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Erratum for ‘“An elementary
construction of Anick’s fibration”

BRAYTON GRAY
STEPHEN THERIAULT

A misstatement in the key proof in our paper “An elementary construction of Anick’s
fibration” led to an erroneous proof. This is repaired by a slightly longer argument.

55P35, 55P40, 55P45; 55Q51, 55Q52

In [3] we gave an elementary construction of Anick’s space T5,—;. This is a space
that lies in a fibration sequence

T, —
(1) 9252n+1 _”> S2n 1 N T2n—1 _ Qs2n+1’
where the composition
2c2n+1 T qan—1 B2 2 cont
QS — S — QS
is the (p”)™ power map. This construction was carried out for any p =3 and r = 1.

We also proved in [3, Theorem 4.3] that there is an H—space structure on 75,1 such
that (1) is an H—fibration. The proof of 4.3 involved induction over the skeleton of
T5,—1 and cycled through 14 steps ((a), ..., (n)). The argument given for the proof
of [3, Theorem 4.3(1)] contained an incorrect statement and is not valid. The purpose
of this note is to supply a correct proof for 4.3(1).

We will abbreviate T5,_; as T and write 7™ for the m skeleton of T. Recall that
Wfl’ is the collection of all spaces that are of the homotopy type of a simply connected
locally finite wedge of mod p* Moore spaces for a < s <b.

At the point in the induction that we need to prove 4.3(1), we have established the
following facts:

(A) IT2P" ~ Gy v Wy with Wy e WIHE=1 - (4.3(j))

(B) Gy = Gy—1 Uy, CP"(pr k) (43(c))

(C) ag: P2 (p"+ky - Gi_, is divisible by p" T4=1  (4.3(c), ()
(D) Z2T2P" e Wrtk  (43(b))
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We will also use various steps in the induction at level k — 1. Our task here is to prove:
Theorem 4.3(1) Gy A T2"P" ¢ Witk

In the discussion of 4.3(1), steps 1 and 2 correctly conclude that Gj_; A 720" ¢
Wy +k=1_To complete the proof of 4.3(I), we need to analyze the cofibration sequence
from (B) above:

k k oAl k k
Pt (prrky a2t T G AT s G AT

P210"(pr+k) is a double suspension and consequently P2P"(pr Ty AT 210" 1tk
by (D) above. Since Gj_1 A 72" ¢ W,’+k—1 it suffices to show that o A 1 is null
homotopic. A key ingredient in establishing this is the fact that oy A 1 is divisible
by pr+k—1 )

To clarify the situation, we recall from [3, 4.2] the following:
Lemma 1 [3] Suppose W € W’ and f: P*(p*) — W is divisible by p®. Write
W >~ Wy v W, with Wy € W21 and W, € W2 Then:

(a) f factors through W, up to homotopy.
(b) Suppose that W, is (d — 1) connected and k < pd. Then f ~ x.

Proof This follows from the results of Cohen, Moore and Neisendorfer [1] and uses
the Hilton—Milnor Theorem. Details are in [3]. O

In order to apply this, we need to know the exponents of the torsion in the integral
cohomology of T'.
Lemma 2 Let v,(m) be the number of powers of p in m. Then

Z/p T ifk = 2mn,
0 otherwise.

HF(T) = {

Proof This is implicit in [3] and follows from the integral cohomology Serre spectral
sequence for the fibration

SZn—l T — Qs2n+l

using the divided power relations in H*(QS2"+1). o
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We now apply the Lemma | witha=r, b=r+k—1and W = Gy_, AT We
write W = W; v W, and, by Lemma 2, we have

W, = Pznpk—1+1(pr+k—1) A (vpznpk—li(pﬂrk_l) y Pank(p,Jrk))
i=1
and by Lemma 1(a), ax A 1 factors through W,.
Define 4 = P27~ +1 (p" A Pz”l’k_l(p”‘k_l) and write W, ~ AV B, where
B is 6npk_1 —2 connected. We now apply the splitting:

Q(AV B) ~ QAx QB x QA).

Since B x QA is 6npK~1—2 connected, the component of o A1 in B x QA is null
homotopic by part (b) of Lemma 1; this implies that ax A 1 factors through A4, ie
P2npk_1 +1 (pr—i—k—l) A P2npk_1(pr+k—1)

~ P4npk—1(pr+k—1) vP4npk_l+1(pr+k—1).

Lemma3 Suppose f: P™(p*t!) — P2"(p*) has order p*T'. Then m = (4n—2)p.

Proof By [1], there is a decomposition

QPZn(pS) ~ S2n—l{pS} % Q( \/ P(Zn—Z)k+3(pS)>‘
k=2

Since the identity of S2"~1{p*%} has order p® (see [4]), it follows that some component
of the second factor has order p**!. By Lemma 1(b) we have m > ((2n—2)k +2)p
for some k = 2. O

1

. . Kk— _
It now follows that oz A 1 has no essential component in P#"7" (p” tk=1) and we

conclude that oy A 1 factors as

P2np"' (pr+k) A T2npk i) P4npk_l+l(pr+k—l) i) Gr_1 A T2npk’
where f induces a monomorphism in mod p homology.

