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Coupled equations for Kihler metrics
and Yang-Mills connections

Luis ALVAREZ-CONSUL
MARIO GARCIA-FERNANDEZ
OSCAR GARCIA-PRADA

We study equations on a principal bundle over a compact complex manifold coupling
a connection on the bundle with a Kdhler structure on the base. These equations
generalize the conditions of constant scalar curvature for a Kihler metric and Hermite—
Yang—Mills for a connection. We provide a moment map interpretation of the
equations and study obstructions for the existence of solutions, generalizing the
Futaki invariant, the Mabuchi K—energy and geodesic stability. We finish by giving
some examples of solutions.

32Q20, 53C07

Introduction

In this paper we consider a system of partial differential equations coupling a Kéhler
metric on a compact complex manifold and a connection on a principal bundle over
it. These equations, inspired by the Hitchin—Kobayashi correspondence for bundles
and the Yau-Tian—Donaldson conjecture for constant scalar curvature Kéhler (cscK)
metrics, intertwine the curvature of a Hermitian—Yang—-Mills (HYM) connection on the
bundle and the scalar curvature of a Kédhler metric on the manifold.

To write our equations explicitly, let X be a smooth compact manifold and let G be
a compact real Lie group with Lie algebra g. Let E be a principal G -bundle over
X . We fix a positive definite inner product (-,-) on g invariant under the adjoint
representation. Let Qk be the space of smooth k—forms on X . Considering the space
Qk(ad E) of smooth k—forms on X with values in the adjoint bundle ad £, the inner
product of g induces a pairing

(0.1) QP(ad E)x Q9(ad E) — QP14

that we write simply as ap A aq for any aj € Q/(ad E), j = p,q. The unknown
variables of the equations are a Kihler structure (g, w, J) on the base X and a con-
nection A on E, where g, @ and J are respectively the metric, the symplectic form
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and the complex structure. We will say that a Kéhler structure (g, ®, J) on X and a
connection A on E satisfy the coupled Kihler—Yang—Mills equations with coupling
constants og,®; € R if:

0.2) AFgq=2z, }

aoSg +(11A2(FA ANFy) =c.

Here Sg is the scalar curvature of g, F4 is the curvature of 4, z is an element
of g that is invariant under the adjoint G —action and c¢ is a real number. The
precise values of z and ¢ are determined by the topology of E, the cohomology
class of w and the coupling constants o, &1 (see Remark 1.2 and (2.49)). The map
A: QP4 (ad E) — QP14 1(ad E) is the contraction operator acting on (p, ¢)—type
valued forms determined by the Kihler structure. In the sequel, we will refer to (0.2)
simply as the coupled equations.

A link with holomorphic geometry is provided by the additional integrability condition

0.3) F3? =0

between the complex structure J on the base and the connection 4. Here Fz’z denotes
the (0,2) part of the curvature, regarded as an (ad £)—valued smooth form on X . Let
G° be the complexification of the group G. When (0.3) holds, the pair (J, 4) endows
the associated principal G¢-bundle E¢ = E xg G¢ with a structure of holomorphic
principal bundle over the complex manifold (X, J).

The moment map interpretations of the constant scalar curvature equation for a Kihler
metric (cscK) and the HYM equation provide a guiding principle, leading to (0.2).
Indeed, equations (0.2) have an interpretation in terms of a moment map. This is the
subject of Section 1 and Section 2. As observed by Fujiki [21] and Donaldson [17], the
cscK equation has a moment map interpretation in terms of a symplectic form @ on the
smooth compact manifold X . The group of symmetries of the theory for cscK metrics
is the group H of Hamiltonian symplectomorphisms. This group acts on the space J*
of integrable almost complex structures on X that are compatible with @, and this
action is Hamiltonian for a natural symplectic form @ on J'. The moment map
interpretation of the HYM equation was pointed out first by Atiyah and Bott [4] for the
case of Riemann surfaces and generalized by Donaldson [15] to higher dimensions.
Here one considers the symplectic action of the gauge group G of the bundle £ on
the space of connections .4 endowed with a natural symplectic form w 4. Relying on
these two previous cases, the phase space for our theory is provided by the subspace of
the product

0.4) PcJ xA
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defined by the condition (0.3). Our choice of symplectic structure is the restriction to
P of the symplectic form

0.5) Wy = Qowg +4a1w4,
for a pair of non-zero coupling constants & = (g, 1) € R?.

Consider now the extended gauge group G defined as the group of automorphisms of
the bundle E covering Hamiltonian symplectomorphisms of X . This is a non-trivial
extension

(0.6) 1l—G—G—H—1,

where G is the group of automorphisms of £ covering the identity on X, and H, as
above, is the group of Hamiltonian symplectomorphisms of X'. The group G acts on
‘P and in Proposition 2.1 we show that this action is Hamiltonian for any value of
the coupling constants, we compute a moment map [y, and show that its zero locus
corresponds to solutions of (0.2). The coupling between the metric and the connection
occurs as a direct consequence of the structure of G. So, away from its singularities,
the moduli space of solutions is given by the symplectic quotient:

0.7) M = 115 (0)/G.

Furthermore, w, is a Kédhler form on P when o4 /o > 0, for a natural 5 —invariant
complex structure on P. Hence under this condition on the coupling constants, the
smooth locus of the moduli space of solutions (0.7) inherits a Kéhler structure.

We see that our problem merges the well-studied theories of Hermitian—Yang—Mills
connections (obtained for o1 /g > 0) and constant scalar curvature Kihler metrics
(which correspond to «1/ag = 0) into a unique theory. We thus expect the Kahler
moduli spaces obtained in our symplectic reduction process to have a rich geometry
and topology. In Section 2.3 we prove that (0.2) arise also as absolute minima of a
purely Riemannian functional for G —invariant Riemannian metrics on the total space
of E, providing a link to the classical Kaluza—Klein theory.

In Section 3, which is in some sense the heart of the paper, we undertake the study of
obstructions for the existence of solutions to (0.2), generalizing the Futaki invariant,
the Mabuchi K—energy and geodesic stability that appear in the cscK theory (Futaki
[22], Mabuchi [41], and Chen [11]). We do this geometrically, by considering the
following framework. We first fix a cohomology class Q € H?(X,R) and a smooth
principal G°~bundle E€ — X . Let I' be the Lie group given by those G°—equivariant
diffeomorphisms of E€ that cover an element in the connected component of the identity
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of the diffeomorphism group of X . In Section 3.1, we associate an infinite-dimensional
canonical I'-equivariant double fibration

(0.8) ’/ \“

B Z

to the data (X, 2, E€). Here B is the space of pairs (w, H), where w € Q is a
symplectic form on X and H is a reduction of E° to the maximal compact subgroup
G C G, and Z is a space parametrising holomorphic structures / on E€ inducing
a complex structure J on X . The space of compatible pairs C C B x Z is defined
as those elements of the product which induce a Kéhler structure on X . Using the
results of Section 2, in Section 3.1 we prove that the fibres of nz are (formally) Kéihler
manifolds endowed with Hamiltonian group actions.

As a preliminary step for the study of obstructions in Section 3.3, we prove in Section 3.2
that the fibres of 7z are infinite-dimensional symmetric spaces (that is, each fibre has
a canonical torsion-free affine connection V with covariantly constant curvature), with
holonomy group contained in the extended gauge group. Note that the fibre By of nz
over I € Z is

(0.9) BIZICJ XR,

where K is the space of Kiahler forms on (X, J) in the class € and R is the space
of G-reductions of E°. When specialized to the case of trivial G, we recover the
symmetric space structure constructed by Mabuchi [42] and rediscovered by Semmes
[51] and Donaldson [18]. Our construction follows closely Donaldson’s in [18, Sec-
tion 2]. A special feature of the symmetric space structure on By is that in general it
does not carry any canonical compatible Riemannian structure (see Remark 4.4). A
technical assumption in our construction is that the G —invariant metric in g used to
define (0.1) extends to a G ~invariant symmetric bilinear pairing

g°®g° —C,
where g¢ is the complexification of g.
In Section 3.3 and 3.4 we construct an «—Futaki character
Fr: Lie Aut(E€, I) — C,

which is a complex character of the Lie algebra of the automorphism group of the
holomorphic principal bundle (E€, I') and which vanishes when (0.2) is satisfied, and
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an «—K-energy
M]Z B[ — R,

which is convex along geodesics on By and bounded from below when (0.2) is satisfied,
provided that the symmetric space By is geodesically convex. Furthermore, we motivate
a definition of geodesic stability of the orbit I"- I and conjecture a link with (0.2) when
'y is finite. We give explicit formulae for the character Fy, the functional Mj and
the geodesic equation on By. When specialized to the case in which G€ is trivial,
we recover the Futaki character [22], the Mabuchi K—energy [41] and the notion of
geodesic stability [11; 18] used in the study of the cscK equation for Kihler metrics.
The contents of Section 3.4 will be used in Example 5.9 to provide an explicit situation
in which there cannot exist solutions to the coupled equations.

We would like to point out that the framework developed in Section 3 is rather general
and may be applied to other situations, in particular, to equations with a further coupling
with Higgs fields.

In Section 4, we establish sufficient conditions for the existence of solutions to the
coupled equations near a given solution, when the coupling constants and the K#hler
cohomology class are deformed while the complex structure of the base manifold
remains fixed. Our approach is based on a generalization of techniques developed by
LeBrun and Simanca [38; 39] for the corresponding problem in the cscK theory. We fix
a complex structure on X and a structure / of a holomorphic principal G°~bundle on
E*, and consider the space of solutions (@, H) of (0.2) with w in a fixed cohomology
class €2 and fixed g, 1. Then we study the behaviour of this space with respect to
deformations of the coupling constants and the Kihler class in a parameter space:

(0.10) (ag, 1, Q) e R? x HV(X, R).

Before doing this, in Section 4.1 we introduce the notion of extremal pairs (v, H).
They are analogues in our theory of Calabi’s extremal metrics in Kéhler geometry. In
particular, an extremal pair (w, H), with w € 2, is a solution of (0.2) if and only if the
o—Futaki character associated to I and €2 vanishes (Proposition 4.2). In Section 4.3
we study the linearization of (0.2) and in Section 4.4 we prove that when o /ag > 0,
any solution of the coupled equations (0.2) can be deformed into an extremal pair, for
small deformations in the parameter space (0.10) (Theorem 4.10). In Section 4.5 we
obtain a criterion for the existence of solutions of (0.2) in the weak coupling limit
ay; — 0, e, for 0 < |aq/ag| < 1 (Theorem 4.18).

In Section 5 we discuss some examples of solutions of (0.2) and explain how the
existence of solutions to the limit case oy = 0 can be applied, using results of Y J Hong in
[30], to obtain cscK metrics on ruled manifolds. As for the examples, in Section 5.1 we
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deal with the case of vector bundles over Riemann surfaces and projectively flat bundles
over Kéhler manifolds satisfying a topological constraint. In both situations, the coupled
system (0.2) reduces to the limit case oy = 0 (cscK equation and HYM equation).
When dimc X > 1, we use Theorem 4.10 to deform the Kihler class and provide
non-trivial examples of solutions. In Section 5.2 we consider homogeneous Hermitian
holomorphic vector bundles over homogeneous Kihler manifolds. In Section 5.3 we
discuss some (well known) examples of stable bundles over Kihler—Einstein manifolds
where Theorem 4.18 applies. Section 5.3 provides examples of solutions in which
the Kéhler metric is not cscK and also examples where the invariant F; obstructs the
existence of solutions for small ratio of the coupling constants.

Coupled equations for metrics and connections have of course been studied for a long
time in the context of unified field theories in physics and more recently in string theory
(see eg Li and Yau [40]). They have also been considered in the context of Riemannian
geometry, like the Einstein—-Maxwell equations on 4-manifolds studied in LeBrun [37].
Our motivation, however, for this work has been to find a Kihler analogue of these
situations. Another important motivation for us comes from the relation with algebraic
geometry, in particular with the moduli problem for pairs consisting of a polarised
manifold and a holomorphic bundle over it. Despite its intrinsic mathematical interest
and its relevance in theoretical physics, the latter problem has been little explored,
probably due to the hard technical difficulties that arise in the algebro-geometric
approach as soon as the complex dimension of the base is greater than 1 (see Gieseker
and Morrison [27], Caporaso [9], and Pandharipande [46] for the case of curves, and
Huang [31], and Schumacher and Toma [50] for higher dimensions). Throughout this
paper we hope to show that the study of our coupled equations provides a reasonable
differential-geometric approach to the moduli problem for bundles and varieties, giving
compelling evidence of the existence of a Hitchin—Kobayashi correspondence for the
coupled equations as has been conjectured in Garcia-Fernandez [25].

Since this paper was finished, there have been several developments in the theory of
the coupled Kihler—Yang—Mills equations. Keller and Tgnnesen-Friedman [32] have
found solutions on line bundles over complex threefolds (with positive ratio o > 0) that
do not admit any cscK metric in the class of the polarisation. The second author, jointly
with C Tipler, has recently found new examples of solutions [26], by deformation of the
holomorphic structure on a homogeneous bundle over P! x P!. More remarkably, an
interesting relation between the coupled equations and physical equations, describing
gravitating vortices over a Riemann surface, has been recently found by the authors
[2]. These vortices represent the coupling of gravity and a condensed matter system
and are known in the physics literature as cosmic strings (or topological defects) in the
Abelian Higgs model. Based on classical results by Y Yang [60], this relation provides
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a plethora of solutions of the coupled equations in P! x P! and a explicit (conjectural)
description of the moduli space (0.7) and the stability condition for this particular case.

Acknowledgements

We want to thank Olivier Biquard, David Calderbank, Simon Donaldson, Nigel Hitchin,
Julien Keller, Alastair King, Ignasi Mundet i Riera, Vicente Muifioz, Julius Ross, Ignacio
Sols, Jacopo Stoppa and Richard Thomas for helpful discussions and suggestions.
We also wish to thank the Max Planck Institute for Mathematics (Bonn), and the
Isaac Newton Institute for Mathematical Sciences for their hospitality and support.
MGEF thanks Instituto de Ciencias Matemadticas (Madrid), Imperial College (London),
University of Paris 6 and Humboldt University (Berlin) for their hospitality.

The first and the third authors are partially supported by the Spanish Ministerio de
Ciencia e Innovacion (MICINN) under grant MTM?2010-17717. The initial work of
LAC was supported by the Spanish “Programa Ramén y Cajal”. Partial support of
LAC was also provided by CSIC research grant 2009501027. The initial work of MGF
was supported by an I3P grant of the Consejo Superior de Investigaciones Cientificas.
Subsequent support of MGF was provided by QGM (Centre for Quantum Geometry of
Moduli Spaces), funded by the Danish National Research Foundation and by the EPFL
(Ecole Polytechnique Fédéral de Lausanne). MGF wishes also to thank the Max Planck
Institute for Mathematics in Bonn (which he was visiting while part of this research
was carried out) and the SFB 647 project (Humboldt University, Berlin) for financial
support.

1 Hamiltonian action of the extended gauge group

In this section we define the extended gauge group G of a bundle over a compact
symplectic manifold, an extension of the infinite-dimensional Lie groups involved in
the moment map problems for the HYM and the cscK equation. We show that the
action of G on the space of connections of the bundle is Hamiltonian and compute
an equivariant moment map. Symplectic reductions by Lie group extensions have
been studied in the literature in various degrees of generality (see Marsden, Misiotek,
Ortega, Perlmutter and Ratiu [43] and references therein). Previous work includes
split group extensions and more general ones, although it seems that the moment map
calculations of Section 1.3, based on Proposition 1.3, have not been previously made
(cf [43, Section 3.2]).
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1.1 The Hermitian-Yang—Mills equation

First we set out some notation in order to review the moment map interpretations of
the HYM equation. Let X be a compact symplectic manifold of dimension 2n, with
symplectic form @, G a real compact Lie group with Lie algebra g, and £ a smooth
principal G—bundle over X, with the G —action on the right. In the sequel ¥ will
denote w* /k!. The spaces of smooth k—forms on X and smooth k—forms with values
in any given vector bundle F on X are denoted by Qk and QX (F), respectively. Fix
a positive definite inner product on g, invariant under the adjoint action, denoted

(-,-):g®g—R.

This product induces a metric on the adjoint bundle ad £ = E X g, which extends to
a bilinear map on (ad E)-valued differential forms (we use the same notation as in [4,
Section 3])

(1.11) QP(ad E)xQ9(ad E) — QP19 (ap,aq) —> ap Aay.
We consider the operator
A=Ay QF — QF2,
(1.12)
YV — a)ﬁ_lw,

where {f is the operator acting on k —forms induced by the symplectic duality ff: 7* X —
TX and _ denotes the contraction operator. Its linear extension to Qk(ad E ) is also
denoted A: Qk(ad E)— Qk—2 (ad E) (we use the same notation as, eg, in [15]).

Let A be the set of connections on E . This is an affine space modelled on Q' (ad E),
with a left action of the gauge group G of E, ie, the group of G—equivariant dif-
feomorphisms of E covering the identity map on X . The 2—form on .4 defined by

(1.13) wala,b) =/ anb Ao

X
for a,b e TyA = Ql(ad E), A € A, is a G—invariant symplectic form. As observed
by Atiyah and Bott [4] when X is a Riemann surface and by Donaldson [15; 16] in
higher dimensions, the G—action on A is Hamiltonian, with equivariant moment map

ng: A— (Lie G)* given by

(1.14) (1g(4),¢) = /X ¢ A (AFq— 2yl
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for Ae A, t eLieG = Q%ad E), where Fy € Q?%(ad E) is the curvature of 4 € A
and z is an element of the space

(1.15) 3=10°

of elements of g that are invariant under the adjoint G —action, that we identify with
sections of ad E. Recall that the moment map satisfies

d{pg, ) = Yeawa

for all { € LieG, where Y is the vector field on A generated by the infinitesimal
action of ¢, and equivariance means that, forall g € G and 4 € A,

ng(g-A) = Ad(g™")*ug(A).

Suppose now that X is a Kidhler manifold, with Kéhler form » and complex structure
J . Consider the complexification G¢ of G and the associated principal G°—bundle
E¢ = F xg G, where G acts on G° by left multiplication. There is a distinguished
G—invariant subspace

(1.16) Al cA

consisting of connections A with F4 € Q2 1J’1 (ad E), or equivalently satisfying Fz’z =0,
where Qf,”q (ad E) denotes the space of (ad E)—valued smooth (p,q)—forms with
respect to J and Fg’z is the projection of F4 into Q(}’z(ad FE). This space is in
bijection with the space of holomorphic structures on the principal G°~bundle E€ over
the complex manifold (X, J) (see Singer [52]).

Definition 1.1 A connection 4 € A1J’1 is called Hermitian—Yang—Mills if it satisfies
the Hermitian—Yang—Mills equation

(1.17) AF =1z

Remark 1.2 The element z € 3 in the right-hand side of (1.17) is determined by the
cohomology class Q := [w] € H*(X) and the topology of the principal bundle E.
This follows after applying (z;,-) to (1.17), for an orthonormal basis {z;} of 3 C g,
and then integrating over X, we obtain

_ v @ ueliix)
= Z Volg

(118) Z.
J

Here, Q¥ := QK / k!, Volg := [} ol = (QI"), [X]) and z; (E) :=[z; A F4] € H?(X)

is the Chern—Weil class associated to the G —invariant linear form (z;,-) on g, which
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only depends on the topology of the bundle E (see Kobayashi and Nomizu [36, Ch XII,
Section 1]).

The moduli space of Hermitian—Yang—Mills connections is defined as the set of classes
of gauge equivalent solutions to (1.17). This coincides with the quotient

(1.19) ng'(0)/G.

where g is now the restriction of the moment map to AIJ’I . Away from its singularities,
AIJ’I inherits a complex structure compatible with w4 and hence a Kihler structure.
Thus the smooth locus of AIJ’I is a Kihler manifold endowed with a Hamiltonian
G—action and hence, away from singularities, the moduli space of Hermitian—Yang—
Mills connections can be constructed as a Kéhler reduction, which, if non-empty, is a
finite-dimensional Kéhler manifold.

1.2 Hamiltonian actions of extended Lie groups

Consider a general extension of Lie groups
(1.20) 1—G0—5G-5H—1.

We will describe now, under certain assumptions, the Hamiltonian action of G ona
symplectic manifold, in terms of G and . In the next section we will apply this
general set up to the case in which the symplectic manifold is the space of connections
of a bundle and G is the extended gauge group mentioned in the introduction; this may
explain the notation.

The extension (1.20) determines an extension of Lie algebras
(1.21) 0 —> LieG —> Lie G —> Lie H —> 0,

where the use of the same symbols ¢ and p should lead to no confusion. Note that the
short exact sequence (1.21) does not generally split as a sequence of Lie algebras, but
it always does as a short exact sequence of vector spaces. Let W C Hom(Lie G.Lie G)
be the affine space of vector space splittings. Since G C G is a normal subgroup, there
is a well-defined G—action on W, given by

g-0:=Ad(g)ofoAd(g” ") for ge G, OeW.

