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A weakly second-order differential structure on
rectifiable metric measure spaces

SHOUHEI HONDA

We give a definition of angles on the Gromov–Hausdorff limit space of a sequence of
complete n–dimensional Riemannian manifolds with a lower Ricci curvature bound.
We apply this to prove there is a weakly second-order differential structure on these
spaces and prove that they admit a unique Levi-Civita connection, allowing us to
define the Hessian of a twice differentiable function.

53C20; 53C21

1 Introduction

Let X be a metric space. We say that a map  from Œ0; l � to X is a minimal geodesic
if  is an isometric embedding. Let 1 and 2 be minimal geodesics on X beginning
at a point x 2X. Define the angle † P1 P2 2 Œ0; �� between 1 and 2 at x by

cos† P1 P2 D lim
t!0

2t2� 1.t/; 2.t/
2

2t2

if the limit exists, where x;y is the distance between x and y .

This notion of an angle is crucial in the study of metric spaces. For example, on
Alexandrov spaces (or CAT.�/–spaces), the angle between every two minimal geodesics
beginning at a common point always exists. The existence follows directly from
a monotonicity property induced by Toponogov’s comparison inequality. Roughly
speaking, the monotonicity property is closely related to a lower (or upper) bound
on the sectional curvature of the space. See for instance a fundamental work about
Alexandrov spaces [2] by Burago, Gromov and Perelman. Note that in general, angles
are not well defined.

Now we consider the following question:

Question Is the angle between two given minimal geodesics beginning at a common
point on a metric (measure) space with a lower Ricci curvature bound well defined?
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Since the angle on Alexandrov space is well defined, the answer to the question is
affirmative under a lower bound on the sectional curvature. There are many important
works about lower Ricci curvature bounds on metric measure spaces. See for instance
Ohta [26], Sturm [34; 35], Lott and Villani [25] and Villani [36]. Note that a typical
example of them is the Gromov–Hausdorff limit space of a sequence of Riemannian
manifolds with a lower Ricci curvature bound.

In this paper we prove that on limits of manifolds with lower Ricci curvature bounds,
the answer is almost positive, in a way which we will soon make more precise in
Theorem 1.2. First we observe that the following recent very interesting result of
Colding and Naber implies that in general, the answer to the question above is negative:

Theorem 1.1 [10, Theorems 1.2 and 1.3] For every n � 3, there exists a pointed
proper metric space .Y;p/ with the following properties:

(i) .Y;p/ is a noncollapsing Gromov–Hausdorff limit space of a sequence of pointed
n–dimensional complete Riemannian manifolds with a lower Ricci curvature
bound.

(ii) All points of Y are regular points. Moreover, Y is a uniform Reifenberg space.

(iii) For every two minimal geodesics 1 , 2 beginning at p and every � 2 Œ0; ��,
there exists a sequence ti! 0 such that

cos � D lim
i!1

2t2
i � 1.ti/; 2.ti/

2

2t2
i

:

Note that .Y;p/ as above has some nice properties. See [10, Theorem 1.2] by Colding
and Naber for the details. This important example implies that even on a metric space
with a lower Ricci curvature bound and nice properties, in general, angles are not well
defined.

In order to give the first main theorem of this paper, let .M1;m1/ be the Gromov–
Hausdorff limit space of a sequence of pointed complete n–dimensional Riemannian
manifolds f.Mi ;mi/gi<1 with RicMi

� �.n� 1/. See [5; 6; 7; 8] for the wonderful
structure theory of M1 developed by Cheeger and Colding. The following is the first
main result of this paper:

Theorem 1.2 Let p; q 2M1nfm1g with m1 62Cp[Cq . Then the angle †pm1q 2

Œ0; �� of pm1q is well defined. In fact, we have

cos†pm1q D lim
t!0

2t2� p.t/; q.t/
2

2t2
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for any minimal geodesics p from m1 to p and q from m1 to q , where Cp is the
cut locus of p defined by Cp D fx 2M1 W p;xCx;z > p;z for every z 2M1 nfxgg.

Theorem 1.2 implies that:

Corollary 1.3 The angle between any pair of minimal geodesics, i W Œ0; li �!M1
beginning at x 2M1 is well defined as long as they can be extended minimally through
x , namely, there exists � > 0 such that i W Œ��; ��!M1 is minimal.

In [16, Theorem 3.2], the cut locus is shown to have measure zero with respect to any
limit measure � on M1 .

Corollary 1.4 For every p; q 2M1 , the angle †pxq is well defined for � –almost
every x 2M1 .

See Theorem 4.4 for the proof of Theorem 1.2. See also [11, Corollary A.4] by Colding
and Naber.

We will also discuss some Hölder continuity of angles (Corollary 4.8) and show the
existence of the weakly C 1;˛ –structure on M1 in some sense (Corollary 4.9) for some
˛ D ˛.n/ < 1.

The second main result of this paper is the following:

Theorem 1.5 M1 has a weakly second-order differential structure.

See Definition 3.16 for the precise definition of a weakly second-order differential
structure on metric (measure) spaces. Note that this second-order differential structure
is better than the C 1;˛–structure above in some sense. In fact, for instance, we
can give a suitable definition of twice differentiable functions on a space having
a weakly second-order differential structure (Definition 3.20). We will show that
all eigenfunctions with respect to the Dirichlet problem on M1 are weakly twice
differentiable (Corollary 4.20).

On the other hand, Cheeger defined a notion of a weak Riemannian metric in [3,
Section 4], which is known to be well defined on M1 by [8, Section 7] by Cheeger
and Colding. We will review the definition of this notion in Theorems 2.2 and 2.3. We
will show that the Riemannian metric of M1 is Lipschitz in some sense with respect
to a weakly second-order differential structure as in Theorem 1.5. See Theorem 4.17.
As corollaries, we will show that the Levi-Civita connection on M1 exists and is
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unique (Theorem 3.26), and study the Hessian of a twice differentiable function
(Proposition 3.27).

For example, let .Z; z/ be the noncollapsing Gromov–Hausdorff limit of a sequence
of pointed complete n–dimensional Einstein manifolds f. yMi ; ymi/gi with Ric yMi

D

H.n� 1/, where H is a fixed real number. Then in [6] Cheeger and Colding showed
that the regular set R of Z is open and a smooth Riemannian manifold. We see that
the Levi-Civita connection given in this paper coincides with that defined by the smooth
structure of R. See Theorems 2.3, 3.26, 4.17 and [6, Theorem 7.3] for the details.

Next we give a remark about Theorem 1.5. For that, we now recall a celebrated work
on (measurable) differentiable structures on metric measure spaces by Cheeger. In
[3], Cheeger showed that a metric measure space satisfying the Poincaré inequality
and the doubling condition has a differentiable structure in some sense. For instance,
we can find very interesting examples of them in [24] by Laakso and [29] by Pansu.
See also [22] by Keith. Note that M1 with a limit measure is a typical example of
these spaces. It is important that we can discuss the once differentiability for functions
on such metric measure spaces. In fact, it is shown that all Lipschitz functions on
such spaces are differentiable almost everywhere in some sense, as in Rademacher’s
Theorem [32]. On the other hand, in general, it seems that it is not easy to give a
suitable definition of a second-order differential structure on metric measure spaces.
However, in several situations, as of that of Alexandrov spaces, we can consider such a
second-order differential structure (see for instance Burago, Gromov and Perelman [2],
Otsu [27], Otsu and Shioya [28] and Perelman [30; 31]). The notion of a weakly
second-order differential structure on metric measure spaces given in this paper gives a
framework for such structures that includes limit spaces of Riemannian manifolds with
a lower Ricci curvature bound.

Finally we introduce fundamental tools used in the proofs of Theorems 1.2 and 1.5.
In the proof of Theorem 1.2, we will essentially use the proof of Cheeger and Cold-
ing’s splitting theorem [5, Theorem 6.64] and several fundamental properties of the
convergence of the differentials of Lipschitz functions with respect to the measured
Gromov–Hausdorff topology given in [17] by the author. In the proof of Theorem 1.5,
we will essentially use several fundamental properties of the convergence of spectral
structures with respect to the measured Gromov–Hausdorff topology given in [23] by
Kuwae and Shioya and also use several results given in [17] again.

As a continuation of this paper, in [15] we will prove a Bochner-type inequality on
M1 that involves the Hessian defined in Section 3, discuss a weak L2 –convergence
of Hessians with respect to the Gromov–Hausdorff topology and give a relationship
between the Laplacian defined by using the twice differential structure in Section 3
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and the Dirichlet Laplacian defined by Cheeger and Colding in [8]. In particular, we
will show that in noncollapsing setting, these Laplacians coincide on a dense subspace
in L2 . These are strong motivations for this work.

The organization of this paper is as follows:

In Section 2, we will introduce several fundamental notions on metric measure spaces
and on limit spaces of Riemannian manifolds. In Section 3, we will give the definition
of the weakly second-order differential structure on metric measure spaces and study
several properties. In Section 4, we will give the proofs of Theorems 1.2 and 1.5.
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2 Preliminaries

In this section, we will introduce several fundamental notions on metric measure spaces
and on limit spaces of Riemannian manifolds. Let X be a metric space. For R> 0,
x 2X, we set BR.x/D fy 2X W x;y <Rg and BR.x/D fy 2X W x;y �Rg.

2.1 Metric measure spaces

We say that X is proper if every bounded closed subset of X is compact. We say that
X is a geodesic space if for every x;y 2X, there exists a minimal geodesic  from x

to y . Let � be a Radon measure on X. In this paper, we say that .X; �/ is a metric
measure space if X is a proper geodesic space and if �.Br .x// > 0 for every x 2X

and every r > 0. We now recall the notion of rectifiability for metric measure spaces
defined by Cheeger and Colding in [8]:

Definition 2.1 [8, Definition 5.3] Let .X; �/ be a metric measure space. We say that
X is weakly � –rectifiable (or .X; �/ is weakly rectifiable) if there exists a positive
integer m, a collection of Borel subsets fC l

i g1�l�m;i2N of X, and a collection of
bi-Lipschitz embedding maps f�l

i W C
l
i ! Rlgl;i with the following properties .i/

and .ii/:
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(i) �
�
X n

S
l;i

C l
i

�
D 0.

