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The Gromoll filtration, KO—-characteristic classes
and metrics of positive scalar curvature

DIARMUID CROWLEY
THOMAS SCHICK

Let X be a closed m—dimensional spin manifold which admits a metric of pos-
itive scalar curvature and let R (X) be the space of all such metrics. For any
g € RT(X), Hitchin used the KO—valued o —invariant to define a homomorphism
Ap_1: i1 (RT(X), g) — KOp1rn. He then showed that 4y # 0 if m = 8k or
8k + 1 and that A; # 0 if m =8k —1 or 8k.

In this paper we use Hitchin’s methods and extend these results by proving that
Agjr1-m #0 and  7gj41-m(RT (X)) #0

whenever m > 7 and 8 —m > 0. The new input are elements with nontrivial o—
invariant deep down in the Gromoll filtration of the group I'"*! = 7o (Diff(D", 9)).

We show that a(FSSffSZ ) # {0} for j > 1. This information about elements existing

deep in the Gromoll filtration is the second main new result of this note.

57R60; 53C21, 53C27, 58B20

1 Introduction

Let n be greater than 4, let ®,4; denote the group of homotopy (n + 1)—spheres
and let T"+! = 74 (Diff(D", 3)) denote the group of isotopy classes of orientation-
preserving diffeomorphisms of the n—disc which are the identity near the boundary.
There is the standard isomorphism 3: e+l o~ ®;+1, due to Smale [26] and Cerf [6].
Moreover, for all 0 <i < j there are homomorphisms

A 2w (DIff(D" 7, 9)) — 7 (Diff(D" 7+, 9)).
The definitions of ¥ and )\;’ j are recalled in Section 2.1.

We denote A := A" .. In [8, Abschnitt 1], Gromoll defined the group

rhl = (i (Diff(D"~, 9)) c T"*!
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and the corresponding filtration
0= Fnj—l C Fn;l—l Cc---C Fn—i—l C Fn—i—l — Fn—i—l

We say that f € I'""*! has Gromoll filtration i if f € I‘”'"1 \I‘l”:'ll. The identity
re+1 = F"'H is due to Cerf [6], as pointed out by Antonelh Burghelea and Kahn [2].

The equahty I‘r'l’_+1 = 0 follows from Hatcher’s proof [10] of the Smale Conjecture.

Starting with Novikov [22], authors have used the homomorphisms )»:.” j to explore the
homotopy type of Diff(D”, d). For example, Burghelea and Lashof [5, Theorem 7.4]
show that there is an infinite sequence {(p;, ki, m;)} of integer triples with p; odd
primes, lim;_, oo m;/k; = 0 and

TTk; (Diff(D™,0)) ® Z/ pi # 0.

Later, Hitchin [12, Section 4.4] used the homomorphisms A7 j to investigate the
homotopy type of the space of positive scalar curvature metrics on a closed manifold.
In this paper we extend the results of [5] and [12, Section 4.4].

Hitchin’s main tool is the o—invariant, the KO—valued index of the real Dirac operator
of a closed spin manifold. Since an exotic sphere carries a unique spin structure, we
get an induced homomorphism

Fm+1 —) ®m+1 —> K0m+1

Our first main result shows that the Gromoll filtration of some (8k 4+ 2)—dimensional
exotic spheres with nontrivial «—invariant is quite deep.

1.1 Theorem For all j > 1 there is an element f; € mg;_ ¢(Diff(D7, d)) such that
a(A(fj)) # 0 and 2f; = 0. Hence a(FSJ’Lz) # {0} and forall 0 <i < 8j —6,
)\ljg;H6(fJ) € mMgj_6— ;(DIff(D7+E,9)) is a nontr1v1al element of order 2.

1.1 Positive scalar curvature

Let X be a closed spin manifold of dimension 7 and let R+ (X) denote the space
of positive scalar curvature metrics on X . The Lichnerowicz formula entails that the
first obstruction to the existence of a positive scalar curvature metric on X is the index
of the Dirac operator defined by its spin structure. This is an element ind(X') € KO,
which gives rise to a ring homomorphism

o: Qipin —> KOy, [X]+— ind(X).

When X is simply connected of dimension > 5, Stolz [27] proved that R1(X) # ¢
if and only if a(X) = 0. In general, the question of whether R (X) # ¢ is a
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deep problem which remains open; see for example Rosenberg [24] and the second
author [25].

If RY(X) # @ we equip it with the C>®—topology and go on to investigate this
topological space. Note that Diff(X) acts on R (X) via pull-back of metrics and so
fixing g defines a map T': Diff(X) — R*(X), h > h*g. Moreover, fixing D™ C X
defines an inclusion i: Diff(D™, ) — Diff(X) via extension by the identity.