Let A be a manifold with an action of the “extended” Lie group G. Suppose that
there exists a G —equivariant smooth map 6: A — W . Let w4 be a symplectic form
on A preserved by the G—action. Using 6, we will characterise the existence of a
5 —equivariant moment map for this action in terms of G and H. The case considered
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in this paper (see Section 1.3) is an example where such a 6 exists. Observe that if
A is a point, then 6 determines an isomorphism Lie G = Lie G x Lie H, which shows
that in this case the existence of 6 is a very strong condition.

Suppose that the G-action is Hamiltonian, with G —equivariant moment map ug: A —
(Lie 5)* . We can use 6 to decompose this map into two pieces corresponding to Lie G
and Lie . Consider #1 uniquely defined by Id — 06 = 61 o p, where ¢ and p are
given in (1.20). Then the map

W — Hom(Lie H, Lie Q)
01— 0+,
is G —equivariant, where the G—action on Hom(Lie #H, Lie 5) is given by
g0+ =Ad(g) o0 0 Ad(p(g™")
for g € 5 . Moreover, the map
6+: A —> Hom(Lie H, Lie G)
is G —equivariant and we can decompose the moment map as
(122) (g §) = (g, 168 + (g, 6+ p(©)),

for all ¢ € Lie G, where the summands in the right hand side define a pair of G-
equivariant maps ug: A — (Lie G)*, 0p: A — (Lie H)*, given by

(ng. ) == {ng.g) forall { € Lie G,
(09, n) == (1g, 6+n) forall n € Lie H.

Note that since G is a normal subgroup of G, we can require the map pug to be
G —equivariant. It is now straightforward from the moment map condition for pg to
check that g is a moment map for the G—action on A, ie, d(jig, ) = Yraw 4 for all
¢ € LieG. In order to see that gy satisfies a similar infinitesimal condition, giving our
characterization of Hamiltonian 5 —action, we first introduce some notation. Given a
smooth map ¢: 4 — Lie g, Y denotes the vector field on A given by

=4
(1.23) Y;|A = =0 exp(tty)- A,
for all 4 € A. In particular, 8: A — W induces a map

Ypi: LieH — Q%UT A),

n— Ypi,.
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Note also that, by definition, d0 is a G-invariant Hom(Lie 7, Lie G)—valued 1-form
on A.

Proposition 1.3 The 5 —action on A is Hamiltonian if and only if the action of G C 'g'
on A is Hamiltonian, with a G—equivariant moment map jg: A — (Lie G)*, and there
exists a smooth G —equivariant map og: A — (Lie H)* satisfying

for all n € Lie’H. In this case, a g—equivariant moment map ji5: A — (Lie 5)* is
given by

(1.25) (1g-¢) = (ng.0¢) + (04, p(¢)) forall ¢ € LieG.

Proof To prove the “only if” part it remains to check (1.24). This follows by definition,
differentiating in (1.22) and using that

d{ug, 08) = (dng. %) + (ug. (df.n)),
Yeow =Ygeaw + Ygi, a0 with n:= p({),

where the first equation is obtained applying the chain rule, and the second one holds
because ¢ = ¢ + 617 and Y¢ is linear in . The “if” part is straightforward from the
statement and is left to the reader. |

Note that condition (1.24) for o generalizes the usual infinitesimal condition Yy w4 =
d{u, n) (n € H) for moment maps py for the induced H—action on A when the
Lie group extension (1.20) splits.

1.3 The extended gauge group action on the space of connections

We apply now the general theory developed in Section 1.2 to compute the moment
map for the action of the extended gauge group of a bundle over a compact symplectic
manifold, on the space of connections.

Let X be a compact symplectic manifold of dimension 27, with symplectic form w. Let
G be a Lie group and E be a smooth principal G-bundle on X, with projection map
w: E — X . Let H be the group of Hamiltonian symplectomorphisms of (X, ®) and
Aut E be the group of automorphisms of the bundle E. Recall that an automorphism
of E is a G—equivariant diffeomorphism g: £ — E. Any such automorphism covers
a unique diffeomorphism g: X — X, ie, a unique g such that wog = gom. We define
the Hamiltonian extended gauge group (to which we will simply refer as extended
gauge group) of E,
G CAWE,
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as the group of automorphisms that cover elements of . Then the gauge group of
E, already defined in Section 1.1, is the normal subgroup G C G of automorphisms
covering the identity.

The map G N ‘H assigning to each automorphism g the Hamiltonian symplectomor-
phism g that it covers is surjective. To show this, let 4 € H. By definition there exists
a Hamiltonian isotopy [0, 1]x X — X: (¢, x) — hs(x) from hg =1d to h; = h, which
is the flow of a smooth family of vector fields n; € Lie H, ie, with dh;/dt = n; o hy
(see eg McDuff and Salamon [45, Section 3.2]). Choose a connection 4 on E. Let
{r € LieG be the horizontal lift to E of ny given by A. The vector fields {; are
G —invariant so their time-dependent flow g; exists for all £ € [0, 1] and the g;: £ — E
are G —equivariant. Since {; is a lift of n; to E, its flow g; covers h; (ie, h; = g;),
so in particular g; € G for all ¢ and g1 € G covers h = hq. Thus p is surjective. We
thus have an exact sequence of Lie groups

(1.26) 1 —G¢-5G 50—,
where ¢ is the inclusion map.

Remark 1.4 Note that the sequence (1.26) is exact even when the structure group
G and the base manifold X are non-compact. The crucial fact is that A lies in the
identity component of the diffeomorphism group Diff X of X (see Abbati, Cirelli,
Mania and Michor [1] for further details).

There is an action of Aut E, and hence of the extended gauge group, on the space A of
connections on E. To define this action, we view the elements of A as G —equivariant
splittings A: TE — VE of the short exact sequence

(1.27) 0—VE —>TE —n*TX —0,

where VE = kerdm is the vertical bundle. Using the action of g € Aut E on TE, its
action on A is given by g- A := go Ao g~!. Any such splitting 4 induces a vector
space splitting of the Atiyah short exact sequence

(1.28) 0 —> Lie G — Lie(Aut E) —2> Lie(Diff X) —> 0

(cf [4, equation (3.4)]), where Lie(Diff X) is the Lie algebra of vector fields on X
and Lie(Aut E) is the Lie algebra of G —invariant vector fields on E. This splitting is
given by maps

(1.29) 04: Lie(Aut E) —> LieG, 03: Lie(Diff X) —> Lie(Aut E)

such that to 64 + 0 /Jl- o p =1Id, where 64 is the vertical projection given by 4 and QAL
the horizontal lift of vector fields on X to vector fields on E given by A.
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Lemma 1.5 Let A € A, ¢ € Lie(AutE) and ¢ := p(¢) € Lie(Diff X). Then the
infinitesimal action Y¢) 4 € T4 A = Ql(ad E) of ¢ on A is given by
(1.30) Yeia = —da(048) —LLFy,

where d4: Q% (ad E) — Q¥+ (ad E) is the covariant derivative associated to A.

Proof By the Leibniz rule, for all v € Q%(TE),

d

Eltzo(ert o Aoe " (v)) = 04[¢, ] — ¢, 4v] = O4[C, v — O],

where in the second equality we have used the fact that { covers a vector field év‘ on
X, so that the vector field [£, 84v] is vertical. It is easy to see that this expression is
tensorial in v, so at each point of E it only depends on its projection w«v. Hence the
vector Y¢ 4 € T4A, regarded as an element of Ql(ad E), is given by

Ye14(0) = 04, 04 ] = (048, 05 9] + 04105, 0% ]
= (—d4(048) — CaFa) (p),

for any y € QO(TX), where we have used the formulae

(1.31) vadat =[052.8l. Fa(y.y') = —04l05.65)']
(see the equation before (4.2) and the equation after (3.4) in [4] and note that we are
using a different sign convention for the curvature). O

The splitting (1.29) restricts to a splitting of the exact sequence

(1.32) 0 —> LieG — Lie G —> LieH —> 0

induced by (1.26). Following the notation of Section 1.2, it is easy to see that the map
6: A— W,

1.33
( ) Ar— 0y,

isa g —equivariant smooth map. It is also clear that the G-action on A is symplectic,
for the symplectic form (1.13). The methods of Section 1.2 apply here to provide a
moment map. To see this, we use the isomorphism of Lie algebras

(1.34) Lie H =~ C°(X),

where Lie H is the Lie algebra of Hamiltonian vector fields on X" and Cg°(X) is
the Lie algebra of smooth real functions on X with zero integral over X with re-
spect to o™, with the Poisson bracket. This isomorphism is induced by the map
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C*°(X) — Lie H: ¢ > ng4, which to each function ¢ assigns its Hamiltonian vector
field ny, defined by

(1.35) dp =ngaw.
Proposition 1.6 The G —action on A is Hamiltonian, with equivariant moment map
ng: A— (LieG)* given by

(1.36) (g 0) = (g, 0¢) + (0. p(¢)) forall ¢ €LieG,
where ug: A— (LieG)* and 6. A — (Lie H)* are given by
(1. 05)(A) = [ 6aE A (AF4=2)0

(1.37)
(0,14)(A) =—}1/ G(A2(Fg A Fq)—4ANFq A 20,
X

forall A€ A, ¢ € Cg°(X).

Proof The result follows, by Proposition 1.3, from the facts that pg and o are G-
equivariant, which is immediate from (1.37) by the change of variable theorem, and
the map o defined by (1.37) satisfies (1.24). To show this, let ¢ € Lie(Aut E), A € A
and note that (1.30) also applies to maps ¢{: A — Lie(Aut £) (with Y¢| 4 defined by
(1.23)). In particular,

Yejn(A) =-naFy for nelieH.

The Hom(Lie H, Lie G)—valued 1-form df on A is given by
df(a): LieH — Lie g,

N (db(a),n) = a(n),

for A€ A and a € TyA = Q!(ad E). Observe that the quantity

M’(A)=fX(9A§Az_¢AFAAZ)w[n]

is locally constant on A4, so it is enough to assume z = 0. To see this, we use the path
Ay = A +ta to calculate

d

Elt:()ﬂ/(/l—i_ta) :\/)\(a(rhb)/\Zw[n]_¢dAa/\Za)[n_l]

2/ a/\za’q)/\a)[”_l]—¢dAa/\za)[”_1]=0.
X
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Here we have used the identity dF4, /dt = d4a for t = 0 and integration by parts,
combined with the equality

anzdp o1 = a(ng) A zol™,
Assuming z = 0, for the last term of the right hand side of (1.24), we have
A (FgAF o™ =2F4 A Fy A2,

Using now the Bianchi identity d4 F4 = 0, a similar calculation as before shows that

(1.38) don)@ =54 [ 6 nFa)nol

——/ ¢dAa/\FA/\w[”_2]
X

= / (aw) Aa A FqAol"21,
X

To compute the integral in the last equality, note that (aA F4) Aw™ ! =0, so contracting
with n we obtain

anFan@moo) Ao =am) A AF 0™ —a A (naFg) Ao,

using the identity Fyq A o1 = AF Aw[”]. Combined with (1.38), we thus obtain
(1.24):

d(o,n)(a)=/XaA(nJFA)Aw"—1—fXa(n)A(AFA—z)w["l

= (Yp1p04) (@) — (ug. (d0(a). ). u|

2 The coupled equations

In this section we give a moment map interpretation of the coupled equations (0.2)
for the action of the extended gauge group, introduced in Section 1. We also define
a purely Riemannian functional, the Calabi—Yang—Mills functional, whose absolute
minima over the phase space are precisely the solutions of the coupled equations, that
we interpret in terms of the Kaluza—Klein theory for G —invariant metrics on the total
space of the bundle. With this purpose we first recall the moment map interpretation of
the cscK equation given by Fujiki and Donaldson.
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2.1 The Hermitian scalar curvature

The moment map interpretation of the scalar curvature was first given by Fujiki [21] for
the Riemannian scalar curvature of Kidhler manifolds and generalized independently by
Donaldson [17] for the Hermitian scalar curvature of almost Kihler manifolds. Here
we follow closely Donaldson’s approach.

First we recall the notion of Hermitian scalar curvature of an almost Kéhler manifold.
Fix a compact symplectic manifold X of dimension 27, with symplectic form w. An
almost complex structure J on X is called compatible with w if the bilinear form
gs(-,-):=w(-,J-) isaRiemannian metric on X . Any almost complex structure J on
X that is compatible with @ defines a Hermitian metric on 7* X and there is a unique
unitary connection on 7* X whose (0,1) component is the operator dy: Q‘II’O — QIJ’I
induced by J. The real 2—form p is defined as —1i times the curvature of the induced
connection on the canonical line bundle Ky = Af.T* X, where i is the imaginary unit
v/—1. The Hermitian scalar curvature S is the real function on X defined by

(2.39) Sy =20, A1,

The normalization is chosen so that Sy coincides with the Riemannian scalar curvature
when J is integrable. The space J of almost complex structures J on X that are
compatible with @ is an infinite-dimensional Kéhler manifold, with complex structure
J: Ty J — T;J and Kéhler form w7 given by

(2.40) JO:=J® and ws (¥, d):= % / tr(J U)ol
X

for ®, e Ty 7, respectively. Here we identify 7'y 7 with the space of endomorphisms
®: TX — TX such that ® is symmetric with respect to the induced metric w(-, J-)
and satisfies ®J = —JP.

The group H of Hamiltonian symplectomorphisms /#: X — X acts on J by push-
forward, ie, h-J :=hyoJo h;l , preserving the Kihler form. As proved by Donaldson
[17, Proposition 9], the H—action on 7 is Hamiltonian with equivariant moment map
wy: J — (LieH)* given by

(2.41) (un(J).ng) =— /X pSyo,

for ¢ € Cé’o (X), identified with an element 7y in Lie H by (1.34) and (1.35). The
H —invariant subspace 7' C J of integrable almost complex structures is a complex
submanifold (away from its singularities), and therefore inherits a Kdhler structure.
Over J! , the Hermitian scalar curvature Sy is the Riemannian scalar curvature of the
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Kéhler metric determined by J and w. Hence the quotient

(2.42) 13 (0)/H.,

where 13, is now the restriction of the moment map to 7%, is the moduli space of
Kéhler metrics with fixed Kdhler form @ and constant scalar curvature. Away from
singularities, this moduli space can thus be constructed as a Kéhler reduction (see [21]
and references therein for details).

2.2 The coupled equations as a moment map condition

Fix a compact symplectic manifold X of dimension 2n with symplectic form w, a
compact Lie group G and a smooth principal G-bundle £ on X . Let J be the space
of almost complex structures compatible with w and A the space of connections on
E . Using the symplectic forms on A and 7 induced by w (see (1.13) and (2.40)), we
define a symplectic form on the product 7 x A, for each pair of non-zero real constants
o = (ag,a1), as the weighted sum

(2.43) Wy = A7 + 4oy

(we omit pullbacks to J x .A). The extended gauge group G has a canonical action on
J x A and this action is symplectic for any w, . Following the notation of Section 1.3,
this action is given by

g-(J,A)=(p(g)-J.g-A),

for g € G and (J,A) e J x A, with p as in (1.26). Using the moment maps (yx and
pg given by (2.41) and Proposition 1.6, we obtain the following.

Proposition 2.1 The G-action on J x A is Hamiltonian with respect to wy, with
equivariant moment map [ty: J X A — (Lie G)* given by

244) (a(J. A).0) = 4a; / 648 A (AF4— )l
X
~ [ #anSs +aiA2(Ea A F) — e AEg A2
X
forall (J,A)e T x A, € Lie G, and p(§) = ng with ¢ € C3°(X).

The G—action also preserves the almost complex structure I on 7 x A given by
(2.45) I(J.a) = (JJ.~a(J ),

for all (J ,a) € Ty J x T4A. Using the complex structure J on J given by (2.40),
the canonical projection J x A — J becomes now a holomorphic submersion. It is
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easy to see that, for oo, a; positive, the complex structure I is compatible with the
family of symplectic structures (2.43). The formal integrability of the almost complex
structure I is not obvious a priori, so we now provide a proof of this fact. By “formal
integrability” here, we mean, as in [18], that the associated Nijenhuis tensor vanishes.

Proposition 2.2 The almost complex structure 1 is formally integrable.

Proof Since the complex structure J on the base 7 and the one on each fibre are
integrable, the integrability condition for I reduces to the vanishing condition for the
value of the Nijenhuis tensor Ny on each pair of vectors JeT;T, ae T4A, for
(J,A) e J x A. Now, a and J extend to vector fields on A and 7, respectively, and
hence to J x A (a extends to a constant vector field on the affine space A and J
extends to a vector field on 7 given by j| g =(1/2)(JJJ' = J'JJ)). Furthermore,

M(J,a) =1, Yd)—1[1J,a]=1[J Xa]—[J,a] = [IJ,Xa] = 1[J , 1],

where the brackets denote the Lie brackets between vector fields on 7 x A and we
have used the fact that [IJ, a] = [J, a] = 0 because the flow of a covers the identity
on J . To compute the remaining terms, we denote by J;(J) the flow of any vector
field J on J, viewed as a vector field on 7 x A. Then J;(J) induces the identity on
A, and hence
T —_— d . d .
NI(J, Cl) = E|t=ola|']f(”) _I|Jz|t=01a|‘]f('])

d . d .
- _“ 1J)- I, .

IR ES VIO AOD

=—a(JJ)—a(JJ)=—a(JJ+JJ-)=0,
where a is now viewed as an element of Q!(ad E).
Note that the vanishing of Nl(j ,a) does not require any compatibility condition

between J and w. O

Remark 2.3 There is another G —invariant almost complex structure on 7 X A, which
is given by I'(J,a) = (JJ,a(J-)). This is compatible with wg for ag > 0 > a;, and
the projection J x A — J is pseudoholomorphic for this I’, but one can modify the
proof of Proposition 2.2 to show that I is not formally integrable.

Suppose now that X has Kéhler structures with Kahler form . In the notation
of Section 2.1, this means that the subspace [J* C J of integrable almost complex
structures compatible with w is not empty. Define

(2.46) PCcJIxA
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as the space of pairs (J, A) with J € 7" and 4 € AIJ’I , where .AIJ’I C A is the space
of connections defined in (1.16). Then P C 7 x A is a G—invariant complex and hence
Kihler subspace by construction (see also Lemma 3.1).

We say that a pair (J, A) € P satisfies the coupled Kihler—Yang—Mills equations if

AF =z, }

(2.47) oSy +Ol1A2(FA/\FA)=C,

where S is the scalar curvature of the metric gy = w(-,J-) on X and ¢ € R. These
equations are the central subject of this paper. The set of solutions to the coupled
equations is invariant under the action of G and we define the moduli space of solutions
as the set of all solutions modulo the action of G. We have the following.

Proposition 2.4 The subset j1,,'(0) C P coincides with the set of pairs (J, A) € P
satisfying equations (2.47).

Proof Suppose that (J, 4) € u;l (0). First, evaluating pq(J, A) on elements of the
form le-n with n € Lie H, we see that there exists a ¢’ € R such that
¢ —aogSy 5
(2.48) ————— =AY (FgANFq)—4ANF 4Nz
o7

= 2|AF4> —2|F4* +8|F3?> —4AF4 Az,

where the last equality follows from a pointwise computation (cf Mundet i Riera
[49, proof of Lemma 7.9]). Here, the pointwise norms are defined using the metric
g7 = w(-,J-) and the inner product (-,-) on g and Fﬁ’z denotes the (0, 2) part
of F4 with respect to J. Second, as (uq(J, 4),¢) = 0 for all ¢ € LieG, we have
A F4 = z and hence it is straightforward to see from (2.48) that

a0Sy + a1 A2(Fy A Fy) =c' +4aq]z]* € R.
The converse follows also from (2.48). a

Note that we have not used the fact that (J, A) € P. Observe also that ¢ is a “topological
constant”, ie, it only depends on the cohomology class Q :=[w] € H?(X), the topology
of the bundle E and the coupling constants o, &7 (cf Remark 1.2). This follows by
integrating the second equation in (2.47) over X, obtaining

(2.49) ¢ = oS + 20,2,
where § is the average of the Hermitian scalar curvature,

. Syl aXx)yul-1x
(2.50) §.= I Sse 71( 1(X) ¥])
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which only depends on the cohomology class Q € H*(X), and

_Jy FAnFanol"A (c(Eyu Q2 [x])

2.51 C: =
251 ¢ [y ol Volg

’

where ¢(E) := [F4 A F4] € H*(X) is the Chern—Weil class associated to the G—
invariant symmetric bilinear form (-,-) on g, and so ¢ only depends on € and the
topology of E (see [36, Ch XII, Section 1]).

