Q). This has a canonical
action on B(Q7"), so we set ad: Gy — GL(L") to be the adjoint action on derivations.
Finally, D: Gy — L' is given by D(g) =dg—B(g)odgof(g)~".
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Definition 3.11 Given a differential graded (chain) Lie coalgebra C, define the graded-
commutative chain algebra 8*(C) to be the free graded-commutative algebra on
generators C[1], with derivation given on generators by

dg«(c) = dc + A: C[1]— C & S2(C[1)[-1].
where A: C[1] = S?(C[1])[-1] = CL,(C)[1] is the cobracket.

Note that 8* is left adjoint to the functor B from graded-commutative chain algebras
to ind-conilpotent chain Lie coalgebras.

Lemma 3.12 If we set Grg4 := GL,(A), then for any commutative QQ—algebra
A, Del(L ® A) is canonically isomorphic to the groupoid of nonunital commutative
A-—algebra structures on the A-module A" .

Proof This is standard. Square-zero A-linear degree —1 derivations on (Q") ®q 4
are all of the form dg(qr) +w, for ® € MC(L ® A). Given g € GL(A), the derivation

dgr) + g * » is then B(g) o (dggr) + ) o B(g)~'.

An element € MC(L ® A) is just an associative multiplication S2(4”) — A", so
corresponds to a nonunital commutative A4—algebra structure. |

Definition 3.13 Given 4 € d g.,../\/'(a, define L ® A to be the DGLA
(L® A" := @ L' ® 4;,
i
with differential dy + d4 and bracket given by [v ®a, w ® b] = £[v, w]|® (ab), where
signs follow the usual graded conventions.

Definition 3.14 For the DGLA L of Definition 3.10, define the groupoid valued
functor G: d g+./\/'(6 — Gpd to be the stackification of the groupoid presheaf

A [MC(L ® A)/GL,(Ap)]
in the strict Zariski topology of Definition 2.17.

Explicitly, objects of G(A) are pairs (v, g) € MC(L ® A ®4, B) xGL, (B ®4, B),
for Ay — B a faithfully flat local isomorphism (so Spec B — Spec 4( is an open
cover), satisfying the following conditions:

(1) g*(priw) =prgw e MC(L ® 4 ® 4, B®4, B)
() pry,g = (pry,8) - (pri,8) € GL, (B ®4, B ®4, B)

Geometry € Topology, Volume 17 (2013)



1438 J P Pridham

An isomorphism from (B, w, g) to (C, v, h) is a local isomorphism B ® 4, C — D
with Ay — D faithfully flat, together with an element « € GL, (D) such that we have
axw=veEMC(L®ARy, D), with (prya)-g =h-(pria) € GL,(D ®4, D).

Definition 3.15 As in Dwyer and Kan [8], given a simplicial object C in the category
of categories, we define the simplicial set WC by first forming the nerve BC (a
bisimplicial set), then applying the functor W of Definition 1.25, giving

WC := WBC.
Explicitly,
(WT)n ={(x.8) | x€ObT, xObT,_y x---xObTy,

8 € I'n—1(90xn, xp—1) X Tp—2(d0Xn—1, Xp—2) X =+ - x Lo (dox1, Xo)},

with operations giving 9; (xz, ..., X0, &n—1,---,&0) as
(Xn—1,---,X0:&n=2+---,80) i =0,
(alxnval—lxn—l9981xn—l+1a'xn—l—1"x()v
di—18n—1s--->018n—i+1, (008n—i)&n—i—1> n—i—2,----&o) 0 <i <n,
(anxl’l’-"981x1;an—1g}1—17"-781g1) i =n,
and 0; (Xp, ..., X0: gn—1---.80) aS
(0iXn, Oi—1Xp—1s- -+ 00Xn—i» Xn—is - -, Xo:

O—l—lgi’l—lv e ,Uogn—i, idx,,_i,gn—i—l’ o 7g())

Proposition 3.16 The functor WQ: dg+/\f& — S is representable by an almost
finitely presented derived geometric 1—stack.

Proof We verify the conditions of Theorem 1.31 for BG: d g+N& — S. Homogene-
ity follows immediately, because both MC(L ® —) and GL, preserve finite limits.
Lemma 3.3 implies that MC(L ® —) is prehomotopic, since for any tiny acyclic
extension 4 — B with kernel 7, it gives the obstruction space as

HX(L®1.d +[w.—-]) = PH* " (LR®HB.d + 0. -]) ®uyp Ha (1) =0.
n
It follows immediately that BG is prehomotopic, and formal quasipresmoothness is a
consequence of the smoothness of GL, .

Now, for 4 € Algg, Lemma 3.12 implies that G(A) is equivalent to the groupoid of
rank r commutative algebras over A. This implies that 7°G is a stack, so 7°BG is a
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hypersheaf, and it also guarantees that the other conditions relating to G hold, so we
need only verify the cohomological conditions.

For an A-algebra B corresponding to an object [B] of G(A4), the results of [6, Sec-
tion 2] imply that

[ 5(BG. M) = Extitl (LI®P 4 M o, B).

which has all the properties we require. Here, LA®B/4 denotes the cotangent complex
(in the sense of Illusie [15]) of the unital algebra A & B over A. This corresponds to
the cotangent complex LB /4 in the category of nonunital commutative rings, defined
using the formalism of Quillen [29]. O

Remark 3.17 Alternatively, we can describe the associated derived geometric 1—
stack explicitly. The functor A — MC(L ® A) is an affine dg scheme, and WQ is
just the hypersheafification of the quotient B[MC(L)/GL,] in the homotopy Zariski
(and indeed homotopy étale) topologies. In the terminology of the author [27], the
simplicial affine dg scheme B[MC(L)/GL,] is a derived Artin 1-hypergroupoid
representing WQ .

Proposition 3.18 For A € dg N2 , the space WQ (A) is functorially weakly equiva-
lent to the nerve W &(A) of the co—groupoid &(A) of nonunital graded-commutative
chain A-algebras B in nonnegative degrees for which B ®Ili Hy A is weakly equivalent
to a locally free module rank r over Hy A.

Proof The data (w, g) € G(4) amount to giving a locally free 4g—module M of
rank r (defined by the descent datum g), and a closed degree —1 differential § on
the free chain Lie A—coalgebra CL4,(M[—1]) ® 4, A. Note that in the notation of [6,
3.5], RCA(Q") is the dg scheme representing MC(L ® —).

The functor §* from Definition 3.11 maps from dg Lie A—coalgebras to nonunital
graded-commutative chain A-algebras, giving us a chain algebra

B*(CL4o(M[-1]) ®4, A4.9)

over A. Thus we have defined a functor f*: G(A) — &(A4), and Lemma 3.12 implies
that this is a weak equivalence when A4 € Algq, so 7°G ~ 76 (4).

Now, for 4 € Algg, w € MC(L ® A) and an A-module N, a standard calculation
gives
D{,.(BG.N) =HT (LN, d +[0.)),
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which by [6, Section 2] is just EXtiIJEBlB (]LA@B/ A N 4 B), where B is the nonunital
A-algebra corresponding to w. By faithfully flat descent, we deduce that if an A—
algebra B is associated to (w, g) € G(4), then

Di, 0 (BG. N) = Ext/ [t ,(L4®B/4 N @ 4 B).

Adapting [25, Corollary 3.10 and Example 3.11] to nonunital algebras,
(W6, N) = Ext ) (LA®F/4 N ® 4 B),
so f induces isomorphisms on the cohomology groups D .

As [25, Example 3.11] adapts to nonunital algebras, the functor W& is also rep-
resentable by a derived geometric 1-stack, so the weak equivalence follows from
Remark 1.30. |

3.3 Derived moduli of polarised projective schemes

Fix a numerical polynomial 4 € Q[¢], with A(i) > 0 for i > 0. We will now study the
moduli of polarised projective schemes (X, Ox (1)) over an affine base, with Oy (1)
ample, for which T'(X, Oy (n)) is locally free of rank /i (n) for n > 0. As in Mum-
ford [19, Lecture 7 Corollary 3], such a polynomial / exists for every flat projective
scheme over a connected Noetherian base.

Note that a G,,—representation M in A-modules is equivalent to an A-linear decom-
position

M =P M{n}.

nez

with A € G, (A) acting on M {n} as multiplication by A”. The functors f* and B of
the previous section both extend naturally to G,,—equivariant objects.

Definition 3.19 Given p > 0 and g > p, define a DGLA L[ p.q] Over Q by
L{y q)i=Homg" (CLn+1( D Q"(”{r}[—l]), b Q“’){r}[—n);
q=r=p q=r=p

this can be identified with the space of G,,—equivariant degree —n Lie coalgebra
derivations of ,B(EBqu2 p Qh ){r}), and this latter description allows us to define
differential and bracket as

dri, g (f)=dgo f £ fodg [f.gl=fogFgolf
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Definition 3.20 Given p > 0, define the pro-DGLA L, over Q to be the inverse
system L, = {L[p 41}q- so the underlying DGLA is l(i_rllq L, 4], given by

Lz = Homg’” (CL,,+1 ( @ Qh(’){r}[—l]), @ @h(r){”}[_l]),

r=p r=p

which can be identified with the space of G,,—equivariant degree —n Lie coalge-
bra derivations of ,3(69,Z » QHr ){r}), the latter of which is regarded as the colimit

lim A(ED,=,=,Q"r}).

Given a Q—vector space V, we then define L p®V to be the completed tensor product

Lp®V :=lim(L, @ V).
q

SO

(Lpy®V)" := Homg" (CLn+1 ( &b Qh(’){r}[—l]), &b Vh(r){r}[—l]).

r=p r=p

Definition 3.21 Given 4 € Algg, we define a gauge group for L p®A by setting
Gr,(A4):=[1,p, GLx()(A4). This has a canonical action on ﬂ(@er Qh(’)(r)) ®o4.
so we set ad: G, — GL(L}) to be the adjoint action on derivations. Finally,
D: G, — L' is given by D(g) = dg—p(g)odgof(g)".

Lemma 3.22 For any commutative Q —algebra A, the groupoid MC(L,®A4)/G Y, ,(A)]
is naturally equivalent to the groupoid of G, —equivariant nonunital commutative A—
algebra structures on

P 4"y,

rzp

Proof This is just a graded version of Lemma 3.12. a

Definition 3.23 Given 4 € dg+ N3, define L,(A) to be the DGLA
Ly(A)" =P LI ®4;
i

with differential dy + d4 and bracket given by [v®a, w ® b] = +[v, w]® (ab), where
signs follow the usual graded conventions.
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Definition 3.24 For the DGLA L, of Definition 3.20, define the groupoid valued
functor G,: d g+N(5 — Gpd to be the stackification of the groupoid presheaf

A~ [MC(Lp(A4))/GL,(Ao)]
in the strict pro-Zariski topology of Definition 2.17.

If we make use of Lemma 2.10, we can describe this explicitly by first setting
Ay = (Ao/([ ] 4o/ m))!°°, where m runs over all maximal ideals of A4q, and then
by setting A" := A ® 4, A. Objects of G,(A) are then pairs (v, g) € MC(L,(A")) x
Gr,(Ay ®a, Ay). satisfying the following conditions:

(1) g (priw) = (priw) € MC(L(4' ®4 A))
(2) pra,g = (prg, &) (pri,g) € GL,(Ay ®4, Ay R4, Af)

An isomorphism from (@, g1) to (w3, g2) is an element a € G ,(A4;) such that
o *xw; =wy € MC(Ly(A4")), with (prya) - g1 = g2+ (prie) € G, (A’ ®4 A')

Lemma 3.25 For A € Algq, the groupoid G,(A) is canonically equivalent to the
groupoid of nonunital G, —equivariant commutative A-algebras

B=(p Bir},

r=p

with each A—module B{r} locally free of rank h(r).

Proof If we set A’ := (A/[],, A/m)"°°, where m runs over all maximal ideals
of A, then Lemma 2.10 shows that any Zariski cover Spec B — Spec A" must have
a section. Hence locally free A’-modules are free. Lemma 3.22 then implies that
[MC(L,(A"))/GL,(A")] is equivalent to the groupoid of nonunital G,,—equivariant
commutative A’-algebras B’ = (P, , B'{r}, with each A’-module B'{r} locally
free of rank A(r).

Given an object (w, g) of G,(A), it thus follows that w corresponds to such an A'—
algebra B’, while g is a descent datum. This determines a unique A-algebra B with
B’ = B®4 A’, and isomorphisms behave as required. O

Definition 3.26 For A € Algg, define M (A) to be the full subgroupoid of G,(4)
whose objects correspond under Lemma 3.25 to finitely generated commutative 4—
algebras.

Lemma 3.27 The morphism M, — nogp of groupoid valued functors on Algg is
formally étale.
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Proof For any square zero extension 4 — B of commutative (Q—algebras, we need
to show that
Mp(A) = Mp(B) xg,(B) Gp(A4)

is an isomorphism. This follows because any flat 4—algebra C is finitely generated if
and only if C ® 4 B is finitely generated as a B—algebra, since any lift of a generating
set for C ® 4 B must give a generating set for C. |

Lemma 3.28 The functor Mp: Algg — Gpd is locally of finite presentation, in
the sense that for any filtered direct system {A;}; of commutative Q —algebras with
A =1lim_ A;, the map
—>i ]
lim Mp (A7) = Mp(4)
1

is an equivalence of groupoids.

Proof We first show essential surjectivity. Take an object B € M,(A4). Since B
is finitely generated, we can choose homogeneous generators x; of degree d; for
1 < j <n, giving us a surjection

f:A[x1,...,xn] > B.

If we let S := Z[xy,...,Xxy], then I := ker f is a graded ideal of S ® 4. In the
notation of Haiman and Sturmfels [12], we have a degree functor deg: N — N given
by (ai,...,an) — Y_; a;d;, and the Hilbert polynomial is given by iy = h. By [12,
Corollary 1.2], there is a projective scheme H g over Z with H g (A) the set of all
graded ideals of S with Hilbert function

. h(@i) i=p,
hp(i) := { .
0 i <p.
(Note that we do not use Grothendieck’s construction from [10], since that only describes
A-valued points of the Hilbert scheme for A Noetherian.)