(ii) � is Ahlfors l –regular at every x 2 C l
i , ie, there exist C � 1 and r > 0 such

that C�1 � �.Bt .x//=t l � C for every 0< t < r .

Moreover we say that X is � –rectifiable (or .X; �/ is rectifiable) if the following
condition holds:

(iii) For every l , every x 2
S

i2N C l
i and every 0< ı < 1, there exists i such that

x 2 C l
i and the map �l

i is .1˙ ı/–bi-Lipschitz to its image �l
i .C

l
i /.

Our third condition is a strong additional condition not usually required in the definition
of rectifiable spaces. See [8, Definition 5.3] for the standard definition by Cheeger and
Colding. This third condition is in [8, iii), page 60] and holds on all limit spaces of
Riemannian manifolds we are studying in this paper.

In this paper, we say that a family f.C l
i ; �

l
i /gl;i as in Definition 2.1 is a (weakly)

rectifiable coordinate system of .X; �/ if X is (weakly) � –rectifiable. See also [22] by
Keith. It is important that the cotangent bundle on a rectifiable metric measure space
exists in some sense. We now give several fundamental properties of the cotangent
bundle:

Theorem 2.2 (Cheeger [3], Cheeger and Colding [8]) Let .X; �/ be a rectifiable
metric measure space. Then, there exist a topological space T �X and a Borel map
� W T �X !X with the following properties:

(i) �.X n�.T �X //D 0.

(ii) ��1.w/.D T �wX / is a finite-dimensional real vector space with canonical inner
product h � ; � iw for every w 2 �.T �X / .jvj.w/D

p
hv; viw /.

(iii) For every Lipschitz function f on X, there exist a Borel subset V of X, and a
Borel map df (called the differential of f ) from V to T �X such that �.X n
V / D 0 and that � ı df .w/ D w , jdf j.w/ D Lipf .w/ D Lipf .w/ for every
w 2 V , where
(a) Lip f .x/D lim

r!0

�
sup

y2Br .x/nfxg

.jf .x/�f .y/j=x;y/
�
;

(b) Lipf .x/D lim inf
r!0

�
sup

y2@Br .x/

.jf .x/�f .y/j=x;y/
�
:

We now give a short review of the construction of the cotangent bundle T �X as in
Theorem 2.2: Let f.C l

i ; �
l
i /gl;i be a rectifiable coordinate system of .X; �/. By the

classical Rademacher’s Theorem and Definition 2.1, without loss of generality, we can
assume that the following properties hold:
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(i) Every
�l

i ı .�
l
j /
�1
W �l

j .C
l
i \C l

j /! �l
i .C

l
i \C l

j /

is differentiable at every w 2 �l
j .C

l
i \C l

j / (see Section 3.1 for the notion of
differentiability for a Lipschitz function defined on a Borel subset of Euclidean
space).

(ii) For every i; l , x 2 C l
i and every .a1; : : : ; al/; .b1; : : : ; bl/ 2Rl ,

(a) Lip
�P

j aj�
l
i;j

�
.x/D Lip

�P
j aj�

l
i;j

�
.x/,

(b) Lip
�P

j aj�
l
i;j

�
.x/D 0 holds if and only if .a1; : : : ; al/D 0 holds.

(c) Lip
�P

j .aj C bj /�
l
i;j

�
.x/2CLip

�P
j .aj � bj /�

l
i;j

�
.x/2

D 2 Lip
�P

j aj�
l
i;j

�
.x/2C 2 Lip

�P
j bj�

l
i;j

�
.x/2 .

(iii) For every Lipschitz function f on X, we have Lipf .x/D Lipf .x/ for almost
every x 2X.

For points .x;u/; .y; v/ 2
F

i;l.�
l
i .C

l
i /�Rl/, we define

.x;u/� .y; v/ if x D �l
i ı .�

l
j /
�1.y/ and uD J.�l

i ı .�
l
j /
�1/.y/tv

for some i; j ; l , where J.f / is the Jacobi matrix of a function f . We set

T �X D
�G

i;l

.�l
i .C

l
i /�Rl/

�
=�

and define a map � by �.x;u/ D .�l
i /
�1.x/ if x 2 �l

i .C
l
i /. By the condition (b)

above, for every x 2 �.T �X / with x 2 C l
i , jajx D Lip

�P
j aj�

l
i;j

�
.x/ is a norm on

Rl . By the condition (c) above, which follows from the � –rectifiable condition .iii/,
we see that the norm comes from an inner product h � ; � ix on Rl . Then it is easy to
check that .T �X; �; h � ; � ix/ satisfies the conditions as in Theorem 2.2.

See [8, Section 6] by Cheeger and Colding for the details and [3, pages 458–459] by
Cheeger for a more general case. We set T �AD ��1.A/ for every subset A of X.

2.2 Limit spaces of Riemannian manifolds with a lower Ricci curvature
bound

We recall the definition of Gromov–Hausdorff convergence. Let f.Xi ;xi/g1�i�1

be a sequence of pointed proper geodesic spaces. We say that .Xi ;xi/ Gromov–
Hausdorff converges to .X1;x1/ if there exist sequences of positive numbers �i! 0,
Ri !1 and of maps �i W BRi

.xi/! BRi
.x1/ (called an �i –almost isometry) with

the following three properties:
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(i) jx;y ��i.x/; �i.y/j< �i for every x;y 2 BRi
.xi/.

(ii) BRi
.x1/� B�i

.Image.�i//.

(iii) �i.xi/! x1 (denote it by xi! x1 for the sake of simplicity).

See [14] by Gromov. We denote this by .Xi ;xi/! .X1;x1/ for brevity.

Moreover, we now give the definition of measured Gromov–Hausdorff convergence.
For a sequence f�ig1�i�1 of Borel measures �i on Xi , we say that �1 is the limit
measure of f�igi if �i.Br .yi//! �1.Br .y1// for every r > 0 and every sequence
fyigi of points yi 2 Xi with �i.yi/! y1 (denote this by yi ! y1 ). See [13] by
Fukaya for the original definition and see also [6] by Cheeger and Colding for this
version. We denote this by .Xi ;xi ; �i/! .X1;x1; �1/ for brevity.

Let n2N , K 2R and let .M1;m1/ be a pointed proper geodesic space. We say that
.M1;m1/ is an .n;K/–Ricci limit space (of f.Mi ;mi/gi ) if there exist sequences of
real numbers Ki!K and of pointed complete n–dimensional Riemannian manifolds
f.Mi ;mi/gi with RicMi

� Ki.n � 1/ such that .Mi ;mi/ ! .M1;m1/. We call
an .n;�1/–Ricci limit space a Ricci limit space for brevity. Moreover we say that a
Radon measure � on M1 is the limit measure of f.Mi ;mi/gi if � is the limit measure
of fvol = vol B1.mi/gi . Then we say that .M1;m1; �/ is the Ricci limit space of
f.Mi ;mi ; vol = vol B1.mi//gi .

Assume that .M1;m1; �/ is the Ricci limit space of f.Mi ;mi ; vol = vol B1.mi//gi .
Cheeger and Colding have proven that the .1;p/–Sobolev space H1;p.U / on every
open subset U of M1 is well defined for every 1 < p < 1 and that for every
f 2H1;p.U /, the differential df .x/2T �x M1 is well defined for almost every x 2U .
See [3, Theorems 4.14 and 4.47] by Cheeger for the detail.

Cheeger and Colding proved the existence of rectifiable coordinate system, defined as
in Definition 2.1, constructed from harmonic functions:

Theorem 2.3 [8, Theorem 3.3, 5.5 and 5.7] There exists a rectifiable coordinate
system f.C l

i ; �
l
i /gl;i of .M1; �/ such that the following property holds: There exists

a subsequence fk.j /gj �N such that for every l; i , there exist x1 2M1 , r > 0 with
C l

i � Br .x1/, a sequence fxk.j/gj of xk.j/ 2Mk.j/ with xk.j/! x1 , a sequence
ffk.j/;sgj ;s of harmonic functions fk.j/;s on Br .xk.j// such that supj ;s Lipfk.j/;s <

1, fk.j/;s! �l
i;s on C l

i as j !1 for every s , where Lipf is the Lipschitz constant
of f and �l

i D .�
l
i;1
; : : : ; �l

i;k
/.

See Definition 2.5 for the definition of the pointwise convergence of functions fi!f1
with respect to the Gromov–Hausdorff topology. More recently the author proved the
existence of rectifiable coordinate system constructed from distance functions:
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Theorem 2.4 [17, Theorem 3.1] There exists a rectifiable coordinate system

f.C l
i ; �

l
i /g1�l�n;i<1

of .M1; �/ such that every �l
i;s is the distance function from a point in M1 .

In Section 4, roughly speaking, we will show the following:

(i) A rectifiable coordinate system as in Theorem 2.4 implies a weakly C 1;˛–
structure of M1 for some ˛ D ˛.n/ < 1.

(ii) A rectifiable coordinate system as in Theorem 2.3 implies a weakly second-order
differential structure of M1 .

See Corollary 4.9 and Theorem 4.17 for the precise statements.

Definition 2.5 Given functions fi W BR.mi/! R and x1 2 BR.m1/, we say that
fi converges to f1 at x1 if for any sequence xi 2 BR.mi/ such that xi! x1 we
have fi.xi/! f1.x1/. We denote this by fi ! f1 at x1 . If this holds for all
x1 2 BR.m1/ we say fi! f1 on BR.m1/.

Finally, we introduce the definition of a convergence of the differentials of Lipschitz
functions with respect to the measured Gromov–Hausdorff topology given in [17].

Definition 2.6 [17, Definitions 1.1 or 4.4] Given Lipschitz functions fi W BR.mi/!R
and x1 2 BR.m1/, we say that dfi converges to df1 at x1 if

sup
i

Lipfi <1

for every � > 0, and for every zi! z1 , there exists r > 0 such that

lim sup
i!1

ˇ̌̌̌
1

vol Bt .xi/

Z
Bt .xi /

hdrzi
; dfii dvol

�
1

�.Bt .x1//

Z
Bt .x1/

hdrz1 ; df1i d�

ˇ̌̌̌
< �;

lim sup
i!1

1

vol Bt .xi/

Z
Bt .xi /

jdfi j
2 dvol�

1

�.Bt .x1//

Z
Bt .x1/

jdf1j
2 d�C �

for every 0 < t < r and every xi ! x1 , where rz is the distance function from z .
We denote this by dfi ! df1 at x1 . If this holds for all x1 2 BR.m1/ we say
dfi! df1 on BR.m1/.