From Proposition 2.4, we can identify the moduli space of solutions to the coupled
equations with the quotient

(2.52) 1y (0)/G,

where 1y denotes now the restriction of the moment map to P. Away from singularities,
this is a Kéhler quotient for the action of G on the smooth part of P C 7 x A equipped
with the Kéhler form obtained by the restriction of @y, .

Remark 2.5 The coupled equations (2.47) can also be written as:

AF =z, }

2.53
(2.53) aOSg—2oz1|FA|§=c—2a1|z|2.

Here S, is the scalar curvature of the metric g = (-, J-), |F, A|§ is the pointwise
norm of F4 defined using g and the inner product (-,-) on g, and z € 3, c € R are
as in (2.47). The purely Riemannian nature of the second (scalar) equation in (2.53)
will be used in Section 2.3. The equivalence of (2.47) and (2.53) follows from (2.48)
using that 4 € A}' (ie, F3> =0).

2.3 The Calabi-Yang—Mills functional

Kihler metrics of constant scalar curvature arise as the absolute minima of the Calabi
functional [8], which is defined as the L2-norm of the scalar curvature for Kihler
metrics running over a fixed Kihler class on a compact complex manifold. Alterna-
tively, we can see the cscK metrics as the absolute minima of the L?—norm of the
scalar curvature defined over the space J° of complex structures compatible with a
fixed symplectic form w (see eg Futaki and Ono [24]). As a further step in Calabi’s
programme, in this section we define the Calabi—Yang—Mills (CYM) functional CYM,, .
This is a purely Riemannian functional that intertwines the Yang—Mills functional
for connections with the L?—norm of the scalar curvature of invariant metrics in the
total space of the principal bundle E. Interpreting the elements of 7 x A as invariant
Riemannian metrics g, on E, we prove that the absolute minima of CYM, over
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J' x A are precisely the solutions (J, A) € P of (2.47). We will also see that the
coupled equations (2.47) can be formulated in terms of the Ricci tensor and the scalar
curvature of g4, when it is defined by an element of a suitable subspace P* C P.

We start with a principal G—bundle E over a compact manifold X and a fixed G-
invariant inner product (-,-) on g. Consider the G —invariant metric gy on the vertical
bundle VE C TE induced by (-, -) via the identification of VE with the trivial bundle
E x g. Using a connection 4 on E and a scaling constant « > 0, each Riemannian
metric g on X lifts to a G—invariant Riemannian metric g, on E, given by

(2.54) Ga=n"g+agy(04-.604),

where : E — X is the canonical projection and 64: TE — VE is the vertical pro-
jection determined by A. Given positive constants «q, «; € R, we denote respectively
by Sg,, voly and Voly(E) the scalar curvature and the volume form of the metric g4
and the volume of E with respect to g4, Where o = 20y /ag. We also denote by volg
and Volg (X) the volume form of the metric g and the corresponding volume of X,
respectively. We define the Calabi—Yang—Mills functional by the formula

1 o1
2.55 CYMy(g, A):=—— | S% volg+—— [ |Fy4|%vol
(2.55) a(g. A4) Vola(E)/E gaVOa‘i‘VOlg(X)/‘;J 4lg volg

for pairs (g, A), where g is a Riemannian metric on X', A is a connection on E and
| Fq |§ is as in (2.53). Note that (2.55) is a weighted sum of the Calabi functional [8] for
metrics on E and the Yang—Mills functional for £ (see eg Donaldson and Kronheimer
[20, Section 2.1.4]).

Fix now a symplectic form w on X so that volg, = o for all J € J, where
g7 = w(-,J-) and dim X = 2n. Although the functional (2.55) is well defined
for arbitrary Riemannian metrics on X and connections on E, the solutions of the
coupled equations (2.47) are the absolute minima of CYM,, only when this functional
is restricted to metrics of the form g = g, where J is in the space ' of integrable
almost complex structures on X which are compatible with @. In other words, we
consider the functional

jixA—>R,

(2.56)
(J,A)—> CYMy(gs. A).

Proposition 2.6 If (J, A) € P satisfies the coupled equations (2.47), then the pair
(J, A) is an absolute minimum of the functional (2.56), provided that oy and o are
positive and

(2.57) ar > 208 +a?(@—|z|?) + 2s,
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where a = 201 /g, S is the (constant) scalar curvature of the biinvariant metric induced
by (-,-) on G, z is given by (1.18) and S, ¢ are as in (2.49), with Q = [w].

Proof Note first that for any metric as in (2.54), 7: (E, go) — (X, g) is a Riemannian
submersion with totally geodesic fibres (see Besse [6, Theorem 9.59], where the G —
Riemannian manifold playing the role of the typical fibre is G itself with its biinvariant
metric). Then gy has scalar curvature Sg, = S¢ o 7, where

(2.58) So = Sg—a|Ful; +s/a € C®(X),

S¢ being the scalar curvature of g (see [6, Proposition 9.70]). Here, the group is
identified with the fibre Ex over x € X . Since the volume of E, is independent of x,
we have . .
— [ S2 volg=——— [ S2vol,.
Volg (E) /E ge VO = VoL, (X) /X o V0%
In particular, for g = g, with J € 7%, and ¢/ = aoS + 201 (¢ — |z|?), we obtain
)

_ %o 2 "

CYMu(e. ) = g0 JooSi — 2l Fal} =<', + o 1Pl
2(c" Jag + 5/ )
T/X(Sg—MFA@—C”/ao)VOlg

+ (" Jag + 5/a)?
_ _ _ 14
- Haosg 2an|Falz =,
—208 —a?(@—|z|*) —2s THAE
Volg AllL?

+ (S +a@—z]*) +s/a)(S —a@—|z|® + s/a),

where the L2-norms are defined using g, ! and the inner product on g. Note that
the last summand in the right-hand side of the last equation only depends on «, s, the
cohomology class 2 := [w] and the topology of the bundle E. The inequality (2.57)
implies that the factor multiplying the Yang—Mills functional is positive, and the result
follows from the alternative formulation (2.53) of the coupled equations combined with
(2.48), which gives

1Fall}2 = IAFAl} . +4IFg? |3, — ¢ Volg
= |AF4—z)2, + 4] F? 12, +2(z(E) U Q"1 [X]) — (2> +¢) Volg .

Here, z(E) :=[z A F4] € H*(X) is the Chern—-Weil class associated to the G —invariant
linear form (z,-) on g, with z given by (1.18), so the last line in the previous equation
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only depends on © € H?(X) and the topology of the bundle E (see [36, Ch. XII,
Section 1]). O

Remark 2.7 The inequality (2.57) imposes no restrictions on the solutions (J, 4) of
(2.47), because any solution (J, A) of (2.47) for some (g, 1) is also a solution for
the constants (fag, 1), for all £ € R. The claim follows from the fact the RHS on
(2.57) is invariant by this scaling procedure.

Remark 2.8 Fixing a complex structure on X', we can view CYM,, as a functional
on the pairs (w, A), with w as in the second part of Remark 2.5. Exactly as in
Proposition 2.6, in this case a solution of the coupled equations is always an absolute
minimum of this functional.

The coupled equations (2.47) can also be interpreted in purely Riemannian terms,
considering the G —invariant metrics g, on E defined by (2.54). To explain this, note
that given such a metric its Ricci tensor Rg, decomposes as

Rg, = (Rg )nn + (Rgy)vv + (Rgo ) hv-

where the indices “/” and “v” denote the horizontal and vertical directions in TFE
defined by the connection A, respectively. Let P* C P be the open subset of pairs
(J, A) with 4 € A*; the open subset of A consisting of irreducible connections. By
irreducible connection A € A, we mean, as in [20, Section 4.2.2], that its isotropy group
G4 inside the gauge group of E is minimal; the centre of G. Then a pair (J, A) € P*
satisfies (2.47) if and only if the associated metric g, satisfies the following equations.

(259) (Rga)hv = 07 }
Sg, = const.

We thus have an interpretation of the Kihler quotient (2.52) (with pq restricted to the
open subset P* C P) as a moduli space of G —invariant metrics on the total space of
E satisfying (2.59). An interesting fact here is that the condition & /g > 0 is needed
both to have a Kéhler form w, on P given by (2.43) (see the explanation before (2.52))
and G —invariant Riemannian metrics g4 on E, as given in (2.54).

To prove the equivalence of (2.47) and (2.59) for a pair (J, A) € P*, note that J
defines a structure of Kéhler manifold on (X, ®). The Hermitian—Yang—Mills equation
AF4 =0 for an irreducible A € A1J’1 is equivalent to the a priori weaker Yang—Mills
equation dA’f‘ F4 =0 (see [15, Proposition 3]). This follows because if A € A},’l is an
irreducible Yang-Mills connection, then, by the Kéhler identities,

dyAF4 =0 = AF4€LlieGy =3.
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Therefore the first equations in (2.53) and (2.59) are equivalent because the Yang—Mills
equation is equivalent to the equation (Rg, ), = 0 (see [6, Proposition 9.61]). Finally,
the second equations in (2.53) and (2.59) are equivalent by (2.58).

Note that the system (2.59) is halfway between the Einstein equation and the constant
scalar curvature equation, in the sense that

(2.60) g« 1s an Einstein metric = g, satisfies (2.59) = Sg, = const.,

for all (J, A) € P*, as any metric g, satisfying the Einstein equation Ry, = Agq
(with A € R) has constant scalar curvature.

3 The a-Futaki character and the «—K—energy

In Section 3 we construct obstructions to the existence of solution of the coupled
equations, generalizing the Futaki character [22], the Mabuchi K—energy [41; 42]
and the notion of geodesic stability [11; 18] used in the cscK Theory. For this, in
Sections 3.1, 3.2, 3.3, we develop an abstract framework that we apply in Section 3.4
to the study of the coupled equations.

Throughout Section 3, we fix a compact real manifold X', a cohomology class 2 €
H?*(X,R), areductive complex Lie group G¢ with Lie algebra g¢, a maximal compact
Lie subgroup G C G¢ with Lie algebra g and a smooth principal G°~bundle 7: E¢ —
X . We also fix z € 3 as in (1.18). We assume that the space of Kéhler forms in €2 is
non-empty.

3.1 Invariant Hamiltonian Kihler fibrations

In Section 3.1, we will associate to the data (X, £, E€) a canonical infinite-dimensional
double fibration
T b3
B cIE z ,

equivariant for the action of an infinite-dimensional Lie group I', and show that the
fibres of mp are (formally) Kihler manifolds with Hamiltonian group actions. The
fibres of = will be studied in Section 3.2.

Let Diffy X be the identity component of the diffeomorphism group of X and Aut E*
the group of automorphisms of E€, that is, the G°—equivariant diffeomorphisms
g: E¢ — E€. Any such g determines a unique diffeomorphism g: X — X such that
7 og = gom. Define the real Lie group

:={g € Aut E°| § € Diffy X}.
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Note that the Lie bracket in the Lie algebra Lie I" of I" is

(3.61) . yIr =—[y. ']

for y,y’ € LieI' € QO(TE®), where [-,-] is the Lie bracket of vector fields on E¢
(cf [45, Remark 3.3]).

Let Z be the space of holomorphic structures on the principal G°~bundle E*, ie, the
integrable G °—equivariant almost complex structures / on the total space of E€ that
preserve the vertical bundle VE€ and whose restriction to VE€ equals multiplication by
V/—1, via its identification with E€ x g°. By Gc—equwarlance any such I determines
a unique integrable almost complex structure I on X suchthat Jodm =dmol.
The group T" has a left action on Z by push-forward, preserving the canonical almost
complex structure I on Z given by

(3.62) 1/ =11 forallIeZ, [eT;Z
(cf (2.40)), where I is viewed as a G‘—equivariant endomorphism of TE*€.

Recall that the space R = Q°(E€/G) of smooth sections H of the bundle E€/G — X
is in bijection with the set of reductions of E€ to principal G-bundles Eg C E€, via
themap H+— Ep := pEI(H(X)), where pg is the projection E€¢ — E€/G. Let B
be the space of pairs (w, H), where w € Q is a symplectic form and H € R. The
group I has a left action on B given by

g(a)’H) = (g*w,gH),

where (g- H)(x) := g(x)- H(g"!(x)) for x € X and g.w € Q by the homotopy
invariance of the de Rham cohomology, as g € Diffy X .

We define the space of compatible pairs as
C:={((w,H),I) | (X, I,w) is a Kihler manifold} C B x Z.

Note that this space is invariant under the diagonal I'-action on B x Z. The canonical
maps

C
(3.63) ’7 \”Z
B z

will be viewed as two fibrations with total space C, whose fibres are

Zy:=ng'(b) and By:=nz'(I) forall beB, I€Z.
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Since C C B x Z is I'-invariant, the fibres By and Zj are invariant under the actions
of the isotropy groups I'r C I' and I', C I, respectively.

In more concrete terms, for any I € Z, the isotropy group I'; is the group of automor-
phisms g of the holomorphic principal G°~bundle (E€, I) such that g € Diffy X is
an automorphism of the complex manifold (X, I ). Similarly, for any b = (0, H) € B,
the isotropy group I'j is the group of automorphisms g of the principal G—bundle
E g such that g € Diffy X is a symplectomorphism of (X, w). Hence the extended
gauge group 51, of Ef on (X, w) (defined in Section 1.3) is a subgroup of I'p, which
is normal because the group of Hamiltonian symplectomorphisms is a normal subgroup
of the symplectomorphism group (see eg [45, Proposition 10.2]). Note also that the
fibre By is a contractible space, as it is

(3.64) By =KjxR,

where Kj is the space of Kéhler forms in Q on the complex manifold (X, I ). The
fibre Z; has a gauge-theoretic description. Let 7, be the space of almost complex
structures on X compatible with @ and Ag the space of connections on Eg . Given
b= (w, H) € B, define

(3.65) Py C T X Ag

as in (2.46), ie, as the space of pairs (J, A) such that J is integrable and F4 €
QIJ’I(ad Ep). This subspace is clearly I'p—invariant and has an almost complex
structure I given by (2.45), which is formally integrable by Proposition 2.2. Note also
that for all H € R, each connection A € Ag induces canonically a connection on E€,
given by G°—equivariant maps

(3.66) 04: TEC — VE®, 0f: n*TX — TE®,

where 7: E€— X is the canonical projection (cf (1.27)), via the canonical isomorphism
(3.67) E¢~ FEg xgG°

of principal G°~bundles (with G acting on G¢ by left multiplication).

Lemma 3.1 The map ng: C — B is a “I'—invariant almost-complex fibration”, that is,

its fibres Zy C Z are preserved by I and their induced almost complex structures are
exchanged by the I'-action. Furthermore, the map

I: P, — Z,

(3.68) N
(J,A)—ib4+ 0 0n*Jodn,
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is a well-defined I'p —equivariant holomorphic embedding whose image is Zy , for all
b=(w,H)eB.

Proof The first assertion follows immediately from (3.62). For the second, note that
(3.68) is well defined by direct computation of the Nijenhuis tensor of I(J, A). Using
the classical construction [52] of the Chern connection 0y j of I € Zp on Ep, we
see that the map (3.68) is injective with image Z, as

(3.69) I1=1(1,6g7)

for all I € Z;. Furthermore, (3.68) is clearly I'p—equivariant. Another direct compu-
tation shows now that (3.68) is a holomorphic embedding, ie, its differential is also
injective and exchanges the almost complex structures on Pp and Z. |

As an immediate consequence, Zp = Pp equipped with the restriction of I is a
formally integrable complex manifold, by Proposition 2.2. Using Lemma 3.1, we can
now transfer the constructions of Section 2.2 to the fibres

(3.70) Zpy =1(Pp),

obtaining the following theorem, where the Lie groups I', C I' and their normal
subgroups Gp, C I'p, parametrised by b € B, are viewed as the fibres of two Lie group
subbundles

(3.71) GrCcTpCBxT

over B. Their associated Lie algebra bundles are denoted Lie 'g}s CLieI'sCc BxLiel.
Theorem 3.2 Each pair of positive real numbers «,«; determines a structure of
“I’'~invariant Hamiltonian K&hler fibration” on wp: C — B, that is, a smooth family w¢

of Kahler forms wy, on the fibres Zy,, parametrised by b € B, which are exchanged by
the I"-action, and a morphism

(3.72) pe: C —> (Lie Gp)*

of fibrations over B, whose fibre up: Zp — (Lie §b)* is a moment map for the g~b -
action on Zyp, and such that

(3.73) (gb(g-1),8) = (up(1), Ad(g™)E)

forall (b,1)€C, geT,{eLieGgp.
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Proof As in Section 2, we fix a G—invariant positive definite inner product on g.
Suppose that it extends to a G “~invariant symmetric bilinear form (-,-): g ® g¢ > C
(eg, we can use (-,-) := —tr(p(-) o p(-)) for a faithful representation p: G¢ —
GL(r, C) such that p(G) C U(r)). This form induces another one on the adjoint
bundle ad E€ = E€ xgc g€, which extends to a C-bilinear map

QP(ad E¢)x Q9(ad E) — QPT1 ® C,

(3.74)
(ap,aq) —> ap Nay,

(cf (1.11)), which clearly is equivariant under the action of Aut £€ given by pull-back.

Fix o, 1 > 0. By the results of Section 2, for each b = (w, H) € B we have a Kéhler
manifold

(3.75) (Zp, L, wp),

where I is the restriction of (3.62) and wp corresponds to (2.43) via the isomorphism
Zp = Py of Lemma 3.1. Furthermore, the Gp—action on (Zj, wp) is Hamiltonian,
with moment map

(3.76) y: Zp —> (Lie Gp)*

which corresponds to the moment map in Proposition 2.1 via the isomorphism Zj = P,
of Lemma 3.1. Using now the (Aut E€)—equivariance of (3.74), it is easy to see that
wp and wp are the fibres of a family w¢ defining a ['-invariant Kdhler fibration and a
morphism of bundles as in (3.72), respectively.

To prove (3.73), note that the actions of Aut £¢ on the Chern connection 0y of H € R
and I € Zy, regarded as a connection on E€, and on its curvature Fg j € Q2(ad E€),
satisfy

(3.77) g O0ur1=0sHg1. & Fui1=FsHgI,
forall g € Aut E¢, H € R, I € Z (cf [15, Section 1.1]). Given (b, I) € C, we define
(3.78) Su(b.I):=—aoS, j—a1Ay(Fg, 1 AFg, 1) +4a Ao Frp Az e CP(X),

where b = (w, H) and S ; is the scalar curvature of (X, I ). By the equivariance

of (3.74) and the second id’entity in (3.77),
(3.79) Sa(gb,gl):Sa(b,])Oé_l,

for all g € Aut E€. Combining now (3.69), (3.77) and (3.79), and making a change of
variable in (2.44), we obtain (3.73), as required. O
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Remark 3.3 The two fibrations (3.63) can be compared with those in Gromov [28,
Section 2.C], used to see that the spaces of tamed and compatible complex structures
on a symplectic vector space are contractible (cf [45, Proposition 2.51]).

3.2 Invariant fibration by symmetric spaces

Throughout Section 3.2, we will use the framework introduced in Section 3.1 and in
particular the first part of Lemma 3.1 (however, the isomorphism Pp 2= Z of Lemma 3.1
and the families w¢ and p¢ of Theorem 3.2 will not be used until Section 3.3). Our
task now is to construct a canonical structure of “I'—invariant symmetric space fibration”
on wz: C — Z, that is, symmetric space structures on the fibres Bj that are exchanged
by the ['-action. As in Section 1.2, the Lie groups and manifolds considered here
are infinite-dimensional, so one has to be careful with many standard results in finite
dimensions. In particular, the Newlander—Nirenberg theorem fails in general, so we
use the notion of formally integrable complex structure, as in Proposition 2.2.

Let W be the space of complex structures on the real vector space underlying the
Lie algebra Lie I' (ie, linear maps whose square is — Id). Consider the tautological
I'—equivariant map

(3.80) Z_ W

which assigns to each I the endomorphism Lie I’ — LieI': y + Iy. Then, since any
I € Z is integrable, (3.80) satisfies the conditions

B8l Y =Wy, [+ 1y, I le + 11y, y'Ir =1y, Iy'Ir =0,
for all y,y’ € LieI" (with [-,-]r asin (3.61)), where

(3.82) Y1 €TI 2

is the infinitesimal action of y € LieI" on I € Z, given by the Lie derivative —L 1.

