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Regularity results for pluriclosed flow

JEFFREY STREETS
GANG TI1AN

In [27] the authors introduced a parabolic flow of pluriclosed metrics. Here we give
improved regularity results for solutions to this equation. Furthermore, we exhibit
this equation as the gradient flow of the lowest eigenvalue of a certain Schrodinger
operator, and show the existence of an expanding entropy functional for this flow.
Finally, we motivate a conjectural picture of the optimal regularity results for this
flow, and discuss some of the consequences.

32Q55, 53C44, 53C55

1 Introduction

Let (M?2",J) be a complex manifold, and let @ denote a Hermitian metric on M .
The metric w is pluriclosed if

0dw = 0.

Consider the initial value problem:

i _ aak aq% V=1 .3
(1-1) atw_aa w + 00 ®+ = ddlogdetg,

w(0) = wy.

This equation was introduced in Streets and Tian [27] as a tool for understanding
complex, non-Kihler manifolds. Equation (1-1) falls into a general class of flows of
Hermitian metrics, and as shown in Streets and Tian [28], solutions to (1-1) exist as long
as the Chern curvature, torsion and covariant derivative of torsion are bounded. This
is analogous to the long-time existence theorem by R Hamilton [14, Theorem 14.1],
which states that the Ricci flow with any initial data has a solution on [0, T"), where
either 7' = oo or the curvature of the solution blows up at time 7'. A natural problem
is whether or not we can drop the hypothesis that the torsion and its first covariant
derivative is bounded at a finite singular time for (1-1). In the case n = 2, we showed
in [27] that a bound on the Chern curvature suffices to show long-time existence.
The difficulty in general arises from the fact that the induced evolution equation on
the Chern curvature involves the torsion and its derivatives. Our crucial observation
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2390 Jeffrey Streets and Gang Tian

for overcoming this difficulty is that the Bismut connection is a much more natural
connection for studying (1-1).

In this paper, we will give sharper long-time existence theorems for (1-1). We will
also prove some useful regularity theorems and paint a more concrete picture for the
conjectural existence and singularity formation for the flow (1-1). Furthermore, by
giving an interesting interpretation of the flow using the Bismut connection, we exhibit
a remarkable relationship of (1-1) to mathematical physics. Specifically, we show that
up to gauge equivalence (1-1) is the renormalization group flow of a nonlinear sigma
model with nonzero B-field. As a consequence we derive that (1-1) is a gradient flow,
and exhibit a certain entropy functional. Finally, we discuss some applications of our
conjectural picture to understanding the topology of Class VII surfaces.

We start by recalling the Bismut connection. Let (M ?",w, J) be a complex manifold
with pluriclosed metric. Let D denote the Levi-Civita connection. Then the Bismut
connection V is defined via

(VxY.Z) = (DxY,Z)+ 1d‘w(X.Y, Z),

where d°w(X,Y,Z) :=dw(JX,JY,JZ). Let Q denote the curvature of this connec-

tion, and let P denote the Chern form of this connection, ie, in complex coordinates:

__ ok

P, = Qijk'

Finally, let PC denote the Ricci form associated to the Chern connection. One can
calculate (Alexandrov and Ivanov [1]) that

P=PC¢ _dd*w.

In particular, this implies that a solution to (1-1) may be expressed as

d
En
where P!'! denotes the projection of P onto (1,1)—forms. This is a convenient
framework for understanding solutions to (1-1). In particular, with the clarifying lens
of this connection, we are able to show that (1-1) is the gradient flow of the first
eigenvalue of a particular Schrédinger operator. First generalize the notation slightly
and let (M", g) be a Riemannian manifold, and let 7" denote a three-form on M . Let

(1-2) w=—pPhl,

F(g. T, f)= fM[R — ST+ |V fPle T av.
Furthermore set

Mg, T) = inf F(g,T,f).
{f|fM e~ fdv=1}
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Regularity results for pluriclosed flow 2391

In Section 6 we exhibit Equation (1-1) as the gradient flow of A.

Theorem 1.1 Let (M2" w, J) be a complex manifold with pluriclosed metric. Let
w(t) denote the solution to (1-1) with initial condition w, and let g(t) be the associated
metric, and T'(t) the torsions of the associated Bismut connections. Let Met denote
the space of smooth metrics on M , and let

Mo {(g.T)|geMet, T e A* dT =0}
T Diff (M) ’

where Diff is the group of oriented diffeomorphisms of M , acting naturally on g
and T . The pair (g(t), T (t)) is a solution of the gradient flow of A acting on M.

More specifically, we show that after pulling back by the one-parameter family of dif-
feomorphisms generated by the Lee forms of the time dependent metrics, Equation (1-1)
is unmasked as the B—field renormalization group flow of string theory. This flow
has been previously studied, and admits the generalization A of the Perelman energy
(Oliynyk, Suneeta and Woolgar [21]). Furthermore an expanding entropy functional
for this flow was discovered by the first named author [26], which hence is monotone
for solutions to (1-1) as well. These observations show that any breather solution is
automatically a gradient soliton (Corollary 6.11), and furthermore imply strong results
on certain long-time solutions.

Turning to the regularity theory, we show that a bound on the Bismut Ricci curvature
suffices to obtain long-time existence for solutions of (1-1).

Theorem 1.2 Let (M 2", w(t), J) be a solution to (1-1) on [0, 7). Suppose

T
/ sup |PVdr < 0.
0 Mx{t}

Then the solution extends smoothly past time t .

This theorem is analogous to a result of N Sesum for the Ricci flow [25, Theorem 2],
and already represents a significant improvement, as we have reduced the regularity
requirement to understanding the Ricci-type curvature of a specific connection.

The theory of Kéhler Ricci flow is considerably more developed than the general study
of Ricci flow. One of key reasons for this is the reduction of the Kihler Ricci flow to
a scalar equation. Inspired by this, we will introduce a certain potential function ¢
along a solution to (1-1) and prove a regularity theorem in term of this potential and
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the torsion. Let (M 2", @, J) be a complex manifold with pluriclosed metric, and let
(1) be a solution to (1-1). We define

%q&—Aq& =try @ —n,
$(0) = 0.

Here A is the canonical Laplacian associated to the time dependent metric w(?), ie,
A = tr,, 9. It follows from standard parabolic theory that ¢ exists on the same
time interval that w(¢) exists. More generally, one may define this with respect to
a one-parameter family of background metrics @(¢). Related quantities for Monge—
Ampere-type equations on almost Kihler surfaces were considered in Weinkove [33].

(1-3)

Theorem 1.3 Let (M 2", g, J) be a compact complex manifold and suppose g(t) is
a solution to (1-1) on [0, t) and suppose there is a constant C such that:

sup |¢| <C, sup |T)*> <C.
M x[0,7) M x[0,7)

Then g(t) — g(t) in C®°, and the flow extends smoothly past time t.

This represents a significant reduction of the regularity requirement for solutions to
(1-1), effectively reducing the question to understanding the behavior of the potential
function and the torsion. The proof involves applying the maximum principle to
carefully chosen quantities. Going further, one would like to understand what the
optimal existence and regularity theorems are for (1-1). For this we again take a cue
from the study of Kihler Ricci flow. Suppose (M 2", wq, J) is a Kihler manifold, and
recall the Kihler Ricci flow equation:

3 V-1

(1-4) a’T T2
w(0) = 0.

30 logdet g,

Associated to a solution w(t) of (1-4) is an ODE in H?(M,R), which has solution:
[w(1)] = [wo] —tc1 (M).

The optimal regularity theorems for Kihler Ricci flow assert that as long as the solution
to the ODE above remains in the Kihler cone, the solution exists up to that time (Tian
and Zhang [32]; see also Tian [31]). An essential ingredient of these theorems is the
reduction of Kéhler Ricci flow to a scalar equation, then exploiting the estimates of the
Monge—Ampere equation using the maximum principle.
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Regularity results for pluriclosed flow 2393

Keeping with this theme, observe that a pluriclosed metric defines a class in the Aeppli
cohomology group:

1.1 {Ker 90: AIIR’1 — A]%{jz

0+0  (do+ 0@ |a e A%1}
Define the space P, 5 to be the cone of the classes in 7, 5 that contain posmve—
definite elements. Solutions to Equation (1-1) clearly define ODEs in ’Ha 5o and
it is natural to conjecture (see Conjecture 5.2) that the maximal existence time is
characterized by the first time at which the boundary of Py 3 is reached. If true, this
would have strong implications on complex surfaces since the cone Py, 5 is essentially

characterized on complex surfaces in terms of the action of the class in H, , 5 on curves.
More precisely, if ¢ is a pluriclosed (1,1)—form on a complex non-Kdhler surface
(M*,), then ¢ € Py, 5 if and only if (1) [y, ¢ Ayo >0, (2) [ ¢ > 0 for every
effective divisor with negative self-intersection. Here yy is the kernel of the projection
map from the (1,1) Bott—Chern cohomology of M to H':!, explained further in
Section 5.