Hitchin observed in his thesis [12, Theorem 4.7] that sometimes nonzero elements in
74 (Diff(D™, 9)) yield, via the induced action of Diff(D™, ) on R™(X), nonzero
elements in 74 (RT (X)) := m«(RT(X), g). More precisely, Hitchin [12, Proposition
4.6] (see Section 2.5), defines a homomorphism

Ap—1: Ty (R+ (X)) — KOm+n

and shows that the composition

Ch1: Ty 1(D1ff(Dm 0)) —> mp—1 (Diff(X)) —> TTp— 1(R+ (X)) K0m+n
is nontrivial for n =1 and m = 8k,8k + 1 and for n =2 and n = 8k — 1, 8k.

Hitchin’s method exploited the at the time known facts that oe(FSJ +1) #* {0} and
a(FSJ +2) # {0}. With our refined knowledge about the nonzero images a(F
we obtain the following corollary using the same method as Hitchin.

8j— 5)

1.2 Corollary Let X be a spin manifold of dimension m > 7 with g € R (X)
and let f; be as in Theorem 1.1. Then for all j € Z such that 8§ +1—m > 0,

Cgjt1-m (ki -'_718]_6(1’])) # 0 € KOgj 1. In particular, the homomorphism

Agjt1-m: 78j+1-m(RT (X)) —> KOs 42

is a split surjection and for all such (X, g) the graded group (R (X)) contains
nontrivial two-torsion in infinitely many degrees.

To our knowledge, these examples and those of Hanke, Steimle and the second author [9]
are the first examples where 3 (R (X)) is shown to be nontrivial when k > 1. In
contrast to [9], Corollary 1.2 also shows that (R (X)) is nontrivial in infinitely
many degrees. However, note that by construction the elements of 74(R ™ (X)) found
in Corollary 1.2 vanish under the action of Diff(X), ie in 74 (R (X )/ Diff(X)). In
contrast to this in [9] the first examples of elements x € mx (R (X)) which remain
nontrivial by pullback with arbitrary families in Diff(X') are constructed for arbitrarily
large k. That R (X)/Diff(X) often has infinitely many components is already proved
in Botvinnik and Gilkey [3], Lawson Jr and Michelsohn [17] and Piazza and the second
author [23].
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2 The Gromoll filtration of Hitchin spheres

In this Section we prove Theorem 1.1 and Corollary 1.2. Section 2.1 recalls meth-
ods from smoothing theory which give a second definition of the Gromoll filtration.
Section 2.2 reviews the Kervaire—Milnor analysis of the group of homotopy spheres.
Section 2.3 recalls results of Adams from stable homotopy theory and their relation to
the KO—index theory due to Milnor. Section 2.4 shows how nontrivial compositions in
the stable homotopy groups of spheres lead to nonzero elements deeper in the Gromoll
filtration and so proves Theorem 1.1.

2.1 The groups ©,,1, I'"*! and 7,1 (PL/O)

Let n > 5. Recall that ®,4 is the group of oriented diffeomorphism classes of
homotopy (1 4 1)—spheres, that by definition I'"**1 = 7 (Diff(D", 9)) and recall also
the space PL/O which will be defined below. In this subsection we review the three
fundamental isomorphisms >, ¥ and M, appearing in the following diagram:

reti 2 ®n+1
% /
mp+1(PL/O)

We then prove that the diagram commutes: a point which seems to have been implicit
in the literature.

Given a mapping class f € I'"*! we may build a homotopy (1 4 1)—sphere X by
first extending f by the identity map to a diffeomorphism ]F : S" — S™ and then
setting X 5 1= D"ty f D" In this way we obtain the map, which is well known
to be a homomorphism,

2.1) I — Opty, > Z
By [26] X is onto and by [6] X is injective.

Next let Oy and PLj denote the k—dimensional orthogonal group and the group of
piecewise linear homeomorphisms of k—dimensional Euclidean space fixing the origin
and let O :=limy_, o, O and PL := limy_, o, PL; denote the corresponding stable
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groups. There are inclusions Oy — PL; with quotients PL; /Oy and we obtain the
space PL/ O =1limy_, o, (PLy / Oy) along with stabilization maps S: PL; /Oy —PL/O.
The fundamental theorem of smoothing theory applied to the (n + 1)—sphere (see [11],
[16] and also [15, Theorem 7.3]) states that there is an isomorphism

(2.2) Yyttt Opgy & 41 (PL/O).

A third fundamental result is due to Morlet (unpublished) and Burghelea and Lashof
[5, Theorems 4.4, 4.6].

2.3 Theorem [5, Theorem 4.4] There is a homotopy equivalence of commutative
H —spaces
M,,: Diff(D", 9) ~ Q" (PL,/O,)

such that the composition

M S
o Diff(D", 9) —= o Q" (PL,/ On) —> 1oQ" 1 (PL/O) = 7,41 (PL/O)

yields an isomorphism
My: T" Y >~ 7, 1 (PL]O).

Here S, is induced by the stabilization map Q"+ !(PL,/0,) — Q"T1(PL/0).