To construct the symmetric space fibration, we first prove that Z parametrises right-
invariant formally integrable complex structures on the group I'. Given g € I', define
Lg: T'—T, Rg: T'— T,
(3.83)
hv— gh, hv+— hg,

as the left and right multiplication by g, respectively. To each I € Z, we associate a
right-invariant almost complex structure I on I', defined for v € T,I", g € I" by

(3.84) Iv = (Rg)«I(Rg); v

Proposition 3.4 The almost complex structure 1 is formally integrable, for all I € Z.
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Proof The statement follows from the second equation in (3.81), evaluating the
Nijenhuis tensor Ny of I on right invariant vector fields. O

The next step in the construction of our symmetric space fibration relies on the following
condition for all I € Z such that Bj is non-empty (this property will be proved in
Proposition 3.16):

(x) There exists a well-defined isomorphism of vector bundles
(3.85) Lie Gpg, —> TBr: (b,8) — Yiepp

provided by the infinitesimal action of I Lie G}, CLiel’ on By.

In the sequel, the inverse of (3.85) is denoted
(3.86) ¢r: TBy —> Lie G 3, -
Given a compatible pair (b, I) € C, we define a space
(3.87) Y=Ypr:={gel |g-be B}
amap 7w = mp : Y — By given by n(g) = g-b and a right I',—action on Y given
by right multiplication in I'.
Proposition 3.5 For any (b, I) € C, the following properties hold:

(1) Y is principal I'p —bundle over By .

(2) There exists a canonical connection A on ), with horizontal lift

0x: n*TB; — T,
(3.88)
(gv U) i (Rg)*lé-l (U),

and curvature given by

(3.89) Fa(vo, v1) = (Rg)+[¢1(vo). {1 (vi)]r,

forall g € Y and vo, vy € Ty By .
Proof The I'p—action on ) is clearly free, so leaving aside global topological ques-
tions, to prove part (1), it suffices to show that 7 is surjective and induces )/ I'p =~ By,

that is, for all ' € By, there exists g € I" such that b’ = g-b. Since By is contractible
(see (3.64)), there exists a smooth curve b; on By with bg = b, by =b’. Let

(3.90) ye = I (by) € LieT,
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with ¢; given by (3.86). Let g; € " be the flow of y;, defined by
(3.91) &g = o,

with initial condition gy = 1. Note that the flow g; exists for all ¢ because y; is
“—invariant, so it covers a vector field y; on X, whose flow g; € Diffy X exists for
all ¢ because X is compact (cf (1.26) and Remark 1.4). Now, by the Leibniz rule,

d  _ B .
E(gt ! b)) =g, ! '(_Yytlb, +bs) =0,

because {7 inverts the infinitesimal action of I Lie §b CLieI on By (cf[18, page 17]).

Thus g; ! b, is independent of 7, so b’ = g - b, as required.

For (2), note that the horizontal lift of curves on By to ) determined by the flow of

(3.90) defines a canonical connection A on ). To obtain (3.88), let h; be a curve on

By with by = v and g € " such that g-b = bg. By definition, the horizontal lift g;

of b; through g is the flow of (3.90) with go = g (recall that it exists because y; is
‘invariant). Hence

Ok = e = (Ro-(IL W)

To check (3.89), given y € Lie I" we denote by X, the associated left-invariant vector
field on T", given by

(3.92) Xylg = (Lg)xy.
Since I is right invariant, [X),,I-] =1I[X),,-] for any y € Lie I', which implies that
[(LXyo. LX), ]t = —[vo, »r

for any yg, y1 € Lie I', by Proposition 3.4. Note also that

0x(g.v) =I(Lg)x(Ad(g ) () = IXugig-1)e, g = (Re)x IXz, (0)g-

for any g € Y and v € Tgp By . Hence given v, vy € Ty By,

Fa(vo,v1) = —0a(Rg)«[IXz, (). I, w1
= 0A(Rg)«[C1(vo), S (vi)Ir = (Rg)«[S1(vo), &1 (v1)]r,

where the first equality follows from (1.31) and the third because

(Rg)«[81(v0), &1 (w)r = (Lg)x Ad(g™HIEr (vo), & (v)]r

is a vertical vector field on ). O
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Given b, b’ € By, b’ = g-b for any g in the fibre of }p ; over b’, by Proposition 3.5.
Then we have an isomorphism of principal bundles

Yo, 1 —> Vb 1+

(3.93) , A
§ 88

with corresponding isomorphism I'p = Iy g’ —> Ad(g)g’ between their structure
groups. It follows from the definition of the canonical connection in terms of (3.90),
or from (3.88), that this isomorphism exchanges the canonical connections on these

principal bundles.

We are now in a position to construct the promised canonical structure of “I'-invariant
symmetric space fibration” on wz: C — Z. Observe first that the connection (3.88)
induces a canonical affine connection

(3.94) V: Q%(TB) — Q3(TB)
on By, obtained using the canonical isomorphism
(3.95) TBr =Y xr, LieGy Cad),

which follows from the canonical isomorphism 7By =~ 7*TBy/ T} and the ['j—
equivariant isomorphism of vector bundles
Y xLie Gy —> n*TBy,

(3.96)
(8.8) = (g. Y1 Ad(g)¢|gb)-

Note also that the parallel transport 7;(v) of a tangent vector v € Tp By along a curve
by on By, and hence the affine connection V, do not depend on the choice of the base

point b € By used implicitly in the right-hand side of (3.95). In fact, it is given by the
curve on T By defined as

(3.97) T (v) = Yyg b,  Where & :=Ad(g:)Cr(v).

Here, g; is the flow of (3.90) with go = 1. This follows from (3.95), (3.96) and
standard properties about horizontal lifts (Kobayashi and Nomizu [35, page 114]).

Note that the canonical connections (3.88) and (3.94) are constructed exactly as for any
finite-dimensional symmetric space (cf eg [36, Ch. XI, Section 3]) and that they are
exchanged by the ['-actions. In fact, our next result shows that (B, V) is a symmetric
space, in a similar sense to [18, Section 4, Proposition 2].

Theorem 3.6 Let I € Z be such that By is non-empty. Then By is a symmetric
space, ie, it has a torsion-free affine connection V, with holonomy group contained in
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Gp and covariantly constant curvature Ry, given by

(3.98) 1 (Rv (vo, v1)v2) = [[¢1(vo). $r (vi)]r, &1 (v2)lr,
for any b € By and vy, v1,v, € Tp By .
Proof To prove this, we relate the torsion 7y of V with the Nijenhuis tensor Ny of
(I',I) and its curvature Ry with the curvature Fa of A.
Let V7 and V, be two vector fields on By. Then
Tyv(V1,V2) =V, V2 = Vi, Vo —[V1, V2]

Consider the principal I'p—bundle 7: ) — By associated to a fixed b € By. By (3.95),
T By is a subbundle of ad ), so V; induces a I',—invariant vertical vector fields V;
on ), given by

Vi(g) = (Rg)«r(Vj(gh)).
for ge Y, j =0,1. We claim that
(3.99) Ty(V1.V2) = —dn(Ni(V1. V2)),
and so Ty = 0 by Proposition 3.4. To see this, note first that

IV =04V, and Fa(Vy,Va) =V, V2],

by (3.88) and (3.89). Moreover, by the construction of V and the definition of the
covariant derivative dy induced by A on ad ) (see (1.31)),

VVj = daV; = 1640). Vi1 =10, V).
It follows then that
MV, Va) o= [V} IV,] = 1[IV, Vo] = X[V IV5] = [V, V3]
= [0 V1. 02 Va] = IV, Vo + 1V, Vi + Fa(V1, Va)
= 04 ((V1, Val = Vi, Va + Vi, V1)
= -0y Tv(V1, V),
and so (3.99) holds.

Since the curvature Ry is induced by Fj via the adjoint representation, it follows
from (3.89), (3.95) and the fact that Lie G, C Lie I" is a Lie subalgebra, that

(3.100) Ry (vo, v1)v2 = YI[1t; (vo), &1 (w1)Ir &1 (v2)]r |-

for v, vy, vy € Ty By, which implies (3.98), by condition (x). Hence, since the group
Gp is normal in T'j, and By is contractible, it follows from (3.100) that the holonomy
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group of V is contained in G’b (see [35, Theorem 8.1]). Using (3.100) and the formula
(3.97) for the parallel transport t; of a curve on By, it is now straightforward that
7f Ry = Ry, so VRy =0. m|

Remark 3.7 When H!(X,R) =0, so Lie 5,, = Lie I'p, it follows from Proposition
3.5(1) that the bundle ), endowed with the restriction of the formally integrable almost
complex structure of Proposition 3.4, is an infinitesimal complexification of I'y in
the sense of Donaldson [18, Section 4]. If in addition I'; is trivial, then there is an
alternative proof of Theorem 3.6 that does not use Proposition 3.4. In this case, the
almost complex structure on ) ; can be defined as the pull-back of the formally
integrable almost complex structure on Zp by the holomorphic map
Vb, 1 —> Zb,

(3.101) |
g—g I

3.3 The uniqueness and existence problem for the coupled equations

We apply now the framework of Section 3.1, 3.2 to construct obstructions to the
existence of solutions to the coupled equations (2.47).

Fix coupling constants «g, o1 > 0. It follows from Proposition 2.4, Lemma 3.1 and
the construction of pp in Theorem 3.2 for each b = (w, H) € B, that the existence of
a solution (J, A) € P}, of the coupled equations (2.47) (for the symplectic manifold
(X, w) and the principal G-bundle Ef) is equivalent to the condition up (1) = 0 for
some I € Zp. By the equivariance (3.73) of ¢, this is equivalent to the condition

(3.102) ' (TN pzt0) # 2,

where I' - I C Z is the orbit of . Given such an orbit, in Section 3.3 we construct
a complex character F; of the complex Lie algebra Lie I'y, which vanishes when
(3.102) is satisfied, and an “integral of the moment map” Mj: By — R, which is
bounded from below when (3.102) is satisfied, provided that the symmetric space By
is geodesically convex. Furthermore, we motivate a definition of “geodesic stability”
of the orbit I" - I and conjecture a link with (3.102) when Iy is finite.

We first reformulate condition (3.102) in terms of a I'-invariant family o of 1—forms
oy on the fibres By of nz: C — Z, defined by the formula

(3.103) o1 (v) := —(up (1), &1 (v)),

for all (b, 1) €C, v € Ty By, with {; defined as in (3.86). Here, the I'-invariance of
0 means

(3.104) og.1(gv) = o07(v)
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for all (b,1) e C, veTyB;, g €I'. Note that (3.104) follows from (3.73) and the
fact that

Ad(g)¢r(v) = L1 (v)
for all g € I', which is immediate from the definition of ;. Observe also that
(3.105) ' (- DN pz'0) #@ <= o7 € Q'(By) has a zero.

Now, since By is contractible (see (3.64)), it suffices to study o; along curves on
By. Let V; be a vector field on By along a curve b; on By, ie, a curve on T By
with V; € T, By for all . We use the standard notation V V, for the covariant

derivative of V; in the direction of b, on the symmetric space (B 7, V) (see (3.94) and
Theorem 3.6).

Proposition 3.8

(1) o1 (V) = b, Ve, w1 Wy, 5, 1) +01(Vj, V).
(2) oy is closed.

Proof To prove (1), let g; the horizontal lift of b; to )V, ; prescribed by the connec-
tion (3.88), with gg = 1. Then b; = g, - b (see Proposition 3.5), so (3.73) implies
(3.106) or(Ve) = —(us (1), 8t),

where I; := g;!-1 and ¢, := Ad(g;)"'¢;(Vy). Using (3.81), we obtain

S L | R
In=—g; &8 1 ==8 Y00 =8 We i1

so using formula (3.97) for the parallel transport 7 5: Tp, Bf — T, By and the defini-
tion of covariant derivative (see eg [35, page 114]):

d
v V= s s Vi) =

= YIAd(gt)é't|bt - gtYIté‘tlb

ds| Y:Ad(g‘ygt—l)—lcf(vtnm

Formula (1) follows now from this equation and the I'-invariance of o7, as they imply
o1, (Ylt &l p) =01 (VB, V), which combined with (3.106) implies

d : :

EUI(Vt) = —(dup(s),8t)) — (o (L), &t)
= wp(g7  Ye,oir- & ' Wy, o,y + 01 (Y 4,1)
= b, Ye, w11 Wy, 3,0 0) +01(V, Vo),

since [p is a moment map and w¢ is I'-invariant.
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To prove (2), let V; and V, be two vector fields on By. Then

(3.107) doy(V1,V2) = Vi(or(V2)) = Va(or (V1)) —or ([Vi, V2)),
so, using (1) and the fact that wg(-,I-) is a family of symmetric bilinear forms, we
see that
dor (V1. V2) = o1 (Tv (V1. V2)),
which vanishes because V is torsion-free, by Theorem 3.6. a

To define our first obstruction to (3.102), note that Lie I'; is a complex Lie algebra
for all I € Z, by (3.81) and the equivariance of (3.80). Given [ € Z and b € By,
combining the 1-form o7 and (3.80), we obtain a C-linear map

Fr: Liel'y — C,
§— (F1.8) =101 (Yep) + o1 (Yrepp)-
By the I'-invariance of o (see (3.104)), this map is also '-invariant, ie,
(3.109) (Fg-1.Ad(g)¢) = (F1.0),
forall { eLiel';, geT.

(3.108)

Theorem 3.9 The map (3.108) is independent of b € By . It defines a character
Fr: Liel'y — C
of Lie I'y that vanishes if oy has a zero.
Proof The proof essentially follows a previous one by Bourguignon [7]. For the
first part, it is enough to prove that o7(Y¢) is a constant function on By, for all

¢ eLieT;. Now, o7 € Q!(By) is closed (by Proposition 3.8) and I'; —invariant (since
o is I'-invariant), so

d(OI(YC)) = —YngGI + LYEGI =0,

and hence o7 (Y) is constant, because By is contractible. The second part follows
because F7 is C-linear and I'j—invariant, by (3.109). a

To obtain the second obstruction, note that, by Proposition 3.8 and the contractibility
of By, oy is exact and so there exists a functional

(3.110) Myp: By x By — R
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such that d M (-,b) =07 and My (b,b) =0 forall b € By. Along a curve b; on By,

t
(3.111) Ml(b,,b)z/\/ll(bo,b)Jr/ o (by) ds.
0

Moreover, the ['-invariance of o implies that

(3.112) My(gh'.b) = My—1,(b'.b) + My (b'.b),

forall g € I' such that gb’ € By (ie, g € Vpr 1).

Proposition 3.10 The functional Mj(-,b): B — R is convex along geodesics on
(By, V). If By is geodesically convex and oy has a zero, then Mjy(-,b) is bounded

from below, for all b € By .

Proof The first part follows because (3.111) and Proposition 3.8(1) imply

d? 2
(3.113) aMibib) = L0160 = Yy, 5,1
for any geodesic b; on (By, V), where | -| is the L?—-norm with respect to the metric
on Zyp,.

For the second part, suppose b’ € By is a zero of o7. We can suppose b’ = b, because
using (3.111) along a curve joining b and b’, we see that

My (- b)) = Mp((b.b) + My (-, b).

Now, given b” € By, by hypothesis there exists a geodesic b; with bg =b and by =b" .
Hence

1 pt
2
Mz(b”,b)=/0 fo 1Ye, oz |"ds Adr =0
and so Mj(-,b) is bounded from below by 0 € R. a

Corollary 3.11 If By is geodesically convex, then oy has at most one zero on By
modulo the action of 'y .

Proof Given zeros b, b’ € By of oy, let by a geodesic joining them. Then

2
T
for all ¢, because (3.113) implies that
R — R,
(3.114) .
t —> o(by)
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is an increasing function which vanishes for # = 0 and # = 1. Hence the flow g; of
I1¢7(by) liesin Ty for all ¢ and g;b = b;. In particular, g;b = b’. O

Remark 3.12 Proposition 3.8 and Theorem 3.9 hold even when o, &; are not posi-
tive (their proofs depend only on the condition that wy, is of type (1,1) with respect
to I). In Section 4, we will use these facts about o; and JFj for arbitrary oy, oy .
However, Proposition 3.10, Corollary 3.11 and the remainder of Section 3.3 depend on
the assumption that «g, ) are positive, although Proposition 3.14 also holds in the
degenerate case opor; = 0.

If Z and T are finite-dimensional manifolds and g~b = Iy is compact, there is a well-
known numerical condition, called the Hilbert—-Mumford criterion, which characterises
(3.102) (see the example at the end of Section 3.3). In this case, the principal bundle Y
of Proposition 3.5 is the complexification of I'y (by the observations about infinitesimal
complexifications at the end of Section 3.2, as formally integrable almost complex
structures are integrable in finite dimensions), and the criterion is formulated in terms
of 1-parameter subgroups of ). In the generality of Section 3, the Lie group I';, may
have no complexification, but the geodesics of the symmetric space (By,V) are a
substitute for the 1-parameter subgroups, and we have the following generalization of
this condition (cf [11; 18, Section 8]).

Definition 3.13 A point I € Z is geodesically semistable if
(3.115) lim o7(b;) >0
t—00

for any infinite geodesic ray by, t € [0, 00[, in (By, V). It is geodesically stable if the
inequality (3.115) is strict whenever b; is non-constant.

Observe that the limit (3.115) always exists, because (3.114) is an increasing function
for geodesic rays, by (3.113). Note also that the geodesic stability and semistability
conditions only depend on the ['-orbit of I € Z, because o is ['-invariant and the
connections on the fibres of 7z are exchanged by the I'-action and hence so are their
geodesic rays.

In the finite-dimensional case, by the Kempf—Ness Theorem [33], an orbit I'- [ € Z
is geodesically stable if and only if (3.102) holds and I'; is finite (see the example at
the end of Section 3.3). The following result provides some evidence that a sensible
question is whether this equivalence also holds in the generality of Section 3, at least
when By is geodesically convex.
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Proposition 3.14 Let (b, 1) € C. Then:

(1) IfTp,; :=Tp NI is not finite, then T" - I is not geodesically stable.

(2) Suppose that By is geodesically convex. If (3.102) is satisfied, then I" - I is
geodesically semistable.

Proof For part (1), let ¢ € Lie I'; be non-zero. Let g; the flow of /¢. Then b; = g;b
is an infinite geodesic ray starting at b, because:

be = g:Y1ep = Yad(gn1¢lb, = Y1 ad(en)elb, = Trbo-

Furthermore, if { € Lie I’y ;, then by = Yrep # 0, by (3.85), so by is non-constant.
Then

o1(be) = 01(g1bo) = 0,1 (bo) = 07 (bo)
and so _ .
Jim oy (br) = 01(bo) = o1 (Yy¢p) = (F1.8).

There are three possibilities. If (Fj,) < 0, then part (1) is obvious. The case
(Fr, ¢) >0 reduces to the previous one by taking the non-trivial geodesic corresponding
to —I¢. Finally, if (F7,¢) = 0, since b; is non-trivial, then by definition / is not
geodesically stable.

For part (2), suppose that B; is geodesically convex and I"- I is not geodesically
semistable. Then there exists an infinite geodesic ray b; such that

C := lim 01(15,) <0,
1—00

where o7(6,) < C for all ¢, as (3.114) is an increasing function, so My (b, by) < Ct,
by (3.111). Therefore Mj(-, bg) is not bounded from below, so (3.102) cannot be
satisfied, by Proposition 3.10. a

We would like to point out that the framework developed in Section 3.2, 3.3 is rather
general, as it relies only on formal properties of the double fibration (3.63), and may be
applied to other situations (in particular, to equations with a further coupling with Higgs
fields). The basic ingredients are a real Lie group I', a I'-equivariant double fibration
(3.63), where (Z,1) is an almost complex manifold, and a I'-equivariant map (3.80)
satisfying (3.81). It is crucial that = satisfies condition (x) of Section 3.2, all its
fibres are contractible and 7 satisfies the properties of Theorem 3.2 for a fibration of
normal subgroups as in (3.71) (note that the formal integrability of the almost complex
structures on the fibres of 75 was never used).

Geometry & Topology, Volume 17 (2013)



Coupled equations for Kdhler metrics and Yang—Mills connections 2771

To see how this general framework works, we conclude Section 3.3 by explaining how
it applies to the standard theory of finite-dimensional Kdhler quotients (as presented eg
in [49, Section 5]) and its relation with geometric invariant theory (GIT). Suppose that
Z is a finite-dimensional Kéhler manifold with a left action of a complex reductive
Lie group G€ preserving its complex structure. Suppose also that this action restricts
to a Hamiltonian action of a maximal compact subgroup G C G¢, with G —equivariant
moment map
w: Z—g*,

where g is the Lie algebra of G. To compare with Section 3.2, 3.3, we define:

I" is the real Lie group underlying G€.
e B =G¢/G is the orbit space for the action by right multiplication of G on G°.

e The map Z — W of (3.80) is the constant map given by the complex structure
on the Lie algebra g¢ of G°.

e C=Bx2Zand Gg="Tg.

Then the isotropy group of any G—orbit b = [g]:= gG € B is
Gy =T = Ad(9)G
and the fibre of the morphism (3.85) over a point b = [g] is
Ad(g)g = TyG/ Ty (gG).
§r—=[(Re)«(10)].