To further illustrate the significance of the cone Py, 35, we show in Section 5 that as
long as the solution to the associated ODE remains in the interior of P, solutions to
(1-1) on complex surfaces may be canonically reduced to solutions of a certain PDE on
a € A%! and an ODE on y € A1, Specifically, we can find a background metric §
so that, setting () = w(0) + da 4 d& + ¥, one has the solution to (1-1) reduced to:

9, a*w+—”al w”

8t a)
(1-5) 9.~

8IW— Cl(g)a

«(0) = ao, v(0) =

This equation may be taken as an ansatz for Equation (1-1) in any dimension. We
discuss some further properties of this equation in Section 5.

Finally, in Section 7 we examine nonsingular solutions to (1-1), suitably normalized,
on Class VIIT surfaces. By exploiting certain monotone quantities we show that
a positive resolution of the conjectural picture of singularity formation outlined in
Section 5 implies the existence of a curve on a Class VIIT surface. Due to the results
of Nakamura [20], and Dloussky, Oeljeklaus and Toma [9], the classification of such
surfaces reduces to finding sufficiently many curves. In particular we show that our
conjectural picture implies the classification of Class VI surfaces with b, = 1. This
is discussed further in Section 7.

Here is an outline of the rest of the paper. In Section 2 we establish certain differential
inequalities for solutions to (1-1), which are inspired by the theory of the complex

Geometry € Topology, Volume 17 (2013)



2394 Jeffrey Streets and Gang Tian

Monge—Ampere equation, which can be used to establish uniform bounds on the metric.
Next in Section 3 we derive a C! estimate for the metric along solutions to (1-1) under
certain hypotheses. Building on these estimates, in Section 4 we give the proofs of
Theorems 1.2 and 1.3. In Section 5 we outline a conjectural picture of formation of
singularities of solutions to (1-1) in any dimension, and further clarify this picture in
the case of complex surfaces. In Section 6 we show that (1-1) is a gradient flow, and
show the existence of an entropy functional. In Section 7 we derive some consequences
of the conjectural regularity picture developed in Section 5, and Section 8 is a brief
conclusion.
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2 L °° uniform metric estimate

In this section we derive differential inequalities and produce a priori estimates for the
metric along a solution to (1-1) that are similar in spirit to the Laplacian estimates for
the solution to the complex Monge—Ampere equation. We will fix a one-parameter
family of background metrics @(¢) and assume that they are uniformly bounded on
the time interval of consideration. Furthermore, we set

_ 0~
Vo= Bta)'

Finally, ¢ will always denote the solution to (1-3) taken with respect to @ (z).

Lemma 2.1 Let (M?",w,J) be a complex manifold with pluriclosed metric. Then
in local complex coordinates:

PU @) =8" (~841,15+8™" ki 8im,7) — ™" 8" (Ema e &kgm) (5.1~ L1 p.5)
Proof As exhibited in [27], one has an expression

PU @)y = =Si+ Qe
where

Si=8"Qpq and Qp7 = &""8" Tiomg Tpz .
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Regularity results for pluriclosed flow 2395

where 2 and 7' are the curvature and torsion of the Chern connection, respectively.
The lemma then follows from direct calculations. |

Lemma 2.2 Let (M?",&(t),J) be a complex manifold with a one-parameter family
of pluriclosed metrics. Let w(t) denote a solution to (1-1). Then in local complex
coordinates:

% trp o = §kigif(gk7,,~f) - gkigifgmﬁgkﬁ,igimj
+ 88" P (8 — ham) (& = &1p.0) — W 0}
% log g—: = Alog g—: + g g™ P (g0 — gkam) (25 20~ &ipi)
+ try, 30 log det & — trg ¥,
% try, ® = giqujgrg[_gpé,ri + guﬁgpﬁ,rgqu]gjf
— ¢ 8" "5 8" (2rv,p — Zpvr) (V2us — 058ug) &7 + o V.
Proof Starting from Lemma 2.1, we compute

, =
o a0 =g P )~ (W.0)g

=2 (g4ri7) — B 8" & Gk 7
+ 8" P (g mg k — Skam) (Capi — &1 p5) — (V- )5

Using a general calculation we have

Thus:

a wn - T 7 .7 -
oy log = = gklgli Sriif gklg”g'"”gkﬁ,igim,j
+ 8" ¢ 2P (g mg k — Skgm) (€ap i — &l pa) —Ua ¥
= Alogo" + gklgmﬁgpq(gmq,k - gkq,m)(gﬁpj - gip,ﬁ) —trg ¥

" -
= Alog (,1,,7 + gklgmngpq(gmq,k _gké,m)(gﬁp,i_gip,ﬁ)

+ try, 00 log det § — trg
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Lastly we compute:

0 ~ id pipl,1~
5 tr, @ = g'9gP/ P =gis+te
= g'%¢P! ¢" [ ~gpg.rs + 8" Cpv.r 8ug 5|85
~8" g7 8" " (¢r0,p — &pu.r) (9g8us — 0s8ua) Bij + 0 ¥ O
We next record a lemma fixing certain canonical coordinates for g.

Lemma 2.3 [13, Lemma 2.1] Fix (M ?",3,J) a complex manifold with Hermitian
metric, and g another Hermitian metric on M . For p € M, there exist complex
coordinates near p such that

Proposition 2.4 Let (M?",&(t), J) be a compact complex manifold with a one-
parameter tamily of pluriclosed metrics, and suppose w(t) is a solution of (1-1) and ¢
is a solution to (1-3). Fix a constant A > 0 and let
F =logtrgz w— A¢.
There is a constant C = C(g) such that
d 1 A pd
(A - E)F > — Z tra—wgm”g”q (gma.i — &ig.m)(&rpi—&ipn)
l

— An.

(A= CYry i+ )8
5w

Proof Fix a point p € M, choose coordinates for g centered at p as in Lemma 2.3
and compute

Atryw =g/ a,-af(gg“k’gki)
=Y g -~—29’%( > &%z ek ) + O((tr @) (trz ).
kk,ii jk,idkj,i w )
i,k i,j,k
Plugging this calculation into the result of Lemma 2.2, we conclude:
9 , - L
(a-5)us0= _2““( > g”gjk’l-gkj,i) + """ (gkm i Sm,)
i,j.k 7k -
—g"gh? (gmq,i - giq,m)(gﬁp,; - g;p,ﬁ)
+ O((trp @) (1 ®)) + (¥, ©) 5.
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Using the properties of Lemma 2.3 we can estimate:

< Y &ligligigr i+ Oty B) (5 )
i,j#k

- Y e
i,j.k

Next let us apply the properties of the coordinates in Lemma 2.3 and the Cauchy—
Schwarz inequality twice to yield:

|8trg;,a)|2
try w trw Zg lg//a’gkk
.5j’k

< Z(Zg”w,g,,ﬁ) (Zg”w,gkkf)
(Z(Zg”'algf ))2

iﬁj

Finally we can now conclude:

ii mm |0 trg g|§r i
Z 88" (g Siimi) ~ o~ 2 D & T i
© ik
> —O((tre, @) (trz w))
Combining the above calculations yields the result. 0O

Proposition 2.5 Let (M?",&(t), J) be a compact complex manifold with a one-
parameter tamily of pluriclosed metrics and suppose w(t) is a solution of (1-1), and ¢
is a solution to (1-3). Fix a constant A > 0 and let

a)n
F= logtrg;,a)—logﬁ —Ag.
There is a constant C = C(g) such that

J

(A—W)Fz (A= C) ey i — L ®)o

trg o

—trg Y — An.
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Proof Starting from the result of Proposition 2.4 and using Lemma 2.2 we immediately
conclude:

5 S
(A - E)F > g g™ g P (¢ mg i — 8kgm) (85pi — i p.7)

1 _
— 8" (ema.i — 8igm) (&npi — 8ipi)
@
T (A—C)tiy &+ “f”“’)a’ —trg ¥ — An
%

Let Timg = &mg,k — &kg,m- The first term above is then |T'|?. Likewise, if we choose
coordinates at a point such that g7 = §;; and g is diagonalized, specifically g;; = A;,

then
1 1

< —
trzw ~ Aj

for any i. Thus:
1

trg

1 mn . pq
- pq J N e o- — _
trz wg 4 (gmq,l gzq,m) (gﬁp’j g,‘p,ﬁ) =

= 28" Tima Ty
l
> = &g M Tig Tz,
i
=T
The proposition follows. |

Proposition 2.6 Let (M?",&(t),J) be a compact complex manifold with a one-
parameter family of pluriclosed metrics and suppose w(t) is a solution of (1-1). Then
in local complex coordinates:

8 - . — T ~
(A - E) @ =g""g""¢"¢" guv,r8pa 587
—20(8"° 8" 78" gp3s8i5,) + & 8V & s
+2"9gP ¢ 8" (¢rv,p — 8pv.r) (Qusg — ug.5)&i7 — o ¥

Proof We directly compute:
Atry, @ = g’farag[gijgij]

=g"59, I:_giqujgqugif + gijgif,i]

= g’g[giﬁg”qujgug,rgpq,ggi]f + giquﬁgujgui,rgpq,Egif

—2'98% gpgrs8i;— 278" 8pg58i5., — 28" 2pgr8i s+ 87 8 j,,s—]
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Combining this with the result of Lemma 2.2 yields the result. |

Proposition 2.7 Let (M?",&(t), J) be a compact complex manifold with a one-
parameter tamily of pluriclosed metrics and suppose w(t) is a solution of (1-1) on
[0,7), and ¢ is a solution to (1-3). There is a constant C = C(g, ) > 0 such that

tryw < CeC(t—Hog(a)”/(T)”)-i-d)).