In particular, H 1s of finite presentation, so Hg o (A) = hm Hg o (A4;). Therefore
there exists B; € Hy o (A4;) with B= B; ®4, A. The forgetful functor H - M,
then ensures that B, € Mp(4;).

It only remains to show that lir_)nl_M p(A;) = Mp(A) is full and faithful. Now, [12,

Proposition 3.2] shows that the ideal I above is finitely generated, so B is finitely
presented over A. Likewise, any objects B;, B; € M,(A;) will be finitely presented,
which implies that

HOInMp(A)(B,‘ ®4; A, Bl{ ®4; A) = li_n)lHomMp(Aj)(Bi ®4; Aj, Bl{ R4, Aj),
J
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completing the proof. |

Definition 3.29 Define M: Alggy — Gpd by M(A) := h_I)l’l Mp(A). Likewise,
define ?
e T1; . b
G:= 117n3g,,. dg+Ng — Gpd

and M: dg+/\/'& — Gpd by

M(A) = G(A) Xg(ag4) M(Hp A).

Proposition 3.30 For 4 € Algg, M(A) is equivalent to the groupoid of flat polarised
schemes (X,0x (1)) of finite type over A, with Ox (1) ample and the A-modules
I'(X,0x (n)) locally free of rank h(n) for all n > 0.

Proof This is fairly standard—the analogue for subschemes is [12, Lemma 4.1]. Given
an object B € M(A), there exists p with B lifting to B € M, (A). Therefore we can
define

(X,0x (1)) := Proj (4 @ B).

Replacing B with its image in Mg, (A4) (for ¢ > p) does not affect Proj (4 @ B), so
we have a functor Proj (4 @ —) from M(A) to polarised projective schemes over 4.

For the quasi-inverse functor, take a polarised scheme (X,0Ox (1)) and some p for
which I'(X, Oy (n)) is locally free of rank /1(n) for all n > p. Then define B € M, (A)
by

B := P TX.0xm). O

nzp

Remark 3.31 Note that the hypothesis I'(X, Ox (n)) be locally free for n > 0 ensures
that X is flat over 4. If A4 is Noetherian, then the proof of Hartshorne [14, I11.9.9]
shows that the converse holds, and indeed that if A is connected, then there exists a
Hilbert polynomial /2 with I'(X, Oy (n)) locally free of rank /() for all n >> 0.

Proposition 3.32 If A € Algg and X = Proj (A @ C) for C € Mp(A), then for any
A-module M , there are canonical isomorphisms

Dicy(BM, M) = Exi (LX/BCn®4 0y ® 4 M),

where 1L is the cotangent complex of [15].
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Proof Given C € M, (A), first let X = Spec (4 & C) — {0}, where {0} denotes
the copy of Spec A defined by the ideal C. X inherits a G, —action from C (with
trivial action on A4), and in fact

7 = specy (D oxm).

nez

with X = AA;/Gm and X = XXI;?Gm @aSpec A. Writing 7 X — X for the projection,
base change gives
Z*LX/BGm®A L X/A4

Since j: X— Spec (A C) is an open immersion, it is étale, so LX/A4~ j*}L(A@C)/A.

For any C—-module N, the associated quasicoherent sheaf N #on X is given by
N# = (74 j*N)Cm . Now, Lemma 3.28 implies that there exists a finitely generated
Q-subalgebra 4% C A and an object C° € M, (A4°) with C = C° ® 40 A. Since
both D and Ext are compatible with base change (the former by [26, Lemma 1.15]),
it suffices to show that

Dicoy(BM, M) = Extl! LY/ BEn®4° 0y @ 4o M),

where X = Proj (4° @ C?). Replacing 4 and C with A° and C°, we may therefore
reduce to the case where A is a finitely generated Q—algebra (hence Noetherian).
Because both expressions above commute with filtered colimits of the modules M,
we may assume that M is a finitely generated 4-module.

Since M — 779G is formally étale by Lemma 3.27,
[c)(BM. M) = Di(BG. M).
As A® B*B(B) is a cofibrant resolution of A @& B, we have

[c)(BG. M) = lim Ext g py LASEEPVA Bl py@y M)®.
P=po

Now, the proof of Serre’s Theorem [30, Section 59] still works over any Noetherian
base, so shows that for a finitely generated C —-module N and any n € Z,

p

Indeed, a spectral sequence argument shows that the same is true if we replace C(n)
with any finitely generated C—module L, since L will then admit a resolution by finite
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sums of C(n)’s. In fact, another spectral sequence argument allows us to take a chain
complex L whose homology groups H; (L) are finite and bounded below, giving

Exty (L, N¥) = lim Exti-(L{= p}, N{= p)©™.
4

Thus for any fixed p > py,

Extl, (LX/BSm®4 oy @ 4 M)

= lim Ext)g pes ,y (LUASPEPVIA > g3, B> py ey M),
q=p
We can then take the colimit over the poset of pairs (p, ¢g) with ¢ > p > pq. Since the
set of pairs (p, p) is cofinal in this poset, we get

Extl, (L¥/BGm®4 6y @ 4 M)

=~ lim Extyg g,y (LASBEPD/A pi= iy a)Cm,
pP=Dpo

as required. a

Proposition 3.33 The functor BM: dg+/\/ b S satisfies the conditions of
Theorem 1.31, and therefore the associated functor W/\/l dg+/\/' b >Sis representable
by an almost finitely presented derived geometric 1—stack.

Proof We apply Theorem 1.31 to M. First, note that 79 M = M, which is a stack,
locally of finite presentation by Lemma 3.28. Proposition 3.30 and Grothendieck’s
formal existence theorem [11, 5.4.5] ensure that for any complete local Noetherian
Q-algebra A, the map
s n
M(A) - L%lM(A/m )

is surjective on objects. That the map is an isomorphism is a consequence of [11, 5.1.4].

Now, homogeneity of BM is immediate, and Lemma 3.3 gives prehomotopicity. All
the remaining conditions follow from Proposition 3.32, with the same reasoning as for
Proposition 3.16. O

Proposition 3.34 For A dg+/\f b | the space WM(A) is functorially weakly equiva-
lent to the nerve WOR(A) of the oo—groupo1d M(A) of derived geometric 0—stacks X
over BG,, xSpec A for which X := X ®Y 4HoA is weakly equivalent to a flat projective
scheme over HyA, with the polarisation X — BG,, ® HyoA ample with Hilbert
polynomial h.
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Proof We adapt the proof of Proposition 3.18. An object of G,(A) corresponds
to a locally free G,,—equivariant Ag—module N{> p}, with N{r} locally free of
rank /(r), together with a closed degree —1 differential § on the free chain Lie
coalgebra CL4,(N[—1]) ® 4, A. We may therefore form the DG—scheme

X :=Proj (A ® B*(CL4, (N[-1]) ®4, 4.6)).

As in [27, Section 6.4], there is a canonical derived geometric 1-—stack associated
to X. To give an explicit map from this to BG,,, we first let X := Spec (4 &
B*(CL4,(N[—1]) ®.4, A.5)) — {0}, and then form the simplicial scheme

X xC&m EG,,,

which is a simplicial resolution of X, and has a canonical map to the simplicial
scheme BGy,. Here, EG,, is the universal G,,—space over BGy,, given by the
simplicial O—coskeleton EG,, = coskgGyy,, so (EGy)n = (G)"t1. For an explicit
Artin hypergroupoid representation of X', we could go further and replace X with its
Cech nerve associated to any open affine cover.

Now, if our object C lies in /\7lp C Gp(A), then C ® 4 HpA lies in M,(HpA), so
C ®4HpA = B(B), for a finitely generated commutative algebra structure B on N .
Since the map

B*B(B) — B
is a quasi-isomorphism, this means that
X ®Y% HpA ~ Proj (HoA @ B),
which is a polarised projective scheme with Hilbert polynomial /.

Since Proj is unchanged on replacing N with N{> ¢} for ¢ > p, we have defined a
functor

aq: M(A) — M(A).

By [25, Example 3.39], the functor W is also representable by a derived geometric
1-stack, so we just need to check that WM — WO satisfies the conditions of
Remark 1.30.

If A € Algg, then Proposition 3.30 implies that o4 is an equivalence of groupoids.
Combining Proposition 3.32 with [25, Corollary 3.32 and Example 3.39], we have
isomorphisms

EC](BM’ M) = ExtiH (LX/Gn®4 0y @4 M) = fc](Wzﬁt, M),

so Remark 1.30 applies. |
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Remark 3.35 Replacing the DGLA L, with the finite-dimensional DGLA L, 4] in
the definitions above gives us a functor M[ p.q]- Since Ly = hm L[ p.q]» We will have
./\/lp = hm /\/l[p 4]» and hence

~

M= li_r>n1<i£lM[p,q]-
P q

It is natural to seek an open substack of M on which these limits stabilise. If we define
M®) < M to be the open substack consisting of polarised schemes (X, Ox (1)) for
which Oy (k) is very ample, then we may regard X as a subscheme of P#%)  and so
[5, Theorem 1.2.3(b) and Theorem 1.4.1] imply that for ¢ >> p > 0, the maps

k) k) k)
M <—./\/l —>M[pq]

are equivalences of underived stacks.
Moreover, for fixed i, [6, Theorem 4.1.1] implies that for ¢ > p > 0, the maps

o) (BM® M) < Dl (BMEP, M) - Dy (BME | M)

are isomorphisms for all [C] and M. This does not give suitable p,q for all i
simultaneously.

However, if we restrict further to the open substack ./\/l(k)’LCI c M%) of local complete
intersections, then the cotangent complex LX /Gm®A |l be concentrated in chain

degrees [0, 1]. Thus D’C](BM(k) ACLU MY =0 for i &[—1,degh], so for ¢ > p >0,
we have weak equivalences

— ~(k),LCI k),LCI — ~(k),LCI
WA g g

of derived stacks, by applying Remark 1.30.

4 Moduli from cosimplicial groups

Since suitable DG Lie algebras can usually only be constructed in characteristic 0, we
now work with cosimplicial groups, which form the first step towards a more general
construction.

4.1 Cosimplicial groups

Definition 4.1 Let ¢Gp be the category of cosimplicial groups, and ¢sGp the category
of cosimplicial simplicial groups.
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4.1.1 Maurer—Cartan

Definition 4.2 Define MC: ¢Gp — Set by
MC(G):=Z"(G)={we G |c’w =1, 3w =*w- %0}

Definition 4.3 Define MC: ¢sGp — S by setting MC(G) C [[,20(G"H2" to
consist of elements (wy),>o satisfying

I, i>0,
Oion =1 ., 0 -1

(0 wp—1) - (Pwp—1)"" =0,
oion =0 w11,
aown =1.

Define MC: ¢sGp — Set by MC(G) = MC(G)g, noting this agrees with Definition 4.2
when G € cGp.
Remark 4.4 Note that by the author’s proof of [21, Lemma 3.3],

MC(G) = Hom.s(A, WG),

for W as in Definition 3.15, where the cosimplicial simplicial set A is given by the
n—simplex A” in cosimplicial level n. Thus MC(G) = Toto WG, for Tot: ¢S — S
the total space functor of Goerss and Jardine [9, Chapter VIII], originally defined in
Bousfield and Kan [2, Chapter X].

In fact, we have that W has a left adjoint G (the loop group functor), and also that
MC(G) = Homg,(G(A), WG). However, W is not simplicial right Quillen, so this
does not equal Hom.g(A, WG) = Tot(WG).

Definition 4.5 Given a cosimplicial group G, define the n™ matching object M"G
to be the group

M"G ={(g0, 81, -, 8&n—1) €(G" )" |0'gj =07 g; Vi < j}.
The Reedy matching map G — M"G sends g to (6°g,0lg,...,0" 1g).

There is then a Reedy model structure on scGp (analogous to [9, Section VIL.4]) in
which a morphism f: G — H is a (trivial) fibration whenever the canonical maps

Gn—>HnXMnHMnG

are (trivial) fibrations in sGp for all n > 0.
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Definition 4.6 Given an element G € cGp, we define the cosimplicial normalisation
by NG :=G"nN ﬂ::é kero’. If G is abelian, then we make N.G into a cochain

complex by setting
n

de:=) (-1)'0": N'7'G — N/'G.
i=0
Lemma 4.7 A morphism f: G — H in scGp is a (trivial) fibration whenever the
maps
/" G"—- H"
are all (trivial) fibrations in sGp.
Proof First note that N'G = ker(G" — M"G). Given (g¢. g1.-..,8n—1) € M"G,
we can functorially construct a preimage.

First, set g(1):=0!go; this has 0%g (1) = g¢. Proceeding by induction, assume that we
have constructed g(r) € G with o' g(r)=g; forall i <r. Set g;(r) :=0'g(r)™'-g;,
so (go(r),g1(r),....gn—1(r)) € M"G, with g;j(r) =1 for all i < r. Now let
g(r +1):=g(r)-0"1g,(r), noting that this satisfies the inductive hypothesis.

Thus we have an isomorphism G” =~ N"G x M"G as simplicial sets, and f: G - H
is therefore a (trivial) fibration whenever N" f: N"G — N™H is a (trivial) fibration
in S for all n. Since N" f is a retraction of f”, the result follows. |

Lemma 4.8 If f: G — H is a (trivial) fibration in scGp, then the map
MC(f): MC(G) — MC(H)

is a (trivial) fibration in S. In particular, if f: G — H is a trivial fibration, then MC( f")
is surjective.