We write .fi ; dfi/! .f1; df1/ at x1 if fi! f1 and dfi! df1 at x1 .
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Remark 2.7 In [15], we will see that dfi converges to df1 on BR.m1/ in the sense
of Definition 2.6 if and only if dfi Lp –converges strongly to df1 on BR.m1/ for
every 1< p <1.

We end this subsection by giving three fundamental properties of this convergence,
which will be used essentially in Section 4:

(i) If xi! x1.xi 2Mi/, then .rxi
; drxi

/! .rx1 ; drx1/ on M1 .

(ii) Let ffigi�1 be a sequence of Lipschitz functions fi on BR.mi/ with

sup
i

Lipfi <1:

Assume that fi is a C 2 –function for every i <1, fi! f1 on BR.m1/ and
that

sup
i<1

1

vol BR.mi/

Z
BR.mi /

.�fi/
2 dvol<1:

Then we have dfi! df1 on BR.m1/.

(iii) Let k 2N , fFig1�i�1�C 0.Rk/ and let ff l
i ;g

l
i g1�i�1;1�l�k be a collection

of Lipschitz functions f l
i ;g

l
i on BR.mi/ with supl;i.Lipf l

i CLip gl
i / <1.

Assume that both of the following properties hold:
(a) Fi converges to F1 with respect to the compact uniform topology on Rk .
(b) df l

i ! df l
1 and dgl

i ! dgl
1 at almost every ˛ 2 BR.m1/ for every

1� l � k .

Then we have

lim
i!1

1

vol BR.mi/

Z
BR.mi /

Fi.hdf
1

i ; dg1
i i; : : : ; hdf

k
i ; dgk

i i/ dvol

D
1

�.BR.m1//

Z
BR.m1/

F1.hdf
1
1; dg1

1i; : : : ; hdf
k
1; dgk

1i/ d�:

See [17, Proposition 4.8, Corollaries 4.4 and 4.5] for the proofs.

3 Weak Hölder continuity and weak Lipschitz continuity

In this section, we will give several new notions for metric measure spaces and their
fundamental properties. Note that the proofs of these properties are elementary; however,
with the theory of convergence of Riemannian manifolds, they perform crucial roles in
the analysis of Ricci limit spaces in Section 4.

We start this section by giving the following definition:
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Definition 3.1 Let A be a Borel subset of a metric measure space .X; �/, Y a metric
space, f a Borel map from A to Y , and 0< ˛ � 1. We say that:

(i) f is weakly ˛–Hölder continuous on A if there exists a countable family fAigi

of Borel subsets Ai of A such that �.A n
S

i Ai/D 0 and that every f jAi
is

˛–Hölder continuous.

(ii) f is weakly Lipschitz on A if f is weakly 1–Hölder continuous on A.

Remark 3.2 Let M be an n–dimensional Riemannian manifold, f a function on M

and A an open subset of M. Then it is easy to check that the following conditions are
equivalent:

(i) f is differentiable at almost every x 2A.

(ii) f is weakly Lipschitz on A.

3.1 Weakly twice differentiable functions on a Borel subset of Rk

Let A be a Borel subset of Rk , f a Lipschitz function on A and y 2 Leb A, where
Leb AD fa 2 A W limr!0 H k.A\Br .a//=H

k.Br .a//D 1g. Then we say that f is
differentiable at y if there exists a Lipschitz function yf on Rk such that yf jA D f
and that yf is differentiable at y . Note that if f is differentiable at y , then a vector
.@ yf =@x1.y/; : : : ; @ yf =@xn.y// does not depend on the choice of such yf . Thus we
denote the vector by J.f /.y/D .@f=@x1.y/; : : : ; @f=@xn.y//. Let F D .f1; : : : ; fm/

be a Lipschitz map from A to Rm . We say that F is differentiable at y if every fi

is differentiable at y . Note that by Rademacher’s Theorem [32], F is differentiable
at almost every x 2 A. Let us denote the Jacobi matrix of F at x by J.F /.x/ D

.@fi=@xj .x//ij if F is differentiable at x .

Definition 3.3 Let ! D
P

i1<���<ip
fi1;:::;ip dxi1

^ � � � ^ dxip be a p–form on A and
0< ˛ � 1. We say that:

(i) ! is a Borel p–form on A if every fi1;:::;ip is a Borel function.

(ii) ! is weakly ˛–Hölder continuous on A if every fi1;:::;ip is weakly ˛–Hölder
continuous on A.

(iii) ! is weakly Lipschitz on A if every fi1;:::;ip is weakly Lipschitz on A.

For two Borel p–forms f!igiD1;2 on A, we say that !1 is equivalent to !2 if !1.x/D

!2.x/ for almost every x 2A. Le us denote the equivalent class of ! by Œ!�, the set
of equivalent classes by �Bor.

Vp
T �A/, and the set of equivalent classes represented
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by a weakly ˛–Hölder continuous p–form by �˛.
Vp

T �A/. We often write ! D Œ!�
for brevity.

Let ! be a weakly Lipschitz p–form on A. Define a Borel .pC1/–form d! on A by

d! D
X

i1<���<ip

.@f
j

i1;:::;ip
=@xl/ dxl ^ dxi1

^ � � � ^ dxip ;

where ! D
P

i1<���<ip
f

j
i1;:::;ip

dxi1
^ � � � ^ dxip . Note that if !1 is equivalent to

!2 , then d!1 is equivalent to d!2 . Therefore d is well defined as a linear map
from �1.

Vp
T �A/ to �Bor.

VpC1
T �A/. Note that the following product rule holds:

d.�^!/D d�^!C .�1/p�^ d! 2 �Bor.
VpCq

T �A/ for every � 2 �1.
Vp

T �A/

and every ! 2 �1.
Vq

T �A/.

The next lemma is standard, however, we give a proof for convenience:

Lemma 3.4 Let F be a Lipschitz function on Rk . Then, there exists a sequence
fFigi � C1.Rk/ such that Fi ! F in L1.Rk/ and that J.Fi/.x/! J.F /.x/ for
almost every x 2Rk .

Proof Let � be a nonnegative smooth function on Rk with supp.�/� B1.0k/ andZ
Rk

�.x/ dHk
D 1;

where H k is the k –dimensional Hausdorff measure. For every � > 0, define smooth
functions �� and F� on Rk by ��.x/D ��k�.x=�/ and

F�.x/D

Z
Rk

��.x�y/F.y/ dHk :

Let L� 1 with sup �CLipF �L. For every x 2Rk , we have

jF�.x/�F.x/j �

Z
Rk

��.x�y/jF.y/�F.x/j dHk

D

Z
B�.x/

��.x�y/jF.y/�F.x/j dHk

�L�

Z
B�.x/

��.x�y/ dHk
DL�

Z
B�.0k/

��.y/ dHk �!0
���! 0:

Therefore we have the first assertion. For every x 2 Rk and every h 2 R, by the
dominated convergence theorem, we have:

F�.xC hei/�F�.x/

h
D

Z
Rk

��.y/

�
F.xC hei �y/�F.x�y/

h

�
dHk

D

Z
B�.0k/

��.y/

�
F.xC hei �y/�F.x�y/

h

�
dHk
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h!0
���!

Z
B�.0k/

��.y/
@F

@xi
.x�y/ dHk

D

Z
B�.0k/

��.x�y/
@F

@xi
.y/ dHk

D

Z
Rk

��.x�y/
@F

@xi
.y/ dHk

By Lusin’s Theorem, for every ı > 0 and every R> 0, there exists a Borel subset AR
ı

of BR.0k/ such that H k.BR.0k/ nAR
ı
/ < ı and that J.F /jAR

ı
is continuous. Thus,

for every x 2 Leb AR
ı

, we have:ˇ̌̌̌
@F�

@xi
.x/�

@F

@xi
.x/

ˇ̌̌̌
�

Z
Rk

��.x�y/

ˇ̌̌̌
@F

@xi
.y/�

@F

@xi
.x/

ˇ̌̌̌
dHk

D

Z
B�.x/

��.x�y/

ˇ̌̌̌
@F

@xi
.y/�

@F

@xi
.x/

ˇ̌̌̌
dHk

D

Z
B�.x/\AR

ı

��.x�y/

ˇ̌̌̌
@F

@xi
.y/�

@F

@xi
.x/

ˇ̌̌̌
dHk

C

Z
B�.x/nA

R
ı

��.x�y/

ˇ̌̌̌
@F

@xi
.y/�

@F

@xi
.x/

ˇ̌̌̌
dHk

� sup
y2B�.x/\AR

ı

ˇ̌
J.F /.y/�J.F /.x/

ˇ̌
C 2L��kH k.B�.x/ nAR

ı /

�!0
���! 0

Since ı and R are arbitrary, we have the second assertion.

Let G D .G1; : : : ;Gk/ be a bi-Lipschitz embedding from A to Rk . For every ! 2
�Bor.

Vp
T �G.A//, define

G�!D
X

fi1;:::;ipıG .@Gi1
=@xj1

/ � � � .@Gip=@xjp
/dxj1

^� � �^dxjp
2�Bor

�
p̂T �A

�
;

where ! D
P
fi1;:::;ip dxi1

^ � � � ^ dxip . Note that if J.G/ is weakly Lipschitz on A,
then G�! 2 �1.

Vp
T �A/ for every ! 2 �1.

Vp
T �G.A//.

Proposition 3.5 Let ! D
P
fi1;:::;ip dxi1

^ � � � ^ dxip 2 �1.
Vp

T �G.A//. Assume
that J.G/ is weakly Lipschitz on A. Then we have

d.G�!/DG�.d!/ 2 �Bor
�

p̂C1T �A
�
:

Proof Without loss of generality, we can assume that G and every fi1;:::;ip are
Lipschitz on A. By Lemma 3.4, there exist sequences of smooth maps fGj gj from Rk

to Rk , and of smooth functions ff j
i1;:::;ip

gj on Rk such that the following properties
hold:
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(i) Gj !G and f j
i1;:::;ip

! fi1;:::;ip in L1.A/.