Proof Let F =logtrg w —log(w™ /") — A¢p — Bt, where the constants A4 and B
are to be determined. Using Proposition 2.5 we obtain:

(W’ a))g)

w

(A—i)Fz(A—C)tra,a)— itz —An+ B

ot
Now we note that |[{V, w)g| < |¥|z |wlg < C|¥|z trg . Thus we have:
(A—%)Fz(A—C—ch)—AnJrB

Choosing A sufficiently large with respect to the constants and ||z and then choosing

B =nA yields
0
_— >
(A at )F = 0.
By the maximum principle, for any ¢ < r we conclude sup,,; F(t) < supy, F(0). The
result follows. O

3 C! metric estimate

In this section we derive certain differential inequalities for the Chern connection along
a solution to (1-1). These estimates are inspired by Calabi’s third-order estimate of
the potential function for the complex Monge—-Ampere equation, and similar estimates
for the Kihler Ricci flow were considered in Phong, Sesum and Sturm [23]. Fix
(M?",g,J) a Hermitian manifold and let g denote another Hermitian metric on M .
Let /1 denote the endomorphism of the tangent bundle:

i _ zik,_

hy =878,
Let o L
YT =Vhh™' and W =|T]? =g g g,z 17,
where the first lowered index on the tensor Y = VAih™! is that arising from the

derivative. The tensor Y is the difference of the Chern connections induced by g and
g. In particular one observes that

Vr=Q-9.
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Lemma3.1 Let (M?",3,J) be a Hermitian manifold, let g denote another Hermitian
metric on M , and let W be defined as above. Then:

AW = [V + VTP

+¢" g g (—gql’ 17,0, —ViS[' + quVpﬁgﬂ)Ti’Z + conjugate

+ T;Z (SﬁgklgmﬁT_fl =+ gij Skfgmﬁﬁ - gijglermT_ﬁ)
Proof First we compute
Py 7 —_— p—— — 2 2
AW = ¢ g g | AYIOTT + THATE |+ [V + [V,
Next we commute derivatives to see:
AY]y = gPIVgV, YT

qpj qpl! gpr ~jl

= A5, + S0+ S0 = SE

= g7 |V Vg )y = Q0 T = 2+ 2, )|

Finally we observe using a general formula for curvatures of Hermitian metrics that:
= gqpvp( ij - ngl)
= g1 (=V; QG , — T}, + Vo )
==V S| =g T, + 8P VpSg;

Combining these calculations yields the result. |

Proposition 3.2 Let (M ?",3,J) be a Hermitian manifold, let g denote a solution to
(1-1), and let W be defined as above. Then:

(a- %)W = VY2 + VT2

+ 8" gM g (—g7P 1! Q2 —V; 0f + gPav, <

m
ip~grl qjl)Tik

+ conjugate
+ (Y7 e gma YT + ¢ (O g YT, — ' ¥ 015X )
Proof First observe the variational equation:

%(th—l) - V(h_l(%h»
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It follows from Lemma 3.1 that for a general variation one has:
d
(A ot ) W
= VY| +|VY|?

+g gk g, ( gIPT], Q= V;S; =V, (h=1h)] + g7V, Q q]l) ik
+ conjugate
+ Tirz((h—l}'lif + Si?)gkigmﬁ»r_:zl
+ g (W )+ S5 g X, = &1 &M (™ o + Srm) T )
Plugging in ¢ = — P! = —§ 4+ Q! yields the result. |
Proposition 3.3 Let (M?",g,J) be a Hermitian manifold, let g denote a solution

to (1-1) on [0, 7), and let W be defined as above. Suppose there exists a constant K

such that |
— o< < Ko
K &= gt) = Kg

for all t € [0, 7). Then there is a constant C(K, g) such that:

d 2
(A—E)WZ—C(1+W+|T| W)

Proof We start by noting that VY = Q — Q; thus, [VY|? > 1|Q|?> — C|Q|2. Also,
by orthogonally projecting Y onto its skew symmetric part, one observes that:
VYR + VY2 = LVT )2+ VTP —C VTP
> VTP + L vrP-cw
Thus, starting from the result of Proposition 3.2 we first estimate using the Cauchy—
Schwarz inequality:

8" g gmngPIV, Q0 Y = g g (VR + T # Q) T
<CK)[IVQE +W] = C(K. 81+ W)
Next we estimate:
18" g" gungPIT!, Q1 Y| < C|T||Q| Y
= 01QP + S ITP|TP?

§9|Q|2+%|T|2W
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Similarly, we have:
€7 8" gmaV; OJ | < C[IVT |+ V(|| Y|
< O[|VT?+|VT)?] + %|T|2W.
Finally, one clearly has
Y O g g YT, < CITIPW,

and likewise for the rest of the terms. Choosing 6 sufficiently small and combining
these estimates yields the result. a

4 Regularity theorems

In this section we give the proofs of the regularity theorems stated in the introduction.
We start by giving the proof of Theorem 1.2.

Lemma 4.1 Let (M?",w(t), J) be a solution to (1-1) on a finite time interval [0, T)
and suppose:
T
J

Then there is a C° metric w(t) such that lim;; w(t) = w(t) in C°.

dg

< o0
dt

Proof This is in Hamilton [14, Lemma 14.2]. O

Proposition 4.2 Let (M 2", w(t), J) be a solution to (1-1) on [0, ). Suppose w(t) —
w(t) in CO, ie, the limit at time T exists as a C® metric. Then in fact w(t) is bounded
in C' and for all p < oo there are constants C, such that

/ Qn)|? < Cp.
M

Proof For the C'' norm on metrics we choose finitely many local coordinate patches
to cover M and take the supremum over the coordinate derivatives in all these charts.
It is equivalent to choose a fixed connection V and use the covariant derivative with
respect to that fixed connection.

Suppose that {w(¢)} is unbounded in C'. Let ¢(x,7) = |Vow|. Then for some
sequence (x;,#;), where #; — t, we have sup,, ¢(#;) is achieved at x;, and moreover
goes to infinity. By choosing a subsequence we may assume that x; converges to some
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point x € M . By choosing a coordinate chart around x, and translating coordinates
for i sufficiently large we may assume that sup, ¢ = «; is attained at z = 0. Now
choose new coordinates w = @;z. Since w is converging in C?, it follows that

4-1) lim ¢ =0.

i—~oo J{lw|<1}

One may express the system (1-1) in local coordinates as:

4-2) %wlj —gklakalw,-j = ! *w_l(aa)*z)
The right hand side of the equation is uniformly bounded in C° on [0, ), hence each
coordinate function is the solution to a uniformly parabolic equation with continuous
coefficients and bounded right hand side. It follows by Lieberman [19, Theorem 7.13]
that on {|w| < 1 —e€} we have |w|H2n < oo forall p.

Choosing p > 2n, and applying the Sobolev inequality, we attain a uniform C'
bound for w(;), and moreover a convergent subsequence at time t. But then, for this
subsequence, (4-1) implies that lim; o0 ¢ (#;) =0 = 0, a contradiction. It follows that
w(t) is bounded in C'. Now applying the above regularity argument to o in local
coordinates around any point yields again the HZP bound on w for all p, and hence
the curvature €2 is bounded in L? for all p. a

Proof of Theorem 1.2 We now proceed with the main argument. Suppose that the
statement of the theorem were false. Then let (M 2", w(t), J) be a solution to (1-1) on

[0, 7) satisfying
T
J

By Lemma 4.1 we conclude the existence of a C° limit metric (7). By Proposition 4.2
we conclude that in fact w(¢) is a C! metric and furthermore one has uniform L”
bounds on the curvature as ¢t — 7. By [28, Theorem 1.1], if we can show a uniform
bound on the C° norm of curvature and torsion, we can conclude smooth convergence
of the metrics as ¢ — 7. By the general short-time existence result for these equations,
we conclude that 7 is not the maximal existence time, providing the contradiction.

g
E < Q.