Proof In the proof of [23, Proposition 6.7], a cofibrant object ® is constructed in
scGp, with the property that

MC(G) = Hom(®, G),

where the simplicial sets Hom come from a simplicial model structure. Since @ is
cofibrant, Hom(®, —) is right Quillen, so has the properties claimed. O

Definition 4.9 Define the total complex functor Tot!! from chain cochain complexes
(ie bicomplexes) to chain complexes by

(Tot"V), .= [] V2

a—b=n

with differential d := d* 4+ (—1)%d, on Vab .
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Lemma 4.10 If A € csGp is abelian, then
MC(A) == Z_ (Tot'' N* N, A),
TnMC(A) = Hy—y (Tot 0= N* N, A),
where 0=! denotes brutal truncation in cochain degrees greater than or equal to 1.
Proof This is a fairly straightforward application of the simplicial and cosimplicial

Dold—Kan correspondences. Alternatively, we could appeal to Lemma 4.23, noting
that A = exp(DN.A). |

4.1.2 The gauge action
Definition 4.11 For G € scGp, there is an action of the simplicial group G° on the
simplicial set MC(G), called the gauge action, and given by writing

(g* @)y = ((3")""(00)") - wn - (3°(3")"(00)"g ™),
as in [21, Definition 3.8], with (6¢)" denoting the canonical map G — G2" .
Definition 4.12 Given an element G € s¢Gp, we then define the Deligne groupoid by

Del(G) := [MC(G)/Gg]. In other words, ®el(G) has objects MC(G), and morphisms
from w to ' consist of {g € GJ | g x » = w'}.

Define the derived Deligne groupoid to be the simplicial object in groupoids given by
Del(G) := MC(G)/G°], s0 Del(G) = Del(G)o.

Define the simplicial sets Del(G), Del(G) € S to be the nerves BDel(G), WDel(G),
respectively.

Lemma 4.13 If A € c¢sGp is abelian, then
7tnDel(4) = Hy—; (Tot" N*Ne A),
whereas w1 Del(A) = H%(Ay), with

moDel(A) = Z_; (Tot" N*¥ N, A)/d.(A)J).
Proof This is a straightforward consequence of Lemma 4.10. |
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4.2 Moduli functors from cosimplicial groups

Proposition 4.14 If G: Algp — ¢Gp is a homogeneous functor, with each G" for-
mally smooth, then the functor

MC(G): dNp — S
is homogeneous and formally quasismooth, so
MC(G): dNb — Set

is homogeneous and prehomotopic.

Proof Homogeneity is automatic, as MC preserves arbitrary limits.

We can extend G” to a functor G": dN?e — Gp, given by G"*(A4) := G"(Agp). Then
formal smoothness of G" implies that the extended G" is prehomotopic. It is au-
tomatically formally quasipresmooth, as all discrete morphisms are fibrations. Thus
Proposition 1.27 implies that G": af./\/'}’e — S is formally smooth, and hence formally
quasismooth.

Lemma 4.7 therefore implies that G(4) — G(B) is a (trivial) fibration in scGp
for all (acyclic) square zero extensions A — B, and Lemma 4.8 then implies that
MC(G)(A) — MC(G)(B) is a (trivial) fibration, as required. a

Proposition 4.15 If G: Alggp — ¢Gp is a homogeneous functor, with each G" for-
mally smooth, then the functor

Del(G): dNg — S
is homogeneous and formally quasismooth, while

Del(G): s/\/'}’e —S
is homogeneous, prehomotopic and formally quasipresmooth.
Proof Homogeneity is immediate, combining Proposition 4.14 with the fact that G° is
homogeneous. Now, take a square zero (acyclic) extension f: A — B in d N Ibe' Since

MC(G) is formally quasismooth, the map MC(G(4)) — MC(G(B)) is a (trivial)
fibration.

Combining [9, Lemma 1V.4.8] with [4], this means that
W[MC(G(4))/G°(4)] = W[MC(G(B))/G°(4)]
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is a (trivial) fibration in S. Now, the map
W[MC(G(B))/G°(4)] - W[MC(G(B))/G°(B)]

is a pullback of WG°(A4) — WG°(B), which is a (trivial) fibration as G° is formally
smooth. Composing the two morphisms above, we see that

Del(G)(4) — Del(G)(B)
is a (trivial) fibration, so Del(G) is formally quasismooth.

Meanwhile, prehomotopicity of Del(G) follows immediately from prehomotopicity of
MC(G), while formal quasipresmoothness of Del(G) is an immediate consequence of
formal smoothness of G°, by [9, Chapter V]. a

4.2.1 Cohomology

Definition 4.16 Given aring 4 € Algp, an A—module M , a homogeneous, levelwise
formally smooth functor G: Algp — ¢Gp and w € MC(G(A)), define the cosimplicial
module C;, (G, M) to be the tangent space

C" (G, M) :=T,(G", M)

with operations on a € C/} (G, M) given by

ola = oéa,
5y — ((05)" @) (Bga)((35)"w™!) i =0,
E)iGa i>

Definition 4.17 For G, A, M, w as above, define
H. (G, M) :=H'CS (G, M).
Lemma 4.18 Given A € Algp, M € dMod4, a homogeneous, levelwise formally

smooth functor G: Algp — scGp and w € MC(Gy(A4)), then the fibre of the map
MC(G(A @ M)) - MC(G(A)) over w is canonically isomorphic to MC(C;, (G, M)).

Proof Given o« € MC(C;,(G, M))), the associated element B € MC(G(A & M)) is
given by
B = an(35)"w € T(aé)nw(GZ“, M). o
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Lemma 4.19 If G: Algr — ¢Gp is a homogeneous, levelwise formally smooth
functor, with A € Algp and M an A-module, then

H (G, M) i>0,

Di,(MC(G). M) = D},(MC(G). M) = {z1c~ G 0

Proof By Lemma 4.10, for any L € dMody,
D;,(MC(G), L) = H; 1 (Tot" 0=' N°N.C},(G, L)).
Thus we have a spectral sequence
Ey™ =W (0%'7;CY(G. L)) = DL/ 1 (MC(G), L):

in the terminology of [33, Page 142], this is a second quadrant spectral sequence, so is
weakly convergent.

The simplicial abelian group CI (G, L) is given in level i by C/ (G, (LAi)o). More-
over, C(G, —) is an exact functor; left exactness follows from homogeneity, and right
exactness from formal smoothness. Thus 7;C} (G, L) = C} (G, 7; (LA%)0).

Now, when a’/\/’}’e = s./\/'ll’e, we have that (L2")y = L,, and so (L2")g = L. When
dj\f}’z =dg N, then N¥(LA%), is weakly equivalent to L. In either case, we have
T (LA ~H i L, so our spectral sequence is

H (02'C3, (G, H; L)) = D/~ (MC(G). L).
Taking L. = M[—n], the spectral sequence degenerates, giving
H'(0%!C3,(G. M) = D"~ (MC(G). M[~n]) = D" (MC(G). M),
completing the proof for MC.

Now, T,(MC,—): dMody — S preserves fibrations and trivial fibrations. Since
M[—j] @ cone(M)[1 — j] is a path object for M [—j] when j > | (recalling that M
is a discrete 4—module), this means that 7, (MC, M[—j] & cone(M)[1 — j]) must be
a path object for T,,(MC, M[—j]). Therefore for j > 1,

70T (MC. M[—j]) = T,,(MC. M[~ 1)/ T,(MC, cone(M)[1 — j).
D/,(MC, M) = D},(MC, M).

The proof for j = 0 is even simpler, since we have that M A"™ — M, and so we
conclude that 7,(MC, M) = T,(MC, M). O
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Lemma 4.20 If G: Algr — ¢Gp is a homogeneous, levelwise formally smooth
functor, with A € Algp and M an A-module, then

. i i
D;, (Del(G)) = D, (Del(G)) = Hy," (G, M).

Proof The description of D (Del(G)) follows with the same reasoning as Lemma 4.19,

substituting Lemma 4.13 for Lemma 4.10.

Now, there is a morphism

MC(G) — Del(G) — BG°

R T

MC(G) — Del(G) — WG°

of fibration sequences, with the outer maps inducing isomorphisms on D, and so
Proposition 1.12 gives the required isomorphisms D! (Del(G)) = D, (Del(G)). O

4.3 Denormalisation

Definition 4.21 Given a DGLA L in nonnegative degrees, let DL be its cosimplicial
denormalisation. Explicitly,

p'L:= & L

m+s=n
1=ji<+<js=n

for formal symbols 3/ . We then define operations 3/ and ¢’ using the cosimplicial
identities, subject to the conditions that o/ L = 0 and 0% = dv — Z:’i 11 (—1)*d*v for
allve L".

We now have to define the Lie bracket [—, —] from D" L ® D" L to D" L. Given a finite

set I of distinct strictly positive integers, write 8/ = 9% ... 9/t for I = {iy, ..., i},
with i; <--- <ig. The Lie bracket is then defined on the basis by
oINI () UNLINDy ] v e LUMI e LN,
[97v, 97 w]:= =0 -] _
0 otherwise,

where for disjoint sets .S, 7" of integers, (=T s the sign of the shuffle permutation
of S UT which sends the first |[S| elements to S (in order), and the remaining |T"| ele-
ments to 7' (in order). Beware that this formula cannot be used to calculate [0 v, 37 w]
when 0 € I U J (for the obvious generalisation of 3/ to finite sets I of distinct
nonnegative integers).
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Of course, the denormalisation functor above extends a denormalisation functor D
from nonnegatively graded cochain complexes to cosimplicial complexes. The latter D
is quasi-inverse to the normalisation functor N, of Definition 4.6.

Definition 4.22 Given a pro-nilpotent Lie algebra g, define u (g) to be the pro-
unipotent completion of the universal enveloping algebra of g, regarded as a pro-object
in the category of algebras. As in [28, Appendix A], this is a pro-Hopf algebra, and
we define exp(g) C ﬁ(g) to consist of elements g with e(g) =1 and A(g) =g® g,
for e: Z:{\(g) — k the augmentation (sending g to 0), and A: Z;{\(g) — ﬁ(g) ®Z;I\(g) the
comultiplication.

Since k is assumed to have characteristic 0, exponentiation gives an isomorphism
from g to exp(g), so we may regard exp(g) as having the same elements as g, but
with multiplication given by the Campbell-Baker—Hausdorff formula.

If L is a DGLA in strictly positive degrees, observe that we can write L as the inverse
limit L = 1<i£1n05”L of nilpotent DGLAs, where =" denotes brutal truncation. We
may thus regard DL as the pro-nilpotent cosimplicial Lie algebra glllnD(OsnL), SO
we can exponentiate to obtain exp(DL) := 1(21” exp(D(c="L)).

Lemma 4.23 Given a simplicial DGLA Ly in strictly positive cochain degrees, there
is a canonical isomorphism
MC(exp(DL)) =~ MC(TotIIN®* L),

Here, N* is simplicial normalisation (as in Definition 1.1).
Proof This is [23, Theorem 6.23]. O

Definition 4.24 Given a DGLA L with gauge G , define the cosimplicial group
D(exp(L), Gr) as follows:
D™(exp(L), Gr) :=exp(D"L™ %) x Gy,
(with G acting on exp(D"L>?) via the adjoint action ad), with operations
o'(a,8) = (0"a, 2),
(0'a, g) i >0,

= {<a°a-exp((82>"Dg),g) i =0,

for (a,g) € D"(exp(L),Gr),and Dg e L.
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Remark 4.25 If L is a nilpotent DGLA in nonnegative degrees and G = exp(L°) as
in Examples 3.5, then observe that D(exp(L), G1) = exp(DL), with the isomorphism
given in level n by

(a,g) > a-(@)"g.
The only difficult part of the comparison is checking that the isomorphism preserves 9°.
This follows because for v € L°, we have 0°v = d'v + dv. Since [dv, d'v] = 0, this
gives
exp(3°v) = exp(3'v) + d exp(v)

= (1 + (d exp(v)) exp(—v)) - exp(d' v)

= (1 4+ Dexp(v))-exp(d'v)

= exp(D exp(v)) - exp(d'v).
Lemma 4.26 Given a simplicial DGLA L with gauge G for L, the isomorphism

MC(D(exp(L),Gr)) = MC(TotITN® L) of Lemma 4.23 is G —equivariant for the
respective gauge actions.

Proof This is a consequence of the proof of [21, Theorem 4.44], which deals with the
case when G = exp(L?) is defined as in Examples 3.5. |

Corollary 4.27 Givena DGLA L over R, with gauges G1,(A) for LQ g A, functorial
in A € Algg, there are canonical isomorphisms

MC(L ® g —) = MC(D(exp(L ®r —). GL(-)).
[MC(L ®g —)/GL(=)] = Del(D(exp(L ®r —). GL(-))

of functors on dg { Algp.

Thus cosimplicial groups generalise DGLAs, with the added advantage that they can
also give functors on sAlgg, and hence work in all characteristics.

4.4 Sheafification

Another advantage of cosimplicial groups over DGLAs is that they have a good notion
of sheafification.

Definition 4.28 Given some class P of covering morphisms in Algg and a levelwise
formally smooth, homogeneous functor G: Alg p — ¢Gp preserving finite products, de-
fine the sheafification G* of G with respect to P by first defining a cosimplicial commu-
tative A—algebra (B/A)® for every P—covering A — B, as (B/A)":=B®4---Q4 B
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(n + 1 times), then setting

G¥(4) = diaglim G((B/A)").
B

where diag is the diagonal functor (diagX)” = X™" from bicosimplicial groups to
cosimplicial groups.

Definition 4.29 Given a groupoid valued functor I': aU\/}’e — Gpd, and a class P of
covering morphisms in Algp, define r#: d./\/}’e — Gpd to be the stackification of the
groupoid presheaf I' in the strict P—topology of Definition 2.17.
Lemma 4.30 For G and P as above, there is a canonical morphism
Del(G)F — Del(GH)
of groupoid valued functors on d N, , inducing an equivalence
7°Del(G) — 70Del(GH).

Proof An object of Del(G)* is a pair (w, g) € MC(G(B ®4, A)) X G°(B ®4, B),
for A9 — B a P—covering, satisfying the conditions

(1) gx(priw) = (prygw) € MC(G(A ®4, B ®4, B))
(2) pra,g = (prg &) (prl,g) € G°(B®4, B®4, B)

and we now describe the image of (w, g).