To give the alternative description of the Gromoll filtration, we use the homomorphisms
A2 (Dff(D" 7, 9)) — ;i (Diff(D" 7/ *7, 9))
from Section 1. Here we represent a € 7 (Diff(D"~/, d)) by a map
a: [0, 1)) — Diff([0, 1177, [0, 1]" /)

such that the value of « is the identity map near the boundary of [0, 1}/ and such that
each a(x) is a diffeomorphism which restricts to the identity near the boundary of
[0, 1"~/ . The class AL j (a) is then represented by the map

(2.4) M i (a): [0, 171 — Diff([0, 17"~/ x [0, 11, [0, 11"~/ x [0, 1)

with k;” j (a)(x)(t, y) = (a(x, y)(t), y). Indeed the formula (2.4) implies that if we
use 2 to denote the space of differentiable loops, then there are maps

A} ;: Q7 Diff(D"™/, 9) — Q7! Diff(D" T/t 9)

which induce the homomorphisms A7 j
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2.5 Lemma (cf[4, Theorem 1.3]) Leti,: PL,/Oy—> PLy+1/Opy1 be the canonical
inclusion and let 2 M,, be the map of smooth loop spaces induced by M), and assume
n > 4. Then the following diagram is homotopy commutative:

QDiff(D", 9) — M Q2 (pr, 1 0,)

l)‘ql,l lQ’H_z(in)
M,

n

DIff(D"+1,8) ——> Q"F2(PL,y1/Op11)

Proof The corresponding statement for n # 4 with PL, replaced by Top,, is given in [4,
Theorem 1.3] where Burghelea considers the map /,,: Diff(D", 8) — Q"1 (Top,,/ Oy).
And indeed Burghelea remarks [4, page 9] that the analogous versions of his results
hold when Top,, is replaced by PL;.

We give a somewhat indirect argument based on the work of Kirby and Siebenmann
which deduces the commutativity of the diagram above from [4, Theorem 1.3]. By defi-
nition the map /4, factors through M, and the canonical map n,: PL,/O, — Top,,/ Oy :

hp = 1y 0 My: Diff(D", 3) — Q"TY(PL,/0,) — Q" (Top,/ O).
Now there is a fibration sequence
Q"*tY(PL,/0,) — Q" (Top, | 0,) — Q" (Top,/PLy)
and for n > 5 there is, by [14, Essay V, 5.0 (1)], a homotopy equivalence
Top, /PL, ~ K(Z/2,3).

Hence the space 2" 1(Top,/PLy) is contractible and the map 7, above is a homotopy
equivalence. It follows that the commutativity of Burghelea’s diagram [4, Theorem 1.3]
entails the commutativity of the diagram above. a

An immediate consequence of Theorem 2.3 and [4, Theorem 1.3] is the following
alternative definition of the Gromoll filtration.

2.6 Corollary F,’C’I} = M ' Su(mnt1(PLy—k/On—t))-

The following lemma is presumably well known and in particular is implicit in [5].
Since we could not find a reference, we give a proof.

2.7 Lemma M, = (VoX): I+ =5 1, (PL/O).
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Proof We use the description of ¥: ®,41 = m,4+1(PL/O) given in the proof of
[19, Theorem 6.48]. Given an exotic sphere X, obtained from a diffeomorphism
J € Diff(D", ), take the PL-homeomorphism u: Xr = S "+1 to the standard sphere
coming from the Alexander trick. There is an associated “derivative” map between the
PL-microbundles of X ¢ and S n+1_ Using the smooth structures, these PL—bundles are
induced from the smooth tangent bundles which are of course vector bundles. Pulling
back with u to S”*!, we then have two O, | —structures on the same PL, ; —bundle
over S"T1 and the difference of the lifts of structure group gives a pointed map
S"*t1 5 PL,. /O . By stabilization we get an element of 7,1 (PL/O), which is
by definition W(Zy).

On the other hand, the map My: mo(Diff(D”, d)) — m,4+1(PL/O) from [5] is defined
(after we strip off the technicalities associated to the use of simplicial methods) by first
looking at the path y: [0, 1] — PL(D", d) obtained by applying the Alexander trick to
f, with induced loop y: [0, 1] — PL(D", d)/Diff(D", d). The latter corresponds to
the inverse of f under the boundary map of the fibration with fiber Diff(D", 9):

PL(D",3) —s BDiff(D",d) = PL(D", d)/ Diff(D", 9);

compare the proof of [5, Theorem 4.2]. The path of PL—derivatives ¢ — D(y;)
gives, as above by comparing the pullbacks of the vector bundle structure on the
PL-microbundle of D" to the standard vector bundle structure, a loop of maps from
(D",9) to PL,/ Oy, ie amap S"*! — PL,/0,. By [5, proof of 4.2 and Section 1],
its stabilization represents My (V) € w41 (PL/O).