Therefore (3.85) is an isomorphism and condition (*) of Section 3.2 is satisfied, and
hence so are the conclusions of Section 3.2 and Section 3.3. In this finite-dimensional
case, the construction of the connections (3.88) and (3.94) reduce to the classical
constructions of the canonical connections on finite-dimensional symmetric spaces
(see eg [36, Ch. XI, Section 3]). Hence, by [36, Ch. XI, Theorem 3.2(3)], the infinite
geodesic rays on G¢/G starting at [g] are the curves

[0, oo — G¢/G,

(3.116)

(3.117) .
tl—)[@“cg],

with ¢ € Ad(g)g. Note that the canonical projection
5. G/GxZ— G°/G

is a “trivial” G°-invariant complex fibration. However, since G¢ does not necessarily
preserve wz, to view mg as a G°—invariant Hamiltonian fibration, we endow this
map with the non-trivial family w¢ of symplectic 2—forms wp := gxwz on the fibres
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Zp = Z,for b =|g] € G°/G. Indeed, the isotropy group Ad(g)G preserves wp and
has moment map given by

(3.118) (up(1).8) := (u(g~" 1), Ad(g")¢),

for b =[g] € G°/G, and (3.118) defines the morphism (3.72) of fibrations over G¢/G .
Using the isomorphism (3.116), we obtain the formula

(F1.8) = =(u(D). So) —i(u(1). 1),

forall I € Z, {=7{o+1i{; € g}, where o, € g°. Hence Theorem 3.9 reduces to
Wang [59, Proposition 6 and Corollary 8].

Suppose now that Z is a G ~linearised projective manifold, ie, there is a G —equivariant
closed embedding Z C CP¥ and w3 is the restriction of the Fubini—Study Kihler
form. Then geodesic stability/semistability coincide with GIT stability/semistability,
by the Hilbert—-Mumford criterion. This essentially follows because any 1—parameter
subgroup

A C* - G°

restricts to a group homomorphism A: S — Ad(g)G for some g € G¢, which induces
an infinite geodesic ray (3.117) starting at [g] and because the Hilbert—-Mumford weight
for A at a point I € Z is precisely the left-hand side of (3.115). Furthermore, the
functional (3.110) is the Kempf—Ness functional [33], which provides the key tool to
prove the Kempf—Ness theorem relating the symplectic and GIT quotients:

w10)/G = z)GE.

Finally, we should remark that this theorem has been extended to non-projective
manifolds (see eg [49, Section 5; 54]). In this case, the functional (3.110) is the integral
of the moment map in [49, Section 5] and geodesic stability coincides with analytic
stability (by [49, Corollary 5.3]).

3.4 The a-Futaki character, the « —K-energy and the geodesic equation

We now prove that condition (x) of Section 3.2 is satisfied and give explicit formulae
for the character Fy, the functional M; and the geodesic equation on B introduced
in Section 3.3.

Fix a complex structure on X for which Q € H?(X,R) is a Kihler class (ie, it contains
a Kihler form) and a holomorphic structure on the principal G°~bundle 7: E¢ — X .
These data determine a point I € Z. As explained in Section 3.3, condition (3.102) for
the orbit I - I is equivalent to the existence of a pair b = (w, H) € By such that the
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point (J, A) € P}, corresponding to / via Lemma 3.1 satisfies the coupled equations
(2.47). In other words, condition (3.102) for the orbit I'- I is equivalent to the existence
of a solution b = (w, H) € By to the following coupled equations, where S,, is the
scalar curvature of the Riemannian metric gy = w(-, I -) and Fpg is the curvature of
the Chern connection of H and I:

Ao Fg =z, }

(3.119) 00Sw + a1 A2 (Fy A Fy) =c.

By (3.105), these equations are satisfied if and only if the 1-form o7 on By has a zero.
Now, the definition of o7 in (3.103), and in fact the whole of Section 3.2, 3.3, depend
on condition (%) of Section 3.2. To prove this condition, note first that by (3.64), there
is a canonical isomorphism

(3.120) TpB; = dd°C®(X)®iQ @ad Ef),

for all b = (w, H) € By, obtained from the dd°~lemma and from the pointwise
isomorphism iLie G = G¢/G induced by the exponential. Define now Lie G¢ =
Q%ad E€) and Lie Gy = Q°(ad E) as the Lie algebras of the gauge group G¢ of
E€ and the gauge group Gy of E g, respectively. Consider the projection maps onto
the real and imaginary parts associated to H € 'R,

(3.121) Rey,Impg: Lie G¢ — Lie Gy,

defined by y =Reg y+ilmyg y for all y € Lie G, where we are using the canonical
isomorphism
LieG¢ ~ LieGy ®iLie Gy

induced by (3.67) and g = gPig.

Lemma 3.15 The infinitesimal action of y € Lie(Aut E€) on H € R is

YylH =ilmg(64y),
where 04: TE® — VE€ is the vertical projection induced by any connection A on

Ex.

Proof Using the maps 64, Qj{ in (3.66), any y € Lie(Aut E€) can be decomposed as

y =ilmpg(64)) +Rep (04p) + 057,

where p is the vector field on X covered by y. Hence the flow g—; of —y can be
written as

8-t =f—[OSt,
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where f; € Aut E is the flow of Reg (64y) + 617 and s; is the flow of the time-
dependent vector field — f;«(iImg (64)). Therefore, using the isomorphism Ty R =~
iQ%ad Ex) (also used in (3.120)) and the fact that f,_1 preserves H, we see that
the flow g; of y satisfies

d _ . .
Yy = g H = I YH = fi(iImpg (04)))1=0 = iImp (04y). O

E|t=0
Proposition 3.16 Condition (x) is satisfied. The inverse of (3.85) is given by
(3.122) ¢r(v) = —i H — 014 € Lie Gy,

where v € Tp By corresponds to (dd ¢, H) € dd*C®(X)®iQ°(ad Eg) via (3.120).

Proof Fix b = (w, H) € By. Given ¢ € Lie " covering a vector field f on X, we
have

(3.123) Yrep = (—d(IfLw), iReq (05))

by Lemma 3.15, as I covers IVE and O ol =160y, where Og: TE¢ — VE€ is the
vertical projection in (3.66) induced by the Chern connection of I on Eg . In particular,
when ¢ € Lie Jb, E = 14 is the Hamiltonian vector field of some ¢ € C*°(X) and
(3.123) becomes

(3.124) Yiep = (—dd ¢,i0g0).

Hence, by (3.120) the infinitesimal action (3.124) is in 73 By and so the morphism
(3.85) is well defined. Furthermore, (3.124) easily implies that (3.85) has an inverse
given by (3.122). a

Using the formula (3.122), the 1-form o7 on By is given by
(3.125) o7 (v) = 4a; / iHA (Ao Fry —2)o™ + / ¢ Sq (b, o™,
X X

for all v = (dd®¢, H) € Ty By, where ¢w!™ has zero integral on X and Sy (b, ]) is
given by (3.78).

The complex character F7: Lie 'y — C defined by (3.108) provides our first obstruction
to the existence of solutions to (3.119). To give an explicit expression for F7, note
first that

LieT; = Lie Aut(E€, I)
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is the Lie algebra of the automorphism group of the holomorphlc bundle (E€, I), so
each ¢ € Lie I'; covers a real holomorphic vector field C on (X, I ). Now, we can write

§=ng, +Ir]¢2+,3,
for any given Kihler form @ € Ky, where 7y, is the Hamiltonian vector field of
@; € Cgo(X) on (X,w), for j =1,2, and B is the dual of a 1-form which is harmonic

with respect to the Kéhler metric w(-, I -) (see eg [39]). Using this decomposition in
(3.123), we see that the infinitesimal action of ¢ € Lie Aut(£¢, I) on b= (w, H) € By is

Yeip = (—dd¢a,ilmy O §),

hence defining the complex-valued function ¢ := ¢; +i¢,,

(3.126) (]:1,§)=—4a1/ QH;A(AwFH—z)w["]—/ ¢ Sa(b, e
X X

which must vanish if (3.119) has a solution, by Theorem 3.9.

It is now clear from formula (3.126) that for trivial G¢, Fy is the Futaki invariant
[22] of the Kihler class £ on (X, I ), up to a multiplicative factor. For non-trivial G¢
and g = 0, the character Fy, restricted to the Lie subalgebra of Lie I'; consisting
of vector fields covering holomorphic complex Hamiltonian vector fields (ie, vector
fields that vanish somewhere on X '), has already been constructed by Futaki (see [23,
Theorem 1.11]).

Using now (3.111), the a—K-energy can be written explicitly along a curve by =
(w¢, Hy) on By, with w; = wg + dd€¢p; and ¢,a)£”] with zero integral on X, as

t
(3.127) My (br.b) = M (bo. b) +4a / / i Hy A (Aw, Fpr, — ol A ds
0 JX

t
+[ /d)sSa(bs,I)w[”]/\ds.
0 JX

By Proposition 3.10, My (-, b) is convex along geodesics on the symmetric space
(By, V). The explicit expression of the affine connection V and its geodesic equation
in the coordinates provided by the canonical isomorphism (3.120) are the content of
the following proposition.

For the next result, given b = (w, H) € By, we denote by (-,+), the metric on 7* X
associated to w(-,/-) and by dg the covariant derivative associated to the Chern
connection of H and 1.
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Proposition 3.17

(1) The Christoffel symbol I': Ty, By x Ty By — Ty By is

T(by, by) = (—dd®(d1, dpa)ew, —I 1, 2dm Hy — Ing, sdpr Hy +1i Fir (ng, . 104,))
forall bj = (dd°¢;, Hj) € Ty By, with j = 1,2.

(2) A curve by = (wy¢, Hy) on By, with w; = w + dd°¢;, is a geodesic if and only if

dd®(¢: — (d¢r, dr)w,) = 0, }

(3.128) AN e .
Hf—zl%t-'dHtHf+'FHt(’7q'>,’1’7q5,) =0,

where 1 b is the Hamiltonian vector field of ¢3t over (X, wy).

Proof The proof of part (1) is a computation of the covariant derivative of a vector
field v, = (ddy;,i&;) along a curve by = (wy, Hy) on By, ie, a curve v; on T By
with v, € T, By for all 7. Recall that the covariant derivative of v, along b; is (see
eg [35, page 114])

d _ : -
(3.129) Vj v = %m:f”; (vs) = V¢ + T(bs, vy),

where v; = (ddcl'ﬂ,,ié,) and 1,5 Tp, By — Tp, By is the parallel transport along b, .
To calculate (3.129) we compute the parallel transport 7 ;(v) of any v = (dd“¢, H)e
Ty By along by using (3.97). Let ¢, = Ad(g¢)¢;(v), where g; is the horizontal lift of
bt to Vp,,1 (ie, the flow of I¢; (Z;,)) with gg =1 (see (3.87) and Proposition 3.5). By
(3.122),

$r = (gt)*(_iH_GJJL_],IUqb) = —i(gt)*H—GIJ;[’It ((ét)*’?d)) = —i(gz)*H—Gﬁ,,Itnz,

where 7, is the Hamiltonian vector field of ¢ o ;! over (X, ®;), so by (3.97) and
(3.123),

(3.130) 70,(B) = Yig,pp, = (dd (¢ o &7 ").iReq, Op, 1 (—i(ge) H — OF;, 1 01))
= (dd“(¢o g, "). Impy, ((g)«H) +n:2i(O, .1, — Om,.1)-
Hence we obtain
715 (s) = (dd (Y5 0 &5), Imp, (1(21,5)*Es) + 11,52 1Om, 1, — O, 1)),
where vs = (dd“Ys,1&5) € Ty By, g:,5 is the flow of I§1(Bs) with g7 =1, 1s5 is

the Hamiltonian vector field of /50 g, s over (X, w;) and I; = gt_s1 -I. Thus denoting
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Vi, v = (w}, w?), we conclude that

wf =dd® (e —dyi(Ing ) =ddV; —dd*(dy:, d)o,
wy = Imp, (& + 157 (br).i&]) —i6m, 11151 (br). 0g, ny,]
=i& +1Imp, (157 (by).i&]+10m, 1151 (). 05, [ (Iny,)]
=07 +Imp, [H. &) [0, ; (Ing)). 51— [6, ; (Iny,). Hi]
—i6m, 1104, 174, O, 1(Tny,)]
=i —inq;t—ldH, (i&)—Iny,adg, H, +iFg, (4, Iny,).

This proves (1). Note that Fg and w are of type (1, 1), so the torsion is Ty = 0 (cf
Theorem 3.6) and the geodesic equation is (3.128). This proves (2). m|

Remark 3.18 When G¥€ is the trivial group, so £¢ = X, Theorem 3.6 and Proposition
3.17 reduce to the corresponding results for the space of Kdhler metrics K; already
studied by Mabuchi [41; 42] and Donaldson [18]. More precisely, we recover the
Levi-Civita connection of the Mabuchi metric on the Riemannian symmetric space
K, the functional My (-, b) is the Mabuchi K—energy [41; 42] on the space of Kéhler
metrics, by formula (3.127), and (3.128) reduces to the geodesic equation on the space
of Kéhler metrics [42]

(3.131) bt — (ddr, ddr)w, = 0.

It seems plausible that the methods used by Chen [10], and Chen and Tian [13] in
their study of (3.131) could be adapted to equation (3.128) and to the existence and
uniqueness problem for the coupled equations. As in the case of (3.131), this would
require a reformulation of (3.128) as a complex Monge—Ampere equation.

Note that the explicit formula for the Christoffel symbols in Proposition 3.17 provides
a direct proof of the vanishing of the torsion 7Ty (cf Theorem 3.6). Observe also that
the two factors of By = Ky x R are Riemannian symmetric spaces with holonomy
groups contained in H, (see [42; 18, Section 4]) and Gy, and that the holonomy
group of By is contained in their group extension g~b (see (1.26)). Here, the structure
of Riemannian symmetric space on R depends on the choice of an element w € K.
However, Proposition 3.17 implies that the symmetric space structure of By is not
the product structure. In fact, it is an open question whether Bj carries a Riemannian
metric compatible with V (see Remark 4.4 for details).
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4 Extremal pairs and deformation of solutions

Following the approach of LeBrun and Simanca [38; 39], in this section we define an
extremality condition for pairs (w, H) and also an extremality condition in the weak
coupling limit (see (4.132) and (4.183)). We establish existence results for extremal
pairs (w, H) near solutions to the coupled equations under deformations of the coupling
constants and the Kéhler class (Theorems 4.10 and 4.17) and find sufficient conditions
for the existence of solutions to the coupled equations (Theorems 4.11 and 4.18).

In Section 4 we fix a complex reductive Lie group G¢, an n—dimensional compact
complex manifold (X, J), with underlying real manifold X and complex structure
J, and a holomorphic principal G°~bundle (E€,I) over (X, J) with underlying
real principal G°~bundle E¢ and complex structure / (so I = J in the notation of
Section 3.1). We also fix a maximal compact Lie subgroup G C G°. The Lie algebras
of G C G¢ are denoted g C g¢, respectively. As in Theorem 3.2, we fix a G “~invariant
symmetric bilinear form (-,-): g¢ ® g¢ — C, which restricts to a G —invariant positive
definite inner product on g. Finally, 3 = g% and 3¢ = (g)%° denote the subsets
of elements of g and g¢ that are invariant under the adjoint actions of G and G¥¢,
respectively (cf (1.15)).

4.1 Extremal pairs

We start studying an extremality condition which will be useful to prove Theorem 4.11.
Throughout Section 4.1, we fix o = (g, o) € R? such that o # 0, and a Kihler
class  on (X, J). Note that we will not assume «q,®; > 0, but that we can still
apply Proposition 3.8 and Theorem 3.9 (see Remark 3.12). We define

BQ = ]CQ XR,

where KCgq is the space of Kéhler forms in € compatible with the complex structure J
and R = QU(E€/G) (cf (3.64)).

The following definition is closely related to the vanishing condition for the linearisation
at a solution of the coupled equations (see Proposition 4.7 and Lemma 4.8).

Definition 4.1 A pair b = (w, H) € Bg is extremal if it satisfies the equations

da1dg ANy F + 0o (D)1 Fg =0, }

4.132
( ) Ly, )/ =0,

where 1y (b) is the Hamiltonian vector field on (X, w) of the function

(4.133)  Su(b) := —Sw — 01 A2 (Fg A Fg) + 401 Ay Fyg Azg € CP(X),
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(cf (3.78)). Here S, is the scalar curvature of the metric w(-,J-) and zq is the
element of 3 C g given by (1.18).

Extremal Kéhler metrics in €2, introduced by Calabi in [8, Section 1], can be charac-
terised as those w € Kq such that the Hamiltonian vector field of S, over (X, w) is in
Lie H s [8, Section 2]. In particular, all cscK metrics are extremal. Similarly, extremal
pairs admit a description in terms of real-holomorphic vector fields on the total space
of E€. To see this, recall that each H € R induces a reduction of E€ to a principal
G-bundle Eg C E° (see Section 3.1) and each b = (w, H) € Bg determines a short
exact sequence of Lie groups (see Section 1.2)

(4.134) 1—G¢—G-5H—1,

given from left to right by the gauge group of E g, the extended gauge group of Eg
over (X, w) and the group of Hamiltonian symplectomorphisms of (X, ). This exact
sequence induces another one

(4.135) | — G — G 2y,

where Gy = G N Aut(E, 1), Gy = gﬂAut(Ec,I) and Hy = H N Aut(X, J) are
finite-dimensional complex Lie groups (see eg [6, Section 2.120]). Note that the Lie
algebra Lie Gr is given by G°—invariant real-holomorphic vector fields on the total
space of (E€, I') covering Hamiltonian (real-holomorphic) vector fields on (X, J, w).

Using the horizontal lift 9};1: Lie  — Lie G, of the Chern connection associated to
H and I (cf (3.66)), we define

(4.136) Cu(b) := —4a; (A Fi —20) — O3 (b) € Lie Gy,
for each b = (H, w) € Bg. Then it follows from (1.30) and (3.70) that
(4.137) b € Bg is extremal <= ¢, (b) € Lie G;.

The following link between extremal pairs and the coupled equations is a generalization
of the corresponding link for Kihler metrics (see eg [39, Lemma 1]). To establish
this, note that each w € Kgq induces L2—inner products on C*(X) and Q°(ad Ef),
given by

(4.138a) ($0.91)w 3=[X¢0¢1w["],

(4.138b) (0. E1)o = /X (o nEDL,

for ¢; € C*(X), & € Q%ad Eg) (j = 0,1). Their associated L?-norms are
denoted ||« || -
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Proposition 4.2 A pair b € Bg is a solution to the coupled equations (3.119) if and
only if it is an extremal pair and Fy g = 0.

Proof If there exists a solution b = (w, H) € Bg to the coupled equations (3.119), then
Fa,2 =0, by (3.105) (or (3.126)) and Theorem 3.9, and furthermore, b is obviously
an extremal pair, since dg Ay, Fgr = 0 and ny(b) = 0. Conversely, if b = (w, H) is
extremal, ie, (D) € Lie 51 , then

Fa.2(Ca(®) = [|Sa(b) — Sa |l + 1602 | Aw Fir — zg |12 > 0,

by (3.126), where §a = fX So(b)w™/ Volg, so Fua,o = 0 implies that b satisfies
(3.119). a

Extremal pairs enjoy good regularity properties, similar to those of extremal Kihler
metrics [38, Proposition 4]:

Lemma 4.3 Let (w, H) be an extremal pair such that o is a Kéhler form of class C?
on (X, J) and H is a section of E€/G of class C*. Then both w and H are smooth.