(ii) J.Gj /.x/! J.G/.x/ and J.f
j

i1;:::;ip
/.x/! J.fi1;:::;ip /.x/ for almost every

x 2A.

Since

d
�
.Gj /�

�X
f

j
i1;:::;ip

dxi1
^ � � � ^ dxip

��
.x/

D .Gj /�
�
d
�X

f
j

i1;:::;ip
dxi1
^ � � � ^ dxip

��
.x/

for every x 2Rk and every j , by letting j !1, this completes the proof.

Note that in the same way as Definition 3.3, we can give definitions of a Borel vector
(tensor) field on A, of its equivalence, of its weak ˛–Hölder continuity, and so on.
Denote the set of equivalent classes of Borel vector fields by �Bor.TA/ and the set of
equivalent classes represented by a weakly Lipschitz vector field by �1.TA/.

For every weakly Lipschitz function f on A and every X 2 �Bor.TA/, define a
Borel function X.f /D

P
Xi@f=@xi on A, where X D

P
Xi@=@xi . For every X 2

�Bor.TA/, define G�X D
P

X.Gi/@=@xi 2�Bor.T G.A//. For every X;Y 2�1.TA/,
define ŒX;Y � 2 �Bor.TA/ by

ŒX;Y �D
X
i;j

�
Xj
@Yi

@xj
�Yj

@Xi

@xj

�
@

@xj
;

where X D
P

Xi@=@xi , Y D
P

Yi@=@xi .

Proposition 3.6 Let X;Y 2 �1.TA/. Assume that J.G/ is weakly Lipschitz on A.
Then we have ŒG�X;G�Y �DG�ŒX;Y � 2 �Bor.T G.A//.

Proof The proposition follows from an argument similar to that of the proof of
Proposition 3.5.

Definition 3.7 (Weakly twice differentiable function) Let f be a Borel function on
A. We say that f is weakly twice differentiable on A if f is weakly Lipschitz function
on A and df 2 �1.T

�A/ .D �1.
V1

T �A//.

Note that the following is not trivial.

Proposition 3.8 Let f be a weakly twice differentiable function on A. Then we have
d.df /D 0 2 �Bor.

V2
T �A/.
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Proof Let yA D fx 2 Leb A W @f=@x1.x/ D � � � D @f=@xk.x/ D 0g. Note that
d.d.f j yA//D 0 2 �Bor.

V2
T � yA/ because d.f j yA/D 0 2 �1.T

� yA/. Let

Ai D
˚
x 2 Leb A n yA W fdf .x/g[ fdxj .x/gj¤i is a base of T �x Rk

	
:

By [17, Theorem 3.4], there exists a countable collection fAm
i g1�i�k;m2N of Borel

subsets Am
i of Ai such that H k

�
.A n yA/ n

S
i;m Am

i

�
D 0 and that every map

ˆm
i D .f;x1; : : : ;xi�1;xiC1; : : : ;xk/

is a bi-Lipschitz embedding from Am
i to Rk . By the assumption, we see that every

hdf; dxj i is weakly Lipschitz on A. Therefore, J.ˆm
i /, J..ˆm

i /
�1/ are weakly

Lipschitz on Am
i , ˆm

i .A
m
i /, respectively. Since .ˆm

i /
�dx1 D df and d.dx1/ D 0,

the proposition follows directly from Proposition 3.5.

Let f be a weakly twice differentiable function on A. Put

@2f

@xi@xj
.x/D

@

@xi

�
@f

@xj

�
.x/:

Note that Proposition 3.8 implies that for every i; j we have

@2f

@xi@xj
.x/D

@2f

@xj@xi
.x/

for almost every x 2A.

For ! D
P
fi1;:::;ip dxi1

^ � � � ^ dxip 2 �1.
Vp

T �A/, we say that ! is weakly twice
differentiable on A if every fi1;:::;ip is weakly twice differentiable on A. Similarly,
we can give definitions of weak twice differentiability for vector (tensor) fields on A,
for maps from A to Rm and so on.

Corollary 3.9 Let ! be a weakly twice differentiable p–form on A. Then we have
d.d!/D 0 2 �Bor.

VpC2
T �A/.

Proof Since
d.d!/D

X
d.dfi1;:::;ip /^ dxi1

^ � � � ^ dxip ;

the corollary follows directly from Proposition 3.8.

3.2 Riemannian metric on a Borel subset of Rk

Let A be a Borel subset of Rk . In this subsection, we will study Riemannian metrics
on A in the following sense:
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Definition 3.10 (Riemannian metric) Let gDfgaga2A be a family of inner products
ga on TaRk . We say that:

(i) g is a Borel Riemannian metric on A if every gij .a/D ga.@=@xi ; @=@xj / is a
Borel function on A.

(ii) g is a weakly ˛–Hölder continuous Riemannian metric on A if every gij is a
weakly ˛–Hölder continuous function on A.

(iii) g is a weakly Lipschitz Riemannian metric on A if every gij is a weakly
Lipschitz function on A.

Note that for a Borel Riemannian metric g on A, g is weakly ˛–Hölder continuous
if and only if g 2 �˛.T

�A˝ T �A/. For two Borel Riemannian metrics g; yg on
A, we say that g is equivalent to yg if gij is equivalent to ygij . Let us denote by
RiemBor.A/.� �Bor.T

�A˝T �A// the set of equivalent classes of Borel Riemannian
metrics and by Riem˛.A/ the set of equivalent classes represented by a weakly ˛–
Hölder continuous Riemannian metric.

For a weakly Lipschitz function f on A, g 2 RiemBor.A/, X D
P

Xi@=@xi 2

�Bor.TA/ and ! D
P
!idxi 2 �Bor.T

�A/, define X � 2 �Bor.T
�A/, !� 2 �Bor.TA/

and rgf 2�Bor.TA/ by X �D
P

gij Xidxj , !�D
P

gij!i@=@xj and rgf D .df /� ,
respectively, where gij is the ij th term of the inverse of the matrix defined by gij .

Proposition 3.11 (Levi-Civita connection) Let g 2 Riem1.A/. Then there exists a
Levi-Civita connection rg on A defined uniquely in the following sense:

(i) rg is a map from �Bor.TA/��1.TA/ to �Bor.TA/ (rg
X

Y WD rg.X;Y /).

(ii) rg
X
.Y CZ/Dr

g
X

Y Cr
g
X

Z for every X 2�Bor.TA/ and every Y;Z 2�1.TA/.

(iii) rg

fXChY
ZD f r

g
X

ZChr
g
Y

Z for every X;Y 2�Bor.TA/, every Z 2�1.TA/

and every pair of Borel functions f; h on A.

(iv) rg
X
.f Y /DX.f /Y Cf r

g
X

Y for every X 2�Bor.TA/, every Y 2�1.TA/ and
every weakly Lipschitz function f on A.

(v) rg
X

Y �r
g
Y

X D ŒX;Y � for every X;Y 2 �1.TA/.

(vi) Xg.Y;Z/ D g.r
g
X

Y;Z/ C g.Y;r
g
X

Z/ for every X 2 �Bor.TA/ and every
Y;Z 2 �1.TA/.

Proof Let

�m
i;j D

1

2

X
l

gml

�
@gjl

@xi
C
@gil

@xj
�
@gij

@xl

�
;

r
g
X

Y D
X
i;j

�
Xi
@Yj

@xi

@

@xj
CXiYj�

m
i;j

@

@xm

�
;
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where X D
P

Xi@=@xi and Y D
P

Yi@=@xi . It is easy to check that the properties
above hold for this rg . Therefore we have the existence.

Next, we check the uniqueness. Let r1 and r2 be Levi-Civita connections on A. Fix
X D

P
Xi@=@xi 2 �1.TA/;Y D

P
Yi@=@xi 2 �1.TA/. Since

2g.rl
X Y;Z/

DXg.Y;Z/CYg.Z;X /�Zg.X;Y /Cg.ŒX;Y �;Z/�g.ŒY;Z�;X /Cg.ŒZ;X �;Y /

for every Z 2 �1.TA/ and every l D 1; 2, we see that g.r1
X

Y �r2
X

Y;Z/ D 0 for
every Z 2�1.TA/. Put r1

X
Y �r2

X
Y D

P
hi@=@xi . By Lusin’s Theorem, there exists

a sequence of compact subsets fAj gj of A such that H k.AnAj /! 0 as j !1 and
that hi jAj is continuous for every i; j . We now make the following elementary claim:

Claim 3.12 Let K be a bounded Borel subset of Rk , h a continuous function on K

and � > 0. Then there exist a Borel subset K� of K and a Lipschitz function h� on
Rk such that jh.x/� h�.x/j< � for every x 2K� and that H k.K nK�/ < � .

The proof is as follows. For every x 2 Leb K , there exists rx > 0 such that

H k.Br .x/\K/=H k.Br .x//� 1� �

for every 0 < r < rx , and that jh.x/� h.y/j < � for every y 2K \Brx
.x/. By the

standard covering lemma (see for instance Chapter 1 in Simon [33]), there exists a
countable pairwise disjoint collection fBri

.xi/gi such that xi 2 Leb K , ri < rxi
=5

and that Leb K n
SN

iD1 Bri
.xi/ �

S1
iDNC1 B5ri

.xi/ for every N. Fix N such thatP1
jDNC1 H k.Bri

.xi// < �=5
k . Then we have

H k

�
Leb K n

N[
iD1

Bri
.xi/

�
< �:

Define a Lipschitz function f on
SN

iD1 Bri
.xi/ by f jBri

.xi / � h.xi/. Let K� D

K \
SN

iD1 Bri
.xi/ and let h� be a Lipschitz function on Rk with h�jK� D f . Then

we have jh�.x/� h.x/j< � for every x 2K� . Thus we have Claim 3.12.

Therefore there exist collections of Borel subsets fAj ;kgk of Aj , and of Lipschitz func-
tions fhi;j ;kgi;j ;k on Rk such that H k.Aj nAj ;k/<2�k and jhi.x/�hi;j ;k.x/j<2�k

for every x 2 Aj ;k . Let yAj D
T1

mD1

S
kDm Aj ;k . Taking Z D

P
i hi;j ;k@=@xi , we

have
g
�X

i

hi@=@xi ;
X

i

hi;j ;k@=@xi

�
D 0
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on Aj ;k . Letting k!1 we have

g
�X

i

hi@=@xi ;
X

i

hi@=@xi

�
D 0

and thus hi.x/� 0 on yAj . Since H k.Aj n
yAj /D 0, we have r1

X
Y Dr2

X
Y . Therefore

for every yX D
P
yXi@=@xi 2 �Bor.TA/, we have

r
1
yX
Y D

X
yXir

1
@=@xi

Y D
X
yXir

2
@=@xi

Y Dr2
yX
Y:

Thus we have the uniqueness.

Let G be a bi-Lipschitz embedding from A to Rk and g 2 Riem1.A/. Assume
that G is weakly twice differentiable on A, ie, J.G/ is weakly Lipschitz on A.
Note that J.G�1/ is weakly Lipschitz on G.A/ and that a Riemannian metric G�g on
G.A/ defined by G�g.@=@xi ; @=@xj /Dg..G�1/�.@=@xi/; .G

�1/�.@=@xj // is weakly
Lipschitz on G.A/.

Corollary 3.13 With the same notation as above, we have G�.r
g
X

Y /Dr
G�g
G�X

G�Y

for every X 2 �Bor.TA/ and every Y 2 �1.TA/.

Proof It is easy to check that if we define a map T from �Bor.T G.A//��1.T G.A//

to �Bor.T G.A// by T .X;Y /DG�.r
g
.G�1/�X .G

�1/�Y /, then T satisfies the prop-
erties of the Levi-Civita connection of G�g on G.A/. Thus the corollary follows from
the uniqueness of the Levi-Civita connection.

Definition 3.14 Let f be a weakly twice differentiable function on A, ! 2 �1.T
�A/

and X 2 �1.TA/. Define:

(i) A Borel tensor field rg! 2 �Bor.T
�A˝T �A/ of type .0; 2/ on A by

r
g! D

X
i;j

g

�
r

g
@
@xi

!�;
@

@xj

�
dxi ˝ dxj :

(ii) The Hessian Hessg

f
of f by Hessg

f
Drgdf .

(iii) The divergence divg X of X by

divg X D trace of rgX � D
X

i

g

�
r

g
@
@xi

X;
@

@xi

�
:

(iv) The Laplacian �gf of f by �gf D� divg
rgf .

We end this subsection by giving several properties of them:
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Corollary 3.15 With the same notation as in Definition 3.14, we have the following:

(i) rg! DG�.rG�g.G�1/�!/

(ii) Hessg

f
DG�.HessG�g

f ıG�1/

(iii) divg X ıG�1 D divG�g G�X

(iv) Hessg

f
.x/ is symmetric for almost every x 2A

(v) divg .h.rgf //D�h�gf Cg.rgf;rgh/ for every weakly twice differentiable
function h on A

(vi) �g.f h/D h�gf � 2g.rgf;rgh/C f�gh for every weakly twice differen-
tiable function h on A

Proof .i/, .ii/ and .iii/ all follow directly from Corollary 3.13. Since

Hessg

f
D

X
i;j

�
@2f

@xi@xj
�

�
r

g
@
@xi

@

@xj

�
.f /

�
dxi ˝ dxj ;

.iv/ follows from Proposition 3.8. On the other hand, by simple calculations, we have

.v/ and .vi/.

3.3 Weakly second-order differential structure on weakly rectifiable met-
ric measure spaces

In this subsection, we will discuss some weak twice differentiability on weakly rectifi-
able metric measure spaces.

Definition 3.16 (Weakly second-order differential structure) Let .X; �/ be a metric
measure space and 0< ˛ � 1. We say that:

(i) .X; �/ has a weakly C 1;˛ –structure if there exists a weakly rectifiable coordinate
system f.C l

i ; �
l
i /gl;i of .X; �/ such that every Jacobi matrix map J.ˆl

ij / of
ˆl

ijD�
l
j ı .�

l
i /
�1 from �l

i .C
l
i \C l

j / to �l
j .C

l
i \C l

j / is weakly ˛–Hölder con-
tinuous.

(ii) .X; �/ has a weakly second-order differential structure if .X; �/ has a weakly
C 1;1 –structure.

Definition 3.17 Let 0 < y̨ � ˛ � 1, let .X; �/ be a metric measure space having
a weakly C 1;˛–structure with respect to f.C l

i ; �
l
i /gl;i , a Borel subset A of X and

! D f!l
i gl;i a family of Borel p–forms !l

i on �l
i .C

l
i \A/. We say that:
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(i) ! is a Borel p–form on A if .ˆl
ij /
�!l

j D !
l
i on �l

i .C
l
i \C l

j \A/ for every
i; l; j with �.C l

i \C l
j \A/ > 0.

(ii) ! is a weakly y̨–Hölder continuous p–form on A if ! is a Borel p–form on
A, and !l

i 2 �y̨.
Vp

T ��l
i .C

l
i \A//.

Write !jC l
i
\A D !

l
i .

Note that ! can be identified as a Borel section from A to a L1–vector bundleVp
T �X on X. See [4, Section 4] by Cheeger or [8, Section 6] by Cheeger and Colding

for the details. Note that in the same way as in Definition 3.17, we can give definitions
of Borel vector (tensor) field on A, its Hölder continuity, its equivalence, and so on. For
instance, denote the set of equivalent classes of Borel sections sW A! T �X ˝T �X

by �Bor.T
�A˝T �A/. Similarly, define �Bor.T

�A/, �Bor.
Vp

T �A/, and so on.

Assume that .X; �/ has a weakly second-order differential structure with respect to
f.C l

i ; �
l
i /gl;i . Let A be a Borel subset of X. As in the previous section, denote the set of

equivalent classes of Borel vector fields on A represented by a weakly Lipschitz vector
field on A by �1.TA; f.C l

i ; �
l
i /gl;i/. Similarly define �1.T

�A˝T �A; f.C l
i ; �

l
i /gl;i/

and so on. We often write

�1

�
p̂T �A

�
D �1

�
p̂T �A; f.C l

i ; �
l
i /gl;i

�
;

�1.T
�A˝T �A/D �1.T

�A˝T �A; f.C l
i ; �

l
i /gl;i/

and so on, for brevity.

Proposition 3.18 Let ! 2 �1.
Vp

T �A/. Then there exists d! 2 �Bor.
VpC1

T �A/

defined uniquely such that d!jC l
i
\A D d.!j�l

i
.C l

i
\A//.

Proof This is a direct consequence of Proposition 3.5.

Proposition 3.19 Let V;W 2 �1.TA/. Then there exists ŒV;W � 2 �Bor.TA/ defined
uniquely such that ŒV;W �jC l

i
\A D ŒVC l

i
\A;WC l

i
\A�.

Proof This is a direct consequence of Proposition 3.6.

Definition 3.20 (Weakly twice differentiable function) We say that a Borel function
f on A is weakly twice differentiable on A with respect to f.C l

i ; �
l
i /gl;i if every

f ı .�l
i /
�1 is weakly twice differentiable on �l

i .C
l
i \A/.

The following is a direct consequence of Proposition 3.8:
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Corollary 3.21 Let f be a weakly twice differentiable function on A with respect to
f.C l

i ; �
l
i /gl;i . Then we have d.df /D 0 2 �Bor.

V2
T �A/.

We say that g2�Bor.T
�A˝T �A/ is a Borel Riemannian metric on A if g is symmetric

and positive definite. For a Borel Riemannian metric g on A, a weakly Lipschitz
function f on A, X 2 �Bor.TA/ and ! 2 �Bor.T

�A/, in the same way as in the
previous subsection, define X � 2 �Bor.T

�A/, !� 2 �Bor.TA/ and rgf 2 �Bor.TA/.

Remark 3.22 We cannot discuss twice differentiability for a vector field (or p.� 1/–
form) on X in the same way as above.

Remark 3.23 We give a relationship between Ambrosio and Kirchheim’s metric
currents theory [1] and the weakly second-order differential structure. Let A be a
Borel subset of X and let Dk.A/ be the set of .kC 1/–tuples ! D .f; �1; : : : ; �k/

of Lipschitz functions on A such that f is bounded. In [1], they defined the notion of
currents in A by using Dk.A/. See [1, Definition 3.1] for the precise definition. Let �
be the map from Dk.A/ to �Bor.

Vk
T �A/ defined by

�.!/ WD f d�1 ^ � � � ^ d�k :

Note that if each �i is weakly twice differentiable on A, then �.!/ is weakly differen-
tiable on A. Then by Proposition 3.18, if each �i is weakly twice differentiable on A,
then we have the following compatibility for the exterior derivative:

�.d!/D d �.!/;

where d in the left-hand side is the exterior differential defined in [1]. Similarly, we
can check the compatibility for the pullback.

3.4 Weakly Lipschitz Riemannian metric on weakly rectifiable metric
measure spaces

In this subsection, we will study Riemannian metrics on weakly rectifiable metric
measure spaces. Let .X; �/ be a weakly rectifiable metric measure space with respect
to f.C l

i ; �
l
i /gl;i , and g D fgl

i gl;i 2 �Bor.T
�X ˝ T �X / a Borel Riemannian metric

on X.

Definition 3.24 (Weakly Lipschitz Riemannian metric on weakly rectifiable metric
measure spaces) We say that:

(i) g is a weakly ˛–Hölder Riemannian metric on X with respect to f.C l
i ; �

l
i /gl;i

if gl
i 2 Riem˛.�l

i .C
l
i //.

(ii) g is a weakly Lipschitz Riemannian metric on X with respect to f.C l
i ; �

l
i /gl;i if

gl
i 2 Riem1.�

l
i .C

l
i //.
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Proposition 3.25 Let 0< ˛ � 1. Assume that g is a weakly ˛–Hölder Riemannian
metric on X with respect to f.C l

i ; �
l
i /gl;i . Then we see that .X; �/ has a weakly C 1;˛ –

structure with respect to f.C l
i ; �

l
i /gl;i and that g 2 �˛.T

�X ˝T �X; f.C l
i ; �

l
i /gl;i/.

Proof Since gl
i is weakly ˛–Hölder continuous, by simple calculation, we see that

every map J.ˆl
ij / is weakly ˛–Hölder continuous on �l

i .C
l
i \C l

j /. Therefore we
have the proposition.