Observe that the family of PL-homeomorphisms D” — D" just constructed, extended
by the identity over a “second hemisphere”, patch together to the PL-homeomorphism
between the homotopy sphere Xy and S "+1 ysed in the definition of Wo X. Moreover,
if we stabilize the family of differentials by the identity of the vertical direction, we
obtain the differential of that PL—homeomorphism. Finally, the underlying vector
bundle structures on the PL—microbundles patch together and stabilize to the vector
bundle structures on the PL-microbundles of X, and S"*! encountered above. It
follows that the stable comparison maps S”*! — PL/O coincide, ie My = VYo X. O

2.8 Remark It is interesting to observe that W o X factors by construction through
1 (PLy+1/0y+1), whereas M, even factors through 7,41 (PLy/Oy).

2.2 Homotopy spheres

In this subsection we review a number of important isomorphisms used to study the
group of homotopy spheres ®,+1. More information and proofs can be found in
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[19, 6.6] and [18, Appendix]. Let G := limg_, o, G(k) denote the stable group of
homotopy self-equivalences of spheres, let niS denote the i stable stem and let Qf:r
denote the 7 —dimensional framed bordism group. We have isomorphisms

i (G) =~ nl-S ~ Q,fr,
where the first isomorphism may be found in [20, Corollary 3.8] and the second is the

Pontrjagin—-Thom isomorphism.

The canonical map O — G induces the stable J-homomorphism on homotopy groups
Ji: i (0) — 7;(G). The group im(J;) C 7;(G) is a cyclic summand and the group
coker(J;) maps isomorphically onto the torsion subgroup of 7;(G/O) under the
canonical map ¢: G — G/O. Moreover there is an isomorphism 7;(G/0O) = Q;‘lm,
where Q3™ denotes almost framed bordism (cycles are manifolds with a chosen base
point and a framing of the stable normal bundle on the complement of this base point).

2.9 Theorem [13, Section 4] For n > 4 the abelian group ®, is finite and lies in
an exact sequence

[
0—bPyiy —> O —> coker(Jy41),

where b P, , is the finite cyclic subgroup of homotopy spheres bounding parallelizable
manifolds. By [13, Theorem 6.6], ® is surjective if n is odd.

2.10 Proposition The canonical map p: PL/O — G/ O satisfies
gx o ® = pxoW: Opy1 —> my41(G/0).

Proof The statement follows from the commutativity of the squares

Tn1(PL/O) <—— Oy
jp* |
Tt1(G/0) <——=— Qim,
Tt 41 (G) = Qi1

which is explained in [19, Theorem 6.48]. The homomorphism & is geometri-
cally defined as the composition of the upper right homomorphism, the isomor-
phism Q‘j}fl >~ 1,4+1(G/0) and the inverse of the isomorphism induced by ¢+« from
coker(J,+1) to the torsion subgroup of 7,41(G/0). O
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2.3 The a—invariant

Recall from [12, Section 4.2] that the e—invariant is the ring homomorphism o: Q57" —
KO, which associates to a spin bordism class the KO—valued index of the Dirac operator
of a representative spin manifold. We also write « for the corresponding invariant on
framed bordism:

(2.11) a: QF — QP KO,

Under the Pontrjagin-Thom isomorphism QI = nf the av—invariant has the following

interpretation as Adams’ d —invariant [1, Section 7], dg: Jr;kg — KOy, which was used
already in [12, page 44]; compare [21, Section 3].

2.12 Lemma Under the Pontryagin-Thom isomorphism Q' =~ 75 the a—invariant
o ngﬂ — KOgj 1 may be identified with dR: n§9j+1 — KOgj11.

Recall that KO satisfies Bott periodicity of period 8 with Bott generator f € KOg = Z.
By [1, Theorems 7.18 and 12.13], for all k > 1 there are (not uniquely defined) Adams’

elements gy € = QY satisfying
o (psk+1) = a()BX # 0 € KOgiy1.

where n € nf generates the 1—stem and «(n) generates KOp. Since « is a ring
homomorphism we see that a(nugr+1) = a(nz),Bk # 0 € KOgj 4>, and combining
Lemma 2.12 with [1, Proposition 12.14] we have

(2.13) a(sj+1 - skt1) = () B TH 50 € KOg(j1h)12.

S
8k+1

Recall that an element x € 71]5 = limg 74k (Sk) is said to live on Sk if there is

Xk € i1k (S k ) which maps to x under the canonical homomorphism.

The next crucial property of the elements (g1 is that (at least if we make suitable
choices here) they all live on S°.

2.14 Lemma For suitable choices, the (not uniquely defined) homotopy class j1gj 1 €
négjﬂ lives on the S—sphere and moreover there is figj11,5 € n8j+5(S5) with
2ugjt1,5 = 0. It follows that there is a corresponding homotopy class jigj11,9 €
n8j+10(S9) of order 2.

