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Refined curve counting on complex surfaces

LOTHAR GOTTSCHE
VIVEK SHENDE

We define refined invariants which “count” nodal curves in sufficiently ample linear
systems on surfaces, conjecture that their generating function is multiplicative, and
conjecture explicit formulas in the case of K3 and abelian surfaces. We also give
a refinement of the Caporaso—Harris recursion, and conjecture that it produces the
same invariants in the sufficiently ample setting. The refined recursion specializes
at y = —1 to the Itenberg—Kharlamov—Shustin recursion for Welschinger invariants.
We find similar interactions between refined invariants of individual curves and real
invariants of their versal families.

14C05, 14H20; 14N10, 14N35

In memory of Friedrich Hirzebruch

1 Introduction

Given a general elliptic fibration K3 — P!, we learn by computing x(K3) = 24 that
it must have 24 nodal fibers. For more general irreducible curve classes on a K3, Yau
and Zaslow [73] argued that taking the Euler characteristic of the relative compactified
Jacobian would again yield the number of maximally degenerate fibers; their arguments
were clarified by Beauville [5] and by Fantechi, van Straten and Géttsche [22].

For more general families of curves, similar arguments may be made in terms of the
relative Hilbert schemes of points. Recall that for a smooth projective curve C of
genus g, the “Macdonald formula” asserts!

S = (—" )l_g.
= (1-¢)?

I'We recall the derivation of this formula from Macdonald [48]. For any reasonable topological space
we have H*(X ™) = H*(X"/Sy) = H*(X™)Sn = (H*(X)®")Sn . From this it follows that taking
the generating function of Euler characteristics gives Y oo o ¢ x(X )y = (O ¢M*X &) Taking X
to be a smooth curve C and recalling that for these C ) — clnl gives the formula stated.
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Let C — B be a family of reduced planar curves of arithmetic genus g, and let C " B
be the relative Hilbert schemes. Certain string-theoretic ideas of Gopakumar, Katz,
Klemm and Vafa [25; 26; 37] motivate the consideration of the following series, and
the following change of variables:2

0o o q i+1—g
St =Yt (L)
n=0 i=0 (1 q)

If in fact B were a union of points and C a disjoint union of smooth curves, the numbers
n; would just count the number of curves of cogenus i. In general we view the 7n; as
the “virtual” number of curves of cogenus i in the family C — B.

This makes sense even when C — B is a single curve C — B = pt; in this case
we write simply nic. The Macdonald formula is equivalent to the assertion that
when C is smooth, nOC =1 and niC =0 for all i > 0. More generally, Pandharipande
and Thomas [62] prove that n,, = 0 when C has cogenus §(C) < i. Whenever
the singularities of C are unions of smooth branches, the last nonvanishing term is
calculated either from [5] or [22] to be n’C =1.

In the relative situation, it is helpful to view n’ as a constructible function n’: B — Z
given by b ng, ; evidently n, 5 = [gnt(b)dy(b).

In addition to the naive or virtual interpretation above, in good cases the n’ carry actual
enumerative meaning. Suppose that 7 is the maximum cogenus of any curve in the
family, that there are finitely many curves of cogenus 7, and that all these curves are
immersed. Then né /B is just the number of these curves. One exploits this observation
by finding another way to express the Euler characteristics of the relative Hilbert
schemes. In particular, the following two results have recently been established:

Theorem 1 (Shende [67]) Fix a reduced plane curve C, a versal deformation A of
its singularities, and the locus ASC A of cogenus § curves. Then n‘gc is the multiplicity
of A%,

Theorem 2 (Kool, Shende and Thomas [43]) Let S be a surface, and L a §—very-
ample line bundle. Then the number of §—nodal curves in a general P® C |L| is n‘SC/Ps ,
which moreover is given by a certain explicit combination of integrals of Chern classes
of L and TS,

2 If B has many connected components, one should perform the change of variables component
by component; on each g should be interpreted as the arithmetic genus of the fiber on the component
in question. One can avoid this unpleasantness by indexing as in Pandharipande and Thomas [62] and
elsewhere by the Euler characteristic of the ideal sheaf on the left-hand side and by the genus rather than
cogenus on the right; however, for our purposes indexing by the cogenus is far more convenient.
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Refined curve counting on complex surfaces 2247

The significance of the second result is that, due to a theorem of Ellingsrud, Lehn
and Gottsche [20], such integrals depend in a universal way on the Chern classes of
L and S. Such universality of the counts of nodal curves had been conjectured by
Gottsche [27], and proven by Tzeng [70]. Note that in particular, this universality
implies that the numbers ng ,ps Will not vary under a deformation of the pair (S, L)
which preserves the ampleness condition, since the integrals of Chern classes of S, L
will not change. Likewise, Theorem 1 plus the fact that Euler numbers of the Hilbert
schemes of singular curves may be recovered from the HOMFLY polynomials of their
links (see Maulik [50]) implies that the numbers n‘sc do not vary under an equisingular
deformation.

The present article poses the following question: Does replacing the topological
Euler characteristic on the left-hand side by more sophisticated invariants have an
enumerative counterpart on the right?

We begin in Section 2 by studying the case of a single curve. At the outset, we work
in the Grothendieck ring of varieties and consider Y o, ¢"T178[C [7]]. However,
this incorporates global information we would rather not consider, and in particular
depends on the motive of the normalization C. We can remove the global contributions
by dividing out by the analogous series for C. The quotient only depends on the
singularities. We write g = g —§ for the genus of C, and show there exist classes N é
in the Grothendieck ring of varieties such that

Z;ioqn-i-l—g[c[n]] 8 oy q i—8
>, qntIE(C) T C'((l—q)(l—q[Al])) |

The right-hand side moreover splits into a product over the singularities of C. See (1)
and Corollary 20 below for proofs and further discussion.

According to Theorem 1, the Euler number (N, é) gives the multiplicity of a certain
locus, and is in particular positive. In examples we see a stronger positivity:

Conjecture 3 We have N} € Zxo[A'].

This conjecture is verified computationally for singularities of the form x? = »9,
where (p,q) =1 and p < 12, ¢ < 20 using the formulas of Oblomkov, Rasmussen
and Shende [58] for the classes of the Hilbert schemes.

The meanings of the ]\7&. remain mysterious, but there is some evidence that they may
be related to geometry over R. We define real analogues n’R of the n’ by using the
compactly supported Euler number of the real locus, and show these again vanish for
i > §(C). These have an interpretation analogous to Theorem 1. Recall that nodes
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of real curves come in three types: elliptic (x? + y? = 0), hyperbolic (x? — y? = 0),
and pairs of complex conjugate nodes. Thus in the real deformation, the loci B_k{_ of
k—nodal curves split into components according to the types of the nodes.

Theorem 4 Let C be a real reduced plane curve, and let C — B be a locally versal
deformation of its singularities. Let Bi"s— be the locus of nodal curves with 6 nodes of
which §_ are hyperbolic. Let D/ be a general real disc of dimension j passing near
[C] € B. Then

nZ =3 (=1 D/ n B,

i

Note in particular that while the individual terms on the right-hand side of the formula
may depend on the location of the disc, the theorem asserts that their sum does not.

For the simple singularities, we give a combinatorial formula for the N é in terms of the
Dynkin diagram. The formula refines the analogous prescription for the multiplicities
given in [67]. Geometrically, this may be interpreted as the choice of a particular real
form (in the unibranch case, there is no choice) and a particular disc D in the above
statement so that the coefficient of L’ in N/ is D/ N B/, For j = §, Duco van
Straten has conjectured that such a disc may be found for any singularity.

In Section 3, we turn to the case of linear systems of curves on surfaces. From the
point of view of the argument in [43], it is natural to refine the Euler characteristic to
Hirzebruch’s x—, genus, since the latter both factors through the Grothendieck ring of
varieties and may be calculated in terms of Chern classes. Recall that the x—), genus
is given by yx—,(X) = Zp’q(—l)P+th’q(X), where the h”(X) are the Hodge
numbers. We define invariants N/ ps € Z[y] which refine the n¢/ps of Theorem 2
above. As before, we are motivated by the MacDonald formula, which in this case

reads
o0 1—
> " () = (—q ) ;
g (1—q)(1—qy)

n=0
We define the N é /B by equating terms in Laurent series expansions (see Definition 44)
00 . 00 q i+1—g
+1—-g nly _ i
q" X—y(C") =) N¢/p- (—) -
,;, g ;, B\ (1-q)(1-gy)

As before, if B were just isolated points and C were a collection of smooth curves,
then N/ /B would be just the number of curves of cogenus 7. In particular, for a single
smooth curve, we have Ng =1and N; =0 for i > 0. More generally, the N, vanish
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for i > §(C); this is particular to the x_, genus: the analogous statement does not
hold for the virtual Poincaré polynomials.3

Let S be a surface, L a line bundle on it, P® C |L| a linear system. Let S be the
Hilbert scheme of n points on S, and let Z,(S) C S x S be the universal family,
with the projections ¢: Z,(S) — S, p: Zn(S) — S Let LW .= p,q*L. This
is a vector bundle of rank n on S with fiber H*(Z, L|z) over Z € S Let C
be the universal curve over P® and C the relative Hilbert scheme of points. It is
the scheme-theoretic zero locus of a tautological section of LMWK H; when CI"] is
nonsingular this section is transverse. This allows us to compute x—, "y as an
intersection number on S (see Proposition 52).

Experimental evidence suggests:

Conjecture 5 Let L be a line bundle on a surface S, and PS¢ |L| a linear subsystem
with tautological curve C — P8 . Assume that P contains no nonreduced curves, and
that the total space of the relative Hilbert scheme C) is smooth for all n. Then N/ /P8
vanishes fori > §.

Unlike in the Euler characteristic setting, one cannot prove this by “integrating over the
base”. Indeed, already in the smooth case (§ = 0) Pandharipande and Fantechi [60] have
found families of smooth curves over a smooth base curve with nonzero invariants N*
for some i > 0. The base curves are always of genus greater than 0, and indeed no such
examples can exist over a simply connected base. We are not sure what further aspects
of the geometry of families of curves on surfaces are implicated. A calculation of
Migliorini has shown that the vanishing cannot be expected for the analogous expression
involving Hodge polynomials, already over a one-dimensional base. Nevertheless, we
have been able to show:

Theorem 6 The conjecture holds when K is numerically trivial.

We also give some evidence for the general statement. By [20], one can reduce the
validity of the conjecture to the case of P2 and P! x P!. Here we may calculate in
low degrees by equivariant localization.

In Section 4, we focus on the invariants NC‘»S/Ps. Assuming Conjecture 5, this is the
last nonvanishing N*. Under this assumption we show that there are universal power

3This does not contradict the statement above that the A, é vanish even in the Grothendieck ring of

varieties; the point being that the N, é and N, é have different virtual Poincaré polynomials but the same
Xx—y genus. Ultimately this is because the x—) genus of an abelian variety vanishes.
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2250 Lothar Gottsche and Vivek Shende

series Ay,..., As in Q[y][s], such that whenever L is a k—very ample line bundle
on a surface S we have

o0

5§ 5 _ 4L? (LKs 4K jc2(8) k+1
YN pss® = AT AFTS AT AP + O,
§=0

We define polynomials N, 55 [5.L] by
o o6 5 2 LKs (K5 ,ca(8)
L c
Y ON§ oS’ = AT A5 A4S AP
§=0

In particular N 58 (S.L] = Ng/Ps, if L is 6—very ample. The brackets in the notation
serve to remind us that it depends only on the cobordism class of (S, L).

As in [27], it is easiest to express the A; after a change of variable. Consider the
following series in Q[y, y~![q]:

Ay.q):=q [J=¢")* U=y —y~'q">,

n=1
= 5wy D
DGy:= ) mq" ) =
m=1 d|m

and let D = qdiq. Above, [n]y := (Y2 — ymnl2) [ (p1]2 — y=1/2),

It is also convenient to introduce the notation N s[s.L] =Y N S.[S.L]’ these invariants
are symmetric under y — 1/y.

Conjecture 7 There exist power series B1(y,q), B2(y.q) in Q[y, y~'|[¢]. such
that

— 2
_ (DG /)" P B (v, )55 By (v, )" K5

= —6
N} 5. 11(1)DG, = = AL
azzo M : (A(y,q)DDG,/q?)x(©s)/2

The first 11 terms of the series Bj, B, are given explicitly in Section 4.

Assuming Conjecture 5, the content of the above assertion is exhausted by the case
where S is a K3 surface. Moreover as in [27] it may be reformulated without the
expansion in powers of DG :
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Refined curve counting on complex surfaces 2251

Conjecture 8 Let (Sg, Lg) be K3 surfaces of genus g with irreducible polarizations.
Then for any k,

i o1 ek ()_DGz(yq)
T NeklseLd VT TR T

Similarly, if (Ag, Lg) are abelian surfaces of genus g with irreducible polarizations,

o0
k —~— —~—
N s, L = DGa(1.9) DDGa(y. q).

g=k+2

Remark 9 Since the original version of this paper, we have proven Conjectures 8
and 10, and given more general formulas in [28]. In the current paper we show that
Conjecture 8 follows from its validity for both K3 and abelian surfaces at k = 0, and
show the k = 0 case for K3 surfaces. The proof uses the existence of K3 and abelian
surfaces of all genera, and the multiplicative nature of the formulas. The proof of the
conjecture in [28] relies on these results, and consists in establishing the validity of the
conjecture at k = 0 for abelian surfaces by studying moduli spaces of pairs on abelian
surfaces and a crucial use of Theorem 6.

Conjecture 8 would also follow from its validity for all k for the K3 surface alone.
Here we note a remarkable coincidence: the series on the right-hand side of the above
formula appears in the work of Maulik, Pandharipande and Thomas [51] on computing
descendant invariants in the (reduced) Gromov—Witten or stable pairs theory of a K3
surface. This leads to a further reformulation:

Conjecture 10 Let (S, L) be a irreducibly polarized K3 surface of genus g, and
let H be the hyperplane class on |L|. Then for all k,

— k
(y_2+y l)k lN;’k[SL]_Zyn'f'l g/c[]cn—i-g k(TC|[2]|) *(Hk)

n=0 IL|

Thus far we have been discussing curves with a small number of nodes compared
to the ampleness of the line bundle L; this is the regime to which the conjectures
of [27] and the arguments of [43] apply. However, when the surface is P2, the
recursion of Caporaso and Harris [12] determines the degrees of all such loci of nodal
curves, without any such restriction on the ampleness. Indeed, it determines more:
fix a line H C P2, and sequences «, B of integers specifying respectively fixed and
moving tangency conditions to H . Then the Caporaso—Harris recursion determines
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2252 Lothar Gottsche and Vivek Shende

the degrees n®d (q, B) of the loci of curves with § nodes and satisfying the tangency
conditions «, 8.4

In Section 5 we study the following formal refinement of the Caporaso—Harris recursion.
We take from [12] the notation /o = ) iwe; and || = > «;; note that the curves
counted by n?%(a, ) have degree T + IB.

Definition 11 The polynomials N9 («, 8) € Z[y'/2, y=1/2] are defined by the re-
cursion

N @)= Y k- N +ex. p—e)

k:Bi>0 /_n. N _ ,
R

a/7ﬁ/,5/

The limits on the sum and the initial conditions are the same as for the Caporaso—
Harris recursion and are given explicitly in Section 5. The refined recursion immedi-
ately specializes to the Caporaso—Harris recursion upon setting y = 1, so certainly
n®S(a, B) = N4 (q, B)|y=1. On the other hand, we know that for d > § the Severi
degrees n?%((0,0,...),(d,0,...)) are given by the universal formulas, ie they are

8 : .
equal to the numbers n 5.[P2.0d)]" We conjecture a refined analogue:

Conjecture 12 For § <2d —2, N43((0,0,...),(d,0,...) = y—ﬁN(g{[Pz,o(d)].
The equality at y = 1 was established by Kleiman and Shende [40]. At y = 0, the
recursion simplifies, allowing the right-hand side to be calculated explicitly; on the
other hand, a result of Scala allows the left-hand side to be calculated as well (see
Scala [65]); the answers match. We have verified the equality empirically for some
small d,§.

In Section 6, we note a connection to real enumerative geometry and to some ideas
from tropical geometry. On a real toric surface S, there are real enumerative invariants
counting real §—nodal curves with suitable signs, the real analogues of the Severi degrees.
If S is an unnodal del Pezzo surface, they coincide with the Welschinger invariants, real
analogues of the Gromov—Witten invariants. Mikhalkin [55] has shown that the Severi
degrees and the real enumerative invariants can be computed via tropical geometry:
he introduces tropical Severi degrees and tropical Welschinger invariants by assigning
Gromov—Witten and Welschinger multiplicities to tropical curves, and shows that they

4Vakil has generalized the Caporaso—Harris recursion to the case of rational ruled surfaces. In Section 5
we treat these as well; we have restricted in the introduction to P2 just for ease of notation.

Geometry & Topology, Volume 18 (2014)



Refined curve counting on complex surfaces 2253

coincide with the Severi degrees and the real enumerative invariants respectively. The
Caporaso—Harris formula has been derived tropically by Gathmann and Markwig [23],
and an analogue for the tropical Welschinger invariants by Itenberg, Kharlamov and
Shustin [34]. These are specializations of the above recursion, specialized at 1 and —1
respectively. In particular the refined Severi degrees specialize to the Severi degrees
and the tropical Welschinger invariants. In [9], Block and Gottsche define and study
tropical refined Severi degrees by assigning polynomial multiplicities to the tropical
curves which specialize to the Gromov—Witten and Welschinger multiplicities.

On the right-hand side of Conjecture 12, the specialization y — —1 has an entirely
different meaning: we are taking the signatures of the relative Hilbert schemes and
rearranging them in a certain way. On the other hand, a signed count of real nodal
curves in a general P® is obtained from the n%gR defined earlier. In order that nIBP;gR
match N]S, s (—1), the following property would suffice:

Conjecture 13 Let P® C |Op2(d)| be a linear system determined by a subtropical
collection of real points. If clnl / P8 is smooth, then its signature is equal to the Euler
characteristic of its real locus.

Here roughly speaking a collection of points in (R*)? is called subtropical, if it can be
degenerated to a tropical collection of points without crossing walls, for the precise
definition see Itenberg and Mikhalkin [35, Lemma 2.7.(3)].

We remark briefly on related work. In the physics literature there is a notion of a
refined topological string, which gives in some cases a one-parameter deformation
of the various curve counting invariants; see Igbal, Koz¢az and Vafa [33]. Notably it
does not have a “worldsheet” definition, even in the sense of physics. Mathematically,
the refined theory is supposed to correspond (see Dimofte and Gukov [18]) to the
motivic DT theory (see Kontsevich and Soibelman [41]); the lack of a worldsheet
definition corresponds to the fact that we do not know how to correspondingly refine
the Gromov—Witten invariants. (For further discussions of motivic DT theory, see
Kontsevich and Soibelman [42], Behrend, Bryan and Szendr6i [6], Choi, Katz and
Klemm [15], and Bussi, Joyce and Meinhardt [11].) There have also been intimations
that a specialization of the refined theory is related to real invariants; see Krefl and
Walcher [45, Section 5]. Our approach falls roughly into this paradigm insofar as
]\_/Ci /ps are assembled from x—) genera of relative Hilbert schemes, which under the
relevant assumptions on P93 are just the same as stable pairs spaces. It might plausibly
be hoped that the refined Severi degrees also admit an interpretation in the stable pairs
theory (see Pandharipande and Thomas [61; 62]) or its surface variant; see Kool and
Thomas [44].
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Notation We denote quantum numbers as

n/2 _ ,—n/2

[nly == y1/2 y—1/2'
yie=y

By the Hirzebruch genus X_, we mean the characteristic class which on a bundle £

with Chern roots x; takes the value

i(1— ye—*i(1=y)
Xy ) = [T =2 € 1+ ol

Also let
Ch_y(E) — Zexi(l—J/)‘

Setting by definition
K=y (X E):= ) (=0)?x(X. QP ® E),

we have according to Hirzebruch

X—y(X,E) :/Xch_y(E)X_y(TX).
When E = Ox we suppress it from the notation. Note that
X—y(X) =D (=D)PTpTnPa(X),
g

where h?9(X') are the Hodge numbers of X . Note the specializations to topological
Euler characteristic x—1(X) = x(X), holomorphic Euler characteristic xo(X) =
x(X, Ox), and signature x(X) =o0(X).

Glossary of notation

x® n™ symmetric power
X Hilbert scheme of n points
cll relative Hilbert scheme of points of a family of curves
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PS c|L|

m

[X]

[S. L]
DSL(y,x,q)

Q
m(C)
r(C)
M(C)

d—dimensional sublinear system of a complete linear system
Grothendieck ring of varieties

class in 9

cobordism class of a surface with a line bundle

generating function for integrals on .S ("] which determines
the Nél,[S,L] (6)

q/(1=q)(1=yq))
tropical multiplicity of a tropical curve
[m(C)]—=1 Welschinger multiplicity of a tropical curve

[m(C)], refined multiplicity of a tropical curve

Curve counting invariants defined via generating functions of invariants
of (relative) Hilbert schemes of points

Nesn

i
neip

Ness

N¢, Né/B
NC/IEM

NJ){,[S,L]
N5 1s.L]
N 1s.1)

invariants from Euler numbers for a single curve

the same for a family of curves

real invariant, from Euler number of real locus for a single
curve

the same for a family of real curves

invariants in the Grothendieck group of varieties for a single
curve (see (1))

invariants for a family of curves in mixed Hodge modules
4

invariants for a family of curves in Chern—-Schwarz—
Macpherson classes

Brasselet, Schiirmann, Yokura refinement of the above

invariants for a family of curves from x_,—genus (see
Definition 44)

the above for a linear system P?® C |L|

polynomial in L2, LK, K%, c2(S) that equals Np/ps for
L sufficiently ample (see Definition 63)

the same for N, /P8 (see Definition 63)

‘ 8
Nél,[S,L]/y
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Generalized Severi degrees

nd-8 Severi degree on P2: number of §—nodal curves in P2 of
degree d

ndS(a, B) relative Severi degree: curves with contact conditions

nLd(a, B) relative Severi degree (14)

N3 N43(q, B) (relative) refined Severi degree on P2

NLS NLS(y B) (relative) refined Severi degree on toric surface 76
N3 N93(q, B) normalized refined Severi degrees (see Definition 11)
NL3 NLS(y B) (see Definition 77)

NOL 8 refined Severi degree on P2 counting irreducible curves
wks real curve counting invariants of toric surface

WOL"s real curve counting invariant for irreducible curves
Wtff)g tropical Welschinger invariants of degree d on P2
Wtr](jffs tropical Welschinger invariants on toric surface

]th‘o’p‘s refined tropical Severi degrees on toric surface

2 Invariants of a single curve

2.1 Refined invariants

Let 9 denote the Grothendieck ring of varieties; let I = [A!] denote the class of the
affine line. Kapranov [36] introduced the motivic zeta function of a variety:

tx(q) =) Sym" X -¢" € Mq].

n=0

When X is a smooth proper curve of genus g, he showed that (1 —¢)(1 —¢L)¢x(q)
is a polynomial of degree 2g, and that one has a functional equation

tx (1/qL) =L'"84> 7285 (g).

Motivated by a circle of ideas relating curve counting, Hilbert schemes on singular
curves, and knot invariants (see [25; 26; 43; 50; 58; 61; 62; 67], Katz, Klemm
and Vafa [37], Oblomkov and Shende [59], Maulik and Yun [52], Migliorini and
Shende [54]), we consider a “zeta function” defined using the Hilbert schemes rather
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than the symmetric products. The analogous rationality and functional equation continue
to hold.’

Lemma 14 (Hartshorne [30]) Let C be a Gorenstein curve, and let F be a tor-
sion free sheaf on C. Write F* for Hom(F,Oc). Then Ext='(F,O¢) = 0 and
F = (F*)*. Serre duality holds in the form H(C, F) = H'~/(C, F* @ wc)*. For F
of rank one and torsion free, define its degree d(F) := x(F) — x(O¢). This satisfies
d(F) = —d(F*), and, for L any line bundle, d(F ® L) =d(F)+d(L).

Proposition 15 Let C be a complete, reduced, irreducible Gorenstein, complex curve
of arithmetic genus g. Then fc(q) =(1—¢g)(1—qL) >, q?[C19)] is a polynomial of
degree 2g, satisfying q*81L8 fc(1/qL) = fc(q).

Proof Fix a degree-one line bundle O(1) on C. Let J°(C) denote the moduli space
of rank-one, degree-zero, torsion free sheaves; see Altman and Kleiman [2]. We map
Cl4l — JO(C) by sending the ideal 7 C O¢ to the sheaf I* =Hom (I, Oc)QO(—d);
the fiber is P (H(C, I*)). For F € J°(C), we write the Hilbert function as /1 g(d) :=
dimH(C, F ® O(d)).

Fix h = hF for some F. Evidently / is supported in [0, c0), and by Riemann—Roch
and Serre duality is equal to d + 1 — g in (2g — 2, 00). Inside [0,2g — 2], it either
increases by 0 or 1 at each step. Let ¢ (h) ={d | 2h(d —1)—h(d —2)—h(d) = +1};
evidently ¢_ C [0,2g] and ¢4+ C[1,2g — 1]. Consider

in(@) = (1—g)(1—qL) Y ¢/[PHD1]
d=0

quh(d)—l_ Z quh(d—l).
) deg (h)

This is a polynomial in ¢ of degree at most 2g.
5This was observed for the Euler characteristics in [62, Proposition 3.13]; the argument however
is identical to that for the smooth case as in [36] which in turn is essentially the same argument as in

Schmidt’s original proof of the rationality and functional equation for the zeta function of a curve [66].
We nevertheless include (again the same) proof for completeness.
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Now let G = F*Qwc ®0O(2—2g), and h¥ = hg . By Serre duality and Riemann—Roch,
h¥(d)=hQ2g—2—d)+d+1—g,soin particular, d € ¢ (h") if and only if 2g—d €
¢+ (h). It follows that g%€1L€ j,v (1/qLL) = ju(q).

Finally, stratify J°(C) into strata over which /i g is constant. The restriction of €[]
to each stratum is the projectivization of a vector bundle of rank / g (d). Thus we have

fe@)=(1-g)1—qL) Y ¢/[Cl)

d=0
o
h d=0
= UF Lhr =} ju(@).
h
Collecting together the terms for /2 and /Y completes the proof. O

For us it is more convenient to have the symmetry without the shifting.

Definition 16 Let C be a complete, reduced, irreducible Gorenstein, complex curve
of arithmetic genus g. Then we write

o
Zc(g) =) Clgnti-z,

n=0
Since (Pl = P we have

Zpi(q) = 1

(I1-¢g)(1—qL)
and define classes Né € M by the formula

o0 [e.e]

+1-g _ i it1—
Yy clgrti=e =N NL.zg 1 E
n=0 i=0

To be explicit, note that Z :=¢/((1—¢)(1—¢IL)) is a power series in ¢g(1 +¢Z[L][q]).
It therefore has a compositional inverse ¢(Z) € Z[IL][ Z] (given explicitly in Footnote 6).
Thus the N¢ are just defined by the change of variables

o0 o0
ZNé‘Zi+l_g — Z C[n]q(Z)n—l—l—g'

i=0 n=0

Corollary 17 Let C be a complete, reduced, irreducible Gorenstein, complex curve
of arithmetic genus g. Then Z¢(q) = Z¢(1/qLL), and Né =0 fori >g.
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Proof In terms of the f¢ of Proposition 15, we have Z¢(q) = ¢ 4 Zpi1(q) fc(q),
so we may conclude the rationality and functional equation of Z¢ from that for fc.

Moreover fc(q) is a polynomial of degree 2g. On the other hand we can expand it as
Jo(@) =q8 Y72, N’ ]Pl £ and then further into

g o) i
NL ' (1 —g)8 (1 —gL)s~* g Ng+i(—q ))
(o mewata-arma-ami) 4 4 2N\ T

i=0

The first term is visibly a polynomial of degree at most 2g; for the second to be the same
it must vanish. But the coefficient of Nz £+ in the second term is g8t 4+ O(g8Tith,
so it follows that Ng+l =0fori>1. |

Remark 18 We always have N2 =1 and N} =[C]+ (¢ — 1)(1 +L). Given the
vanishing, only Nz £ contributes large powers of ¢ to Zc(g); on the other hand when
we have n > 0 the map C ("] — JO(C) is a projective bundle. Comparison of these
terms reveals Ng =JC).

Example 19 Let P!, A;, A, be rational curves that are smooth, have one node and
have one cusp respectively. Then:

« Npi =1
0 _ 1 _
* Ny =land N, =L.
© Nj =land Ny =1+L.

In each case Corollary 17 ensures the higher N vanish.

As the Euler characteristic factors through 91, it makes sense to write x (2, é). When C
is smooth of genus g, it follows from Macdonald’s calculation of the cohomology of
symmetric products that X(Né) = 0 for i > 0. However, NC1 =[C]+(g—-1)(A+L)
is never zero. To avoid this incursion of the global geometry of C, we remove the
contribution of the normalization C of C. We define ZC =Zc/Zg, and N [ by
the formula

(o,]
Zc=Y NLz?P.
=0

For pe C, let C IE"] be the subvariety of C [] parameterizing subschemes supported
at p. Let 8(p) denote the § invariant of the singularity at p, and b(p) the number of
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analytic local branches at p. Note CIE"] only depends on the analytic local structure
of C at p. A stratification argument gives the product expansion

Zn— qn—i-l g[C[n]] l_[ Z q" B(p)[CIEn]]
—_ 7\—b '
S griE(Cl ~ 1L (1 7)-b®)

(1) Zc =

The product is written over all points in C, but may as well be written over only
singular points as the smooth points contribute 1.

We define Z¢ , := (1 — q)b(l’)q_‘s(l’)z [C[n]] so that the above can be written
Zc =[1Zc,p. Similarly, define Né,p by the expansion Zc,p.—zlzoNé,pZ]lPlS(p).
Corollary 20 Let C be acurve, let p € C. Then Né e 0 fori >é(p), and NL=0
fori > 8(C).

Proof Let C’, p’ be a rational curve with a unique singularity at p’ analytically
isomorphic to the singularity of C at p; such a curve exists by Laumon [46, Proposi-
tion 2.1.1]. Then

Né,p - Né‘/’p/ - Né/ - Né‘/.

Since §(p) =8(p') =g(C"), the vanishing N p for i >38(p) follows from Corollary 17
applied to C’.

Then we have

S =H©) _ X =)
i l l
2N =[] 2 Ve, Zp™.
i=0 peC i=0
giving the desired vanishing of N é for i > §(C). O

Conjecture 21 For all h, we have ]Vg € Z>o[L].

Remark Theorem 1 realizes X(N é) as the multiplicity of the stratum of curves of
cogenus i inside the versal deformation of C, whence it follows that X(Né) > 0 for
i <46(C). It may be hoped that this conjecture indicates a refinement of this geometric
structure, ie that the coefficients of the ]Vé count something.

For rational C, we have N, é = [J(C)]; by [46] these Jacobians are known to receive
a bijective morphism from an affine Springer fiber for gl. It is known that such
affine Springer fibers in other types are not necessarily in Z[L] (see Kazhdan and
Lusztig [39, Appendix]), however according to Lusztig the status of the gl affine
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Springer fibers is unknown. From the work of Piontkowski [63] it follows that for
unibranch singularities with a single Puiseux pair, and for unibranch singularities
whose links are two-cablings of links of simple unibranch singularities, one has at least
]Vg € Z[LL]. The stated positivity has been checked for unibranch singularities with a
single Puiseux pair (eg x = y") for m < 14 and n < 20 using the explicit formula
for Z(C) given in [58, Theorem 5].

From the fact that X(Zf) = x(Zp1)' "¢, we see that niC = X(Né) = X(ﬁé), and
in particular that the n, vanish for i > §(C). This fact was used in [62] as evidence
that the n, were in fact the Gopakumar—Vafa invariants, and was exploited in [43]
to count curves on surfaces. Here we note the Hirzebruch x—, genus has the same
property, which suggests that it is a more sensible refinement than working in the ring
of varieties.

Lemma 22 For a smooth curve C of genus g, x—y(Z¢) = x—y(Zp1)'78.
Proof The Hodge structures of symmetric products are known explicitly [48]. a

Corollary 23 We have X_y(Né) = X_y(ﬁé). In particular, X_y(Né) = 0 for
i>68(C).

Remark 24 According to Conjecture 21, the N é may be recovered from x_, (N, é)
by y — L. Conversely, one may separate Conjecture 21 into two pieces, one asking
that Né € Z[L] and the second asking that x_, (Né) have positive coefficients.

2.2 Curves with simple singularities

Here we express the refined BPS invariants of curves with simple singularities in terms
the associated Dynkin diagram. In Figure 1, we recall the ADE classification of simple
singularities.

Lemma 25 We define Ao to be the germ at the origin of the curve cut out by y> =0.
Similarly we define Do for xy? =0 and Eo for y3 = 0. Then we have an equality
X,[Z] = Xgo] as subsets of (C2)l] for X = A, D, E and for any i up to the delta
invariant of Xy .

Proof Any subscheme of length at most § supported at the origin is annihilated by

(x, y)5. In each case, the right-hand side of the equation of X, already belongs to this
ideal. .
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Pyt 4 @000

yi=xt o K o—.—g—c—o
M

y3 =yx3 E4

?

yi=x3 Eg

Figure 1: The ADE singularities and associated colored diagrams: the sub-
script gives the total number of vertices of the diagram and the Milnor number
of the singularity. The coloring is characterized by requiring the colors to
alternate, and requiring that the total number of black vertices is the delta
invariant. Except for A, the number of filled vertices of valence one is the
number of analytic local branches.

Proposition 26 We have

Ay = 1 :
2= = (= )

Yoy - L0l
(1-¢)*(1—¢%L)

EXN" = : .
2IEH = = L)

Proof We fix the monomial order 1 <x <x2<---<xy <x2y <x3p <---. Recall

that in the setting of power series rings, the theory of Grobner bases (or ‘standard bases’)
is developed with respect to the lowest rather than highest order terms of series. Thus let
It(f) of f € C[x, y] be the lowest degree monomial appearing. A generating set I =
(i1,i2,...,ix) is a Grobner basis when [#(I) = (lt(iy), ..., lt(i})). It is reduced when
the It(i;) are a minimal generating set for /#(1), ie when k = dim¢ I#(1)/(x, y)lt(I),
and moreover

iy = It(i;) + monomials not in [¢t([).
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As is well known, every ideal admits a unique reduced Grobner basis.

Let us first consider the case Ao,. Ideals of C[x, y]/y? are the same as ideals of
C[x, y] containing y?. The It ideal of a finite colength such ideal must be of the form
(»2,x%) or (¥2, yxb, x%) for some b < a. In the first case, a reduced Grobner basis
of the original ideal takes the form

a—1
(yz,xa +y ch-xi),
i=0

whereas in the second it takes the form
b—1

(yZ, yxP x4y Cixi)-

i=0
These sum as

N, 1 —(qL)yH! 1 1 L
St =30 3 grrint = g S ()

a=0b=0 I—q

which simplifies to the stated expression. The Eo, case can be treated similarly, and
in any event the statements for A, E are special cases of [58, Proposition 6].

We turn to Do Let I C C[x, y] be an ideal which contains xy? and is of finite
colength. We have already counted all the ideals containing y?; these contribute
1/(1—g)(1—¢?L). We must account for the remaining ideals, and show they contribute
q3L%/(1 —q)*(1 —¢?L). So let I C C[x, y] be an ideal containing x> but not y2.
Then /#(I) contains xy2; it may be written in the form (4, xy2, x?y, x¢) for some
b < c¢. A corresponding Grobner basis is

b—1 a—1

(y L xp?x y—i—Zc,y X +y2djx/+Zeky)

i=2 j=1 k=1

We start the sum over j from 1 since the monomial y is already accounted for in the
sum over k. Note that >3 and b, ¢ > | because we assumed y? & I . There are further
constraints on which such things may be Grébner bases. For instance, multiplying
the third generator by y and subtracting a multiple of xy? gives Y ¢;»**!; by our
assumption on [¢t(I) the lowest term of this must be ¢,—; y¢, ie, the other ¢; must
vanish. So the basis takes the form

b—1 a—1
(y xp2 xby 4 ya! xc+yZdjxj+Zekyk).
j=1 k=1
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Multiplying the fourth generator by y? and arguing similarly, we see in fact e vanishes
for k < a—2, so the basis takes the form

b—1
(ya,xyz’xby+clya—1’xc+yzdjxj +eya—2_+_e/ya—l)_
j=1

Multiplying the fourth element by y and subtracting from the third element times x°¢ —b

gives ey?! e/ y@ —/x¢7byal = ya=l(p L o'y — ¢/x¢7b) If e # 0, then the term
in parenthesis is invertible and hence y?~! is in the ideal, a contradiction. Finally we
are reduced to the form

b—1
(ya’xyz’xby_i_c/ya—l’xc+yzdjxj _‘_e/ya—l)‘
j=1

We leave it to the reader to check that there are no other constraints, and moreover that
every ideal admits a unique basis of this form (even though it is not literally a reduced
Grobner basis, eg when b = ¢). We count them:

0o o0 ¢ o© oo
Z Z Z Lb_l+2qa+b+c_2 — q3IL2 Z Z Z ]Lb/qa/-i-b/-i-c/

a=3c¢=1b=1 a’=0c¢'=0b'=0
q3]L2
C(1—9)2(1—¢2L)
This completes the proof. O

Let X be a simple singularity type. Let C be a curve and p a point at which C has
alsingularity analytically of type X . We will then write X (] .= CIE”], and similarly
8(X) and H(X) for what we have before written as §(p) and b(p); and similarly
Zy :=Zc,p and N)"( = Né’p. Recall these are related by

CON o0
Do NgZEP = Zx = (1= )P Pg D Y gy,
i=0

n=0

Theorem 27 Let X be a simple singularity. Color the dots of the associated Dynkin
diagram as in Figure 1. Let n/"“,’b be the number of ways to choose w white dots and b
black ones such that no two dots of the same color are adjacent. Then

h _ w,by b
Ny = Z Ny L.
w+b=h
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Proof We temporarily write

h._ w,by b
My = Z Ny L
w+b=h

and Yy := ng(()) M )’( . Z{P_ls. We will show that Yy = Zy . For small cases, say
X = A, Ay, A5 = D3, Dy, Eg, E7, Eg, we have explicit formulas on both sides so
this may be verified by hand or by computer.

It remains to treat in general A,, D,. The argument will reveal that in fact, Lemma 25
in a sense determined the values of the series in Proposition 26; in particular, we will
not use that Proposition again. (We used it above to check the base cases; of course
these could have been done without appealing to its full strength.)

We begin with the case of A,. By considering what happens according as the right end
dot of the Dynkin diagram — the one not seen in the pictures above, which is white if
n = 2k and black if n = 2k — 1 —is chosen or not, we have

nw,b _ nw,b + nw—l,b w,b nw b + nw,b—l
Az — T Azk—1 Azp—2" Aoj—1 — TAzk—2 Azp—3"

Summing these, we have

h  _ h h—1 h _ h h—1
MAzk - MAZk—l +M MAzk—1 - MAzk—z +LM

Azp—2° Azj—3"
Noting that §(A5x) = 6(A2%—1) = k and summing,
—1
Yiaye =Yuapy ¥ Yy 5o Yap,, = YIPI Yaros +]LYA21<—3‘

It remains to show the same for the Z. Since both Yy and Zx are symmetric
Laurent polynomials in ¢, it suffices to check the recurrence holds modulo ¢. Writing
€4 = Zq”AL’g we had from Lemma 25 that Z4, = (1 — )0 g3 g, (mod ¢).
We are left to show that
¢ (1 =@ka =g (1= °a+ 7 (1= @)k4 (mod g),
¢ (1=9)*a =g (1-9)* (1 —qL)ks + Lg ™ F' (1 —¢9)*£4 (mod g).

But these are both formal identities, independent of the value of &4.

An identical argument suffices to treat the D,. We remark in passing that the recursion
above corresponds [50; 58; 59] to the skein relation on the HOMFLY invariants of the
links of the singularities. |
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Example 28 For Ag, the nonvanishing invariants are:
N*=1+L+L24+L*+1L*
N3 =4+ 6L +6L? +4L3
N?=6+9L +6L?
N'=444L
N°=1

The N are not generally symmetric.
Example 29 For Eg, the nonvanishing invariants are:
N3=14L+42L2+1L3
N?=3+4L+3L?
N'=3+43L
NO=1
Example 30 For Eg, the nonvanishing invariants are:
N*=14+L+2L2 +2L% +1L*
N*=4+6L+7L? +4L3
N?=6+9L+6L>
N'=4+4L
N°=1
For the simple singularities, we have the following remarkable statement, which may
be proven by comparing Theorem 27 to the description of the versal deformation of a

simple singularity as the quotient of the hyperplane arrangement of the same name by
the Weyl group; see Arnold, Gusein-Zade and Varchenko [4].

Theorem 31 Let X be a simple singularity. Then there exists some curve C contain-
ing as its unique singularity a real form of X , and a real disc D’ in the real locus of
the versal deformation of X such that

Xy (N =" yH-#(DI N B,
i

where Bi’i is the locus of real nodal curves with j total nodes of which i are hyper-
bolic.
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This result was known to van Straten when j = §(C); he had conjectured in this case
that it holds for all singularities (see [68, Conjecture 4.7]) on the evidence of its validity
for the simple singularities and its validity at y = 1 for all singularities [22]. Theorem 1
asserts the validity of the above statement at y = 1 for all singularities, so one might
analogously conjecture that the statement of Theorem 31 holds always. Note that for
unibranch singularities, there is a unique topological type of real form.

2.3 Real invariants

We recall that the Betti numbers may depend on the choice of coefficients for cohomol-
ogy: for instance, we have

Y ¢"dimHY(P2(R). Q) =1#1+¢g+¢> =) ¢"dimH (P*(R), Z/2Z).

Note that nonetheless we have x(P?(R),Q) =1 = x(P?(R),Z/27Z). In fact, as is
well known to follow from the universal coefficient theorem, the Euler characteristic
does not depend on the choice of coefficients. The same holds for compactly supported
cohomology, for instance because this can be described as the relative cohomology of
an appropriate pair. We therefore suppress the coefficients from the notation for Euler
characteristics.

In particular, since any (not necessarily oriented or closed) manifold M enjoys
Poincaré duality between H*(M,Z/27) and H}(M,Z/27Z), we have x.(M) =
(=14 My (M).

As pointed out by Macdonald [48], for any reasonable space X, we have
H*(X"/6,,Q) = H* (X", Q)% = (H*(X, Q)®") "

and it follows formally that

00 x)
Do d" (X" /Sy) = (i)x :
n=0

We note this is false in general for the compactly supported Euler characteristic, for
instance, one can show Y 7> 1 ¢" x.(R"/&,) = 1. Nonetheless, for real surfaces we
have:

Lemma 32 Let ¥ be a manifold without boundary of (real) dimension 2 ; it may be
nonorientable and noncompact. Then

00 1 XC(E)

S ke (57 S) = (—1 ) |
—q

n=0
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Proof Both X"/&, and ¥ are real even-dimensional manifolds, and so we have
X = Xc- O

Now let C be an algebraic curve defined over R. We consider

o0
Zg& =" ¢" ' Ey (CM(R)).

n=0

Note there are two different projective lines over R: one which has a real point (and
hence whose real locus is a circle), say X 2_Y?2 4+ 7Z? =0, and one which has no
real points X2 + Y2 4 Z2 = 0. We call them P! and }P’_IF. Their symmetric powers
likewise carry different complex conjugations:

EHM®) =RP", PHHFHIR) =0, EHPIR) =RP*.
Nonetheless, since yc(RP2**1) =0, we have
Zpy =4/(1=4*) = Zp,.

In fact, for a smooth curve C, the series Z % does not depend on the real structure
of C'. We can determine it explicitly:

Lemma 33 Let C be a curve defined over R such that C @ C is a smooth curve of
genus g. Then ZR® = (Zgl)l_g.

Proof As C is smooth, the Hilbert schemes agree with the symmetric products. Let o
denote the complex conjugation. We may stratify the locus (Sym”(C))(R) according
to the number of pairs of complex conjugate points. We parameterize the real points
by the symmetric powers of the real locus, and »n pairs of complex conjugate points
in C by Sym"((C(C)\ C(R))/0). Thus compatibility of compactly supported Euler
characteristic with cut-and-paste gives

> q" xe(Sym" (C)(R))

n=0 00 0o
= ( > 4q" Xe(Sym” <C(R)))) (Z 7*" Xe (Sym" (w)))
n=0 n=0

The loci Sym” (C(R)) are products of symmetric products of the connected components
of C(R), ie of circles; it is easy to see (for instance by using a circle action) that these
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have Euler characteristic and compactly supported Euler characteristic zero. On the
other hand, the second term was computed above in Lemma 32. We conclude

> q" xe(Sym" (C)(R))
n=0 oo . " C((C)\C(R) 1 X ((C(OO\CR))/0)
=2 (s (S2050) = (=5) |

Finally, since a circle has vanishing Euler characteristic, and since the Euler character-
istic of a n : 1 étale cover is just n times the Euler characteristic of the base, we have

xc((C(C)\C(R))/0) = x(C(C))/2=1-¢. O

This motivates the definition of integers nic’.]R by the formula

ee} o0 - q i—g+1
@ Y a2 ot ()

n=0 i=0

In this notation, Lemma 33 asserts that, for C a smooth curve defined over R, we have

oO,R iR .
ne —landnc =0 fori >0.

For a point p on a curve C, write (C, p) for the germ at p, and (C, ) for the
locus in the Hilbert scheme of points on C of subschemes set-theoretically supported
at p. For p € C(R), we write rb(p) and cb(p) for respectively the number of real
and complex points above p in the normalization of C.

We have by stratification

> g8 x (CHI(R)) M > ¢" 1 ((C, p(R))
St E(CR)  fn (g1 —g)TP)

2
y 1—[ q_zg(p)Zq "xe((C, p)ll
(1—g2)ebtp)

peCsng(C)/o

We now compute ni:R for a curve C with § nodes and no other singularities. By the
product formula above, it suffices to do this in three special cases.

Lemma 34 The only nonvanishing invariants of a curve cy+ of arithmetic genus 1 with
a single node analytically of the form R[[x, y]/(x2 £ y?) are n®R =1 and n?"R = +1.

(Caution: c— is the one with a node that looks like +.)
Lemma 35 The only nonvanishing invariants of a curve of arithmetic genus two with

a pair of complex conjugate nodes are n®R =1 and n""R =0 and n?>® = 1.
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We conclude:

Proposition 36 For a nodal curve C with § = 84+ + 6— + 28¢ nodes, where §1 are of
the form R[[x, y]/(x? & y?) and the 28, are complex conjugates,

gt = (=D = ()%

Moreover, n'C’]R =0 fori >§.

Theorem 37 Let C be a real reduced plane curve, and let C — B be a versal defor-
mation of its singularities. Let Bi"s_ C B(R) be the locus of nodal curves with §
nodes of which §_ are of the form R[[x, y]/(x? — y?). Let D’ be a general disc of

dimension j, preserved by complex conjugation, passing near [C] € B. Then

- R
nit = (=D*D®)’ n BLF.
k

In particular, né’R =0 for j > 46(C).

Proof In the following we write § := §(C). View n/-R as a constructible function
on B(R) taking b négR.

Let Df) C B be a general (complex but preserved by conjugation) disc of dimension i
containing [C]. Then by [22; 67], C[f"]D(iJ are all smooth, and if i > § then all C[”]D(i)
are smooth. The real locus of a smooth variety is smooth, so the same holds upon
passing to real points. Taking a disc D31 containing Dg and D‘lS a sufficiently nearby
slice, the spaces C[”]Dg (R) and C["]Df (R) are diffeomorphic (by smoothness) and
therefore have the same compactly supported Euler characteristics. Note that the first j
Hilbert schemes suffice to determine n/-R . By additivity it follows that

3) / nj’RdX:/' n/Rdy forany j <i,andforall jifi>3§.
D{(R) Di(R)

We first show the vanishing of the n/-R for j > §(C). Note we have already established
it for smooth and nodal curves. We induct on 6(C). Take i = § in (3). By Diaz and
Harris [17] and Teissier [69], the locus of curves of cogenus at least § is of codimension
8 and is the closure of the locus of §—nodal curves. Thus by genericity its only
intersection with Dg is at the central point [C], and its only intersection with Df is in
finitely many nodal curves. Thus by induction and our explicit verification in the case
of nodal curves, the integral on the right vanishes for j > §, hence so does the integral
on the left, which is again equal to né’R by induction.
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Now we consider the remaining n/. Take i = j in the above equality. Then by
the same reasoning the only contribution to the integral on the left is nic’]R , and the
only contribution to the integral on the right is the j-—nodal curves. By our previous
calculation, these contribute as required. a

Remark 38 If C has a real line bundle of degree 1 then the proof of Proposition 15
and Corollary 17 carries through in Kg(var/RR); we may use this instead to conclude
that niC’,R =0 for i > g(C). However we have not found an analogous argument if C
has no such bundle.

Remark 39 1In [67], the proof of Theorem 1 used as an input the vanishing of the nlC
for i > §; the argument given above shows this was unnecessary.

Remark 40 Thus a necessary condition for the statement of Theorem 31 to hold

for a singularity X is the existence a curve C containing a real form of X with
x1(Zc)=ZR.

Corollary 41 Let C — B be a family of reduced real plane curves in which all curves
have cogenus less than or equal to § and there are finitely many curves of cogenus §,
all nodal. Then defining né’]/RB by

o0 ] o0 ‘R q i—g+1
D xeCE RN TE = gy (W) ’

n=0 i=0

§,R

the number of §—nodal curves counted with signs (—1)5~ = (—=1)%+79 js ne/g-

3 Refined invariants of linear systems

Let 7: C — B be a family of plane curves, and 7l clnl — B the relative Hilbert
schemes. Denote by MHM(B) the category of mixed Hodge modules (see Saito [64])
over B. We define

o0
Zep= Y 1" Qemg" 1 7E € Ko(MHM(B))[4].

n=0

We define invariants N/ cl /B € Ko(MHM(B)) by the formula

o0 o0
4 3 n,["]Qc[an"H £ = ZNé/B X Z]’P,I/ptg.
i=0

n=0
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Proposition 42 If w: C — B is a family of integral plane curves and moreover C is
smooth for all n, then NC/B =0fori>g.

Proof In fact, according to [52; 54] we know much more. Writing 7 for the restriction
of the map to the locus on the base where it is smooth, and (1) for the Tate twist (it
decreases weights by 2, so [2](1) preserves weights) we have

o0
(1=)(1 =g Qp[2)(1) Y ¢"m " Qeonfdim B + ]

n=0 2g
=Y ¢"IC(B. A'R'#.Qc[dim B + g])[—i].

n=0
The right-hand side of the above equation is a polynomial of degree 2g which enjoys
the symmetry A’R! 2 A2¢7'R! by hard Lefschetz; we deduce the vanishing of
the NV} i ¢/ s in Corollary 17. O

Remark 43 One may write the same definition in Kq(var/B), but then we do not
know whether N/ vanishes for i > g. The problem arises already for families of
smooth curves; the question here is whether a family of Jacobians is equivalent to its
torsors in the Grothendieck group of varieties.

We may take pointwise Euler characteristic in order to define an integer valued con-

structible function n’ := x(N?), or global Euler characteristic to define ”c /B € Z.
(By proper base-change, these are the same n' as in the 1ntroductron ) Since we have
that n* is supported on the locus of curves of cogenus i, certainly nk C/B vanishes if k&
is greater than the maximum cogenus of any curve in the family. These are the same as
the constructible functions of the introduction, that is, they satisfy (and could take as
their definition) the formula

ZX(C[n])qn+1g_Z ( q )i+1—g.
ZeiB\(1-g)?

Definition 44 We define N/, i B( y) = x—y((B—pthWV 7). Equivalently we can apply
X—y o (B — pt) to both 51des of (4) in order to directly define N/ ! ¢/ () by the formula

i+1—g
2 : C[n] n+l—g __ § :Nz ( ) )
x> ersO\ = q)(1 q)

n=0

From Proposition 42, we see that Né / p(») vanishes for i greater than the maximum
genus of any curve in a family whose relative Hilbert schemes are nonsingular. But
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for both the x—, invariants of a single curve, and the yx invariants of families, we had
vanishing beyond the maximum cogenus. Thus we may at least plausibly ask whether
this holds for N C’, /B In fact it need not: Fantechi and Pandharipande observed that
this vanishing can fail already for B a curve of positive genus and C — B a family
of smooth curves. However, empirically, the situation appears to be better for linear
systems of curves in surfaces. We have the following conjecture:

Conjecture 45 Let L be a line bundle on a surface S, C — |L| the tautological
family of curves, and P8 C |L| be a linear subsystem. Assume the relative Hilbert
schemes CI[;(; are nonsingular for all n > 0. Then Nc{/IP’ﬁ (y)=0 fori > 6.

From the smoothness criterion in [22] one may deduce that the maximum cogenus of
any curve in any such P? is §. The assumption holds in the following situations:

Theorem 46 Let L be a line bundle on a surface S, C — | L| the tautological family of
curves, and P9 C |L| a general linear subsystem. Then all relative Hilbert schemes CI[E? ;
are nonsingular in the following situations:

o S isarbitrary and L is §—very ample [43; 22; 67].5
e S isa K3 orabelian surface and L is irreducible (see Mukai [56]).

e S is a rational surface and P% contains no nonreduced curves, and no curves
with components which intersect Kg nonnegatively [40]; in particular, for a
general P=2472  |Op2(d)].

Rather than simply integrate to get né, /B = / B n'dy, we can extract more refined
information by taking Chern-Schwarz—Macpherson classes ¢S™ . We recall that ¢S5 M
is the unique map from constructible functions to homology which commutes with
pushforward and satisfies the normalization ¢3M (1y) = ¢(TX) N[X] when X is
smooth projective; its existence was conjectured by Deligne and Grothendieck and
established by Macpherson [49]. Now taking n’ := ¢3M (n’) € Hy(B), we see by
Macpherson’s theorem that

" oo q i+1—g
3wl ere nictipgm e =3 "l (W) '

Of course we are also free to take this as the definition of the né /B

Macpherson’s theorem that né /B vanishes if 7 is greater than the maximum cogenus

n=0 i=0

and conclude from

6 What is actually observed in [43] is the (obvious) fact that the first § relative Hilbert schemes are
nonsingular under this hypothesis, and the less obvious fact that the assumption implies that no nonreduced
curves or curves of cogenus greater than § occur in the PS. Consequently, we have that the smoothness
criteria in [22; 67] may be used to establish smoothness of the remaining relative Hilbert schemes.
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of any curve in the family. In good cases, the constructible function n’ and the class n’
carry singularity-theoretic meaning:

Theorem 47 Let C/B be a family of reduced plane curves with all Cl[g] nonsingular.
Let B be the locus of curves of cogenus i, and let Bi be the sublocus of curves
smooth away from i nodes. Assume B/ C Efi_ forall j = i. Then

mult, (B'}) = n' (b) = Eup(B).

Here Eu is the local Euler obstruction. Moreover, né /B is the Chern—Mather class
of BY, .

Proof The first equality was asserted in [67] in the case of a locally versal family, but
in fact the same argument applies in the above generality.

For the second, it is shown by Migliorini and Shende in [53] that for any proper map
f: X — Y of algebraic varieties, the varieties VV* which appear in the expansion
S«1=>_ co-Eu(V¥) are all components of the higher discriminants (introduced in [53])
of the morphism /. It was shown in [67] that the higher discriminants of the map
Cg’] — B are precisely the loci B?, which by assumption agree with Ei. It remains
to determine the coefficients ¢, ; this may be done at the general point of each B’ , ie
in Bﬂr. Now we can either make a calculation for nodal curves, or alternatively observe
that since the loci B, are all immersed in B their Euler obstructions agree with their
multiplicities.

The identification of n’ with the Chern—Mather class of B fl_ now follows from Macpher-
son’s construction of the functorial Chern class. |

Remark 48 The assumption on genericity of nodal curves in Theorem 47 holds for a
locally versal family by [17; 69], for the general P® C |L| when L is §—very-ample
by [43], for the general PS¢ |L| when L is irreducible on a general K3 surface (the
genericity of nodal curves in maximal cogenus is shown in Chen [14]), and it was
known classically for the general P C |Op2(d)| containing no nonreduced curves.

Remark 49 Aluffi [3] has shown that the multiplicity and Euler obstruction of the
discriminant of cubic curves on P2 differ at a triple line. The argument above fails here
because the total space of the restriction of the universal family to a one-dimensional
disc passing through this point is necessarily singular. Aluffi has also managed to extract
enumerative information about curves with singularities more complicated than nodes
from the Chern—Mather and Chern—Schwarz—Macpherson classes of discriminants;
perhaps the same can be done with the higher Severi strata.
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The map ¢2M™ admits a refinement due to Brasselet, Schiirmann and Yokura. We
denote it by X ]_3§Y: MHM(-) — Hx«(-)[p]. It commutes with pushforward and obeys
the normalization X’ E;Y (Qarr)=X_,(TM)N[M] for M proper smooth. Thus we may
apply their functor to the N é /B and conclude that there are /V C’ / (V) =X EJS,Y N e
Hx(B)[y] such that N/ / p(») =0 for i greater than the arithmetic genus of the curves

(in a family of integral curves with nonsingular relative Hilbert schemes), and

00 %) i+1—g
[n] [n] [aly ,n+1—g _ i q
2w e nicte g_gNC/B(y)((l—q)(l—qy)) '

n=0

In the case of interest when B = P9, we denote by abuse NV C’ / gy, H) e H* (P?) the
Poincaré dual class of NV, é / (). Since N, C’ / g(1) is, in good cases, the Chern-Mather
class of the (codimension i) Severi variety of cogenus i curves, we might expect:

Conjecture 50 Let L be a line bundle on a surface S, and let P® C |L| be a linear
subsystem of reduced curves over which the relative Hilbert schemes CI"l — P% are
nonsingular for all n > 0. Then N Cl /ps (y, H) is a polynomial of minimal degree i
in H, and in particular vanishes for i > §.

We will see shortly that this conjecture is in fact equivalent to Conjecture 45. First we
recall how the Hirzebruch genera of the relative Hilbert schemes may be computed.

3.1 Genera of relative Hilbert schemes

Following Hirzebruch [31], we take a (normalized) genus to mean a natural transfor-
mation of contravariant functors ®: K°(-) — H*(-, A) (where A is a commutative
ring) such that:

¢ For the trivial bundle C, we have ®(C) = 1.

e Sums go to products: ®(E @ F) = ®(E)D(F).

e There is a power series fg € 1 4+ zA[z] such that for a line bundle L, we have

O(L) = fo(c1(L)).

In the remainder of the paper we will be concerned only with the Hirzebruch genus
® = X_,, for which A =Q[y] and f(z) = (z(1 — e Z0=0))) /(1 —e20=9)) In
any case fix some A, ®. We write ¢(X) := &(TX).

Let S be a surface, L a line bundle on it, P% c |L| some linear system, H =
Ops(1). Let S be the Hilbert scheme of n points on S, and let Z,(S) C S x S
be the universal family, with the projections ¢: Z,(S) = S, p: Z,(S)—> S (] Let
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L") := p,q* L. This is a vector bundle of rank n on S with fiber H(Z, L|)
over Z € S, Let : Cps — P4 be the universal curve over P and denote by
ol CI[; } — P? the relative Hilbert scheme of points. The relative Hilbert scheme
always has the expected dimension § +n (see Altman, larrobino and Kleiman [1]), and
is the scheme-theoretic zero locus of a tautological section of L") H; this section is
transverse when CI[F’} g is nonsingular.

As a bookkeeping device, let e* denote a trivial line bundle with nontrivial C* action
giving equivariant first Chern class x, ie ®(e*) = fp(x).

Definition 51 Let
cn(LIM @ eX)

DpS-L:® ::/ o(T S Afx].
T (x) S[n]( )q)(L[n]@ex) [x]

Proposition 52 Assume C][Pf' } is nonsingular. Then
e (@(Te) nie) = fo(H)* 1 D512 (1) N [PY).

In particular,

X

5+1
$(Chd) = Resx=o(f “’(x)) DS-L® ().

Proof Denote ¢: S"! — pt. Then
nil(@(Tegy) niet)

oS (TPl
— [n] [n] 8
= (g x1p0. (cn(tm i PETOREED st e
L[n] X
— O(H)’Hg, [CD(TS[”])M] N[P?].
q)(L[n] ® ex) x=H
This completes the proof. O

Remark 53 If #1%(L) > §, the formula makes sense without requiring smoothness, if
we view it as a virtual contribution. The description of C(g"] as zero locus of a section
of LMK H gives it a virtual fundamental class and a virtual tangent bundle (see eg
Fantechi and Gottsche [21]). Thus independent of the singularities of C(g”], what is
computed here is ¢(C")) with this virtual structure. Without any assumption on L,
we can view the second equality in Proposition 52 as a definition of ¢ (Cl").

The D,‘f L2 enjoy a certain multiplicativity. Introduce the series

(5) DS,L,CD — Z D;IS"L’Can.
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We denote by [S, L] the algebraic cobordism class of the pair of the surface S and the
line bundle L. For us’ this is the equivalence class of pairs (S, L), where two such
(S1,L1), (S, Ly) are equivalent if the numbers Ll.z, LiKg,, KSI.Z, ¢>(S;) coincide
for i =1, 2. These form a group where in particular [Sy, L1]+[S2, L] =[S1US>, L]
with L the line bundle whichis L; on S; and L, on S5.

Proposition 54 The map [S, L]~ DS-L:® is a homomorphism from the cobordism
group of surfaces with bundles to the multiplicative group of invertible power series in ¢
with coefficients in A . In particular there exist universal power series D1, D, D3, D4 €

Allq] such that )
S,L,® _ nL? nLKs nK ()
D =Dy D,y"S D, SD.

Proof The D,‘? ’L’¢(x) are defined by a genus applied to LM and T ‘i1, s0 the first
statement follows from the arguments in [20].

For the second statement, let (S;, L;), i =1,...,4 be chosen such that the four vectors
(Ll.z, LiKs;, K ~25'i ,¢2(S})) are linearly independent. Then for any (S, L) we can write
[S. L] = ai[S1, Li]+ a2[S2, Ly]+ a3[S3, L3]+ a4[S4, L4], with a; € Q and thus

DSL.® _ li[(DS,Li,CD)ai.
i=1
For simplicity we write [S;, L;] also for the corresponding vector. Let e; = (1,0, 0, 0),
e; =1(0,1,0,0), e3 =(0,0,1,0), e4 = (0,0,0, 1). Choosing (a,-,j)?,j=1 in Q with
> 4i,jlSj, Lj]=e;i forall i, we put D; = ]_[;}=1(DS’L"’¢)”"J .As[S,L]= L% +
LKge, + K§e3 + e(S)ey, this gives

S,.L,® _ nL? nLKs nK§ nea(S)
pSL® = pI? pkks pFs per(S), D

The multiplicativity of Proposition 54 allows D,f ’L’q)(x) (and therefore also ¢ (C"))
and the BPS invariants) to be computed by localization in the following standard way.

By the above argument to compute D-L+® for any (S, L) it is enough to compute them
for pairs (L;, S;) whose corresponding vectors are linearly independent. We can choose
the (S;, L;) as (P2,0), (P! xP', 0), (P! xP!,O(1,0)), (P! xP!,O(1,-1)). In
this case § = S; is a toric surface, ie it has an action by a torus (C*)? with finitely
many fixed points, and L = L; has an natural equivariant lifting. The action of (C*)?2
on S induces in a natural way an action on S and the equivariant lifting of L

7 For a geometric account of algebraic cobordism of varieties with bundles see Lee and Pandhari-

pande [47]; we however do not require any results of this theory and only use “cobordism class” as a
convenient shorthand.
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induces an equivariant lifting of L Thus we can apply equivariant localization
to compute D;,9 ’L’q)(x), in terms of the weights of the action on the fibers of Tgin
and L] at the fixed points. The fixed points are parametrized by tuples of Young
diagrams and the weights of the action can be expressed explicitly in terms of this data.
For more details in a slightly different situation see eg Ellingsrud and Gottsche [19],
Nakajima and Yoshioka [57] and Carlsson and Okounkov [13].

From now on we specialize to ® = X_, and abbreviate D (y, X) = DS L. Xy (x),
DS Ly, x,q):= > on>0 DS’ (y,x)q™. In this case a computer calculation yields the

L( y,x) for n < 10 and modulo x'#. The x_ y(CP 5) are computed from this by
Proposmon 52.

3.2 A reformulation of the conjectures, and evidence.

Let #; be the Chern roots of the tangent bundle of the Hilbert scheme, and let /; be the
Chern roots of the bundle L. In the previous subsection we introduced the series

_ pe—ti(1=y)
(©) D“(y,xq)—Zq/ "

S[n] - (1—6 ti(1— y))
(1— e Gi+x)1-y))
l_[ (1 —ye - +x)(1 y)) Q[y][[x]]IIQ]]

For convenience we write O = ¢/((1 —q)(l —qy)).8

By Proposition 52 we have

1=¢ /111 — ye—HU=p))\5+!1
Z /Ps(y,H)Q’—(Z) ((l_ey_eH(l_y) )) D%t (y, H.q).

8 We record here that the compositional inverse is given by what are called the Narayana numbers,

_ o v n k—1._1\yn—1 n h
1=y Y o e m(p)(")

n=1k=1
which specializes to the following formulas involving Catalan numbers,

GOQlymr = 3 0 (1Y + ‘))(2:)’

n=1

1@ly=0 = 0/(1+0)
JOyrr = 3 Q¥ 1y /(2n+1)( )

n=0
Note also that Q(q) € qZ[q. qy] and ¢(Q) € QZ[Q, 0].
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Conjecture 55 For any surface S and line bundle L, we have

(¢/Q)' P DSE(y.x.q) € QUy]Ix. x Q.
Proposition 56 Conjectures 45, 50 and 55 are equivalent.

Proof Note f(x):= X_,(e*) €1+ xQ[y][x] is invertible. From (7), we see that
Conjecture 55 implies Conjectures 45 and 50.

Assume Conjecture 45. Now consider some fixed linear system P® C |L| on some
surface S such that all the relative Hilbert schemes C"l — P are nonsingular.
Conjecture 50 amounts to the statement

(Q/)¢ 7 f(x)* T DS L (y, x,9) € Qx, xQ] + O(*T1).

This obviously holds at § = 0; let us prove it holds at § by induction. If we know this
statement holds for some § = r — 1 and wish to check it for § = r, since f(x) € Q[x]
we already know the statement modulo x”. So we need only check

degg Coeffyr (0/9)¢ ! fo(x) T DSL(y,x,q) <.

But this is precisely the assertion of Conjecture 45 for P”. And since all the relative
Hilbert schemes will also be smooth over a general P” C P? for any r < §, the
hypothesis of Conjecture 45 is satisfied and we may deduce Conjecture 50.

Finally, Conjecture 50 asserts that Conjecture 55 holds modulo x%+!. We have an
expression
S.L _ nL?> nL.Ks nK3 ne2(S)
D>* =Dy Dy"S Dy S D2,

where the D; are power series starting with 1. Thus we compare DL for various
surfaces and line bundles to conclude the statement of Conjecture 55 for the series
D;, modulo some x*. Taking k — oo by choosing increasingly ample line bundles
recovers the statement for DS d

Remark 57 The above argument implies in particular that Conjecture 55 holds in the
Euler characteristic limit y = 1. From this it follows formally that for any P ¢ [L],
with no assumptions on the reducedness or irreducibility of the curves that appear or
on the smoothness of the relative Hilbert schemes, there are integers n’, . such that

Cc/P
o0
Z qn—H—g/
n=0 [

C[n]]vir

8

+1—
TSI ST (I g
, (1-9)

i=0
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Recall that DS-L can be expressed in four universal power series,

DS,L — DILZDKSLDK§ DCZ(S)
2 3 4 :

To avoid writing (Q/q)8~! we adjust these series slightly.

Definition 58 We write DS-L:= (Q/q)¢~! DS-L. We also take Dy :=(Q/q)'/2 Dy,
Dy :=(Q/q)"/?D; and D3 = D3, D4 = Dy, so that

~ ~ ~ ~ K2 ~
DS’L — DILZDZKS'LD:{(SDZZ(S).

We have DS-L €1+ (y,x, 0)Q[y][x, O] for all S, L, hence the same is true for
the D;. Similarly, Conjecture 55 is equivalent to the assertion that D; € Q[y][x, x QO]
for all 7.

Theorem 59 We have Dy, Dy € QUllx,x0].

Proof Let (A, L) be a primitively polarized abelian surface of Picard rank 1. If
L? =2k + 2 then dim|L| = k and the curves in |L| have arithmetic genus k + 2.
Note such (4, L) exist for all k. By [56] the relative Hilbert schemes are smooth, and
so from Proposition 42 we find that the N’ vanish beyond the arithmetic genus. By
this vanishing and the formula (7) extracting the N? from DS-L,

degy Coeff, « fq;(x)k+15fk+2 <k+2.

We write §(x, Q) = fq>(x)512 €1+ (x,0)Q[y][x, Q]. We want to show that
D € Q[y][x,xQ]; since this evidently holds for fg(x) and we may take roots
of power series starting with 1, it suffices to show this for £. So we have that
deg g Coeff,x §(x, O)F+tl <k 42.

The following argument is completely formal and does not involve the geometric mean-
ing of &. We write dg (k) :=degg Coeff,x &(x, 0)k+1 . Let ky = min{k | do(k)>k},
assuming this set is nonempty. Then dg (k1) = degg Coeff, x, §(x, 0)k1+1 | since
no lower (in x) degree term can contribute such a high power of Q. There are
two cases, dg(k1) = k1 + 2 or dg(ky) = ki + 1. In the first case, consider
Coeff 2k, &(x, Q)2k1Jr1 . There will be a contribution from products of two terms of
the form Qk1+2xk1 , which gives the highest possible power of Q and thus cannot be
canceled. But then deg g Coeff 2x, & (x, 0)2k1+1 = 2k, + 4, which is a contradiction.
In the second case, consider Coeff, ax, &(x, 0)3k1%1 n order that the degree 3k; +3
contribution from products of three terms Qk1+1yk1 be canceled, there must be some
h+h" =3k, with dg(h) =h+2 and dgo(h’) > h'. By minimality of k;, we have
h' > ki hence h < 2ky. Let ky = min{k | dg(k) > k + 1} < h < 2k;. Finally
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consider Coeffyki+ka & (x, Q)k1 +k2+1 There is a contribution from products of terms
the form x*1 Qlirl and xk2 Qk2+2; since ky < 2k; this contribution cannot be
canceled. This is a contradiction. So finally we must have dg (k) < k for all k, hence
&(x, Q) € C[y][[x, x O], hence the same holds for D;.

Now let (K, L) be a primitively polarized K3 surface of Picard rank 1. If L? =2g —2
then dim |L| = g and the curves in |L| have genus g. Such (K, L) exist for all g.
By vanishing of the N’ beyond the arithmetic genus we have

deg Coeffys fo(x)8T! Blzg_sz“ <g.
Since we know fo(x), D € Q[y]lx, x @], we may conclude the same for D,. O

Corollary 60 Conjectures 45, 50 and 55 hold for surfaces with numerically trivial
canonical class.

Remark 61 Note the slightly curious nature of the proof of the theorem and corollary:
for geometric reasons, namely smoothness of the relative Hilbert schemes and the
near equality of the genus and dimension of the linear system for certain line bundles
on K3 and abelian surfaces, we know the conjecture for complete linear systems on K3
surfaces and something close for abelian surfaces. Then by leveraging the universality
of the expressions, and the existence of K3 and abelian surfaces of all genera, we can
conclude the result also for not necessarily complete linear systems.

This sort of approach was suggested to the authors by Pandharipande [60], who further
suggested that the other power series may be similarly constrained by finding enough
other surfaces with nontrivial canonical class but for which nonetheless the genus and
dimension of linear systems are close. However to use these (or any) surfaces for the
present purposes, one must establish smoothness of the relative Hilbert schemes, which
we do not know how to do.

Using the localization calculation described in Section 3.1, we can give evidence for
Conjecture 55 for arbitrary surfaces.

Proposition 62 Conjecture 55 holds modulo ¢'' and x'*. Therefore, if 0 < § < 13
and P® C |L| is a linear system over which the relative Hilbert scheme is smooth, there
exist polynomials Nci/IPé’ (y) € Z[y], where i =0,...,§, such that

1)
Y xp @ =N N s ()08 mod 0@ ),
=0

n=0
and furthermore these polynomials are explicitly computed. If moreover g < 11 and
all curves are irreducible, then the equality is established to all orders.
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For example, Conjecture 45 holds for a general P# in |Op2(6)].

The relation between the various n, n, N, N and the series DL has in this section
always been contingent on the smoothness of the relative Hilbert schemes over the
appropriate linear subsystem PS¢ |L|. To avoid continually making this hypothesis,
we introduce the following:

Definition 63 For a surface S and a line bundle L, we define N i)?,[ S.L]° N 8"’[ S.L]’ by
the formulas

e L —H(@1—y)\\ 8+1

; ; H(l—ye ) ~s L

l 1 _ s
> Niis.)Q —( [ o—H(=) ) DSt(y, H,q).
i=0

0 —x(1— §+1

. . 1 — ye=x0-)) ~q 7
Z N(sla[SsL] Ql = Resx:o[( 1 —e—x(l—y) ) D ’ (y"x’ Q):|,
i=0

and similarly for the specializations n, n.

By comparison with (7), we see that for a linear system P® C |L| containing only

. . i — NI
reduced curves, and whose relative Hilbert schemes are smooth, Np,, L= N §S.L]"

4 The term of the deepest stratum

For a linear system PS¢ |L]|, the numbers ng /ps have the clearest enumerative
significance, counting the number of §—nodal curves in the linear system. Thus we
might also hope that the NC‘s /ps (y) have an enumerative meaning refining this. In any
case, assuming Conjecture 55, the NS‘?[ s,2](y) are the easiest to compute and their
generating function is multiplicative.

We have been in the meantime in able to prove the main conjecture of this section
(Conjecture 67) in case Kg is numerically trivial. The proof appears in [28], and
depends on several results from this paper, Theorem 59 in particular.

Proposition 64 Assume Conjecture 55, or Kg = 0. View DS-L as an element of
Qy1lx, s]] with s = xQ. Then

ZN({[S,L]SS _ BSL(y.x =0.5).

>0

Corollary 65 Assume Conjecture 55, or K g =0. Then there exist series A; € Q[y][s]
such that , X2
8 8§ _ 4L (LK c2(S)
D Nis,()s” = AT A4 TS A5 AR,
>0
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Proof Viewing D; € Qy1lx, s], where s = xQ, take A4; := 5,~|x=0. a

In the unrefined ( y = 1) setting, more explicit formulas were expressed after substituting
for s a certain quasimodular form. Specifically, in [27, Conjecture 2.4], the following
expansion was proposed:

K LK
(DGZ/Q)X(L)Bl SBZ S
(A-DDGz/q2)X(Os)/2 ’

(8) Y sy (DG =
§>0

Here G, is the Eisenstein series, A is the discriminant:

o0 o0
A =a[T0-4. Ga@ =55+ Y a"Yd.
n=1 m=1 d\m

The series By, B> € 1 +¢Q[gq] are not known explicitly, although their first several
coefficients may be computed and are given in [27]. We also write D = qdiq. The
above formula is by now a theorem, since the existence of universal formulas has been
established [70; 43], and the case of the K3 surface (where Kg = 0 hence the B; do
not appear) was solved explicitly; see Bryan and Leung [10].

Notation 66 We write Ny ¢ ;1= Njg 11/’

Now we give a conjectural refinement of Equation (8). The series A, DG, are refined
as follows:’

Ay.q):=q (=g —yg*(1—y~"'qg")>,

n=1

_ (P
DG, := Z mq™ 27

m=1 d|m

9 These functions are related to certain Jacobi forms. Let g = e2™iT  y = ¢27iZ (1) Then
A(y.q) = ¢10,1(7, z)/(yl/2 — y—1/2)2. Here ¢19,1(7.2) = n(2)'80(z, 2)? is up to normalization the
unique Jacobi cusp form on Sl,(Z) of weight 10 and index 1. (2) We can write

o0
PR m _
=24y DGy = 37 ¢" Yy S =24y
m=1 d|m
=-2Gy(0)+1/24)+ Y e(y? —y~H)g%
d,e>0

o $101(.2)\

- —EDlog(W) = —5Dlog(¢—2,1(z.2)).
Here A(t) is the discriminant function and ¢_5 | = ¢19,1/A is the up to normalization unique weak
Jacobi cusp form of weight —2 and index 1 on Sl (Z).
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Conjecture 67 There exist universal power series B (y,q), B2(y,q) € Q[y, vy '1lq]

such that

© Y N (DG’ =
>0

DC 2
(DG, /9)*'X) By (v, 9)%5 By (v. ) -5
(A(y.q)DDG,/q?)x(©s)/2

Here, to make the change of variables, view all functions as elements of Q[y, y~![4].

This conjecture is again checked modulo ¢!!, and we get that

Bi(y.q) =

By(y.q) =

1—g—((*+3y+D/»g* + (* +10y° +17y* + 10y + 1)/y*)q’
— ((18y* 487y + 1352 4+ 87y + 18)/y3)¢* + ((12y° + 210y°
+728y* +1061y° + 728y + 210y + 12)/y¥)q° — ((2»® + 2597
+2102y% 4+ 59525 + 8236 y* + 59523 +2102y2 + 259y +2)/y*)¢®
+ ((162y% 436067 + 19668y° + 48317y° + 64253y* + 483173

+ 196682 + 3606y + 162)/y*)g” — ((47y'° + 3789y° + 41999 )%

+ 177800y 7 +392361y% + 505678 y°> + 392361y* + 177800y°
4419992 + 3789y +47)/y°)q® + (5912 + 2416y + 60202y 1°
+445989y° + 1576410y% +3197831y7 +4018919y° + 31978313

+ 1576410y* 4 445989y° + 602022 4 2416y + 5)/y%)q°
—((896y'2 4 58504p!! 4793194 1% 4+ 4483755)° + 13818256y
+26192369y7 + 32243357y% +26192369y° + 13818256y*

+4483755y° + 7931942 + 58504y + 896)/y%)¢'° + O(¢'"),
1

(I=yq)(1—q/y)
+8y 4+ 1)/y3) g — ((13y* 4+ 533 + 76y% + 53y + 13)/y?)¢*

+ ((7y® +100y° + 316y* + 4553 + 3162 + 100y + 7)/y3)g>

— (¥ + 11297 +7799® +2076y° + 2819y* +2076y> + 779y

+ 112y + 1)/pMq® 4+ (678 4 12437 46129y + 14386y °

+ 18870y* + 14386y> + 6129y2 + 1243y + 67)/yH)g” — ((19p1°
+1281y° +12417y8 4488797 + 104034 ° + 132579y° 4 104034 *
+ 488793 +12417y% + 1281y +19)/y°)g® + (2y'* + 822!

(1+3¢—(By* +y+3)/1)q> + (" + 8y +18y°
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+175421° 4+ 117829y° 4 393703y% + 775411y7 + 965540y°

+775411p° +393703p* + 1178293 + 175422 + 822y +2)/1%)¢°

—((310p'2 4+ 17206y +207074 1% + 1085712y° + 3197506y®

+ 5913778y 7 + 7223539y% + 59137783 + 3197506 y* + 1085712 >
420707422 + 17206y + 310)/y%)¢'® + 0(g'")).

At y = 1, we recover modulo ¢'! the functions B;(q), B»(q) of [27].

Asin [27, Remark 2.6], the expansion in /Dsz may be exchanged for an expansion in ¢
while simultaneously trading a sum over varying numbers of point conditions while
fixing the line bundle for a sum over line bundles while fixing the point conditions.
Note the latter form is more natural from the point of view of the GW/DT/pairs theories,
and indeed this is the form in which the K3 is solved in [10].

In detail this procedure is as follows. For any power series f € R[¢] and g €
q +q*R[q], we may expand f in terms of g by the residue formula:

f(q@)Dg(q) ] .

flg) = ,:ZO g(q) Coeffqo[ (@)

. = . . —4 : .
Conjecture 67 asserts that N, 5‘?[ s,1] 1s the coefficient of DG, of a certain expression;
taking this coefficient by the above residue formula gives the equivalent formulation

N&
N(g,[S’L](y)

(DG, /)P B (y.9)K5 By (y. ) LK ]

(A(7.9)DDG,/¢)1(©)/2
(DG2)*M"1-8 DDG, By (1, ) X5 Ba (v, ) FXs )

(A(y,q) DDGy)x(©s)/2 '
We would now like to collect coefficients of ¢ to write the entire series in the (-) in terms
of the N . So we must choose some values of §,[S, L] such that K%, LKg, x(Os)
and k := y(L)—1—3§ remain constant, but (L?—LK)/2 assumes every integer value
starting from k 4+ 1 — x(Og). In other words, the cobordism class of the surface, the
number of point conditions k = y(L)—1—6, and LK are fixed, and L? varies. Note
that it is not necessarily possible to find a fixed surface .S and honest line bundles L;
which realize all the desired values. This causes no difficulties as the N, (f[ s,1] may
be viewed as just functions of the four values L? LK s, K é, c2(S). Making this
dependence explicit we write

Vi 2 — x)-1-k
Mk,[S]((L _LKS)/27 LKg) = N)?(L)—l—k,[S,L]’

—_——1  —
— Coeff 0 [DGz ' DDG,

= Coeffq(LZ_LKS)/z (
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where the right-hand side is viewed just as a function of two integers and is determined
by evaluating the left-hand side on the cobordism class [S, L] with the specified
invariants. In terms of the M , we have

o0
(10) Y. Misy(. LKs)q'
2 S~
I=k+1-x(0s) — B1(3,9)%5 B2(y,q)2%5s DDG,(y, )

=DG1(y,q)*

(Z(y, q)Dl/)\éz(y, q))X(Os)/2

We can also express this in a slightly different way, fixing LKg, k and varying §:
write Ni[s7(8, LK) := Né?[s £y With k = x(L) —1—=8. Then

o0
A1 Y Nisj6.LKs)g’

— K3 s(DDG
5=0 — (DG (y.q)/qy 5102 D) By(y,9)"s(DDG,(v,9)/9)

(A(y.9)- DDGa(y.)/¢*)1(©)/2
When S is a K3 surface, the right-hand side simplifies dramatically. Moreover, on the
left-hand side, for each term we may choose a representative K3 surface Sy of genus
g, with an irreducible line bundle Lg giving the polarization. That is,

—k
Mk [K3](g_1 0) = g kIS¢, Lel’

The relative Hilbert schemes over the general PSc|L ¢| are all smooth [56], so the

N& .
Ny [Se,Lg] &€ equal to the geometric NC /pé - Summarizing the preceding discussion:

Conjecture 68 For any k,

o0
DG, (y. q)
g—1 _ 2
Z(] Ng k[SB, g]( ) A(y,q)

Proposition 69 Assume Conjecture 55. Then Conjectures 67 and 68 are equivalent.

Proof According to Corollary 65, from Conjecture 55 we can deduce that the N have
a multiplicative generating series. The two of its components which are made explicit
in Conjecture 67 are determined by the case when S is a K3 surface, and we have
seen that the posited explicit formula is equivalent to that given in Conjecture 68. O

Proposition 70 Conjecture 68 is true at k = 0.

Proof The relative Hilbert schemes over the general P% C |L ¢| are smooth, so the
quantity N, ; [Se.Lg] is the x—, genus of the relative compactified Jacobian of the
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tautological family of curves C/|Lg|. In fact, Kawai and Yoshioka compute the Hodge
polynomial of this space [38]. Alternatively, as in [5] one may note that the relative
compactified Jacobian over |Lg| is birational to the Hilbert scheme of points S L ];
since both are hyper-Kéahler they are deformation equivalent by Huybrechts [32], and
the Hodge polynomial of the Hilbert scheme of points was computed by Géttsche and
Soergel in [29]. In either case the result is given by the right-hand side. a

We do not know how to compute the x—, genera of relative Hilbert schemes over
linear subsystems for K3 surfaces. In fact, while the Euler numbers of these spaces are
known, the only known calculation of them (due to Maulik, Pandharipande and Thomas)
is extremely indirect, and involves at least two uses of the Gromov—Witten/Pairs
correspondence [51]. Rather remarkably, the same series which we have conjectured
describes the N 88 is found in [51] to encode all the Euler numbers of relative Hilbert
schemes over linear subsystems.

Theorem 71 [51] For each g, let (Sg, Lg) be a K3 surface of genus g, and as-
sume Lg is irreducible. Let H be the hyperplane class on |Lg|. Then for any k,
k

_ —1\k—1 DG, g—1 n+l-g k
T Z;q Z;)y [C[L]cm W(TC ) o (1),
g= n= g

Comparing powers of g, we see that given [51], Conjecture 68 is equivalent to the
following statement:

Conjecture 72 Let (S, L) be a K3 surface of genus g with L irreducible. For all k,

oo
=24y OETINES =D e fcm entg—k(TCI7)) - p* (HF).
n=0 IL|
Remark 73 The statement of Theorem 71 in [51] differs slightly; there are some signs
owing to the use of 2 rather than 7', and it is formulated in terms of the space of
“stable pairs” rather than the relative Hilbert scheme. But since L is irreducible, these
are the same space as per [62, Appendix B]. In the language of [51], Conjecture 72
may be viewed as asserting that the N encode certain descendent integrals in the stable
pairs theory, or equivalently in the Gromov—Witten theory.

We may instead specialize to abelian surfaces: let (4, Lg) denote a primitively polarized
abelian surface with L§ =2g—2,hence x(L)=g—1 and g(L) = g; assume L is
irreducible. Note such surfaces exist for all g > 1. Equation (10) specializes to

o0 o0
k —_— —~— —~—
Y N i gds T = Y Mipa(.0)¢' = DGa(y.q) DDGa(y. g).
g=k+2 I=k+1
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The above formula is not equivalent to Conjecture 67, since x(O4) = 0. Moreover we
do not know how to establish it, even at k = 0. However:

Proposition 74 Assume Conjecture 55 or Kg = 0. Conjecture 67 is equivalent to the
formulas

(12) fkards =20

0

NERTVP

o, L
(13) o tards = DDG2(r.q).

Il
[\S)

g

Proof It is enough to show that the given invariants of the complete linear system
suffice to determine the series Ay, A4 and then apply the residue trick explained
above. But Ngé’__zz,[A’Lg](y) = Coeffge—2 A1(y,s)*872. Beginning at g = 2 this
allows us to iteratively determine the coefficients of Ay. Then N g3 1 1(v) =
Coeffge A1(y,5)*672A4(y,s)**; since we now know A this determines Ay4. a

As we have established (12), it remains only to compute the invariants for complete
linear systems on abelian surfaces. In the meantime in [28] we have proved a gener-
alized version of (13) using the methods of [38]. By the above this gives a proof of
Conjecture 67 in the case K¢ numerically trivial. This also provides an entirely sheaf
theoretic proof of the formula [51, Theorem 6] for linear subsystems for irreducible
line bundles on K3 surfaces.

5 Refined Severi degrees
The Severi degrees n®® are the numbers of §—nodal reduced degree d curves in P2
though (d;rz) —1—4 general points. The famous Caporaso—Harris formula [12] gives a
recursive method of computing the Severi degrees. The recursion involves the relative
Severi degrees n?%(«, B) (we sketch their definition below) which count §—nodal
curves with tangency conditions along a fixed line in P2. More generally, for a line
bundle L on a surface S, one can define the Severi degree nL-? as the number of
d-nodal reduced curves in |L| though dim |L|—§ general points, provided this number
is finite.

We begin by a review of the Caporaso—Harris recursion formula; we will use the more
general formulation of Vakil [71], which also applies to rational ruled surfaces. By a
sequence we mean a collection o = (a7, o>, ...) of nonnegative integers, almost all
of which are zero. We write d for the sequence (d,0,0,...) and ¢; for the sequence
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whose k™ element is 1 and all other ones 0. For two sequences o, 8 we define

ol =3 iy T =3 i, a+ B = (a1 +Br.az+Pa,..), (5) =I1; (5). We write
o < B tomean o; < B; forall i.

Throughout this section we take .S to be P2 or a rational ruled surface. In case S = P2,
let E be aline in P2, in case S is a rational ruled surface ¥, = P(Op1 @ Op1(—e)),
let E be the class of the section with E? = —e. We denote by H the hyperplane class
on P2, F the class of a fiber on X,.

Let L be aline bundle on S and let ¢, B be sequences with /o + I = E L, and let
6 > 0 be an integer. Let y(L, 8,8) :=dim|L|— EL + |8| —§. The relative Severi
degree nL% (o, B) is the number of §—nodal curves C in |L|, which do not contain E
as a component and for each k& with «j points of contact of order k to E at given
points of E and B points of contact of order k to E at variable points of FE, and
passing through y (L, 8, 8) general points of S (see [71] for a more formal definition).

Recursion 75 [12;71] The relative Severi degrees nl (a, B) are recursively given
as follows: nL%(a, B) =0 if y(L,B.8) <0.If y(L,B.8) > 0, then

(14) n"@.py= Y k-t a+er. p—ex)
k:Br>0 /
B + a/;g/ 11_[ iBi—Bi (z/) (:‘2 )nL_E’S/(o/, 8.
Here the second sum runs through all «’, 8, 8’ satisfying the conditions
o <a,p'=B.1d + 18 = E(L-E),
§=86+g(L-E)—g(L)+|p' =Bl +1=8—E(L-E)+|p' -l

Initial conditions If ¥ (L, 8,8) = 0 we have nL%(a, ) = 0 unless we are in one of
the following cases.

15)

(1) Incase S =P? we put nf-9(1,0) = 1.
(2) Incase S =X, let F be the class of a fiber of the ruling; we put nkFO (k. 0)=1.

We put nl? .= nL8(0, LE). In case S = P2, we write n%%(a, B) := n?H3(a, B)
and n .= pdH3(0 4).

5.1 Refined Severi degrees

We formally introduce a refinement of this recursion.
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Recursion 76 With the same notation, assumptions, limits of summation and initial
values as for the relative Severi degrees in Recursion 75, we define the refined relative
Severi degrees N L4 (a, B)(y) for y(L, B,8) > 0 by

(16) N3, B)(»)

11— yk :
= > L Nt poam+ Y P

Kpeso 7 o« B8

1=y \Pi P ra\ (B L—E8 [/ ar
(=) (@)()v =@ mo.

i

We abbreviate NL-6 .= NL:3(0, LE), and, in case S = P2, then N9%(a, B) :=
NaH Sy By, N4 .= NAH.3((, d). As with the refined invariants, we define normal-
ized refined relative Severi degrees which are Laurent polynomials in y!/2
under y — 1/y.

, symmetric

Definition 77 The normalized (relative) refined Severi degrees NL-%(y) are defined
by

NE3 (@, B)(y) = NES(a, B)(p)/pSTUPIED2 - N L3 () = N L3 /30,

Proposition 78 The N L-%(«, B)(y) are determined by the same initial conditions as
the NL-3(«, B)(») and the recursion

A7) N2 py= Y [kly N5 +er. B—ep)
k:ﬂk>0 /_R. "\ — /
e (o) (2) (5)F =
o B8 i

with the same conditions on o', 8',8' as above. In particular N L% (o, B)(y) is sym-
metric under y— 1/y.

Proof It is enough to prove that every summand on the right-hand side of (16) is
obtained from the corresponding summand of (17) by multiplying by y5+(1 B-1BD/2
Each summand in the first sum is multiplied by y™ with

m=(k—1+1(B—ex)—(f—ex))/2+5=5+UB—|B]/2.

Each summand in the second sum is multiplied by y™ with

m=1lad"+Ip+ B —B)—1B =BN/2+8 +UP' —|B'N/2=56+UTB~-|BI)/2,
where we use Ia’ + I = E(L—E)=8—-8+|B"—B|. ]

Geometry & Topology, Volume 18 (2014)



Refined curve counting on complex surfaces 2291

It is clear that the recursions for the refined Severi degrees specialize at y = 1 to the
recursion for the usual Severi degrees. Thus:

Proposition 79 We have N L4 («, B)(1) = NL5(«, B)(1) = nL-¥(a, B).

According to [40], if the general P® C |L| contains no nonreduced curves and no
curves containing components with negative self intersection, the Severi degrees are
computed by the universal formulas: nf-% = ng’[ S.L]" We expect the same for refined
Severi degrees.

Conjecture 80 Let S be P2 or a rational ruled surface, let L be a line bundle, and

assume P |L| contains no nonreduced curves and no curves containing components

with negative self intersection. Then the refined Severi degrees are computed by the
: . nvL.s _ Al ISR

universal formulas: N~° = N 5[S.L]" Explicitly:

(1) OnP2, N4 = N;{[PZ,dH] for§ <2d —2.
(2) OnP!xP!, N#F+mG.s — N§ for § < min(2n,2m).

8, [PIxP!,nF+mG]

(3) On X, with e>0, N"F+mES_ N

8,[Ze.,nF+mE] for §< min(Zm’n_em)‘

Directly from the defining Recursion 76 we have computed all the N 4%(y) for d < 15
and 6 < 30. Assuming the vanishing Conjecture 55 and part (1) of Conjecture 80,
the refined Severi degrees suffice to determine all the power series in Corollary 65 or
equivalently in Conjecture 67. Note that Recursion 76 is much more computationally
tractable than equivariant localization. Thus under the above assumption, we have
verified Conjecture 67 modulo ¢2° and determined B;(y,¢) and B,(y, q) modulo ¢2°.

5.2 Irreducible refined Severi degrees

Denote by n é % the irreducible Severi degrees, ie informally the number of irreducible
6-nodal curves in | L| # | E| passing though dim |L|—§ general points. In [24] Getzler
observes in the case S = P? that the n," can be expressed in terms of the Severi
degrees nd- by the relation

Z(d~2k2)_8_1 Z(d;Z)_S_l

T A (VT s Ty

d,s 2

The generalization of this to nOL S s in [71]. The same formula can be used to define
the irreducible normalized refined Severi degrees NOL -8 (») by

»dim |L|-6

1 —5)!
T3 (dim |L| —§)!

»dim |L|-6

LoL)4
NES Gy =tog( 145 -
VTN () Og( 2 dim L] 5)!

UL]\_[L’S(J/)),
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and the irreducible refined Severi degrees by NOL )8 (y) = ySN L3

that

(»). Here we have

L
{U }L effective, L#E

are elements of the Novikov ring, ie vyl = yLitlz, Evidently ]VOL’S (y)isa
Laurent polynomial in y invariant under y — 1/y, and

L 8 L 8 Ls
(1) = (1) =ny"".
Theorem 81 [9] The polynomial NOL % has nonnegative integer coefficients.

From this positivity, one can conclude vanishing results for NOL 5 from the analogous
(known) results for n(l)”s. For instance

NE () =n? =0 for §> g(L)
since there are no irreducible curves of cogenus greater than g(L).

We list the first few of the Nod 8 (). Write
N0y =Y N (il
§=0
We have computed the Néi (y,t) for d < 14. We have
Ny (y.0) =1,
Ng(y.0)=1,
NG (y,t) = 1+ (y* + 10y + 1)z,
Ny (y,t) =1+ (3p? + 21y +3)t + 3p* + 33> + 153p% + 33y + 3)¢?
+ (¥ + 13y° +94y* + 4043 +94p% + 13y + 1)73,

NG (y,1) = 1+ (69% + 36y + 6)t + (15p* + 156 + 540y% + 156y + 15)1*

+ (20p° 4 268y° + 1555p* + 4229y 4 1555y2 + 268y + 20)¢°

+ (15y8 +228y7 + 1674y% + 7407y° + 18207y* + 74073

+ 1674y + 228y 4+ 15)t* + (6% 4+ 96)° 4 792y® + 43987

4171908 +42228y° + 17190y* +4398y° +792y2 496y + 6)¢°

+ (216" + 139910 + 867y + 42038 + 163777

+ 44098 y° +16377y° 4+ 4203y* 4+ 867y + 139y + 16y + 1)¢°.
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On P! x P! We have computed the N"F+mG 3 for 1 <,n,m < 8. We list the first
few; write Ny 1= Y 550 Ny S(y)l‘s We have

N*(p,1) =1 forall k,
N2, t) = 14+ (% + 10y + 1)z,
N2 (1) = 1+ (2y* + 16y +2)t + (»* + 12 +79p% + 12y + 1),
Ny, t) = 14+ (3p? + 22y + 3)t + By* +36p% + 174y 4 36y + 3)1
+(p® +14p° + 117p* + 596> + 117y + 14y + 1)¢3,
NP (1) = 1+ (492 + 26y + 4)t + (6y* + 64> + 256 + 64y + 6)1>
+ (4% + 529 +332p% + 1168y3 +332p% 4+ 52y + 4)13
+(y +14y7 +109y° +636y° +2430y* + 636>
+109y% + 14y + 1)e*.

5.3 The refined invariants at y = 0
Now we compute the specialization of the refined Severi degrees at y = 0.

Notation 82 For a sequence 8 we write (lﬂ |) IBI!/T1; Bi!-

Proposition 83 We have that N L% («, B8)(0) = ('B |) (g (5]“ ) ) In particular, we have that
NZL 5(0) ( (L))

Proof It is easy to see that the statement holds for the initial values. Setting y = 0 in
the recursion formula (16) gives the two recursion formulas

N @, B)0)= Y NYa+er. B—er)(0) if B#£0,

(18) k|Bi>0
NE @0y = ) NETESTEEEEHA, £)(0).
IB=E(L—E)
The first formula gives
(19) NS (., B)(0) = ('g')N”(wﬂ,O)(O).

The second formula shows in particular that N L S (a, 0)(0) is independent of «, thus
NL3(w,0)0) = NLS(LE,0)(0) = NL3(0); the last equality is by (19). Thus
NL 5(06 B)(0) = (|/3|)NL 5(0)
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Finally, writing L = Lo +aE with Ly = H incase S =P? and Ly = kF incase S
is a rational ruled surface, we prove N Ls — (g (51‘)) by induction over a. It is easy to
see that the claim is true for L. By induction the second equation of (18) becomes

L—-FE
bt S EL—E)+ 181\ B
Thus we need to show the identity
g(L—E) \(IPI\ s
(20) A+nsB=3%" %" ( %
§>0 IB=E(L—E) S—IB+IBIJ\ B
Note that by the multinomial formula we have

1
. - x 1= Z(X x2S ) = Z ("Bl)tlﬂ—lﬂlxlﬂ.
l—x(1+1) 1-1=x ~ por 8

Thus the right-hand side of (20) becomes

Coeff e |(1+0)8EB X | _(q4ns®D O
oeff, e E)|:( +1) I—x(1+0) (141

Using the tropical interpretation of the N - S, B) of [9] using refined multiplicities
(see also Section 6), this result has been generalized in [35] to arbitrary toric surfaces.

For M a line bundle on S, let M, = [*g.«(Qi_, pri M)®" € Pic Sl where
£ 8 8™ and g: $" — S® are the natural morphisms, and pr;: S" — S is
the i™ projection. It is well known that K gt = (Ks)n, and it is also standard that
det M = M, @ det O (see eg [20]).

Lemma 84 We have

(14 xq)XL)

(] Ak(plyvy kon - 22 V247
2 x(STLARLIY " = S Sy

n,k>0

Proof This is a corollary to [65, Theorem 5.2.1], which implies for line bundles L, M
on S that

((SP AR LI @ pp ) = (x(L ®M)) (x(M) +n—k— 1)'
k n—k
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We apply this with M = Kg. Thus, by applying Serre duality on S ("] and on S, we
have

X(S[n]’ Ak(L[n])V) — X(S[n], AkL[n] ® (Ks)n)
_ (X(L ® Ks)) (X(Ks) tn—k- 1)

k n—k
_ (XD (x(Os) +n—k—1
S\ k n—k ’
which is equivalent to the statement of the lemma. O

Proposition 85 We have N(sl (s L](O) =0 for! > §,and forall 0 <[ < § we have

LY L)+ x(Os)—1
NSI,[S,L](O)Z(X(Z )):(g( ) );( s) )

In particular if S is a rational surface, then N 55 s L](O) = (g (SL )).

Proof By Proposition 52 and Definition 63, we have

I
! q
cOeffqn[Z N 15.27(0) a _q)l+1—g(L):|

>0
/ ( 1 )5“ cn (L) o) td (ST
=TreSy—0 dx
s\ 1—e™* td(L[]. ex)

Note that by definition ¢, (LM - eX)/td(LM). e¥) = ZZ=0(—8_X)" ch(A*(LI")V).
Thus by Riemann—Roch the right-hand side is

§+1 n
resx:(,[( 1 ) Z(_e—x)kx(s[n]’Ak(L[n])v)dx]'

l—e X
k=0

We put T = e and apply Lemma 84 to obtain
l

! q
> Nigs.1©) (I—q) 15D

120
1! . konoialnl xkyrimwa 9T
——resrai| (127) X X CnRast ey

1-T
n>0k=0

1\ =Tgx I g1
= —TIeST= — .
=\i-r (1—q)x©s) T

Geometry € Topology, Volume 18 (2014)



2296 Lothar Gottsche and Vivek Shende

Substituting 7" = 1 — « the right-hand side becomes

v 8
1 (1—g+ag)*L?) ] X(LY) 4 XLV ~1-x(Os)
res“:°|:O[5+1 (1—g)x©@s) léo a'do| = I_E . ;) (1-q)

=0

This completes the proof. a

5.4 Conjectural generalization to higher powers of y

Propositions 85 and 83 can be subsummed in the following statements:

(1) For any line bundle L on a surface S we have
> Nis 04’ = (1 +9)* .
>0
(2) If L is an effective divisor on P2 or a rational ruled surface .S, then

> N s g ONES0)¢8 = (14 0¥ P = 3" N5 1,004,
§>0 §>0

We want to give a conjectural extension of these two statements to higher powers of y.

We start with the analogue of (1):

Conjecture 86 Let L be a line bundle on a surface S. Then we have for all i > 0
Coeff, [Z Nﬁ[s,u(y)qﬂ = (1+¢9)*E 7 P (g).
>0

Here Pi (¢) is a polynomial in ¢ of degree at most 3i . In particular if x(L") > 3i
then Coeff,,; NS‘S[S L](y) =0 for 6 > y(LY).

Assuming Conjecture 55 we get by Corollary 65

] § _ x(LY) oLKs/2 K2 2(Os)
Y NP sy g’ = FIE Dy RS2 ESS FXOS),
520

with F; € Q[y]lg]. We put Ci = (F1/(1 + ) |ysy149)3> C2 = F2lysy(149)3
C3 = F3lysy(149)3> Ca = Falps y(149)3-

Conjecture 87 Fori =1,...,4 we have C; € Q[y'/3][»'3¢] N Q[q][y].
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Proposition 88 Conjecture 87 implies Conjecture 86. Furthermore

; ; LY) ~LKs/2 ~K% ~x(O
Zpi(q)ytzclx( )C2 s/ C3 Sci(( S).

i=0
Proof By definition

v LY) ~LKs ~K3% ~x(©
(1 +q)X(L )CIX( )C2 Sc3 Sci(( s) — ZNég,[S,L](y(l +Q)3)q8-

§>0
Therefore
Vy_3i LV) ~LK KZ _y(©
Coeff, [ZN(S‘S,[S,L](y)q‘S}:(1+q)X(L 17 Coeff, [cFF VK25 09,
§>0

As by Conjecture 87 all C; are in Q[y!/3][y'/3¢], we see that the coefficient of ' is
a polynomial of degree at most 3i in q. O

Conjecture 87 has been verified modulo ¢!!'. Assuming Conjecture 80 it has been
verified modulo ¢2°. We list the power series Cy, C,, C3, C4 modulo y*:

Ci =14 4q+2¢%)y +(q—T¢* +12¢° + 15¢* + 3¢°)y?
+ (—6¢% + 564° —104¢* —112¢° +264° + 329" +44%)y* + 0(»*),
Co =14 (=2 —6¢>—2¢>)y + (5¢° + 484> +35¢* + 64° + ¢%)y?
+ (14¢° —390g* —2864° + 60¢° + 52¢7)y* + O(y*),
Cy =1+ (—q =3¢ —¢*)y + (¢* +16¢° +2¢* —6¢4° —¢°)y?
+ (15¢% — 130g* + 66¢° + 19995 + 65¢7) y* + O(»*),
Cs =14 (6q +18¢% +10¢%)y + (18¢* + 644> + 219¢* + 222¢4° + 67¢%) »*
+ (—444¢3 +336¢* + 72¢° +952¢° + 232847 + 160848 + 352¢°)y3 + O(»*).

Now we formulate the conjectural analogue of (2). For simplicity we only deal with
the case of P2 and P! x P!,

Conjecture 89 (1) Let S = P2 and assume d > i + 2, then

Coeff,, [ > Nd’s(y)q8:| = (1+q)f @31 Pl (g).
§=0

(2) Let S =P! xP! and assume n,m >i + 1, then

Coeffyi [Z NF+mG.S (y)q8:| =(1+ q)g(nF+mG)_3iP;iF+mG(‘1)-
§=0
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For d < 14, and for n,m < 8 this conjecture has been checked modulo q“ and,
assuming Conjecture 80, modulo ¢2°

6 Refined, real and tropical

Mikhalkin [55] has shown that the Severi degrees of projective toric surfaces can
also be computed using tropical geometry: the Severi degrees nL count— with
multiplicities — simple tropical curves through dim |L|—§ points in R? in tropical
general position. Roughly speaking a simple tropical curve C is a trivalent graph I"
immersed in R? together with some extra data. From this data, one assigns to each
vertex v of I a multiplicity m(v) € Z>( and defines the complex multiplicity m(C) as
the product of the m(v) over the vertices of I". In [23] a proof of the Caporaso—Harris
recursion formula is given via tropical geometry.

The analogues of the Gromov—Witten invariants in real algebraic geometry are the
Welschinger invariants [72]. These were originally defined to count real pseudoholo-
morphic curves in real symplectic manifolds. We restrict attention to the case that S is
a smooth projective toric surface. As toric varieties are defined over Z, they certainly
carry a real structure, and we write o for the associated antiholomorphic involution.
A real curve in S is an algebraic curve C C S with C = ¢(C), and the real locus
of C is C?. Fix a generic set ¥ of dim|L| —§ general real'® points on S. The
real enumerative invariant is WL-4(%) := Yo c=D)S (©) | where C runs through the
possibly reducible real curves C € |L| of geometric genus g(L)— 4§, passing through
all the points of X, and s(C) is the number of isolated real nodes of C, ie the points
where C analytically locally has the equation x? + y?. We denoted by WOL S (3)
the corresponding sum for irreducible curves. If S is an unnodal (ie it contains no
rational curve with self intersection —n, with n > 2) del Pezzo surface then the real
enumerative invariants coincide with the Welschinger invariants. In [72] it was proven
that WL’g (L)(%), ie the count of curves of geometric genus 0, is independent of the
generic X. We will denote it just by WL g(L) 1n general WL(X) and WL 5(x)
will depend on ¥ via a system of walls and chambers.

Ina sense we have already seen these invariants. For a family of real curves C/B,
let n’; o / be defined by the same formula as the » CR introduced for individual curves
in Section 2. Then we have:

10 We are here only considering the so-called totally real Welschinger invariants. More generally one
could consider for any 0 </ < (dim|L|—§)/2 the numbers wiLs.l (X) which count real curves passing
through dim |L| — § — 2/ real points and / pairs of complex conjugate points.
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Proposition 90 Let L be a real line bundle on S, and let P® C |L| be a linear
subsystem determined by the real point conditions Y. Assume that all curves in P are
reduced, that no curves have cogenus greater than §, and that all curves of cogenus 6
are nodal. Then
8 L.,
(Dl = WA (D).

The real enumerative invariants of toric surfaces can also be computed via tropical
geometry [55, Theorem 6]. For any real line bundle L and any § > 0, the tropical
Welschinger invariant Wtr%ps counts simple tropical curves in C in |L| passing through
dim |L| —§ points in R? in tropically general position. Here the tropical curves C are

counted with the Welschinger multiplicity r (C):
1)m@)—-1)/2
rC)= [] r. rw= {( ) m(v) odd,

: m(v) even.
vertices v

The irreducible Welschinger invariants W t o, are defined by summing over only
irreducible curves. It is proven in [34] that this is independent of the points as long as
they are in tropical general position. Finally [55] shows that there exists a set E of

dim |L| — 8 real points of S, so that WL:4(%) = VVtr%)Ef’ (Z) 0 tmp

If S is P2 or a rational ruled surface, there is a recursion for the tropical Welschinger
invariants [34]. We write it in a modified form which makes the close relation to the
recursion for the Severi degrees more evident.!!

Definition 91 A sequence o = (1, @y, ...) is called odd if o; = 0 for all even i .

Recursion 92 Let L be a line bundle on S and let o, B be odd sequences with
Ia+ 18 =EL,andalet § > 0 be an integer. With the same notation and assumptions
and initial values as for the relative Severi degrees in Recursion 75 the relative tropical
Welschinger invariants Wtrﬁl’f (o, B)(») are given by the following recursion formula:
if y(L,B,8) >0,

e W@ = > DED2 w1 e p—er)(y)

k odd: B >0
- H((_l)(i_l)/z)ﬂ;—ﬂi(“/)(ﬁ) WEEY (of ).
o B8 i odd o'J\B

Here the second sum runs through all odd sequences «’, 8’ and all §’ satisfying (15).

1 Also the multiplicity assigned in [34] differs from those given above which we have taken from [55],
but it can be shown they are equivalent.
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We put W,L:3 .= WL LE), and in the case S = P2,

trop trop
ds _ ywdH,$ ds _ ydH,8
VVtrop (a’ ﬂ) - IA/tr()p (av ,3)’ W/U‘Op - VVtrop (0, d)

Note the following specialization:

yk/2 _y—k/2

(22) Kot = = o7

_{(—1)<k—1>/2 k odd,
y= .o k even.

In particular, the recursion for the refined Severi degrees interpolates between the
Caporaso—Harris recursion for Severi degrees and the Itenberg—Kharlamov—Shustin
recursion for tropical Welschinger invariants. Thus:

Proposition 93 We have that
NES @, py(1) =ntd(@.p) and NE4(a, B)(~1) = Wikl (. B).

In [9], Block and Géttsche relate the refined Severi degrees to tropical geometry
and study them by the methods of tropical geometry. They introduce the refined
multiplicity M (v) := [m(v)],, which specializes to m(v) at y =1 and to r(v) at
y = —1. Then the refined tropical Severi degrees ]VU,LOi,‘S(Z) are defined by counting
curves with multiplicity M (C) =[] M (v). Note this definition applies to any smooth
toric surface. It is shown that, for S = P? or a rational ruled surface, and ¥ a
“vertically stretched” configuration of points, the N,L:3(2) satisfy the recursion (17).

— — trop
Thus N 14 = N5 (3).

This is the analogue of the tropical proof of the Caporaso—Harris recursion formula
in [23], and like the original proof of Caporaso and Harris it can be viewed as a proof
by degeneration. For a vertically stretched configuration of points the tropical curve
degenerates, so that it can be described in terms of tropical curves of lower degree, and
this gives the recursion both for the Severi degrees and the refined Severi degrees.

Itenberg and Mikhalkin have in the meantime shown in [35] that ]Vtrl(’)f(E) is indepen-
dent of ¥, and so we drop it from the notation. For .S = P2 or a rational ruled surface,
Conjecture 80 then implies that the ]VtrLof agree with the N. 85’ [S.L] when L is § very
ample. More generally one expects:

Conjecture 94 [9] Let S be a smooth projective toric surface and L a real line
bundle on S. If L is §—very ample, then N(S‘S[S = NSE

trop *

Using the refined multiplicity, in [9] the ]VtrLO;S(Z‘) are studied using methods similar
to those employed by Block in [8] for the nonrefined Severi degrees. In particular it is
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shown that, for L sufficiently ample with respect to §, they are glven by refined node
polynomials, and the Conjecture says that these agree with the NS §.[S.L]"

According to Conjecture 94 and Proposition 93, we expect:

Conjecture 95 Let L be a § very ample real line bundle on a toric surface S. Then
8,L
5 [S L]( 1) trop .

For convenience we record the corresponding specialization of Conjecture 67 at y = —1.
Consider n(z) := ¢'/?* [1,>0(1 —¢™) the Dirichlet eta function and write

_ n
Gy (1) = Gz(f)—G2(2T)=Z( > E)q”.
n>0 “d|n,d odd
Conjecture 96 We have

(G2(1)/q)* D) By (—1, q)Kg‘ By (—1,q)LKs
(n(t)'6n(27)* DGy (1) /q?)*(©Os)/2

@3) Y N{s(-DGa ()’ =

>0

This conjecture has been checked modulo ¢'3 and the coefficients of B;(—1,¢) and
B,(—1,q) have been determined modulo ¢!°. (These computations are numerically
easier than those involving the indeterminate y, thus we get to a higher order in ¢).
The values of the series B; are computed to be

Bi(-1,9)=1—qg—q*>—q> +3¢* +¢° —22¢° + 6797 —42¢4% —319¢°
+1207¢'° — 140941 — 391642 +20871¢'* — 349844'* + O(¢").
By(—1,9) =14+q+2¢* —¢> +4¢* +2¢° — 11¢° + 2447 + 4¢% —122¢4°
+313¢1% — 1624 — 131492 + 4532413 — 47464 + O(¢").
When S = P? or a rational ruled surface, the Severi degrees n-L agree with the
universal numbers n g{[ s,1] somewhat beyond the regime where L is § very ample.
Specifically, it is conjectured in [27] and proven in [40] that it suffices for the general
P4 | L| to contain no nonreduced curves, and no curves containing components with
negative self intersection. We expect the same to hold for the comparison between

refined Severi degrees N%L and the universal numbers N(;‘s,[ s,1]- and a fortiori for the
specialization at —1. However for this specialization more seems to be true:

Conjecture 97 Assume S = P2 or S = X, and the following subloci of |L| have
codimension more than §:

(1) The nonreduced curves with a component of multiplicity at least 3.

(2) Curves containing a component with negative self intersection.

Geometry € Topology, Volume 18 (2014)



2302 Lothar Gottsche and Vivek Shende

Then WtrLOI’f =N 88, [S.L] (—1). Explicitly the condition amounts to:
(1) OnP2, WS = N3, (~1) if § <3d —3.

(2) OnP!'x P!, Web+MGd — N3 gy mg(—1) if 8 < 3min(n,m).

n

(3) On X, with e>0, WE+mES_ 6

trop wF4+me (=D, if $<min(3m,n—em).

Using the recursion formula (21) this conjecture has been checked for d,5 < 14.
Assuming (1) of Conjecture 97, and using the recursion formula (21), Conjecture 96
has been checked modulo ¢®7 and By(—1,¢) and B,(—1, ¢) have been determined
modulo ¢°7. Note that the recursion for Wé{)g (e, B) is much more efficient than those

of the N%3(a, B)(y) or n®%(«, B) because only odd sequences o and B occur.

We have seen Wtfé;f = N43(—1). In the sufficiently ample setting, taking a linear
system P% determined by subtropical point conditions, and assuming all conjectures,
this implies NC‘S/Pa - = (—1)5N3/Ps (-1 = ni%s . More generally we conjecture:
Conjecture 98 Let L be a sufficiently ample real line bundle on a real toric surface,
and let P® C |L| be determined by a subtropical collection of point conditions. Then
the signatures of the relative Hilbert schemes agree with the compactly supported Euler

characteristics of their real loci. That is,
x (el = xe(cll®)).

Making the BPS change of variables, it follows that Ng/]ps -1 = noR

c/Pé-

More generally one may consider the question:
Question 99 Let X be a smooth real variety. When is x1(X) = x.(X(R))?

This has been the subject of some classical study, one general result being that for
an “ M-variety”, ie one for which the total dimension of the Z /27 cohomology is
equal for the real and complex locus, the equality holds modulo 16; see Degtyarev and
Kharlamov [16].

Evidently the equality holds for any variety whose class in the Grothendieck ring of vari-
eties over R lies inside Z[Aﬁ]. In particular, RIP”, toric surfaces, and Hilbert schemes
of points on toric surfaces qualify. The relative Hilbert schemes are cut out of a product
of these by a section of a vector bundle, and the signature behaves predictably under
taking such sections. Thus, to study Conjecture 98 it would also suffice to give criteria
for the Euler characteristic of the real locus to exhibit the same behavior. In [7], Bertrand
and Bihan show this holds in a tropical sense for complete intersections in toric varieties.
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Remark 100 The conjectured relation between the refined invariants at y = —1
and the Welschinger invariants is in a sense a global analogue of a conjecture of
van Straten [68, Conjectures 4.6, 4.7] (see also Theorems 31 and 37 above and the
nearby discussion).
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