So, we can differentiate (4-2) to yield:
ad _ _
E(Voa))ijk —g%10,04(Vow)jk = @ Yo ™ % (0w * 0%0)

By the discussion above, the right hand side is uniformly bounded in L?, so again
we conclude that o is uniformly bounded in H3P . Choosing p sufficiently large and
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applying the Sobolev inequality, we conclude a uniform C° bound on , 7 and VT,
and the theorem follows. |

Now we give the proof of Theorem 1.3.

Proof Consider the differential inequality of Proposition 2.4. First we note that

1 mn

Tt g% (gma.i — Ligm)(&npi — Lipm) < |T1%.

Applying the maximum principle, since ¢ and |T'|? are bounded we conclude there is
a uniform upper bound on trg w. In particular, there is a constant K such that

g(t) < Kg.
Also, by using Lemma 2.2, if F = log(detg/detg) + A¢, we compute that
%Fz AF+|TP +(A=C)try @ —n.

In particular, for A chosen sufficiently large we conclude by the maximum principle

det
inf log o8 > _C(|g)).

Mx[0,7) detg

We thus conclude there is a uniform lower bound for g(¢) on [0, ) by the arithmetic-
geometric mean. Again using that the torsion is bounded, we may apply the maximum
principle to the differential inequality in Proposition 3.3 to conclude there is a uniform
C! bound on g(¢) on [0, 7). Equation (1-1) is strictly parabolic in local complex
coordinates, with bounded C! norm, so uniform C k estimates follow from the Schauder
theory for all k, and the theorem follows. O

Let us finish this section with a few remarks on the nature of the potential function
¢ . First, Theorem 1.3 even provides a slightly different perspective on the regularity
of Kéhler Ricci flow. In this case the torsion vanishes for all time, so one only has
to check that the potential function is bounded. It is clear by applying the maximum
principle to (1-3) that if
T
/ SUp trey, @ < 00
0 M

then the flow will extend past time t. This condition can be checked in certain settings.
Also, in the general non-Kihler setting the function ¢ is automatically bounded on
certain background manifolds. Consider the following lemma.
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Lemma 4.3 Let (M?",&,J) be a complex manifold and suppose @ is Kéhler and
moreover < 0, in the sense of sections of End(A!"!). Let w(t) denote a solution to
(1-1) on [0, 7). Then there is a constant C > 0 so that

trp @ < C,

lp| < Cr.

Proof From Proposition 2.6, if & is Kihler we can choose coordinates where 9; k=

0 and simplify, since Q' > 0:
a ~ —_ s T o~
(A-5;) 0@ = —g" g%y
> 0.

Applying the maximum principle proves the uniform upper bound for tr,, @, and then
the bound for ¢ follows immediately applying the maximum principle to (1-3). O

Since @ is Kihler, P is just the Ricci form, hence the hypotheses are satisfied on
complex tori or Kidhler manifolds with negative curvature operator. Note of course
that we are not assuming  is Kéhler. This bound suggests that the function ¢ is
quite natural to introduce, and furthermore suggests that its possible blowup is not
related to any “local” singularity model since it is bounded on these natural background
manifolds.

S Conjectural picture of singularity formation

The notion of the Kihler cone in H*(M,R)N H1(M, C) is crucial to understanding
the structure of solutions of Kéhler Ricci flow. Recall from the introduction that along
a solution to Kihler Ricci flow the Kéhler class satisfies an ODE, depending on the
normalization. Clearly a necessary condition for existence of the flow is that this ODE
stay in the Kihler cone. As mentioned in the introduction, this condition is in fact
sufficient [32, Proposition 1.1]. It is natural to conjecture that a similar phenomenon is
at play guiding the singular behavior of solutions of (1-1).

First of all recall from the introduction that:
SR {Keraf_): A]El — A]%’Z}
9+9 {0+ 0a | € A0}

This is known as the (1, 1) Aeppli cohomology group and one basic fact is that this
space is finite-dimensional, as can be seen by constructing the necessary short exact
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sequence of coherent sheaves. Let the positive cone inside ’Ha 5 be:

Pyys =01, 13y €lgl v >0}

It is clear that a necessary condition for a solution to (1-1) to exist is that the class
[w¢] = [wo —tc1] € Py, 5. We state this for emphasis.

Proposition 5.1 Let (M?", gy, J) be a compact complex manifold with pluriclosed
metric. Let:
= sup{t } [wo —tcq] € 773+5}
t>0
Let t denote the maximal existence time of the solution of (1-1) with initial condition
go. Then

T <t*.

Furthermore, in analogy with Ké&hler Ricci flow, it is natural to conjecture that mem-
bership in this cone suffices for existence.

Conjecture 5.2 (Weak existence conjecture) Let (M 2", gy, J) be a compact com-
plex manifold with pluriclosed metric. Let:

t* 1= sup{t | [wo —tc1] € Py, 5}
>0
Then the solution to (1-1) with initial condition gy exists on [0,t*), and ©* is the
maximal time of existence.

Let us note here that this we are implicitly making this conjecture, and the two related
conjectures below, for any normalization of (1-1), ie, the volume normalized version of
(1-1) or other possible normalizations. A stronger version of this conjecture would be
that there are uniform C* estimates on w(¢) depending on d ([a)(t)] 9Py, 5), where
this means distance with respect to some metric defined on H, +la Let us also state
this for emphasis.

Conjecture 5.3 (Strong existence conjecture) Let (M 2", go,J) be a compact com-
plex manifold with pluriclosed metric. Let w(t) be the solution to (1-1) with initial
condition wg. Let t be such that [wg —tcy] € 773+5. Then there exist uniform C*°
estimates on w(t) depending on wo,t and d([w(1)], 9P, 5). Moreover, there exist
uniform bounds on the curvature and diameter of w(t).
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It is possible to characterize Py, 5 using more calculable cohomological criteria in the
case of non-Kéhler complex surfaces, which will allow us to derive some consequences
of Conjecture 5.3. Our Theorem 5.6 follows by combining the positivity result of
Buchdahl [4] on non-Kihler surfaces (see also Lamari [18]), and further related results
of Teleman [30]. Let us start by stating the main theorem of Buchdahl [5], which
represents the main technical difficulty of Theorem 5.6.

Theorem 5.4 [5, Main Theorem] Let (M 4w, J ) be a complex surface with pluri-
closed metric w. Suppose ¢ € A1 is pluriclosed and satisfies:

s [yudnre>0
e [yPrw>0
e f p @ > 0 for every irreducible effective divisor with D - D <0

Then there exists f € C°°(M) such that ¢ + ~/—139 f > 0.

For the statement of Theorem 5.6 we need some further background. Recall the
Bott—Chern cohomology group:

il {Kerd: AI}R’I — AR}
Be i99AY

Also, define the groups:
1,1 1,1
Bp' =d{Ag}NAE
1,1
Ll {Kerd: Ag" — A}
R = 1,1
B]R

Lemma5.5 Let (M*, w,J) be a complex surface with pluriclosed metric. Then there
are exact sequences

1,1
BR

100AY

1,1 1,1
— Hpe — Hy —> 0,

0— iaéA& — B]llg’1 — R,
where the final map above is given by the L? inner product with .

Proof We include the elementary proof for convenience. The first exact sequence is
tautological. For the second sequence, fix u € B]Ilg’1 satisfying

/ wAw=0.
M
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It follows from the maximum principle that the adjoint of tr, 30 has kernel only
constant functions since the adjoint operator annihilates constants. Thus by standard
theory we can now solve Au = tr,, . Thus iddu — p is exact, and also anti-self-dual
since its inner product with w vanishes. Thus it vanishes, and the lemma follows. O

Furthermore (see Teleman [30, Lemma 2.3]), if b;(M) is odd, the space
By
i03AY

is identified with R via the L? inner product with @. Let ¥, denote a positive generator
of I'. Since the space of pluriclosed metrics on M is connected, this orientation of I"
is well-defined.