Proof The statement follows by carefully inspecting Adams’ construction of the
homotopy class pugjt1 € frgfj 41 involving Toda brackets.
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Let us recall that, given homotopy classes of maps u: S¢ — S b v §b - $¢ and
w: S€ — S such that [vou] =0 and [wov] =0, there is a set {w, v, u} of homotopy
classes of maps S4T! — S¢, the Toda brackets of w,v,u, a kind of secondary
composition. The elements of the set depend on choices of null-homotopies for vou and
wov, and indeed (for a > 1) {w, v, u} is a coset of [Eu]omp 41 (S)+7aq1(SP)o[w] e
7a+1(S€), where E denotes suspension.

Now, for the construction of the (g; 41,5 on starts with a homotopy class ay: S k+7
Sk of order 2 such that {2, 1,2} contains 0. Here 2 stands for the self map of the
sphere of degree 2.

One then chooses inductively for s > 1 ay: S k+8s—1 _, Sk to be any element in the
Toda bracket {os—1,2,1}. For notational simplicity we write « also instead of the
appropriate suspension of it. Note that in this proof we follow Adams and use o to
refer to a certain homotopy class. This should not be confused with the «—invariant
of (2.11).

For the induction to work we have to show that [205] = 0 € g 4851 (S kY. For this
we use [28, Proposition 1.2 TV]: {og—1,2,1}2 = a5—1 {2, 1,2} = 0. The latter
follows because by our induction hypothesis [gz—; 0 2] = 0 and {2, a1, 2} contains by
assumption only multiples of 2.

Finally, we define ptg;j 41 x—1 as any element in the Toda bracket {n x_,2,a;}. Here,
we let n,,: S"t!1 — S™ represent (for n > 3) the generator of ,41(S") = Z/2.

To see that gj 1 x—1 is of order 2 we need some preparation:

If for a € nk+s(Sk) we have that {2,a,2} = 2nk+s+1(Sk) C nk+s+1(Sk), then
for arbitrary x: S" — Sk+s and y: Sk — 8t also {2,a,2x} C 27rr+1(Sk) and
{2y,a,2} C 27wy 4541 (S?). Note that {2,a,2x} is a coset of

27,11 (S®) + T 411 (S7) 0 2Ex C 27y 41(S%)

so it suffices to show that 0 € {2, @, 2x}, and similarly for {2y, a, 2}. Now the module
property [28, Proposition 1.2 TV] implies 0 =0ox € {2,a,2} ox C{2,a,2x}, and in
the same way 0 € {2,a,2y}.

Now we show by induction that {2, s, 2} consists of the multiples of 2. By assumption
this is true for s = 1. For the induction, we apply the Leibniz rule [28, Proposition 1.5],
which says that {2, as, 2} = {2, {os—1, 2, @1}, 2} (which is a coset of the multiples
of 2) is congruent to the set

{{2’as—17 2},&1, 2} + {Zvas—lv {2,&1, 2}}
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By the induction hypothesis and the above consideration, both these iterated Toda
brackets only contain multiples of 2, and so {2, g, 2} must be the coset of 0 of the
multiples of 2.

Next, using again [28, Proposition 1.2]

2h8j+1 k-1 € Ng—1,2,}2 =1 f—1 02,0}, 2} C 1 j—1 02715, (SF) =0,
because 21 ;1 = 0 as long as k > 4.

Finally, we follow literally one of the proofs Adams gives to show that a(utgj+1) is
nontrivial. This uses the fact, established in [1, page 68] that for the relevant dimension
a coincides with Adams’ homomorphism ec (both considered to be maps to R/Z).
To compute ec(ugj+1) one can inductively apply [1, Theorem 11.1]. This theorem
states that ec{x,2, y} = 2ec(x)ec(y) modulo Z. Finally, one only has to use that
ec(n)=1/2 and ec(x) = 1/2, which is established in the proof of [1, Theorem 12.13].

For the choice of «; we follow again the proof of [1, Theorem 12.13] which uses
corresponding results of Toda. Indeed, in [28, Lemma 5.13] Toda checks that the
element 0 € m547(S’) of order 2 stabilizes to the element of order 2 in n;g )
Moreover, with E still denoting the suspension, Toda shows in [28, Corollary 3.7]
that {2, Eo””’,2} 5 Eo"'n,13 = 20"1n,13 = 0 since 1,13 has order 2. Therefore, an
appropriate choice is a; := E(0"") = 20" € w4 7(S®). Here 6" is Toda’s notation
for an element of order 4 in ¢4 7(S®) = Z/60. m|

2.15 Remark On the face of it, our construction of «g and therefore fig; 1 is slightly
more general than Adams’ construction which does seem not to allow for arbitrary
elements in the Toda brackets involved in the inductive construction. Note, however
that we have to use unstable Toda brackets, which means that the same construction,
starting with larger k, might give rise to more elements in négj 41 Which do not live on
the S—sphere.

