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Some new results on modified diagonals

CLAIRE VOISIN

O’Grady studied m"™ modified diagonals for a smooth connected projective variety,
generalizing the Gross—Schoen modified small diagonal. These cycles I'"* (X, a)
depend on a choice of reference point ¢ € X (or more generally a degree-1 zero-
cycle). We prove that for any X, a, the cycle ' (X,a) vanishes for large m.
We also prove the following conjecture of O’Grady: If X is a double cover of Y
and '™ (Y, a) vanishes (where a belongs to the branch locus), then I'*”~1 (X, a)
vanishes, and we provide a generalization to higher-degree finite covers. We finally
prove that " T1(X, 0x) =0 when X = S where S isa K3 surface, and n =2m,
which was conjectured by O’Grady and proved by him for m = 2, 3.

14Cl15, 14C25

1 Introduction

Let X be a connected smooth projective variety of dimension n. We will denote by
CH; (X) the Chow groups of X with rational coefficients and CH; (X)/alg the groups
of i —cycles of X with QQ—coefficients modulo algebraic equivalence. Let a € CHgy(X)
be a 0—cycle of degree 1 on X . Following Gross and Schoen [9] and O’Grady [12], let
us consider for m > 2 the following n—cycle '™ (X, a) in X, which is a modification
of the m™ small diagonal of X :

O IMXa= Y (=D)'pj@) psAm—i € CHy(XM)g.
Ic{1,..m},|I|=i<m

where

e {1,...,m} is the disjoint union of I and J,

o pri X™— X resp. py: X™ — X™~1 are the projections onto the products
of factors indexed by I, resp. J,

o Ap_; is the small diagonal of X/, Ay = X,
e a* € CHy(X") is defined by

(2) a*' = pta---pta.
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For example, for m =2, we have I'*(X,a) = Ay —ax X — X xa and T'*(X,a) =0
if and only if X = P! or a point. The modified small diagonal I'* (X, ) appears in
several recent works. Gross and Schoen prove that I'3 (X, @) = 0 if X is a hyperelliptic
curve and a is a Weierstrass point. This result was greatly extended in [5] by Colombo
and van Geemen, who worked with 1-cycles modulo algebraic equivalence and proved
that, for a d—gonal curve X, the cycle T4+ (X, a) is algebraically equivalent to 0.
Although they do not state their result in this form, but as the vanishing modulo algebraic
equivalence of the components Zg, s > d — 1 of the Beauville decomposition [1] of X
in its Jacobian, one can show that this is equivalent to the vanishing of T9+1(X, a)
modulo algebraic equivalence. For completeness, we will prove this fact in Section 4.1.

Concerning higher-dimensional varieties, Beauville and Voisin proved in [2] the fol-
lowing theorem:

Theorem 1.1 Let X be a K3 surface. Then there exists a canonical degree-1 zero-
cycle oy of X such that

(3) I'3(X,0x) =0 in CHy(X?).

In fact, oy can be defined as the class in CHy(X) of any point of X lying on a
(singular) rational curve in X .

In the paper [12], O’Grady investigates I'" (X, a) for higher n:. He proves the following
results (for X' smooth projective connected):

Theorem 1.2 (O’Grady [12]) (i) The cycle "1 (X, a) is cohomologous to 0,
for n = dim X and q(X) = 0. More generally "1 (X, a) is cohomologous
to 0 ifand only if m > dim X + d, where d is the dimension of the image of X
in its Albanese variety.

(i) IfT™(X,a) =0 then T (X,a) =0 for m’ > m.

@iii) If p: X — Y is a ramified double cover and a is a branch point such that
I'"™(Y,a) =0, then form =2 orm =3, T'?"~1(X,b) =0, where p(b) =a.

He conjectures that (iii) holds for any m (see [12, Conjecture 5.1]). One of our results
is the proof of O’Grady’s conjecture, see (i) below, and a generalization to any degree,
see (ii) and (iii) below.

Theorem 1.3 Let p: X — Y be a degree d finite morphism, where X, Y are smooth
projective and connected.