Theorem 5.6 Let (M*,J) be a complex non-Kihler surface. Suppose ¢ € A1 is
pluriclosed. Then [¢] € Py, j if and only if:

o fM¢Ay0>O

e f p @ > 0 for every effective divisor with negative self-intersection

Proof Suppose ¢ £ Py, 5. Since the image of 9 + d is closed in Aﬁg’l ® L*(M)
[4, Lemma 1], one may apply the Hahn—Banach Theorem to conclude the existence
of a positive closed current P such that P(¢) < 0. We claim that the current P is
represented by a convex linear combination of [yg] and irreducible effective divisors of
negative self-intersection. This is [30, Corollary 3.6], and we include a sketch of the
proof for convenience. First we note that using arguments from complex analysis one
can show that the set of irreducible effective divisors of negative self-intersection is
finite [30, Remark 3.3]. Let C denote the cone generated by Y, and this finite set in
Hl;’cl . If P ¢ C, there exists a linear hyperplane separating P from C. Specifically
we can find an element of the dual space, represented by pairing against a pluriclosed
form v, such that:

/MW/\)/0>O, /DW>O, P(W)I/MW/\P<O-

One can show by direct inspection that ¥ + 7y, satisfies the criteria of Theorem 5.4,
hence there is f such that ¥ +idd f > 0, and so since P is positive, P(y) >0, a
contradiction. O

The following proposition shows that Conjecture 5.2 implies long-time existence of
solutions to (1-1) on minimal Class VII surfaces.
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Proposition 5.7 Let (M*, wg,J) be a minimal Class VII surface with pluriclosed
metric. Then forall t > 0:

[wo—1¢1(p)] € Py, 5

Proof By the above theorem it suffices to show the integral inequalities of Theorem 5.6
for w —tcy(p), t arbitrary. Since yq is exact the first inequality is trivial. Also, for
any effective divisor D we know that |, m €1(D) Acp =0, hence

/a)—lch/ w > 0.
D D

The result follows. O

Let us furthermore describe how we expect the presence of rational curves to enter into
the singularity formation of solutions to (1-1) on Class VII surfaces. As can be seen by
elementary calculations of the evolution of the degree, one has that solutions to (1-1)
on Class VII surfaces have volume growing at least quadratically in time. Furthermore,
the area of divisors will grow as K - D, where K is the canonical class. This pairing
is always nonnegative, and is zero on rational curves. Thus, if we renormalize to
fix the volume, the boundary of the cone P, 5 should be reached by collapsing a
curve. This is made clearer in Section 7 where we examine nonsingular solutions.
One can observe at this point though that according to our characterization of Py, 5
in Theorem 5.6, the boundary may be reached, after volume normalizing, by having
lim; o0 |, m @) Ayo = 0. In other words, perhaps it is this condition that fails, and
not the presence of a curve satisfying K - D = 0. The following proposition effectively
negates this possibility.

Proposition 5.8 Let (M*, J) be a complex non-Kihler surface. Suppose ¢ € A'!
is pluriclosed, and satisfies:

) fM¢/\¢>O
° fM¢/\VOZO

e |/ p @ > 0 for every effective divisor with negative self-intersection
Then ¢ € Py, 3.

Proof Fix @ a pluriclosed metric on M . Note that ¢ € Py 5 if and only if ¥ :=
¢ +ayo € Py, 5. Now observe that, for a > 0:

/MwAW=[M¢A¢+2a/M¢/\y0>O.
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Also, since |’ @ A yo >0, we may choose a large enough so that

/10/\65:/ ¢/\¢T)—|—a/ Yo A® > 0.
M M M

Finally, since y is d —exact
/ Y= / ¢ > 0.
D D

Therefore ¢ satisfies all three conditions of Buchdahl’s positivity criterion [5, page
1533], so there is a function f such that { +idd f > 0. The proposition follows. O

In light of this proposition, we make a final conjecture, specializing Conjecture 5.3
to the case n = 2. Note that every pluriclosed metric satisfies |, M P Avo>0,sothe
second condition of Proposition 5.8 is automatically satisfied at any potentially singular
time for a solution to (1-1).

Conjecture 5.9 (Strong existence conjecture for surfaces) Let (M*,go.J) be a
compact complex surtface with pluriclosed metric. Let w(t) be the solution to (1-1)
with initial condition wq. Suppose w(t) exists on [0, T) and that:

e lim oAw>0.
=t M

e There exists A > 0 so that

1 .
— < lim w<A
=T D

for every effective divisor with negative self-intersection.
Then there exists a uniform bound on the curvature of w(t) depending on A, and
moreover the curvature remains bounded after the diameter is rescaled to unit size.

Furthermore, suppose w(t) is the solution to volume-normalized pluriclosed flow with
initial condition wq. Suppose w(t) exists on [0, ) and that there exists A > 0 so that

1
lim — < / w<A
t—»t A D
for every effective divisor with negative self-intersection. Then there exists a uniform

bound on the curvature of w(t) depending on A, and moreover the curvature remains
bounded after the diameter is rescaled to unit size.
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Next we want to exploit this cohomology picture to reduce solutions to (1-1) to an
equation on a one-form. We show that under certain cohomological conditions related
to the Frolicher spectral sequence, solutions to Equation (5-1) automatically reduce
to solutions to a certain equation on one-forms defined below. These cohomological
conditions are automatically satisfied in the case of complex surfaces. We start with
some preliminary lemmas.

Lemma 5.10 Let (M*,J) be a complex surface. Then the map
3 HY(Q') - HY(Q?)
is the zero map.
Proof This argument is adapted from arguments in Barth, Hulek, Peters and Van de

Ven [2, IV Section 2]. Let S denote the sheaf of closed holomorphic 1-forms on M .
There is an exact sequence of sheaves:

d
0—Cpy—0py —>S—0

Since holomorphic forms on complex surfaces are closed, there is an exact sequence of
cohomology groups:

0— HO Q') — H'(M,C) — H (On) —> H'(Q")

It follows from the signature theorem and the Riemann—Roch formula (see [2, Theorem
IV 2.7]) that by = h'>% 4 h%! . Therefore the third map above is surjective, and hence
the last map is the zero map. Applying Stokes’ Theorem and Serre duality we can
conclude that 9: H1(Q!) — H'(Q?) is also the zero map. m|

Lemma 5.11 Let (M*, J) be a complex surface and suppose h%? = 0. Leta € A1
be a d —exact (2, 1)—form. Then there exists y € A% such that o = dy .
Proof Since by assumption « is exact, we conclude that

o= d,B — d(ﬁZ,O +ﬂ1’1 +IBO,2) — 5[32,0 + 8,81’1 +5}81’1 + 8,30’2,

where the remaining terms vanish for dimensional reasons. Decomposing this equation
into types yields the two equations:

a=0p>0+op"",
0=0p""+98%%.
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Note that ,60_’2 defines a class in H%2(M). Since 71%2? = 0, there exists %! such
that 822 = 9. We therefore conclude that

0= 5([81,1 —8,u0’1).

Therefore B! —3du%! defines a class in H'!(M). Now, by Lemma 5.10 we know

that 9: H'(Q') — H'(Q?) is the zero map. Therefore dg(B1! —au®lg) = apl-!

represents the zero class in H 1(Q?) = H?!(M). Therefore there exists p>-° such

that 981! = 9p2-0. Plugging this back into the above equation yields
a=0p%0+0p>°

and the result follows. O

Lemma 5.12 Let (M*, J) be a complex surface. Then:
Ker{d: A" > A1y NIm{d: AV0 — A2} = {0}

Proof Let ¢ = dx, ¢ =0, @ € A10. A general calculation for complex surfaces
shows that for any metric g, |¢|?> dVy = ¢ A ¢. Thus

||¢||§2=fM¢Aq‘s=/M¢A5a:o

by Stokes’ Theorem. O

Lemma 5.13 Let (M*, w, J) be a complex surface with pluriclosed metric. Suppose
by is odd and h®? = 0. Then [dw] # 0 € H3*(M,C) and [0w] # 0 € H>(M).

Proof Suppose that dw is a d —exact form. By Lemma 5.11 we conclude that dw = 9.
Note this also holds trivially if we assume [dw] = 0 € H>!(M). Now, B € A%2
obviously satisfies 98 = 0. However, since #%2 = 0 one can write f = da. Therefore
dw = 09w and, taking conjugates, dw = 30&. Let & = w — da — d&. One computes
directly that

d& = (34 0)(w — do — d@)

= dw — 30 + dw — D0

=0.
Since the (1, 1) component of @ is positive definite, it follows that
/ oAD>0.
M
Since b; is odd, the intersection form of M is negative definite [2, Theorem IV.2.14],
so this is a contradiction. 0

Geometry & Topology, Volume 17 (2013)



Regularity results for pluriclosed flow 2413

Theorem 5.14 Let (M*, w, J) be a complex surface with pluriclosed metric satisfy-
ing h%1 < 1. Let: .
B=mnci(w)+p+03pemcieHy

Suppose & = w + da + & is a solution to

(5-1) a%@+5%@+l§lﬁmymng.
Then

_ax~ A=l g detg
(5-2) B =050+ 1 alOgdetg

or equivalently

Therefore 85&*3&3 — B is a d—closed, d—exact (2,0)—form. Using Lemma 5.12 we
conclude that d0Z® — 9 = 0. Conjugating yields 8[82‘3(7) — B] = 0. Thus we may
write the Hodge decomposition of 0%@ — B with respect to Az~ as