2.16 Remark Another proof of the existence of g4 1,5 comes from [7], where
Curtis calculated the sphere of origin for many examples using the Adams spectral
sequence and the restricted lower central series spectral sequence. In fact Curtis shows
that elements of nontrivial d—invariant live on S3. We gave an independent proof to
avoid the task of checking how the notations from [7] match with those of [1] and to
show that there is a g;1,5 of order two.
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2.4 Proof of Theorem 1.1

In this subsection we prove our main theorem. Since every homotopy sphere has a
unique spin-structure we obtain the ¢—invariant on I'"*! =~ @, :

o T Q,Sf_’:_nl — KOy 1.

Combining [21, Theorem 2 and proof], [1, Theorems 7.18 and 12.13] and Theorem 2.9
we see that for each j > 1 there is a homotopy (8 — 7)—sphere ¥, _, € Og;_7
representing [ig;j—7] € coker(Jg;—7). In particular we have the equation o(X 4, _,) =
amp/~l1 £0e KOgj_7. By Cerf’s Theorem [6], F29 = F19 and so we can find
g € w1 (Diff(D7, d)) such that £(A(g)) = X, . By (2.13) above,

2.17) A(Z g Xy ) =) #0 € KOgjia.

Recall the homotopy equivalence M : Diff(D7,d) ~ Q8(PL;/07) of Theorem 2.3
and consider the induced isomorphism

M7y my(Diff(D’, 3)) = mo(PL7/07).
With g € 7 (Diff(D’,d)) as above we have M74(g) € m9(PL;/0O7). Now let

Mgj—7,9 € n8j+2(S9) be an element of order 2 with S(ug;j—79) = pugj—7 € ngj_7
whose existence is proven in Lemma 2.14. The composition

M74(g)ougj—1,9 € mgj42(PL7/07)
has order 2 and we define
Jj = M7 (M714(8) 0 j13j-1,9) € 75— (Diff(D”. 9))
so that A(fj) € Fsgjjsz. For X¢, := X (A(fj)) we show below that
(2.18) oe(Efj) = oz(ZM9 X E/sz—7)

and so by (2.17) we have that «(A(fj)) = a(Zy;) = a(m?)p/ #£0¢€ KOgj +>, which
proves Theorem 1.1.

We prove Equation (2.18) using the following diagram, where k = 8 + 2. We obtain
the diagram by combining [5, page 14] and [19, Theorems 6.47, 6.48] and we claim
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that it commutes:

21 (DIff(D7, 9) x 1. (S?)  mp_g (Diff(D7,9)) == O

M. xid >~ | M =
9 o \pilOS*
79(PL7/07) x 11 (S®) ——— i (PL7/ O7) Ok
o v
m9(PL/0) x 13 (8§°) —— 1 (PL/ O) <———— Oy
(219) P Xxid D=

79(G/O) x w5 _, Tk (G/0) <= Qilm % KO,
g xid qx =
7o(G) x 5, ° T (G) ————— Qff —*~ KO
nf X Jr,f_9 ° n;f = Qg a KOy,

Using the claimed commutativity of diagram (2.19) let us start in the second row with
the pair

(M14(g), 1gj—17.9) € T9(PL7/O7) X 13 4+2(S°).

Since X (A(g)) = Xy, the pair (g, ugj—7) € nég X Jr;f_g maps to the same element
in w9(G/0) x n,f_g as (M74(g), ugj—7,9). We already checked in Equation (2.17)
that (u9, pgj—7) is mapped in the bottom row to a(n?)p’ e KOgj . Finally, ¥, is
obtained from the element X o A o M7_*1 (M74(g) o pugj—7,9) € Oggo in the top right
corner of the diagram. By commutativity, its o—invariant is as desired.

Now we prove the commutativity of (2.19). The left part is taken from [5], the
identification of the homotopy groups of PL/O, G/O, G with the bordism groups or
Oy and the corresponding commutativity from [19, Section 6]. The only assertions
which are not contained in those two references are the compatibility with o, which is
clear, and, although implicitly stated in [5], the commutativity of the diagram

Y oA

i—g(Diff(D7, 9)) O

M*Lg L=
—log§,

wx(PL7/07) O.
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This commutativity we have essentially proved in Lemma 2.7, one has additionally
only to apply compatibility of the constructions with suspension.

2.20 Remark The argument above started from the statement ¥~ (X o) € Fg If
one knew that a 9-dimensional Hitchin sphere %,, had Gromoll filtration F,? for
2 < k <5 then we could repeat the argument to conclude that oz(FSS J]:z n ) 7 0. As
of writing, it seems that nothing is known about the Gromoll filtration of 9—dimension

Hitchin spheres beyond the Cerf-Hatcher bounds 7! (% o) € F29 and Fg = {0}.