Proof We will show by induction on / € N that w and H are Holder of class C 20-1.p
and C2/*+1-B respectively, for all B € (0,1) and / € N. By assumption, @ and H are
of class C1-# and C3-#, respectively. Suppose now that w and H are of class C 20-1.p
and C2+18 regpectively. As 1y (b) is a real holomorphic vector field by (4.137), it is
real analytic, so dSq (b) is of class C2/~1:8 je, S (b) € C*-B | and hence it follows
from (4.133) that the scalar curvature S, is of class C 21 _l’ﬂ, because

AZ(Fg AFg)—4AoFg A zg

is of class C2~1.F, Arguing as in [38, Proposition 4], it follows from the regularity
theory for the Laplacian and for the Monge—Ampere equation that @ is of class
C2+1.B (recall that the scalar curvature can be written in holomorphic coordinates
as Ay logdet(w)). Since &y (b), defined by (4.136), is a real-holomorphic vector field
on (E€, I) by assumption (see (4.137)), it is real analytic and so A Fp is of class
C2B  because «; = 0. Identifying H locally with a function on the base with values
in exp(ig) C G¢ and using holomorphic coordinates for the bundle E€, we can write

(4.139) AsH = H(AoFg — Ao (0(H ) AOH)),

where the right-hand side is of class C 218 and Ay is elliptic with C 21418 coefficients.
By the regularity theory of linear elliptic differential operators, H is of class C 20+2.p
(see eg Aubin [5, Theorem 3.55]). Applying this argument again to (4.136), we see
that the right-hand side of (4.139) is of class C2+LP and so H is of class C21+3“3,
as required. a
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Remark 4.4 Note that Bg = Ko X R has a Riemannian metric gg, given by
(4.140) ga(vo. vy) = [X gopro! + /X (Eo A ED

for b = (w, H), v; = (¢;.§;) € Ty Bg = C§°(X) x Q%ad Eg) (cf (4.141)), with
H= i in the notation of Section 3.4. Although this metric is rather canonical, it
does not endow the symmetric space (Bgq, V) of Theorem 3.6 with a structure of
Riemannian symmetric space, since ggq is not preserved in general by the canonical
affine connection V on Bg constructed in Section 3.2. In fact, by a straightforward
calculation using formula (3.130) for the parallel transport,

(Vvogsz)(vl, V)
=— /X(El A (Or[E1 (v0), 05 T1g,]) + (B (v0), O3 T1g,]) /\é—z)w[n].

However, if the group G¥¢ is trivial, so B = Kgq, then gq is precisely the Mabuchi
metric and Vg =0, by the previous formula, so we recover the known fact [18; 42] that
Kgq is a Riemannian symmetric space with Levi-Civita connection V, by Theorem 3.6.

4.2 Holomorphic vector fields on the principal bundle

Given b = (w, H) € Bg, we now relate the Lie algebra Lie Gy (see (4.135)) to
the space of solutions to a fourth-order elliptic differential equation that is closely
related to the linearization of our coupled equations. We will use the inner product on
C®(X) x Q%ad Ep) induced by (4.138), ie, given by

(4.141) (V0. V1)w 1= (D0, $1)w + (60, 51) -
for v; = (¢j,&) € C¥(X)x Q%ad Egy) (j =0,1).
We define an operator:
P=P,: C®(X) — Q°EndTX),
¢+——Ly,J.

(4.142)

In other words, P is induced by the infinitesimal action of Lie % on 7. Let P* be the
formal adjoint of P with respect to the L2 —inner products on C*°(X) and Q°(End 7X)
induced by (-, J-), with the L2—inner product on Q°(End 7X') multiplied by a factor
of %, so that its restriction to 7y J coincides with w7 (-, J-) (defined by (2.40)). Then
P* P is, up to a multiplicative constant factor, the Lichnerowicz operator of the compact
Kihler manifold (X, J,w). This is an elliptic self-adjoint semipositive differential
operator of order 4, whose kernel is the set of functions ¢ such that 14 € Lie H, and
which may be interpreted as the linearization of the cscK equation at w (see eg [38]).
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We define now an operator that is closely related to the linearization of the coupled
equations (see Proposition 4.7) and that will play the role of the Lichnerowicz operator
in our study. The operator is

(4.143)  Lgp = (LY 4. Ly ,): C¥(X) xQ%ad Ep) — C™(X) x Q°(ad Ey).
where Lg’ p and Lé’ p are defined by
Lo 4 (¢.6) = aoP*Pdp— 201 AL (Fy Adg J (A& + g Frr))
(4.144) +Lg (¢, 8) A zq,
Ly 5 (8,8) = 41 Awdy J(dg§ +nga Fr) = 4aydip (dgé + 0y Frr).

Here, J is the endomorphism of ' (ad E7) induced by the complex structure J (see
[6, 2.8)]), di: Q%ad Ef) — Q' (ad Eg) is the covariant derivative of the Chern
connection of H and [ and, by the Kihler identities, d}'; = ApdgJ is its formal
adjoint.

Recall that the Chern connection associated to any H € R and I induces a vector
space isomorphism (see Section 1.3):

(4.145) C®(X)/R x2(ad Egy) => Lie Gy ([¢].6) —> & + 04

Let (Zp, I, wp) be the Kidhler manifold constructed in Lemma 3.1 and Theorem 3.2.

Lemma 4.5 Let vj = (¢j,£) € C®°(X)xQ%ad Eg), for j =0, 1. Then

(4.146)  (vo,La,pv1)w = wp(Yeo 1. 1¥e, 1)

+aa(Ing,a(daér +ng, 21 Fa), Ao FH — 2Q) 0,
where Yy, is the infinitesimal action of {; =& + Gﬁ ng, €Lie §b on Zy,for j =0,1.
Proof By the moment map interpretation of scalar curvature of the Kéhler metric
w(-,J-), its derivative 87 S,: T7J» — C°(X) with respect to J € 7, satisfies
(4.147) 857Spo0JoP=—P*P

(see Section 2.1 and Donaldson [19, Equation (26)]). By (3.81) and Lemma 3.1, I¥¢ |1
is identified with the infinitesimal action of /{y on (J, A) € Py, where A is the Chern
connection of H and I, so

(4.148) Wi, 1 =—Lre, 0 = (—J Ly, J.J(du + 19,5 Fr)).

by Lemma 1.5. Hence (4.146) follows from formula (2.44) for the moment map up. O
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Given a pair b = (w, H) € Bg, an element ¢ € Lie Gp is in Lie Gy if and only
if Y1 = 0. Using (4.148), we see that Lie Gy C Lie Gp, is the subset of elements
=&+ 91{-]77(,, such that

(4.149) Pp=0, dyt+nysFg=0.

Hence if (¢.&) € C®(X) x Q°(ad Eg) satisfies £ + 0714 € Lie Gy, then it is in
ker Ly p (see (4.144)). We provide now sufficient conditions to obtain the converse
implication.

Given a pair b = (w, H) € Bg, H is a Hermitian—Yang—Mills reduction (HYM) on
(E€, I') with respect to w if it satisfies

(4.150) Ay Fg = zg.
Note that if H is HYM on (E€, I') with respect to w, then (4.146) becomes simply

(4.151) (vo. La.pv1)o = @p Yeo 1. Iz, 1)-

Proposition 4.6 The operator Ly, 5 is elliptic. If H is HYM with respect to w, then
Lq p is also selt-adjoint. If furthermore ooy > 0, then

(4.152)  kerLgp = {(¢.£) € C®(X) xQ%ad Ey) | £ + 05, € Lie Gy ).

Proof The operator L, 5 is elliptic because so are P* P and dydy . If H is HYM,
then we can apply (4.151), where w,(-,1-) is symmetric, so Ly p is self-adjoint. We
have already seen that the right-hand side of (4.152) is contained in ker Ly 5. If in
addition agar; > 0, then wp is compatible with either I or —I (see Section 2.2), so if
v=(¢,§&) satisfies ¢ :=& + Hﬁr]q) ¢ Lie Gy, then (v.LgpV)w = 0p (Ye 1. 1Yg 1) #0
by (4.151), and hence v ¢ ker Ly 5. This implies (4.152). a

Observe that, although L 4 is an analogue in our context of the Lichnerowicz operator,
there is an important difference between these two operators, since by Proposition 4.6,
we can ensure that L, j is self-adjoint and its kernel corresponds to Lie GI via (4.145)
only when b = (w, H) satisfies the Hermitian—Yang—Mills equation (4.150) and
o1 > 0.

4.3 The linearised coupled equations

Throughout Section 4.3, we fix a coupling constant & € R?, a holomorphic structure
I on E€ over (X,J), a Kdhler class 2 on (X,J) and b = (w, H) € Bg. Let
HU1(X,R) € H*(X,R) be the vector subspace of those de Rham classes which
are representable by real closed (1, 1)—forms on (X, J). Recall that H!(X,R) is
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identified by Hodge theory with the space H!*1(X) of real harmonic (1, 1)~forms on
(X, J,w).

In Section 4.3, we will compute the first-order deformations of the moment map
constructed in Theorem 3.2 under deformations given by a new Kéhler form @ and a
new holomorphic structure I on the principal bundle E€ over (X, J), given by

(4.153a)
(4.153b)

=w+y+ddo,

w:
I:=ef.1,

parametrised by a triple

(r.¢.8) € HI1(X) x C(X) x Q°(ad Epr).
We will also consider the deformed pair
(4.154) b= (@ H)e By with H:i=e" . HeR,
where @ is the cohomology class of @. Note that (3.77) implies

£ F~

(4.155) F 1

i
HI™¢

where Fp j is the curvature of the Chern connection 6y = 0 associated to H
and 7.

In fact, to prove Theorems 4.11 and 4.18, we will need to apply the implicit function
theorem, so we will work in Sobolev spaces. Let L,2c (X) and L,2c (ad Egr) be the
Sobolev spaces of real-valued functions on X and sections of the bundle ad E g,
respectively, whose distributional derivatives up to order k are square integrable. These
are real Hilbert spaces that, by the Sobolev embedding theorem, have natural bounded
inclusion maps L,zc (X)cC!(X) and Li (ad Egr) C C!(ad Eg) into the Banach spaces
of /—times continuously differentiable functions and sections of ad E g, respectively,
provided k > n + /. Moreover, if k > n, then L,zc(X) is a Banach algebra. Fix k > n.
Let

(4.156) U=UxL} ,(adEg) CH"(X)x L3, ,(X)x L}, ,(ad Egy),

where I/ € HU1(X) x L} +4(X) is the open neighbourhood of (0,0) consisting of
pairs (y,¢) such that &(-, J-) is a Kihler metric of class C2, with @ defined by
(4.153a). Define the moment map operator

To = (TQ.TY): U — Li(X) x Lj ,,(ad Epr),

4.157) _
(1. 9.8) — (Sa(b. 1), 401 (A5 Fyy 7~ 25)).
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where @, I and b are defined by (4.153) and (4.154), while Sy (5, I) and zg are given
by the formulae (4.133) and (4.150), using the Kéhler class

@ :=[®)e H"'(X,R).
Observe that Ty is a variant for Sobolev spaces of the families of moment maps (5.
The following proposition can be compared with [39, Proposition 5].
Proposition 4.7 For k > n, Ty is a well-defined C' map whose Fréchet derivative
8 Ty, at the origin (0, 0, 0) is given by

(4.158) 8To(y.$.£)
=Lo.p(®. &) + (d(Sa(b. 1)), d$)w, 401 I 1 2dp Ao Fr) + 85 Ta,

forall (y.¢.&) € H'1(X) x L2 ,(X) x L2(ad Epy). where
Lop: Ly ,(X)xL; ,(adEg) — Ly(X)x L; ,(ad Efy)

is given by (4.144), (-, -)e is the inner product on T*X induced by w(-,J-), ng is
the Hamiltonian vector field of ¢ on (X, w) and 6}, Ty is the directional derivative of
T at the origin in the direction (y,0,0).

Proof The operator Ty is well-defined because L,zC (X) is a Banach algebra for k > n,
Tg is a non-linear differential operator of order 4 in ¢ and order 2 in y and &, while
Té is a non-linear differential operator of order 2 in ¢ and & and order 0 in y.

To prove that Ty is C'', we will calculate its directional derivatives
8(¢’z§~) Tq (V, ¢’ %_)

and 8y Ta(y. ¢,£) at (y,¢,£&) in the directions (0,(;.5,‘;%) and (y,0,0), respectively,
for (y.¢.&) €U, (7.¢.5) € " (X) x L, ((X) x Li(ad Epy).

To compute 6(¢,£) To (v, ¢, &), we define a curve (on an appropriate Sobolev completion
of Bg and for |¢| small), given by

bi = (@, Hy) == @ +1tdd“, o iE+1E) H).
Let n; be the Hamiltonian vector field of ¢ over (X, ;) and g; the flow of

(4.159) e = 15(be) = —I(E + 037,m0).
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ie, the curve of G°—equivariant automorphisms of E¢ satisfying ¢,-g;! = y,, with
initial condition gog = Id. Since the Kihler class @ of @; is constant along the curve
by, we can apply the constructions in the proof of Proposition 3.5(1), so the flow g;
exists and satisfies

(4.160) by =gib

(as by = b ). Note that the identity (4.160) holds in a strong sense, as k > n, so the
Kihler metrics @; are of class C2 and the G-reductions H; are of class C*. Define
another curve

I=g 1

in (an appropriate Sobolev completion of) the space Zj of holomorphic structures
on the principal G°~bundle E€ that are compatible with b (see Section 3.1). Using
the dependence of Sy (b¢, I) on the holomorphic structure 7 on E€, we obtain

T) :=To(y. ¢ +1$,& +1£) = Sa(be, 1) = Sa(b, 1) 0 &/
by (3.79) and (4.160). Since %\t:OIr = Ly, 1, this implies

=i
4.161) 8. & To(y. ¢.8) = dt|t=0

= (8150), .1y (Lyo D) + (d(Sa (B, 1)), d )5,

where 61 Sq: Ty Z; — C*°(X) is the derivative of Sy with respect to /. Now, by
(4.148)

T? = (SISOC)KZ’])(LyOI) + JT]q')_ld(Sa(g, I))

Ly = (=JLy,J, J(dgE+1,.F 7)),
and from this formula, (4.147) and (4.144), we obtain
(61 Sot)|(5,1) (IYCB)
:OlOP*Pé—zOllA‘%(Fﬁ/\dﬁ](dﬁé'—{—nq;JFﬁ) +L;g((ﬁ,é)/\2a‘,
0 g
=L (6.6,

where zg is defined as in (4.133) using the Kéhler class @, so the right hand side of
(4.161) is

(4.162) 896 Ta(0.6.8) = LY £(6.8) + (d(Sa (6. 1)). d)5.
By (3.77), we also have

T! :=TL(y, ¢ + 1. & +18) = 4oy ('€ O g,) - (A3, Frr.1, — 233),

Geometry & Topology, Volume 17 (2013)



Coupled equations for Kdhler metrics and Yang—Mills connections 2787

and a straightforward calculation shows that

(4.163) 85 4 To(r.¢.8)

_d
©dt =0

= Lé,b(d’vé) +4051J77¢_|dﬁ/\;;,Fﬁ,

T! = 4a1A5dﬁJ(dﬁé+77q;_lFﬁ) +aanadgAsFg

To compute &, To(y. ¢, &), for (y.¢,&) €U and y € H1(X), we define a curve
by = (0, H) = (@ +ty, H)
(for t € R small). Let
TP :=To(y +17.¢.) = Sa(bs, I)
= —oSw, —1 A} (Fg A F)+4a1Ao, Fig A zg,.
T; i=To(y +17.9.8) = 4a1 (Ao, Fp 7 —22,).

where Q; = [w,] € H'"!(X,R). As shown by LeBrun and Simanca (see [39, Proposi-
tion 5] and [38, Proposition 6]), the derivative of the first term of T(t) is given by

8,8z = —
VRO dtji=0

where Az and pg are the Laplacian and the Ricci curvature of (-, J-), respectively.
To calculate the derivatives of T} and of the second term of T?, we use the equality

S = DM5(@.7)5 —2(05. V)&

%Imo M=y a1 = (agy)at
and the following computations:
%|t=0(A a7 ])_dt\t o(FHI/\wtn h=F ”/\V/\w[” 2
%l (A2,(Fg A Fg)—4Mw, Fg Azg)ol™)

= %‘t QFg A Fg Aol —4F 5 nzg 0"

8y wa)/\~[n 2

=2Fg AFg Ay A —4F 5 A (257 +
Here, (4.150) implies

(4.164) 825 =

dl lt= 0 Z'B]ZJ
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for an orthonormal basis {z;} of 3, with:

d  (HE UMY )

bi= E|t=0 Volg,
(z(E)Uplual 2 X)) (g E) val X)) ([ylual" 1, (X))
B Vol VOIC% '

From these equalities, we obtain the directional derivatives:

d

(41650) 8, To(y.¢.6) = 7 _ Tr = 202(p5. 15— 25(3.7)5)

o . . 8pzp®
— S A F A Fypay)+ 2a1Ag(FHj/\ (z,;,y + == ))
+0tl(/\f;(FHj/\ Fy ) —4AaFg A z5)(Agy).

d .
(4.1650) 8 To(y.¢.6) = 7 _ Tt = den(Fpy 7 7)5 = 8525).

It now follows from (4.161), (4.163), (4.165) and the formula (4.164) for §;,z5 that the
directional derivatives are continuous. Therefore, Ty is C! and its Fréchet derivative
given by (4.158) (by (4.161) and (4.163)). O

Note that an explicit formula for the directional derivative &, Ty, has been calculated in
(4.165), although it has not been recorded in (4.158), as it is not needed in this paper.

4.4 Deformation of solutions

As in Section 4.3, we now fix a holomorphic structure 7 on E¢ over (X, J), a Kdhler
class  on (X, J) and b = (w, H) € Bg. Note that H ; acts trivially on the space
H1(X) € Q2(X) of real harmonic (1, 1)—forms for the metric (-, J-). Let

(4.166) Li(X)" c LZ(X) and L3 (ad Em)9 ¢ Li(ad Egy)

be the closed subspaces of H y—invariant functions and G 7 —invariant sections, respec-
tively. Let V =U N (HV1(X) x Li(X)HJ) and

(4.167) V=Vx L3 (ad Eg)9 =UNH (X)x L2, ,(X)"7 x L2, ,(ad Egp)¥T).

Given coupling constants o € R?, by restriction of the maps of Proposition 4.7, for
k > n, we obtain well-defined maps

4.1682) To:V—> L2(X) x L2, (ad Eg),
(4.168b) Lyp:Li ,(X)" x L%, (ad Eg)9" —> LE(X)" x LY, (ad Eg)Y",
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(cf [38, (5.1)]), where Ty is C! with Fréchet derivative given by (4.158), and i:a,b is
a linear elliptic operator.

Let d* and G be the formal adjoint of the de Rham differential and the Green operator
of the Laplacian for the fixed metric w(-, J-), respectively. Then for any symplectic
form @ and any 7 in the Lie algebra Lie Hg of Hamiltonian vector fields over (X, ®)
we have

(4.169) d(Gd* (7.3)) = 7.6.

As the image of the Green operator is perpendicular to the constants, the Hamil-
tonian function /' = Gd*(fL®) is “normalized” for the volume form w!, that is,

[y fol =0,

For each (y, ¢, &) € V, we define a linear map

@170 P(ype) = (Y, 4. PH): Rx3(LieGr) — Ly(X)* x L, ,(ad Er)¥"
’ (1. 0) — (Gd* (p(v)2®) + 1. Oy 7v).

where B s
3(LieGy) := (Lie G9!

is the centre of Lie JI (cf (1.15)) and p: 51 — My is the map in (4.135), while @
and H are~deﬁned by (4.153a) and (4.154). The map P, 4 ) attaches to a vector field
v € 3(Lie Gy) its vertical part 6 7 v, calculates the normalized Hamiltonian function
of the vector field p(v) over (X, ®), and adds an extra parameter ¢, which accounts
for the fact that Hamiltonian functions are only determined up to a constant (cf (4.145),
[38, Section 5; 39, Proposition 2]).

Here is the key link between extremal pairs and the linearization of the coupled
equations.

Lemma 4.8 Let (y,¢,&) € V.
(1) Py.,¢,8) Is injective.
(2) If Ty (v.¢.8) €ImP(, 4 ¢), then b= (o, fl) is an extremal pair.
3) ImPy C kerfa,b, with equality if agory > 0 and H is HYM with respect to w.

Proof We first prove that, given (¢, v) € R x 3(Lie 51) and (f, x) :=P(y.¢.6) (),
we have

— [n] _ 1 =
4.171) t—/Xfa) / Volg, v—X—i—GHjnf,
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where 7y is the Hamiltonian vector field associated to f € C*°(X) and @. To see
this, note that, since p(v) is holomorphic and preserves @, it can be written as

p() =1y +B.

where 7]y, is the real-holomorphic Hamiltonian vector field associated to ¥ € C*°(X)
and @, and B is a parallel vector field with respect to @ (see [39, Section 2]). Then,
since p(v) and 7y vanish somewhere on X', we have that 8 = 0 and therefore

dy = p(v).o = df.

Formula (4.171) follows from the decomposition of v into its vertical and horizontal
parts with respect to 6, 7.

Now, (1) follows from (4.171). To prove (2), suppose Ta (v.¢.8) €ImPg, 4 ¢, ie,

(4.172) [ =Sa®). x=0,70="401(AsFy ;—5).
From (4.171), it follows that
4.173) 4a1dﬁA5Fﬁ=—ﬁf_|F~, Pg)f:—Lﬁ J =0,

where we have used (3.77) to obtain the first equation, while the other identity follows
because 7y, = 7¢ is real-holomorphic. Therefore b= (o, H ) is an extremal pair.