First, form the cosimplicial Ag—algebra (B/Ag)® as in Definition 4.28. We now map
(B,w, g) to the object ' of MC(diagG (A ® 4, (B/A)*®)) given by

wy = (prg, () g) - priwy € G (A2")o @4, (B/A0)" ™).

An isomorphism from (B,w, g) to (C,v,h) is a P—covering B ®4, C — D with
A — D a P—covering, together with an element a € G°(D) such that we have
a*xw=vEMC(G(A®4, D)), with (prie)-g =h-(pria) € G(D ®4, D). We just
map this to a € G°(D).
To see that this induces an equivalence Del(G)H(A4) —> ZDe[(Q’i (A)) for A € Algp, we
appeal to [23, Lemma 1.21], which shows that objects of

MC(diagG((B/A)®))

correspond to pairs (w, g) € MC(G(B)) x MC(G°((B/A)®)) which satisfy the condi-
tion 8}30) . B%g =0dlg. 8%0). Since 8}30) = prow and 8%0) = priw, this amounts to
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saying that g and w satisfy condition (1) above, while condition (2) is equivalent to
saying that g € MC(G°((B/A)*®). Morphisms in MC(diagG((B/A)*®)) are given by
the gauge actions of G°(B?), so the equivalence of groupoids follows. |

Now recall that P—covering morphisms are all assumed faithfully flat.

Lemma 4.31 Take G: Algp — cGp satisfying the conditions of Definition 4.28, a
ring A € Algg, an A-module M , and an object of Del(G)#(A) represented by (w, g)
for w € MC(G(B)). If the maps

H3(G. M ®4 B)®p B — H(G. M ®4 B')

are isomorphisms for all P—coverings B — B’, then the morphism o of Lemma 4.30
induces an isomorphism

D}, o (BDel(G)F, M) — D}, ., (BDel(GH). M).

a(w,g)
Proof We begin by calculating the cohomology groups DE"w g)(BQe[(Q)ﬁ, M). It
follows from Lemma 4.20 that these are given by first taking a cosimplicial 4—
module K(B’) given by the equaliser of

C (G, M ® 4 B')—>C‘ (G.M®4B" ®4B),
adgpro
then getting
(BDel(G)¥, M) =~ @HiH K(B)),
B/

i
D(w,g)
where B’ ranges over all P-hypercoverings B — B’.

Now, the requirement that H}, commute with base change ensures that adg gives an
effective descent datum on cohomology, giving an isomorphism

H*K(B') ®4 B' ~H*(G.M ®,4 B').
Thus taking the colimit over B’ does not affect the calculation, so
Di, o (BDUG), M) = H T K(B).

Meanwhile, g allows us to extend the fork above to form a bicosimplicial complex
C*(B'/A,C (G, M)), with

Cl(B'/A.C5(G. M) =C*, (G.M ®4(B'/A)")

pr; ®
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and horizontal cohomology PVIO(B/ /A,C5 (G, M)) = K(B’). Lemma 4.20 then shows
that
D!y ¢ (BDEU(GH), M) = lim B+ (diagC* (B'/ 4, C3,(G, M),
B/
and the Eilenberg—Zilber Theorem allows us to replace diag with the total complex
functor Tot.
Now, there are canonical maps K(B) ®4 (B’/A)" — C"(B'/ A, C; (G, M)), and we
know that these give isomorphisms on cohomology, so
D} (,) (BOUGH). M) = 1i?mH"+1 (TotK(B) @4 (B'/4)°).
Since H/ ((B’/A)®) = 0 for all j > 0, this becomes
Dl ) (BDEU(GH), M) = lim T K(B),
B/

as required. a

Remark 4.32 In particular, this means the groupoid valued functor G of Definition 3.29
can be replaced by a functor coming straight from a cosimplicial group valued functor.
Explicitl.y,. set G[p,q] :=“D(exp(L[p,q]), GLipa)s t}.16n G .= lir_r)lpl(i_rlqu[p,q] satisfies
the conditions of Definition 4.28, so Lemma 4.30 gives a map

G — Del(GY),
inducing an equivalence on 7, and isomorphisms on D’ for all points of M C 7°G.
Remark 4.33 In Definition 4.28, instead of just taking hypercovers A9 — B® coming
from P—covering morphisms 49 — B, we could have taken the filtered colimit over
the category of all simplicial P-hypercovers Spec A®* — Spec A. This corresponds to

a kind of hypersheafification, rather than just sheafification, and all the results above
still carry over, by faithfully flat descent.

4.5 Derived moduli of G —torsors

We now show how cosimplicial groups can govern derived moduli of torsors. Fix a
smooth algebraic group space G over R, and a Deligne-Mumford stack X over R.

Definition 4.34 Define C; (X, G): Algg — ¢Gp as follows. Given A4 € Algg, let
hyp (X, A) be the homotopy inverse category whose objects are simplicial étale
hypercovers Yo of X x Spec 4. Then set

CL(X.G)(A):=  lim  Hom(Y,.G).
Yo €hypg (X, A4)
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Remark 4.35 Since G is finitely presented, we can work just as well with pro-étale
hypercovers. This has the advantage that Lemma 2.13 can be applied to provide a
weakly initial object among simplicial hypercovers, giving a smaller, nonfunctorial,
model for CZ (X, G)(A).

Lemma 4.36 For A € Algg, the groupoid Del(C (X, G)(A)) is equivalent to the
groupoid of G —torsors on X x Spec A.

Proof An object of MC(C (X, G)(A)) is a descent datum w € Hom(Y1, G), with
the Maurer—Cartan relations giving the gluing conditions. Thus w gives rise to an étale
G —torsor B, on X X Spec A4, and it is straightforward to check that the gauge action
of Hom(Yy, G) corresponds to isomorphisms of torsors. Every torsor is trivialised by
some étale cover, so this functor is an equivalence. |

Lemma 4.37 Given A € Algg, an A-module M, and v € MC(CZ (X, G)(A))
corresponding to a G —torsor B, on X x Spec A, there are canonical isomorphisms
H! (C3 (X, G), M) = H. (X x Spec A, M ®4adB,,),
where adB,, is the adjoint bundle
(8®RO0x ®R A) XG(0x @A) Bo,
for g the Lie algebra of G, equipped with its adjoint G —action.

Proof First, observe that
GOy Qr(ADM)) =G(0x Qr A) X (g®rOx ®r M),
which gives functorial isomorphisms

Co(CL(X. G). M) = lim I(Y;, M ® 4 adBy).
Yo

Since étale hypercovers compute cohomology, this gives the required isomorphism. O

Proposition 4.38 The functor Del(CZ,(X, G)) is canonically weakly equivalent to the
derived stack of étale derived G —torsors on X from [25, Example 3.38].

Proof Combining Lemma 4.20 and Proposition 4.15 with Remark 1.30, it suffices
to construct a functorial natural transformation from Del(CZ (X, G))(A4) to the co—
groupoid Tors(X, G)(A) of G-torsors on X X Spec A, and to show that this is an
equivalence for 4 € Alg g, inducing isomorphisms on cohomology groups D',
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Our first key observation is that for 4 € d N b the ring (42"), is a nilpotent extension
of Hp A, so its étale site is isomorphic to that of Aq. In particular, every simplicial étale
hypercover of X x Spec (42"), is of the form Y, ® Ao (42", for Y, a simplicial
étale hypercover of X x Spec Ag.

Therefore an element w € MC(CZ,(X, G)(A)) lies in MC applied to the simplicial
cosimplicial group I'(Ye ®4, (42%), G) given by (i, j) — Hom(Y; ®4, (4270, G),
for some simplicial étale hypercover Yo of X x Spec Ay. Now,

MC(I'(Ye ® 4, (427), G)) = Hom,s (A, WT'(Ye ® 4, (427, G))
= Hom, Pr(d/\/};)(n XSpec Ay Spec A, WG),

where s Pr(d/\/%) denotes the category of functors a’/\/}’e — S.

For a simplicial group I', and W as in Definition 3.15, there is a universal principal
I'—space WT" over WT, as in [9, Section V.4], given by WI' = W[F / T'], (whereas
WT = W[e/T], regarding a group as a groupoid on one object). Thus WT" has a
group structure inherited from I', and T' = W[T'/{1}] is a subgroup; the T"—action
on WT is then given by left multiplication, with WT = T'\WT.

Thus we may associate the G—space Py := (Yo Xspec 4, Spec 4) Xjpz WG t0 w.
Since G is the derived stack RG associated to G, the derived stack R P,, associated
to P, is a derived RG —torsor on R(Ye Xspec 4, Spec 4) = R(X Xspec 4, Spec 4), so
we have defined our functor on objects.

Now, the constant group I'y is a simplicial subgroup of I', giving a simplicial group
homomorphism WI'g — WI'. Moreover, WTj is the O0—coskeleton coskgI'y of 'y,
so Homg (Y, WTI'y) =~ Homsge (Y, [g). From the proof of [21, Proposition 3.9], the
gauge action (Definition 4.11) of Hom(Yy, I'g) on MC(C*(Y,T')) = Hom(Y, WT)
corresponds to the right multiplication by WI'y on WT = T'\WT.

Hence, given w, w EHomspr(awb)(YoxspecAOSPGCA WG) and g€Hom,, (dNb)(YO, G)
with g *x w = @', this means that o'(y) = w(y)-g(y)~!. We therefore construct an
isomorphism P, — P, by (y,w) > (y,w-g(y)~ 1), for y € Ys XSpec 4 Spec A and
weWwG.

We have thus constructed a morphism Del(CZ (X, G)) — Tors(X,G). The nerve
of Tors(X, G) is weakly equivalent to the derived stack Hom(X, BG) from [25, Ex-
ample 3.38]. Since g = Hompg(e*Qg/g. R), the calculation of [25, Example 3.38]
gives

Dk (Hom(X, BG), M) = HiH' (X x Spec 4, M ® 4 adB,,).
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On taking nerves, we thus get maps
Del(CS, (X, G)) < Del(C% (X, G)) — WTors(X, G) ~ Hom(X, BG),

all of which give isomorphisms on D’ and equivalences on 7°. Remark 1.30 thus
shows that
Del(C,(X. G)) = WDel(CE,(X. G)) ~ Hom(X. BG). o

Remark 4.39 If G = GL,, this gives us a construction for derived moduli of rank r
vector bundles on X . If instead G = SL,, we get derived moduli of determinant 1,
rank r vector bundles.

S Moduli from quasicomonoids

Although cosimplicial groups can be used to construct derived moduli in all character-
istics for many problems, they are insufficiently flexible to arise in the generality we
need. Instead, we use the quasicomonoids introduced in [23]

5.1 Quasicomonoids

The following is a special case of [23, Lemma 1.5].

Definition 5.1 Define a quasicomonoid E to consist of sets E” for n € Ny, together
with maps

o E" - E"T! 1<i<n,
o't E" - E"' 0<i<n,
an associative product *: E™ x E" — E™MT  with identity 1 € E 0 such that
(1) 9o =001 i<y,
() olot =c0lc/t i<,
oo/l i<,
(3) o/ ={id i=j.i=j+1,
ol P> 41,
@) F()xf=0(ex/):
(5) exd'(f)=0"T"(ex f), foreec E™;
6) oi(e)x f=ol(ex f);
(7 exo'(f)y=c"T"(ex f),forec E™.
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Denote the category of quasicomonoids by QM *.

Example 5.2 Given a cosimplicial group G (or even a cosimplicial monoid G ), there
is an associated quasicomonoid £(G) given by £(G)" = G", with identity 1 € G°,
operations 82(G) = dg. afg(G) = 0¢;, and Alexander-Whitney product

gxh=(Q@F")"g)-((3g)"h),
for g e G, h e G".

5.1.1 Maurer-Cartan We now construct a Maurer—Cartan functor analogous to the
one for cosimplicial groups.

Definition 5.3 Define MC: QM *(Set) — Set by
MC(E)={we E' |60 =1, 3'o = 0w xw}.
Now let QM *(S) be the category of simplicial objects in QM *. Then the following
is [23, Definition 3.5].
Definition 5.4 Define MC: QM *(S) — S by
MC(E) c [T(E"H"

n=0

(where I = A! € S), consisting of those @ satisfying

Om (1, Sm) *Wn(t1, - tn) = Omant1(51, -, Sm, 0,11, ..., ty),
Fwn(tr,. . tn) =0pp1 (1, .. tim1, Lt 1),
ol wn(ti,. .. ty) = wpe1(tr, ... ti—, min{ti, tig1 b tiga, . ),
Cwnlty, ... ta) = Wp_1(ta, ... tn).
o"wp(ty, ... th) =wp_1(t1, ... . th—1).
ooa)o: 1.

Define MC: QM *(S) — Set by MC(E) = MC(E)g, noting that this agrees with
Definition 5.3 when E € QM *(Set).

Definition 5.5 Given a quasicomonoid E, define the n™ matching object M E to
be the set

M"E ={(eg,e1,....en—1) € (E"" )| ole; =0/ e; Vi < j}.
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1

The Reedy matching map E” — M"E sends e to (0%,0'e,..., 0" le).

Then [23, Definition 3.2] gives a model structure on QM *(S) in which a morphism
E — F is a (trivial) fibration whenever the canonical maps

En — Fn XMnFMnE
are (trivial) fibrations in S for all n > 0.
Lemma 5.6 If f: E — F is a (trivial) fibration in QM *(S), then the map
MC(f): MC(E) — MC(F)

is a (trivial) fibration in S. In particular, if f: E — F is a trivial fibration, then MC( f)
is surjective.

Proof This is a direct consequence of [23, Corollary 3.12], which shows that MC is a
right Quillen functor. |

Lemma 5.7 There is an equivalence between the category of abelian group objects
in QM *, and the category c¢Ab of cosimplicial complexes of abelian groups.

Proof This is [23, Lemma 4.1]. The equivalence is given by the functor £ of
Example 5.2. i

Lemma 5.8 For a cosimplicial simplicial abelian group A, there are canonical iso-
morphisms
TnMC(E(A4)) = Hy1 (Tot o= N N, A),

where 6=! denotes brutal truncation in cochain degrees greater than or equal to 1, Tot™
is the product total functor of Definition 4.9, and N*® and N, are the normalisation
functors of Definitions 1.1 and 4.6.