2.21 Remark In our construction, we crucially use the ring structure of KO4 and the
nontriviality of the product of generators in KOgy 1. This means that the interesting
elements (with nontrivial @ —invariant) we obtain are in 7y (Diff(D", d)) with k +n =
1 (mod 8).

We expect that one can use Toda brackets (of an element in 74 (PLy / Oy ) with elements
of m(S")) to construct such elements in 73 (Diff(D", d)) with k +n #£ 1 (mod 8).
This we leave for future work.

2.5 Positive scalar curvature metrics: Corollary 1.2

To prove Corollary 1.2 one need only recall the arguments following [12, Proposi-
tion 4.6]: Let X be a closed m—dimensional spin-manifold (7 > 7) and let R (X)) be
the space of positive scalar curvature metrics on X which we assume to be nonempty.
Observe that the group of diffeomorphisms of X, Diff(X), acts on R (X') by pullback.
In particular, fixing a metric g € R (X)), define the map

T: Diff(X) — RT(X), h+—>h*g.

Moreover, by fixing a k—disc D™ C X and extending diffeomorphisms by the identity
we obtain a map i: Diff(D™, d) — Diff(X).

In [12, Proposition 4.6] Hitchin defines a homomorphism
Ap—y: Tpm1 (RY(X)) —> KOpryn.
He shows then that the composite homomorphism
Bu—y := Ap_1 0 Tx: 7051 (Diff(X)) —> 7,1 (R (X), g0) —> KOm+n

assigns to ¢: S”~! — Diff(X) the family index of the bundle of spin manifolds X —
Zy — S™ obtained by the usual clutching construction. Moreover, in [12, Section 4.3,
Proposition 4.4] Hitchin shows that if we start with ¢: S”~! — Diff(D™, d) then
B(ix(¢)) = a(Z4), where I, is the exotic (1 + m)-sphere defined by A(¢) € [/,
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Fix j with 8j + 1> m > 7. We apply the argument above starting from f; as in
Theorem 1.1 and with

¢ = xfjjlsj_6(]3) € 78 +1-m(Diff(D™, 9)).

By Theorem 1.1 we have that 2¢p = 0 and that A(¢) € F81+ satisfies a(A(¢)) # 0.
Pulling back the metric g by ¢ we obtain a continuous famlly of metrics in R (X) pa-
rameterized by S8/ 1= and hence the homotopy class Txix(¢) € 75 +1-m(RT (X))
of order 2. By [12, Proposition 4.4], Agj+1—m(Txix(¢p)) = a(A) and so generates
KOgj 12 = 7/2. This proves Corollary 1.2.

Appendix A: The Gromoll filtration: table of values

We think that our results about the Gromoll filtration and the existence of elements
rather deep down with nontrivial «—invariant are interesting in their own right. In this
appendix we place them in context by assembling some results from the literature about
the Gromoll filtration.

I]~7/28 I'] #T]2>0=T]. The inequality for '] # I'] is
due to Weiss [30] who proved that I‘; has at most
14 elements.
g ~7/2 Nothing known
I, =(Z/2)°
ri°=z/6 19> Z/2 by Theorem 1.1
F2” =~ 7./992 3! C Z/496 by [29]
ry2=0
r?=~7/3 I3 =T33 =T,’by[2]
F214 ~7/2 Nothing known
MS~7/207/8128 | I'}° = 7/2@® 7/4,064 by [2] and [29]
F216 ~7/2 Nothing known, conjecturally F316 =0
F217 =~ (Z/2)? If Remark 2.21 could be implemented we would be
able to conclude that oz(F917) # 0 or perhaps even
a(Fllg ) # 0, in particular F;7 or even Fllg would
contain Z/2.
r8~7/8672/2 By Theorem 1.1, a(I"] ) #0. Because Z /8 =ker(«),
ri¥>z/2.

Geometry € Topology, Volume 17 (2013)



1788

Diarmuid Crowley and Thomas Schick

References

(4]

(5]

(6]

[7]

[9]

[10]

[11]

[12]
[13]

[14]

[15]

[16]

[17]

JF Adams, On the groups J(X), IV, Topology 5 (1966) 21-71 MR0198470

P Antonelli, D Burghelea, P J Kahn, Gromoll groups, Diftf S and bilinear construc-
tions of exotic spheres, Bull. Amer. Math. Soc. 76 (1970) 772-777 MR0283809

B Botvinnik, P B Gilkey, The eta invariant and metrics of positive scalar curvature,
Math. Ann. 302 (1995) 507-517 MR1339924

D Burghelea, On the homotopy type of diff(M™) and connected problems, Ann. Inst.
Fourier (Grenoble) 23 (1973) 3-17 MR0380840

D Burghelea, R Lashof, The homotopy type of the space of diffeomorphisms, I, 1,
Trans. Amer. Math. Soc. 196 (1974) 1-36; ibid. 196 37-50 MRO0356103