To prove (3), note first that the inclusion Im Py C ker La,b is a straightforward con-
sequence of (4.171). Suppose now that ooy > 0 and H is HYM with respect to
w. Let (f,x) € kerLab By Proposition 4.6, v := x + GHInf is in LieGy. In
fact, v € 3(Lie Gr), as f is Hy—invariant and x is Gy—invariant by assumption (see
(4.168Db)). Therefore Py (v, 1) = (f, x), where 7 := [ Fol™/ Volg. |

Let (-, - ) be the L2—inner producton L (X)*/ xL{ ,(ad Ep)9" given by (4.141).
We claim that the orthogonal projectors onto Im Py, 4 ¢, denoted
Myt L2 x L2, (ad Eg)5T — L2(X)" x L}, ,(ad Eg)¥!
vary smoothly with (y, ¢, &) € V. To prove this, note that the map
P: VxR x3(Lie Gr) — LI(X)"7 x L2, ,(ad Egp)¥",
(v, 9.6, 1,v) —> P, 4.6, V),

is C1, as P(y ¢ (&, v) is linear in (y, ¢, 7,v) and P! (v) depends linearly on v and
smoothly on &. Moreover, P, 4 ¢) is an 1s0morphlsm onto its image for all (y, ¢, &) €
V, by Lemma 4.8. Let {w;} be a basis of the vector space R @ 3(Lie 51) and
{¢i (v, ¢.&)} be the orthonormal basis of Im P, 4 ¢) extracted from {P(, 4 syw;} by
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the Gram—Schmidt orthogonalization process. Then the claim follows by the above
observations and the fact that

(4.174) g6 =2 (5@ 0.6). ol

J

Furthermore, since ({;j, {x)e are continuous functions on V), the origin has an open
neighbourhood Vy C V such that for all (y, ¢, &) € Vy, the following holds (cf [39,
(5.3)D:

(4.175) ker(Id _H(y,¢,{-‘)) = ker(Id —Ho) ] (Id _H(y,¢,é§))-

For any pair of non-negative integers (/,m), let I; ,, C LIZ(X )t x L2 (ad E H)GI be
the orthogonal complement of Im Py. Define

W =Vo N (H" N (X) % I g4 144)-

Note that, under the assumptions in the last part of Lemma 4.8, the subspace W
is perpendicular to ker L, ;. We will use this fact to obtain existence results about
deformations of extremal pairs. Define a LeBrun—Simanca map [38, Section 5]:

Ta: W —> Ik’k_;’_z,

(4.176) ~
(v.¢.8) —> (Id—ITp) o (Id =1y 4 £)) © Ta(y. . §).
Then T, is C!, because it is the composition of C! maps.

Given (d;, E) € I 44 k+4, to calculate the directional derivative 6(p,£)To of Tq at the
origin in the direction (0, ¢, &), we define the curve

br = (0,19, 18).
Using (4.158), we obtain:
d
5(¢’5)T(¥ = ET(X (bt)|t=0

= (Id—TTo)Lq 4 (6. )
+ (1d—T1o) ((d(Sa (D). dp)w. 4ot T 1dp (Ao Frr))

~ (10 =T19) 2 (TTp, Ta(0))je=0

Now, if b = (w, H) is a solution to the coupled equations (3.119), then the second
summand of the right-hand side vanishes and I1p, T (0) = T¢(0) for all 7, so the third
summand of the right-hand side vanishes too and hence, under this assumption, we
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conclude that

4.177) 8.6 Ta = (1d—Tg) oLy 5 (6, €).

Remark 4.9 It is at this point that one runs into technical difficulties if one attempts to
apply the approach of LeBrun and Simanca [38] to obtain deformations of an extremal
pair which is not a solution of the coupled equations. The problem is that for an
arbitrary extremal pair b = (w, H), if one proceeds as in [38, Lemma 1], then one
obtains

8oy Ta = (1A —=T10) (L ($.€) + (0, =T na (b, ) s(drr€ + 1y Frr))),

and to construct deformations of b which are also extremal pairs using the approach
of [38], we need know that (4.177) is satisfied. A natural condition which implies
that (4.177) holds is that Sy(w, H) is constant. Furthermore, in the approach of
[38], we need to know that f‘a,b is self-adjoint, with kernel Im Py, so another natural
condition is that the Hermitian—Yang—Mills equation is satisfied, by Proposition 4.6
and Lemma 4.8(2). In other words, to get a direct generalization of the method of [38],
it is natural to impose the condition that b is a solution of the coupled equations, as we
will do below.

We can now prove the two main results of Section 4.4. For this, given o € R?, we call
b € Bg an extremal pair with coupling constants « if it satisfies (4.132).

Theorem 4.10 Suppose (w, H) is a solution to the coupled equations (3.119) with
coupling constant « and [w] = 2, where « = («g, 1) € R? satisfies age; > 0. Then
(e, 2) has an open neighbourhood U C R? x H'1(X,R) such that for all (&, ) € U
there exists an extremal pair (&, H) with coupling constants & and such that [&] = &.

Proof Note that ny(b) = 0, as b = (w, H) is a solution of the coupled equations
(3.119). Since the map Ty depends linearly on & = (e, @), it can be viewed as a C'!
map T: RZxW — [ k,k+2» whose the Fréchet derivative at the origin with respect to ¢
and £ is 6 T = (Id—T1y) oi:a’b, by (4.177). Since H is HYM with respect to w and
aga; > 0, Lemma 4.8 applies and (Id —I1g) o ia,b is an isomorphism. Therefore, by
the implicit function theorem, there exists an open neighbourhood U € R? x H 1 (X)
of (@, ) such that for all (&, y) € U there exists a pair (¢, §) € I 44 k+4 such that

Tg(y. ¢.6) € ker((Ild —ITo)(Id — T, ¢ £)).

so Tg(y. ¢.&) €ImPy(,, 4 ¢ by (4.175). Hence the pair (@, f]) determined by (y, ¢, §)
is extremal with coupling constant &, by Lemma 4.8(1), and smooth by Lemma 4.3. O
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Let H1(X,R)T ¢ HU1(X,R) denote the “Kihler cone” of (X, J), ie, the open
subset of elements Q € H'!(X,R) such that Kq is non-empty. Given (a, Q) €
R2,x H1(X,R)*, consider the a—Futaki character Fo q: Lie Iy — C defined in
(3.108) (or (3.126)). Denote

V(F):i={(,Q) | Fag =0} CRZ x H' (X, R) T,

Theorem 4.11 Let S be the set of pairs (a, ) € R2 ) x H'"!'(X,R)* for which
there exists a solution (w, H) € Bg to the coupled equations (3.119).

(1) Then SN V(F) isopenin V(F).
(2) If Aut(E€,I) is finite, then S C R? x H1(X,R) is open.

Proof The proof is immediate from Theorem 4.10, together with Proposition 4.2 for
part (1) and (4.137) for part (2). a

4.5 Deformations of solutions in the weak coupling limit

We will now obtain solutions to the coupled equations (3.119) in “weak coupling
limit” 0 < |1 /o] < 1 by deforming solutions (w, H) € Bg with coupling constants
g # 0,1 = 0. Since we will study these equations for coupling constants in a small
open neighbourhood of a pair (cg, ;) € R? satisfying ag # 0,; = 0, we can divide
the second equation in (3.119) by «. Hence in the sequel we will normalize to og =1
and o := «; will be called the coupling constant.

Note that for & = 0, the coupled equations (3.119) are the condition that w is a cscK
metric on (X, J) and H is a Hermitian—Yang-Mills reduction of (E€, I') with respect
to w, so in particular the pair (@, H) satisfies the following equations:

df, Fg =0
(4.178) H ’ }
Lyg, J =0.

Here, dy; Fg = 0 is the Yang-Mills equation, which is equivalent to
4.179) dgAepFg =0

by the Kihler identities (see eg [15, Proposition 3]), and ng, is the Hamiltonian vector
field of the scalar curvature Sy, over (X, ), so Lyg J =0 is the condition that w is
an extremal metric on (X, J).

If one attempts to generalize Theorem 4.10 to the weak coupling limit, one observes
that Proposition 4.2 cannot be used for & = 0, but the system of equations (4.178)
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can be viewed as an adiabatic limit of equation (4.132). In fact, a pair by := (Aw, H)
satisfies (4.132) with coupling constant «, for a real number A > 0, if and only if

(4.180) dadg Ay Fg +A "1y aFg =0, Ly, J =0,

where 7y, is the Hamiltonian vector field of S,y (w, H) over (X, ), and (4.178) is
the formal limit of (4.180) when A — oco. Hence a strategy to obtain a solution to the
coupled equations (3.119) for 0 < |y /| < 1 (equivalently, for A > 0) could be
to deform a solution to (3.119) for ¢ = 0 (which is therefore a solution to (4.178))
to obtain a solution of (4.180). The problem is that the kernel of the operator Ly p,
determined by a solution b, to the coupled equations (3.119) has a discontinuity in
the limit A — co. More precisely, this kernel for finite A > 0 can be identified with
LieG, 1 (see Proposition 4.6), whereas the kernel of Ly 5 in the limit A — oo is

(4.181) {(¢.£) e C®°(X)xQ%ad Eg) | ng € LieH s, dfj(duk + nyaFu) = 0}

(this follows directly from (4.144)). This discontinuity causes serious technical prob-
lems when one attempts to use this strategy within the approach of LeBrun and Simanca.

The source of this difficulty is related to the vanishing of the factor 4«1 multiplying
the HYM term in the moment maps pp when oy = 0 (see (2.44)). One way to get
around this problem is to apply the approach of LeBrun and Simanca to the operator
obtained by dropping this factor in the moment map operator T,,. Fix an integer k > n
and keep the notation of Section 4.3, 4.4. Then the resulting modified moment map
operator is

Bo: U — LE(X)x Lj ,(ad Ep),
7.0, 6) > (Sa(d), Ag Fyy 7—25).

where U is the open set in (4.156) and @, 7 and b are given by (4.153) and (4.154).

(4.182)

As we will see below, this modification on the moment map operator within the approach
of LeBrun and Simanca produces the following modified extremality condition (cf
(4.132)).

Definition 4.12 A pair b = (w, H) € Bg is called extremal with coupling constant «
in the weak coupling limit if it satisfies the equations

d3 Fry =0, }

4.183
189 Lypg@yd =0

where 1y (b) is the Hamiltonian vector field of S, (b) over (X, ).
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Note that the system of equations (4.183) becomes (4.178) when o« = 0, while for
arbitrary o« any solution to the coupled equations (3.119) is an extremal pair in the
weak coupling limit (see (4.179)). To obtain a partial converse, define the characters

(4.184) Fo.q. Foo,q: Lic Aut(EC, ) —> C

as the o—Futaki characters of the Kihler class 2 for (og,®;) equal to (1,0) and
(0, 1) in (3.126), respectively. By (3.126), up to a multiplicative factor, (o q.{) is
the Futaki character [22] of the Kéhler class €2 on (X, J) evaluated at p(¢), where p
is the map in (4.135). It is also clear from (3.126) that the existence of a solution to the
coupled equations (3.119) does not necessarily imply the vanishing of Fo o or Foo q-

Proposition 4.13 A solution b € Bg of (4.183) is a solution to the coupled equations
(3.119) if Fo,0 = Foo,o = 0 and the vector field 1n4(b) over X can be lifted to a
holomorphic vector field over the total space of (E€, I).

Proof By (4.179), Ay, Fg is a vertical holomorphic vector field on the total space of
(E€, I),ie, Ay Fg €LieGy. Now, if oo g =0, then H is HYM with respect to w,
because in this case, by (3.126) we obtain

Ao Frr —zoll2 = —(Foo.2s Aw Frr — 20) = 0.

Moreover, if Fy g = Foo,0 = 0 and 14(b) = p({) for a holomorphic vector field §
on (E€, I), then by a straightforward computation using (3.126), we obtain

1Sa(B) = Sall3 = (Fo.@: 1a (b)) + @(Foo,. §) + @ (0u ¢, Aw Frr —20) =0,

where S, = Jx S« (b)w"1/ Volg, so b is a solution to the coupled equations (3.119).
O

Extremal pairs in the weak coupling limit enjoy the same good regularity properties:
Lemma 4.14 Let (w, H) be a solution of (4.183) such that w is a Kidhler form of
class C? on (X, J) and H is a section of E€/G of class C*. Then both w and H
are smooth.

Proof This follows exactly as Lemma 4.3. a
We define now a linear differential operator that is closely related to the linearization of

By (see (4.182)) when o = 0 and which will play the role in the weak coupling limit
of the Lichnerowicz operator (4.142) in the study of the cscK equation or the operator
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L p defined in Section 4.4 away from the weak coupling limit. This linear differential
operator is

Li (X)X Li ,(ad Eg) — LE(X) x L ,(ad Epy),
(¢.6) — (P* P, dy(dgé + 1y Fr)),

where P is defined as in (4.142). It is easy to see (cf Proposition 4.6) that the operator
C is elliptic and self-adjoint with respect to the L2—inner product (-,-), given by
(4.141).

(4.185)

It can be shown as in the proof of Proposition 4.7 that B, is well-defined and C! and
that its Fréchet derivative at the origin (0,0, 0) when o = 0 is given by

(4.186) §Bo(y,¢.£) = C($.£) + ((dSw, dp)w. 0) + 85 Bo,

where §;, By is the directional derivative of By at the origin in the direction (y, 0, 0)
(cf (4.158)).

To proceed as in Section 4.5 following the approach of LeBrun and Simanca, we need
to consider the restriction of By and C to suitable subspaces of the Sobolev spaces. Let

LX) c L}(X) and Li(ad Eg)¥' C Li(ad Epy)

be the closed subspaces consisting of # y —invariant functions and Gy —invariant sections,
respectively (cf (4.166)) and

V =UNHY (X)X LT (X)) x L}, (ad Ef)9T)
(cf (4.167)). By restriction of (4.182) and (4.185), we obtain well-defined maps
(4.187a) Bg: V —> LE(X)" x L} ,(ad Eg)Y",
@.187b) C: L7, ()™ x L2 ,(ad Eg)9" — LE(X)™ x L} ,(ad Eg)9,
where ﬁa is C! and C is a linear elliptic operator (cf (4.168)).

Note that in the constructions (4.187) we have used the subspace L? (@dE )9 C
L ,zc (ad E ) rather than the possibly smaller subspace L2 (@dE H)gl Wthh appeared
in (4.168). In practice, we could say that the exact sequence (4.135) in Section 4.4
degenerates to the trivial extension

(4.188) 1 —Gr—HyxGr—H;—1
in the weak coupling limit & — 0. In particular, the centre 3(Lie G, 1) of Lie Gr (see

(4.170)) is now replaced by the centre 3(Lie H ) & 3(Lie Gr) of the Lie algebra of
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Hy xGr and Py, 4 ¢) (see (4.170)) is replaced by

Q4.6 Rxj(LieHy) ®3(LieGr) —> Li (X)) x L ,(ad Eg)¥",

(4.189)
(t,w,v) — (Gd*(wid) +1,v),

with (y,¢,&) eV’

Lemma 4.15 Let (y,$,£) € V. If Bo(y. ¢, £) € ImQqy.4.6), then b = (&, H) is a
solution of (4.183).

Proof This follows exactly as part (2) of Lemma 4.8. a

Since C has kernel (4.181) by elliptic regularity, part (3) of Lemma 4.8 has no direct
analogue in the weak coupling limit. Lemma 4.16 will provide a suitable replacement
of this part of the lemma. Let (-,-), be the L?—inner product on Li (XM x
L,zc Jr2(ad E)Y" given by (4.141). One can prove as in Section 4.4 that the orthogonal
projector

!
LY

onto Im Qyy, ¢ £) varies smoothly with (y, ¢,£) €V’ and, by continuity, there exists
an open neighbourhood V; C V' of the origin such that

y: L) x L o (ad Eg)9T — LE(X)™ x Li 5 (ad Ep)¥!

ker(Id —H/( ker(Id —ITp) o (Id —H/(

yb£) = y.b.£)

for any (y.¢.£) €V (cf (4.175)).

For any pair of non-negative integers (/,m), let 1] C L}(X)*/ x L2 (ad E)9" be
the orthogonal complement of Im Q. Define

W =Ve N (X)X Ty jesa)-

— I

Lemma 4.16 The induced map C: I & Kk 42

4 k44 is an isomorphism.

Proof This map is well-defined because ImQqy C ker(P ®dg). If é(¢,§) =0
for some (¢,£) € I 14 14, then P*P¢ = 0, so P¢ = 0, which implies ¢ = 0,
and C(¢,£) =0 means dy,dgé =0, so dg& = 0, which implies £ = 0. Thus C is
injective. Finally, C is surjective because so is P* P ®d};dp . o
Define now a LeBrun—Simanca map [38, Section 5]

. / /
Bo: W —> I} 1.

(4.190) , , .
(v.$.6) — (d—TTp) 0 (1d—TT},, ; ;) 0 Ba (. 6. £).
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As By, is the composition of C ! —maps, itis C!. Using Lemma 4.16 and [38, Lemma 1],
we can see that its directional derivative at the origin in the direction (0, ¢, &) for o =0 is

(4.191) 5.6)Bo = 1d~TI))C(@.§) = C($. ).

for all (¢, ) EI;{+4’k+4.

We can now prove the two main results of Section 4.5.

Theorem 4.17 Suppose that @ is an extremal Kahler metric on (X, J) with Q = [w]
and H is a Yang—Mills reduction of (E€, I) with respect to . Then (0,2) has an
open neighbourhood U C R x H1(X,R) such that for all (&, &) € U there exists an
extremal pair (@, H ) with coupling constant & in the weak coupling limit such that
(@] =o.

Proof This follows as Theorem 4.10, combining (4.191) with Lemma 4.16 and the
implicit function theorem, and then using Lemmas 4.15 and 4.14. a

In the following theorem, we say that a reduction H € R is irreducible if its Chern
connection is irreducible, that is, if its isotropy group inside the gauge group Gp of
E g is minimal; the centre of G (see Section 2.3 and also [20, Section 4.2.2]).

Theorem 4.18 Assume that there is a cscK metric @ on (X, J) with cohomology
class 2 and there are no non-zero Hamiltonian Killing vector fields on X . Then:
(1) If (E€,I) admits an irreducible HYM reduction H with respect to w, then
(0, ) has an open neighbourhood U C R x HV!(X,R) such that for all
(&1, @) € U, there exists a solution (@, }~I) to the coupled equations (3.119)
with coupling constant & = (1,&;) and @ € @.
(2) If (E€,I) admits a HYM reduction H with respect to w, then there exists € > 0
such that for all &; € R with —e < &, < e, there exists a solution (&, H) to the
coupled equations (3.119) with coupling constants (1,01) and ® € @.

Proof Since HYM reductions are Yang—Mills, Theorem 4.17 implies that for all
(@,®) in a neighbourhood U C R x H'1(X,R) of (0, Q), there exists an extremal
pair (@, H) with coupling constant & in the weak coupling limit with [@] = @ and H
irreducible.

Part (1) follows now since the function Sg (@, H ) defined by (4.133) is constant on
X for any extremal pair (@, H ), as LieHy = 0 and, furthermore, the vertical real-
holomorphic vector field on (E€, I) defined by Ag F isin 3, as H is irreducible.

Part (2) follows from Theorem 4.17 and Proposition 4.13, because Fo g = Foo,0 =0
by (3.126), as LieHy = 0 and (E€, I) admits a HYM reduction H with respect
tow. O
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5 Examples and cscK metrics on ruled manifolds

This section contains some examples of solutions to the coupled equations (0.2). In
Section 5.4 we also discuss how the existence of solutions in the limit case ag = 0 can
be applied, using results of Y J Hong in [30], to obtain cscK metrics on ruled manifolds.

5.1 Projectively flat bundles

Let (E€, I') be a holomorphic principal G°~bundle over a compact complex manifold
X . We fix a maximal compact subgroup G C G¢ and a G —invariant metric (-,-) on
g. Suppose that there exists a G—reduction H on E€ and a Kéhler metric @ on X
satisfying

Fg =
(5.192) H=Z® }

Sa):S»

where Fp is the curvature of the Chern connection of H, z is the element of 3 (see
(1.15)) given by (1.18) and S € R. Tt is then straightforward that the pair (0, H)
provides a solution of the coupled equations (0.2). Note that the first equation in
(5.192) implies that the G-bundle Eg corresponding to H is projectively flat, ie, it
is given by a representation 71 (X) — G/Z(G), where Z(G) denotes the centre of
G . Moreover, it implies the following topological constraint

(5.193) [z A Fg] = |z|*[w] € H*(X,R),

where [Fy A z] is the Chern—Weil class associated to the G —invariant linear form
(-,z) on g. We discuss now some examples of solutions of (5.192). We apply
Theorem 4.18(1) to perturb the Kéhler class of the given solution in order to obtain
new solutions that do not satisfy the topological constraint (5.193).