Proof This is [23, Proposition 4.12]. O
5.1.2 The gauge action

Definition 5.9 For E € QM *(S), let (E°)X C E? be the submonoid of invertible
elements. There is then an action of the simplicial group (E®)* on the simplicial set
MC(FE), called the gauge action, and given by setting

(g *w)n = (00)"g * wp * (00)" g ",

as in [21, Definition 3.8], with (6¢)" denoting the canonical map (E°®) — (E®)A".

Geometry € Topology, Volume 17 (2013)



1466 J P Pridham

Definition 5.10 Given an element E € QM *(S), define the Deligne groupoid by
Del(E) = [MC(E)/(E(()))X] In other words, D¢l(E) has objects MC(E), and mor-
phisms from o to @’ consist of {g € (EQ)* | g*w =’ * g}.

Define the derived Deligne groupoid to be the simplicial object in groupoids given by
Del(E) := [MC(E)/(E°)*], so Del(E) = Del(E)o.

Define the simplicial sets Del(E), Del(E) € S to be the nerves BDel(E), WDel(E),
respectively.

Lemma 5.11 If A is a simplicial cosimplicial abelian group, then
7nDel(€(4)) = Hy—1 (Tot ' N* Ne A).
whereas 7 Del(£(A)) = H°(Ay), with
moDel(E(A)) = Z— (Tot"" NS N, A) /d.(AY).

Proof This is [23, Proposition 4.13]. O
5.1.3 Comparison with cosimplicial groups

Lemma 5.12 Given a simplicial cosimplicial group G, and associated simplicial
quasicomonoid £(G) as in Example 5.2, there are G°—equivariant weak equivalences

MC(£(G)) =~ MC(G)
and hence weak equivalences

Del(£(G)) ~ Del(G)
in S, functorial in objects G € c¢sGp. Here, the functors MC on the left and right are
those from Definitions 5.4 and 4.3 respectively, while the functors Del are those from
Definitions 5.10 and 4.12.
Proof This is [23, Propositions 6.8 and 6.11]. O
5.2 Constructing quasicomonoids

5.2.1 Monads

Definition 5.13 A monad (or triple) on a category B is a monoid in the category of
endofunctors of B (with the monoidal structure given by composition of functors).
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Example 5.14 Given an adjunction

with unit 7: id — UF and counit ¢: FFU — id, the associated monad on B is given by
T = UF, with unit n: id — T and multiplication p := UsF: T?> — T.

Definition 5.15 Given a monad (T, 7, 1) on a category B, define the category of
T—algebras, B, to have objects

TB i B,
such that ong =id and o TO =Hopup: T?>B — B.
A morphism
¢ (TB S By = (T8, 2 By
of T —algebras is a morphism g: By — B, in B such that po Tg=go086.
Example 5.16 Let T := Symmp be the symmetric functor on Modg, with unit
nam: M — TM given by the inclusion of degree 1 monomials, and pps: T2M — TM

given by expanding out polynomials of polynomials. Then (Modg) " is equivalent to
the category of unital commutative R-—algebras.

Given a monad (T, i, n) on a category 3, and an object B € 3, there is a quasi-
comonoid E(B) given by

E™(B) =Homg(T"B, B)
in (Set, x), with product g xh = go T"h, and for g € E"(B),

() =goT" pin-ip,

Ui(g) =g OTinTnfile.

Note that these constructions also all work for a comonad (L, A, ¢), by contravariance.
There is even a generalisation to bialgebras for a distributive monad-comonad pair;
see [23, Proposition 2.12].
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Lemma 5.17 Given an object B € B, the set of T —algebra structures on B is
MC(E(B)), while Del(E(B)) is equivalent to the groupoid of T —algebras overly-
ing B.

Proof This follows immediately from the explicit description in Definition 5.3. O
5.2.2 Diagrams

Definition 5.18 Given a category B equipped with a monad T, together with K € S
and a map B: Ko — Ob B, define the quasicomonoid Eg (B) by

E"(B/K)= [] Homs(T"B((30)"x), B((31)"x)),

xekK,

with operations

9 (€)(x) :=e(3;x) o T turu—i p((agyr+1x):
O'j (6)()/) = e(ij) o Ti NTn—i—1B((39)"—1x)>
(f *e)(2) := f((Om+1)"2) o T"e((00)™2),
for f € E™(B/K), ec E"(B/K).
Definition 5.19 Given a category B equipped with a monad T, together with a small
category I and a map B: ObI — Ob B, define the quasicomonoid E(B/I) by
E(B/1):= E(B/BI),

where BI is the nerve of I.

Lemma 5.20 Given B, T,1 and B: ObI — Ob B as above,
MC(E(B/I))

is isomorphic to the set of functors D: 1 — BT with UD(i) = B(i) forall i €I, where
U: BT — B is the forgetful functor.

Meanwhile Del(E(B)) is equivalent to the groupoid of diagrams D: T — BT with D (i)
overlying B(i) foralli 1.

Proof This is [23, Lemma 1.36]. Given w € MC(E(B/I)), the algebra structure
TB(i)— B(i) is given by w(id: i — i) € Homg(T"” B(i), B(i)), while the morphism
D(f): D(i) — ID(j) is given by w(f: i — j)onpq) € Homg(B(i), B(j)). O
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Corollary 5.21 Take a category B equipped with a monad T, together with a small
category 1 and a subcategory J . Assume that we have a functor F: J — BT, and a
map B: Obl — Ob B extending UObF: ObJ — Ob B.

For wyp € MC(E(B|3/J)) corresponding to IF in Lemma 5.20, we can form a quasi-
comonoid E by
n

E" := E"(B/I) X gn(B|;/3) {®F * WF %+ % OF }.

Then MC(E) is isomorphic to the set of functors D: 1 — BT with UD(i) = B(i) for
alli €l and D|y =F, while ©el(E) is the groupoid of such functors.

Proof This follows immediately from the observation that MC preserves limits. 0O

Example 5.22 The main applications of these results are to moduli of morphisms. In
that case, I is the category 0 — 1, BI 2~ A!, and we define E(By, B;) := E(B/1),
where B: Obl — B is given by B(i) := B;.

The category J will be @, {0}, {1} or {0, 1}, depending on which endpoints we
wish to fix (if any), and so the quasicomonoid E of the corollary is the fibre of
E(By, By) —> HjeJ E(Bj) over products of w; .

Remark 5.23 In [23, Definition 3.25] the construction E(B/I) (for a simplicial
category 3 equipped with a monad T ) is used to extend the simplicial set MC(FE) to a
bisimplicial set MC(E). Explicitly, MC(FE), is given by taking I to be the category
associated to the poset [0, 7], and setting

MC(E) =[]  MC(E(B/w).
B:[0,n]—>0bC

By [23, Proposition 5.7], MC(E) is a Segal space whenever C satisfies suitable fibrancy
conditions. Segal spaces are a model for co—categories (whereas simplicial sets are a
model for co—groupoids), and [23, Propositions 5.15 and 5.24] show that D¢l(E) is
effectively the core of MC(FE). This means that for all of our moduli constructions
based on quasicomonoids in Section 6, we could construct derived moduli as co—
categories, rather than just co—groupoids.

Definition 5.24 Say that an ordered pair B, B’ of objects in B induces fibrant qua-
sidescent data if E(B) and E(B’) are fibrant simplicial quasicomonoids, and the
matching maps Homp(T” B, B') — M"Hompg(T*®B, B’) are also Kan fibrations for
all n > 0.
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Note that this is the same as regarding B as a simplicial quasidescent datum (in the
sense of [23, Proposition 2.9], then restricting to objects B, B’, discarding morphisms
B’ — B, and requiring that the resulting simplicial quasidescent datum D be fibrant.

Lemma 5.25 Take objects Dy, D1 € BT, with UDy,UD, € B inducing fibrant
quasidescent data. Then there is a natural weak equivalence

MC(UDy, UD1) XMc(EUDe))xMC(EUD,)) 1(Do. D1)} =~ TotHomp(T*UDy, UDy),

where Tot: ¢S — S the total space functor of [9, Chapter VIII], and the cosimplicial
structure on Homg(T*UDg, UD,) is the usual cotriple resolution [33, Section 8.7]
defined via the isomorphisms

Homp(T"UDy, UD;) = Homgr ((FU)" T Dy, D).
Proof This is [23, Proposition 5.10]. O

5.2.3 A bar construction Now fix a simplicial category B equipped with a monad
(T, m, n) respecting the simplicial structure. Assume that BT is a cocomplete simplicial
category, equipped with a functor S x BT—>BT for which

HompT (K ® D, D') =~ Homg (K, HomgT (D, D")).

Write F: B— BT for the free algebra functor sending M to (upr: T?M — TM),
and U: BT — B for the forgetful functor sending (6: TM — M) to M . In particular,
UF=T.

Definition 5.26 Given an object M € BB and an element w € MC(E(B)) (for MC as
in Definition 5.4), define 8% (M) € BT by the property that

Hom(B}(M). D) C [ | Homgr((A")? ® FTYM, D)
q=0

consists of ¢ satisfying

Gg(tr, .. timi Lty oo tg—1) = 0" pg—1(t1, ... 1g—1),
d)q(tla o tio1,0,8, . ’tq—l) = ¢i—1(llv - ,t,-_l)oFT’_la)q_,'(li, . ..,Zq_l),

o' pgty, ... .tg) = g—1(t1, ..., min(t;, tiy1),....1g), 1=i=gq,
Gq(bq(fl,...,lq):¢q_1(t1,...,lq_1),
0 _ i i—1 1
where 0° =A%, _,, . ' =FT' M’_“rq_,.M,ando = FTi= NTa—ing -

Beware that, unlike Definition 5.4, there is no relation for ¢©.
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Remarks 5.27 Note that 87 (M, w) isa T-algebra R generated by ¢,(TIM ®19),
subject to various conditions, all of which are linear on generators except for

d)q(l, t,..., tq—l) =Uegpo T¢q_1(fl, cee tq—l)-
Also observe that B7 defines a functor Del(E(M)) — BT.

This construction is inspired by Lada’s bar construction in [7], which uses similar data
to define a bar construction as an object of B, then shows that it carries a canonical T —
algebra structure. However, Lada’s construction only applies when T is an operad and B
is the category of topological spaces, since it uses special properties of both. Beware
that although similar expressions arise in both 8% and in Lada’s bar construction, they
are not directly comparable.

Proposition 5.28 Fix B, T, M, ® as above, and take any D € BT for which the pair
M, UD induces fibrant quasidescent data (Definition 5.24). Then there is a functorial
weak equivalence between HomgT (8% (M, ), D) and the fibre of

MC(E(M.,UD)) — MC(E(M)) x MC(E(UD))

over (w, up), where D = (up: TUD — UD), and E(M, UD) is the quasicomonoid
defined in Example 5.22.

Proof We adapt the proof of [23, Proposition 5.10]. In the notation of [23], we
have D € sQDat; given by D(0,0) = E(M), D(1,1) = E(UD), D(1,0) = &
and D(0, 1) = Homp(T" M, UD). Using further notation from [23], we can define
A € sQDat; by

A= (E xalg*1) Ugyqq; (alg"0 x {1}),

and we then have

MC(E(M,UD)) xmc(Ewp)) MC(E(D)o) = Homggpa, (A, D).

Meanwhile, we can construct another object C € sQDat; with C(0,0) = E (so
we have C(0,0)" = "), C(1,1) = e, C(1,0) = @ and C(0,1)" = I", where
I = A'. The multiplication operation C(0,0)” x C(0,1)" — C(0, 1)™" is given by
I~ x 1" — ™1 x {0} x I"*. The operations on C(0, 1) are

(1, tn)=(t1,.. . tig, 1,65, . ty), 1<i<n,
o (11, ty) = (t1,....min(t, tig1), ... 1n), 0=<i<n.
The multiplication operation C(0, 1) x C(1,1)" — C(0, 1) is given by

(fl,...,tm,.)I—>(ll,...,lm,1,1,...,1).
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Now, the inclusion E = C(0,0) — C gives a Kan fibration
Homy gpa, (C, D) — Homgppr+(s)(E. E(M)) x Hom(alg*0, E(UD))
= MC(E(M)) x MC(E(D)o),

whose fibre over (w, D) is HomgT (8% (M, w), D). It therefore suffices to show that

Hom; gpa, (C. D) Xme(EWD)o) (P} = MC(E(M, UD)) Xnmc(EWD)o) AP}

as fibrant objects over MC(E(M)), since taking the fibre over w yields the required
result.

Now, alg*1 € sQDat, is given by (alg*1)(i, j)" = e forall n and forall 0<i < j <1,
while (alg*1)(1,0) = @. Thus the unique maps C — alg*1 and A — alg*1 are both
weak equivalences, and hence both are cofibrant replacements for alg*1 in the comma
category (alg*0x {1})|sQDat;.

If we were to regard D as an object of (alg*0 x {1}) | sQDat; via the morphism
D: (alg*0 x {1}) — D, this means that

Hom; gpat, (C, D) Xmc(EWD)o) 1P} = Hom g% gx (1315 oDat, (C5 D)
~ RHOM (5,0 {1})s ODat, (21€*1. D)
~ Hom ¢ 0x {1} )s@Dat; (A, D)
~ MC(E(M, UD)) xmc(e@wp)) { D},

which completes the proof. a

Definition 5.29 Define Lo: BT — BT by the property that
Hom;r(LeA, D) = TotHomur (FU)*T1 4, D).

Explicitly, we form the simplicial diagram n — (FU)"*'4 in BT (the cotriple
resolution), then let L A4 be the coend

neA
/ A" ®(FU)n+1

Corollary 5.30 If A, D € BT, with UA, UD inducing fibrant quasidescent data, then
there are functorial weak equivalences

Homgt (B7(UA, pa), D) >~ HomgT(Le A, D).

Proof This just combines Lemma 5.25 with Proposition 5.28. |
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5.3 Linear quasicomonoids

Definition 5.31 Say that a quasicomonoid A is linear if each A" is an abelian group,
with the operations d°, o/ being linear, and *: A™ x A" — A™*" bilinear. As explained
in [23, Section 4.4], this corresponds to working with the monoidal structure ® rather
than x.

Denote the category of linear quasicomonoids by QM *(Ab, ®), and the category of
simplicial objects in QM *(Ab, ®) by OM *(sAb, ®).

Example 5.32 The quasicomonoid E(B) constructed in Section 5.2.1 is a linear
quasicomonoid whenever B is a preadditive category and T is an additive functor.

Lemma 5.33 Given A € QM *(Ab, ®), the normalisation NA has the natural struc-
ture of a (not necessarily commutative) DG ring.

Proof The normalisation is given by (NA)" = A" N ﬂ;’;l kero’. If we write 0,
for the additive identity in 4™, then define 3°, 9" *!: 4" — A"*1 by 3% :=0; *a,
3"+1a:=ax*0;. This makes A into a cosimplicial complex, so NA is a chain complex,

with d: N"A — N"T14 given by

n+1

da:=) (=1)'9".
i=0

For a € N™A and b € N" A, the product a * b lies in N B and we have that
d(axb) = (da)xb+(—1)"ax(db), so NA is indeed a DG ring, with unit | e N°4. O

Definition 5.34 Given a DG ring B in nonnegative cochain degrees with multiplication
denoted by A, we now define the cosimplicial ring DB. As a cosimplicial complex,
DB is given by the formula of Definition 4.21, with multiplication

aIﬂJ -1 (J\I,I\J) b LIJ\Il,b LII\JI’
(ala)_(a.]b):: {0 ( ) an ae S

otherwise,

for (—1)-T) defined as in Definition 4.21.

Lemma 5.35 Given A € QM *(Ab, ®), then the quasicomonoid £(DNA) is isomor-
phic to A (for € as in Example 5.2, regarding DNA as a cosimplicial multiplicative
monoid).
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Proof Since DNA = A as a cosimplicial complex, it is automatic that we have isomor-
phisms £ (DNA)" = A", compatible with the structural operations o, 3’ , as well as with
the operations a — 01 * a and a — a * 01 (corresponding to the additional operations
3%, 9"t 1). Now, since Eilenberg—Zilber shuffles are left inverse to Alexander—Whitney,
it follows that for a,b € NA, a*x¢b = a xb. Since A is spanned by elements of
the form 87a for a € NA, the defining equations of a quasicomonoid ensure that
axgb=axb forall a,b e A. O

Now, we have that any DG R-algebra B has an underlying DGLA over R, with
bracket [a, b] = ab — (—1)%€422py If a nonunital DG Q-algebra B is pro-nilpotent
(ie B~ 1<i£1nB/(B)”), we can thus define a group exp(DN~°B) as in Lemma 4.23.

Lemma 5.36 For any nonunital pro-nilpotent DG QQ —algebra B, there is a canonical
isomorphism
exp(DB) =~ 1 + DB

of groups.

Proof Since B is pro-nilpotent, DB is as well. The isomorphism is given by evaluating
the exponential in the ring DB, with inverse given by log. O

Definition 5.37 Given 4 € QM *(Ab, ®), make (4°)* into a gauge on the DGLA
underlying NA by giving it the obvious adjoint action, and with D: (4%)* — N14
given by Da =da-a™!.

Lemma 5.38 For A € QM *(Ab, ®) with A° a Q-algebra, there is a canonical
isomorphism
D(exp(NA), (4°)*) = (DNA) x 40 (4%)*

of cosimplicial groups.

Proof By applying Lemma 5.36to N~%4,

D(exp(NA), (A%))" 2= (4%)* x (1 + ker(4" — A%))
= (A% x (4" X 40 1) = A" x 40 (4%,
and this is automatically compatible with the cosimplicial operations in higher degrees.

A short calculation show that it is also compatible with 9°,9!: 4% — 41, m|
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Definition 5.39 Given a simplicial DGLA L, define the simplicial set MC(L) as fol-
lows. For any simplicial set K, define the simplicial DGLA LK by (LX)" := (L")K
defined with the formula of Definition 1.22. Then MC(L) is given by

MC(L), := MC(Tot" N*(L2")),
where the normalisation N*(L) has a bracket N*(L)! x NS(L ,J, — NS(L)'*/  given
m m+n &
by the Eilenberg—Zilber shuffle product [33, 8.5.4].

Proposition 5.40 For A € QM *(sAb, ®), there is a canonical (A°)* —equivariant
weak equivalence
MC(4) ~ MC(NA),

of simplicial sets, and hence a canonical weak equivalence
Del(A4) ~ W[MC(NA)/(4°)*].
Proof By combining Lemma 4.23 with Lemma 5.38, we have an (A4°)* —equivariant

isomorphism
MC(NA) = MC((DNA) x 40 (4°)).

Now, Lemma 5.12 combines with Lemma 5.35 to give an (A4°)*—equivariant weak
equivalence

MC((DNA) x 40 (4°)*) ~ MC(4 x 40 (4°)).
Since MC(A x 40 (A%)*) =MC(A) and Del(A4) = W[MC(A4)/(A°)%], this completes
the proof. a

5.4 Moduli functors from quasicomonoids

Definition 5.41 Given aring 4 € Algp, an A-module M, a homogeneous, level-
wise formally smooth functor E: Algp — QM ™ and w € MC(E(A)), define the
cosimplicial A-module C,(E, M) by

Cl(E,M):=Tun(E", M)
with operations on a € C]) (E, M) given by
oia:ofga,
woxa =0,
a = a%a 1<i<n,

axw [ =n+1.
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Proposition 542 If E: Algg — QM™ is a homogeneous functor, with each E"
formally smooth, then the functor

MC(E): dNb —S
is homogeneous and formally quasismooth, so
MC(E): dN% — Set

is homogeneous and prehomotopic.

Proof This proceeds along the same lines as Proposition 4.14. Homogeneity is
automatic, as MC preserves arbitrary limits.

We can extend E” to a functor E": d./\f}’e — Set, given by E"(A) := E"(Ag). Then
formal smoothness of E” implies that the extended E” is prehomotopic. It is au-
tomatically formally quasipresmooth, as all discrete morphisms are fibrations. Thus
Proposition 1.27 implies that E” is formally smooth, and hence formally quasismooth.

For our next step, there is no analogue of Lemma 4.7 for quasicomonoids, so we have
to work a little harder. We wish to show that MC(E)(A’) — MC(E)(A) is a (trivial)
fibration for all (acyclic) square zero extensions A" — A. Write C := Hyp A, and note
that E(C) = E(C), so MC(E(C)) =MC(E(C)) is a set. For any w € MC(E(C)),
it thus suffices to show that the morphism MC(E)(A4"), — MC(E)(A), of fibres
over w is a (trivial) fibration.

Now, on the subcategory of d N bLC consisting of nilpotent extensions B — C, define
afunctor E, by E}}(B) = E"(B)xgn(cyw". Thus E,(B) € QM ™; since cA' =C,
we also have E,(B) € QM *(S). Now, the crucial observation is that

MC(E)(B)o = MC(£4(B)),

so by Lemma 5.6, it suffices to show that E,(A4") — E,(A) is a (trivial) fibration
in QM*(S).

This amounts to saying that u,: E? — M"E,, is formally quasismooth for all n > 0.
In fact, it is formally smooth; we prove this inductively on n. For n = 0, this follows
immediately from the observation above that £ is formally smooth. If this holds up
to level n— 1, then M" E, is also formally quasismooth, being a pullback of formally
quasismooth maps. Since E7 is formally smooth, it follows from Corollary 1.16
that u, will be formally smooth provided

D! (E", M) — DL (M"E, M)
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is surjective for i = 0, and an isomorphism for i > 0, for all C —modules M . Now,
Lemma 1.28 shows that D! (E", M) = Di (E", M), and similarly for M"E. These
are 0 for i # 0, and D (E", M) = C" (E, M). Hence we need only show that

Cl(E,M)— M"C, (E, M)

is surjective, which follows from Lemma 4.7. O
Corollary 543 If E: Algg — QM ™ is a homogeneous functor, with each E™ for-
mally smooth, then the functor

Del(E): dNb —S
is homogeneous and formally quasismooth, while

Del(E): SN% —S
is homogeneous, prehomotopic and formally quasipresmooth.

Proof The proof of Proposition 4.15 adapts, if we substitute Proposition 5.42 for
Proposition 4.14. a

5.4.1 Cohomology

Definition 5.44 Given aring 4 € Algp, an A—module M , a homogeneous, levelwise
formally smooth functor E: Algp — QM ™ and w € MC(E(A)), define

H, (E,M):=H'C(E, M),
for C; (E, M) as in Definition 5.41.

The following is immediate.

Lemma 545 Given aring A € Algg, an A-module M , a homogeneous, levelwise
formally smooth functor E: Algp — OM™*(S) and v € MC(E((A)), the fibre of
MC(E(A® M)) - MC(E(A)) over w is canonically isomorphic to MC(CJ, (G, M)).

Lemma 546 If E: Algp — QM ™ is a homogeneous, levelwise formally smooth
functor, with A € Algp and M an A-module, then

HFYW(E, M) i>0,

D}, (MC(E). M) = D;,(MC(E). M) = {Zl M) o
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Proof First, observe that there is a constant quasicomonoid te, given by the one
point set in every level. The element @ thus defines a morphism w®: (e — E(A4) of
quasicomonoids, given by @” in level n, and the fibre product

Tos(E,L):= E(A® L) XE(4),00 L®

is thus an abelian quasicomonoid, for all L. € dMod4. By Lemma 5.7, this corresponds
to a simplicial cosimplicial abelian group, which is just given in simplicial level n by

Tws(E, L)y = Co(E, (LA")).

Therefore
Tw(MC(E), L) = MC(Tye(E, L)),

and the result is an immediate consequence of Lemma 5.8. |
Lemma 547 If E: Algp — QM™ is a homogeneous, levelwise formally smooth
functor, with A € Algp and M an A-module, then

D, (Del(E), M) = D}, (Del(E), M) = H, ' (E, M).
Proof The proof of Lemma 4.20 carries over. O

5.5 Sheafification

Definition 5.48 Given a cosimplicial diagram C®*(E) in QM ™, define the quasi-
comonoid diagC*(E) by
diagC*(E)" := C"(E"),

with operations 9 = 868%, ol = aéag, identity 1 € C°(E), and multiplication

axb:=FT axg (92)™b,
for a e C"(E™), b € C*(E™).
Definition 5.49 Given some class P of covering morphisms in Algp and a level-
wise formally smooth, homogeneous functor E: Algp — QM ™ preserving finite
products, define the sheafification E# of E with respect to P by first defining a

cosimplicial commutative A-algebra (B/A)® for every P—covering 4 — B, as
(B/A)":=B®4---®4 B (n+1 times), then setting

E¥(A) = diag lim E((B/4)*).
B
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Lemma 5.50 For E and P as above, there is a canonical morphism
Del(E) — Del(EH)

of groupoid valued functors on cl./\f}’e , for sheafification Del(E)* which is defined as in
Definition 4.29. This induces an equivalence

7'Del(E) — 7'Del(EH).

Proof An object of Del(E)* is a pair (w, g) € MC(E(A ®4, B)) x E®(B®4, B)™,
for A9 — B a P—covering, satisfying the conditions

(1) gx*(priw) = (prgw) * ¢ € MC(E(A ®4, B ®4, B)),

(2) pry,g = (pry,8) - (pr},8) € E°(B®y, B®4, B)”,

and we now describe the image of (w, g).

First, form the cosimplicial Ay—algebra (B/A()*® as in Definition 5.49. We now map
(B,w, g) to the object ' of MC(diagE (A ® 4, (B/Ao)®)) given by

wp = (pry 1 18) *prion € E"T1(A%")o ®4, (B/A0)"T1).

The remainder of the proof now follows exactly as for that of Lemma 4.30. O
Now recall that P—covering morphisms are all assumed faithfully flat.

Lemma 5.51 Take E: Algp — QM ™ satisfying the conditions of Definition 5.49, a
ring A € Algg, an A-module M , and an object of Del(E)*(A) represented by (w, g)
for w e MC(E(B)). If the maps

H(E.M ®4 B)®p B' > H,(E.M ®4 B’

are isomorphisms for all P—coverings B — B’, then the morphism « of Lemma 5.50
induces an isomorphism
D, ¢)(BDEW(E)". M) > D}, , (BDeU(EH, M).

Proof The proof of Lemma 4.31 carries over verbatim. |
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6 Examples of derived moduli via quasicomonoids

We now show how to apply the machinery of the previous section to construct derived
moduli stacks for several specific examples. The approach is the same as that used to
construct derived deformations by the author in [20; 24], by finding suitable monads to
construct a quasicomonoid, and then taking the Deligne groupoid.

Throughout this section, R will be a G -ring admitting a dualising complex in the
sense of [13, Chapter V]. Examples are Z, any field, or any Gorenstein local ring.

6.1 Finite schemes

For a fixed r € N, we now study a quasicomonoid governing finite schemes of
rank r. For any commutative R-algebra A, our moduli groupoid consists of algebra
homomorphisms A — B, with B a locally free 4—-module of rank r.

In order to construct a quasicomonoid, we take the approach of Section 5.2.1. Let 5(A)
be the category of 4-modules, and define the monad T 4 on B(A) to be Symmy, so
D(A) := B(A) T is the category of commutative A—algebras.

Definition 6.1 Working in B(A), define E,: Algp — QM ™* by setting E,(A) to be
the quasicomonoid E,(A4) := E(A"), given by

E}(A) =Homy(T%(A"), A").
The following is then just Lemma 5.17 in this context.

Lemma 6.2 For any commutative R—algebra A, ®el(E,(A)) is canonically isomor-
phic to the groupoid of commutative A-algebra structures on the A-module A" .

For our next step, note that Del(E}) is not a stack, although the core of D is. However,
the stackification Del(E,)* in the Zariski topology is equivalent to the subgroupoid of
D(A) consisting of commutative A—algebras B which are locally free A-modules of
rank r.

Definition 6.3 Define @e[(&)ﬂ: d./\/'}’e — Gpd to be the stackification of Del(£;)
in the strict Zariski topology of Definition 2.17. Likewise, define the simplicial
groupoid valued functor %(&)ﬁ on d/\f}’e by stackifying levelwise, so we have

that (Del(E,)F)n = (Del(Er)n)F.
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Proposition 6.4 The functor V_[/C‘De[(ﬂ)ﬁ — S is representable by an almost finitely
presented derived geometric 1—stack. Moreover,

WDel(E,)f ~ WDel(E,)F ~ Del(E,¥),

where the last is defined using the quasicomonoid sheafification of Definition 5.49.

Proof For the first statement, we just show that BDel(E, )¥ satisfies the conditions
of Theorem 1.31. Corollary 5.43 ensures BDel(E, )# is homogeneous and prehomo-
topic. It follows from Lemma 5.47 and the cotriple characterisation of André—Quillen
cohomology [33, Section 8.8] that

DL (BDel(E,)F, M) = Ext T (LS, C @4 M),

so the finiteness conditions of Theorem 1.31 all hold, making W”Dcz[(&)tt repre-
sentable.

Similar arguments show that W%(&)‘i satisfies the conditions of Theorem 1.19,
so is representable by a derived geometric 1-stack. For the first equivalence, we thus
apply Corollary 1.29 to the morphism

BOel(E,)* — WDel(E,)*
coming from the map Del(E, LIS Del(Er )* of simplicial diagrams of groupoids.

For the second equivalence, we just use Lemmas 5.50 and 5.51 to show that the
composite map
BDe(E,)* — BDeI(E,¥) — WDel(E,)*

satisfies the conditions of Corollary 1.29. a

Remark 6.5 Alternatively, we can describe the associated derived geometric 1—stack
explicitly. The functor 4 — MC(E,(A)) is an affine dg scheme, (E?)* = GL,,
and W@e[(&)11 is just the hypersheafification of the quotient BIMC(E,)/(E?2)*] in
the homotopy Zariski (and indeed homotopy étale) topologies. In the terminology
of [27], the simplicial affine dg scheme B[MC(E,)/(E?)*] is a homotopy derived
Artin 1-hypergroupoid representing W’De[(&)ﬁ.

Proposition 6.6 For A € s\, the space Del(E,: n)(A) is functorially weakly equiv-
alent to the nerve W &(A) of the oo—groupoid &(A) of simplicial commutative A—
algebras B for which B ®£1 moA is weakly equivalent to a locally free module of
rank r over mgA.
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Proof For F: sMod(A4) — sAlg(A4) the free commutative algebra functor on sim-
plicial A-modules, the functor B% of Definition 5.26 maps from Del(E B)(A) to
sAlg(A), functorially in A € sA/%, and all objects in its image are cofibrant.

When A4 € Algg, Corollary 5.30 implies that 8% (C) is homotopy equivalent to the
cotriple resolution LoC of C. Thus (8% (C)) = C, and 7;(B%(C))) = 0 for all
i > 0, so we indeed have a functor

Br: Del(E)(A) > &(4)

for all A € s\ Ibe (using compatibility with base change). Moreover, this functor is an
equivalence of co—groupoids when 4 € Algp.

Now, [25, Corollary 3.10 Example 3.11] and give
Di (W&, N) = Ext; (LB, N ®4 B),

and so B} satisfies the conditions of Remark 1.30, which gives an equivalence
W@e[(& )¥ — W &. If we combine this with Proposition 6.4, then we get the required

equivalence Del(E, ﬁ) ~We. |

6.2 Coherent sheaves

Take a projective scheme X over R, and fix a numerical polynomial /4. We now
consider moduli of coherent sheaves on X with Hilbert polynomial /. In other words,
our underived moduli functor My will set Mj(A) to be the groupoid of coherent
sheaves & on X x Spec A with I'(X x Spec A, %(n)) locally free of rank n for n > 0.

Definition 6.7 For A € Algp, we now define our base category B(A4) as follows.
First form the category C(A) of graded A-modules M =, M {n} in nonnegative
degrees, then let B(A) := pro(C(A)). Explicitly, objects of B(A4) are inverse systems
{M*%*}, in C(A), with

Hompg(q)({M*}q, {NP}g) = lim lim Homg( 4 (M %, N#).

<— —

ﬂ o

If we let S := @,5¢'(X,0x(n)), then there is a monad T on C(4) given by
TM = S @ M, with multiplication u: T?> — T coming from the multiplication
S®RrA— S, and unit id > T coming from R — §.

This extends naturally to a monad on B(A4), and we are now in the setting of Section 5.2.1,
since the category D(A) := B(A) " of T-algebras is just the pro-category of graded
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S ® r A-modules. We are interested in pro-modules of the form M ={), > pMintlp;
for M, M’ any two such, we get

=

Homp4)(M, M') = limli HomS® 4(M{= p}, M'{>q})

|5

B S|

lle

G m
lim Homgy (M{= p}, M'{= ¢})

5 NS

3

Gm
im Homgg (M{> p}, M)

Evl

lle

Il
S5 <15 <IE QT

an)

0m5® 4M{= p}, M),
which ties in with [30].
Definition 6.8 Let R” € B(R) be the inverse system {D,.> Rh(”)(n)}p of graded
modules, and form the quasicomonoid Ej(A4) := E (R"®r A) given by
E(A) = Homp(4)(T"(R" ® g 4), R" @ A).
Lemma 5.17 then implies that Del(E£,(A4)) is the subgroupoid of D(A) consisting of

S —module structures on R” ® g 4, and all isomorphisms between them.

For our next step, note that Del( E}) is not a stack, although the core of D is. However,
Lemma 3.25 adapts to show that the stackification Del(E p)¥ in the pro-Zariski topol-
ogy is equivalent to the subgroupoid of D(A) consisting of pro- (S ® g A)—modules
M ={D,>,M{n}}p, with M {n} locally free of rank h(n) over A for n>> 0.

Now, there is a functor F = @,,>, I'(X, F(n)) from coherent sheaves to D(A4), and

the essential image just consists of finitely generated (S ® g A)—modules.

Definition 6.9 Define MCy(E},): Algg — Set by letting MCr(Ej, A) CMC(Ey,, A)
consist of (S ® g A)—modules isomorphic to finitely generated modules. Next, define
MC/(Ep): dNj — S by

MCy(Ep, A) := MC(Ep, A) Xmc(EyHo4) MCr (En, HoA),
with MCy (£, A) = MCr(Ep, A)o-
Likewise, define Delr(Ej) := [MCy(Ep)/(E®)*], Delp(Ej) := [MCr(E,)/(E®)*]
and Dely(Ep) := [MC/(E)/(E°)X].
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Definition 6.10 Let E;, * be the quasicomonoid sheaﬁﬁcatlon (see Definition 5.49)
of Ej in the pro Zarlskl topology, and recall ’De[(E ) >~ Del(E,)* from Lemma 5.50.
Define MCr(E h) C MC(FE ti) to be the essential image of Dels(E »)¥ (which consists
of modules isomorphic to finitely generated modules).

Then define MC/(Ef), MC(E}), Dely(Ef), Delp(Ef) and Delr(EF) by adapting
the formulae of Definition 6.9.

Lemma 3.25 adapts to show the substack Dels(E LAY Delr(E ALET equivalent to the
stack M}, (A) defined at the beginning of the section. Note that MCy (Ej) — MC(E},)
is formally étale, and so Del (Ep) — Del(Ey) is also formally étale, as well as
Del (E) — @e[(Ei)

Proposition 6.11 The functor W’De[f (En WS is representable by an almost finitely
presented derived geometric 1—stack. Moreover,

WDely (Ep)* ~ WDely(Ep) = Dely(Ej).

Proof By exploiting the fact that MCr(Ey) — MCr(E}y,) is formally étale, the proof
of Proposition 6.4 carries over. The only substantial differences lie in the calculation
of cohomology,

D (BDel(Ep)*. M) = Extdy (L. L®4 M),

and in establishing local finite presentation, which we get from the adaptation of
Lemma 3.28. |

Proposition 6.12 For A € S/\/’}’e, the space D_elf(&#)(A) is functorially weakly
equivalent to the nerve of the co—groupoid 2N, of derived quasicoherent sheaves & on
X x Spec A for which

1) & ®1'2 7oA is weakly equivalent to a quasicoherent sheaf % on X x Spec oA,
(2) foralln >0, T'(X x Spec mgA, F(n)) is a locally free A—module of rank h(n).

Proof Taking F: sB(A) — sD(A) to be the functor M + S ® g M from simplicial
graded A-modules to simplicial graded S ® g A—modules, Definition 5.26 gives us a
functor

Bl Del(EF)(4) — sD(A),

preserving cofibrant objects. In particular, if A € Algp, and L € D(A) has L{n} locally
free for all n, then B} (L) is cofibrant, and Corollary 5.30 implies that it is homotopy
equivalent to the cotriple resolution S ®retl @p L of L (as in [33, Section 8.7.1]).
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This ensures that for any A € s\, B maps objects of Dels (Efl)(A) to modules
associated to objects of My (A). Explicitly, let X = (Spec S) — {0} be the canonical
Gm-bundle over X = Proj S, with m: X - X the projection and j: X > Spec S
the open immersion. Then our functor Dels (£ h)(A) — Mp(A) is

(M, 0) > Bp(M, 0)f = (usj ' B (M, )%,
Now, for any A € Algp, we have

Di (BDel(E}). M) = Extii (L. L ®4 M):

adapting Serre’s Theorem [30, Section 59] as in the proof of Proposition 3.32, this is

isomorphic to ExthJerSpec A(Lﬂ, L@ M).

The remainder of the proof follows as for the proof of Proposition 6.6, but replacing
[25, Example 3.11] with [25, Theorem 4.12]. O

Remark 6.13 (Associated DGLAs) Since the functor T = S®pg is linear, our
quasicomonoid E(A) is linear in the sense of Section 5.3, so its normalisation NEy,
has the natural structure of a DGLA. We could thus use Proposition 5.40 to rewrite
all these results in terms of the groupoid [MC(NEy)/ (E;?)X], thereby making them
consistent with the approach of [5].

Remark 6.14 (Quot schemes) If we wished to work with quotients of a fixed coherent
sheaf A on X, there are two equivalent approaches we could take. One is to choose
M € D(R) with M* = L, and then to replace D(A) with the comma category
(M ®gr A) | D(A). The monad T would then be given by T(L) = (M Qr A) &
(S ®y4 L), withunit L — S ® 4 L, and multiplication T2(L) — T(L) being the map

MRIRA)D(SOrRMROIRA)P(SRRSQrL) > (M QRQRA) DS ®4L),
(m1,51®@my,5, Q@53 Q1) > (my +s1my, (5253) ®1).

We would also have to replace MCr(Ej,) with the subset of MC(E},) consisting of
finitely generated S ® g A—modules under M ® g A for which the map M @ p A — L
is surjective.

The alternative approach would be to work with the construction of Example 5.22, first
forming the quasicomonoid

E:= E(A", A" x g gy (M},

where /' is the Hilbert polynomial of M , then taking the subset of MC(E) cut out by
the finiteness and surjectivity conditions above.
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Beware, however, that in both of these approaches, the resulting quasicomonoid is no
longer linear, so cannot naturally be replaced with a DGLA.

6.3 Polarised projective schemes

For a fixed numerical polynomial / € Q[¢], we will now study the moduli of polarised
projective schemes (X, Oy (1)), with Ox (1) ample, for which I'(X, Ox (n)) is locally
free of rank A(n) for n > 0.

We take B(A) to be the pro-category of graded A—modules from Section 6.2, with
monad
T =Symmy: B(A) — B(A).

Setting D(A) := B(A) T gives us the pro-category of G,,—equivariant commutative
A-algebras in nonnegative degrees.

Definition 6.15 Let R” € B(R) be the inverse system {D,> » R (n)}p of graded
modules, and form the quasicomonoid Ej(A4) := E (Rh®@g A) given by

E"(A) = Homp(4)(T"(R" @ A), R" @ A).

Lemma 5.17 then implies that Del(E,(A4)) is the subgroupoid of D(A) consisting of
commutative ring structures on R” ® g 4, and all isomorphisms between them. By
Lemma 3.25, the stackification Del(Ej)* in the pro-Zariski topology is equivalent to the
subgroupoid of D(A) consisting of commutative pro- A—algebras B ={D,,> » Bin}lp,
with B{n} locally free of rank /(n) over A for n > 0.

We now proceed as in Definition 6.9, letting MCr(Ey) C MC(E},) consist of finitely
generated A4-algebras, and so on for MC,(Ej) etc. Note that MCyr (Ej) — MC(E})
is formally étale.

Proposition 6.16 For A € Algg, Delr(E,(A)) is equivalent to the groupoid of flat
polarised schemes (X,0x (1)) of finite type over A, with Oy (1) ample and the A—
modules I'(X,0x (n)) locally free of rank h(n) for all n > 0.

Proof This is essentially just Proposition 3.30. a

Proposition 6.17 The functor W@e[f (En )¥ — S is representable by an almost finitely
presented derived geometric 1—stack. Moreover,

WDelp(En)* = WDely(Ep)* = Del, (E4?).
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Proof The proofs of Propositions 6.4 and 6.11 carry over, substituting the relevant
finiteness properties from Proposition 3.33. In particular, Proposition 3.32 adapts to
show that

Di¢y(Del; (Ejf), M) = Extiy LA/ BCn®4 0y @ 4 M),
where X =Proj(A& C). |

Proposition 6.18 For 4 € sj\f& , the space Del((Ep #) is functorially weakly equiva-
lent to the nerve WJ(A) of the co—groupoid 1(A) of derived geometric 0—stacks X
over BG,;, xSpec A for which X := 3€®£1H0A is weakly equivalent to a flat projective
scheme over HyA, with the polarisation X — BG,, ® HyA ample with Hilbert
polynomial h.