(i) Assume d =2, a € CHy(Y) is a O—cycle of degree 1 supported on the branch
locus of p, and b := %p*a € CHy(X). If T™(Y,a) =0, then T'*"~1(X,b) =0.
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(ii) Forany d, assume a € Y is a point such that the subscheme p~!(a) is supported
onapointh € X. IfT™(Y,a) =0, then T4m=D+1(x b) =0.

(iii) Forany d,let b := %p*a for some 0—cycle a € CHy(Y) of degree 1. If

I”(Y,a) =0 in CH,(Y™)/alg,
then
rdem=D+1(x py=0 in CH,(X4m=D+1)/q1g.

Statement (i) of Theorem 1.3 has been obtained independently by Moonen and Yin [11].

Remark 1.4 When Y = P" and d <n + 1, there always exists a point a € P” as in
(i1); see [8]. In this case, we have I'(Y,a) = 0, with m = n + 1, hence we conclude
that for d™ covers X of P” with d <n + 1, T9"t1(X,b) =0, with b = %p*(pt).
Note also that any curve X of genus g admits a morphism of degree d < g+ 1 to
P!, which is totally ramified at one given point x. Hence we get I'8T2(X,x) =0
for any x € X. This last result is also proved by Moonen and Yin [11] using the
Colombo—van Geemen vanishing result.

Remark 1.5 In the case where Y is P!, so X is a d—gonal curve, Theorem 1.3(iii)
gives the vanishing T¢*1(X,b) = 0 in CH; (X “*!)/alg. As explained in Section 4.1,
this is equivalent to the Colombo—van Geemen theorem [5] mentioned above.

Another application of Theorem 1.3 is the following result, which will be deduced
from it in Section 2 using the smash nilpotence result of Voevodsky [14] for cycles
algebraically equivalent to 0:

Corollary 1.6 Let X be a smooth projective(connected) variety of dimension n. Then
for any a € CHy(X) of degree 1, there exists an integer m such that T (X,a) =0 in
CH(m—l)n (Xm) .

Our second result is the following more precise statement:

Theorem 1.7 Let X be smooth projective connected of dimension n and let a €
CHy(X) be of degree 1. Then, if X is swept-out by irreducible curves of genus g
supporting a zero-cycle rationally equivalent to a, and m > (n + 1)(g + 1), one has
I'™(X,a) =0 in CH™"=Dn(xm),

Note that such a g always exists: Indeed, consider curves in X which are complete

intersections of ample hypersurfaces containing the support of the cycle a. For suf-
ficiently high degree such hypersurfaces, these curves will sweep out X, and thus
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we can take for g the genus of the generic such curves. In the case where X is a
K3 surface, we know that X is swept-out by elliptic curves supporting the canonical
0—cycle. Hence we get from Theorem 1.7 the vanishing I'®(X, ox) = 0, which is not
optimal in view of the relation (3) in Theorem 1.1.

We finally turn to the case of hyper-Kéhler manifolds. For K3 surfaces, one can get as
a consequence of (3) the following properties of oy (note however that property (1)
below is used to prove (3) so that we do not actually recover it from (3). Nevertheless,
the consequences (1) and (2) indicate that surfaces satisfying (3) are quite special):

(1) The intersection of two divisors D, D’ on X is proportional to oy in CHg(X).
(2) The second Chern class ¢, (X) is equal to 240y .

In the paper [12], O’ Grady formulates the following generalization of (3):

Conjecture 1.8 (O’Grady, [12, Conjecture 0.1]) Let X be a hyper-Kéhler n—fold.
Then there exists a canonical 0—cycle oy € CHy(X) of degree 1 such that

I'"*tY(X,0x) =0 in CH,(X").

Note that by Theorem 1.2, (i), we have [I""*1(X,0x)] = 0 in H*(X"*!, Q) and
that this is optimal. Conjecture 1.8 thus states that the cycles Fk(X ,0x) vanish in
CH(X%) once they vanish in H*(X*, Q), which is very different from the situation
encountered in the case of curves (except for the hyperelliptic ones).