IEB—B=h+0f,

where 1 € H%!. Next we claim that / vanishes. Once we know this, differentiating
and plugging into (5-1) yields /' = —(v/—1/4)d1og(det g/ detg) and the theorem
follows. First of all, if 49! = 0 this is trivial, and since this observation holds in
general dimension we record this as Proposition 5.15 below. Next suppose #%! = 1.
We compute:

/ (h, Bz)a))w dVv = / (321)&') —-B— E_)f, Bz)w)w av
M M
First observe

[ @ragornav = [ @ir.o.av,
M M

by Stokes’ Theorem, using that ddw = 0. Next we compute

/ (=B %) dV = [ (—3B. ) dV = / (~L(9B + 3B). )
M M M
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since w is real. Also we compute using (5-1):

/(a;ga),aj,@wdv:/ (005, w)o AV
M M

- /M<

- fM%(cl(a) —c1(@) + 3B+ ). ), dV

(0050 + 005@), w), dV

N[ =

= | (408 +35).0), av,

where in the last line we used that ¢/ (@) —¢1(w) = 30¢ and used that o is orthogonal
to the image of 99 since it is pluriclosed. It follows that

/ (h, 3 0)e dV = 0.
M

However, by Lemma 5.13, [0w] # 0, and 4#%! =1 by Serre duality, therefore there
is a nonzero constant a such that [0w] = [a * h] (since & is 0* —closed, */ defines a
cohomology class). Thus

o=/ (h,a;;w)=[ (*h,aw)za/ |h|?.
M M M
Therefore, h = 0. O

Proposition 5.15 Let (M?",w,J) be a complex manifold with pluriclosed metric
satisfying h%! = 0 and
Ker{E_): A0 Az’l} N Im{o: A0 Az,o} = {0}.

Let:
B =nci(w)+ 9B+ 3B € mey €Mys

Suppose @ = w + do + da is a solution to

(5-3) d(w) = B.
Then: B
B =050+ \/? dlog gzti
Proof The proof is clear from the proof of Theorem 5.14. |
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Theorem 5.14 may be applied to reduce solutions to (1-1) on surfaces.

Theorem 5.16 Let (M*, go,J) be a pluriclosed surface. Say the solution to (1-1)
with initial condition gg exists on a maximal time interval [0,T),T < oo. Fix a
background metric p and express

(1) = wo + dae(t) + 9a(1) —tey (p).

Then o satisfies:

1 - detg
ﬂalog |

0 *
T a=9
o o® t a dotg

ot
Proof We differentiate the expression for w(¢) and use equation (1-1) to compute:
dd + 9a — 1 (p) = —P(w)
One may apply Theorem 5.14 with § = & to conclude the result. O

Thus we have canonically reduced solutions to (1-1) to solutions of this equation,
coupled to an ODE. There is a natural gauge to equation (1-5).

Definition 5.17 Given (M 2", g, J) a complex manifold with Hermitian metric g, let
ae A% andlet v € ALl dy = 0. Let:

(5-4) o ¥]={(e+B. v — B —0B) | B A™!. 0B =0}
We will refer to [o, ] as the gauge equivalence class of («, V).

Proposition 5.18 Let (a(7), ¥ (¢)) be a solution to (1-5). Then (a(2), ¥ (¢)) is gauge-
equivalent to a pair (&(t), Y (¢)) such that &(t) solves a parabolic equation.

Proof We find a gauge near time ¢ = 0 for which &@(¢) solves a parabolic equation.
We take the d-Hodge decomposition of «(z) with respect to wq. Specifically, consider

a(t) = 52201)0) + (1) +0f(1),
where ¢ (1) = 5:;045 = 0. Define
ar) =a)—¢(0)—9af(0),
V(1) =y (6) = 3(¢(0) + 8 £(0)) — 3($(0) + £ (0)).

Note that by construction E_)Z)O&(t) = 0. Also, note that & = wg + 0@ + 0@ + ¥ by
construction as well. Furthermore, we have that:
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Our aim is to show that the right hand side is an elliptic operator for «. For a given
metric w we have the general coordinate formula:

* V—l q
(0p0); = ~5—¢""(%48,; —0;2pa)

Likewise we have:

(et~ LT

2 (g”"a 7&pg —PP0, ppq)

Specializing these two formulas to the case & = w + & + & + 1;, we compute:

Jj
V=1 ~pa ~ ~ ~ ~
= 5 gpq (3q(ap0lf + 8jap) — 8;(81,05[7 + 8@0@))
+ YL 77100, + 03p)) + OG)
—1 —nz - V=1 ~pz ~ V=1 ~pa ~
= > gpqapaqolf-i- 2 gpqajaqap— 1 gpqafapaq

Now, using the condition 5:‘0 o =0, we compute that

0= 0;05,3 = g77050,d; + O(33).

Jj - wo

Likewise since 8;")05 =0 we have gl"?ajaq&,, = O(d&). Since g(0) = go we conclude
that:
~n
(a* &+ —V dlog —) 0=+ —L 039,053

which is a strictly elliptic operator. The result follows. |

6 Pluriclosed flow as a gradient flow

In this section we exhibit that (1-1) is the gradient flow of the first eigenvalue of a
certain Schrodinger operator associated to the time-dependent metric. What we actually
show is that, after pulling back a solution to (1-1) by the one-parameter family of
diffeomorphisms generated by the vector field dual to the Lee form, one produces a
solution to the renormalization group flow of a nonlinear sigma model arising in string
theory (see Polchinski [24, 108—112]). This surprising fact both exhibits a connection
between pluriclosed flow and mathematical physics, and from another point of view
produces a large class of interesting examples of the renormalization group flow.
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Let us recall some notation from the introduction. Fix (M 2", g, J) a complex manifold
with pluriclosed metric. Let V denote the Bismut connection, Rc the Ricci tensor of
the Bismut connection, Rcé the Ricci curvature of g, T the torsion of V, and

0 =—-Jd*w

the Lee form of w. Lastly, as in the introduction, let P denote the representative of
c¢1(M, J) associated to the Bismut connection V. We need to show some identities
relating these tensors. We start by recording some basic calculations which appear
in Ivanov and Papadopoulos [16]. It is important to remember below that Rc is not
symmetric, and P is not (1,1).

Lemma 6.1 [16, Proposition 3.1] Let (M ?", g, J) be a pluriclosed structure. Then:

2n
Ref(X.Y) =Re(X.Y)+3d*T(X.Y)+ 1) ¢(T(X.e). T(Y.¢))
i=1

P(X,Y)=Ric(X,JY)+ Vx6(JY)
Re(Y,JX)+Re(X,JY)=—(Vx0)(JY)—Vy(0)(JX)
PJX,JY)—P(X.Y)=d*T(JX,Y)—d 0(JX,Y)
where dV is the exterior derivative induced by V .

Proof Note that the tensor A from [16] vanishes when 99w = 0. The third line is [16,
(3.9)]. O
Let H(X,Y):= PLI(JX,Y). In particular, note that (1-1) is equivalent to:

0

Lemma 6.2 Let (M?", g, J) be a pluriclosed structure. Then:
HX,Y)= %[RC(X, Y)+Rc(JX,JY)+ Vx0(Y)+Vyx0(JY)]
Proof We directly compute using Lemma 6.1:
H(X,Y)=PLlJXx,Y)
=3[P(JX.Y)+ P(JJX,JY)]
=1[P(JX.Y)— P(X,JY)]
= %[Ric(JX, JY)+(Vyx0)(JY)—Ric(X,JJY)—(Vx0)(JJY)]
= 1[Ric(X,Y) +Ric(JX, JY) + (Vx0)(Y) + (Vsx0)(JY)] o
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Proposition 6.3 Given (M 2", w(t), J) a solution to (1-1), one has

2n
9
5%8= [— Ref +5 > g(T(X.e)). T(Y.¢;)) — %ﬁeag}

i=1

where 6% is the vector field dual to 6, taken with respect to the time varying metric.

Proof Using the third line of Lemma 6.1, we compute:
Ric(JX,JY)+ (Vyx0)(JY)=—Ric(Y,JJX)—(VyO)(JJX)
= Ric(Y, X) + (Vy0)(X)
Plugging this into Lemma 6.2 yields:
2H(X,Y) =Ric(X,Y)+Ric(Y, X) + (Vx0)(Y) + (Vy0)(X)

The first two terms are twice the symmetric part of Ric, which is easily computed from
the first line of Lemma 6.1. It remains to show that the last two terms are Lg:g. To do
this we compute in coordinates, if I' denotes the connection coefficients of the Bismut
connection and T'LC the Levi-Civita connection,

k
V,’@j = 8,~9j — Fl-kj@k = 8,-9j — (FLC + %T)ijek = Diej - Tiljc'gkv
where of course D denotes the Levi-Civita derivative. But T is totally skew, thus:

Vibj +V;0; = D;0; + D;jt; — %Ti];@k — %Tﬁ@k = D;0j + D;j0; = (Ly:8)ij O

Proposition 6.4 Given (M?",w(t), J) a solution to (1-1), one has:

0
51 = 3[ALBeyT —LosT]

Proof Recall that T = d w, where d¢ = i(d — d). Therefore:

i_ic__c 1,1
azT_azd‘”_ d°(P"")

Now note that, since P is closed:
0=dP
— (3 + )(P1! 4 P20 4 pO2)
=oP" +9P"! +9P*0 +9P20 4+ 9P%2 + 9 P02
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By examining types we conclude from this the equations:
0=0P*% =9P0?
gPIT = —j P20
apll =_ypo2
It follows that
—d°(P"Y = —i(@—9) (P =iapP%2 —igP>0.