We will describe a map y: Gy—1 A 72" panptTliH1 (p"t*=1) with the property
that yB is a homotopy equivalence and y (o A 1) ~ *. This will complete the proof
that oz A 1 is null homotopic and Gy A T2"P" € wrtk=1,

The map y is the composition

2npk a1 M-t 2npk—141
Gk—l/\T P —)Gk_l/\QS —)Gk_l/\QS P

1

R Gy AS2P T panp Tt prbk—ty
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The first map in the composition comes from the projection in the fibration (1), and the
second is the James Hopf invariant. We will describe £ in the next proposition. The
fourth map comes from the splitting of Gy _; (from (B) and (D)).

Proposition 4 Suppose G is a co-H space. Then the inclusion
GAX —GAQZX
has a left homotopy inverse £&: G AQXX — G A X and & commutes with co-H maps.

Proof Let £ be the composition

GArSX 2L QG AQSY ~ QG AZQSY LS Qe Az 2 G Ay,

where v is the co—H structure map and € is an evaluation. Clearly £ is a left homotopy
inverse to the inclusion. If ¢: G — H is aco—H map, there is a homotopy commutative

square:
v

G YQG
¢l m(pt
H—Y-sQH
(see [2]), so the map & is natural for co-H maps. O

We now show that y induces an isomorphism in mod p homology in dimension
4npk_1 + 1. We first note that

Kk k
H4npk*1+1(Gk—1 AT?"P ) = H2np"*1+1(Gk—1) ® H2npk (Tan )=Z/p.

From the description of y and the fact that &, is an epimorphism, it follows that y
induces an isomorphism in this dimension. Since 8 induces a monomorphism, yj
induces an isomorphism in dimension 4n pk ~1 4 1. This implies that y8 is a homotopy
equivalence.

It suffices, then, to show that y(ax A 1) is null homotopic. We appeal to the con-
struction of y. We will show that the following diagram is homotopy commutative:

P2npk(pr+k) A T2"Pk —_— P2npk/\ Q§2n+l — P2npk/\ QSank71+1 —$> P2npk/\ S2npk71

Otk/\l\\ Otk/\ll Otk/\ll/ Olk/\ll

k k—1 £ k-1
G ATHP" ———= G | AQSHH! —= G AQS2WP" T+ —> G, _ A S2P

The composition of the bottom row with the splitting

1

k— k—1
Gk—l /\San N P4np —H(pr—i-k)
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is the map y, and the right hand vertical arrow is a suspension of «j . By (B) and (D)
in case k — 1, XGy_; is aretract of XGy so Xy is null homotopic. Consequently
it suffices to show that the diagram is homotopy commutative. The only issue is
resolved by:

Proposition 5« is a co-H map.
The proof of this result relies on:
Lemma 6 QGjp_;*xQGp_; € Wr’+k_1

Proof We use (A) in case k — 1 to see that the space QG _; * 2Gy_; is a retract of
QX 72" QR T2 Using the James splitting of QX , we have for any X

QTX x QT X ~ \/ XD A x W,

i=1

i>1
so it suffices to show that ST 2P "' A T2nP ! ¢ WI k=1 However by (A) in
case kK —1,
ST A 205 (Gl v Wi ) AT
~ Gy AT Wy AT
which is in VV,""k_1 by 4.3(1) and (D) in case k — 1. |

Proof of Proposition 5 It is required to show that there is a homotopy commutative
diagram:
ok

Pank (pr+k) Gr—_1

v’l Vik—1

P (prkyy PRt (prky S Gy v Gy

Let A: Pz’”’k( p" 1K) > Gr_1Vv Gy_; be the difference between the two sides. Since
v/ is a suspension, A is divisible by p”TA=1. The composition

2npk ky A
PP ) — Gr1V Gy — Groy X Gy
is null homotopic, since each component is oy — oy . However there is a splitting [2]

Q(Gr—1V G—1) = QGp—1 X Gf—1) X QQG—1 * QGf—1)
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r+k—1

so A factors through QG _; * 2Gj_; and is divisible by p in this space:

r+k—1
prrt(prtky L p2nt(prtk=ly L QG % QGr_ — Gr_qV Gy

Since QGy_1 *QGp_; € W,’+k—1 by Lemma 6, we can apply Lemma 1 with a =r
and b =r + k — 1. In this case

W, = QPank_l-l—l(pr—l—k—l) % QPZHpk_l+l(pr+k—1)

which is 4npk_1—2 connected. Since 2npk < p(4npk_1—1), A is null homotopic. O
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