O’Grady establishes this conjecture for the punctual Hilbert schemes .S (2] and SBI of
a K3 surface. The canonical 0—cycle oy, for X = § [ is naturally defined as the
class in CHo(X) of any point of X lying over nog € S for some representative
os € S of the canonical 0—cycle of §. We prove in Section 5 Conjecture 1.8 for
punctual Hilbert schemes X = § ("] of K3 surfaces, and for any 7, using methods
from Voisin [17] and recent results of Yin [20]:

Theorem 1.9 Let S be a K3 surface, andlet X = S [m] Then
@) "X, 0x) =0 in CH,(X"1),

where oy is the canonical O—cycle on X coming from the canonical 0—cycle of S,
and n =dim X =2m.

Note that one can recover from (4) the following result, which had been in fact already
proved in [17, Theorem 1.5].

Geometry & Topology, Volume 19 (2015)



Some new results on modified diagonals 3311

Corollary 1.10 The intersection of n divisors on X is proportional to ox in CHo(X).

For the proof of Theorem 1.9, we will need three tools. The first ingredient is similar
to what we did in [17], namely we will use the de Cataldo—Migliorini theorem [4] and
will prove Proposition 5.6 in order to reduce to computations in the Chow rings of
the self-products S k. The second ingredient is very new and it is provided by Yin’s
recent result [20] saying that the cohomological relations between the big diagonals of
a regular surface and the pull-back of the class of a point are generated (modulo trivial
relations) by the pull-backs of the Kimura relation and the cohomological counterpart
[['3(S,05)] =0 in H3(S3, Q) of the relation (3) (see also [12, Proposition 1.3]). We
then argue that the Kimura relation is not needed in our context, while the relation
I'3(S,0s) = 0 is satisfied in the Chow ring by Theorem 1.1.

To conclude, let us remark that the next conjecture in the same spirit as Conjecture 1.8
was stated first in [17] for K3 surfaces, and then by Shen and Vial in [13] for general
hyper-Kéhler manifolds:

Conjecture 1.11 Let X be a projective hyper-Kéhler manifold and n > 0 be an integer.
Then there exists a canonical 0—cycle oy € CHy(X) such that any polynomial relation
between the cohomology classes pr[ox], i <n, prl’."j[A x|, i # j <n, already holds
in CH(X").

O’Grady’s Conjecture 1.8 is the particular case of Conjecture 1.11 which concerns
the class 71! (X,0x), n =dim X . As explained in [18] in the case of K3 surfaces,
Conjecture 1.11 is extremely strong since it implies finite dimensionality in the Kimura
sense, with very important consequences established by Kimura [10], in particular on
the nilpotency of self-correspondences homologous to 0. O’Grady’s Conjecture 1.8
does not seem to have such implications, so it is possibly of a nature different from
Conjecture 1.11.

The paper is organized as follows: In Section 2 we introduce variants I''*" (X, a) of the
cycles I (X, a) which lie in CH,(X™*1!), n = dim X, and relate them to ' (X, a).
In Section 3, we will prove Theorem 1.7. Theorem 1.3 will be proved in Section 4 and
Theorem 1.9 will be proved in Section 5. The last Section 5.2 is devoted to the sketch
of the proof of a general theorem (Theorem 5.12) concerning universally defined cycles
on quasiprojective surfaces, which is used in the proof of Theorem 1.9. This result
is of independent interest and its complete proof will be given together with further
applications in [15].
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2 Cycles '™ (X, a)

We first introduce the following notation: X being smooth projective, and a €
CHo(X)q being a zero-cycle of degree 1, we define ' (X, a) € CH,(X™*1)q by

) r(X.a):= [] (poi*Ax — pi*a).
1<i<m
where:

(1) Ay C X x X is the diagonal of X .

(2) poi: X™! — X x X is the projection on the product of the first and (i + 1)
factors.

(3) pit X™T1 X is the projection on the (i + 1)* factor (our factors are indexed
by {0,...,m}).

The cycles I'"* (X, a) and I''""™ (X, a) are related as follows:

Lemma 2.1 We have

(6) " (X,a) = p}

.....