For convenience, set ¥ = d*T —d " 6. Now fix local complex coordinates, and compute
using the last line of Lemma 6.1:

. 0,2 _ i . 9. v a9
(ioP )l.f,; = —Ea, [d*T(J35,05) —d ¥ 0(J 35, 0)]
= —38i[d* T (@;.0) —dV0(37.0p)] = =5 (v "), 7%
Likewise we can compute:

.5 i v
(—i0P>0); 5y = 5 0;{d*T(J ;. 05) —d ¥V 6(J 8;. 9]
= —39;[d*T(9;,0%) = dV6(3;.06)] = =5 (3 *°); ;4
Note that it is a consequence of the last line of Lemma 6.1 that y!*! = 0. In particular,
we have %W = p?% 4 p%2 and so

Collecting these calculations yields
~d°P" = -lay = -1(dd*T —ddV ).

Since T is closed, it follows that dd*T = —Ap p ;)T . Finally, we observe a formula
for dV0:

(dV0)ij = Vi —V;6;
= 0;0; — (PEC + 17) 00 — 8,6 + (L€ + 1T) 5.0 = (d0 — 6% T)
It follows from the Cartan formula and the fact that 7" is closed that:
ddV6 =d(d6—6%-T)
= —d(6%-T)
=L T+0%(dT) = LT

Therefore —d¢ P! = %[ALB,g(t) —LgsT]. |
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Theorem 6.5 Let (M?",&(t), J) be a solution to (1-1). Let X(¢) = %gﬁ where i
means the vector dual taken with respect to the time-varying metric, and let ¢; denote
the one-parameter family of diffeomorphisms generated by X (t). Let T denote the tor-
sion of the time-varying Bismut connections. Let (g(t), T (1)) = (¢*(2)(2)), ¢} (T) (1)).
Then

82 = —Rcf +17,
(6-2) af
1
ET = 3ALBT,

where Hij = "' ¢ Titm Tjin.-
Proof This follows from a standard calculation using Propositions 6.3 and 6.4. O

As noted above, the system of equations (6-2) arises naturally in physics as the renor-
malization group flow of a nonlinear sigma model. By extending Perelman’s energy
functional [22] to this coupled system, Oliynyk, Suneeta and Woolgar showed that
(6-2) is the gradient flow of a nonlinear Schrodinger operator [21]. To discuss this let
us generalize the notation slightly. As in the introduction, let (M", g) be a Riemannian
manifold, and let 7' denote a three-form on M . Let

F(g.T. f)= /M[R — LITP+|Vf*le T av.

Furthermore set

AMg, T) = inf Fg, T, ).
{flfpg e~ TdV=1}

Proposition 6.6 (e[21, Proposition 3.1]) The gradient flow of A is

3
5,8 =2Re +iH -2V,

%T = A T —d(Vf-T),

where [ satisfies the conjugate heat equation

(6-3)

d . : L
-4 — f=—Af—-—R —|T|“.
(6-4) o f =—Af =R+ 4T
For concreteness sake we now record the proof of Theorem 1.1.

Proof Clearly Equation (6-3) is diffeomorphism equivalent to (6-2). By combining
Proposition 6.6 with Theorem 6.5, we obtain the statement of Theorem 1.1. |
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Furthermore, Feldman, I[lmanen and Ni gave a generalization [11] of Perelman’s steady
and shrinking entropies to an entropy modeled on expanding solitons. Surprisingly,
this expanding entropy has an extension to (6-2), as shown by the first named author.
Define

Wi (g. T,u,o)=f

\v/ 2
|:0(| ul +Ru—L|T|2u)+ulogui|dV
M u 12

= [ [o(19 142+ R=517F) = e u]uav,

where fy is implicitly defined by u = e~/+ /(470)"/2.

Theorem 6.7 [26, Theorem 6.2] Let (M", g(¢), T(t)) be a solution to (6-2) on
[t1,12] and suppose u(t) is the solution to (6-4). Let:

vi = [ =0)QAS =V f4 P+ R— 25| T = fi +n]u
Then:

(% + A= R+ 4ITP vy

2
=20 —tQ(‘Rc—lH FV2 /4 ﬁ( FRLYPAY T)u+ Lirpu
4 2t 4 6
Corollary 6.8 Let (M", g(t), T(t)) be a solution to (6-2) on [t1, 1] and suppose u(t)
is a solution to the conjugate heat equation. Then:

g 2
2(t—tl)‘

%M(g(r), T().u(t).t —11) = / 2u[(r —1) \Rc—}ﬁ +V2fy+
M
+i(z )| d* T -V fo T+ %|T|2] av
We can derive further corollaries from these results, akin to the “ruling out of breathers”
statements discovered by Perelman [22]. First recall two definitions.

Definition 6.9 We say that a solution to (6-2) is a breather if there are times #; < t;,
a constant « > 0 and a diffeomorphism ¢ such that ag(¢;) = ¢*g(t;). The breather
is steady, shrinking or expanding if « = 1, <1 or o > 1, respectively.

Definition 6.10 We say that a solution to (6-2) is a gradient soliton if there is a
function f and a constant A so that:

0:Rc—%H+V2f—Ag,
0=ALBT—d(Vf4T).
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The soliton is steady, shrinking or expanding if A = 0,1 > 0 or A <0, respectively.

Corollary 6.11 Any solution to (6-2) that is a steady breather is a steady soliton. Any
solution to (6-2) that is an expanding breather is an Einstein metric with T = 0.

Proof The first statement follows immediately from Proposition 6.6. For the second,
we note that Theorem 6.7 clearly implies that an expanding breather is an expanding
soliton, and moreover 7" = 0. Thus g(¢) is an expanding Ricci soliton, which are
known to be negative constant Einstein metrics, a result originally due to Hamilton
[15]. d

7 Nonsingular solutions

In this section we derive a strong topological consequence of the conjectural regularity
picture of solutions to (1-1) by ruling out nonsingular solutions of (1-1) on Class VII*
surfaces.

Theorem 7.1 Suppose Conjecture 5.9 holds. Then any Class VIIT surface contains
an irreducible effective divisor of nonpositive self-intersection.

Proof We want to examine the volume-normalized version of (1-1). Let:
o[ 0950 + 005w + (vV—1/2)d0 logdet g | dV
B [y dV

¥ (o)

The volume normalized pluriclosed flow is:

a — * a3k V—l = 1
(7-1) Ew = 00,0 + 00,0 + Taalogdetg—;ww’

w(0) = w.

Let (M*,J) be a complex surface of Class VIIT. Note that by the theorem of
Gauduchon [12], there are always pluriclosed metrics on complex surfaces, so we can
find an initial condition for (7-1). If M contains no irreducible divisor of nonpositive
self-intersection, then Conjecture 5.9 automatically implies that the solution to (7-1)
with any initial condition exists for all time with a uniform bound on curvature that
moreover persists after scaling the diameter to unit size. Note that this implies the
diameter is in fact bounded, for if not, by rescaling the diameter to unit size, we would
produce a sequence of metrics with bounded curvature and volume approaching zero,
which by Cheeger, Fukaya and Gromov [7], and Cheeger, Gromov and Taylor [8]
would force y(M) =0, but x(M) = b, > 0.
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We want to derive a contradiction from the existence of such a flow. To do this we first
identify the qualitative behavior of the corresponding solution to (1-1). Specifically,
using monotone quantities we see that this solution exists for all time with volume
growing quadratically. Thus to obtain the solution to (7-1) we must be uniformly
scaling down this metric, and we will finish the proof by applying the expanding
entropy formula. We begin with a definition and a series of lemmas.

Definition 7.2 Let (M 2", g, J) be a Hermitian manifold. Let the degree of (M, g) be
V=1

(7-2)  d=deg(M,g) :=/ (c1 (M), w) =/ (_T Bglogdetg)/\a)”_l.
M M

More generally, given £ a line bundle over M , define

(7-3) deg(L) := / ci(L)Aw™ L
M

Note that the definition of degree is typically made with respect to a fixed Gauduchon
metric, ie, a metric satisfying ddw” ! = 0, so that the value does not depend on the
representative of ¢y . In the case n = 2, Gauduchon metrics are the same as pluriclosed
metrics, and the evolution of the degrees of line bundles is particularly clean.

