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Bigraded cohomology of
Z [2—equivariant Grassmannians

DANIEL DUGGER

We determine the RO(G)—graded Eilenberg—MacLane cohomology (with mod 2
coefficients) of the real, infinite Grassmannians in the case G = Z/2. Possible con-
nections to motivic characteristic classes of quadratic bundles are briefly discussed.

55N91; 55R40

1 Introduction

Let R and R_ denote the two representations of Z/2 on the real line: the first has the
trivial action, the second has the sign action. Let ¢/ denote the infinite direct sum

U=ROER_ORBER_&---.

The subjects of this paper are the infinite Grassmannians Gry, (/), regarded as spaces
with a Z/2-action. Our goal is to compute the RO(Z/2)—graded cohomology rings
H*(Gri(U); (Z)2)m), where (Z/2), denotes the constant-coefficient Mackey functor.
These cohomology rings are a notion of equivariant cohomology that is finer than the
classical Borel theory.

Of course our results may be interpreted as giving a calculation of all characteristic
classes, with values in the theory H*(—;(Z/2)m), for rank-k equivariant bundles.
Previous work on related problems has been done by Ferland and Lewis [7] and by
Kronholm [11; 12], but the present paper provides the first complete computation for
any single value of k larger than 1.

The rest of this introduction aims to describe the results of the computation. The context
throughout the paper is the category of Z/2—spaces, with equivariant maps. Unless
stated otherwise, all spaces and maps are in this category.

The theory H*(—;(Z/2)m) is graded by the representation ring RO(Z/2). That is
to say, if V is a virtual representation then the theory yields groups H" (—:(Z/2)m).
For the group Z/2 every representation has the form R? & (R_)? for some p and
q, and this implies that we may regard our cohomology theory as being bigraded.
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Different authors use different indexing conventions, but we will use the “motivic’
indexing described as follows. The representation V = R? @ (R_)? is denoted
RP%4:49 and the corresponding cohomology groups HY (—;(Z/2)m) will be denoted
HP%949(—;(Z/2)). In this indexing system the first index is called the topological
degree and the second is called the weight. One appeal of this system is that dropping
the second index will always give statements that seem familiar from non-equivariant
topology.

Before continuing, for ease of reading we will just write Z/2 instead of (Z/2), in
coefficients of cohomology groups. In the presence of the bigrading this will never
lead to any confusion.

Let M, be the bigraded ring H**(pt; Z/2), the cohomology ring of a point. This is
the ground ring of our theory; for any Z/2-space X, the ring H**(X;Z/2) is an
algebra over M,. A complete description of M, is given in the next section, but for
now one only needs to know that there are special elements t € I\\/JI(Z)’1 and p € M;’l .

The cohomology ring of the projective space Gr;(I/) has been known for a while;
the motivic analog was computed by Voevodsky, and the same proof works in the
7,/ 2—equivariant setting. A careful proof is written down in [12, Theorem 4.2]. There
is an isomorphism of algebras H**(Gr; (U); Z/2) = M[a, b]/(a* = pa+tb), where
a has bidegree (1, 1) and b has bidegree (2, 1). In non-equivariant topology one has
p=0and v = 1, so that the above relation becomes a?> = b and we simply have
a polynomial algebra in a variable of degree 1; the familiar answer for the mod 2
cohomology of real projective space.

Note that additively, H**(Gry(U); Z/2) is a free module over M, on generators of the
bidegrees (0,0), (1,1), (2,1), (3,2), (4,2), (5,3), (6,3), (7,4),... corresponding
to the monomials 1,a,b,ab,b?,ab?, b3, ab3,... If one forgets the weights, then
one gets the degrees for elements in an additive basis for the singular cohomology
H*(RP®°;7Z/2). So in this case one can obtain the equivariant cohomology groups
by taking a basis for the singular cohomology groups, adding appropriate weights, and
changing every 7Z/2 into a copy of M,. We mention this because it is a theorem of
Kronholm [11] that the same is true in the case of Gry ({/) (and for many other spaces
as well, though not all spaces). Because we know the singular cohomology groups
H*(Gry (R*); Z/2), computing the equivariant version becomes only a question of
knowing what weights to attach to the generators. While it might seem that it should
be simple to resolve this, the question has been very resistant until now; the present
paper provides an answer.

To state our main results, begin by considering the map

n: Gri(U) x --- x Gry(U) — Gri (U)
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Bigraded cohomology of 7./ 2—equivariant Grassmannians 115

that classifies the k—fold direct sum of line bundles. Using the Kiinneth theorem, the
induced map on cohomology gives

n*: H** (G (U); Z/2) — H**(Gry(U); Z./2)®k

(here the tensor product is being taken over the ground ring M, ). Since permuting
the factors in a k—fold sum yields an isomorphic bundle, the image of n* lies in the
ring of invariants under the action of the symmetric group Xj . That is to say, we may
regard n* as a map

(1.1) n*: H**(Gry(U); Z/2) — [H*’*(Gl‘l(Z/I); Z/2)®k]zk‘

The first of our results is the following:
Theorem 1.2 The map in (1.1) is an isomorphism of bigraded rings.

This is the direct analog of what happens in the nonequivariant case. Let us note,
however, that until now neither injectivity nor surjectivity has been known in the present
context. It must be admitted up front that in some ways our proof of Theorem 1.2
is not very satisfying: it does not give any reason, based on first principles, why n*
should be an isomorphism. Rather, the proof proceeds by computing the codomain
of n* explicitly and then running a complicated spectral sequence for computing the
domain of n*. By comparing what is happening on the two sides, and appealing to the
nonequivariant result at key moments, one can see that there is no choice but for the
map to be an isomorphism, even without resolving all the differentials in the spectral
sequence (of which there are infinitely many). The argument is somewhat sneaky,
but not terribly difficult in the end. However, it depends on a key result proven by
Kronholm [11] that describes the kind of phenomena that take place inside the spectral
sequence.

Here is a brief outline of the proof of Theorem 1.2:

(1) The standard Schubert cell filtration on Gry (I/) yields a spectral sequence for
computing its cohomology. The E;—term is a free M, —module generated by
basis elements corresponding to the Schubert cells. The bidegrees of these basis
elements are enumerated by a combinatorial analysis.

(2) A separate combinatorial analysis identifies the bidegrees for M, —basis el-
ements of the ring of invariants [H**(Gr; (U); Z/2)®*]®* . The results are
different from the bidegrees computed in (1), but a key observation is that both
computations can be fractured into similar-looking pieces.
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(3) Kronholm’s theorem says that only certain types of rearrangements of basis
elements can take place inside the spectral sequence. Using this, we show that
the pattern of basis elements from (1) must rearrange itself into the pattern from
(2) because this is the only possibility that is compatible with the forgetful map
into nonequivariant topology. This rearrangement must happen via an infinite
sequence of differentials, but we do not identify the exact sequence.

The proof of Theorem 1.2 is the main component of this paper. It is completed in
Section 6. Subsequent sections explore some auxiliary issues, that we describe next.

Remark 1.3 In non-equivariant topology there are several familiar techniques for
proving Theorem 1.2, perhaps the most familiar being use of the Serre spectral sequence.
Since the theorem is really about the identification of characteristic classes, another
method that comes to mind is the Grothendieck approach to characteristic classes via the
cohomology of projective bundles. The equivariant analogs of both these approaches
have been partially explored by Kronholm [12], but one runs into a fundamental
problem: such calculations require the use of local coefficient systems, because the
fixed sets of Grassmannians are disconnected. So they involve a level of difficulty that
is far beyond what happens in the non-equivariant case, and to date no one has gotten
these approaches to work. Cohomology with local coefficients has been little-explored
in the equivariant setting, but see Shulman [17] for work in this direction.

To access the full power of Theorem 1.2 one should compute the ring of invari-
ants [H**(Gry(U); Z/2)®*]%x | which is a purely algebraic problem. The proof
of Theorem 1.2 only requires understanding an additive basis for this ring. The second
part of the paper examines the multiplicative structure.

In regards to the additive basis, we can state one form of our results as follows. Recall
that a basis for H"(Gry (R®°); Z/2) is provided by the Schubert cells of dimension 7,
and these are in bijective correspondence with partitions of 7 into at most k pieces.
For example, a basis for H%(Gr3(R®); Z/2) is in bijective correspondence with the
set of partitions

6, [51, [42], [411], [33], [321], [222].

For any such partition o = [j{ j, - - - jx|, define its weight to be

v =3 [3]

So the list of the above seven partitions have corresponding weights 3,4,3,4,4,4, 3.
Using this notion, the following result shows how to write down an M, —basis for
H**(Gr (U): Z/2).
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Bigraded cohomology of 7./ 2—equivariant Grassmannians 117

Theorem 1.4 H™**(Gry(U); Z/2) is a free module over M, with a basis S, where
the elements of S in topological degree n are in bijective correspondence with partitions
of n into at most k pieces. This bijection sends a partition ¢ to a basis element of
bidegree (n, w(o)), where w(o) is the weight of o.

It is easy to see that for a partition o of n the weight is also equal to
w(o) = %(n + (# of odd pieces in 0)).

Using this description we can reinterpret the theorem as follows:

Corollary 1.5 The number of free generators for H***(Gry (U); 7 /2) having bidegree
(p, q) coincides with the number of partitions of p into at most k pieces where exactly
2g — p of the pieces are odd.

For example, in H”*(Grs(1{); Z/2) we have basis elements in weights 4, 5 and 6,
corresponding to the partitions

[7], [61], [52], [43], [421], [322], [2221] (weight 4/one odd piece),
[S511], [4111], [331], [3211], [22111] (weight 5/three odd pieces),
[31111] (weight 6/five odd pieces).

We next describe a little about the ring structure. Unlike what happens in nonequivariant
topology, it is not easy to write down a simple description of the ring of invariants
in terms of generators and relations except for small values of k. In essence, the
innocuous-looking relation “a? = pa + th” propagates itself viciously into the ring
of invariants, leading to some unpleasant bookkeeping. However, we are able to give
a minimal set of generators for the algebra, and we investigate the relations in low
dimensions.

First, for 1 <i < k there are special classes w; € H" (Gry(U);Z/2) that we call
Stiefel-Whitney classes; they correspond to the usual Stiefel-Whitney classes in singular
cohomology. There are also special classes ¢; € H?» (Gry(U);Z/2) that we call
Chern classes; their images in non-equivariant cohomology correspond to the mod 2
reductions of the usual Chern classes of the complexification of a bundle. In some
sense these constitute the “obvious” characteristic classes that one might expect. It
is not true, however, that these generate H™**(Gry(U);Z/2) as an algebra. This is
easy to explain in terms of the ring of invariants. There are two sets of variables
ai,...,ar and by, ..., by, with ¥ acting on each as permutation of the indices. The
class w; is the i™ elementary symmetric function in the a’s, and likewise c; is the
elementary symmetric function in the b’s. But there are many other invariants, for
example a1by + -+ apby.
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We let w'® be the characteristic class corresponding to the invariant element

J
§ e
a,l Cl,] .blj

Note that wj(o) = wj. This particular choice of invariants is not the only natural
one, but it seems to be convenient in a number of ways. Among other things, these
characteristic classes satisfy a Whitney formula

(e)(E@F) Zw(e)(E) w(e),(F)

Using the classes wj( 2

H**(Gri(U): Z/2):

we can write down a minimal set of algebra generators for

Proposition 1.6 The indecomposables of H**(Gry(U);Z/2) are represented by
1,...,Ck together with the classes wgi) for1 <2/ <k and0<e<k/2! —1.

Note that the above result gives a slight surprise when e = 0. The equivariant Stiefel-
Whitney classes w; are indecomposable only when i is a power of 2. This phenomenon
is familiar in a slightly different (but related) context; see Milnor [14, Remark 3.4].

In practice it is unwieldy to list a complete set of relations for H**(Gry (U);Z/2). To
give a sense of this, however, we do it here for k = 2.

Proposition 1.7 The algebra H**(Gr,(U); Z/2) is the quotient of the ring

Mz[cl Cy, W1, wz,wg )]

by the relations
R 2 _
wi = pw; + ¢y,

o wi=p*wy+ pr(wic; +w; My 4 72¢,
WP = p(w§1)01 +wicy) + (e} +cre2),

* wiwy = pwy + T(wiey + wf”),

°* wiw (1) = ,ow(l) + rcz + wyeq,

o w wg)—pwzcl—i-r(wlc +w,

L] [wl
a )Cl + wlcz).

The classes 1, wy, wy, and w( ) give a free basis for H**(Gr,(U); Z/2) as a module
over the subring Ml,[cy, ¢3].
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Bigraded cohomology of 7./ 2—equivariant Grassmannians 119

The forgetful map H**(Gry(U); Z/2) — H*(Gry(R*°); Z/2) = Z/2[w1, w;] from
equivariant to non-equivariant cohomology acts by

e p—0, 71,

* Wik wp, Wy Wy,
. clv—>wf, c2|—>w§, wgl)»—>w1w2+wf.
(Note that the final line can be read off from the above relations and the first two lines).

The complexity of the above description is discouraging, but the main point is really
that (a) it can be done, and (b) it is tedious but mostly mechanical. We discuss both the
cases kK = 2 and k = 3 in detail in Section 8.

Remark 1.8 In nonequivariant topology there is the relation ¢; (£ ® C) = wl.2 (E).
The first two relations in Proposition 1.7 should be thought of as deformations of this
nonequivariant relation.

One might expect the problem of describing the rings H*>*(Gry (U); Z/2) to become
more tractable as k — co. In some ways it does, but even in this case we have not
found a convenient way to write down a complete set of relations. See Proposition 7.14
for more information.

1.9 Open questions

(1) Our computations produce the full set of characteristic classes for equivariant
real vector bundles, taking values in H**(—;Z/2). It remains to investigate
possible uses for such classes, and in particular their ties to geometry.

(2) Inthe classical case another way to describe the ring structure on the cohomology
of Grassmannians is combinatorially, via Littlewood—Richardson rules. It might
be useful to work out equivariant versions of these rules, and to describe the ring
structure that way instead of by generators and relations.

(3) There is an interesting duality that appears in our description of the cohomology
ring for H**(Gry (U);Z/2). See Corollary 3.4 and the charts preceding it. Is
there some geometry underlying this duality?

(4) Although we have computed the bigraded cohomology of the infinite Grass-
mannians Gry (i), our techniques do not yield the cohomology of the finite
Grassmannians (in which ¢/ is replaced by a finite-dimensional subspace). The
reason is tied to our inability to resolve all the differentials in the cellular spectral
sequence. So computing the cohomology in these cases remains an open problem.
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120 Daniel Dugger

(5) We have not developed any understanding of how to analyze differentials in
cellular spectral sequences, since the approach of this paper essentially amounts
to a sneaky way of avoiding this. Developing a method for computing such dif-
ferentials, and connecting them to geometry, is an important area for exploration.

(6) If C° is given the conjugation action, then the space of complex k—planes
Grz (C®) has simple cohomology, even integrally: H™**(Gr;(C®°);Z) =
Zlcy,ca,...], where the Chern classes ¢; have bidegree (2i,i). These are
the characteristic classes for Real vector bundles (where “Real” is in the sense
of Atiyah [1]). One can attempt a similar computation but replacing C*° with
C ® U: non-equivariantly this is still C°°, but the action is different; it is C—
linear rather than conjugate-linear. The computation of H**(Gry (C ® U); Z)
seems to be an open problem that could perhaps be tackled by the methods of
this paper. See [7] for some relevant, early computations.

(7) The initial motivation of this work was an interest in motivic characteristic classes
for quadratic bundles, generalizing the Stiefel-Whitney classes of Delzant [5]
and Milnor [14]; see Section 9 for the connection with the present paper. The
original motivic question remains unsolved.

1.10 Organization of the paper

Section 2 gives some brief background about the theory H**(—;7Z/2). Section 3
gives a first look at the ring of invariants [H*™*(Gry (U); Z /2)®k]Zk , and we provide
an additive basis over the ground ring Ml,. We also measure the size of this ring by
counting the elements of this free basis that appear in each bidegree.

In Section 4 we describe the equivariant Schubert-cell decomposition of Gry (U). A
key point here is counting the number of Schubert cells in each bidegree. We also
introduce the associated spectral sequence for computing H***(Gry (U4); Z/2), and in
Section 5 we discuss Kronholm’s theorems about this spectral sequence.

Section 6 contains the main topological part of the paper. Using the results of Sections 3—
5, we prove that H**(Gry (U); Z/2) is isomorphic to the expected ring of invariants
(Theorem 1.2).

In Section 7 we turn to the multiplicative structure of our ring of invariants. We calculate
some relations here, and we identify a minimal set of generators. This section is entirely
algebraic. Section 8 then gives a presentation for the ring of invariants in the cases
k=2and k =3.

Finally, Section 9 describes the connection between the present work and a certain
motivic problem about characteristic classes of quadratic bundles. The results of
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Bigraded cohomology of 7./ 2—equivariant Grassmannians 121

this section are not needed elsewhere in the paper. An appendix is enclosed, which
calculates the ring of invariants for X, acting on A, (a1, ...,as) ®F, Fa[b1, ..., byl
by permutation of the indices. This purely algebraic result is needed in the body of the
text, and we were unable to find a suitable reference.

Throughout this paper, if X is a Z/2-space then we write o: X — X for the involution.
For general background on RO(G)-graded equivariant cohomology theories we refer
the reader to May [13].
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2 Background on equivariant cohomology

Recall that Ml, denotes the cohomology ring H***(pt; Z/2). This ring is best depicted
via the following diagram:

T4 0

16

NN NN

Each dot represents a copy of Z/2, each vertical line represents a multiplication by
and each diagonal line represents multiplication by p. In the “positive” range p,q > 0,
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the ring is therefore just Z/2[z, p]. In the negative range there is an element § € M9:~2
together with elements that one can formally denote 6/ (t* ,ol ) e M;l —2=k=1 _ After
specifying 62 = 0 this gives a complete description of the ring M,. We will refer to
the subalgebra Z/2[t, p] € M, as the positive cone, and the direct sum of all Mé’ 4
for ¢ < 0 will be called the negative cone. See Caruso [4] and Dugger [6] for more
background on this coefficient ring.

There are natural transformations H?9(X;7Z/2) — Hsfng (X;Z/2) from our bigraded
cohomology to ordinary singular cohomology. These are compatible with the ring
structure, and when X is a point they send 7 + 1 and p — 0. Since everything in
the negative cone is a multiple of p, it follows that the entire negative cone of M is

sent to 0.

2.1 The graded rank functor

Let I — M, denote the kernel of the projection map M, — Z/2. Let M be a
bigraded, finitely generated free module over M, . Define the bigraded rank of M by
the formula

rank?? M = dimg, (M /IM)?P1.

So rank M should be regarded as a function Z2? — Z>q. Clearly M is determined,

up to isomorphism, by its bigraded rank.

It is usually easiest to depict the bigraded rank as a chart. For example, the bigraded
rank of H**(Gry(U);Z/2) is
q

1

p

where the lower left corner is the (0, 0) spot and all unmarked boxes are regarded as
having a 0 in them.

3 An additive basis for the ring of invariants
Let R = M,|a, b]/(a* = pa+th), where a has degree (1, 1) and b has degree (2, 1).

Fix k > 1 and let T}, = R® Let X , act on Ty in the evident way, as permutation of
the tensor factors. Define Znvy = [T}]=* . Our goal in this section is to investigate an
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Bigraded cohomology of 7./ 2—equivariant Grassmannians 123

additive basis for the algebra Znvy, , regarded as a module over M, . The multiplicative
structure of this ring will be discussed in Section 7.

It will be convenient to rename the variables in the i™ copy of R as a; and b;. So
T} is the quotient of M[ay,...,ax, b1,...,by] by the relations al.2 = pa; + tb;, for
1 <i=<k.Let

w; =oi(ay,...,ar) and c¢; =0i(by,...,b)

be the /™ elementary symmetric functions in the a’s and the b’s, respectively. These
are the most obvious elements of Znvy, but there are others as well. For example, the
element a1by +azby +--- + a by is invariant under the action of ;. We will need
some notation to help us describe these other elements of Znvy, .

If m is a monomial in the a’s and b’s, write [m] for the smallest homogeneous
polynomial in Znvy which contains 7 as one of its terms. By “smallest” we mean the
smallest number of monomial summands. If H < ¥ is the stabilizer of m, then [m]
is the sum ZgHEZk/H gm. Here are some examples:

(1) [a1b1)=a1by +azby +---+aby.

(i) [aibibr]= ) aibibj.
i#j
(111) [dlb2b3]: Z aibjbk.

i, j,k distinct

(iv) [a1az] = w;.

Notice that

latba] =D aibj =) (pai+tbi)bj =p > aibj+1 Y _ bibj = plaibs]+t[b1bs).
i#j i#j i#j i#j

A similar computation shows that if m is any monomial with an aiz then [m] is an

M, —linear combination of monomials [m1;] with degm; < degm.

The following proposition is fairly clear:

Proposition 3.1 As an M, -module, Znvy, is free with basis consisting of all elements
[af! ---ai"bi{‘ ---bZ"], where each d; > 0 and each ¢; € {0, 1}.

Our next task is to count how many of the above basis elements appear in any given
bidegree. Write Mony, for the set of monomials in the variables ay, ..., ag, by, ..., b
having the property that the exponent on each a; is at most 1. The above proposition
implies that Znvy has a free basis over M, that is in bijective correspondence with the
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set of orbits Mony / X ; this correspondence preserves the bigraded degree. From now
on we will refer to this basis as the free basis for Znvy . We can easily write down a
list of these basis elements in any given bidegree. For instance, here is the list in low
dimensions, assuming k is large (with the degrees of the elements given to the left):

(1L, [aq] (4,3):  [arazby], [ayazbs]

2, D [b1] (4,4):  |a1azazaq]

(2,2): [ayaz] (5.3):  [a1bf). [a1b3]. [arb1bal. [a1babs]
(3.2):  [a1b1]. [a1b;] (5.4): [ayazaszby], [arazazbs)

(3,3):  [a1aza3] (5,5): [arazazasas]

4.2): [B]], [b1b2] (6,3):  [b1babs], [b}]. [b7ha]

We can count the number of generators in each bidegree in terms of certain kinds of
partitions. Given n, k and j, let part, <;[/] denote the number of partitions of n
into k& nonnegative integers such that exactly j of the integers are odd. For example,
partg <5[4] = 4 because it counts the partitions 01133, 01115, 11114 and 11123.

Proposition 3.2 For any p, q and k one has rank??(Znvy) = part, <;[2¢q — p].

Proof Let w be a monomial in the variables ay,...,ax, by, ..., by where each a;
appears at most once. We will say that w is pure if all the symbols in w have the same
subscript: eg albf is pure but alazbf is not. The monomial w can be written in a
unique way as w = w(l)w(2)---w(k), where each w(i) is pure and only contains
the subscript i .

Regard a; as having degree 1 and b; as having degree 2. If v is a pure monomial, let
d(v) be its total degree. Finally, if w is any monomial then let n(w) be the partition

n(w) = [dw(1)), dw(2), ..., dwk))].
For example, if w = a1a2a3b12b2b4 then n(w) = [5312].

It is clear that all the X; —cognates of w give rise to the same partition, and so we have
a function
n o . .
Mony, / ¥ — {partitions with at most k pieces}.

Moreover, this is a bijection because the partition is enough to recover the invariant
element [w]: if the i™ number in our partition is 2r then we write bI, and if it is
2r + 1 we write a;b] , and then we multiply these terms together. For example, given
the partition [34678] we would write [alblbgbg a4bibg]. This apparently depends on
the order in which we listed the numbers in the partition, but this dependence goes

away when we take the X —orbit.
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Bigraded cohomology of 7./ 2—equivariant Grassmannians 125

Now enhance the degrees of a; and b; into a bidegree; a; has bidegree (1,1) and
b; has bidegree (2, 1). Clearly the topological degree of the monomial w equals the
sum of the elements in the partition n(w). Also, the number of odd elements of the
partition is equal to the number of a; in w. But one readily checks that

__ (topl. degree of w) —#a;

weight of w = #b; + #a; = 5 + #a;

__ (topl. degree of w) + #u;
B 2

or equivalently, #a; = 2 - (weight of w) — (topl. degree of w). So the number of odd
elements in the partition n(w) is 2¢ — p, where ¢ is the weight of w and p is the
topological degree of w. |

As an example of the above proposition, here is a portion of the bigraded rank function
for Znvy:

511630
3111/20|23|11

1
® P

And here is a similar chart for Znvs:

q
18

13153109
10[3880]109/94
7127|56(80|71|30
5|18(39|56]53|23
3112|25|39(38|18

419(16]18]10
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There are some evident patterns in these charts. For example, if one starts at spot
(2p, p) and reads diagonally upwards along a line of slope 1 then the resulting numbers
have an evident symmetry. This comes from a symmetry of the part, <[] numbers:

Lemma 3.3 Forany n, k and j, one has part, <x[j]= part, x—2;) <klk — Jj].

Proof Suppose uq,...,uy is a partition of n in which there are exactly j odd
numbers; we can arrange the indices so that these are uy,...,u;. Subtract 1 from
all the odd numbers and add 1 to all the even numbers: this yields the collection of
numbers uy —1,...,uj —1,ujq1+1,...,u + 1. This is a partition of n +k —2j
in which there are exactly kX — j odd numbers. One readily checks that this gives a
bijection between the two kinds of partitions. |

The diagonal symmetries in our rank charts are as follows:

Corollary 3.4 For any p, r and k, one has

rank?? P F7 (Tnvy, ) = rank?2 KPR (73,
Proof This is immediate from Proposition 3.2 and Lemma 3.3. O

The numbers in the rank chart for Znvy organize themselves naturally into lines of slope
%. To explain this (and because it will be needed later) we introduce the following
terminology. A successor of a partition « is any partition obtained by adding 2 to
exactly one of the numbers in «. For example, 011 has two successors: 013 and 112.
If a partition § is obtained from « by a sequence of successors, we say that § is a
descendent of «. Finally, a partition o will be called minimal if it is not a successor of
any other partition.

For the set of all partitions consisting of & nonnegative numbers, the following facts
are immediate:

(1) There are exactly k + 1 minimal partitions: [00---0], [00---01], [00---011],...
and [11---1].

(2) Every partition « is a descendent of a unique minimal partition, namely the one
obtained by replacing each «; with either 0 or 1 depending on whether «; is
even or odd.

The partitions consisting of & nonnegative numbers, with exactly j odd numbers, form

a tree under the successor operation, and the numbers of such partitions form the line
of slope % ascending from spot (j, j) in our rank charts.
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The following corollary records the evident bounds on the nonzero numbers in our rank
charts. The proof is immediate from the things we have already said, or it could be
proven directly from Proposition 3.2.

Corollary 3.5 The bigraded rank function of Znvy is nonzero only in the region
bounded by the three lines y = x, y = %x and y = %x + %k. That is to say, the
elements of our free basis for Invy appear only in bidegrees (a, b) where %a <b=a
ifa <k, and %afbf %a—l—%k ifa>k.

4 Schubert cells and a spectral sequence

Let {e;} be the evident basis for U/, so that we have
U=Re;) R_(e2) ®R{e3) DR_(es) & ---.

Given a sequence of integers 1 <ay <ajp <--- < ay, define the associated Schubert
variety in Gry (i) by

Q= {V € Gr(U) | dim(V NU*) > i}.

Here U" C U is simply the subspace of vectors whose " coordinates all vanish for

r > n, which we note is closed under the Z /2-action. It will be convenient for us to
regard the a—sequence as giving a “sx—pattern”, in which one takes an infinite sequence
of empty boxes and places a single * in each box corresponding to an a;. If the boxes
represent the standard basis elements of U/, then the * represent where the jumps in
dimension occur for subspaces V' lying in the interior of €2,. These x—patterns will
be used several times in our discussion below.

It is somewhat more typical to use a different indexing convention here. Define
0; =a;—I,so that we have 0 <oy <0, <--- <0y . Write Q(o) for the same Schubert
variety as €4, which has dimension equal to ) ; 0;. Define a k—Schubert symbol
to be an increasing sequence o1 < 0 < --- < 0. To get the associated sx—pattern,
skip over o1 empty boxes and then place a *; then skip over o, — 0; empty boxes
and place another *; then skip over o3 — 0, empty boxes, and so forth. For example,
the Schubert symbol [0235] corresponds to the x—pattern [* __ % _ % __ ], or the
a-sequence (1,4,6,9).

Let F, € Grg (i) be the union of all the Schubert varieties of dimension less than or
equal to r. This filtration gives rise to a spectral sequence on cohomology in the usual
way, where the £ —term is the direct sum @, H**(S4%b0) where o ranges over
all k—Schubert symbols and (aq, by) is the bidegree of the associated cell. We will
next describe an algorithm for producing this bidegree.
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Picture the row of signs + — 4+ — 4 —--- going on forever, with the initial character
regarded as the first (rather than the zeroth). These symbols represent the Z /2—action
on the standard basis elements of ¢/. For each i in the range 1 <i < k, change the agh
symbol to an asterisk *. Then for each i, define u; to be

__ [the total number of + signs to the left of the i™ asterisk if a; is even,
" 7 | the total number of — signs to the left of the i™ asterisk  if a; is odd.

Finally, define the cell-weight of the Schubert symbol to be ) _; u;. We claim that the
open Schubert cell corresponding to o is isomorphic to R™K  where n = > o; and k
is the cell-weight of o.

Let us say the above in a slightly different way. We think in terms of *—patterns, but
where the boxes contain alternating 4+ and — signs and the * eradicate whatever sign
was in their box. For the topological dimension of a cell, we count the number of
empty boxes to the left of each * and add these up. For the weight we do a fancier
kind of counting: if the * replaced a + sign then we count the number of — signs
to the left of it, whereas if it replaced a — we count the number of + signs to the
left. And again, we add up our answers for each * in the pattern to get the total
weight. For example, consider the Schubert symbol o = [135], which has topological
dimension 9. The corresponding a—sequence is (2, 5, 8), and this gives the x—pattern
+%4+—x——4+*x4+—+—---.Sou; =1, up =1, us =3, and therefore the bidegree
of Q(o) is (9,5).

Example 4.1 Consider the Grassmannian Gr(@®). There are ($) = 15 Schubert
cells. We list all the x—patterns and the bidegrees of the associated cells:
sk +—+— (0,0) +xx—+— (2,1) +—x—x—(53)
x—sk—+— (1,1 +x+x+— (3,3) +—%x—+x* (6,3)
k—+x+— (2,1) +r+—x— (42 4+ —Fxx— (63)
x—4+—x— (3,2) +x+—+% (54) +—+x+x (7,5
«k—+—+% (4,2) +—*kk+— (4,2) +—+—xx (8,4)

We need to justify our procedure for determining the weight of a Schubert cell. Given
an a—sequence, points in the interior of the associated Schubert variety €2, are in
bijective correspondence with matrices in a form such as

27100000
27021000
72720207721
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(The matrix given is for the case of Gr;({/) and the a—sequence (3, 5, 8)). The matrix
in question has 1 in the columns given by the a—sequence, each 1 is followed by only
zeros in its row, and each 1 is the only nonzero entry in its column. The set of such
matrices is a Euclidean space of dimension equal to the number of “?” symbols. Such
a matrix determines a point in Gry (U/) by taking the span of its rows, and any k—plane
in the interior of €2, has a unique basis of the above form. This is all standard from
non-equivariant Schubert calculus. In the equivariant case, we have a Z /2—action on
the set of such matrices induced by the Z /2-action on I/. In our above example, the
action is

bec100000O0 b— 1 0 0 0 0 0
de0 f1000|—>|d—-e 0—f 1 0 0 0
gh0i0jkIl g—-h 0 —i 0—j k-1

Notice that the matrix on the right is not in our standard form. To convert it to standard
form we multiply the third row by —1 to get

bec100000O0 b— 1 0 0 0 0 0
de0 f1000|—]| d—--e 0-—f 1 0 0
gh0i0jkl —g h 0 i@ 0 j—k 1
q
3
2
1
1 7
5
3 38
2 27 71
1 18 53| 147
1 12 38 109147
7 27 80109
4 18 56(80
2 12 39(56
1 7 25139
4 16|25
2 9116
1 519
205
112
1
p
Figure 1
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So as a Z /2-representation we have R!® with five sign changes, and this is R1%-> It
is now easy to go from this overall picture to the specific formula for the cell-weight
that was given above.

We now know how to compute the bigraded Schubert cell decomposition for any
Grassmannian. It is useful to look at a specific example, so Figure 1 is the Schubert cell
picture for Grs({/). Each box gives the number of Schubert cells of the given bidegree.

Note that the numbers appearing along lines of slope % are the same as the numbers
we saw in the rank chart for Znvs, except that the lines are arranged differently in the
plane. We will need a precise statement:

Proposition 4.2 Let X be the E|—term of the cellular spectral sequence for Gry (U)
based on the Schubert cell filtration. Then the nonzero entries in the rank chart for X
are bordered by the lines y = x, y = %x and y = %(x + (szrl)).

Moreover, for any j,r one has rankj"'z”jf’" X =0 unless j = (;) for some i in the
range 1 <i <k + 1. And finally, if j = (5) then

rank/ t27/ 0 ¥ = party, 4, <[yl = rank?! T2V Ty
where y is the function defined by

kTH if k —1i is even,
Yi = i . ..
/%1’ ifk —1i is odd.

The mathematical phrasing of the above proposition is somewhat awkward, but it
says something very concrete. Namely, the nonzero entries in the rank chart for X
are divided into rays of slope % emanating from the points ((’2) (;)) for 1 <i<k+1.
Starting from ((k ), (k;rl)) and working towards the origin along the y = x line,
mentally label each vertex with the numbers in the sequence

0, k, 1, k—1,2, k—2,3, k-3, ...

These are the numbers Y1, Vk. . ... Then in rank(X), the r' term from ((’2) (;))
along the ray of slope % is equal to party, . <x[yil-

In order to prove Proposition 4.2 we need to introduce some language for bookkeeping.
Define a successor of a x—pattern to be a pattern made by moving one of the * two
spots to the right (note that one can only do this if the new spot for the * started out
empty). In terms of a—sequences, a successor is an a—sequence obtained by adding
2 to one of the a;. For example, the a—sequence 123 has exactly two successors,
namely 125 and 134. A x—pattern (or a—sequence) is said to be minimal if it is not
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the successor of another pattern (or sequence); said differently, a *—pattern is minimal
if one cannot move any * two places to the left. The a—sequences 123 and 124 are
both minimal, but 125 is not; these correspond to the x—patterns [* * ], [* * 4] and
[ % + — x].

Observe that taking the successors of a x—pattern increases the bidegree of the associated
Schubert cell by (2, 1). This is easy to explain in terms of the following picture, showing
an arbitrary *—pattern and a successor obtained by moving one of the *:

O * O O O * * O

The count of empty boxes to the left of each * is the same for the two patterns, except
for the * that got moved: and for that * the count has increased by 2. Likewise, the
number of +/— signs in the empty boxes stays the same for each * in the two patterns,
except again for the * that got moved: and for that * the number of + and — signs to
the left of it each got increased by 1.

The fact that the successor relation increases the bidegree by (2, 1) explains why our
Schubert cell chart breaks up into rays of slope % The number of such rays will be
governed by the number of minimal *—patterns, so we investigate this next.

It is clear that for a x—pattern to be minimal it must be true that any two successive
have at most one empty space between them. Moreover, as soon as one has an empty
space in the x—pattern then all successive * must be separated by one empty space.
So for patterns with k asterisks, there are exactly k + 1 minimal patterns; they are
completely described by saying which * has the first blank space after it (the count
is k + 1 because the first blank might appear after the zeroth star, which does not
actually exist). One thing that is easy to verify about these minimal patterns is that
the corresponding Schubert cells each have bidegree (p, p), for some values of p;
that is, the topological dimension and weight coincide. Recall that computing both the
topological dimension and the weight from the x—patterns amounts to counting empty
boxes to the left of each *, with the weight computation involving some restrictions on
which boxes get counted. For the minimal *x—patterns, the placement of the * results
in these restrictions all being vacuous: that is, all empty boxes are counted.

The minimal *—patterns correspond to the following a—sequences: (1,2,3,...,k),
(L,2,....k—=1,k+1), (1,2,....k =2,k k+2), ..., (1,3,5,...,2k — 1) and
(2,4,6,...,2k) (the first k& of these follow a common pattern, the final one does not).
The associated Schubert symbols are

[00---0], [00---01], [00---12], ..., [012---(k—1)] and [123---K].
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The topological dimensions are therefore (1) for 1 <i <k +1, so the minimal
s—patterns correspond to Schubert cells of bidegree ((5). (5)) for i in this range.
Proof of Proposition 4.2 We have determined in the preceding discussion that the
successor relation breaks the Schubert-cell chart into k + 1 rays of slope %, each ray
starting at a point ((3), (3)) for 1 <i <k + 1. The starting points are the minimal
x—patterns determined above. What remains to be shown is that the number of cells
counted along these rays matches similar rays in the count of partitions we saw in our
study of rank(Znvy ). This is where the awkward rearrangement of the rays must be
accounted for.

We have the classical bijection between Schubert cells and partitions, which associates
to any *x—pattern the corresponding Schubert symbol. For the rest of this proof we
completely discard this bijection, and instead use a different bijection, to be described
next. This is the crux of the argument. See Remark 4.4 below for more information
about where this new bijection comes from.

Given a partition ¢ with k nonnegative parts, regard this as two partitions 0 and
0°% by simply separating the even and odd numbers. For example, if o = [00123]
then 0® = [002] and 0°% = [13]. Note that in both 0¥ and 0°% the difference of
consecutive pieces (when ordered from least to greatest) will always be even.

Consider a string of empty boxes labeled 1,2, 3,.... Take 0 and convert this to a
x—pattern in what is essentially the usual way, but placing the * only in the even boxes
of the pattern. If 0® = [uy,...,u,] then skip over %ul even boxes and place a *,
then skip over %(u » —u1) even boxes and place a *, and so on. Likewise, convert
0°% to a x—pattern in the usual way but placing the * only in the odd boxes. If
0% = v, ..., v,] then skip over %(vl — 1) odd boxes and place a *, then skip over
%(vz — v1) odd boxes and place a *, and so on. This awkward procedure is best
demonstrated by an example, so return to 0 = [00123]. Then o = [002], which
corresponds to the *—pattern [ _ % % x|, and ¢°% = [13], which corresponds to
the x—pattern [*___ x]. So the combined pattern is [* % _ **__ x].

We have given a function from partitions with k pieces to x—patterns with k asterisks.
It is easy to see that this is a bijection; an example of the inverse should suffice. For
the *—pattern

EE T * % %]

the only odd boxes occupied are 1 and 7. The associated o°% is [15], because %

accounts for the two skipped odd boxes between them. The occupied even boxes
are 4,6,8,12,14,16 and so 0 = [222444]. The partition associated to the above
x—pattern is therefore o = [12224445].
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The point of this strange bijection is the following: it carries the successor relation for
*—patterns to the successor relation for partitions (the latter defined back in Section 3).
This is easy to see and we leave it to the reader, but also see Remark 4.4 below for a
strong hint.

Using the above bijection, the minimal *—patterns of k asterisks correspond to the
partitions [00---0], [00---01], [00---001],... and [11--- 1] (each with k pieces). For
example, if k is even then the x—pattern with a—sequence (1,2, 3,..., k) corresponds
to the partition [00---011 --- 1] where there are K zeros and % ones. It is somewhat

2
better to order the partitions as
(4.3) [00---0], [11---1], [00---01], [O11---1], [00---001], [0011---1], ...

because in this order the topological degrees of the associated Schubert cells are

3 @ %) o @ Q)

For later use, let (i) be the number of 1 in the i partition from the list (4.3), with
1 <i <k+41. This sequence is (1) =0, u(2) =k, u(3) =1, u(4) =k —1 and so
forth. Note that (i) = yx+,—;, for the y—function defined in Proposition 4.2.

We can now wrap up the argument. We have a bijection between x—patterns and
partitions, and it preserves the successor relation; it therefore also preserves the trees
of descendants. In both settings (of *—patterns and partitions) one finds exactly k + 1
minimal elements, and therefore k& 4 1 trees. The minimal partitions are the ones
in which each piece is either 0 or 1. For the *—patterns we have computed that
the minimal elements correspond to cells of bidegree ((’2) (;)) forl <i<k+1,
and that the partition associated to this x—pattern has exactly y; pieces equal to 1
(and the rest zeros). We also found that an r™ successor of such a s—pattern has
bidegree ((é) +2r, (;) +7).

i

Let o; be the partition associated to the minimal *—pattern of bidegree ((2) (;)) . Then

rank(;) +2r, (;) +r (X)

is the number of r™ successors of this *—pattern, which is equal to the number of
! successors of the partition o;. But o; contains exactly y; odd numbers, so the
successors of o; are the partitions with exactly 3; odd numbers. The sum of the
numbers in o; is equal to y; (note that o; only contains zeros and ones), and so the
sum of the numbers in an " successor of o; will be y; + 2r. One sees in this way
that the number of ' successors of o; is equal to part,, +yi,<klvi]. This completes

the proof. |
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Remark 4.4 Let us return to the classical bijection between *—patterns and partitions,
via Schubert symbols. We claim that moving an asterisk one spot to the right corresponds
to adding 1 to an element of the associated Schubert symbol. Suppose that the a—
sequence for the *—patternis ...,x,y,z,... and that we are promoting y to y + 1.
Clearly this does not affect the beginning or the end of the Schubert symbol. If the origi-
nal Schubert symbol was [...,u,v,w,...|thenv—u=y—x—1land w—v=z—y—1.
The new Schubert symbol will be [...,u,v',w’,...], where vV —u=(y+1)—x—1
and w' —v' =z —(y + 1) — 1. Clearly this requires v  =v+ 1 and w’ = w.

It is not true, however, that moving an asterisk two spots to the right corresponds to
adding 2 to an element of the associated Schubert symbol. The whole point of the
strange bijection from the above proof was to create a situation where this does work,
and the previous paragraph suggests why treating the even and odd spots separately
accomplishes this.

5 Differentials in the cellular spectral sequence

The main goal of this section is to recall Kronholm’s theorem (Theorem 5.1 below),
which to date is our best tool for governing what happens inside the cellular spectral
sequence.

To begin, we give two examples demonstrating the kinds of differentials that can
appear in the cellular spectral sequence for Gry (Uf). The first example consists of the
row of three pictures below. In the leftmost picture we have a page of the spectral
sequence in which there are two copies of M,, with generators in bidegrees (a, ) and
(a+3,b+4). (Note that one will typically have many more than two copies of M,
but we focus on this simple situation for pedagogical purposes.) There is a differential
(shown) that must be a d3, since it maps a class from filtration degree a into one from
filtration degree a + 3. The differential is only drawn on the generator of the first copy
of M, , but the differentials in the cellular spectral sequence are M, —linear: so the one
that is drawn implies several other evident differentials.

In the middle panel we show the E4—term of the spectral sequence, obtained by taking
homology with respect to our differential (warning: not all r—multiplications are shown
here). In our simple example this is the same as E, but note that there are extension
problems in deducing the M, —structure. By a theorem of Kronholm [11, Theorem 3.2]
it turns out that the cohomology we are converging to must be free over Ml,, and hence
the extensions are resolved as shown in the third panel.

Note the net effect as one passes from the first panel to the third: the two copies of
M, remain, but their bidegrees have been shifted. The first copy has moved up one
weight, and the second copy has moved down one weight.
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p p p

Our next example shows a very similar phenomenon. Interpreting the pictures requires
a little more imagination, though: remember that the pictures only explicitly show the
edges of the cones, whereas there is an entire lattice of classes within the cones. The
leftmost chart shows a situation where the differential takes the black generator to a
class in the interior of the negative cone for the second copy of M :

q q q

P p P

The leftmost chart is again an E3—term, as the differential maps a class in filtration a
to a class in filtration a + 3. The E4—page is shown in the second chart. Kronholm’s
theorem tells us that the cohomology our spectral sequence is converging to is free over
M, , and so the relevant extension problems work out to be as shown in the third chart.

Once again, notice the difference between the first chart and the last chart: the left
copy of M, has increased its weight by three, whereas the right copy has decreased its
weight by three.

Kronholm’s theorem generalizes these two examples. It says that the cohomology that
the spectral sequence is converging to will be related to the E;—term by a sequence of
“trades” in which two copies of M, shift up/down by the same number. Note that such
trades preserve the number of M, —basis elements in any column, and also the number
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of basis elements appearing along any diagonal. The following is a rigorous statement
along these lines, which covers all the applications we will need in the present paper:

Theorem 5.1 (Kronholm) Let X denote the E|—term of the cellular spectral se-
quence for Gry(U), and let Y = H**(Grx(U);Z/2). Both X and Y are free as
M, —modules, and for each p € Z one has

Z rank?”(X) = Z rank”?(Y)  and Z rank®?T¢(X) = Z rank?T¢(Y).
q c

q c

Note that the first equality says that the number of basis elements in topological
dimension p is the same in both E{ and H™**(Gry (i)). Relative to our rank charts,
the second equality says that the number of basis elements along any given diagonal is
the same in both E; and H™**(Gri(U);7Z/2).

Remark 5.2 In actuality, Theorem 5.1 as we have stated it is not quite found in [11].
However, the result is implicit in the proof of [11, Theorem 3.2].

5.3 The forgetful map to singular cohomology

There are natural maps ®: H?9(X;Z/2) — H?(X;Z/2) from equivariant cohomol-
ogy to singular cohomology. These fit together to give a ring map ®: H**(X;Z/2) —
H*(X;Z/2). When X = x this map is completely determined by the formulas
®(r) =1, (p) = 0. Consequently, @ induces natural maps

H**(X:Z/2)/(p) > H*(X;Z/2) and H**(X:Z/2)[x"'|— H*(X:Z/2).

If J is a free Ml,—module, then J/pJ is a free M,/p = Z/2[tr]-module. Note that
7 has topological dimension zero, and so J/pJ will decompose as a Z/2[t]-module
into a direct sum over all topological dimensions:

J/pJ=?[J/pJ]"’*.

Note that the submodule [J/pJ]P>* is only “influenced” by basis elements of J in
topological degree p: more precisely, any element of [J/pJ]P>* is the image under
J — J/pJ of a Z/2[t]-linear combination of basis elements of J in topological
degree p. Also, if J has a finite number of free generators in each topological degree
then the Z /2-dimension of [J/pJ]?P*? is independent of ¢ for ¢ > 0 (once ¢ is larger
than the weights of all the generators in this topological degree).

Let us apply these ideas when J = H**(Gry(U);Z/2). Then [J/pJ]P"* is a free
Z /2[t]-module with a basis corresponding to the equivariant Schubert cells of topo-
logical dimension p. While these cells likely have different weights, if we look
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in [J/pJ]?"N for N large enough then we will see all of them (more precisely,
t—multiples of all of them). The forgetful map ® will send these elements to the
corresponding non-equivariant Schubert classes in H?(Gry (U);7Z/2) (recall that
®(t) = 1). This shows that in large enough weights N the map ®: [J/pJ]?N —
H?(Gry(U); Z/2) is an isomorphism. This proves part (a) of the following:

Proposition 5.4 For p,q € Z consider the map
©p.g [H**(Gry(U): 2/2)/ (p)]P? — HP (Gry(U): Z/2).

(a) Given p, there exists an N € Z such that the map ®, 4 is an isomorphism for
allg> N.

(b) Forany p and q the map ®, 4 is an injection.

Proof The proof of part (a) preceded the statement of the proposition. For (b), fix
p and ¢ and write J = H**(Gry(U); Z/2) for simplicity. By (a) we know that for
large enough N the map ®, n is an isomorphism. Now just consider the diagram

gN—a

[J/pJ]P1 [J/pJ1?N
x %ld’
HP(Gri(U); Z/2)

which commutes because ®(t) = 1. Multiplication by 7 is an injection on M, /(p),
and hence also on J/pJ . So the diagonal map in the diagram is also injective. O

6 Proof of the main theorem

Throughout this section we let X be the E|—term of the cellular spectral sequence for
Gri(U), welet Y = H**(Gri(U); Z/2) and we let Z = Znvy . It will be convenient
to keep in mind the diagram

X~—~Y —Z

indicating that ¥ maps to Z and that there is a spectral sequence that starts from
X and converges to Y. Our aim is to prove Theorem 1.2, stating that Y — Z is an
isomorphism.

Each of X, Y and Z is a free module over M, and the proof will involve a study of
the bigraded rank functions for each. The following lemma collects the key results we
will need:
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Lemma 6.1

(a) Forevery p e Z,
Z rank?4(Y) = Z rank?4 (X) = Z rank?4(2).
q

q q
(b) ForeveryceZ,

Zrankp’p+c(Y) = Zrankp’p+c(X) = Zrankp’p+c (2).
p p p

(c) Forevery p,qeZ,
Zrankpac(y) = Zrankl”c (Z) and Zrankp’c(Y) > Zrankp’c(Z).

c=q c=q c=q c=q

We have written the equalities in the first two parts in the order that they will be proven:
Y isrelated to X, and X is related to Z. Phrased in terms of our rank charts, the
above results say:

(i) The sum of the numbers in any column is the same for X, ¥ and Z.
(i) The sum of the numbers along any diagonal is the same for X, ¥ and Z.

(iii) If one fixes a particular box and adds together the numbers in all boxes directly
above it, the sum for Y is always at least the sum for Z. (This is the second
inequality in (c).)

We defer the proof of the lemma for just a moment, in order to highlight the structure
of the main argument. However, let us point out that the left equalities in (a) and (b)
are by Kronholm’s theorem, and the second equalities come from our combinatorial
analyses of rank™* (X)) and rank™*(Z). In light of (a), the two inequalities in part (c)
are equivalent. The proof of these final inequalities uses some topology, namely the
non-equivariant version of Theorem 1.2.

Before proving the next result, we introduce a useful piece of notation. If M is a free
M, -module, then for each ¢ € Z let d.(M) denote the function Z — Z given by
p > rank?P~¢(M). These are the entries in the rank chart of M along the diagonal
line of slope 1 passing through the point (0, —c).

Proposition 6.2 For all p,q € Z, rank?4(Y) = rank?4(Z).
Proof We will prove the proposition by establishing that d.(Y) =d.(Z) forall c € Z.

First note that this is easy for ¢ < 0. In this case we know by direct computation
that rank?”?7(Z) = 0 for all p € Z (Corollary 3.5). So }_,rank”?~(Z) = 0,
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which implies by Lemma 6.1(b) that ), rank”*#~“(Y) = 0. Since the ranks are all
non-negative, this means rank?”?~¢(Y) =0 for all p € Z.

Next we proceed by induction on ¢. Assume ¢ > 0 and that d,(Y) = d,(Z) for all
n <c.Let p € Z, and consider the inequality

Z rank?9(Y) > Z rank?4(Z)

q>p—c q=p—c

from Lemma 6.1(c). By induction we know that rank?*4 (Y ) =rank?*9(Z) for ¢ > p—c,
and so we conclude that

(6.3) rank??7¢(Y) > rank?*7¢(Z).
This holds for all p € Z. But we also know, by Lemma 6.1(b), that
(6.4) Zrankp’p_c (V)= Z rank??7¢(Z).

P p

Equations (6.3) and (6.4) can both be true only if rank?>?~¢(Y) = rank?"?~¢(Z) for
all peZ. Thatis, d.(Y) =d.(Z). O

Remark 6.5 It is worth remarking that Proposition 6.2 has solved one of our main ques-
tions. It completely identifies the weights of the free generators for H**(Gry (U); Z/2)
by showing that they agree with the ranks of the generators for the combinatorially
computable ring of invariants Znvy, .

Proof of Lemma 6.1 The first equality in (a) is by Kronholm’s theorem (Theorem 5.1).
For the second equality observe that ), rank”4(X) is just the number of classical
Schubert cells of dimension p inside Grg (R°). This is the same as the number of
partitions of p into at most k pieces, which is the same as Zq part, <x[g]. The latter
equals ), rank”?(Z) by Proposition 3.2.

For (b), the first equality is again by Kronholm’s theorem. The equality

Zrankp’p+c(X) = Z rank??t¢(Z)
p p

follows from the combinatorial identities in Proposition 3.2 and Proposition 4.2; to see
why, it is best to think pictorially. Proposition 4.2 says that the rank chart for X is
concentrated along k + 1 rays of slope %, emanating from certain points on the y = x
line. Proposition 3.2 says that the rank chart of Z also consists of k& + 1 rays of slope
% — containing the same entries as the ones in X — but which emanate from different
points on the y = x line (in other words, the order of the rays in the two charts are

both permuted and shifted along the y = x line). From this it follows at once that the
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diagonals of the two rank charts contain the same entries, only permuted. In particular,
the sum of the entries is the same in the two situations.

For (c), it will suffice to prove that } ., rank”“(Y) < }_ . rank”“(Z), since the
second inequality follows from this one together with part (a). Consider the diagram

Yy r4 A Z

\ q)\

® [¥/pY P L 1z/pz)p

s

HP (Gr (U); z /2) [[H*(RP>®;Z /z)®’;]2k]”

~

where the dotted arrows exist because p is sent to zero by ®. The bottom horizontal map
is an isomorphism by the classical theory, and the map [Y/pY |?? — H? (Gry (U); Z/2)
is an injection by Proposition 5.4(b). It follows that [Y/ pY |?*1 —[Z / pZ]P-1 is an injec-
tion. However, it is easy to see that if J is a free M, —module then dimg, /,[J /pJ]P? =
Doe< q rank?-¢(J). Applying this to Y and Z, we have completed the proof. |

At this point we have only proven that ¥ and Z are free M, —modules with the same
bigraded rank functions. But we have a specific map ¥ — Z, and our goal is to prove
that it is an isomorphism. Since both Y 7*¢ and Z#-? are finite-dimensional over Z/2
for every p,q € Z, it will be sufficient to prove that ¥ — Z is surjective. We begin
with the following observation:

Lemma 6.6 The map Y/pY — Z/pZ is an isomorphism.

Proof As in the proof of Lemma 6.1(c), we know that [Y/pY P4 — [Z/pZ]P-?
is an injection. We also know that the Z/2-dimensions of these two spaces are
> c<qrank?(Y) and } .., rank?“(Z), which are equal by Proposition 6.2. This
proves the lemma. |

The desired result will now follow from the purely algebraic lemma below.

Lemma 6.7 Let M and N be free M, —modules, and let f: M — N be a map such
that M/pM — N/pN is an isomorphism. Assume that:

(i) rank??(M) =rank??(N) forall p,q € 7.
(i) dimg/, M ?9 is finite for all p,q € 7Z..
(iii) There exists an r € Z such that d;(M)=d.(N)=0 forall c <r.

(iv) There exists a number u such that rank?”4 (M) =0 forall p <u.

Then f is an isomorphism.

Geometry & Topology, Volume 19 (2015)



Bigraded cohomology of 7./ 2—equivariant Grassmannians 141

Proof Pick a free basis {eq} for N consisting of homogeneous elements. For each
s € Z let Ny C N be the submodule spanned by all e, for which the bidegree (py, ¢o)
satisfies py —qo =< s (these are the basis elements on all diagonals “higher than” the
p —q = s diagonal). Note that Ny = 0 for s < r, where r is the number specified in
condition (iii).

Condition (iv) readily implies the following fact: for every p,q € Z there exists an
m = 0 such that [p" NP9 C Nj,_,_. In other words, every element of N 7-4 that is
a multiple of p™ is in the M, —span of basis elements from higher diagonals. (One
need only take m = p —u + 1 here, where u is from condition (iv)).

We will prove by induction that each N is contained in the image of f. We know
this for s < r since in that case Ny = 0. So assume s € Z and Ny_; Cim f. Since
M/pM — N/pN is an isomorphism it follows that N = (im f') + pN . Substituting
this equation for N into itself, we then find

N =(m f)+pN = (im f) + p*N = (im f) + p’N = ---.
So N = (im f) + p" N forany n> 1.

Now let e, be a basis element lying in N, of bidegree (p,q) (so that p — g < s).
We may assume p — g = s, for otherwise ¢, € Ny—1 and so is in the image of f
by induction. By the second paragraph of this proof, there exists m > 1 such that
[0 N]P9 C Ns_;. But then we have

NP4 = (im f)P9 4+ [p" NP1 C (im f) + Ny—; =im f,

where the last equality uses our inductive assumption that Ny_; C im f. We have
therefore shown that e, € im f, and since this holds for every basis element we have
Ng Cim f.

At this point we have shown that f is surjective. The finiteness condition (ii) then
implies that f is indeed an isomorphism. |

We now restate Theorem 1.2 from the introduction, and tie up its proof:

Theorem 6.8 The map n*: H**(Gry(U); Z/2) — [H**(Gry(U); Z/2)®*]%k is an
isomorphism of bigraded rings.

Proof This is the map ¥ — Z considered throughout this section. Both ¥ and Z
are free M, —modules that satisfy hypotheses (ii)—(iv) of Lemma 6.7. Proposition 6.2
verifies condition (i) of that lemma. The result therefore follows by that lemma together
with Lemma 6.6. o
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7 The multiplicative structure of the ring of invariants

At this point in the paper we have proven that our map
b
n*s H**(GrU): 2/2) — [H**(Gri U): 2/2)®F] ™

is an isomorphism of rings. We also have a combinatorial description of the bigraded
rank function, that is, we understand the additive structure of these rings, or their
structure as M, —module. In this section we further investigate the ring of invariants,
concentrating on the multiplicative structure. Recall that this ring of invariants is
denoted Znvy for short.

7.1 First observations

Recall from Section 3 that we use the notation w; = [ay ---a;] and ¢; = [by --- b;].
These are the i elementary symmetric functions in the a’s and b’s, respectively. More
generally, define the invariant element wc; j by

weij =lay---aibitr - bitjl.

Note that this only makes sense when i 4+ j < k. Note also that wc; o = w; and
wcg,j = ¢j. Finally, let us observe that the bidegree of wc;,j is (i,i) + (2/,j) =
@+2j,i+]j).

As a warm-up for our investigation let us consider some basic relations. The easiest
relation one encounters is

wi=(ay+--+an)? =at+---+ai = (pa; +tby)+---+(pan+thy) = pw; +10c7.

Analogously,
w3y = [aya;)* = Z(pai +thi)(paj + tbj)
i<j
= p2 Zaiaj + pt Z(aibj +ajb;) + 2 Zbibj
i<j i<j i<j

= p*w, + pt Zajbj +1%¢; = pPwy + pt- weyp + 2¢;.
i#j
More generally we have the following (the proof is left as an exercise):
Proposition 7.2 In Znv;, there is the relation
wi =1tl¢; + v/ pwey joy + T2 pPwey ja 41! T we o+ ol

forany j <k.
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Next let us consider the products wqw; for various i . For instance, consider the product
wiwy = (ay +---+an)(ajaz +---+ay—1a,). When we distribute, we will get terms
that look like a%az, and also terms that look like aja,a3. Note that the former term
only appears once, whereas the latter appears (;) = 3 times (which is equivalent to
once, since we are in characteristic two). So we can write

wiwy = [ajaz] + [arazas] = [ataz] + ws.
We must be careful when identifying [a%az]. We have
[a%az] = Zal-zaj = Z(pai +tbi)aj = pZa,—aj +T Zbiaj =04 twey.
i#]j i#]j i#j i#]j
Note that Zi# jaiaj =0 only because we are in characteristic 2.

As one more example, let us compute w;ws. This is the product (a; + --- +
an)(aiazasz +--+), and so we have terms that look like a%a2a3 and ajaazas. The
former occurs exactly once, the latter (‘1‘) = 4 times (equivalent to zero times, mod 2).
So,

wiws =lataras)= Y alajap= Y (pai+tbiajar = playazasl+rlarasbs].
j<k j<k
ig{j .k} ig{j.k}
The last equality takes a little thought: we must ask ourselves how many times a typical
term ajapas appears in the sum
Z ajajay,

j<k
ig{j.k}
and the answer is that it occurs exactly three times (equivalent to once, mod 2).
The following proposition is easily proven by the above techniques:

Proposition 7.3 In Znvy one has the relations wiwy; = T - wWcy;—1,1 + Wa;4+1 and
WIW2j41 = TWC24,1 + PW2j41-

Note that the first relation from Proposition 7.3 shows that w,; 41 is decomposable
in Znvy . Without much trouble this generalizes to the following result. Compare [14,

Remark 3.4].

Proposition 7.4 Let 1 < j < k. Then wj is indecomposable in Znvy. if and only if j
is a power of 2.
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Proof If j is not a power of 2, then ({ ) is odd for some 7. Consider the product
wiwj—; = (araz---ai+---)araz---aj—i+---).

When we distribute, we have some terms which contain one or more squares. These
belong to the ideal (p, t) of Znv; because of the relation ai2 = pa; +tb;. A typical
term that does not involve squares is aja; ---a;, and this appears exactly ({) times in
the big sum. So we can write

wiwj—; € (p, T) + wj.

But the elements of (p, T) are by nature decomposable, and so we have that w; is
decomposable.

For the proof that wj,r is indecomposable, we map our ring Znvy to a simpler ring
where it is easier to prove this. Specifically, consider the map

Mylay,...,a, by, ...,bk]/(al-2 = pa; +tb;) = Az a(ay.....ax)
that sends p, t and all the b; to zero. Upon taking invariants, this gives a map
Invg — Az a(ay,. .. Lag) Tk

that sends each w; to the i™ symmetric function o; in the a;. But it is well-known
that in AZ/Z(al,...,ak)Ek o; is indecomposable when i is a power of 2 (see
Proposition A.2 below for a proof). |

7.5 Generalized Stiefel-Whitney classes

One of the difficulties in studying the ring Znvy is that there does not seem to be a clear
choice of which algebra generators to use; every choice seems to have drawbacks. The
we classes defined above represent one extreme: they result from making the indices
on the a’s and b’s disjoint. The opposite approach is to make the indices overlap as
much as possible, and that leads to the following definition:

w® =lay---a;b¢---b).

Note that this defines an element of Znvy for 1 <i < k and 0 < e. It has bidegree
(i,i)4+ei(2,1)=({(2e+1),i(e+ 1)), and in terms of our rank charts it lies on the

same line of slope % as the class w;. Notice that w(o)

;= Wi,
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7.6 Indecomposables

Let e: Mlayq,...,ar, by, .. .,bk]/(a? = pa; + th;) — M, be defined by sending
each a; and b; to zero. We will also write € for the restriction to Znvy . Let I € Znvy,
be the kernel of €: Znvy — M,. Then I;/1 ,f is a bigraded M,—module that is
readily checked to be free; it is called the module of indecomposables for Znvy relative
to M, . Our goal is to determine the bigraded rank function for I; /12, as well as a
basis. In other words, we aim to write down a complete set of representatives for the
indecomposables in Znvy, .

Remark 7.7 It is worth stressing that we have set things up so that “indecomposable”
means relative to M, . The elements p, T and 6 are of course indecomposable elements
of Znvy in the “absolute” sense, but we do not want to keep track of them. They will
not be reflected in the rank function for I; /12, which by definition counts the number
of basis elements over M.

The main result is as follows:

Theorem 7.8

(a) The indecomposables of Invy, are represented by the classes cq, ..., ¢y together
with the classes wgf) for 1 <28 <k and 0 <e <k/2' —1. That is to say, these
classes give a free basis for Iy /I ]3 as an M, —module.

(b) The number of indecomposables for Znvy, is
3k — (# of ones in the binary expansion of k).
(c) For1<2 <k and0<e<k/2'—1 the classes WCi gpi and wg) are equivalent
modulo decomposables.

(d) For p,q e, rankp’q(lk/llf) =0 unless0<pand0<gq <k.
(e) When p isoddand 0 < p,
b+l

2 9
0 otherwise.

1 ifg=
rankp’q(lk/llf)z{ q

The unique indecomposable in topological dimension p is represented by
wg(p_l)/z), or equivalently by wcy (p—1y/2-
(f) When p is even and positive, write p = 2! (2e + 1). Then

1 ifq:%p orq = %p+2i_1,

rank?4 (I /1}) = {() otherwise.

Geometry € Topology, Volume 19 (2015)



146 Daniel Dugger

When g = % p, the unique indecomposable in bidegree (p,q) is represented
by the Chern class ¢;. When g = % p + 2171 the unique indecomposable is
represented by wg‘f) . or equivalently by wcyi . -
To paraphrase the above theorem, in the limiting case k — oo there is one indecom-
posable in every odd topological dimension and two indecomposables in every even
topological dimension. The following chart shows the exact bidegrees, with different
symbols for different types of indecomposables:

O

2o
@ o

O

The circles represent the Chern classes, whereas the squares represent the w—classes.
The squares with an 7 inside represent wl.(e) classes, for 0 < e. The pattern here is that
the wl.("’) classes start in bidegree (i,7) and then proceed up along the line of slope %,
occurring every i steps along this line, where “step” means a (2, 1) move.

For Znvy one cuts the chart off and only takes the classes in weights less than or equal
to k. For example, in Znvs there will be the following indecomposables (given in
order of increasing topological degree):

1 @ 1 3) w®
1

wi, €1, Wy, wl , Ca, Wy, wl , C3, w2 ) wl , C4, , Cs5.

Note that Theorem 7.8(b) predicts the number of indecomposables to be 15 —2 =13,
which agrees with the above list.

Our goal is now to prove Theorem 7.8, proceeding by a series of reductions.

Proof of Theorem 7.8 The complexities of M, are irrelevant to the considerations
at hand. To this end, define Ry = Z/2[t, p,ay,...,ar,by,... ,bk]/(ai2 = pa; + tb;).
Let S, = Rfk , where the Xj—action permutes the a; and b; but fixes p and 7.
Let €: Ry — 7Z/2[z, p] be the map that sends a; and b; all to zero, for 1 <i <k. Let
Ji be the augmentation ideal of Sy, defined as

Ji =ker(Sx = Ry — Z./2[x, p)).
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It is easy to see that Znvy = Sg ®z/2[¢,p] M2 and Ik/I]f i~ (Jk/J]f) ®2z/2[r,0) M2
So the bigraded rank function for Ji/J ,f over Z/2[z, p] coincides with the bigraded
rank function for I /1 ,f over M, . It will therefore suffice for us to prove the theorem
in the former case.

A free basis for Ji/J ]f over Z/2[t, p] is the same as a vector space basis over Z/2
for Ji /[J ]f + (p, T)Ji]- This is the form in which we will study the problem.

Let ﬁk =7Z/2laq,...,a,bq,..., bk]/(al.z) with the evident X4 —action, and let §k =
R/)f" . Consider the diagram

JkH Sk ;- Z/Z['C, /0]

oo

Jp— §k —>7/2

where the vertical maps send p and t to zero, and fk is the kernel of €. It is easy to
see that S} — §k is surjective: a Z/2-basis for the target is given by the orbit sums
[m] where m is a monomial in the a’s and b’s, and such an orbit sum lifts into Sy .
The same argument shows that Jj — J; &, is surjective. We in fact have a surjection

Je/UE + (0. 0T = Ji) T}
and it is easy to see that this is actually an isomorphism.

We have therefore reduced our problem to understanding the module of indecomposables
J; k! I 72 for the ring S, % - This is a fairly routine algebra problem; we give a full treatment
in the appendix for lack of a suitable reference. See Theorem A.1 for the classification
of the indecomposables, proving parts (a) and (b). The third statement in Lemma A.6
proves part (c), and parts (d)—(f) are really just restatements of (a) and (c). O

7.9 Relations

In general it seems that writing down a complete set of relations for Znvy is not practical
or useful. See the cases of £k =2 and k = 3 described in the next section. The relations
tend to be numerous and also fairly complicated. One general remark worth making
is that there will always be a relation for the square of a wi(e) class. The square of
[ay ---a;b{---bf] will be [a% --~al.2bfe . --bl.ze], and each ajz. decomposes as paj+tb;.
For example,

(7.10) [ = [a262] = pla;b3] + t[p2+ 1) = pwP®) + ¢p2e ],
To express this in terms of indecomposables we need to write the power sum [b12 et 1] asa
polynomial in the elementary symmetric functions, via the mod 2 Newton polynomials.
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This already produces an expression with lots of terms. If 2e¢ > k — 1 then w§2e) is

not an indecomposable and we also need to rewrite that term. This can be handled via
the following result:

Lemma 7.11 In Znvy one has the relation

(e—k)

w§e) (e—1) (e—2)C2 +__'+w1 Ck

=w, ] +w,

forany e > k.

Proof This follows from the identities
[a16] = a1 b "] [b1] + a1 b by]
[a1bS 7 by) = [a15S 73] [bybo] + [a1b$ by bs]

We stop when the right-hand term is [albf_(k_l)bz ---by], since in this case the
monomial by --- by is a common factor to all the summands in the X —orbit and can
be taken out:

larb ™ Dby o by) = [arb§F - [by -+ bl = wi™ e

Substituting each identity into the previous one leads to the desired relation. |

52) , and

Let us work through one example. In Znvs there is the indecomposable w
according to our above analysis its square is

(7.12) [wgz)]z = ,ow§4) +7[b3] = pw§4) +tle] +ere3 + ez +ciea +eacs).

The latter expression comes from working out the appropriate Newton polynomial. For
the wg“) term we have

w§4) (3) (2 (1)(23 _ [ (2 (1) ] (2 (

1
=w;cpt+w,; "+ w, w7 tw, e Hwies|cr FwyT e +w, )C3

by two applications of Lemma 7.11. Our final relation is
)12
[w;”]
= p[wgz)(cf +cp)+ wgl)(clcz +c3)+ w1c103] + r[c15 +C1C§ +ch3 +cfc2 +caes).

This gives a fair indication of the level of awkwardness to this approach.
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7.13 The stable case

The ring of invariants Znvy will typically require many relations beyond just those for
the squares on the w—classes; see the examples in Section 8. However, things become
simpler in the stable case k — oco. We describe this next.

Recall that T, = Mi»[ay,...,a, b1, .. .,bk]/(ai2 =pa;+tbh;). The map Ty — T
that sends ay .y and bx; to 0 induces a surjection Znvy ., — Znvy, which is an
isomorphism in topological degrees less than k + 1 (the latter is immediate from
looking at the standard free bases over M, ). Write Znvs, for the inverse limit of

<oo = Tnvy = Invy —> Invy.

From Theorem 7.8 it follows that the indecomposables of this ring are the classes ¢;
for 1 < j and the classes wgf) for0<i and 0 <e.

Proposition 7.14 There exists a collection of polynomials R; . such that Znv, is the
quotient of Miy[cj, w;"" | i, j.,e € Z>] by the relations

[ = Ree

and each monomial of R; . has a factor of the form pkrl where not both k and | are
zero. The polynomial R; . does not have a quadratic term in wfe).

Remark 7.15 Unfortunately the polynomials R; . seem cumbersome to work out in
general. We saw in (7.12) that R} , = ,owgze) 4+ t[Nze+1(c1,-..))], where Nppqq is
the mod 2 Newton polynomial for writing the (2e + 1)—power sum as a polynomial in
the elementary symmetric functions. The polynomial R . is more unpleasant; it has
the form

R2,e = p2w§2e) + ,or[w§4e+1) + wgze)N2e+1(Cl, SN )] + T2[b126+1b§e+1]
where the expression [b12 etl b;e"' '] must be replaced by a certain complicated, Newton-

like polynomial in the Chern classes.

Proof of Proposition 7.14 We let R; . be the polynomials constructed as in Section
7.9; it is clear enough that they exist, but it is just not clear how to write down their
coefficients in a reasonable way. Consider the surjection

Malej, w' |, j, e € Zo)/(Rie) = Tnveo.

We claim that the bigraded Poincaré series for these two algebras are identical, and
from this it immediately follows that the map is an isomorphism. Both the domain
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and target are free M,—modules, so it suffices to instead look at the bigraded rank
functions.

The domain has a free Ml,—basis consisting of monomials in the variables ¢; and wfe)

that are square-free in the w—classes. So the bigraded rank function is the same as for
the algebra

Aw®10<i,0<e)®@Fcr,ca,...].

Likewise, the bigraded rank function for Znv, is the same as the Poincaré series for
the algebra L from appendix (L is just the quotient of Znv, obtained by killing p
and 7). But Theorem A.1(c) gives the isomorphism of graded rings L oo = A(wl.(e) |0<
i,0<e)®F;[cq,ca,...], so this completes the proof. O

8 Examples

In this section, we look closely at H**(Gr,(U);Z/2) and H**(Gr3(U);Z/2), to
demonstrate our general results. We also make some remarks about H**(Gr4(U);Z/2).

Write Mz[c] € H**(Gry (U); Z/2) for the M, —subalgebra generated by the ¢;. We
have seen that the rank chart for the cohomology ring breaks up naturally into lines
1

of slope 5, and it will be convenient to consider a corresponding decomposition at

the level of algebra. To this end, let F; € H**(Gry (U); Z/2) be the M, —submodule
spanned by the elements of our standard basis having degrees (p, ¢) for 0 <2g—p <i.
Note that Fy = M,[c], and in general F; is an M;[c]-module. Let Q; = F;/ F;_q,
and call this module the “i —line”. It is a free M, —module, and the ranks correspond
to the ranks of H™**(Gry(U); Z/2) occurring along the line of slope % that passes
through (i,7). The O-line is simply M,[c]. The duality given by Corollary 3.4 says

that the ranks along the i —line and the (k —i)-line are the same, for every i.

We take the perspective that the 0—line is completely understood, as this is just the
polynomial ring over M, on the classes ¢y, ¢z, ..., cr. In some sense we then also
understand the k-line, by duality. Our next observation is that we can also understand
the 1-line (and therefore the (k — 1)-line along with it).

Lemma 8.1 Let X = H**(Gry(U);Z/2). Then

rank2p+1,p+l (X)

= rank??>? (X) + rank?>? "2 P71(X) + - - - + rank?P 2= D-p=(k=1) (xy

forany peZ.
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Proof We change this into a statement about partitions, using Proposition 3.2. The

claim is that
k—1

party 41 <[1]= D party ,_5; <[0].
i=0
We sketch a bijective proof of this. Regard a partition with at most k pieces as a
partition having exactly k pieces, but where some pieces are 0. Given a partition of
2p into k pieces that are all even, make a partition of 2p + 1 by adding 1 to the
smallest piece. Given a partition of 2p — 1 into k pieces that are all even, make a
partition of 2p + 1 by adding 3 to the second smallest piece. And so on: given an
element of part, ,_,; <[0], make a partition of 2p +1 by adding 2/ +1 to the (i + 1)t
smallest piece. We leave it to the reader to check that this does indeed give the desired
bijection. a

Proposition 8.2 The 1-line Q; is a free M;[c]-module generated by the classes
wge) for0 <e<k-—1.

Proof We have the evident map
k—
(8.3) Malelwr. w”.....w* D) - 0.

Theorem 7.8 says that X is generated as an M, —algebra by products of elements ¢; and
wj(e). The only such products that can lie on the 1-line are products of ¢; with wge).
This shows that the map in (8.3) is surjective. But Lemma 8.1 shows that the ranks of
the domain and target of (8.3) coincide, hence the map must be an isomorphism. O

In the cohomology of Gr; (/) we only have the 0-line, 1-line and 2-line, and the
outer two are dual, so we basically understand everything. In Gr3(U) we have the
0-line/3-line and the 1-line/2-line, and again we understand everything. This is
why these two cases are fairly easy. When we get to Gr4(U/) things become more
complicated.

Let us now look in detail at Gr({/). The rank calculations can be done by counting
partitions using Proposition 3.2, and this is very easy. One finds

g—l—l if p is even,

2p,p _ 2p+2,p+2 _
rank = rank =\ p+1
2

if p is odd,
rank?P 1Pl = 54 1.
By Theorem 7.8 the indecomposables are

1)
€1, €2, W1, Wy ~, Wa.
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The 1-line is a free Ml;[¢c]-module generated by w and wgl) , and the rank calculations

suggest that the 2-line is the free M,[c]-module generated by w,. So we guess that
the three classes wq, wgl) and w; span the cohomology as an M,[c]-module. If this
is true, there will be relations specifying the products of any two of the w—classes. A
little work shows that

wi =pwy +er,  wr = ptws + pr(wic +w§1))+r2c2,
D12 1
[w§ )] = p(wg Dy + wicz) +T(e] +crez)

and also that

wiwy = pwy + t(wier + wgl)),
wlwgl) = pwgl) + rclz + wacq,
wzwgl) = pwyc1 + r(wlcl2 + wgl)cl + wicy).

We have separated the relations into two classes: the relations for the squares of the
w—classes will always be present, but the relations amongst square-free monomials in
the w—classes depend very much on the value of k.

Once these relations have been verified, we have a surjective algebra map
Maler. ez wi,wi wal/(R) > H**(GraU): Z/2)

where R is the above list of relations. As an Ml,[c]-module the domain is free with
generators 1, wy, wgl) and w,, and our rank calculations then show that the Poincaré
series for the domain and target agree. So the above map must be an isomorphism.

It remains to verify the relations listed above. The ones for the squares of w; and wgl)
follow readily from (7.10) and Lemma 7.11. For w% we write

[ara;]* = [a]a3] = [(pa1 + Th1)(paz + Thy)]
= p’laraz] + prlarbo] + T [b7]
= p*wa + pr([a][b1] + [a1b1]) + T7¢].

Of the remaining three relations, we leave the first two to the reader and only verify
the last:
[ayas]-[a1by] = [atazbi] = playazby] + tla1b3]
= plaia;][b1] + t([a1][b7] + [a1b7])
= pwycy + t(wyef + wgz)).
Now use Lemma 7.11 to decompose wgz)'
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Next let us look at the cohomology of Gr3(l/). The indecomposables are

o Q)
€1, €2, €3, W1, Wy ~, Wy 7, W,

and the 1-line is generated over M[c] by wy, wgl) and wgz). The evident elements

of interest on the 2—line are

1 2
wy, wl-w§ ), w1 wg ).

Duality between the 1-line and 2-line suggests that we will have three generators as
an M, [c]-module, and since these are the only candidates there is not much choice
for what can happen. Finally, we expect by duality that the 3-line is the free M,[c]-
module generated by w;w,. This gives a conjectural description of the cohomology
as a module over M, [c], which we will soon see is correct.

The guess suggests that we should have relations for the products w; - wgl), wy - wgz)’
and wgl) . w§2), as well as for the squares of all the w—classes, of course. Some tedious
work in the ring of invariants reveals the following relations:

w? = pun +er
w% = p2w2 + pt(wicy + wgl)) +72¢,,

[wﬁl)]z = pwgz) +t[c] +erea + 3],

[wgz)]z = p[wgz)cf + wgl)clcz +wieres + wgz)cz + w§1)63]

+t[e] +cjer +cfes +cres +eacs].

wz-wgl) = wiwycy + (p, 1),
2
wz-wg ) = wlwzclz +(p, 1),
wgl) ) wgz) = Wyc3 4+ wacicr + wlwgl)cl2 + w1w§2)01 + (p. 7).

In the last three cases we are being somewhat lazy and not writing out the entire relations,
which are long and complicated. We have instead written “(p, t)” as shorthand for all
terms belonging to the ideal (p, 7).

Once again, we have now produced a surjective map
Mialer, ez, wi, wi, w(?, wal/(R) = H**(Grs t); 2/2)

where R is the set of relations above. The domain is a free M ;[c]-module generated
by 1,wq, wgl), wgz)’ Wy, Wy * wgl), wy - wgz), wqw;. One can analyze the Poincaré
series for the cohomology ring in terms of partitions, and a little work shows that the
Poincaré series of the domain and codomain agree. It follows that the above map is an
isomorphism of algebras.
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Finally, we make some brief remarks about Gr4(l/). The indecomposables are

€1, €2, €3, C4, Wy, wﬁl), wﬁz), w§3), wa, wgl), Wy.
The 0-line is the polynomial algebra Mj[cy, 3, ¢3, 4], and the 1-line is the free
M, [c]-module with basis elements wle for 0 < e < 3. The monomials on the 2—line
are

1 (2 G D M @
1

@ 6 @ 3
W2, WIW, , Wiw,, wiwy, Wy, wy w7 w, W,

’ 7w1 ’

with bidegrees
(2,2), (4,3), (6,4), (8,5), (6,4), (8,5), (10,6), (12,7).

The ranks along the 0-line constitute the sequence S = (1,1,2,3,5,6,9,11,...). If
the 2-line were free on the above generators then the ranks along the 2—line would
be P=(1,2,5,9,15,23,34,47,...). This sequence is obtained by adding up eight
copies of S with appropriate shifts, according to the topological degrees of the eight
monomials listed above: P = Zi(E(pi_z)/ 2S), where p; is the topological degree of
the i element of the list (we subtract two because our 2—line “starts” at w, ). That is,

P=S+3S+32S+225+235+335+ %S+ =35.

Computations with partitions reveal that the actual rank sequence for the 2-line is
(1,2,5,8,14,20,30,40,55,...). Playing around with the numerology shows that
removing a X3S and the X3S from P seems to yield the correct answer; this leads
to the guess that there is a dependence relation amongst the two elements w wP) and
wgl)wgz), and also that there should be a relation for w§2)w§3). One can indeed find
such relations, although the process is time-consuming. In the first case the relation is

w1w§3) + wgl)w?) + w1w§2)61 + wél)cl + wac3 + Wy wgl)

¢+ (p, 1) =0,
where the last term represents an element in the ideal (p, t) that we have not gone to
the trouble of determining.

It again appears that the cohomology of Gr4 (i) is free as a module over M,[c], with
basis consisting of certain products of w—classes. However, there does not seem to be
a canonical choice for the basis: eg there is no preferred choice among w; wg” and
wgl)wgz) for which to include. Also, the relations are getting truly horrendous. We
choose to stop here.
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9 Connections to motivic phenomena

Let F be a field, not of characteristic 2. For an algebraic variety X over F, a
quadratic bundle over X 1is an algebraic vector bundle £ — X together with a pairing
E®F E — Oy that is symmetric and restricts to nondegenerate bilinear forms on each
fiber. For reasons that we will not explain here, such bundles play the role in motivic
homotopy theory that ordinary real vector bundles play in classical algebraic topology
(see Remark 9.6 below for a bit more information). It is natural, therefore, to try to
understand characteristic classes for quadratic bundles with values in mod 2 motivic
cohomology.

One can make a guess at a classifying space for quadratic vector bundles, as follows
(this is known to be a true classifying space if one works stably, by a result of [19]).
Equip the affine space A2" with the quadratic form

QZn(xlyyl,xLyz,...,xn,yn)=x1y1 + o+ Xnn

and equip A2"*1 with the quadratic form

q2n+1(x1,y1:x2,y2:---,xn,yn,z) :xlyl +"'+xnyn+22-

These are called the split quadratic forms. Note that we have A2” sitting inside A2"T!
as the z = 0 subspace, which exhibits ¢g;; as the restriction of g;;,4+1. We will also
regard A2"*1 as sitting inside A2"T2 as the subspace Xx,+1 = Vn41, which exhibits
q2n+1 as the restriction of g5,4».

From now on we will write (A", ¢) for either (A2",¢,,) or (A2"*1 g5,.1). Note
that we have a series of inclusions

(Al q) = (A%, q) = (A%, q) — ---

Define the orthogonal Grassmannian OGry(A™V) to be the Zariski open subspace
of Gri(AN) consisting of the k—planes where ¢ restricts to a nondegenerate form.
Taking the colimit over N gives a motivic space OGry (A°), in the sense of Morel
and Voevodsky [15]. It is an interesting (and unsolved) problem to compute the motivic
cohomology groups of this space.

Now restrict to the case F = R. From an R-variety X we can consider the set X (C)
of C-valued points, regarded as a topological space via the analytic topology. This
space has an evident Z/2-action given by complex conjugation, and the assignment
X — X(C) extends to a map of homotopy theories from motivic homotopy theory
over R to Z/2-equivariant homotopy theory. Our goal in this section is only to note
the following result:
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Theorem 9.1 There is an equivariant weak homotopy equivalence
[0Grx (AM)])(C) =~ Gry UN).

(Recall that UN denotes the first N summands of the infinite 7. /2-representation
U=ROER_PGRPR_&P---).

The above theorem shows that the main problem considered in this paper is indeed the
7,/ 2—equivariant analog of the problem of motivic characteristic classes for quadratic
bundles.

We will need a few preliminary results before giving the proof of the theorem. To
generalize our previous definition somewhat, if V' is any vector space with a quadratic
form ¢ then we write OGry (V') for the subspace of Gri (V') consisting of k—planes
W C V such that ¢|p is nondegenerate. Sometimes V' will be a real vector space
and sometimes V' will be a complex vector space, and in the latter case our orthogonal
Grassmannian will be the space of complex k—planes on which ¢ is nondegenerate.
Usually the intent will be clear from context.

Assume V is real and the form ¢ is positive definite. This form extends to give a
complex quadratic form on V ®pg C that we will also call ¢. The complexification
map c¢: Gri (V) — Grp(V ®g C) has its image contained in OGry (V ®r C). To see
this, just observe that if U C V is any k—plane then there is a basis for U with respect
to which ¢ looks like the sum-of-squares form. Extending this basis to U Qg C shows
that ¢ is nondegenerate here. Similar remarks apply to show that the direct-sum map
in part (b) of the following result takes its image in OGr rather than just Gr.

Note that the following result takes place in the non-equivariant setting:

Proposition 9.2 Let V' be a real vector space with a positive-definite quadratic form q .

(a) The complexification map Gry (V) — OGr}?(V ®Rr C) is a weak homotopy
equivalence.

(b) Let V' be another real vector space with positive-definite form q’. Then the
direct-sum map [ [,y Gra(V) x Grp (V') = OGr (V@ V'.q ® (—¢')) is a
weak homotopy equivalence.

Proof Without loss of generality we may assume that V' = R” and ¢ is the sum-of-
squares form. Recall that the symmetry group of this form is the Lie group O, =
{A € Myxn(R)| AAT = I}. The symmetry group for the sum-of-squares form over
C is 0,(C) ={A € Myxn(C) | AAT = I}. Recall that O, is a maximal compact
subgroup inside of O, (C); it is therefore known by the Iwasawa decomposition that
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the inclusion O, — O, (C) is a homotopy equivalence (see [3, Theorem 8.1 of Segal’s
lecture] or [10, Chapter XV, Theorem 3.1]).

The space Gry (R") is homeomorphic to O /[O x O,,_]. Likewise, OGry (C") is
homeomorphic to O, (C) /[0 (C) x O,_;(C)]. The map in part (a) is the evident
comparison map between these homogeneous spaces. Consider the two fiber bundles

Ok X Op—i Oy On /[0 x Oy—i]

| | l

Ok (C) X Op—(C) — On(C) — O0n(C)/[0k(C) x Op—(C)]

(written horizontally). The left and middle vertical maps are weak equivalences,
therefore the right map is as well. This proves (a).

For (b) recall that a nondegenerate quadratic form on an n—dimensional real vector
space is classified by its signature: the pair of integers (a,b) such that a + b = n,
representing the number of positive and negative entries in any diagonalization of the
form. Let O(a, b) be the symmetry group for the quadratic form of signature (a, b).
This Lie group contains O(a) x O(b) in the evident way, and it is known that this is a
maximal compact subgroup. Consequently, the inclusion O(a) x O(b) — O(a,b) is a
weak homotopy equivalence by the Iwasawa decomposition.

We can assume V =R” and V/ = R", with both ¢ and ¢’ being the sum-of-squares
form. The group O(n,n’) acts on OGri(V @ V') in the evident way. It is easy to
see that the action decomposes the orthogonal Grassmannian into a disjoint union of
orbits, one for every possible signature (a, b) with a + b = k. The path component
corresponding to such a signature is the homogeneous space

O(n,n")/[O(a,b) x O(n—a,n’ —b)].
The map in part (b) coincides with the disjoint union of the evident maps

[0()/10(a) x O(n —a)]] x [O(n')/[0(b) x O(n' = b)]]

Lg

[0(n) x O(n")]/[[0(a) x O(n — )] x[O(b) x O(n' —b)]]

’

On,n")/[0(a,b) x O(n—a,n’ —b)].

At this point one proceeds exactly in the proof of part (a): write down a map between
two fiber bundles, where two of the three maps are already known to be weak homotopy
equivalences. |
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We next move into the equivariant setting. By an orthogonal representation of 7./2 we
mean a pair (V, q) where V is a real vector space and ¢: V — R is a positive-definite
quadratic form on V such that g(ox) = ¢g(x) for all x € V. The main examples for
us will be where V = R", ¢ is the standard sum-of-squares form and Z/2 acts on V'
by changing signs on some subset of the standard basis elements.

Let Vo =V ®r C, with the Z/2-action induced by that on V. The complexification
map Gri (V) — OGr (V) sending U C V to Uc C V is clearly equivariant, where
the 7 /2-actions on domain and codomain are induced by those on V' and V.

Corollary 9.3 For any orthogonal representation V of Z /2, the map of Z /2—spaces
Gry (V) — OGry (V) is an equivariant weak equivalence.

Proof Taking Proposition 9.2(a) under consideration, it suffices to prove that the
induced map of fixed sets is a weak equivalence. Let VZ/2 and V—2/2 denote the
+1 and —1 eigenspaces for the involution on V. These are orthogonal with respect
to the inner product on V. A subspace U C V is fixed under the Z/2-action if and
only if U equals the direct sum (U N VZ/2) @ (U N V~%/2). From this we get a
homeomorphism

Gr (V)22 = ] [ Gri(VE/%) x Gy (V212),

1

which sends U C V to the pair (U N VZ/2 UNV~Z/2) Inthe same way, one obtains
a homeomorphism

OGr (Vo) 2/ = | [ 0Gri (VE?) x 0Gr_; (Ve #/).
i

Since the inclusions Gr;(VZ/2) < OGr; (VZ'?) and Gr; (V~2/2) < OGr; (Vg #/?)
are (non-equivariant) weak equivalences by Proposition 9.2(a), this completes the
proof. |

The above corollary has been included for completeness, but it actually does not give
us what we need. The Z /2-action on V ®@p C is complex linear, whereas we will find
that we actually need to consider conjugate linear actions. We do this next.

Let W be a complex vector space with a nondegenerate quadratic form ¢. Let o: W —
W be a conjugate-linear map such that 2 = 1. That is, o(zx) = Zo(x) for every
z € C and x € W. Also assume that ¢(ox) = (m for every x € W. The space
OGry (W) then has a Z/2-action induced by o: if J € W is a complex subspace
such that ¢g|s is nondegenerate, then o(J) is another complex subspace on which ¢
restricts to be nondegenerate. Our next task is to analyze the fixed space OGry (W)Z/2,
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Remark 9.4 Let (V,q) be an orthogonal representation for Z /2, and let W be the
vector space V ®g C with the action given by (v ® z) = 0(v) ® z. Then (W, q)
satisfies the conditions of the above paragraph. In this case we will use the notation
W =V ®g C. The bar over the C just reminds us that Z/2 acts on that factor by
conjugation.

Returning to the case of a general W, note that as a real vector space W decomposes
as WZ/2 @ W~2/2 where the summands are the subspaces on which ¢ acts as the
identity and as multiplication by —1. Moreover, multiplication by i maps WZi2
isomorphically onto w—Z/2, Finally, one easily checks that ¢ is real-valued on both
WZ/2 and W=2/2,

If J € W is any complex subspace that is fixed by o then we have the decomposition
J = NWZ/2)yg (J nW2/2), and multiplication by i interchanges the two
summands. In this way we get a map

OGr; (W, q)%/? — Gy (W2/2),  J> Jn W22

and the image is readily checked to land in OGr (W Z 2, q). Conversely, if M C W% /2
is any k —dimensional real subspace such that ¢|»s is nondegenerate then M @i M C W
is a k—dimensional complex subspace with the same property. So we also get a map
OGrk(WZ/ 2) — OGr (W, q)Z/ 2 It is routine to check that these maps are inverse
isomorphisms. Thus, we have proven the following:

Proposition 9.5 In the above setting, there is a homeomorphism OGry (W, q)Z/ 2~
OGr, (WZ/2 g).

We are now ready to prove the main theorem of this section:

Proof of Theorem 9.1 Write g, for the split quadratic form on C¥, and gss
for the sum-of-squares quadratic form on CV. The theorem concerns the space
OGr (CV, gsp) Where the Z /2—action is induced by complex conjugation. Let xi,
Y1, X2, V2, ... denote our standard coordinates on C N | with the convention that when
N is odd then the last of the y; is just zero. By changing coordinates we can change
gsp INtO ¢ Precisely, define a map ¢: C N CN by

d(x1,y1,x2, Y2, ...) = (x1 +iy1, x1 —iy1, X2 +iy2, X2 —iy2,...).

Then we have ¢, (¢(v)) = gss(v) for any v € CN'. This gives us an identification
of non-equivariant spaces OGry(C%, gsp) = OGrg (C N gs). To extend this to an
equivariant identification, note that if the target of ¢ is given the conjugation action
then the domain of ¢ gets the action that both conjugates all coordinates and changes
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the signs of the y—coordinates. In terms of previously established notation, this is the
equivariant homeomorphism

OGrk (CN, qu) = OGI‘k(Z/lN ® @, qSS)'
Consider the complexification map
c: GreUN) - 0Gr UN ® T qs5).

We have seen in Proposition 9.2(a) that this is a non-equivariant weak equivalence.
To analyze what is happening on fixed sets, let W =N ® C. Note that WZ/2 =
{(ri,iry,r3,irq,...,(@Q)rn) | r1,...,rNy € R}, where the last coordinate has the i in
front when N is even. Note as well that we can decompose WZ2 = Wf/ e w2/ 2,
where

WE = ((r1,0,73,0,...) | ri € R}, WZE2={(0,ir,0,irq,...) | ri €R}.

The form ¢ is positive definite on the first summand and negative definite on the
second.

Let Z/liv and U be the subspaces spanned by the odd- and even-numbered basis
elements, respectively. So L{iv = UN)Z/2 and uN = WUN)"2/2 . Note the following
maps:

Gy UN)Z/? — = OGr (W, gs) /> <=— 0Grx (W22, 4)
LI Gra@) x Gry @) = 1 Gra(W2'?) x Gry(W2/?)
at+b=k a+b=k

The map on the right is the evident one, and is a weak homotopy equivalence by
Proposition 9.2(b). The dotted map is the obvious homeomorphism, obtained by
identifying uer = Wf/ 2 i-uN = w22 One readily checks that the diagram
commutes, and this verifies that ¢ induces a weak homotopy equivalence of fixed sets.
Thus, ¢ is an equivariant weak equivalence. O

Remark 9.6 The non-equivariant part of Theorem 9.1 (equivalently, Proposition 9.2(a))
gives the homotopy equivalence of spaces OGry (CV) ~ Gry (R™). This is a classical
result: for example, see remarks in [2, Section 1.5] and discussion of real Grassmannians
throughout [18, Chapter 5]. Notice that this gives some corroboration to the idea that
quadratic bundles are the motivic analogs of real vector bundles.
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Appendix: The de Rham ring of invariants in characteristic
two

Let K, = A(ay,...,ay) ® Falby,...,by], and let X, act on K, by simultaneous
permutation of the @; and b;. Let L, = K;". We call L, the “de Rham ring of
invariants”. Note that there is an augmentation €: K, — I, sending all the a; and b;
to zero, and this restricts to an augmentation of L, . Let I C L, be the augmentation
ideal. Our first aim in this section is to give a vector space basis for the module of
indecomposables I/17%. Said differently, we give a minimal set of generators for the
ring L.

Note that K, maps to K, by sending a,4; and b, to zero, and this homo-
morphism induces an algebra map L, — L,. Thatis, if f(a,b) is a polynomial
expression in the a’s and b°’s that is invariant under the 3, ;—action, then eliminating
all monomials with an a,41 or b,4+1 produces a polynomial that is invariant under
3, . From this description it is also clear that L, 41 — L, is surjective: if f(a,b) isa
¥, —invariant then one can make a X, 41 —invariant by adding on appropriate monomial
terms that all have a,41 or by41.

Let Lo be the inverse limit of the system
—)L3 —)L2—>L1.
The second goal of this section is to give a complete description of the ring Lo -

These results are presumably well-known amongst algebraists. See Rydh [16, Section 7]
for the case of Fylay,...,ar,b1,...,bg], which can be used to deduce some of our
results. See also Giusti, Salvatore and Sinha [9, Section 2] for some related work.
Rather than use the machinery of [16], however, we have chosen to give a “low-tech”
treatment, which is perhaps more illuminating for our present purposes.

If m € K, is a monomial in the @; and b;, write [m] for the smallest polynomial that
contains m as one of its terms and is invariant under the X, —action. Here “smallest” is
measured in terms of the number of monomial summands. We can also describe [m] as

[m] = Z o.m,
oex,/H

where H is the stabilizer of m in X,,.

Using the above notation, write @j,e = [ay -+ a,ib]---b3;] for 1 < 2i<pand 0 <e.
Also, write o;(a) and o;(b) for the elementary symmetric functions in the a’s and b’s,
respectively. So g;(a) = [a; - - a;], for example.
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We can now state the main result:

Theorem A.1

(a) Ly is minimally generated by the classes g;(b) for 1 <i <n together with the
classes o for 1 < 2l <nand 0 <e<n/2' —1. That is to say, these classes
give a vector space basis for I1/17.

(b) The number of indecomposables for L, is
3n — (# of ones in the binary expansion for n).

(©) Loo=~ A(oz,-,e |0<i,0=< e) Q@ Fy[o1(b), 02(b),...].

The Online Encyclopedia of Integer Sequences [8] was useful in discovering the formula
in part (b).

The proof of this theorem will be given after establishing several lemmas. The first
result we give is not directly needed for the proof, but is included for two reasons: it
provides some context that helps explain the more complicated theorem above, and
we actually need the result in the proof of Proposition 7.4. The result is probably
well-known, but we are not aware of a reference.

Proposition A.2 Let X, acton A, (ay,...,a,) by permutation of indices. Then
A(aq,... ,an)E” = A(01,02,04,...,05k)/R,

where k is the largest integer such that 2K < n and R is the ideal generated by all
products 04i, 04i, -+ 0yis , Where 20 4002 4y 2l >,

Proof It is easy to see that the classes 1,01,...,0, form a vector space basis for
the ring of invariants over I, . Put a grading on A(ay,...,a,) by having the degree
of each a; be 1. Then the ring of invariants is also graded; the dimension of each
homogeneous piece equals 1 in degrees from 0 through 7, and zero in degrees larger
than #n.

It is also easy to see that 0'1-2 = 0 for each 7, and so we get a map of rings
Aoy, ...,00)/R— A(ay,...,an)=".

The next thing to note is that o, - 05 = (rj's)or+s. This is an easy computation:
distributing the productin [ay - - - a,]-[a; - - - as], one finds that the products of monomials
are all zero if the monomials have any variables in common. The products that are not

zero have the form a;, ---a;, ., and such a monomial appears exactly (r Jrrs) times.
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If 7 is not a power of 2 then there exists an 7 such that (;) is odd, which implies that
0, = 0; - 0,—;. So such classes are decomposable. We therefore have a map

A(o1,02,04,...,056)/R—> A(ay, ... ,an)E”.

This is a map of graded algebras, and the Poincaré series for the domain and target are
readily checked to coincide. Since the map is a surjection, it must be an isomorphism.
O

We next establish a series of lemmas directly dealing with the situation of Theorem A.1.
We begin by introducing some notation and terminology. If 7 = {iy,..., iy}, then
write ay for a;, a;, - aj, . Likewise, if dy is a function I — Z>( then write

i ...bd"k

. d;
b?” for the monomial bi”b.
1 Yia ik

If m is a monomial in the a’s and b’s, then the variables a; and b; are said to be
bound in m if a;b; divides m. If a; divides m but b; does not, we will say that a; is
free in m (and in the opposite situation we will say that b; is free). Any monomial
may be written uniquely in the form

m= alb;ha]b;’(,

where the indices in I represent all the bound variables: so INJ =INK=JNK=0.
Finally, recall that [m] denotes the smallest invariant polynomial containing m as one
of its terms.

Lemma A.3 Let m = alb?’ajb;’(. Then [m] is decomposable in L, if any of the
following conditions are satisfied:

(1) I # @ and J # @ (ie some of the a’s are bound and some are free).

(2) J=o and d;, #d,, forsomei,iel.

(3) J =K =g and #I is not a power of 2.

(4) I =K =g and#J isnotapower of 2.

Proof For (1) first assume that K = &, and consider the product [a Ib;l’ 1-las]-
Distributing this into sums of products of monomials, such products vanish if / and J
intersect. A typical term that remains is aya Jb;il , and it is clear that this term occurs
exactly once. In other words,

larb®]-las) = lagasbd'].
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To finish the proof of (1) we do an induction on the size of #K. If m = a Ib iy Jb oK
then consider the product [a;b; di ]-[a jbeK ]. Distributing this into sums of products of
monomials, we find that

[arby ’] [a ;b1 = [m]+ (terms of the form [a;b§ Ian '] where #K' < #K).

The latter terms come from products where the indices in / match some of those
in K. By induction these latter terms are all decomposable in L,, so [m] is also
decomposable.

For (2), we again first assume that K = & so that we are looking at [a; - - - asbld1 e bf‘].
By rearranging the labels we may assume dy > d > --- > ds. Let r be the smallest
index for which d, = d;, and consider the product

[ ...ar_lbfl by - aghf b

r—1
where f = d;. Once again considering the pairwise product of monomials, all such
terms vanish except for ones of the form a;, ---a;,b; bd’ 1bf b{ . The fact
that f is the smallest degree on the b; guarantees that thls term appears exactly once
in the sum, and hence

d dr_ d :
lay - a,_1 6% b1 [a, .asbr/‘"...bsf]:[al...asbll...bg]_
To complete the proof of (2) we perform an induction on #K . Consider a monomial

_ dryex _ 1 ds el ex
m=arb;"'b —al---asb1 bsbs_H bs+k

Again arrange things so that dy > dy > --- > dy and let r be the smallest index for
which d, = dy. If we again write f = d, then one readily checks that
[ag -+ apoy b8 b o ay - aghf b BEL b T = [m]+ Y larbfibE ],

where for each term in the sum K’ is a proper subset of K. These terms inside the
sum correspond to pairs of monomials in the product for which a b; for 1 <i <r —1
matches a by ; for 1 < j < k. However, by induction on #K each [alb?; b;’f’ is
decomposable, hence [m] is also decomposable.

To prove (3) it suffices (in light of (2)) to show that [ay ---agb{---by] is decom-
posable whenever k is not a power of 2. This assumption guarantees that (lf ) is odd
for some i in the range 1 <i <k — 1. We claim that

[ay -+ aib® - bE)-[ajpr -+~ aghfy -+~ bE1 = [ay - -agh? --- bE].

To see this, note that all terms in the product vanish except for ones of the form
aj, -+~ aj bf - bf , and such a term appears exactly ( ) times. Use that () is odd.

The proof of (4) is the same as for (3); it is really the special case e = 0. |
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Lemma A4 L, is generated as an algebra by the elements o;(b) for 1 <i <n
together with the classes [m], where m = aj b;i’ ay (thatis, where m has no free b’s).

Proof Let Q C L, denote the subalgebra generated by the elements from the statement
of the lemma. We will prove that if m = aj b?’ a Jb;(K is an arbitrary monomial then
[m] is equivalent modulo decomposables to an element of Q. This readily yields the
result by an induction on degree.

First consider the case where I = J = &, so that m = b}"(’( . Note that Z/2[by, ..., by S
L,,and weknow Z/2[b, ..., b,]*" is a polynomial algebra on the o;(b) for 1 <i <n.

It follows at once that [m1] is equivalent modulo decomposables to a multiple of a g;(b).

The next stage of the proof is done by induction on #K . The base case K = & is trivial,
as such monomials lie in Q by definition. So assume K # & and consider the product
[albld’aj] -[bZ¥]. This product decomposes into a sum [m] + [my] + [ma] +--- where
each m; has fewer free b’s than m. Therefore [m] is equivalent to ) _,[m;] modulo
decomposables, and each [m;] is equivalent to an element of Q by induction. |

Corollary A.5 L, is generated as an algebra by the following elements:

(1) oij(b) for1 <i <n.

2) [a; ---a2ibf---b§i] for1 <2 <n ande > 0.

Proof Lemma A.4 gives the generators o;(b) and [ay b;il ay]. Using Lemma A.3(1)
we reduce the second class to all elements [af b;l’ ] and [as]. Finally, Lemma A.3(2,3,4)
further reduces the class to the set of elements in the statement of the corollary. O

We need one more lemma before completing the proof of Theorem A.1. For x, y € L,
let us write x = y to mean x and y are equivalent modulo decomposables (that is,
x—yel?).
Lemma A.6 Ifr >k andn >r + k then

lay -~ agh - bgbgiy - b =lay---agh{™ - bf by by,
Consequently, provided ke < n one has that

[ay - agh$ bS] =[ay -+ agby -+ bi,].

If k + ke <n we also have

[a "'akbf"'bli] = [a; ---akbk-H "'bk+ke]-
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Proof For the first statement consider the product
[ay ---agh ---bE]-[by ---by).
The product contains

[y - akb§ - bbiyy - biyy] and [y agb$T b gy by

as well as other terms that look like [a -‘-akbiil ---bZ" D41+ bg+i] in which the
d; are not all equal. But such terms are all decomposable by Lemma A.3(2).

The second statement follows from the first using an induction:
[ay---axbi -+ bre) =lar---axhi -+ bibg1 -+~ be—k]

=[ay - agbyi - bbry1 -+ bre—ak]
=[ay ---agb¢ - bE].

Finally, for the third statement we consider the product
lay---ak]-[b1 -+ brel.

This is a sum of terms [m;] where [ay ---agby---bye| and [ay -+ apbg41 -+ Dk ykel
each appear exactly once, and all other m; have at least one free @ and one bound a.
But Lemma A.3(1) then tells us that these other m; are all decomposable. O

Corollary A.7 Ife >n/k —1 then [ay ---ayb{ ---b}] is decomposable in Ly.

Proof Let N =ke+k, whichis larger than # by assumption. We begin by considering
the element [ay ---agb] ---by] in L. Lemma A.6 gives that

[a; "'akbf"'blec] =[ay---apbrs1 - Dr+tkel

Now apply the homomorphism L — L,, and note that since ke + k > n the element
on the right maps to zero (every monomial term has at least one index that is larger
than n). This proves that [ay ---agb{ --- b{] is decomposable in Ly, O

At this point we have verified that L, is generated, as an algebra, by the classes
o;(b) for 1 <i=n together with the classes [ay -+ - a,ib] - --b;i] for 1 <2/ <n and
0 <e <mn/2'—1. It remains to verify that these classes are a minimal set of algebra
generators, or equivalently, that they give a Z/2-basis for 1/1?. The approach will be
to first grade the algebras in a convenient way. Then we identify the indecomposables
in Lo, which can be done by a counting argument. Finally, we observe that Lo, — L
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is an isomorphism in degrees less than or equal to 7, and use this to deduce the desired
facts about the indecomposables in L.

Grade the algebra K, = A(ay,...,a,) @ Fy[by, ..., by] by having the degree of each
a; be 1 and the degree of each b; be 2. Then L, inherits a corresponding grading. The
invariant element o; (b) has degree 2i, whereas the element ;. = lay---ayibf---b3;]
has degree 2! + 2¢-2' = 2'(2¢ + 1). Notice that for every positive integer r the set
{aie | 0 <1i,0 < e} has exactly one element of degree r.

Proposition A.8 The map A(wje | 0 <i,0 <e)®Fzf0; | i > 0] > L is an
isomorphism.

Proof We have already proven in Corollary A.5 that the map is a surjection. The
injectivity will be deduced from a counting argument. For convenience, let D denote
the domain of the map from the statement of the proposition. Let S = F,[vy, v,,...]
where v; has degree i. We will prove that the Poincaré series for D and L both
coincide with the Poincaré series for S'. Since D and L, will therefore have identical
Poincaré series, the surjection D — Lo, must in fact be an isomorphism.

Note that S has a basis over [, consisting of monomials

2ep . 2e 2e
Vi, Vi ...Ul-rvl 1v2 2 ...vk K
with each e; > 0, where the i, are distinct. There is an evident bijection between the
elements of this basis and the basis for D consisting of monomials in the «; . and o;:
we replace each v;, with the unique «; . having degree i, , and we replace each vl.ze
with of . This identifies the Poincaré series for S and D.

Recall that Loo has a Z/2-basis consisting of the invariants [a;, ---a;, b ---b3¥]
where there is allowed to be overlap between the i— and j—indices. Say that a
monomial is pure if it only contains a’s and b’s of a single index. So bf and a;bf
are pure, but alazbf is not. An arbitrary monomial m can be written uniquely (up to

permutation of the factors) as
m :ml .mz...mt

where each m; is pure and the indices appearing in m; and m; are different for every
i # j. For example,

(A9) a1ara3ashtbrbsbi = (a1b}) - (a2bs) - (a3) - (asbs) - (b3).

For a pure monomial m, let d(m) be its degree and let 7(m) = vg4(y,) . Finally, for an
arbitrary monomial m as above define n(m) =n(my) - n(m;) = va1) va) - Vd()-
For example, for the monomial in (A.9) we have n(m) = v, v%vgvlo.
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Note that if ¢ is a permutation of the indices then n(om) = n(m). One readily
checks that the function n gives a bijection between our basis for L, and the standard
monomial basis for S; it should be enough to see the inverse in one example, eg

va§v§v6v10 = n([a1azas - babs - agbgarb7 -bg -b;]).

Clearly n preserves the homogeneous degrees of the elements, so the Poincaré series
for Ly and S coincide. This completes our proof. a

Lemma A.10 The surjections L,4+; — L, and Lo, — L, are isomorphisms in
degrees less than or equal to n.

Proof This is clear from our description of the additive basis for L. a

Proof of Theorem A.1 We have already proven (c) in Proposition A.8, so it only
remains to prove (a) and (b). For (a) we have proven in Corollaries A.5 and A.7 that
L, is generated by the given classes, so we need only show that those classes are
independent modulo 7%. However, all of the classes in question are in degrees less
than 7. If there were a relation among them in L, this relation would lift to L by
Lemma A.10. Yetin Lo the classes are obviously independent modulo /2.

Finally, we prove (b). In our list of indecomposables there are #n of the form o;(b)
(1 =i =n). The ones of the form [a; ---a,:] number [log,(n)] since we must have
2! < n. The ones of the form [a1b{] number |1 —1], the ones of the form [aa;b{b5]
number L%n — 1], etc. So we have the formula

#(indecomposables in L,) =n+ [log,(n)| + (n—1) + I_%n —1]+ I_%n —1]+---,

where the series stops when 7/2¢ becomes smaller than 1. Thus, excluding the first
two terms we have |log,(n)] terms, all of which have a “—1” in them. These negative
ones together cancel the |log,(n)] term, leaving

#(indecomposables in L,) = 2n + L%nJ + L%nJ +---
Let a(n) = L%nj + L%n] + +--. We complete the proof of (b) by showing that
a(n) = n — (number of ones in the binary expansion of 7).

We do this by induction on 7, the case n = 1 being trivial. For the general case write
n =2k 4+ n’ where n’ < 2k. Then

a) =@ T 42k 2 Do) =2k 1 +a@)=n—n — 1 +a@)
=n—W —a@)+1).
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By induction, n" —a(n’) is the number of ones in the binary expansion of n’, which

is also one less than the number in the binary expansion of n. This completes the

proof.

O
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