Assume that g is a weakly Lipschitz Riemannian metric on X with respect to˚�
C l

i ; �
l
i

�	
l;i
:

The following is a direct consequence of Proposition 3.11 and Corollary 3.13:

Theorem 3.26 (Levi-Civita connection) There exists a Levi-Civita connection rg

on X, defined uniquely in the following sense:

(i) rg is a map from �Bor.TX /��1.TX / to �Bor.TX /.

(ii) rg
U
.V CW / D r

g
U

V Cr
g
U

W for every U 2 �Bor.TX / and every V;W 2

�1.TX /.

(iii) rg

fUChV
W D f r

g
U

W C hr
g
V

W for every U;V 2 �Bor.TX /, every W 2

�1.TX / and every pair of Borel functions f; h on X.

(iv) rg
U
.f V / D U.f /V C f r

g
U

V for every U 2 �Bor.TX /, every V 2 �1.TX /

and every weakly Lipschitz function f on X.

(v) rg
U

V �r
g
V

U D ŒU;V � for every U;V 2 �1.TX /.

(vi) Ug.V;W /D g.r
g
U

V;W /C g.V;r
g
U

W / for every U 2 �Bor.TX / and every
V;W 2 �1.TX /.

The following is a direct consequence of Corollary 3.15:

Proposition 3.27 Let A be a Borel subset of X, f a weakly twice differentiable
function on A, ! 2 �1.T

�A/ and Y 2 �1.TA/. Then there are unique elements:

(i) rg! 2 �Bor.T
�A˝T �A/ satisfying rg!jC l

i
\A Dr

gl
i .!jC l

i
\A/.

(ii) A Hessian Hessg

f
2 �Bor.T

�A˝T �A/ satisfying Hessg

f
jC l

i
\A D Hess

gl
i

f ı�l
i

.

(iii) A Borel function divg Y (called the divergence of Y ) on A satisfying

divg Y .x/D divgl
i .Y jC l

i
/.�l

i .x//

for almost every x 2 �l
i .A\C l

i /.

(iv) A Borel function �gf on A satisfying �gf .x/D�gl
i .f ı .�l

i /
�1/.�l

i .x// for
almost every x 2 �l

i .A\C l
i /.
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Moreover we have the following:

(a) Hessg

f
.x/ is symmetric for almost every x 2A.

(b) divg .h.rgf //D�h�gf Cg.rgf;rgh/ for every weakly twice differentiable
function h on A.

(c) �g.f h/D h�gf � 2g.rgf;rgh/C f�gh for every weakly twice differen-
tiable function h on A.

Finally, we end this subsection by giving the definition of the canonical Riemannian
metric on a rectifiable metric measure space:

Definition 3.28 Let . yX ; y�/ be a rectifiable metric measure space with respect to
f. yC l

i ;
y�l

i /gl;i , and fh � ; � iwgw the canonical family of inner products h � ; � iw on T �w
yX

as in Theorem 2.2. Define

yg D fygl
i gl;i 2 �Bor.T

�X ˝T �X /; .ygl
i /

st
D hd y�l

i;s; d
y�l

i;t i;

where y�l
i D .
y�l

i;1
; : : : ; y�l

i;k
/, and call ygDfygl

i gl;i 2�Bor.T
� yX˝T � yX / the Riemannian

metric of . yX ; y�/ with respect to f. yC l
i ;
y�l

i /gl;i .

Remark 3.29 In [3; 8], Cheeger and Colding refer to the family fh � ; � iwgw as the
Riemannian metric of . yX ; y�/.

4 Ricci limit spaces

In this section, we will give the proofs of Theorems 1.2 and 1.5. Let .M1;m1/ be
a Ricci limit space. Cheeger and Colding showed that any two limit measures �1; �2

on M1 are mutually absolutely continuous. See [8, Theorem 4.17]. Therefore, for
instance, note that the notion of weak Hölder continuity for functions on M1 does
not depend on the choice of the limit measures.

4.1 Angles, their weak Hölder continuity and bi-Lipschitz embedding

In this subsection, we will give a proof of Theorem 1.2 and discuss the weak Hölder
continuity of angles. The proof of the following proposition is based on the proof of
Cheeger and Colding’s splitting theorem [5, Theorem 6.64]:
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Proposition 4.1 For every � > 0, there exists ı D ı.�; n/ > 0 such that the following
property holds: Let M be an n–dimensional complete Riemannian manifold with
RicM ���

2.n�1/, and m;p1;p2; q1; q22M. Assume that pi ;m� �
�1 , qi ;m� �

�1

and m;pi Cm; qi �pi ; qi � ı for i D 1; 2. Then we have

1

vol B1.m/

Z
B1.m/

ˇ̌̌̌
hdrp1

; drp2
i �

1

vol B1.m/

Z
B1.m/

hdrp1
; drp2

i dvol
ˇ̌̌̌
dvol

� C.n/�˛.n/;

where 0< ˛.n/ < 1 and C.n/� 1 are constants depending only on n.

Proof Cheeger and Colding’s proof of [5, Lemmas 6.15, 6.25 and Proposition
6.60] yields that there exists ı D ı.�; n/ > 0 with the following properties: Let
M;m;p1;p2; q1; q2 be as above. Then for every i D 1; 2, there exists a harmonic
function bi on B1.m/ such that jrpi

�bi jL1.B1.m// � C1.n/�
˛1.n/ and

1

vol B1.m/

Z
B1.m/

�
jdrpi

� dbi j
2
CjHessbi

j
2
�

dvol� C2.n/�
˛2.n/:

Therefore, by the Poincaré inequality of type .1; 2/ on M, we have

1

vol B1.m/

Z
B1.m/

ˇ̌̌̌
hdb1; db2i �

1

vol B1.m/

Z
B1.m/

hdb1:db2i dvol
ˇ̌̌̌
dvol

� C.n/

s
1

vol B1.m/

Z
B1.m/

�
jHessb1

j2CjHessb2
j2
�

dvol� C3.n/�
˛3.n/:

This completes the proof.

Remark 4.2 These Hölder estimates as above essentially follows from Laplacian
comparison theorem and the Abresch–Gromoll excess estimate

e.x/� C.n/�˛.n/

for M;m;p1;p2; q1; q2 as in Proposition 4.1 and for every x 2 B100.m/, where
e.x/D p1;xC q1;x �p1;q2 . See [5, Proposition 6.2] by Cheeger and Colding (or
[4, Theorem 9.1] by Cheeger) for the details. We can also see a valuable survey about
this excess estimate in [11, Section 1.7] by Colding and Naber and a new very useful
excess estimate in [11, Theorem 2.6].

For every p 2M1 and every � > 0, put

D�p D fz 2M1 W there exists w 2M1 with w; z � � and p;zC z; w D p; w g:

Note that Cp DM1 n
S
�>0

D�p .
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Corollary 4.3 Let � be a limit measure on M1 , ˇ > 0, � > 0, p; q 2 M1 and
x 2D�p \D�q n .Bˇ.p/[Bˇ.q//. Then we have

1

�.Br .x//

Z
Br .x/

ˇ̌̌̌
hdrp; drqi �

1

�.Br .x//

Z
Br .x/

hdrp; drqi d�

ˇ̌̌̌
d�

� C.n/max
n
r;

r

ˇ
;

r

�

o˛.n/
for every 0< r <minfˇ; �g.

Proof Let f.Mi ;mi/gi be a sequence of pointed n–dimensional complete Riemannian
manifolds with RicMi

� �.n� 1/ such that

.Mi ;mi ; vol =vol B1.mi//! .M1;m1; �/:

Fix sequences pi ; qi ;xi 2Mi with pi ! p; qi ! q and xi ! x . By considering the
rescaled metric r�1dMi

, it follows from Proposition 4.1 that

1

vol Br .xi/

Z
Br .xi /

ˇ̌̌̌
hdrpi

; drqi
i �

1

vol Br .xi/

Z
Br .xi /

hdrpi
; drqi

i dvol
ˇ̌̌̌
dvol

� C.n/max
n
r;

r

ˇ
;

r

�

o˛.n/
for every sufficiently large i . By the property .i/ at the end of Section 2.2, since
drpi
! drp , drqi

! drq and drxi
! drx on M1 , by letting i !1 and using the

property .iii/ at the end of Section 2.2, we have the corollary.

Let � be a limit measure on M1 and p; q;x 2 M1 with x 2 M1 n .Cp [ Cq [

fpg[ fqg/. It follows directly from Corollary 4.3 that the limit

lim
r!0

1

�.Br .x//

Z
Br .x/

hdrp; drqi d�

exists. Define the angle †�pxq of pxq with respect to � by

†
�pxq D arccos

�
lim
r!0

1

�.Br .x//

Z
Br .x/

hdrp; drqi d�

�
:

Theorem 4.4 We have

cos†�pxq D lim
t!0

2t2� p.t/; q.t/
2

2t2

for any minimal geodesics p from x to p , and q from x to q . In particular, we have
Theorem 1.2.
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Proof Recall that a pointed proper geodesic space .Y;y/ is said to be a tangent cone
of M1 at x 2 M1 if there exists a sequence of positive numbers frigi such that
ri! 0 and .M1; r�1

i dM1 ;x/! .Y;y/. Fix

(i) a sequence of positive numbers frigi with ri! 0,

(ii) a tangent cone .Y;y/ of M1 at x , and a Radon measure �Y on Y such that
.M1; r

�1
i dM1 ;x; �i/! .Y;y; �Y /, where �i D �=�.Bri

.x//,

(iii) two geodesics p; q on M1 beginning at p , q , respectively, such that x is an
interior point of both p and q .

Then it is easy to check that there exist lines lp; lq of Y such that y 2 Image.lp/\
Image.lq/ and that .p; r�1

i dY / ! lp and .q; r
�1
i dY / ! lq with respect to the

Gromov–Hausdorff topology (recall that a map l W R! Y is said to be a line of Y if l

is an isometric embedding).

Claim 4.5 Let bi
p D r�1

i dM1.p; � /� r�1
i dM1.p;x/. Then .bi

p; dbi
p/! .blp ; dblp /

on Y with respect to the convergence .M1; r�1
i dM1 ;x; �i/! .Y;y; �Y /, where blp

is the Busemann function of lp .