.....

7 I"""'I(X,a)=I‘l’m(X,a)—pz‘;a-p’1

Proof This is almost immediate. Developing the product in (5), we get

(8) Fl’m(X, a) — Z (_l)lp;*(a*l) . pE)k’JAm-i-l—l'?
I1c{1,....m},|I|=i

where TUJ ={1,...,m}, po.s is the projection from X *! to the product X"+~
of factors indexed by {0} U J and pj is the projection from X m+1 to the product X’
of the factors indexed by I C {l1,...,m}. Applying

Ph et CHp(X™ g — CH,(X™)g,

.....
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we get by the projection formula, using the fact that p} = pro p’1

pll ..... m*rl’m(X’a): Z (_l)ipi(a*i)'pi ..... m*(pz)k,JAm—H—i)-
11, m),| I |=i
Equation (6) then follows from the fact that pj Ap_i = p/l,...,m*(p;)k,JAm+1_i) in
CHp(X™).

As for (7), we first write formula (1) for X! where as above we index the factors
of X™*1 by {0,...,m}. This gives us

O I'"'Xay= > (D@ p) T Amri—i € CHy (X" g,
1c{0,....m}i=|I|<m

We now separate the terms where 0 ¢ I, which by (8) exactly give I''"*(X, a), and
the terms where 0 € I, which exactly give —pga- p] m*(Fm(X, a)). |

We deduce the following:

Proposition 2.2 The vanishing of T (X, a) in CH,(X"™) is equivalent to the vanish-
ing of TV (X, a) in CH,(X™ 1),

Proof If '™ (X,a) =0 then I'™(X,a) = 0 by (6). Conversely, if I'"*(X,a) =0,
then [12, Proposition 2.4] shows that also I'"**1 (X, a) = 0. Equation (7) then implies
that T (X, a) = 0. m|

A consequence of this result is the following statement comparing I'"* (X, a) and
I'"(X,b), for two O—cycles a,b € CHy(X) of degree 1.

Corollary 2.3 If T (X,a)=0 and the cycle b—a satisfies (b—a)** =0 in CHo(X),
then T™*k(X,b) = 0.

Here we refer to (2) for the definition of the *—product (or external product) of cycles.

Proof Indeed, by Proposition 2.2, the assumption is equivalent to the vanishing
conditions

l=m
I'"(X,a) = [ [ (pg;(Ax)— pfa) =0 in CH,(X"*T),

i=1
i=k

[[pie—a)=0 in CHo(X*).

i=1
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where n = dim X'. On the other hand, the conclusion is equivalent to the vanishing

m+k
rtmtkx.a) = [ (pg;(Ax) — pfb) =0 in CH,(X™ A+,
i=1
We now write b = a + (b —a), getting

m+k
bk by = [ ((pgi(Ax) — pfa) — pf (b —a))
i=1
and develop the product. In the developed expression, the product of > m terms of the
form pg;(Ax)— p;a is 0 and the product of > k terms of the form p (b —a) is 0.
Hence we conclude that each monomial in the development is 0. O

Here is another corollary of Proposition 2.2. It shows how to deduce Corollary 1.6 from
Theorem 1.3, and thus gives another proof of the nilpotency statement of Theorem 1.7,
with no estimate on the nilpotency index.

Corollary 2.4 Let X be a smooth projective connected variety and let a be a O—cycle
of degree 1 on X such that ' (X,a) = 0 in CH(X™)/alg. Then for any O—cycle b
of degree 1 on X , there is an integer M such that T™ (X, b) = 0 in CH(XM).