Proof This is essentially the same as Proposition 3.34, replacing 8* with the functor
Br: Del(E,(A)) — sD(A) on simplicial objects from Definition 5.26 (constructed
similarly to those of Propositions 6.6 and 6.12). a

Remark 6.19 Note that the constructions of Section 5.2.2 immediately allow us to
adapt E to work with moduli of diagrams of polarised projective schemes, and in
particular with morphisms of such schemes. For moduli over a fixed base Proj S, an
alternative approach is to replace T with the monad M +— S ® g Symm M . Either of
these approaches can be used to construct derived Hilbert schemes (by taking MCy (E)
to be the subset of MC(E) consisting of finitely generated A—algebras B for which
S ® g A — B is surjective). Propositions 6.18 and 3.34 ensure that these approaches
give equivalent derived stacks, as does [6].

6.4 Finite group schemes

To study moduli of finite group schemes, we follow the approach of [25, Example 3.41],
by noting that the nerve functor gives a full and faithful inclusion of the category of
group schemes into the category of pointed simplicial schemes.

Given a finite group scheme G over Spec 4, with O(G) :=T'(G, Og) locally free of
rank 7, we thus look at the simplicial group scheme BG (for an explicit description, note
this is the same as WG in Definition 3.15). If we write O(BG)" :=T'(BG,,0 BG, ) then
O(BG) is a commutative cosimplicial augmented A-algebra, with O(BG)" locally
free of rank .

Lemma 6.20 The functor G — BG from group schemes to pointed simplicial schemes
is formally étale.
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Proof A simplicial scheme X, over A is of the form BG if and only if

(1) Xo = Spec4;

(2) forall n>1 and all 0 <k <n, the maps X,, — Homg (A™k, X) are isomor-
phisms, where A"k C A" is the k™ horn, obtained by removing the k™ face
from dA”.

Since any deformation of an isomorphism is an isomorphism, the result follows. O

We could now combine Section 5.2.2 with Section 6.1 to obtain a quasicomonoid
functor governing moduli of such diagrams, but there is a far more efficient choice.
If A4 is a local ring, then not only are the modules O(BG)" independent of G: we can
also describe all operations except 9°.

The following is adapted from [21, Definition 3.6].

Definition 6.21 Define V: sGp — S by setting
VGyi=Gpoy X Gyeoy X+ x Go
with operations
30(gn—1.---.80) = ((00gn—-1)"gn—2.- .. (3" " gn=1)""g0).
i (gn—1.---.80) = (Bi=18n—1-- - 018n—i+1- §n—i—1.&n—i—2: - - -, §0);

Gi(gn—ls L] gO) = (Gi—lgn—lv O] Oogn—ia gn—i, gﬂ—i—la .. ,XO)-
Lemma 6.22 There is a natural isomorphism gE: V>W.

Proof As in [21, Proposition 3.9], the map (3(;: VG — WG is given by

G(gn—1,---,20) = (gn-1,(08n—1)""gn-2...,@0g1) "' g0). m]

We can therefore replace B with the functor V', and consider the simplicial scheme VG,
which has the property that dg is the only simplicial operation to depend on the group
structure of G'. We now proceed along the same lines as the author [22, Section 5.1].

Definition 6.23 Define A to be the subcategory of the ordinal number category A
containing only those morphisms fixing 0. Given a category C, define the category
¢+C of almost cosimplicial diagrams in C to consist of functors A, — C. Thus an
almost cosimplicial object X * consists of objects X" € C, with all of the operations
9%, 0! of a cosimplicial complex except d°, satisfying the usual relations.
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Definition 6.24 Define the functor Fjy: ¢4+ Mod(4) — ¢cMod(A) from almost cosim-
plicial A—-modules to A—-modules by

(FasM*'=M"&M" '@---& M°,
with operations

i i i—1 1
3" (Vy, ..., v9) = (0'vy, 8" TVp—1,...,0 Vy—jt1,0, Up—i, ..., V1, Vo),

i i 1 0
o' (Vpy...,00) = (0" Uy, .o, O Uy—jq 1,0 Up—j 4+ Vy—j1, Uyp—i—2, - ., V0)-

By the argument of [22, Lemma 4.12], we have that Fj is left adjoint to the functor
Us: cMod(A) — c4+Mod(A) given by forgetting 3°. Moreover, this adjunction is
monadic, so for the monad Ty := F3Uj, there is a natural equivalence

cMod(A) ~ ¢4y Mod(A) 2.

In fact, we can go further than this. By [22, Section 5.1], the monad Symm distributes
over Ty, so the composite monad Symm o T is another monad. Moreover,

cAlg(A) ~ ¢4y Mod(A)SymmeTa),

We wish to modify this slightly, since we are only interested in augmented cosimplicial
A-—algebras, or equivalently nonunital cosimplicial 4—algebras (taking augmentation
ideals). We thus replace Symm with Symm™ := D,~0 5", and set T := Symm™ToTjy.
Then ¢4 Mod(A) T is equivalent to the category ¢NAlg(A) of nonunital commutative
cosimplicial 4-algebras.

Definition 6.25 Define a functor E,: Algp — OM * by first forming the almost
cosimplicial module V(A") € cyMod(A) as

n

V(A" := A" = (A7) @4 (A7) @4+ ®4 (A7),

with operations dual to the operations of Definition 6.21, but without_ao. We then let
Vi (A7) :=ker(V(A") — A), where the A is the constant diagram V' (4°), so

V(A" =ker((3")": V(A")" - V(4")°).

We now set E,(A) to be the quasicomonoid E,(A) := E(Vy(A")) of Section 5.2.1,
given by

E}(A) = Home, mod(a)y (T V(A7) Vi (47)).
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Definition 6.26 Define Del(E,)*: d N} — Gpd to be the stackification of Del(E,)
in the strict Zariski topology of Definition 2.17. Likewise, we define the simplicial
groupoid valued functor Del(E, )ﬁ on af./\/'}’e by stackifying levelwise, so we have that
(Del(Er)F)n = (Del(Er)n)F.

Definition 6.27 By Lemma 5.17, MC(E, (A)) is equivalent to the groupoid of pointed
simplicial affine schemes X over A for which UyO(X) = V(A”) € c;Mod(A). We
then define

MCg (Er(A)) CMC(E,(A))

to consist of simplicial schemes of the form BG, for G a group scheme. By Lemma 6.20,
this inclusion of functors is formally étale.

We define Delg(E,), MC,(E,), MCg(E,ﬁ) and so on similarly.

Proposition 6.28 The functor W Delg (Er. )# —S is representable by an almost finitely
presented derived geometric 1—stack. Moreover,

WDelg(E,)* ~ WDely (E,) ~ Del, (E,F),
where the last is defined using the quasicomonoid sheafification of Definition 5.49.

Proof The proofs of Propositions 6.4 and 6.17 carry over. The only differences lie
in a straightforward check that Delg (£ »)# is locally of finite presentation, and in the
calculation of cohomology groups.

For the comonad | := Symm™ o F5Ujy on ¢NAlg(A4), we get a canonical simplicial
resolution LeS, givenby 1,5 :=_1"*1S . For 4 € Algg, the proof of [22, Lemma 5.7]
then shows that A @ (LeS)™ is a cofibrant resolution of 4 & S™ for all m, when-
ever S™ is projective as an A—module. If we set LE(S) := Q((4 ® L+S)/A), this
means that the simplicial complex LL(S)” is a model for the cotangent complex of
A S™.

If S is levelwise projective as an A—module, then by [22, Lemma 5.8], }L,J; (S)isa
projective object of cMod(S). Thus, for S € E,’i (A), Lemma 5.47 gives that

Dj g (Del, (E;*), M) = Exti (LE(S), S @4 M),

which satisfies the finiteness conditions of Theorem 1.19. O

Definition 6.29 Given a flat group scheme over a ring A4, follow Illusie [16, Sec-
tion 2.5.1] in defining the A—complex XG/ A py

XG/A = Le*]LG/A,
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where e: Spec A — G is the unit of the group structure. This has a canonical G —action,
and we write x9/4 for the associated complex on BG.

As in [16, Section 4.1], XG/ 4 is perfect and concentrated in chain degrees 0, 1. We set
w04 .= Hy (XG/A), with @%/4 the associated sheaf on BG.

Definition 6.30 For a cosimplicial ring S, we make ¢Mod(S) into a simplicial
category by setting (for K € S)

(MEY = (M,

as an S”-module. This has a left adjoint, which we denote by M +— M ® K. Given
a cofibration K < L in S, we write M @ (L/K) =(M Q L)/(M ® K).

Given M € ¢Mod(S), define M to be the bicosimplicial complex given in horizontal
level i by M'®* = M ® A’. Let N.M we the cochain complex in cMod(S) given by
taking the horizontal cosimplicial normalisation of Definition 4.6.

Lemma 6.31 Given an affine group scheme G over A, with I'(G,0g) locally free of
rank r over A, let S € Del(E,)#(A) be the associated cosimplicial ring

§" :=ker(T'((BG)n, O(s),)) — A)-
Then for M € Mod,,
(51(Dely (EF), M) = Exty(LP9 4, ker(Op6 ©4 M — M),
In particular,
DES] (Del, (&ﬁ)’ M) = Extyh? (x4, 05684 M)

for i > 1. For low degrees, there is an exact sequence

0 Hompg (%4, 0p6 ® 4 M) — Hom 4(0%/4, M)

D[—Sl](D_el)g(&ﬂ,M) —>EXt113G(XG/Aa©BG R4 M) —>EXt}4(XG/A,M)

Dfs;(Debg (E,*, M) —— Ext3(x /4, 0p6 @ 4 M) 0.

Proof Write L := L (S), defined as in the proof of Proposition 6.28, and recall
that this is a projective object of cMod(.S). Observe that in the terminology of [27],
Spec (A S) is a derived fppf 1-hypergroupoid, and a derived Artin 1-hypergroupoid
whenever G is smooth.

If G is smooth, then [27, Proposition 7.21] shows that

Extig(TotN L, S ® 4 M) 2= Exth; (LB ker(Opc @4 M — M),
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where Tot is the total complex functor. For general G, the same formula holds,
since [27, Proposition 7.11] only uses the Artin hypothesis to prove that Tot N, N* L is
projective, while the descent argument from the proof of [27, Proposition 7.13] works
for all faithfully flat morphisms.

Now, [27, Lemmas 2.18 and 7.4] combine to show that N(f L is acyclic for i > 1,
while N, cl L is the pullback to BG of the cotangent complex of a trivial relative derived
1-hypergroupoid. It then follows from [27, Lemma 2.9] that there are canonical
isomorphisms

Ext§ (N, L, P) = Ext,((N/L)°, P%)

for all P € cMod(S). Since S® = 0, this means that
Ext’g(TotN.NSL, S ®4 M) = Ext'(L, S ®4 M).
Thus, combined with the proof of Proposition 6.28, we get
Dfg)(Del, (E %), M) = Exty (L4 ker(Opg ©4 M — M)).
Finally, LBG/4 ~ yG/A[1], so the exact sequence 0 - S — A® S — A — 0 of

S —modules gives the required long exact sequence. |

Proposition 6.32 For A e sN%, the space Delg (E, Ft) (A) is functorially weakly equiv-
alent to the nerve W9(A) of the co—groupoid OM(A) of pointed derived geometric
1 —stacks X over A for which X ®1'; moA is weakly equivalent to the nerve of a flat
rank r group scheme over moA.

Proof We work along the same lines as Proposition 6.6. As a consequence of
Proposition 6.28 and Remark 1.30, it suffices to construct a natural transformation

®: Delg (E)F — M
of co—groupoids, inducing equivalences on 7° and isomorphisms on D’ of the nerves.

Given an object of @e[g(&)#(A), we get M € c+Mod(Ayp), locally isomorphic
(over Ag) to V4 (Ay), together with elements

Wy € Homc+Mod(Ao) (Tn+1Ma M ®A() (AIn)O)’

which satisfy the Maurer—Cartan relations of Definition 5.4. For the free functor
F: sc;:Mod(A) — scNAlg(A) from simplicial almost cosimplicial A-modules to
nonunital simplicial cosimplicial commutative A—algebras, Definition 5.26 thus gives
us a functor

Bh: Del(Ep)*(A) — scNAIg(A).
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We therefore get a functor ¢: Del(Ey(A)) — scAlg(A4) | A to the category of aug-
mented simplicial cosimplicial commutative 4—algebras, given by w > 4 @ B} (w).
Moreover, it follows from Definition 5.26 that all objects in the image of ¢ are Reedy
cofibrant. If 4 € Algp and w corresponds to a group scheme G, then arguing as in
the proof of Proposition 6.6, ¢(w) is a cofibrant resolution of O(BG) as a simplicial
augmented cosimplicial commutative A—algebra. Therefore for arbitrary A € sA%,

Spec (¢ () ® w0 A)
is a pointed fppf 1-hypergroupoid, and so Spec ¢ (w) is a pointed derived fppf 1-
hypergroupoid.
We therefore define ®(w) to be the homotopy fppf hypersheafification of Spec ¢ (w).
By [27, Theorem 4.15], ®(w) is a pointed derived geometric fppf 1-stack whenever

w € Delg (&)ﬂ(A). By Toén [31, Theorem 0.1], this is the same as a derived geometric
Artin 1-—stack.

When A € Algg, with o corresponding to G, we have seen that ®(w) is just the
classifying stack BG. For arbitrary A € s\ b, this means that d(w) ®Ili oA is of the
form BG for some flat rank r group scheme G over mpA. Thus ® indeed gives a
functor ®: BDe[g(&)ﬁ — M.

The arguments above have shown that 7°® is an equivalence, since the space of group
homomorphisms G — G’ corresponds to the space of pointed morphisms BG — BG'.
To see that @ gives isomorphisms

Di,(BDel(E,)F, M) — Diy, (W, M),

we combine Lemma 6.31 with [25, Theorem 3.35]. O
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