The proof is as follows. It is easy to check bi
p! blp on Y . Let R>0, xj ;pj 2Mj with

xj ! x;pj ! p and let bi;j D r�1
i dMj

.pj ; � /� r�1
i dMj

.pj ;xj /. [5, Lemmas 6.15
and 6.25] by Cheeger and Colding yield that there exists a sequence fbi;j gi<1;j<1

of C.n/–Lipschitz harmonic functions bi;j on BR
r�1

i
dMj .xj / such that for every i

there exists i0 such thatbi;j
� bi;j


L1

�
BR

r�1
i

dMj .xj /
�C dbi;j

� dbi;j


L2
�
BR

r�1
i

dMj .xj /
� �‰.r�1

i I n;R/

for every j � i0 . Without loss of generality we can assume that for every i there
exists a C.n/–Lipschitz function bi;1 on BR

r�1
i

dM1 .x/ such that bi;j ! bi;1 on
BR

r�1
i

dM1 .x/. Note that the property .ii/ at the end of Section 2.2 yields dbi;j !

dbi;1 on BR
r�1

i
dM1 .x/. In particular we havebi;1

� bi
p


L1

�
BR

r�1
i

dM1 .x/
�C dbi;1

� dbi
p


L2
�
BR

r�1
i

dM1 .x/
� �‰.r�1

i I n;R/:

Thus bi;1 ! blp on BR.y/. Since there exists a subsequence fj .i/gi such that
bi;j.i/! blp on BR.y/ with respect to the convergence .Mj.i/;xj.i/; r

�1
i dMj.i/

/!

.Y;y/, applying the property .ii/ at the end of Section 2.2 again yields dbi;1! dblp

on BR.y/. Thus we have dbi
p ! dblp on BR.y/. Since R is arbitrary, we have

Claim 4.5.
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Therefore we have

cos†�pxq D lim
i!1

1

�.Bri
.x//

Z
Bri

.x/

hdrp; drqi d�

D lim
i!1

1

�i.B
r�1

i
dM1

1
.x//

Z
B

r�1
i

dM1
1

.x/

hdbi
p; dbi

qi d�i

D
1

�Y .B1.y//

Z
B1.y/

hdblp ; dblq
i d�Y

D cos.the angle between lp and lq/D lim
i!1

2r2
i � p.ri/; q.ri/

2

2r2
i

:

Thus Gromov’s compactness theorem yields the theorem.

Since †�pxq is independent of � , we set †pxq D †�pxq and call it the angle
of pxq .

Remark 4.6 By the proof of Theorem 4.4 and the property .iii/ at the end of
Section 2.2, we have

lim
�!0

sup
s;t2Œ�1;�2�

ˇ̌̌̌
ˇcos†pxq�

.s�/2C .t�/2� p.s�/; q.t�/
2

2st�2

ˇ̌̌̌
ˇD 0

for every 0< �1 < �2 <1 and

lim
r!0

1

�.Br .x//

Z
Br .x/

j cos†pzq� cos†pxqj d�.z/D 0:

Remark 4.7 Let p; q2M1 . Then [17, Theorem 3.3] yields that there exists A�M1
such that �.M1 nA/D 0 and that

hdrp; drqi.x/D lim
ı!0

q; p.x;pC ı/� q;x

ı

for every x 2 A and every p . Thus Theorem 4.4 and Lebesgue’s differentiation
theorem yield the following almost first variation formula for the distance function (in
some weak sense):

q; p.x;pC ı/D q;xC ı cos†pxqC o.ı/

for almost every x 2A and every p , q .

The next corollary is a direct consequence of Corollary 4.3 and [16, Theorem 3.2]:
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Corollary 4.8 (Weak Hölder continuity of angles) Let � > 0;R> 1, p; q;x 2M1
with p; q 2BR.x/nBR�1.x/ and x 2D�p \D�q . Then there exists r D r.n; �;R/ > 0

such that a function ˆ.z/D cos†pzq is ˛.n/–Hölder continuous on Br .x/\D�p\D�q .
In particular, ˆ is weakly ˛.n/–Hölder continuous on M1 with respect to any limit
measure.

The next corollary is a direct consequence of Proposition 3.25 and Corollary 4.8:

Corollary 4.9 Let f.C l
i ; �

l
i /gl;i be a rectifiable coordinate system constructed by

distance functions on M1 as in Theorem 2.4. Then M1 has a weakly C 1;˛.n/–
structure with respect to f.C l

i ; �
l
i /gl;i . Moreover for every p 2M1 , drp is a weakly

˛.n/–Hölder continuous 1–form on M1 with respect to f.C l
i ; �

l
i /gl;i .

Remark 4.10 Let .Y;p/ be as in Colding and Naber Theorem 1.1. According to [10,
Theorem 1.2] by Colding and Naber, we see that Y does not have a C 1;ˇ –structure in
the ordinary sense for any 0< ˇ � 1.

Next, we will discuss the continuity of angles with respect to the Gromov–Hausdorff
topology. Recall that a map � from a metric space X1 to a metric space X2 is said
to be an �–Gromov–Hausdorff approximation if X2 � B�.Image.�// and jx;y �
�.x/; �.y/j< � for every x;y 2X1 .

Proposition 4.11 Let .Y;y/ be a Ricci limit space, R> 1, 0< � < 1, 0< ˇ < 1 and
p; q 2 BR.y/ with y 2M1 n .Cp [Cq [fp; qg/. Then for every � > 0, there exists
ı > 0 such that the following property holds: Let . yY ; yy/ be a Ricci limit space and
yp; yq 2 BR.yy/ with yy 2 D�

yp
\D�

yq
n .Bˇ. yp/ [ Bˇ.yq//. Assume that there exists a

ı–Gromov–Hausdorff approximation � from .BR.yy/; yy/ to .BR.y/;y/ such that
�. yp/;p < ı , �.yq/; q < ı . Then we have j†pyq�† yp yyyqj< � .

Proof The proof is done by contradiction. Suppose that the assertion is false. Then
there exist �0> 0, R> 1, � > 0, ˇ > 0, sequences of Ricci limit spaces f.Yi ;yi/gi<1
and of points pi ; qi 2BR.yi/ such that .BR.yi/;yi/! .BR.y/;y/, pi! p; qi! q ,
yi 2D�pi

\D�qi
n.Bˇ.pi/[Bˇ.qi// for every i and that j cos†piyiqi�cos†pyqj� �0

for every i . Moreover, by Gromov’s compactness theorem, without loss of generality,
we can assume that there exist a limit measure � on Y and a sequence f�igi of limit
measures �i on Yi such that � is the limit measure of f�igi . By Corollary 4.3, there
exists r > 0 such thatˇ̌̌̌
cos†piyiqi �

1

�i.Br .yi//

Z
Br .yi /

hdrpi
; drqi

i d�i

ˇ̌̌̌
C

ˇ̌̌̌
cos†pyq�

1

�.Br .y//

Z
Br .y/

hdrp; drqi d�

ˇ̌̌̌
<
�0

3
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for every i . On the other hand, since drpi
! drp and drqi

! drq on Y , we haveˇ̌̌̌
1

�i.Br .yi//

Z
Br .yi /

hdrpi
; drqi

i d�i �
1

�.Br .y//

Z
Br .y/

hdrp; drqi d�

ˇ̌̌̌
<
�0

3

for every sufficiently large i . Thus we have j cos†piyiqi � cos†pyqj< �0 for every
sufficiently large i . This is a contradiction.

The following theorem is about the continuity of angles with respect to the Gromov–
Hausdorff topology:

Theorem 4.12 (GH-continuity of angles) Let R > 1, ˇ > 0 and 0 < � < 1. Then
for every � > 0, there exists ı D ı.n;R; �; ˇ; �/ > 0 such that the following property
holds: Let .Y1;y1/ and .Y2;y2/ be Ricci limit spaces, and ai ; bi 2 BR.yi/ with
yi 2 D�ai

\D�
bi
n .Bˇ.ai/[Bˇ.bi// for every i D 1; 2. Assume that there exists a

ı–Gromov–Hausdorff approximation � from .BR.y1/;y1/ to .BR.y2/;y2/ such that
�.a1/; a2 < ı and �.b1/; b2 < ı . Then we have j†a1y1b1�†a2y2b2j< � .

Proof The proof is done by contradiction. Suppose that the assertion is false. Then
by Gromov’s compactness theorem, there exists

(i) R> 1, ˇ > 0, 0< � < 1, �0 > 0,

(ii) a Ricci limit space .Z; z/, points a; b 2Z ,

(iii) a sequence of Ricci limit spaces f.Zj
i ; z

j
i /g1�i<1;jD1;2 ,

(iv) a sequence of positive numbers fıigi with ıi! 0,

(v) sequences of points a
j
i ; b

j
i 2Z

j
i with

z
j
i 2D

�

a
j

i

\D�
b
j

i

\
�
BR.a

j
i / nBˇ.a

j
i /
�
\
�
BR.b

j
i / nBˇ.b

j
i /
�
;

(vi) a sequence of ıi –Gromov–Hausdorff approximations �i from .BR.z
1
i /; z

1
i / to

.BR.z
2
i /; z

2
i / with �i.a

1
i /; a

2
i < ıi and �i.b

1
i /; b

2
i < ıi ,

such that

.BR.z
j
i /; z

j
i /! .BR.z/; z/; a

j
i ! a; b

j
i ! b as i !1

for every j D 1; 2 and that j† a1
i z1

i b1
i �† a2

i z2
i b2

i j � �0 . But by Proposition 4.11, we
have limi!1† a

j
i z

j
i b

j
i D†azb . This is a contradiction.

Geometry & Topology, Volume 18 (2014)



662 Shouhei Honda

We end this subsection by giving an application of the weak Hölder continuity of
angles to a bi-Lipschitz embedding from a subset of M1 to a Euclidean space. Let
.Rk/ı;r Dfx 2M1 WdGH ..B t .x/;x/; .B t .0k/; 0k//<ıt for every 0< t < rg, where
0k 2Rk , and dGH is the Gromov–Hausdorff distance between pointed metric spaces.
See also Cheeger and Colding [6; 8], Colding and Naber [10] and Gromov [14].

Proposition 4.13 Let R > 1, r > 0, ı > 0, � > 0 and x 2 .Rk/ı;r . Assume that
there exists fpig1�i�k �M1 such that x 2

T
i

�
.BR.pi/ nBR�1.pi//\D�pi

�
and

det.cos†pixpj /ij ¤ 0. Then the map

�t D .rp1
; : : : ; rpk

/

q
.cos†pixpj /ij

�1

from Bt .x/ \ .Rk/ı;r \
T

i D�pi
to Rk is an .1˙‰.ı; t IR; ˇ; �; r//–bi-Lipschitz

embedding for every 0< t < r , where ‰.a; bI c; d; e; f / is a positive definite function
on R6 satisfying lima!0;b!0‰.a; bI c; d; e; f /D 0 for every fixed c; d; e; f .

Proof Let � be a limit measure on M1 . An argument similar to that of the proof of
Theorem 4.4 yields

lim
r!0

1

�.Br .x//

Z
Br .x/

det.hdrpi
; drpj i/ij d� D det.cos†pixpj /ij :

Then the proposition follows from an argument similar to that of the proof of [17,
Lemma 3.14].

Remark 4.14 Assume .M1;m1/ is a noncollapsing limit, ie, there exists a sequence
of pointed n–dimensional complete Riemannian manifolds f.Mi ;mi/gi with RicMi

�

�.n� 1/ such that limi!1 vol B1.mi/ > 0 and .Mi ;mi/! .M1;m1/. Then in
[5, Theorem 5.11], Cheeger and Colding showed that for every x 2 .Rn/ı;r , we have
Br=32.x/� .Rn/‰.ı;r In/;r=32 . See also [6, Remark 5.15 and Theorem B.2] by Cheeger
and Colding, and [10, Theorem 1.1] by Colding and Naber, for related results.

4.2 Weak Lipschitz continuity of the Riemannian metric on a Ricci limit
space

In this subsection, we will show that the Riemannian metric of a Ricci limit space is
weakly Lipschitz.

Assume that .Mi ;mi ; vol = vol B1.mi//! .M1;m1; �/. The following proposition
is an essential result to get Theorem 1.5. See [18; 19; 20; 21] by Kasue and Kumura
for related important interesting results.
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Proposition 4.15 Let R> 0 and let ffig1�i�1 be a sequence of Lipschitz functions
fi on BR.mi/ with supi Lipfi <1. Assume that the following hold:

(i) .fi ; dfi/! .f1; df1/ on BR.m1/.

(ii) There exists r > 0 with r <R such that supp.fi/� Br .mi/ for every i .

(iii) jdfi j
2 2H1;2.BR.mi// for every i <1, and

(1) sup
i<1

1

vol BR.mi/

Z
BR.mi /

ˇ̌
d jdfi j

2
ˇ̌2

dvol<1:

Then we have jdf1j2 2H1;2.BR.m1// and

1

�.BR.m1//

Z
BR.m1 /̌̌

d jdf1j
2
ˇ̌2

d� � lim inf
i!1

1

vol BR.mi/

Z
BR.mi /̌̌

d jdfi j
2
ˇ̌2

dvol :

Proof [23, Lemma 5.8] by Kuwae and Shioya (or [12, Lemma 5.17] by Ding) yields
that there exists an orthonormal basis f�j

i gj on L2.BR.mi// consisting of eigenfunc-
tions �j

i associated with the j th eigenvalue �j
i with respect to the Dirichlet problem on

BR.mi/ such that �j
i ! �

j
1 and that �j

i ! �
j
1 with respect to the L2 –topology (see

[23, Definition 2.3] by Kuwae and Shioya, or [15], for the definition of an L2 –topology
with respect to the measured Gromov–Hausdorff topology). Put jdfi j

2 D
P1

jD0 a
j
i �

j
i

in L2.BR.mi// for every i �1. Let L� 1 with

1

vol BR.mi/

Z
BR.mi /

jd jdfi j
2
j
2 dvolD

1X
jD0

�
j
i .a

j
i /

2
�L

for every i <1. [12, Lemma 5.11] by Ding yields
1X

jDNC1

.a
j
i /

2
�

1

.�NC1
i /1=2

kfikL2.BR.mi //

d jdfi j
2


L2.BR.mi //
�

C.n;R;L/

N 1=n

for every i <1 and every N . Fix � > 0. Then there exists N0 such that
1X

jDN0C1

.a
j
i /

2 < �

for every i <1. Since jdfi j
2!jdf1j

2 on BR.m1/ with respect to the L2 –topology,
we have

a
j
i D

1

vol BR.mi/

Z
BR.mi /

jdfi j
2�

j
i dvol

i!1
����!

1

�.BR.m1//

Z
BR.m1/

jdf1j
2�

j
1 d� D a

j
1:
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Thus we havejdf1j2� NX
jD0

a
j
1�

j
1


L2.BR.m1//

D lim
i!1

jdfi j
2
�

NX
jD0

a
j
i �f ij


L2.BR.mi //

� �;

for every N �N0 , ie,
PN

jD0 a
j
1�

j
1! jdf1j

2 in L2.BR.m1// as N !1. Sinced

� NX
jD0

a
j
i �

j
i

�
L2.BR.mi //

!

d

� NX
jD0

a
j
1�

j
1

�
L2.BR.m1//

as i !1 for every N , this completes the proof.

Corollary 4.16 Let R> 0, L� 1 and let ffigi be a sequence of Lipschitz functions
fi on BR.mi/. Assume that the following properties hold:

(i) fi is a C 2 –function for every i <1.

(ii) sup
i<1

�
kfikL1 CLipfi C

1

vol BR.mi/

Z
BR.mi /

.�fi/
2dvol

�
�L.

(iii) fi! f1 on BR.m1/.

Then we have jdf1j2 2H1;2.Br .m1// for every r <R, and

1

�.Br .m1//

Z
Br .m1/

ˇ̌
d jdf1j

2
ˇ̌2

d� � C.n;L; r;R/:

In particular, we see that jdf1j2 is weakly Lipschitz on BR.m1/.

Proof The existence of a good cutoff function [5, Theorem 6.33] by Cheeger and
Colding yields that there exists a sequence f�igi<1 of smooth functions �i on BR.mi/

such that kr�ikL1 � C.n; r;R/, k��ikL1 � C.n; r;R/, 0� � � 1, �i jBr .mi / � 1

and supp.�i/� B.rCR/=2.mi/. By applying Proposition 4.15 for �ifi , the property
of .ii/ at the end of Section 2.2 and [17, Remark 4.2], it follows that

1

�.Br .m1//

Z
Br .m1/

ˇ̌
d jdf1j

2
ˇ̌2

d� � C.n;L; r;R/:

On the other hand, Cheeger and Colding proved in [8, Theorem 2.15] that the Poincaré
inequality of type .1; 2/ on M1 holds. Thus [3, Theorem 4.14] by Cheeger yields
that any Sobolev function is weakly Lipschitz. Therefore we have the corollary.

The following is a direct consequence of Corollary 4.16:
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Theorem 4.17 (Weak twice differentiability of Ricci limit spaces) Let f.C l
i ; �

l
i /gl;i

be a rectifiable coordinate system of .M1; �/. Assume that for every i; l , there exist
r > 0, a sequence fxj gj of points xj 2 Mj with C l

i � Br .x1/ and xj ! x1 , a
sequence ffj ;sgj<1;1�s�l of C 2 –functions fj ;s on Br .xj / such that

sup
j ;s

Lipfj ;s <1; fj ;s! �l
i;s

on C l
i as j !1 for every s and that

sup
j ;s

1

vol Br .xj /

Z
Br .xj /

.�fj ;s/
2dvol<1; where �l

i D .�
l
i;1
; : : : �l

i;l
/.

Then the Riemannian metric g of M1 is weakly Lipschitz with respect to f.C l
i ; �

l
i /gl;i .

In particular, M1 has a weakly second-order differential structure with respect to
f.C l

i ; �
l
i /gl;i .

We now are in a position to prove Theorem 1.5:

Proof of Theorem 1.5 It follows directly from Theorems 2.3 and 4.17.

Definition 4.18 We say that a rectifiable coordinate system f.C l
i ; �

l
i /gl;i of .M1; �/

as in Theorem 4.17 is a weakly second-order differential structure associated with
f.Mj ;mj ; vol = vol B1.mj //gj .

Assume that f.C l
i ; �

l
i /gl;i is a weakly second-order differential structure associated

with f.Mj ;mj ; vol = vol B1.mj //gj .

Proposition 4.19 Let R>0 and let f1 be a Lipschitz function on BR.m1/. Assume
that there exists a sequence ffj gj<1 of C 2 –functions fj on BR.mj / such that
supj Lipfj <1, fj ! f1 on BR.m1/ and

sup
j<1

1

vol BR.mj /

Z
BR.mj /

.�fj /
2dvol<1:

Then f1 is weakly twice differentiable on BR.m1/ with respect to f.C l
i ; �

l
i /gl;i .

Proof The proposition follows from Corollary 4.16.

Finally, we end this section by giving the following corollary:
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Corollary 4.20 (Weak twice differentiability of eigenfunctions) Let f1 be an eigen-
function associated with the eigenvalue �1 with respect to the Dirichlet problem
on BR.m1/. Then f1 is weakly twice differentiable on BR.m1/ with respect to
f.C l

i ; �
l
i /gl;i .

Proof [23, Lemma 5.8] by Kuwae and Shioya (or [12, Lemma 5.17] by Ding) yields
that there exists a sequence ffigi of eigenfunctions fi associated with the eigenvalue
�i with respect to the Dirichlet problem on BR.xi/ such that �i ! �1 and that
fi! f1 with respect to the L2 –topology. Note that it follows from Cheng and Yau’s
gradient estimate [9] that supi Lip.fi jBr .xi // <1 for every r <R. Thus the corollary
follows directly from Proposition 4.19.

Remark 4.21 See [15, Theorem 1.3] for a generalization of Corollary 4.16 and
Proposition 4.19. Moreover, in [15], we will prove that for f1 as in Corollary 4.20, if
M1 is noncollapsing, then

�gM1f1 D �1f1 D�
�f1;

where �� is the Dirichlet Laplacian defined by Cheeger and Colding in [8]. In particular,
in noncollapsing setting, the Laplacian defined as in Proposition 3.27 coincides with
the Dirichlet Laplacian on a dense subspace in L2 . However, in collapsing setting, the
equality above does not hold in general. See [15, Theorem 1.4, Remark 4.33] for the
details.
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