J Cerf, La stratification naturelle des espaces de fonctions différentiables réelles et
le théoréme de la pseudo-isotopie, Inst. Hautes Etudes Sci. Publ. Math. (1970) 5-173
MR0292089

E B Curtis, Some nonzero homotopy groups of spheres, Bull. Amer. Math. Soc. 75
(1969) 541-544 MRO0245007

D Gromoll, Differenzierbare Strukturen und Metriken positiver Kriimmung auf Sphdren,
Math. Ann. 164 (1966) 353-371 MRO0196754

B Hanke, T Schick, W Steimle, The space of metrics of positive scalar curvature
arXiv:1212.0068

A E Hatcher, A proof of the Smale conjecture, Diff(S3) ~ O(4), Ann. of Math. 117
(1983) 553-607 MR701256

M W Hirsch, B Mazur, Smoothings of piecewise linear manifolds, Annals of Mathe-
matics Studies 80, Princeton Univ. Press (1974) MR0415630

N Hitchin, Harmonic spinors, Advances in Math. 14 (1974) 1-55 MRO0358873

M A Kervaire, J W Milnor, Groups of homotopy spheres, I, Ann. of Math. 77 (1963)
504-537 MRO0148075

R C Kirby, L C Siebenmann, Foundational essays on topological manifolds, smooth-
ings, and triangulations, Annals of Mathematics Studies 88, Princeton Univ. Press
(1977) MRO0645390

T Lance, Differentiable structures on manifolds, from: “Surveys on surgery theory, Vol.
17, (S Cappell, A Ranicki, J Rosenberg, editors), Ann. of Math. Stud. 145, Princeton
Univ. Press (2000) 73-104 MR1747531

R Lashof, M Rothenberg, Microbundles and smoothing, Topology 3 (1965) 357-388
MRO0176480

HB Lawson Jr, M-L Michelsohn, Spin geometry, Princeton Mathematical Series 38,
Princeton Univ. Press (1989) MR1031992

Geometry & Topology, Volume 17 (2013)



Gromoll filtration, KO—classes and metrics of positive curvature 1789

(18]

[19]

(20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

J P Levine, Lectures on groups of homotopy spheres, from: “Algebraic and geometric
topology”, (A Ranicki, N Levitt, F Quinn, editors), Lecture Notes in Math. 1126,
Springer, Berlin (1985) 62-95 MR802786

W Liick, A basic introduction to surgery theory, from: “Topology of high-dimensional
manifolds, No. 1, 2”, (F T Farrell, L Gottsche, W Liick, editors), ICTP Lect. Notes 9,
Abdus Salam Int. Cent. Theoret. Phys., Trieste (2002) 1-224 MR1937016

I Madsen, R J Milgram, The classifying spaces for surgery and cobordism of mani-
folds, Annals of Mathematics Studies 92, Princeton Univ. Press (1979) MR548575

J W Milnor, Remarks concerning spin manifolds, from: “Differential and Combinato-
rial Topology”, Princeton Univ. Press (1965) 55-62 MRO0180978

S P Novikov, Differentiable sphere bundles, I1zv. Akad. Nauk SSSR Ser. Mat. 29 (1965)
71-96  MR0174059

P Piazza, T Schick, Groups with torsion, bordism and rho invariants, Pacific J. Math.
232 (2007) 355-378 MR2366359

J Rosenberg, C*—algebras, positive scalar curvature, and the Novikov conjecture, Inst.
Hautes Etudes Sci. Publ. Math. (1983) 197-212 MR720934

T Schick, A counterexample to the (unstable) Gromov—Lawson—Rosenberg conjecture,
Topology 37 (1998) 1165-1168 MR1632971

S Smale, Generalized Poincaré’s conjecture in dimensions greater than four, Ann. of
Math. 74 (1961) 391-406 MRO0137124

S Stolz, Simply connected manifolds of positive scalar curvature, Ann. of Math. 136
(1992) 511-540 MR1189863

H Toda, Composition methods in homotopy groups of spheres, Annals of Mathematics
Studies 49, Princeton Univ. Press (1962) MR0143217

M Weiss, Sphéres exotiques et I’espace de Whitehead, C. R. Acad. Sci. Paris Sér. 1
Math. 303 (1986) 885-888 MR870913

M Weiss, Pinching and concordance theory, J. Differential Geom. 38 (1993) 387416
MR1237489

Max Planck Institute for Mathematics
Vivatsgasse 7, D-53111 Bonn, Germany

Mathematisches Institut, Georg-August-Universitit Gottingen
Bunsenstrasse 3, D-37073 Gottingen, Germany

diarmuidc23@gmail.com, schick@uni-math.gwdg.de

http://www.dcrowley.net/, http://www.uni-math.gwdg.de/schick

Proposed: Bill Dwyer Received: 18 September 2012
Seconded: Steve Ferry, Haynes Miller Revised: 16 January 2013

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp






