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The Adams—Novikov spectral sequence
and Voevodsky’s slice tower

MARC LEVINE

We show that the spectral sequence induced by the Betti realization of the slice tower
for the motivic sphere spectrum agrees with the Adams—Novikov spectral sequence,
after a suitable reindexing. The proof relies on a partial extension of Deligne’s
décalage construction to the Tot—tower of a cosimplicial spectrum.

14F42, 55T15; 55P42

1 Introduction

Voevodsky has defined a natural tower in the motivic stable homotopy category SH (k)
over a field k, called the slice tower; see [33; 34]. Relying on the computation of the
slices of MGL by Hopkins and Morel (see Lawson [17]), complete proofs of which
have been recently made available through the work of Hoyois [13], we have filled
in the details of a proof of Voevodsky’s conjecture [34], identifying the slices of the
motivic sphere spectrum with a motive built out of the £{—complex in the classical
Adams—Novikov spectral sequence for the stable homotopy groups of spheres; see
Adams [1]. Explicitly,

5q(Sk) = EM 51 (N 11 MUNT) @ Z(q)[24]).

where n > MUt! is the usual cosimplicial spectrum associated to the Eoo ring

spectrum MU, Ny, (MU”**1) is the associated normalized complex of homotopy
groups, Z(q)[2q] is the shifted Tate motive and EM 41 is the Eilenberg—-Mac Lane
functor from Voevodsky’s category of motives to the motivic stable homotopy category.

In addition, the Betti realization of the slice tower yields a tower over the classical
sphere spectrum S, and in previous work we showed that the resulting spectral sequence
is bounded and converges to the homotopy groups of S. Furthermore, we also showed
that the resulting comparison map from the homotopy sheaves 7, o of the slice tower,
evaluated on any algebraically closed subfield of C, to the homotopy groups of the Betti
realization is an isomorphism. For all these results, we refer the reader to Levine [20].
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Putting all this together, we have a bounded spectral sequence, converging to xS,
of “motivic origin” and whose E,-term agrees with the E,—term in the Adams—
Novikov spectral sequence, after a reindexing. The question thus arises: are these two
spectral sequences the same, again after reindexing? The main result of this paper is
an affirmative answer to this question, more precisely:

Theorem 1 Let MU € SH be the complex cobordism spectrum and S € SH the
classical sphere spectrum. Let k be an algebraically closed field of characteristic zero,
let Sy € SH(k) denote the motivic sphere spectrum, and let s}Sk denote the p™ layer
in the slice tower for Sy, . Consider the Adams—Novikov spectral sequence

E}'(AN) = Ext):!

MU, (MU) (MU*’ MU*) = Tt—g (S)

and the Atiyah—Hirzebruch spectral sequence for my oSy (k) associated to the slice
tower for Sy,

EP(AH) = 11— p_q.0(shSk)(Spec k) = 71— p_q,0Sk (Speck).
Then there is an isomorphism
yP? EPYAH) = E3PT?P (AN)

which induces a sequence of isomorphisms of complexes (forall r > 1)
3p+q.2
@ v (@ EP4(AH), dr) — (@ Ezfj_rf P(AN), d2r+1)-
p7q p’q p?q

We remind the reader that, for an object £ € SH(k) and integers p, ¢, one has the
homotopy sheaf mp 4(E), this being the Nisnevich sheaf on smooth schemes over k
associated to the presheaf

U €Sm/k - Homgy ) (22,2752, 52U €).

In particular, the term 7_,_4 o (S; Si)(Spec k) occurring in Theorem 1 is the evaluation
of the presheaf w_,_4 o (slt,Sk) on the final object Spec k of Sm/ k.

We have an £-local version of Theorem 1 as well:
Theorem 2 Let k, S and Sy be as in Theorem 1. Fix a prime £ and let BP® e 51

be the associated Brown—Peterson spectrum. Consider the £—local Adams—Novikov
spectral sequence

, : ¢ ¢
E}'(AN), = EthBéie>(BP(p))(BPS< ) BPY) = ,-5(S) ® Zy

Geometry & Topology, Volume 19 (2015)



The Adams—Novikov spectral sequence and Voevodsky’s slice tower 2693

and the {—local Atiyah—Hirzebruch spectral sequence
Elp’q (AH); = n_p_qio(s;Sk)(Spec k) ® Z(g) = n_p_q’()Sk (Speck) ® Z(@).
Then there is an isomorphism
4. D ~ 3p+q,2
yP9 EP9(AH), = ESPTPP(AN),

which induces a sequence of isomorphisms of complexes (for all r > 1)
Dy (@ eroeme.a) - (D ELI A v )
p:q p:q p:q

Remark The Atiyah—Hirzebruch spectral sequence is often presented as an E,—
spectral sequence:

EPYAH £, X) == HP7I(X, 7" () (n—q)) = EPTI"(X).

Here 7+ (€) is the homotopy motive of £, that is, a canonically determined object of
DM (k) with EM 41 () (€)(n)[2n]) == st €. Thus, for £ =Sy, X = Spec k, this gives

EP9(AH) = E; 1P (AH)
and Theorem 1 yields the isomorphism (for all r > 2)

—-q,—2
EPU(AH) = EZ7472(AN),

answering affirmatively the question raised in [20, Introduction].

Remark Using an argument based on the Adams spectral sequence, Heller and
Ormsby [8] have proven a version of the comparison theorem of [20] for real closed
fields, showing the C,—equivariant homotopy theory agrees with the motivic theory
after p—completion. It would be interesting to make a further comparison of associated
Adams—Novikov spectral sequences along the lines of this paper.

The paper is organized in a somewhat nonsequential fashion: We give the arguments
for our main results in Section 2, after introducing notation and extracting the necessary
technical underpinnings from later sections. The referee felt, and we agree, that many
of these technical results are known to the experts or are straightforward extensions
of known results, or that they can simply be accepted as black boxes in the main
arguments, subject, of course, to later verification.

We then turn to filling in these technical details. In Section 3, we review two ways of
giving a model category structure to functor categories: the projective model structure
and the Reedy model structure. We apply this material to give constructions of slice
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towers and Betti realizations for motivic homotopy categories associated to functor
categories, and prove some useful facts relating these two constructions. In Section 4
we specialize to the case of the category A of finite ordered sets, and we recall the
Bousfield—Kan functor Tot and the associated Tot—tower and spectral sequence. In
Section 5 we recall from the works of Sinha [29; 30] how the Tot—tower can be described
using cubical constructions, which are technically easier to handle. As an application,
we show how applying the slice tower termwise to the truncated cosimplicial objects
arising in the motivic Adams—Novikov tower gives approximations to the slice tower
for the motivic sphere spectrum (Proposition 5.5).

In Section 6 we adapt Deligne’s décalage construction to the setting of cosimplicial
objects in a stable model category that admits a #—structure and associated Postnikov
tower, this latter construction replacing the canonical truncation of a complex. The
main comparison result is achieved in Proposition 6.3. This is the technical tool that
enables us to compare the Atiyah—Hirzebruch and Adams—Novikov spectral sequences.
The treatment of this topic is less than optimal, as one should expect a more general
extension of Deligne’s décalage construction to some version of filtered objects in a
model category, but the special case handled here suffices for our main application.

Remark The reader will have noticed a “clash of spectral sequence cultures” between
the slice and Adams—Novikov spectral sequences. The slice spectral sequence follows
the Cartan—Eilenberg convention, standard in homological algebra and algebraic geome-
try, in which the d, differential has bidegree (r, 1—r) and EZ;? contributes to 7_ ,—, or
HP%4_ The Adams—Novikov spectral sequence follows the Bousfield—Kan convention,
in which the d, differential has bidegree (r, —1) and EZ? contributes to 74— . The
evident transformation E?-?(CE) = E?-79(BK) relates the two conventions. We use
the Cartan—Eilenberg convention throughout this paper, except for the Adams—Novikov
spectral sequence and its £—local version. Contrary to standard practice, we use the
Cartan—Eilenberg convention for the spectral sequence of the Tot—tower in Section 4;
we felt that using the Bousfield—Kan indexing would unnecessarily complicate the
proof of Proposition 6.3. In any case, the indexing for the convergent should make the
choice of convention clear.

Acknowledgements I would like to thank the referees for their careful reading of an
earlier version and their very helpful suggestions for improving this paper. Especially
useful was the suggestion that the paper be reorganized by putting the main arguments
first. Directing my attention to the works of Sinha [29; 30], which give the reformulation
of the truncated Tot—construction as a punctured cube, allowed me to replace my
considerably less elegant arguments for some weaker statements in Section 3 with
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Sinha’s results. Finally, I would like to thank the Alexander von Humboldt Foundation
for their generous support.

2 The Adams-Novikov spectral sequence

We have buried in later sections most of the technical results needed for our argument,
so as to present its main thread in as direct a fashion as possible. As a preliminary to
the main argument, we extract the relevant aspects of these technical constructions.

We have the model category of pointed spaces (ie pointed simplicial sets) Spec, and the
associated model category of suspension spectra Spt, with homotopy categories He
and SH, respectively. We fix a perfect base field k, giving us the model category of
pointed spaces over k, Spe,(k), and the model category of 7T—spectra Spty(k), with
associated homotopy categories He (k) and SH(k); the model category structures are
discussed in Examples 3.7. We have Voevodsky’s slice tower in SH(k), written as a
tower of endofunctors
---—>fnt+1 — fl > —id

For a given embedding o: k — C, we have the associated Betti realization functor
Rep: SH(k) — SH.

These constructions extend to functor categories, using the machinery discussed in
Section 3. For a Reedy category S, we have the functor category Spty (k)°, with the
model structure as described in Section 3.1, and the associated homotopy category
HoSpty (k)°.! The slice endofunctors f;| extend to the functor category to give a

tower
.S, t

’S’t Y 1
w1 = Sn —id

e —>

of endofunctors of HoSpt; (k)S. The two slice towers are compatible for each s € S
via the evaluation functor is«: HoSpty (k) — SH(k). Similarly, we have the functor
model category Spt°® and the associated Betti realization functor

Ref;: HoSpt; (k)° — HoSpt®,

again, compatible with Rep via the evaluation functors iz« for each s € S.

We have a parallel situation with respect to the classical Postnikov tower in SH,
v a1 > o id,

INot to be confused with the functor category (HoSpty (k))°. To avoid additional parentheses, we
will always use the notation HoM® for the homotopy category of a model category of functors MS and
reserve (HoAM)S for the category of functors to the homotopy category.
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where, for a spectrum E, f, E — E is the usual (n — 1)—connected cover. This passes
to the functor category, giving the tower

S S .
.--—>fn+1—>fn — .. —id

of endofunctors of HoSpt®, compatible with the classical Postnikov tower via the
evaluation functors.

We denote the homotopy cofiber of fb‘s’t — a‘s’t by fas/lj and define fa‘s} p Similarly.

The second type of tower that we need is the Tot—tower associated to a cosimplicial
object in a suitable model category. (See Section 4 for details.) For a pointed model
category M, we give the functor category M? the Reedy model structure. We
consider the functor Tot: M? — M which sends a cosimplicial object X: A — M to
Tot(X) := Hom(A[*], X), where A[x] is the cosimplicial space n — A[n]. Restricting
Aln] to its k—skeleton gives the cosimplicial space n — A[n]®) and the associated
object Tot(g)(X) := Hom(A[*]®) | ), which fit together to give the Tot—tower

Tot(X) — --- — TOt(k+1)(X) — TOt(k)(X) R — TO'[(O)(X) — TO'[(_I)(X) = pt.

The slice tower and Tot—tower generate spectral sequences; see Section 4.2 for a
discussion of the Tot—tower spectral sequence. The slice tower spectral sequence gives
rise to a motivic Atiyah—Hirzebruch spectral sequence E(AH), and the Tot—tower
spectral sequence E(Tot, X') applied to the cosimplicial spectrum 7 — MUt gives
the Adams—Novikov spectral sequence E(AN). The classical Postnikov tower yields
the classical Atiyah—Hirzebruch spectral sequence.

We may combine the Tot construction with the Postnikov tower as follows: Given a
cosimplicial spectrum m — X" € Spt, we can apply the functor f, termwise, giving
the tower

---—>fnﬁ_12(—>anX—>-~—>X

in SptA; we may then apply the functor Tot, giving the tower

---—>Totan_HX—>TotanX—>---—>TotX

in Spt. We call the resulting spectral sequence the décalage of the Tot—spectral se-
quence and denote this by E(Dec, X). Our main technical result concerning these spec-
tral sequences is Proposition 6.3, which states that the spectral sequences E(Dec, X)
and E(Tot, X) are equal up to a reindexing.

We now apply these tools to the problem of comparing the slice spectral sequence
for the motivic sphere spectrum with the Adams—Novikov spectral sequence for the
topological sphere spectrum.
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We call a spectral sequence (EF*?,d,) strongly convergent to Tl if it is bounded and
converges to I1.; see [36, §5.2.5]. Under the Cartan—Eilenberg indexing convention,
this means simply that for each n there is a finite, exhaustive and separated filtration
FyI1, of I, and an integer r (n) such that Grf:l'[n ~ EL"P = EP"7P forall p and
all » > r(n). We call a spectral sequence EZ? = TI_ p—q strongly convergent if
the spectral sequence is strongly convergent to II,.

Let k£ be an algebraically closed field with an embedding o: k < C and let S €
Spty (k) be the motivic sphere spectrum. Let S € Spt denote the classical sphere
spectrum. The Betti realization of the slice tower for S gives a tower

---—>Rernt+1Sk — Rep f}Sk — - —> Rep f{Sk =S
in S#, with n™ layer equal to Reps Sy . This gives the spectral sequence
One has a similar spectral sequence using the slice tower
ol nt+1Sk — fISp — > fotSk
itself, namely
EPY(AHY oy = 71— pqu0(s" S (k) = HP (k. (~q)) = 7 pq.0(Si) (k).

We showed in [19, Theorem 4] that this latter spectral sequence is strongly convergent
and in [20, Proposition 6.4, Theorem 6.7] that the Betti realization functor gives an
isomorphism of m_,_, o(Sk)(k) with m_,_4S, as well as an isomorphism of the
spectral sequence E(AH),,, with the spectral sequence E(AH) . One can thus say
that the spectral sequence E(AH)' is of “motivic origin”.

In addition, in [20, Theorem 4] we identified E 5 “1(AH)" with an E,—term of the
Adams—Novikov spectral sequence for S:

EP9(AHY = EI77?(AN).

We wish to extend this result by showing that the spectral sequence E(AH)' agrees
with the Adams—Novikov spectral sequence E(AN), after a suitable reindexing.

In principle, the argument should go like this: Let MU be a strict monoid object in sym-
metric spectra representing the usual MU in SH. Let MU”**1 be the cosimplicial
(symmetric) spectrum 1 > MUt with the i coface map inserting the unit map
in the i™ spot and the i™ codegeneracy map taking the product of the i™ and (i + 1)*
factors. The Adams—Novikov spectral sequence is just the Tot—tower spectral sequence
(4-8) associated to the cosimplicial symmetric spectrum MUA**1, Let MGLA**! be
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the motivic analog to MU~**1, giving us a cosimplicial T—spectrum 7 — MGLA+1 |

with coface and codegeneracy maps defined as for MU+ One could hope to have
a “total T—spectrum functor” Tot: Spty(k)® — Spty (k) and weak equivalences

Sy = TotMGLA*, /18, 2 Tot /1 MGL "+,

where f "'MGL"**! is the cosimplicial spectrum 7 — f, IMGLA ! using a suitable
functorial model for fp in Sptz (k).

The layers of MGLA"*! for the slice filtration are known by work of Hopkins and
Morel (see Lawson [17]) and Hoyois [13], and one can show that the Betti realization
of the slice sIt,MGL’\’H'1 is just the 2p" layer f3,/2,+1 MU T in the Postnikov
tower for MU *1_ Thus, one could hope to have an isomorphism

RBBf})A’tl\//I\(}I:/\*—i_l ~ fzé;—lm/\*—'_l ~ fzé;M\lj/\*—'_l

in HoSptA. After changing the E,—Atiyah—Hirzebruch spectral sequence to an E{—
spectral sequence

Ef”q (AH) := Jr_p_q,o(slt,Sk)(k) = T_p—q,0S,
we would then have an isomorphism
EPY(AH) = EP77P (Dec, MUM),
leading to the isomorphisms
EP49(AH) = E3?%7P (Dec, MUMT!) = EZP97 (Dec, MUM)
and corresponding isomorphisms of complexes.
Using Proposition 6.3 (for spectra) would then give the sequence of isomorphisms

EP9(AH) = E;P TP (AN)

and corresponding isomorphisms of complexes. This would then give the isomorphisms

EP9(AH) = EP79721(AN)

for all r > 2.

We prefer to avoid the technical problems that arise from the compatibility of the Betti
realization with the functor Tot and from checking whether S; — Tot MGLA*+1
is an 1somorph1sm instead we work with the approximations Tot() MGLA**! and
Totw) MU+ These suffice to give the desired isomorphisms of E,—complexes,
by simply taking N sufficiently large and using Proposition 5.5 to show that the
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truncation Tot(y) MGLM*! approximates Sy sufficiently well with respect to the
slice tower.

We deal with the compatibility of Tot ) and Rep as follows: For a cosimplicial object
n+— X" in a pointed simplicial model category M, we have an associated punctured
(N + 1)—cube

<pé\i+1X: DéV"H — M;

see (5-1) for the definition. This arises by identifying the punctured (N + 1)—cube
D(])V *1 with the category Aiyj/[N], where Ay C A is the subcategory of injective
maps. In addition, we have an isomorphism

: N+1p ~
h%lﬂl Yo X =Tot(ny X
0

in HoM; see Proposition 5.3. Moreover, using the isomorphism (5-2), one can describe
holimp ¥ +! w(])iHX as an iterated homotopy pullback. As the functor Rep is exact,
it is compatible (up to weak equivalence) with taking an iterated homotopy pullback,
giving us a canonical isomorphism

2-1) Rep(Tot(yy(€)) == Tot(yy(Reg (£))
in SH, for £: A — Sptr (k) a cosimplicial T—spectrum.

We drop the tilde from the notation, considering both MU and MGL as objects in the
appropriate category of symmetric spectra. We will also systematically replace objects
with their fibrant replacements without altering the notation, so all objects that appear
below will be assumed to be fibrant (or even cofibrant and fibrant, if need be).

We have the cosimplicial objects
MGL Mt € Spt k)%,  MUMT! e (Spt™)~.

Restricting to the subcategory A=Y via the inclusion functor 15: ASV — A gives us
the truncated objects

(v« MGLM ! e Spt2 ()2, 1y MUMH € (Spt™)2="

As the Betti realization of MGL is isomorphic to MU and Rep is an exact monoidal
functor, we have the isomorphism

<N
Ref ™ ine MGLM ! oy, MUA ]
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in Ho[(SptE)ASN]. Our main task is to identify the tower

ASN

<N _A=N
-+ — Rep A=

n

=N
fA ,ILN* MGL/\*+1 - RelA; LN % MGLA*+1

n+1
— - Rey™ iy MGLM T
We introduce some notation. For £ € Sptr(k), I = (iy, ..., i,) anindex with 0 <ij € Z
and by = b’ll -+-b;" a monomial with b; of degree n;, we define
oyl
E-bp:=3%,'E,

where |1 := Z;=1 nj-ij. More generally, if {bJ’:}, i =1,...m,is a set of variables
with some assigned positive integral degrees, we let £ [{b; }] denote the coproduct of
the Sb}l by

Lemma 2.1 We have an isomorphism of left MGL—modules

MGL Mt =~ MGL[p{Y, ..., bI™),

where bsj ) is the collection of variables bgj ), b;j ), ..., with b,(,j ) of degree n.

Proof We write 74« « MGL for 7« « MGL(k), etc. It clearly suffices to handle the case
m = 1. For this, [23, Proposition 6.2] provides elements b, € 72, ,(MGL A MGL)
giving rise to an isomorphism of left 74 « MGL—modules

For each monomial by in by, b, ..., we view by € 757, 7|(MGL AMGL) as a map
br: Z‘l;‘Sk — MGL A MGL; using the product in MGL, this gives the left MGL—map

9:=Y byt @ =F'MGL - MGL AMGL.
1 1

Now, MGL is stably cellular [7, Theorem 6.4], hence €D, 2|7{ ! MGL and MGL A MGL
are stably cellular. (The second assertion follows from [7, Lemma 3.4].) Clearly &
induces an isomorphism on 7, for all a,b; hence by [7, Corollary 7.2], ¥ is an
isomorphism in SH (k). a

Lemma 2.2 (1) Rep(f! MGL""*1) is (2n — 1)—connected for all n,m > 0.
(2) The map

JanRep(fyf MGLYF1) — f3,Rep(MGLM 1)
induced by the natural transformation f,! — id and the map

fanRep(f,y MGLN 1) — Rep( ff MGLMFT)
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induced by the natural transformation f>, — id are weak equivalences.
(3) The map

ST Ry ™ (ST iy MGLAHY) > fAZY Repuy MGLA*H!

=N .
induced by the natural transformation an ' > id and the map

=N =N ASN =N =N
AT RS T (AT iNe MGLM D) 5 ReB™ (27 iy MGLA Y

. . =N . .
induced by the natural transformation fz% — id are weak equivalences.

Proof We first prove (1). Recall that a P! —spectrum & is topologically c—connected
if the homotopy sheaf 7y m mE is zero for all n < ¢ and all m € Z. It follows from
Morel’s A!—connectedness theorem [22] that Tatbb MGL, =0 for a <n, b > 0.
Thus the stable homotopy sheaves 7,5 5, MGL are zero for a < 0, that is, MGL is
topologically (—1)—connected. By [18, Proposition 3.2], f,f MGL is also topologically
(—1)—connected; hence by [20, Theorem 5.2], Reg(f,f MGL) is (n — 1)—connected
for all n > 0.

We have an isomorphism (of left MGL—-modules)

Am+1 |1]
(2-2) MGLAN 1 ~ @ > MGL,

from which it follows that f;! MGL "1 s topologically (—1)—connected and that
Rep f} MGL "t is (n — 1)—connected for all # > 0. Thus the spectral sequence
associated to the tower

-+ — Rep [ 4y MGLN" ! — Reg fi MGL""*! — ... — Rep f! MGL""*!

converges strongly to the homotopy groups of Reg /! MGL""*!. Asboth /% and Rep
are exact functors, the £ layer in this tower is ReBs,g ") MGL M1 5o to prove (1),
it suffices to show that ReBsfl 4e MGL""*1 is (2n — 1)—connected for all £ > 0.

By the Hopkins—Morel-Hoyois’ theorem [13; 17] and the above computation of
MGL""*! we have that s5 MGL""*! is a finite coproduct of copies of N MZ,
where M Z is the motivic Eilenberg—Mac Lane spectrum representing motivic co-
homology. In addition, Rep(MZ) = EM(Z), hence Reps’; MGLMN*1 s a finite
coproduct of copies of 2N EM(Z) and is thus (2N — 1)—connected.

For (2), applying Rep to the decomposition (2-2) gives

Rep(MGL"" 1) = (B =2 MU
I
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since floXr~ZXro j;l’_l and f; 0¥ =~ Yo f,,_1, this reduces the proof of (2) to
the case m = 0. Since

Repsty MGL = 22N EM(Z) @ MUY,
the strongly convergent spectral sequences
El? =n_p 4Repsh, MGL = m_,_;Reg MGL,
E? =n_p 4Reps, MGL = n_,_4Rep f,, MGL
degenerate at £ and show that 7, Rep fn’ MGL — 7w, Regp MGL is an isomorphism for

m > 2n and 7, Rep f;f MGL = 0 for m < 2n. Thus Rep f,! MGL — Reg MGL =~ MU
is isomorphic (in SH) to the (2n — 1)—connected cover of MU, proving (2).

Then (3) follows immediately from (2), by the definition of the weak equivalences in
the functor category M. O

Having gone through these preliminaries, we can now prove our main result:
Proof of Theorem 1 We replace all objects with fibrant models, without changing

the notation.

Denote the spectral sequence (4-9) for indices 4 = 0, B = oo and cosimplicial
spectrum £ by E(Tot,£). We let E(Dec, £) denote the spectral sequence (6-3) for
A =0, B =00. The Adams—Novikov spectral sequence may be constructed as the

spectral sequence E (Tot, MU"*T1) associated to the cosimplicial spectrum
n > MUMNTL

For k C K an extension of algebraically closed fields, the base extension induces an
isomorphism of the spectral sequence E(AH) for k with the spectral sequence E(AH)
for K; this follows from [20, Theorem 8.3]. Thus, we may assume that k£ admits an
embedding into C, giving the associated Betti realization functor

Rep: SH(k) — SH.
By Lemma 2.2 and the isomorphism (2-1), we have an isomorphism
A, ~ -
Rep(Tot(x) fa/bt MGL"M 1) = Tot fﬁ/Zb MU/~

in SH for all @ < b, including b = co, compatible with respect to the maps in the
slice tower for MGL"**! and the Postnikov tower for MU/ *T1

By Proposition 5.5, this gives us an isomorphism

(2-3) Rep(f}/,Sk) = Tot(ny fog/p MUY
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in SH for a < b < N + 1, compatible with respect to change in ¢ and ». In
addition, as we have replaced fzﬁ /2b MU T with a fibrant model, the Tot—tower for
fﬁ /2b MU s a tower of fibrations and

Tot /25 MU = lim Tot(y fyg /0 MUMH! = holim Toty) Srayas MUMTL
N

Using the isomorphism (2-3) gives us the isomorphism
Rep(f})5Sk) = Tot [, MUNF!

in SH, and since the functor Tot is compatible with homotopy fiber sequences, we
have isomorphisms

Tot fzﬁ/zb MU =~ hocofib(Tot jﬁ MUt 5 Tot fz%z MU

in SH for all @ < b. Thus, we have an isomorphism of the spectral sequence associated
to the tower

---—>ReB(fnt+1Sk) —>ReB(fntSk) — ~-—>ReB(f0tSk) ~S
and the one associated to the tower

coo = Tot foy i MU Tot £,5 MUMT!

— -+ — Tot f MUMT! = TotMUMHT

Since all the odd homotopy groups of MU+ vanish, this latter spectral sequence is
just E(Dec, MU*T1) | after reindexing.

By [20, Proposition 6.4], the functor Rep induces an isomorphism
7,0 (8, Sk ) (Spec k) = 1 (Rep (5,,Sk))
for all n and m. In addition, the tower
oo [ 1Sk =SSk == oSk =Sk
and its Betti realization
—>Rer,fH_lSk —>R@Bfnt18k — ---—>Rer0tSk =S
yield strongly convergent spectral sequences

EPT =1 pq,0(s,Sk)(Speck) = m—p—g.0(/4/5Sk) (Spec k),
E{”q = n_p_qReB(s;Sk) = JT—p—qReB(fat/bSk)

Geometry & Topology, Volume 19 (2015)



2704 Marc Levine

(see [19, Theorem 4; 20, proof of Theorem 6.7]) and thus the functor Rep induces an
isomorphism
ﬂn,o(f;/bgk)(SpeC k) = mp (ReB(fat/bSk))

forall » and all a < b < o0.

Putting these two pieces together, the Betti realization functor gives an isomorphism
of the spectral sequence E(AH) with the spectral sequence E(Dec, MUY after a
suitable reindexing. Explicitly, this gives

EPYAH) = EP97P (Dec, MUMT!) = E2P97P (Dec, MU T);

the terms EZ*(Dec, MUMN*T1) with p odd are all zero, and by induction we have
isomorphisms

2

EP(AH) = E;7977 (Dec, MUMTT)

commuting with the differentials d, (AH) and d,,(Dec). We apply Proposition 6.3 to
yield the isomorphism

2p+q,— 2p+q,
er,q: E’Paq(DeC’MU/\*-i-l)_)Erf_lq P(MU/\*+1) — Erf_lqp(AN)'

(The change in indices in the last identity results from passing from the Cartan—Eilenberg
indexing convention to that of Bousfield—Kan.) This completes the proof. |

Remarks 2.3 (1) Fixing a prime £, one can replace MU with the £—local Brown—
Peterson spectrum BP, and similarly replace MGL with BP,, the motivic counterpart
to BP. (See [32] for a construction.) Having made this substitution, repeating the above
argument gives a comparison of the £—local Adams—Novikov spectral sequence with the
£-localized slice spectral sequence. Indeed, the only point one needs to check is that the
unit map Sy ® Zg) — BPpo has cofiber in SrSH (k). For this, we note that BP
is a summand of MGL ®Z ), hence BPy, is in SH (k). Thus, we need only see
that the unit map induces an isomorphism on the 0" slice, s(t)Sk Q7L —> s(t) BPot. By
Spitzweck’s computation of the slices of Landweber exact theories [31], we see that the
canonical map MGL — BPy,, induces an isomorphism s(’) MGL QZ ) — s(’) BPpot;
as we have already seen that s(t)Sk — s(’) MGL is an isomorphism, the point is checked.
This yields Theorem 2.

(2) Presumably the main results presented here have an analog in étale homotopy theory
with respect to a suitable étale realization functor; see for example [14]. Using the étale
theory should enable an extension of these results to fields of positive characteristic,
at least for the prime-to-characteristic parts of the groups concerned, but we have not
checked this.
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3 Constructions in functor categories

It is convenient to perform some constructions, such as Postnikov towers in various
settings or realization functors, in functor categories. This can be accomplished in a
number of ways. The Postnikov towers may be constructed via cofibrant replacements
associated to a right Bousfield localization; by making the cofibrant replacement
functorial, this extends immediately to functor categories. The Betti realization is
similarly accomplished as the left derived functor of a left Quillen functor, so again
applying this functor to a functorial cofibrant replacement extends the Betti realization
to a realization functor between functor categories. However, it is often useful to have
more control over these constructions, which can be achieved through a full extension
to the appropriate model category structure on the functor category; we give some
details of this approach here. None of this basic material is new; it is assembled
from Barwick [3], Hirschhorn [9] and Hovey [11] and collected here for the reader’s
convenience. The applications to the slice tower and Betti realization are new.

3.1 Model structures on functor categories

Let S, T be small categories, M a complete and cocomplete category and M® the
category of functors X: S — M. For a functor f: 7 — S, we have the restriction
functor fx: MS — M7, foX := X o f, with left adjoint f* and right adjoint f".
For X € M7, we have that f*X and f 'X are respectively the left and right Kan
extensions in the following diagram:

T2 M

/|

S

In particular, for s € S, we have is: pt — S, the inclusion functor with value s, inducing
the evaluation functor igx: MS — M, the left adjoint i SIM— M and the right
adjoint ij: M — MS.

We take M to be a simplicial model category and consider two model structures
on M? . If M is cofibrantly generated, we may give M the projective model structure,
that is, weak equivalences and fibrations are defined pointwise, and cofibrations are
characterized by having the left lifting property with respect to trivial fibrations.

In case S is a Reedy category, one can also give M the Reedy model structure. We
first recall the definition of a Reedy category S: there is an ordinal A, a function (called
degree) d: ObjS — A and two subcategories Sy and S_ such that all nonidentity
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morphisms in Sy increase the degree, all nonidentity morphisms in S— decrease the
degree and each morphism f in S admits a unique factorization f =aob with a € S,
beS_.Fors eS8, welet S& be the category of nonidentity morphisms s — ¢ in S—
and let S be the category of nonidentity morphisms ¢ — s in S4. Given an object
X € M and s € S, we have the latching space L*X and matching space M X,

L'X:= lim X(), M'X:= lim X(),
— <~

t—>s€$f,_ S—>1ESS.

with the canonical morphisms L*X — X(s), X(s) - M*x .2

The Reedy model structure on M has weak equivalences the maps f: X — ) such
that f(s): X(s) — Y(s) is a weak equivalence in M for all s € S, fibrations the maps
S X = Y such that X(s) — Y(s) Xprsy M X is a fibration in M for all s € S and
cofibrations the maps f: X — Y such that X(s) Lysy L°Y — Y(s) is a cofibration for
all s € S. This makes MS a model category without any additional conditions on M.

In both of these two model structures, the evaluation functor iz« preserves fibrations,
cofibrations and weak equivalences, and admits 7] as left Quillen functor and i S' as
right Quillen functor.

Remark 3.1 Suppose M is cofibrantly generated. If S is a direct category, these two
model structures agree; if S is a general Reedy category, the weak equivalences in the
two model structures agree, every fibration for the Reedy model structure is a fibration
in the projective model structure, and thus every cofibration in the projective model
structure is a cofibration in the Reedy model structure. Furthermore, the projective
model structure is also cofibrantly generated, and is cellular (resp. combinatorial)
if M is cellular (resp. combinatorial); we refer the reader to [9, Theorem 11.6.1,
Theorem 12.1.5; 3, Theorem 2.14] for proofs of these assertions. The Reedy model
structure likewise inherits the combinatorial property from M [3, Lemma 3.33].

Left and right properness are similarly passed on from M to the projective model
structure on M [3, Proposition 2.18]. For the Reedy model structure, the inheritance
of left and right properness is proven in [3, Lemma 3.24].

Example 3.2 The classical example of a Reedy category is the category of finite or-
dered sets. Let A denote the category with objects the finite ordered sets [n]:={0, ..., n}
with the standard order, n =0, 1, ..., and with morphisms the order-preserving maps
of sets. For a category C, the functor category C* (resp. C2”) is called as usual the
category of cosimplicial (resp. simplicial) objects in C.

2Note the shift in indices from the notation in [5, Chapter X, Section 4].
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We let Ajyj (resp. Agyj) denote the subcategory of A with the same objects and with
morphisms the injective (resp. surjective) order-preserving maps. Taking Ay 1= Ajy;,
A_ = Agyj and d: A — N, the function d([n]) = n makes A a Reedy category. We
have the standard coface maps d;: [n] — [n+1], j =0,...,n+ 1, and codegeneracy
maps s;: [n]—>[n—1],i=0,...,.n—1.

Let Spc denote the category of simplicial sets and Spe, the category of pointed
simplicial sets, each with the standard model structures; see [11, Section 3.2]. Note
that this is not the Reedy model structure!

Let A[n] be the representable simplicial set, A[n]:=Homa (—, [#]), and A[*]: A —Spc
be the cosimplicial space n — Aln].

3.2 Simplicial structure

We consider a small category S and a simplicial model category M satisfying the
conditions discussed in the previous section. Both of the model structures for MS
discussed above yield simplicial model categories: For a simplicial set 4 and a functor
X: S — M, the product X ® A and Hom-object Hom(A, X) are the evident functors
(XRA)(s) :=X(s)® A and Hom(A, X)(s) := Hom(A, X(s)). The simplicial Hom—
object Map s (X, ) is given as the simplicial set

n+— Hom s (X ® Aln], Y)

or, equivalently, as the equalizer

*

[le
Map s (X, ) = [ [ Map (X(5).Y() —= [] Mapuy(X(s). V().

SES 8+  grg—g

Together with the evident adjunction Hom(X, Hom(A4,))) = Hom(X ® A,)), this
makes M into a simplicial model category (see below).

We have as well the object Hom(A, X) in MS for A € SpcSOP, X € M, with
Hom(A, X)(s) := Hom(A(s), X), and the object X ® A in M for A e Spc®,
X e M, with (X ® A)(s) := X ® A(s).

For A € SpcS, X € M5, we have Hom® (A, X) in M, defined as the equalizer

1_[ *
Hom® (A, X)—>H’H0m(A(s),X(s)) :g; ]_[ Hom(A(s), X(s)).
I

SES & g:5—>s

Similarly, for A € SpeS”, X € MS, we have X ®5 A in M, defined as the coequalizer

[Tx(g)®id s
[ *6h®Al) ——= [[r®) @ A@s) > ¥ &° A
g:s/—>s [Td®A()  ses
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Besides the adjunction already mentioned, one has the adjunctions
Hom (X, Hom® (A, Y)) = Hom s (X ® A, V)
for X e M, AeSpe®, Y e MS, and
Hom ;s (X, Hom(A, Y)) = Hom (X @° A,Y)

for X € MS, AeSpc®”, Y € M. These all follow directly from the adjunctions for
Hom and ®.

Both adjunctions are Quillen adjunctions of two variables. In case M is cofibrantly
generated and we use the projective model structure, this is [9, Theorem 11.7.3]; if S
is a Reedy category and we give M® the Reedy model structure, this is [3, Lemma
3.24]. This gives M the structure of an Spe® model category and an SpcSOp model
category.

3.3 Monoidal structure

We now suppose that M has a symmetric monoidal structure ® ¢, making M
into a closed symmetric monoidal simplicial model category, with internal Hom
Homp(—, —).

For X e M, Y e M5, we have X ® () and Hom((X,Y) in M5, defined objectwise,
with the adjunction

Hom s (X @ Y, 2) = Hom s (Y, Homap (X, Z))
for Y, Z € M®, X € M. This extends to the adjunction
Map s (X @ V., Z) = Map (s (Y, Hompm(X, Z))
on mapping spaces. We define the M—valued internal Hom
HomS: (M®)P x MS — M
as the equalizer

*

Il
Hom$(X.9) — [ Homu(¥(s). () —= [ Homu(X(s). Y.

SES x  grg—>s
Similarly, for X € MS, Y e MS”, we have X ®i/l Y in M, defined as the coequalizer
[Tx(g)®id

[ ¥6)@myis) ——= [[X©) @mI(s) > X @5 A.
g5/ —>s [Tid®Y(e)  ses
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We have the adjunctions
Hom® (A, Hompm (X, V) = HomS (X @ A, V) = Homm(X, Hom® (A, V))
for A€ Spe®, Y € M, X € M, induced by the adjunctions
Hom(A, Homam(X,Y)) = Homm(X ® A,Y) = Hompm (X, Hom(A,Y))

for X,Y € M, A € Spc. Analogous constructions and statements hold in the pointed
setting.

Lemma 3.3 Give M? either the Reedy model structure or, in case M is cofibrantly
generated, the projective model structure. Then the operations ® n, and Homil form a
Quillen adjunction of two variables, that is, these make M® into an M—model category.

Proof For the projective model structure, the proof of [9, Theorem 11.7.3] extends
word for word to prove the result; the case of the Reedy model structure is proven in
[3, Lemma 3.36]. O

M is a closed symmetric monoidal category, with (A ® s B)(s) := A(s) @ rq B(s)
for A, B € MS. The internal Hom is given as

Hom s (A, B)(s) := Hom*' (s A, s/B).

where s/A € M/ is the functor s/ A(s — t) := A(t); for f: s — s, the induced
map Hom s (A, B)(s) — Hom s (A, B)(s") is the map

Hom®'S(s) A, s/B) — Hom® '°(s' | A, 5"/ B)

induced by the functor f*: s/S — s'/S, noting that (s'/A) o f* =s/A. The unit is
the constant functor with value the unit in M.

Remark 3.4 The question of when this gives M® the structure of a symmetric
monoidal model category does not appear to have a simple answer, and we will not
need this structure here. In the case of the Reedy model structure, Barwick proves the
following result:

Proposition 3.5 [3, Theorem 3.51] Let S be a Reedy category and give M® the
Reedy model structure. Suppose that either
(a) all morphisms in S— are epimorphisms and for each s € S, the category S° is
either empty or connected; or the dual,
(b) all morphisms in S4 are monomorphisms and for each s € S, the category S
is either empty or connected.
Then ® ys and Hom s (—, —) form a Quillen adjunction of two variables, making
M a symmetric monoidal model category.
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The condition (a) is satisfied for S = A and the dual (b) is satisfied for S = A°P, so the
categories of cosimplicial or simplicial objects in a symmetric monoidal model category
have the structure of a symmetric monoidal model category. As another example of
an S satisfying (a), one can take for S the category associated to a finite poset having
a final object, with Reedy structure S = S_; a finite poset with initial object similarly
satisfies (b) if one takes S = S

3.4 Bousfield localization

We suppose that M is cellular and right proper. Let K be a set of cofibrant objects in M.
We have the right Bousfield localization Rx M with associated functorial cofibrant
replacement Qg — id; see [9, Theorem 5.1.1]. Let K S be the set of cofibrant objects
i*a,ae K,se€S,andlet RgsMS be the right Bousfield localization of M® with
respect to K. (As noted in Remark 3.1, M inherits cellularity and right properness
from M)

Lemma 3.6 Suppose that M is cellular and right proper, and give M® the projective
model structure. Let K be a set of cofibrant objects in M.

(1) The right Bousfield localization Ry sM? is the same as the projective model
structure on (Rg M)®.

(2) Take x € M® and let Ox — x be a cofibrant replacement in Rgs M. Then
is+ QX — igxX IS a cofibrant replacement of iz« X in Rg M forall s € S.

Proof Right Bousfield localization leaves the fibrations unchanged, hence R gsM®
and (Rg M)® have the same fibrations. The weak equivalences in a right Bousfield
localization with respect to a set of objects K are the K —colocal weak equivalences, that
is, maps X — Y that induce a weak equivalence on the Hom spaces Hom(a, RX) —
Hom(a, RY) for all @ € K, where RX, RY are fibrant replacements. From this it
follows that X’ — Y is a weak equivalence in R KsMS if and only if ig4 X — is4Y is
a weak equivalence in Rg M for all s, that is, the weak equivalences in R gs M and
(Rg M) agree.

Then (2) follows from (1), noting that is4« preserves cofibrations, fibrations and weak
equivalences (for the projective model structure). a

Examples 3.7 (1) “Topological” Postnikov towers We recall a functorial construc-
tion of the (n— 1)—connected cover f, X — X of a pointed space. Fix an integer n > 0
and let K, be the set of spaces of the form X™ X, with X in Spe, and m > n. Since
Spe, is a right proper cellular simplicial model category, by [9, Theorem 5.1.1] the
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right Bousfield localization Rk, Spe, of Spe, with respect to the K —colocal maps
exists. In addition, there is a cofibrant replacement functor f,: Rk, Spc, — Rk, SpC,.
By the definition of right Bousfield localization ([9, Definition 3.3.1]; see also [20,
Theorem 2.5]) f,X — X in HoSpc, is universal for maps from (n — 1)—connected )
to X’; by obstruction theory, it follows that f, X — X is an (n — 1)—connected cover
of X. Using Lemma 3.6, we may form the (n — 1)—connected cover fn‘s X — X in the
functor category SpeS as the cofibrant replacement with respect to the right Bousfield
localization Ry sSpe,.

Varying n and noting that K, C K,, if n > m gives the tower of cofibrant replacement
functors

e S8 > S8 fE =1
Let Spt be the category of S!—spectra in Spe,, with stable model structure as defined
in [12]. We have the n™ evaluation functor ev,: Spt — Spc,, evn(So, Si,...) 1= Sy,
and its left adjoint Fj: Spcy, — Spt,

Fu(S):=(pt,...,pt,S, 58,228, ...).

We repeat the construction of the Postnikov tower with Spt replacing Spec, and tak-
ing K, to be the set of objects F,%? X, with X € Spe,, b—a >n, n € Z. This gives
us the Postnikov tower

S

n+1_>f}zs—’"'—’id

RN
in the functor category Spt® (with n € Z). We may extend these constructions to
other model categories. Rather than attempting an axiomatic discussion, we content
ourselves with the examples arising in motivic homotopy theory. Let S be a noetherian
separated base scheme and let Spc,(S) be the category of pointed spaces over S, that
is, Spc,—valued presheaves on the category Sm/S of smooth S—schemes of finite
type. We give Spc, (S) the motivic model structure; this gives Spee (S) the structure of
a proper combinatorial symmetric monoidal simplicial model category; for details see
[10, Corollary 1.6; 15, Section 1, Theorem 1.1; 16, Appendix A; 26, Theorem 2.3.2].
Letting K, (S) be the set of objects of the form XX, with X € Spc,(S) and m > n,
we have the right Bousfield localization Rk, (s)Spce(S) and the cofibrant replacement
functor f,, with universal property for maps with source in the K, (S)—cellular objects
of Spc.(S). In case S = Speck, k afield, these turn out to be the (n — 1)—connected
objects in Spe, (.S), that is, those objects with vanishing A ! —homotopy sheaves 7,
for m < n (see [27] and also [20, Theorem 3.1, Remark 3.3] for a discussion of the
stable case and an indication of how this construction works in the unstable case).
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We may also use categories of S!'— or P!—spectra, Sptgi(S), Sptp1(S), with the
respective motivic model structures. (See [16] for a description of the model structures
and [26, Theorem 2.5.4] for the fact that these are cellular.) For S'! —spectra, replace Kj,
with K;fl(S) = {F(lePX,X € Spe,(S), p —q = n}. Here F(fl: Spc.(S) —
Sptg1(S) is given by using the functor Fj: Spe, — Spt, that is,

1
FJ (X)(T) = Fa(X(T))
for each T — S in Sm/S. Suppose S = Spec k, with k a perfect field. Again, the

K;? : (S)—cellular objects are those E € Sptg1(S) with stable A!-homotopy sheaves
7, E that vanish for m <n. Additionally, in this stable model category, the subcategory

SHs1(S)=" := HoRk5' (5)Spts1(S)

of the homotopy category SH¢1(S) of Sptgi(S) is half of a z—structure with heart
the strictly A!—invariant Nisnevich sheaves on Sm/S and with SH g1 (S)=° the full
subcategory of the E with 7, £ = 0 for n > 0. This all follows from results of Morel,
see [21, Theorem 4.3.4, Lemma 4.3.7].

For Sptp1(S), we use

1 1
KE (S):={F] 3%, X X eSpe,(S).p—q = n},

with . . )
Fj X:=(F; X, Fy Xp....),
F]PIX,, =pt forn <g¢q,
FPla, =3 for n > g,

and with identity bonding maps. Assumlng that S = Spec k& with k a perfect field, then
in this stable model category, the K,]f ' (S')—cellular objects are those £ € Sptp1(.S)
with stable A!—homotopy sheaves Tm+q,q€ that vanish for m <n, g € Z, and the
subcategory SH(S)=? := HoRkP' (5)Sptp1(S) of the homotopy category SH(S)
of Sptp1(S) is half of a z—structure with SH(S)=° the full subcategory of the £ with
Tm+q,qE =0 for m >0, q € Z. The heart is Morel’s category of “homotopy modules”
[21, Definition 5.2.4]; see [21, Theorem 5.2.3, Theorem 5.2.6] for detailed statements.

(2) Slice towers This is a modification of the construction in Spc,(.S) given in (1),
using the set K of objects of the form Eb e with b5 > n > 0. The S!-stable
version uses the set of objects of the form F E e with b > n > 0, and the
P! —stable version uses the set of objects of the form F, p! Zb X, with b—m > n,
n € 7. Varying n, the first two yield the slice tower

--—>fnt+1X—>f,fX—>---—>f0tX=X,
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while the P! —version gives us the doubly infinite tower
el rf+18—>f,fé’—>---—>€.

Replacing K’ with Kﬁ,’s gives the slice towers

t,S t,S t,S
o [P X fIX s X =
t,S t,S

in Spe,(S)°, Sptgi(S)° and Sptp1(S)°. There are similarly defined versions in
categories of T—spectra (T = A!/A1\ {0}) or the various flavors of symmetric spectra.
As above, we refer the reader to [27] and [20, Theorem 3.1, Remark 3.3] for details.

(3) Betti realizations Betti realizations are left derived functors of a left Quillen
functor An*, either on categories of spaces over k or on the various spectrum categories,
where An* is a left Kan extension of the functor sending a smooth k—scheme X to the
topological space of its C —points (with respect to a fixed embedding k < C) or, if one
prefers Spe as target category, to the singular complex of this space. As a left derived
functor of a left Quillen functor, the resulting Betti realization functor on the appropriate
homotopy category is constructed by applying An* (or some allied construction, in
the case of spectra) to a cofibrant resolution for a suitable (cellular) model structure.
Thus, we may form a Betti resolution for functor categories by first noting that An*
extends by applying it pointwise to a left Quillen functor between functor categories,
and then applying this to cofibrant resolutions in the domain functor category.

Fix an embedding o: k — C. We use the Betti realization of Panin, Pimenov and
Rondigs [25], modified to pass to Spec instead of locally compact Hausdorff spaces.
This functor arises from the left Quillen functor

An*: Spe, (k) — Spc,,

which is the Kan extension of the functor sending X € Sm/ k to the singular complex
of X'*", this latter being the topological space of C—points of X7, endowed with the
classical topology.

One extends this to P! —spectra using the fact that (P')® = S2 and that An* is
symmetric monoidal, then using an equivalence of Spt and S2—spectra. Glossing over
this latter equivalence, we have the isomorphism (in SH)

Reg(MGL) =~ MU .

There is a similar version from symmetric P! —spectra to symmetric S2—spectra,
inducing an isomorphic functor on the homotopy categories.
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Finally, the Betti realization functor extends to a left Quillen functor

n®*: Sptr (k) — Sptg,,

with a natural isomorphism i} oAn®* = An* o 44 note that one needs to use a different
model structure on Sptr (k) than the one we have been using; see [25, Section A4]
and [20, Section 5] for details.® For other versions of the Betti realization, see [2,
Definition 2.1; 28; 35, Section 4].

We let
Reg: HoSpty (k)° — HoSpt®

be the left derived functor of AnS* composed with the equivalence HoSpt$ G2 = =~ HoSpt®.

Remark 3.8 Since the Postnikov tower

S

.S .
= n+1_)jn —..-—id

and the slice tower

1,8 LS _

R ey coe—id

are both defined via cofibrant replacement functors on the appropriate model categories,
we thus have for a <b well defined endofunctors f S b= hofib( fb — fa‘S ) and
fa b= = hofib( j — [l %), giving rise to homotopy ﬁber sequences
.S
a/b — fb — faS and f/b — bt — fat’s.
In the stable setting, this gives us the homotopy fiber sequences

S S S 1,8 .S 1,8
fy = fa— a/b and  f,7" — [, — /b

by defining

s _ =S 6LS _ 1,5

ab =20 Jap and fon =%o f
Even in the unstable setting, if we fix an object ) and let X = ())), then we have a
canonical weak equivalence

12X = Q(f2, ),

giving us the homotopy fiber sequence fb (X) = f5(X) —> p +1 /bt (). We may
therefore define 1 ) b(X )= f at1/b+1 ()), giving the homotopy fiber sequence

[0 = @) > 5,0,

3We still use the projective model structure on Spty (k)°, but with respect to the Panin—Pimenov—
Rondigs model structure on Spty (k).
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which is at least functorial in ) (for X = Q()))). We can make a similar definition
of fat;‘z (X) in the setting of the slice tower, having chosen a delooping ) of X'. We set

SS t,S P ftaS

. £S
n'_fn/n—l-l and 5,7 = Wl

As the Postnikov tower and slice tower are defined via cofibrant replacement functors,
the functors f;° and I S send fibrant objects to fibrant objects. The same holds for
the layers fas/ p and fat/“z, assuming that the choice of delooping is fibrant.

We conclude with a simple result concerning connectivity.

Lemma 3.9 Take £ € Spt® such that is«& is (n— 1)—connected for each s € S. Then
f5€ — £ is a weak equivalence.

Proof Since igx fnSE = fuig«&, our assumption on & implies that i fnSE — igx€ 1S
a weak equivalence for each s € S, and thus f°€ — £ is a weak equivalence. a

4 Cosimplicial objects in a model category

We will work in a fairly general setting, letting M be a pointed closed symmet-
ric monoidal simplicial model category. The reader can keep in mind the example
M = Spc,, the category of pointed simplicial sets.

This material, as well as much of the material in the next section, may be found in the
beginning of [4].

We have the functor category M2 of cosimplicial objects in M. We give M2 the
Reedy model structure, unless explicitly stated otherwise. For X: A — M, we often
write X" for X([n]).

Remark 4.1 The unit for the monoidal structure on M? is the constant cosimplicial
object on the unit 1 in M this is usually not a cofibrant object in M2

If A is an object in M, write cA for the constant cosimplicial object. The functor ¢
does not in general preserve cofibrations; however, if i: 4 — B is a cofibration in M
and p: X — ) is a fibration in M% with ) (and hence X) fibrant, then

Hom(cB, X) — Hom(cA, X) Xyom(ca,y) Hom(cB,))

is a fibration, and it is a trivial fibration if either i or p is a weak equivalence.
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We consider the full subcategory A=" of A, with objects [k], k =0, ...,n; note that
A=" is also a Reedy category, with the evident + and — subcategories. We usually
give M2~ the Reedy model category structure.

For T' e M, we write Qr for the functor Hom(T,—): M — M, right adjoint to X7,
where £7(X) = X AT . We also write Q7 for the functor Hom(cT, —): M2 — M2,
leaving it to the context to determine the precise meaning. Similarly, we may use the
Spc, —structure to define Qg := Hom(K, —): M — M, right adjoint to g, where
Yx(X) =X AK, and also Qg := Hom(K,—): M2 — M2, We write Q and T
for Qg1 and Xg1.

4.1 The total complex and associated towers

We recall the construction of towers associated to cosimplicial objects, recapping the
construction of [5] for cosimplicial spaces, which was generalized to cosimplicial
objects in a simplicial model category in [4].

Let X be a cosimplicial object in M. We have the associated total object Tot X' :=
Hom® (A[x], X) in M note that A[x] is a cofibrant object in Spe®, hence the functor
Tot: M2 — M is a right Quillen functor with left adjoint A — A x A[x]. We make
the analogous definition in the pointed setting.

For T € M, X € M?, the adjoint property of Hom gives the isomorphism
Hom (T, Tot X) = Hom%, (T x A[x], X)
=~ Hom®™ (A[x], Homm (T, X)) = Tot(Homa (T, X))

in M. That is, we have the canonical isomorphism 27 Tot X = Tot 27X . Conse-
quently, assume M is a category of T—spectra in some model category M. For
EA— Spt/;flo a cosimplicial T—spectrum,

E=(E0re. i Epn..),

with bonding maps €,: &, — Q&4+, Tot& is the spectrum (Tot&y, Tot&y,...),
with bonding maps Tote,: TotE, — Tot Q&1 = Qr Tot &y .

Let ix: ASk — A be the inclusion functor, and let Spc(k) be the category of presheaves
of sets on ASK. Restricting via iy gives the functor iz .: Spc — Spc(k) , which admits
the left adjoint i ,’:: Spc(k) — Spc; the k—skeleton functor skj is the composition
i ]f 0l , with counit sk — id. We write A%) for sky 4. We have the canonical natural
transformations t,, x: skx — sk, for 0 <k <m, with 1, 0ty k =ty g for k <m <n.
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Let i: A[*]®) — A[x] be the k —skeleton of A[x], thatis, the cosimplicial simplicial set
n Aln]® . For X a cosimplicial object of M, let Tot) X := Hom™M(A[x]®), x).
The sequence of cofibrations

2= AT 5 A[]@ 5 A[¥]D oo A[® s A4
thus gives the tower
4-1) TotX — .- — Totyy X — - — Tot(1y X — Totgy X — Tot_1y X := pt
in M, which is a tower of fibrations if X is fibrant.

We let Tot™®) ¥ — Tot X be the homotopy fiber of Tot & — Tot_1) X', giving the
tower

4-2) coe > Tot* D ¥ 5 Tot® ¥ — ... & Tot™ ¥ — Tot©@ x = Tot X

in M. For m >k > —1, let Tot(,,/x) X be the homotopy fiber of Tot,,) X — Tot) X'.
For m > k > 0, let Tot*/™ x = Tot(u—1/k—1) X . To unify the notation, we define

Tot® := Tot =: Tot(xs) and Tot("/%) .= Tot™ =: Tot(oo/m—1) -

The homotopy fiber sequence Tot(,—1/x—1) X — Toty—1) X — Totx—1) X and an
application of the Quetzalcoatl lemma to the commutative diagram

TotX —— TOt(m_l) X

l

TotX¥ —— TOt(k_l) X

give us the homotopy fiber sequence
(4-3) Q Tot*/™ x — Tot'™ x — Tot® x.

Suppose we have a delooping Z of X'. We get natural (in Z) deloopings Tot") x =~
Q Tot™) Z for all r, which in turn give us natural deloopings Tot"/$) X =~ Q Tot/9) z
for all r, s. Extending the homotopy fiber sequence (4-3) for Z to the left gives us the
homotopy fiber sequence

Q Tot™ z — Q Tot® z — Q Totk/™ z:

using our deloopings thus gives us the homotopy fiber sequence

(4-4) Tot™ x — Tot® 1 2527, Tork/m) .

with pg /., natural in Z. In fact, pg/., is natural in X and may be defined directly as
follows: The composition Tot® x — Tot X — Tot(n—1) X — Tot_1) & is just the
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composition in the homotopy fiber sequence Tot® x — Tot X — Tot—1) X', soitis
canonically homotopic to the trivial map. This gives the canonical lifting of the
composition Tot®) ¥ — Tot X — Tot(,—1) X to a map Tot® x — Totgn—1/k—1) X,
which is just the map g/, -

In case M is a stable model category, the loops functor €2 is invertible in the homotopy
category, so our delooping assumption is automatically satisfied, and we just define
Tot®/™ X as the homotopy fiber of s Totp—1) X — s Totk—1) X', where S is the
functorial fibrant model of the suspension.

We fix a homotopy functor 4 on M. Rather than try to give an axiomatic treatment,
we list the examples of interest, where S = Spec k and k is a perfect field:

(1) M = Spe,, 7+ the usual direct sum of homotopy groups (a pointed set for
*=0).

(2) M =Spc,(S), 7« the Nisnevich sheaf of A!-homotopy groups (pointed sets
for x = 0).

(3) M =S8pc,(S), mn:=P,>0 Tn+mm-

These all have the property that amap f: X — Y in M is a weak equivalence if and
only if f induces an isomorphism on 74 for all choices of base point in X .# For the
case of a stable model category, we will assume that 4 is the graded truncation functor
associated to a nondegenerate #—structure on HoM, and again that amap f: X — Y
in M is a weak equivalence if and only if f induces an isomorphism on 7. Our
main examples of interest are, where S = Spec k and k is a perfect field:

(1) T=S8', M=S8Sptg:i(S) and 7, the stable A!-homotopy sheaf.

(2) T =S8' M=Sptgi(S) and 7, := D50 Tntmm> 1 € L, with 7, the
bigraded stable A!-homotopy sheaf.

(3) T =P! Al/A1\ {0} or some other convenient model of P!, M = Spt;(S)
and 1, := P,,cz Tntmm, N € L.

For a cosimplicial abelian group n — A", we have the associated complex A*, with
differential the alternating sum of the coface maps. We also have the quasi-isomorphic
normalized subcomplex NA*, with NA" := (!4 kers;. For a cosimplicial object

X € M2, let NX" be the fiber of s": X" — M"(X) (over the base point).

“In cases (2) and (3), the choice of base point is a local one with respect to the Nisnevich topology.
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Lemma 4.2 There is a natural isomorphism of Q A[n)/9A[,)N X™ with the fiber of the
map Tot(,) X — Tot,—;) X. If X is fibrant, the induced map QA[n)/9a[ N X" —
Tot(,/n—1) X gives rise to an isomorphism

4-5) QIN X" =~ Tot/n—1) X

in HoM . Moreover, we have an isomorphism j N X" = N(7; X)" C mj X™.

Proof See [5, Chapter X, Proposition 6.3] for a proof in the case M = Spc.

The fiber of Tot,) X — Tot(,—1) & is equal to Homp(A[«]™ /A[%]"=D_ x). This
in turn is isomorphic to the equalizer
o n—1
Homp(ALx]™/ ALV X) > Hom(Aln]/dA[n], ™) —= []a"".
i=0
where a(f) =[], s; o f and B is the map to the base point. This gives the asserted
identification of Homa(A[x]™ /A[x]"=D X) with Qap/eamN X"

Assume that X is fibrant. As A[x]""~D — A[x]" is a cofibration, the map Tot(,) X —
Tot(,—1) X is a fibration, hence the induced map QA[n)/9ap N X" — Totg/p—1) X
is a weak equivalence. Since X is fibrant, so is N X", hence a weak equivalence
(SHM — A[n]/0A[n] induces a weak equivalence QAm)aAm N X" — QIN X",
The last assertion is proven for simplicial sets in [5, Chapter X, Proposition 6.3]; the
same proof works in general. O

Consider the following conditions on a cosimplicial pointed space X':

(4-6-1) X is fibrant and there is a fibrant cosimplicial object J in M? and an
isomorphism X = Q%Y in HoMA.

(4-6-2) Given an integer i > 0, there is an integer N; such that (Nm; X)" = 0 for
n=N;, j<i+n.

In the stable case, we have the analog of these conditions for X € M% , namely:

(4-7-1) X is fibrant.
(4-7-2) Given an integer 7, there is an integer N; such that (Nx; X)" =0 for n > N;,
Jj=<i+n.

By Lemma 4.2, under the assumption that X is fibrant, the condition (4-6-2) is equiva-
lent to
7w Totyp—1) X =0 for j <i,n=N;.
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4.2 Spectral sequences and convergence

Suppose that X € M2 is fibrant. The tower of fibrations (4-1) gives the spectral
sequence

4-8) «E{N(X) = 71— p—q Tot(p)p—1) X = 7—p—g Tot(_1/4-1) X, A=p<B,

for 0 < A < B < co. Note that we use the Cartan—Eilenberg indexing convention
instead of the Bousfield—Kan convention used in [5].

Under the assumption (4-6-1) or (4-7-1), the spectral sequence (4-8) is isomorphic to
the spectral sequence of the tower (4-2),

49  EPX)=m_p g TotP/ P ¥ =, Tot/ B, A< p<B,
for 0 < A < B < oo. Furthermore, using Lemma 4.2 and (4-5), the E{-terms are

EPA(X) = Nm_gx”P.

Lemma 4.3 (1) If X € /\/l,A satisfies (4-6-1) (or (4-7-1) if M is a stable model
category), then the spectral sequences (4-8) and (4-9) are strongly convergent if B < 00.

(2) If X € M2 satisfies (4-6) (or (4-7) if M is a stable model category), then the
spectral sequences (4-8) and (4-9) are strongly convergent for all B, including B = oo.

Proof It suffices to give the proof in the unstable case. (1) follows easily, as in all
cases the associated tower is finite.

For (2), since X =~ Q2Y, there are no low-dimensional subtleties, and all the statements
we will be using from [5] make sense and are valid for 7y and mg.

We first show that the sequence is bounded. Indeed, E f’ 1 =0 for p <0, and if
p+q=—n,then EP’" =0 for p > N,. In particular, E"""7 = Efjr_ln_p =
EEZT"P for r > max{N,, N,—;} and all p.

Thus, the terms { £, } are “Mittag—Leffler in dimension i ” for all i [5, IX, Section 5,
page 264] and hence, by [5, IX, Proposition 5.7], the spectral sequence converges
completely to w4 Tot X. Fix an integer n > 0. Since the sequence is bounded, the
filtration of 7, Tot X induced by the spectral sequence is finite for each n, giving the
desired convergence. a

Lemma 4.4 Suppose there is an integer ¢ such that X™ is (¢ — 1) —connected for all n.
Then for all 0 <r < oo, m € Z (in the unstable case, we assume in addition m > 0):
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(1) For0<c¢—m <r, the map Tot™™/7) x — Tot("/") x induces a surjection
T Tot €™/ x s 7 Tot©/7) x
(2) For0 <c¢c—m—1 <r, the map Totle=m=1/1) x _ Tot(0/") x induces an
isomorphism
T Tot €11 x5 7 TotO/7) x,
Proof We have the strongly convergent spectral sequence
EPIX) =n_pgTotP/ P ¥ = g, TotD x, 0<p<b-1.

By Lemma 4.2, Ef’q =n_gNXPCrn_zXP,s0 Ef’q =0 for —g <c. Since Ef’q =0
for p > b—1, this implies that Ef”q =0 for —p—q <c—b. Thus 7, Tot(®/?) x =0 for
s <c¢—b,and so 7y Tot®/¢=™ ¥ = 0 for s <m. Using the homotopy fiber sequence

Tot@™™/") x — Tot"/ ") x — Tot®/e=m x

proves (1). Similarly, Tot©/c=m=1 x =0 for s < m + 1, and (2) follows by a
similar argument. a

5 Cosimplices and cubes

The functors Tot,) are complicated by the mixture of codegeneracies and coface maps
in Aj; in this section we discuss the reduction of Tot(,) to a homotopy limit over an
associated direct category, namely a punctured (n + 1)—cube.

As above, we have the full subcategory A=" of A and, for a model category C, the
restriction functor tyx: cA - cA™" with left adjoint L;';.

Throughout this section we fix a pointed simplicial model category M.

Lemma 5.1 Take X in M? . There is a natural isomorphism
Tot(,y X = Hom(tys Al*], 1y X).
If X is fibrant, there is a natural weak equivalence
hol<i’r1n tnx X — Tot,) X.
Proof We note that we have a ézrnonical isomorphism of cosimplicial spaces

sk A[¥] 2 0 tps Al %].

Indeed, (sk,A[m])([k]) is the colimit over [k] — [€] € ([k]/ A=")°P of Hom ([€], [m]),
while (%1, A[*])[m]([k]) is the colimit over [(] — [m] € A=" /[m] of Homa ([k], [£]).
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Both colimits are equal to the subset of Hom ([k], [#2]) consisting of maps that admit
a factorization [k] — [€] — [m], with £ <n.

This gives us the isomorphism
Tot(yy X := Hom(sk, A[*], X) = Hom(tp« A[*], tyx X)

in M. For 0 <k <n, the nerve of AIEJ" /[k] is the barycentric subdivision of A[k], and
sending the nondegenerate k—simplex of A[k] to the k—simplex

{0} —— {0, 1}€ - C {0,... k}

>

{0,...,k}
in A="/[k] gives rise to an acyclic cofibration
@ tax Al¥] = [[k] > N A" /[K]]

in SpcAsn. As X is fibrant in M2, it follows that tpx X 1s fibrant in /\/lASn, SO o
induces a weak equivalence upon applying Hom(—, 1% X). As

h§l<im tnx X := Hom([[k] NA="J[K]), tnxX)

by definition, we have the weak equivalences

holim 14 X' 2= Hom(ips Al*], tys X) = Tot,) X. a
A=n

Remark 5.2 For M the category of pointed simplicial sets, the above result is proven
in [29, Lemma 2.9].

Let (0" be the category associated to the set of subsets of {1,...,n}, with morphisms
being inclusions of subsets, and let [J§ be the full subcategory of nonempty subsets.
We let iy j: J — I denote the morphism associated to an inclusion I C J.

Give {1,...,n} the opposite of the standard order. The maps iy s are clearly order-
preserving, so sending / to the ordered set [|/| — 1] by the unique order-preserving
bijection defines a functor

(5-1) prtl Ottt > AS" C A,

For a model category M and for C = 03!, 0", AS", we give M the Reedy model
structure; since I:IgJrl and 0" are direct categories, this agrees with the projective
model structure in these cases.
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Proposition 5.3 Let M be a pointed simplicial model category and take X in M2
The map
go”'“* hohm Ly X — hohm (po* L X
Dﬂ

L. IZI""'1 — A=" is a weak equivalence in M.

induced by the functor <p”+
Proof As replacing X with a fibrant model induces a weak equivalence on the
respective homotopy limits, we may assume that X is fibrant. The result in the case
M = sSets, follows from [30, Theorem 6.5]. The general case follows from the case
of simplicial sets by taking a cofibrant object A4 of M and applying the mapping space
functor Maps (4, —) to gp 1. a

The n—cube and punctured (n + 1)—cube lend themselves to inductive arguments. Take
an integer n > 1. We decompose I:Ig+1 into three pieces by defining Of™ to be
the full subcategory with objects 7 such that n & I, IZI’(;Jr to be the full subcategory
with objects I such that n € I, I # {n}, and pt, := {n} (with identity morphism).
We have the isomorphisms j, : Of — 07, gt 0g — D’g"', defined as follows:
Let ju: {1,...,n} = {l,...,n+ 1} be the inclusion j,(i) =i for 1 <i < n, with
jn(n)=n+ 1 Then j, is Just the functor induced by j,, and j,F (1) = ]n (1)U {n}.
Leti,f: ag — Dg“ and 7, : OF — Dg“ be the inclusions induced by j,© and j, .

The inclusions I C I U {n} define a natural transformation oy: i, — if, whereas
the 1nclu81ons {nyClI, e I:I"Jr define the morphisms fBy: {n} — z+(l ). For each
X e MDO , we thus have the following diagram in M:

hohmDn I X BN hohmDn z,ﬁzl’

[
x({n)

This diagram defines a functor

gt o2
hohm,H_1 M - M

and we have a natural isomorphism

holim X =~ hohm holim " il (X))

n+1
D 0

in M. In case X ({n}) = pt, we have the natural isomorphisms

(5-2) hoth holim holim _H(X) hofib(c,: hohmz X —>h0hml ).
D” 03 06
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Let pf: O" — D”'H be the functor p;F (1) := I U {n + 1}, giving the restriction
functor
o MPo T — M

and the left adjoint p;*: MDP" S M Explicitly, for ¥ e M5, pt*x e MET

is given by p,*X(p;f (1)) = X(I) and p,*X(J) = pt for J C{1,...,n}.

Similarly, we have a decomposition 7 z of 0" 1nt0 two (n—1)—cubes, with z ()=
+(I ) = 1 U{n} and natural transformatlon Uy z — z,fr , as for the punctured (n+ 1)—

cube. We define the iterated homotopy fiber functor hofib”: MY — M inductively by
hofib™ () = hofib(hofib" ! (@y): hofib" ! (i, (X)) — hofib" ' (i, (X))).
Using the isomorphism (5-2) and induction, we arrive at a natural isomorphism

(5-3) hofib” (X)) = holim o (X).
mh

Example 5.4 We let M be one of the model categories discussed in (6-1) below
and we apply the above results to the stable model category M of symmetric 7T—spectra
Spt?’MO, with T = S! or some model of P!. Let £ be a commutative monoid
in Spt?’Mo. Form the cosimplicial (symmetric) spectrum n +— £**1, with coface
maps given by the appropriate unit maps and codegeneracies by multiplication maps.
Letting £2**1 be a fibrant model, Lemma 5.1 and Proposition 5.3 give us isomorphisms

(5-4) Tot(yy EM 1! = holim i gl o holim pptlenstl
Dl’l

in HoSpt?’MO o~ HoSpt , where we write ga"“é”\*"'l for (p"+1 axENTL

Let S € Spt?’MO be the unit. We have the map S 2 Tot, ¢S — Tot, £**!, induced
by the unit map ¢S — E"*T1. Letting £ be the homotopy cofiber of the unit map
S — &£, we claim there is a natural isomorphism

Q"EMT! = hocofib(S — Tot(,) EM* 1)

in HoSpt?’MO. Indeed, let [S — £]"*! be the evident (7 + 1)—cube in spectra I —
NI The distinguished triangle S — £ — £ — S[1] and isomorphism (5-3) give the
isomorphism

Qnrtlgantl o hDOnl}gl p::l[S — g]/\n—i-l

in HoSptE’MO On the other hand, fill in the punctured (n + 1)—cube gogHé’ AL o

an (n + 1)—cube @ tlenx+1 by inserting pr at the entry &, and similarly extend S
to an (n + 1)—cube S with value S at @ and value pt at I # &. This gives us the
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homotopy fiber sequence

n+15A*+1 ]An+4 _>p2118

(5-5) ,on+1(p —>pn+1[S—>5

in (Spt?’Mo)Dg . Using the isomorphism (5-3) we get the isomorphisms

n+15/\*+1 n—l—lg/\*—}—l

2 holim ¢,

~ hohm
Dn+l ont '0”"‘1('0

0

Qe+l ~ holim ,0+* [S — &Mt
opt2

S 2 holim S
Dn+2

in HOSptE Mo . Thus, applying hOllmDn+2 to the homotopy fiber sequence (5-5) gives
us the distinguished triangle

Q hollm(,z)"Jrlci"\*le —Quitlgnntl g h011m<,0”+1<5'/\*+1

Dn+l Dn-l—l

X, My

in HoSpt.""?, which combined with (5-4) yields the desired result.

We consider the case of £ = MGL in Spt% (S). For the construction of MGL we refer
the reader to [33]; for the structure as a symmetric monoidal object in Spt% (S), we
cite [24, Section 2.1]. Applying the above example, we have the distinguished triangle

(5-6) Sg 2 holim e T MGLM ! — @"MGLM ! — Sgl1]
Dﬂ

in SH(S). Since f is an exact functor and Dg“ is a finite category, we have the
isomorphism

+
hohmf et MGL™M 1! = f! holim ) ! MGL"* 1!
Dn+l Dn+l

0
in SH(S).
Proposition 5.5 (1) The morphism i, induces an isomorphism

T Ss = holim £ 28 g MGLA
forallm <N <n+1. ’
(2) There is a natural isomorphism

Em/ Nt [y nSs = Totgy [y MGLA* !

form < N <n+ 1, compatible with the maps in the Tot,)—tower (for fixed m, N
and varying n ) and the maps in the slice tower (for fixed n and varying m, N ).
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Proof The map Sg — MGL induces an isomorphism s(’)SS — s(’) MGL, and hence
s5MGL = 0. As both Sg and MGL are in SH*(S), it follows that /{MGL =MGL,
and hence [ Q"MGLM*! = Q"MGL""*!. From this it follows that

Sy n@™MGLN T =0 form <N <n+1.
Applying fp,/n to the distinguished triangle (5-6) completes the proof of (1).

For (2), the restrrction Lnx ]’ IN A MGL"**! s fibrant in Spt, 1(S)A5n since by con-
struction f /N A MGL"*T! is a fibrant object in Spt]P,1 (S)2. In addition, we have an

isomorphism
Ln*ft A MGLA* ! ~ fnt;/A]\; Lns MGLA*+H!1

in HoSptg (S )A_n . Thus, by Lemma 5.1, we have a canonical isomorphism

holim S0 e MGLM L = Totgy £0f MGLA*!

in SH(S). Similarly, by Proposition 5.3, we have the isomorphism

(pl’l+1 MGLA*+1

holim f /; Lns MGLM* ! Nhohm]’ /M o

A=n
in SH(S); together with (1), these isomorphisms yield (2). |

Remark 5.6 For the truncation functors S d

and the Betti realization functor Reg,
we have been using the projective model structure on the functor category, while for
the Tot—tower we use the Reedy model structure. To pass from one situation to the
other, we use Lemma 5.1 and Proposition 5.3 to replace the Tot,)—construction with a
homotopy limit over the punctured (n + 1)—cube. As Dg'H is a direct category, the
Reedy model structure agrees with the projective model structure, so we may apply all
these constructions freely. Besides the finiteness of Dg“ , this is another reason why

we pass from cosimplicial objects to cubes.

6 Décalage

Deligne’s décalage operation [6, (1.3.3)] constructs a new filtration Dec F' on a com-
plex K from a given filtration ' on K; this change of filtration has the effect of
accelerating the spectral sequence associated to the filtered complex K. Here we
replace the filtered complex K with a cosimplicial spectrum object together with the
tower Tot™ . The tower replacing Dec F' turns out to arise from a suitable Postnikov
tower, where the n™ term is formed by applying the functor of the (7 — 1)—connected
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cover termwise to the given cosimplicial object and then applying Tot. Our main
result in this section is an analog of Deligne’s comparison of the spectral sequences for
(K, F) and (K, DecF) [6, Proposition 1.3.4].

For the application of this construction to the comparison of the slice and Adams—
Novikov spectral sequences, we need only consider the model categories of simplicial
sets and suspension spectra. However, with an eye to possible future applications, we
present this section in a somewhat more general setting. We were not able to formulate
a good axiomatic description of the appropriate setting for this construction; rather, we
give a list of examples, which we hope will cover enough ground to be useful.

We take M to be one of the pointed closed symmetric monoidal simplicial model
categories detailed in the following examples:

(6-1-1) My is Spe,, the category of pointed simplicial sets, with the usual model
structure.

(6-1-2) C is a small category, T a Grothendieck topology on C and M, the category
of Spc,—valued presheaves on C with the injective model structure (localized
for the topology 7).

(6-1-3) B = Speck, where k is a perfect field, C =Sm/ B is the category of smooth
quasiprojective B—schemes and M, the category Spec,(B) with the motivic
model structure, that is, the left Bousfield localization of example (6-1-2) with
C = Sm/B, t the Nisnevich topology and the localization with respect to
maps X A (A!,0) — pt.

Note that these are all cofibrantly generated, cellular and combinatorial model cat-
egories. In case (6-1-2), we recall that weak equivalences are given via the 7—
homotopy sheaves 7, (X), where 7} (X) is the r—sheaf associated to the presheaf
U + [Z"Uy, X]gorm . In case (6-1-3), weak equivalences are given via the A!—
homotopy sheaves n,ffl()(), where nfl(ﬁ.’) is similarly defined as the Nisnevich
sheaf associated to the presheaf U +— [Z"U, X]gom .

For the stable model categories M := Spty M, we use the model structure induced
from M by the construction given in [11, Chapter 7]. In case (6-1-1) we take T = S!,
which gives us the category of suspension spectra, with weak equivalences the stable
weak equivalences. In (6-1-2), we take again the category of suspension spectra,
where now T = S acts through the simplicial structure. We assume that the weak
equivalences are the stable weak equivalences, that is, maps that induce an isomorphism
on the stable homotopy sheaves 7, (&) :=lim, 7 Ay (En) if €= (€, &p,...). In
case (6-1-3), we may take 7 = S'!, which gives the category of S!-spectra Sptg1(B),
or Sptf;t1 (B) for the étale version. Here the weak equivalences are the stable weak
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. . 1.
equivalences, using the A!—homotopy sheaves n,"} in place of n;. These are all
cofibrantly generated, cellular, combinatorial stable simplicial M model categories.
If at some point we require the stable category to have a symmetric monoidal model

category structure, we will replace the spectrum category with symmetric spectra.

In all cases, one has the following for each object X': homotopy objects m,(X),
n=0,1,..., with m, an abelian group object for » > 2 and a group object for
n =1, so that {m,,n > 0} detects weak equivalences; a loops functor X — QX with
7 (QX) = 1,41 (X), so that a homotopy fiber sequence induces a long exact sequence
in the 7, in the usual extended sense, and a functorial (left) Postnikov tower

o fup1 X > uX > X = A

with f,X — X inducing an isomorphism on 7, for m > n and with m, f, X = {*}
for m < n. Furthermore, for an integer n > 2, there is an Eilenberg—Mac Lane space
K(A,n) associated to an abelian group (in case (6-1-1)) or T—sheaf of abelian groups
(in case (6-1-2)) or strictly A!—invariant sheaf of abelian groups (in case (6-1-3)), which
is determined up to unique isomorphism in HoM by the vanishing of 7, K(A, n) for
m # n and the choice of an isomorphism A4 = 7, K(A,n).

For the spectrum categories, stabilizing the , gives the collection of stable homotopy
objects {m,,n € Z}, which detect weak equivalences and which are abelian group
objects for all n; one has a functorial (left) Postnikov tower

o furrE o S > E

and Eilenberg—Mac Lane spectrum EM (A, n) for A an abelian group object as above
andneZ.

In what follows, we treat all these cases simultaneously; usually we will not need
to distinguish between the stable and unstable setting, and will refer to the model
category at hand as M, whether stable or unstable. We retain the notation K(4,n)
for the Eilenberg—Mac Lane space in the unstable setting, and write K(4,n) for the
Eilenberg—Mac Lane spectrum EM (A, n) in the stable case.

We apply the Postnikov tower construction in functor categories, as described in
Examples 3.7 (1), to an object X € M2, which gives the cosimplicial object f;; X € M2,

JaX i=[m— frX™M,
and the resulting tower

i frg 1 X = [ e X
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As the notation suggests, this tower has the property that evaluation at some [m] € A
yields the Postnikov tower for X"".

We assume that we have a double delooping Y of X, that is, a weak equivalence
X — Q2Y in HoM? ; we will simply replace X with 2}, so we may assume that
this weak equivalence is an identity. This assumption is of course fulfilled for all X if
we are in the stable case. We let Z = Q) and use Z as a chosen delooping of X'.

Definition 6.1 Fix an integer 4 and an extended integer B, with 0 < 4 < B < co.
Let X be in M2 . Applying the functor Tot(4/B) to the Postnikov tower for X gives
the following tower décalé of spaces:

(6-2) cee—> Tot(A/B)(f,,+1X) — Tot(A/B)(an) — e Tot(A/B)(X).
Using our chosen delooping X' = Q2Z, let fi/,, X :=hofib( f41Z — fr4+12). Since

Jn o L is naturally isomorphic to € o f,4; as natural transformations to HoM, the
homotopy fiber sequence

Qfm+12 = Qfg+12 — hofib(fn+1Z2 — fr412)
gives us the homotopy fiber sequence
Jm&X = [k X = fi/mX.
We have as well induced delooping for f;, X', namely f,,41Z.
The tower (6-2) gives rise to the spectral sequence
©6-3)  EP9(Dec,X) = n_pg Tot“B) 1,/ 01X = 1 pg TotA/B) x
for 0 <A < B <oo0.

The constructions f; and Tot™/ %) are strictly functorial and preserve homotopy fiber
sequences. Thus, we have the commutative diagram of natural transformations

Tot(m+1/N)(fp+1 (-) — Tot(m+1/N)(fp(—))

l l

Tot™/ N (£, 41 (=) —— Tot™/N)( £,())
for 0 <m < N < o0, 0 < p, and the homotopy fiber sequence
Tot @M ( f,41(X)) = Tot WM ( £, (X)) — TOt(a/N)(fp/pH (X))

for0<a=<N.
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The operation fj /,, is also functorial and preserves fiber sequences, except that these
are in terms of the chosen delooping Z for X'.

Using the chosen delooping Z, we define Tot™/m+1)

b/t (X) to be the homotopy fiber of
the map

Tot™ /M (£, 15(2)) = Tot™ M (f,11(2)).

Note that Totl(;% T_TI)(X ) is, as the notation suggests, independent of the choice of N

(up to weak equivalence).

As Tot@/?) commutes with €2, the homotopy fiber sequence

QT "M (£,15(2) = QTot™ M (f,1.1(2)) — Totl/ 7 (x)

yields the homotopy fiber sequence

Tot™ UM (£, 41(X)) = Tot™/ M (£,,(2)) — Tot V777 D ().

We have maps

. (m/m+1) N
a: Tot) 1" (X) = Tot™ N (£, 11 (X)),

B: Tot77m+D (x0) — Tot™/m+D (£, ()),

defined by taking the induced maps on the homotopy fibers of the horizontal maps in
the following commutative diagrams:

Tott" VYN (£, 5(2)) —— Tot™' N (f,11(2))

o l |

Tot"™ M ( £y 42(2)) —— Tot™ M (f,1.1(2))

Tot™ 1N (£, 15(2)) — Tot™ M (£, 1(2))
| |
Tot™ 1N (£, 1 1(2)) — Tot™ M (f,.1(2))
Via the homotopy fiber sequences
Tot™/m D (f, 11 (X)) — Tot™ VN (£, 15 (2)) — Tot™ M (f,42(2)),
Tot" VN (£ 5 41(X)) = Tt VYN (1 15(2)) — Tot TN (1, 44(2)),
the Quetzalcoatl lemma gives the isomorphisms

(6-6) hofib(a) 2 Tot™/ MV (£,.1(X)), hofib(B) = Tot™ VN (£, 1, (X)).
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Putting all these together gives us the commutative diagram

Tot(m+1/N)(fp+1(X)) - Tot(mH/N)(fp(X)) - TOt(mH/N)(fp/erl(X))

[~ |

67 Tot™ M (fyi1(X)) — Tot™ N (£, (X)) — Tot™ M (£, ,41(X))

| | T~

Tot(m/m+1)(fp+1 (X)) — Tot(m/m+1)(fp(X)) ; TOtg%,Tfl)(X)

with the top two rows, the two left-hand columns and the diagonal all homotopy fiber
sequences.

Lemma 6.2 Let p, g be integers with p > 0 and —2p < q < —p. Take N such that
2p+q+1=< N =< oo, and consider the following diagram extracted from (6-7) with
m=2p+gq:

= pgq Tt N (f )51 1(X))

[
1
g T D (£ () e g Tot 4 ()

Then the map o is an isomorphism and the map B is injective.

Proof Let us first consider the map «. The isomorphism (6-6) gives us the homotopy
fiber sequence

(68)  Tot™/™D(f 1 (X)) = Totp BTV (X) S Tot N1 (1)),

Using the canonical isomorphism in HoM?2, £, (7)) 2 Q f,+1(7), and the deloop-
ings X = QZ, Z=Q), we may replace X, Z with the pair Z,) and identify the
sequence (6-8) with 2 applied to the homotopy fiber sequence

a/
Tot™/" D (fp42(2)) = o170 (2) S Tot™ NS4/ 12(2)).

From this, we see that we may extend « to a homotopy fiber sequence

o
Toty) "3 (X) = Tot™ M (£, 41(X) = Tot™ ™D (£, 15(2)).
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We have by Lemma 4.2
Tot™/" 0 (f12(2)) 2 QP TINfp 12(22779),

hence 77— p—g-re Tt/ ™D (f,15(2)) & N(r—pqse(@2PF9 f45(22059))) s a
subgroup of np+€fp+2(221’+q). Because np+€fp+2(221’+q) is zero for e =0, 1, «
is an isomorphism.

For 8, we have the homotopy fiber sequence

B
TOt(mH/N)(fp/pH(X)) - TOtfvn;;’iTl)(X) - TOt(m/mH)(fp/pH(X))'

The cosimplicial object [,/ ,+1(X) is weakly equivalent to the cosimplicial Eilenberg—
Mac Lane object
ni—> K(mp(X"), p),

hence m; Tot(m+1/N)(fp/p+1 (X)) is the cohomology in degree —¢ of the complex
Ny (2Pt o N, (x2PH9F2) o Ny (aN ),

concentrated in degrees [p+q+1, N—p—1]. Som_,_4 Tot(m+1/N)(fp/p+1 (X))=0
and f is injective on 7_p,_4. O

We consider the spectral sequences (4-9) and (6-3) for A =0 and 0 < B < oco. Take
integers p, ¢ with 0 <—p and 0 <2p + g < B. We have

ET"7P(X) = Nmpx™;

the Eq{—complex E T ""P(X) is the (truncated) normalized complex (shifted to be
supported in degrees d, —p <d < B—p—1)

0<pNpsX*:=NmpX° —... > NrpyX?PH4 5 Ny, x2Ptat] —>~~-—>N7thB_1
and E2PT9TP = gra(ER TP (X)),
As fp/p+1(X) is weakly equivalent to the cosimplicial object

m > K(wp(X™), p),

it follows that Ef”q (Dec, X) :==m_p_4 Tot(%/B) Jp/p1(X) is HP%4 of the complex
(shifted to be supported in degrees d, —p <d < B—p—1)

0<BN7rpX*:=anX0—>---—>N7rpX2p+q—>anX2P+q+l—>---—>NnPXB_1.

As this complex is equal to E]""?(X), the identity maps on Nm,X* induce the
isomorphism

(6-9) yP4: EP4(Dec, X) — E2PTETP(X).
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Proposition 6.3 Take A =0, 0 < B <oo. The maps (6-9) give rise to an isomorphism
of complexes

yl*’q: Ef’q (Dec, X) — E§*+q’_*(2()
and inductively to a sequence of isomorphisms

P9 EP9(Dec, X) — EJPT7P (%),

which give an isomorphism of complexes

y;ka*: (@ Erl'qu(DeC,X),dr) — (@ Ef—li)-—li_q’_p(-)(),dr—l-l)
b.q

D-.q

foreachr > 1.

Proof To simplify the notation, we give the proof in case B = co; the proof in the
general case is exactly the same, replacing Tot™) with Tot~/5) throughout.

The spectral sequence (4-9) is the spectral sequence associated to the exact couple

D1—>D1

N,

Df”q =Ty g Tot(? (X), Ep,q =T, g Tot(p/p-i-l)()()’

with

the maps i Dp+1’q ' D and 7?: DP? — EP induced by the canonical
morph1sms
Tot?+ D (x) - Tot? (X),
TotP) (x) — Tot?/P+D (1),

respectively, and with 3pq Ep 4 Dp+1’q

homotopy fiber sequence

the boundary map associated to the

Tot?TD(x) = Tot? (x) — Tot®?/ P+ ().

Similarly, the spectral sequence (6-3) arises from the exact couple

Dl ,Dec Dl,Dec
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defined in a similar way, where we replace Tot?) (), Tot®? TV (x) and Tot(?/7+1 (x)
with Tot(® Jp(X), Tot® Jp+1(X) and Tot(©® Jp/p+1(X). To prove the result, it
suffices to define maps

51”1 pP4 _)D2p+q -p

1,Dec
such that
i i
81 81 Dipec —— D1 pec Dy ———— Dy
\ /711 - a\ ‘/7'[2
2
12 E pec E,

defines a map of (reindexed) exact couples.

We recall that £, is the cohomology of the complex (E1, d;), with dy = w109y . Let
Z, C E be the kernel of d; and note that Z, D m;(D;). By definition, Dp 4 =
ll(Dp T c Dp g+l , i2: Dy — D5 is the map induced by i1, the map 75: D, —>E2
is defined by the commutative diagram

D] —)El
T

and d,: £, — D, is induced by restricting d; to Z,, noting that this restriction
sends Z, to i1(D1) C D1, and descends to E;.

Next, we note that the maps
Toepeg TotPPHD fox ) Tot©® f,x

—q TOt(2p+q) ‘fp/p-i-lX — 7T_p_q TOt(O) fp/p_HX,

2 2 0
T—p—q—1 TOt( prat2) fp—HX — T—p—g—1 TOt( % fIH—lX
are surjective and

g Tot@Pra=h) fx sm qTot(o)fp
T_ Tot(2p+q 1)f/ 11X =T qTot ]j,,/pHX,

T—p—g—1 TOt(2P+q+€) fp+1X —> T—p—q—1 TOt 0 ]21-4—1)(
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(e < 1) are isomorphisms, by Lemma 4.4. From the commutative diagram

Mepeg Tot@PHD fx — 5 ) Tot@rraD) fox = m_,  Tot® f,x

l l

T_p—g Tot?rtd xy — T—_p—g Tot@P+a—1 y
we arrive at the well-defined map

DI =7 pg Tot® fpx
SIPJI

—— im[7_ g Tot?PTD ¥ — 7, Tot@?P 4= x] = D§p+q,—p.

The identity
ip081 =810 pec
follows directly.

To show that 75 0§y = yj 0 | pec, We consider the following diagram (which is well
defined by Lemma 6.2):

TT1.Dec

T pegq Tot©® fr X —" _ Tot©® £/, 1 X

TT—p—q Tot27+4) JpX — m—p—g TOt(z,IiJrq) Sprp1X

\ 'Boail le,q

2 2 ¢ p-q
50 Tepyg Tot(2P+4/2p+q+ )fp?( Ef

E

b1 Tot2P+d ¥ s 7 Tot@p+a/2p+a+1) y (> 72P+a—p
—pP—q i) —p—q 5

(6-10)

”1|D2
The right-hand column may be described explicitly as follows: Let
NrpX* :=[NmpX® — Nmpx! — -]

be the normalized complex associated to the cosimplicial abelian group object
n— mp X", shifted to be supported in degrees [—p, o). Then the right-hand column
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is the sequence of evident maps
HP (N, X*) « ZPTI(NpX*) < NrpX?PT = Nm,x2PH,
The map 777 is the evident identification of Z?%9(Nm,X*) with Z2PT%77 The

commutativity of (6-10) follows from this computation and the commutativity of
diagram (6-7). Since 7 = 7 o 71| p, , this shows that 3 0§; =y 0 71 pec-

For the remaining identity d,0y7 = §1 001, we extract from diagram (6-7) a commutative
diagram (in M) with rows being homotopy fiber sequences and m =2p + ¢:

Tot™ D f,0 — Tot'™ f,x —— Tot™/m+1 [ x
B

+1
Tot" D £, 1 X —— Tot™ f,xX —— Totg'/’ﬁﬁl ) x

o

Tot™ [, 11X —— Tot™ [, X —— Tot™ [, . 1 X
This gives us the commutative diagram

T—p—g Tott/m+D y 9 | T—p—g—1 Tot™+1 x

)7T §

m/m-+1
T—_p—g Tot/m+1) JpX KASIARN T—pg—1 Tot+1) JpX

| ,-

+1 3
T—p—gq Tot;";;"_:_l Iy —2 T p_g—1 Tot(™+1 Jp1X

alw ~|la

T—p—gq TOt(m) fp/p-‘rl‘)( m T—p—q—1 TOt(m) fp+1X

(plw ~ a

N_p_qTOt(O) fp/p_{_l)f‘wn'_p_q_] Tot® fp-l—l‘)(-

The map 95 is induced from 9, the map §; is induced from §o j o0& ! oF~! (noting

that this latter map has image in D§p+q+2’_p_l) and y; = JoBoalop ! (as
we have noted above). This gives the identity d; o )y = §; 0 91 pec, completing the
proof. O
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Remark 6.4 Proposition 6.3 may be viewed as a homotopy-theoretic analog of a
special case of Deligne’s result [6, Proposition 1.3.4]. Indeed, let K** be a double
complex and let K* be the associated (extended) total complex

k"= ] k*’.
a+b=n

Give K" the filtration by taking the stupid filtration in the first variable, that is,

(F"K)" = [ Kk*.
a+b=n
azm

Then Deligne’s filtration Dec” K* is given by Dec” K" =[], 5—, Dec™ Kb | with

Kb for b < —m,
Dec™ K%Y = ]9 for b > —m,
ker(dy: K& — K%~ ™M+1y  for b = —m.

That is, Dec’” K* is the extended total complex of the double complex

a1t (K", 0,),

where & C* is the canonical subcomplex of a complex C*.

If K% =0 for a <0, we may use the Dold—Kan correspondence to give a cosimplicial
object in complexes

n— K®*

such that K%* = NK%* as complexes and the differential 3;: K%? — K9+ 1.0 is the
differential NK%* — NKat1* given as the usual alternating sum of coface maps. If
we let EM K%* be the Eilenberg—Mac Lane spectrum associated to the complex Ko*,
then Tot[n — EM E”*] is the Eilenberg—Mac Lane spectrum associated to Tot K*,
the tower Tot™[n — EM K"*] is the tower associated to the filtration F*K*, and
the tower Tot[n — f+EM E”’*] is associated to Dec* K. Furthermore, the spectral
sequences (4-9) and (6-3) are the same as the ones associated to the filtered complex
F*K and Dec* K, respectively, and the isomorphism of Proposition 6.3 is the same
as that of [6, Proposition 1.3.4]. The proof given here is considerably more involved
than that in [6], due to the fact that one could not simply compute with elements, as is
possible in the setting of filtered complexes.
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