Example 5.1 Let X be a compact Riemann surface. Then the coupled equations (0.2),
for a G-reduction H on E° and a Kihler metric @ on X, split into the system in
separated variables (5.192), since dim¢ X =1 and the term (Fg A Fgr) vanishes. Then
the solutions of the coupled equations (0.2) are given by pairs (w, H), where w is a
cscK metric and H is a G —reduction such that its Chern connection is Hermitian—Yang—
Mills (1.17). Due to the Narasimhan and Seshadri theorem [14], and Ramanathan’s
generalization [47], examples of solutions of the coupled equations (0.2) are given by
polystable G°~bundles over X .

Remark 5.2 In [46], Pandharipande used geometric invariant theory to compactify
the moduli space of pairs (X, F) consisting of a smooth algebraic curve X of genus
g > 1, polarised by a multiple of its canonical bundle, and a semistable vector bundle
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F over the curve. By [46, Proposition 8.2.1], such a pair is GIT stable if and only if
E is Mumford stable. An interesting issue is that this decoupling phenomenon for
the stability condition of a pair (X, F) is reflected in the decoupling of the equations
(0.2), as already observed in Example 5.1. In fact, combining the Narasimhan—Seshadri
theorem with the uniformization theorem on Riemann surfaces, it follows that any
GIT stable pair (X, F) in Pandharipande’s construction, with X smooth, admits one
and only one (irreducible) solution of (0.2) with Kihler class equal to the class of
the polarisation. This gives some evidence to the claim that a Hitchin—Kobayashi
correspondence for equations (0.2) exists in arbitrary dimensions, as conjectured by
the authors [25]. An important difference with the curve case is that of course in
higher dimensions one expects that the stability condition equivalent to the existence
of solutions will involve conditions on the base manifold as well. In [25], a new notion
of stability for degree zero bundles and polarised varieties has been defined. We hope
to address the relation of this stability condition and the existence of solutions of (0.2)
in future work.

Let (X, L) be a compact polarised manifold of complex dimension 7. Suppose that
there exists a cscK metric .

i
2
where Fp is the curvature of a Hermitian metric H on L. Then (w, H) is a solution
of (5.192), and hence a solution of (0.2). Since H is trivially an irreducible HYM
metric with respect to w, if there are no non-zero Hamiltonian holomorphic vector
fields on X', we can apply Theorem 4.18(1) obtaining solutions of (0.2) with non-zero
ratio of the coupling constants and Kihler class close to [w] in H1(X,R).

w = FHGC](L),

Example 5.3 Let X be a degree four hypersurface of P3 and set L = Ox(1). Then
X is a K3 surface and, by Yau’s solution [61] of the Calabi conjecture (see eg [6]),
there exists a unique Kahler Ricci flat metric w € ¢1(L). Since (X, w) is Kdhler Ricci
flat, any holomorphic vector field on X is w—parallel and so Lie(Aut X') contains no
non-zero Hamiltonian holomorphic vector fields. Therefore, applying Theorem 4.18(1),
we obtain solutions of (0.2) with non-zero ratio of the coupling constants o1 /oo and
Kihler class @ close to = [w] in H!(X,R). As the dimension of H'1(X,R) is
20, we can assume that @ is not contained in the real line spanned by €2, and so it is
not obvious a priori that such a Kéhler class contains a solution of (0.2) for our choice
of manifold X and bundle L.

When (X, w) is a flat Kéhler torus, we can relax condition (5.192) and assume that £
is an arbitrary projectively flat Hermitian bundle over X .
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Example 5.4 Let X = C"/Ay be a complex torus given by a lattice Ay in Z>"
and endowed with a flat Kihler metric w. Examples of holomorphic vector bundles £
over X admitting a projectively flat Hermitian metric H are given by representations
of a central extension of Ay into U(r) C GL(r, C). Suppose that E is given by an
irreducible representation of Ay and take a projectively flat Hermitian metric H on E,
with curvature 7 Id. By a conformal change on H, we can assume that 7 is harmonic,
and hence it is constant with respect to the natural coordinates in the torus. Then
(w, H) is a solution to the coupled equations (0.2) for arbitrary value of the coupling
constants oy and o .

Remark 5.5 In [50], Schumacher and Toma constructed a moduli space of (non-
uniruled) polarised Kéhler manifolds equipped with stable vector bundles, using versal
deformations. This moduli space is endowed with a Kéhler metric, provided that the
cohomological constraint (5.193) is satisfied, the base manifold X is Kdhler-Einstein
and the bundle is projectively flat. The gauge-theoretic equations corresponding to
this moduli construction are therefore equivalent to (5.192), whose solutions are in
particular solutions to the coupled equations (0.2). Note here that the cscK equation
and the Kéhler-Einstein equation are equivalent, by Hodge theory, if the class of the
polarisation is a multiple of ¢ (X).

In the examples of Section 5.1, the coupled equations (0.2) admit decoupled solutions
arising from the system in separated variables (5.192). There is a geometric interpreta-
tion for this in terms of the extended gauge group G in (1.20) associated to a solution
(w, H) to Fg = zw and the moment map interpretation of (0.2) in Section 2. Namely,
the Chern connection A of H determines a Lie algebra splitting of the short exact
sequence

0 — Lieg —>Lie§—>Lie7—[ —0
(see (1.32)). The splitting is given by the Lie algebra homomorphism
®: LieH = C°(X) —> Lie G,
(5.194) N
¢ — 03 Ne — Pz,

(see (1.34)), where ngiw = d¢ and Gj is the horizontal lift with respect to the
connection A. To see this, note that

[@(d1), P(p2)] = [Q/J{%l — @1z, Qj'nqbz — ¢2z]
= 01, Mgl — (D1, b2}z + (Fa — 20) (g, . 1g,)
= ®({¢1,92}) + (Fg—02)(Ng,. Ng,).
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where {¢1, ¢} is the Poisson bracket in C5°(X) given by w. Note that this homomor-
phism does not extend in general to the Lie algebra of the group of diffeomorphisms of
X . Therefore, when dimc X =1 or E is projectively flat, the coupled system (0.2)
may have “decoupled” solutions due to the fact that Lie G is a semidirect product of
Lie G and Lie H.

5.2 Homogeneous bundles over homogeneous Kéihler manifolds

For the basic material on this topic we refer to Besse [6] and Kobayashi [34]. Let
X be a compact homogeneous Kéhlerian manifold (ie, admitting a Kdhler metric) of
a compact group G. In other words, X = G/G,, for a closed subgroup G, C G,
equipped with the canonical G —invariant complex structure (see [6, Remark 8.99]).
Then homogeneous holomorphic vector bundles E of rank r over X are in one-to-one
correspondence with representations of G, in GL(r, C). For any invariant Kéahler
metric w on X, there exists a unique G —invariant Hermitian—Yang—Mills unitary
connection A, provided that the representation inducing E is irreducible (see [34,
Proposition 6.1]). Moreover, for any such choice of invariant metric and connection,
the scalar curvature S, and the function Az, tr(F4 A F4q) on X are G-invariant and
hence constant. It hence turns out that A satisfies the system of equations

ApFy=iA1d,

4
Aczotl‘(FA/\FA)=— ¢

(n—1)
where ¢ € R is asin (2.51) and A € R is determined by the first Chern class of E and
[w]. Equations (5.195) corresponds to the limit

(5.195)

O{0—>O

in (0.2). Fix a pair of arbitrary coupling constants ¢, ®; > 0 and a homogeneous
holomorphic vector bundle E over X associated to an irreducible representation. Then
any Kéhler class on X determines a unique G —invariant solution (w, A) to the coupled
equations with coupling constants & and «; . To see this, note that each de Rham class
on X (in particular, each Kéhler class) contains a unique G —invariant representative,
obtained from an arbitrary representative by averaging. Trivially, the scalar curvature
of any G —invariant Kéhler metric is constant. Therefore, the unique G —invariant
solution of (0.2) arises as a simultaneous solution of the cscK equation and (5.195),
corresponding to the limit cases g = 0, and oy = 0.

Example 5.6 Let (X, w) be a compact homogeneous Kihler-Einstein surface G/ Gy .
By [6, Corollary 8.98], this means that X is a complex torus or it is simply connected.
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Let E be a homogeneous vector bundle on X induced by an irreducible representation
of G, in SU(r), with induced G -invariant Hermitian metric H and G —invariant
unitary connection A. Then the pair (w, A) satisfies the system of equations

+ _
(5.196) Fq =0, , " }
% (po —'®) =a12(Ap FaA) N Fg— Ao (Fg N Fq) — o),

for real numbers ¢’, ¢”, where p,, is the Ricci form of @ and FZ = 0 is the Anti-
Self-Duality equation for the connection A. To prove this, note that 4 is HYM
and
2N F)NFg— Ao (FgNFq) =—Ao(Fg N Fy)
= Aw(|FA|2w2)
=|F4lo,

(see (2.48)), where |-| is the pointwise norm with respect to w. Hence (w, A) satisfies
(5.196) because the function |F4|? is constant over X by invariance. Observe that
the system (5.196) is stronger than (0.2). Indeed, it can be readily checked from
[6, Proposition 9.61] that if (w, A) satisfies (5.196), then the associated invariant
Riemannian metric on the total space of the frame U(r)-bundle of (E, H) over X,
constructed as in Section 2.3, is Einstein, and therefore (w, A) satisfies (0.2), by (2.60).

5.3 Stable bundles and cscK manifolds

We supply now some cases where Theorem 4.18 can be applied, obtaining examples of
solutions with non-zero ratio of the coupling constants and fixed Kéhler class. Starting
with a cscK metric, we check that the new Kéhler metrics that we obtain are not cscK.
Using the contents of Section 3.4, we also give an explicit Example 5.9 in which there
cannot exist solutions to the coupled equations.

Example 5.7 Let X be a high degree hypersurface of P3. By theorems of Aubin and
Yau (see eg [6, Theorem 11.7]), there exists a unique Kdhler—Einstein metric w € ¢;(X)
with negative (constant) scalar curvature. Moreover, c¢;(X) < 0 implies that the group
of automorphisms of the complex manifold X is discrete (see [6, Proposition 2.138]).
Let E be a smooth SU(2)—principal bundle over X with second Chern number

k=1 [ wF AFy ez,
8m?2 X
where A is a connection on E. When k is sufficiently large, the moduli space M}, of
anti-self-dual (ASD) connections A on E with respect to w is non-empty (see [20,

Section 10.1.14]). Moreover, if k is large enough, M} is non-compact but admits a

Geometry & Topology, Volume 17 (2013)



2804 Luis Alvarez-Cénsul, Mario Garcia-Ferndndez and Oscar Garcia-Prada

compactification. Let A be a connection that determines a point in My . Then 4 is
irreducible and so we can apply Theorem 4.18(1), obtaining solutions (wy, A¢) of
(0.2) with [wg] = [w], nonzero values of the coupling constants &g, o, and small ratio

.t
a=—.
®o
We claim that if the pointwise norm
(5.197) |Faplo,: X — R

of the initial HYM connection Ay = A with respect to the Kéhler—Einstein metric
wo = w 1s not constant, then wy is not cscK for 0 < @ < 1. To see this, note that
(wg, Ag) approaches uniformly to (wg, A¢) as « — 0 (see Theorem 4.17) and so

2
— | Fyq,

|(DO‘LC’o

=0.

. 2
Jim | 1F Lo,
Hence if (5.197) is not constant, then | F 4, | 2)& is not constant for small «, so the claim
follows from

o |a)a’

Swy = ~— —aA2 (Fq, AFyq,) = - +a|Fy,|2
o o @9

where ¢ € R. This last equation is satisfied because (wy, Ay) is a solution to (0.2). To
choose an ASD connection for which (5.197) is not a constant, we consider a sequence
of ASD connections {4’ }72, defining points of M} and approaching a point on the
boundary of the compactification. When / > 0, the connections A; start bubbling.
This bubbling is reflected in the fact that the function (5.197) becomes more and more
concentrated in a finite number of points of the manifold. Therefore, eventually, we
obtain an ASD irreducible connection for which (5.197) is not a constant.

To be more precise, recall that any point on the boundary of the compactification
of M} is given by an ideal connection (see [20, Definition 4.4.1]), ie, an unordered
d—tuple (p1,..., pg) of points on X and a connection Ao, on Mj_,4, the moduli
space of ASD connections on a suitable smooth SU(2)-bundle Ej;_; with second
Chern number k —d . If [A;] = [Aco] as [ — o0, then for any continuous function f
on X (see [20, Theorem 4.4.4)),

(5.198)  lim / S t(Fa, A Fyq,) —f S t(Fao, A Fay,)+ 877 Z S (pm).

m=1

Take Aoo in My_4 with d > 0. 1If | Fy, |2, is constant for all /, using (5.198) and the
equality
|Fa,|50° = te(Fa, A Fa,),
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we obtain that 4 = 0 and hence a contradiction (eg, in (5.198), take a sequence { f; }]?’il
of test functions approaching the delta function of a point p; on X).

The hypothesis of Theorem 4.18 hold in much more generality. By the Donaldson—
Uhlenbeck—Yau Theorem (Donaldson [16], and Uhlenbeck and Yau [58]), which admits
a generalization to principal bundles (see [3; 48]), a family of examples generalizing
Example 5.7 is provided by polystable holomorphic principal bundles over cscK mani-
folds with no non-zero Hamiltonian Killing vector fields. Recall that this theorem states
that if a holomorphic principal G°~bundle (E€, I) is (Mumford-Takemoto) polystable
with respect to a Kéhler class €2 on a compact complex manifold X, then for any
Kihler form w € Q there exists a reduction H of (E€,I) to G that is HYM with
respect to .

Let (X, L) be a compact polarised manifold whose first Chern class ¢{(X) satisfies
c1(X) =2ei (L)

for some A € Z. When A < 0 (eg if X is a high degree hypersurface of P™), X has
finite group of automorphisms and by the above result of Aubin and Yau, there exists
a unique Kihler—Einstein metric w € ¢;(L). If A = 0, then by Yau’s a solution to
Calabi’s conjecture (see eg [6, Theorem 11.7]), there exists a unique Ricci flat metric
on ¢q(L). As the dimension of the group of automorphisms of such manifolds is equal
to its first Betti number (see [6, Remark 11.22]), the simply connected ones (eg K3
surfaces) are complex Ricci flat manifolds with finite group of automorphisms. If
A > 0, it has been recently proved (Chen, Donaldson and Sun [12], and Tian [55])
that ¢{ (L) admits a Kdhler—Einstein metric if and only if (X, L) is K—stable. Let us
restrict to the case
X =P mP?,

the complex surface obtained by blowing up P2 at m generic points (see Tian and Yau
[57]). If we take m such that 3 <m < 8 then ¢1(X) > 0, X has finite automorphism
group (see Tian [56, Remark 3.12]) and it was proved in [57] that X admits a Kdhler—
Einstein metric.

On the other hand, given a polarised projective manifold (X, L) (without any as-
sumption on ¢ (X)), an asymptotic result of Maruyama [44] states that there exist
c1(L)-stable vector bundles £ over X of rank r, provided that » > dim X > 2 and

(5.199) c2(E)-ci (L)% > 0.

If X has finite group of automorphisms and it is endowed with a K#hler—Einstein
metric w € ¢y (L) as before, then we can apply Theorem 4.18.
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Example 5.8 Let (X, w) be a Kdhler—FEinstein manifold. Then w is a cscK metric,
which determines a Hermitian—Yang—Mills metric A on the tangent bundle £€ =TX .
The pair (w, H) is a solution to (3.119) with «; = 0, but it is not a solution with
a1 # 0 unless the Chern connection of H is flat. If ¢;(X) < 0, then there are no
non-zero Hamiltonian holomorphic vector fields over X, so Fp o = Foo,@ = 0 and
as in Theorem 4.18, (0, ) has an open neighbourhood U C R x H"1(X,R) such
that for all (&, @) € U, there exists a solution (&, H) to the coupled equations (3.119)
with coupling constants satisfying oy /a9 = @ and [@0] = @.

We will now construct an example where the «—Futaki character 7 obstructs the
existence of solutions to the coupled equations for small ratio of the coupling constants.

Example 5.9 Let (X, ®) be a Kihler manifold such that @ is not a cscK metric but
it is extremal (eg CPP2 blown up at one point [8]). Recall from Section 4.1 that the
extremality condition is equivalent to the condition that .S, is the Hamiltonian function
of a real holomorphic Killing vector field 1. Since @ is not a cscK metric, it follows
from (3.126) and (4.184) that the classical Futaki character of the Kihler class 2 = [w]
evaluated at 7 is

(Fog.n) = / (S0 — §)2l > 0,
X

Note that 7 lifts to a holomorphic vector field ¢ € Lie Aut(7'X') on the holomorphic
tangent bundle E¢ = TX of X . It follows from (3.126) that the «—Futaki character
Fr evaluated at ¢ is positive for sufficiently small values of oy /ag > 0. Hence the pair
(X, TX) does not admit a solution (w, H) to (3.119) with w € 2 and these values of
the coupling constants.

Given an arbitrary holomorphic principal G°~bundle E€ over X, the obstruction to
lift a holomorphic vector field on X to a G“~invariant holomorphic vector field on E*¢
lies in H'(X,ad E€) (cf (1.30)). Note that when G¢ = C*, the previous argument
always applies.

Let E€ be a stable holomorphic principal G“~bundle over a polarised manifold (X, L).
In this situation, the Donaldson—Uhlenbeck—Yau theorem allows us to think of the
coupled equations as a generalization of the constant scalar curvature equation for a
Kihler metric w € ¢1(L). More precisely, given such w there exists a unique HYM
reduction H on E°¢ with respect to @ and therefore (3.119) can be interpreted as a
single scalar equation for the Kihler metric. Although this approach may not be very
useful in general, it becomes very explicit for the case of a line bundle E€. In this
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case, a solution of the coupled equations is equivalent to a pair (w, B), where § is a
harmonic (1, 1)—form with [8]/+/2 = 2mc1 (E€) and satisfying

(5.200) Sw—a|p} =c

for a real constant ¢’ € R, where a = a1 /ag. As for this, we simply note that H is
a HYM Hermitian metric on E¢ with respect to o if and only if i Fg is harmonic.
Therefore, for line bundles, the coupled equations provide a deformation of the constant
scalar curvature equation by a harmonic (1, 1)—form (cf [53]). This point of view has
been recently used by Keller and Tgnnesen-Friedman to find solutions of the coupled
equations on polarised complex 3—folds that do not admit any cscK metric [32]. We
should stress that in general equation (5.200) is as difficult as the cscK equation, which
has been completely solved only in the Kédhler—Einstein case [12; 55]. It would be
interesting to study these deformations in terms of K—stability.

5.4 cscK metrics on ruled manifolds

We now briefly discuss the relation between equation (5.195), given by the limit
oo — 0

in (0.2), and the existence of solutions to the cscK equation on ruled manifolds. We
will use existence results of Y J Hong [29; 30].

Let (X, J, w) be a compact Kdhler manifold with constant scalar curvature and £ a
holomorphic stable vector bundle of degree zero over X (examples of this type were
already provided in Section 5.3). Let H be a Hermitian metric on £ whose Chern
connection A is HYM (it exists by the Donaldson—Uhlenbeck—Yau theorem [16; 58]).
Let L be the tautological bundle over the projectivised bundle P(E) of E and Fa, .
the curvature of the connection induced by A on L*. Then the 2—form

i
—F
27_[ AL*

is non-degenerate on the fibres and in fact it induces the Fubini—Study metric, so
Ok = == Fay, +hn*o
2g LT

is a Kihler metric on P(E) for k large enough. When the automorphism group
of (X, J) is finite, YJ Hong [29] used a deformation argument to prove that the
cohomology class [@y] contains a cscK metric for & >> 0. Let G be the extended gauge
group of the frame PU(r)-bundle of the Hermitian vector bundle (£, H) and GrcgG
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the stabilizer of the connection 4. The assumption on Aut X was removed in [30]
(see [30, Definition I.A]), under the additional conditions that the subgroup

Gr C AutP(E)

is finite and:

(5.201) A2 (tr Fg Atr Fy +tr Fg A po + F4 A Fq) = const.
Since ¢ (E) = 0, this second condition reduces to
4c
A2 tr(Fy A Fy) = — eR.
W I'( A A) (n — 1)'

The condition (5.201) appears when one splits the linearization of the cscK equation
on P(E) into vertical and horizontal parts with respect to the connection A.

Hence we conclude that when ¢; (E) = 0 and Gy is finite, the existence of a solution
to (5.195) is a sufficient condition for the existence of a cscK metric in the cohomology
class [@g] for k > 0 (see [30, Theorem III.A]). It would be interesting to study further
this relation, trying to prove that the existence of solutions to the coupled equations for
small oy /&g > 0 implies the existence of constant scalar curvature Kéhler metrics on
P (E) with Kihler class kcq (L) for large k. This would provide a generalization of
Hong’s results in [30].
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