Lemma 7.3 Let (M*,g(t),J) be a solution to (1-1) on a complex surface, and let L
be a line bundle over M . Then

%deggt(L) =—c1(L)-c1(M).

Lemma 7.4 Let (M*, g(t),J) be a solution to (1-1). Then the volume of g(t)
satisfies

D Vol(g(t)) = 2/ 0* w2 - d.
ot M
Next we would like to specialize these to the case of Class VII surfaces.

Lemma 7.5 Let (M*, g(t),J) be a solution to (1-1) on a Class VII surface with
by =n. Then

degg ) (M) = degg ) (M) + nt.

Proof This follows immediately from Lemma 7.3 and the fact that for Class VII

surfaces, ¢Z = —n. O
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Proposition 7.6 Let (M*,J) be a compact Class VII™ surface. Suppose w(t) is a
solution to (7-1) on M x [0, oo) with uniformly bounded curvature. Then the corre-
sponding solution to (1-1) exists on [0, 00).

Proof Suppose the corresponding solution to unnormalized flow existed on [0, 7), T <
oo. First note that the degree of M remains finite on [0, 7). However, to rescale to get
the volume normalized flow we must be rescaling by a factor going to infinity since the
curvature must be blowing up, and we have assumed the volume-normalized flow is
nonsingular. Thus the volume must be going to zero. Using Lemma 7.4 we see that at
some point the degree must be positive. But this condition is preserved, since the degree
grows linearly by Lemma 7.5. In taking the rescaling limit, this says that the degree
must go to infinity as # — oo in the volume normalized flow. Since by assumption the
volume normalized equation has bounded curvature, this is a contradiction. O

Proposition 7.7 Let (M*, J) be a compact Class VII™ surface. Suppose @(t) is a
solution to (7-1) on M x [0, o0) with uniformly bounded curvature. Then if w(t) is the
corresponding solution to (1-1), there exists a constant C such that

%(1 +1%) < Vol(g (1)) < C(1* +1).

Proof By assumption the corresponding solution to (7-1) has bounded curvature, and
of course bounded volume. It follows that the scale-invariant quantity d/ Vol'/2 is
bounded along the solution to (7-1). Thus this quantity is bounded along (1-1) as well.
By Lemma 7.5 it follows that

d(0) +nt = d(r) < C Vol(g())"/?

with 7 > 0. The lower bound for Vol(g(¢)) follows by squaring the above inequality.
Next we note the evolution equation for the degree under (7-1). In particular one has

%deg(M) = —c? +deg(M)? —2degM/ 10*w]?.
M

Since [y, |0*w|? is bounded, it easy follows that lim; o, deg(M) > € > 0 for some
€ > 0. It follows that the scale invariant quantity deg(M)/V/2 > ¢ > 0. Thus this
inequality holds for the unnormalized flow as well, hence

d(0) +nt = d(r) > € Vol(g(r)) /2.

The upper volume bound now follows, completing the proof. |
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We now give the proof of the theorem. From the proposition above we see that the
solution to (7-1) is uniformly equivalent to a solution of

i — * qa* V=1 43 _
(7-4) 3¢ = 90,0 + 39,0 + 5 ddlogdetg —w,
w(0) = w.

Moreover, this solution has uniformly bounded curvature and diameter. We claim that
there exists a uniform lower bound on the injectivity radius as well. If there exists a
sequence of points (x;, ;) with #; — oo such that inj,,  (x;) — 0, then since there is a
uniform diameter bound it follows from [8] that inj, til(x) — 0 for all points x € M .
In particular, the manifold M admits a sequence of metrics collapsing with bounded
curvature, which by [7] implies that x(M) = 0. But for (M *, J) a complex Class
VII™ surface one has x(M) = b,(M) > 0, so this is a contradiction, and so the lower
injectivity radius bound follows.

Thus we can construct a blowdown limit for the unnormalized flow. Let A; — o0
and set

gi(t) = %ig(xiz)

defined for ¢ > 1/A;. By the estimates we have shown and the compactness theorem
of [26], there is a subsequence of {(M, g;(¢), J)}, converging in the Cheeger—-Gromov
sense to a limiting pluriclosed flow {( Moo, €oo(?), Joo)}- Since Wy is invariant under
the blowdown rescaling, and is monotone increasing and bounded above, it is clear
that W, is constant along g, which thus must be an expanding soliton, and hence
is a Kéhler—Einstein metric. In particular, we have that (Meo, g0o(1), J) is a Kéhler
manifold. By the Hodge decomposition, since (Moo, Joo) is Kihler we have that
b1 (M) is even. On the other hand, by the diameter and injectivity radius bounds, we
have that M =~ My, and by (M) = 1. This is a contradiction, finishing the proof. O

By general theory [20, Lemma 2.2] the curve is either a rational curve, rational curve
with double point or an elliptic curve. If the curve is elliptic, the manifold is known
(Nakamura [20], and Enoki [10]). Furthermore, Class VIIT surfaces that contain b,
rational curves automatically contain a global spherical shell by the result of Dloussky,
Oeljeklaus and Toma [9]. Therefore we see that Conjecture 5.9 implies the classification
of Class VII'" surfaces with b, = 1, a theorem obtained by Teleman using gauge theory
[29]. Furthermore it implies a concrete complex analytic conclusion on any Class VIIT
surface. It seems likely that a more detailed analysis of the limit points can yield the
entire classification of Class VII™ surfaces as a consequence of Conjecture 5.9.
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8 Conclusion

Given the results contained herein, Equation (1-1) clearly seems to be a very natural
parabolic equation on complex manifolds. By the results of [27], the corresponding
elliptic (static) equation, ie,

(8-1) Pl =\,

seems very closely related to the Kidhler—Einstein condition, and we further seen here
the relationship of solutions to (1-1) and the topological and complex structure of
surfaces. While there are only a few large classes of examples of complex manifolds of
dimension 7 > 3 admitting pluriclosed (but not K#hler) geometries, it seems likely that
understanding the existence problem for static metrics in higher dimensions will have
relevance. We take the time here to observe some further structural results for static
metrics in any dimension. First of all, we recall the Bochner formula for holomorphic
forms on complex manifolds.

Theorem 8.1 (Kobayashi and Wu [17], and Bochner [3]) Let (M?",g,J) be a
Hermitian manifold. Fix n a holomorphic (p, 0)—form. Then

(8-2) Aln|? =|Vnl* + [Vn]* + (S on.n).

Here, A = tr,, 00 is the canonical Laplacian and V is the Chern connection. Also,
S o is the natural action induced on AP-° of an endomorphism of T'-°. In particular,
in coordinates:

14
1 Z k
(S o T’)il...ip = H Sl] nlll]_]kl]+1"lp
Jj=1

Corollary 8.2 [16, Corollary 4.4]

o Let (M?" w,J) beacompact complex manifold with wcy = 0. Suppose  is a
static metric, which necessarily has s = 0. Then every holomorphic (p, 0)—form
is parallel with respect to the Chern connection.

o Let (M?", w,J) be a compact complex manifold with mcy > 0. Suppose w
is a static metric, which necessarily has s = ¢ > 0. Then HO(M, AP) =0,
p=1,...,n.

Note that in the second part of the above corollary, we mean ¢; > 0 as a class in
the Aeppli cohomology group Hé;_lg as defined in Section 5. These are precisely the
corollaries to his conjecture observed by Calabi [6] in the K&hler setting, indicating
that (1-1) is a very natural extension of the Calabi—Yau/Kihler Ricci flow theory. We
close with a final vanishing result for static metrics:
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Proposition 8.3 Let (M 2", g, J) be a complex manifold with either ¢; =0 or ¢; >0,
with g a static metric. Then either g is Kihler or i~ 10 = 0.

Proof Since Q' > 0, and A > 0 by the assumption on the first Chern class, (8-1)
clearly implies that S > Q. Therefore by applying the maximum principle to (8-2)
we conclude that every holomorphic section 1 of A”~1-0 is parallel with respect to the
Chern connection. In particular, it is of constant norm. If g is not Kéhler, there is a
point p € M where the torsion tensor does not vanish identically. Specifically, we can
pick complex coordinates where S, and hence Q', are diagonalized. Without loss of
generality 7' 5 # 0. Thus

1 1
1T>O’ 2§>0’

(see Lemma 2.1 for the expression of Q). It follows that S(p) > Q'(p) is n—1
positive at p. By the form of the Bochner formula (8-2), if n does not vanish we
conclude that A|n|?(p) > 0, contradicting that 7 is parallel. ad
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