Proof As a and b are algebraically equivalent, we also have I'"*(X,b) = 0 in
CH(X™)/alg. By Proposition 2.2, which is true and proved in the same way for
cycles modulo algebraic equivalence (observing that [12, Proposition 2.4] is true
as well for cycles modulo algebraic equivalence), this is equivalent to the fact that
'™ (X, b) is algebraically equivalent to 0 in X”**1. By the smash-nilpotence result
of Voevodsky [14], there is an integer N such that the cycle ' (X, b)*N vanishes
identically in CH(X V0" +1) Thus its restriction to X V”*1 embedded in X N07+1)
as the small diagonal on the factors of index 0,m+1,2m+2,..., (N —1)(m+1) also
vanishes in CH(X N™*1)_ But this restricted cycle is nothing but V™ (X, b). O

The following criterion for the vanishing of I'"* (X, a) will be used in Section 4. Here
we consider more generally the vanishing of I'"” (X, @) modulo an adequate equivalence
relation R which in applications will be rational or algebraic equivalence. We need an
assumption on the 0—cycle a of degree 1, namely

(10) pia-p>a=Asa in CHo(X x X)/R,

where A is the diagonal inclusion map of X in X x X . This assumption is satisfied
for any R if a is a point, or for any 0—cycle if R is algebraic equivalence, and X is
connected.
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Proposition 2.5 Assume a satisfies (10). Then I'*(X,a) = 0 in CH(X™)/R if and
only if
r'"=1(X,a) = pja-T in CH,(X™)/R, n =dim X,

for some cycle I" € CH,,(X™)/R.
The proof of Proposition 2.5 will use the following

Lemma 2.6 Assume the degree-1 zero-cycle a of X satisfies (10). Then for any Y
and any cycle I' e CH(X x Y)/R, we have

pya-T' =pya-pyT, in CH(X xY)/R,

where
[y := py«(pya-T) in CH(Y)/R.

Proof Leta =) ;n;a;, where a; € X. Then
pya-T'=Y nipyai-T=) nia;xTq = nipfai-p}Ta.
i i i

where I'y; € CH(Y)/R is the restriction of I' to @; x Y. So we need to prove that,
assuming (10),

(11) > “nipyai-pyTa; = pxa-pyTa in CH(X xY)/R,

1

where I'; = ), n;T;; € CH(Y')/R. Note that (10) is exactly the case of (11) where
X =Y and T is the diagonal of X . The general case is then deduced from this one by
introducing the following correspondence I'” between X x X and X x Y. Namely, let:

* pxy: X xXxXxY — X xY be the projection onto the product of the second
and last factors.

* px,x: XXX xXxY — X xX be the projection onto the product of the first
and third factors.

Letnow I'' := p% v Ax-py I € CH(X x X x X xY). We clearly have
[y ((x,y)) = pyx-pyly in CH(X xY).

Formula (10) tells us that on X' x X', pfa-Ay = pja- p5a modulo R, so that by the
above formula,

Tu(pfa-Ax) =) nipyai- pyla

i
=TL(pfa-pia) = minjpyai- pyTa; = pya-pyTa
i
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in CH(X x Y)/R. This proves (11). |

Proof of Proposition 2.5 We have by (7)
I'"(X.a) =T"" (X, a)— p§a-p} ., T" ' (X.a)
soif I'"(X,a) =0 in CH(X™)/R, we get

.....

This proves one direction (for which we do not need (10)). In the other direction, we
assume (10) and

(12) r'"=1(X,a) = pga-T in CH,(X™)/R

for some cycle I' € CH,,,(X™)/R. We now use Lemma 2.6 which gives
poa-T = pga-pi _ pu_1(P1,..m—1x(pga-T)).

By (12), this gives

*

poa-T=pia-p} . 1(p1.m—1x(T" (X a))) in CH,(X™)/R.

.....

As p1m-1x(LHH (X, @) = T 71(X, @) by (6), we get
rm=l(X,a) = pta- ,,;_wm_l(rm—l(x, a)) in CH,(X™)/R.

Using (7), we conclude that

.....

3 Proof of Theorem 1.7

We prove in this section Theorem 1.7, that is the following statement:

Theorem 3.1 Let X be a variety of dimension n and let a € CHo(X') be of degree 1.
If X is swept-out by irreducible curves of genus < g supporting a 0—cycle rationally
equivalent to a, and m > (n + 1)(g + 1), then ' (X, a) = 0.

Note that for g = 0, we get the following corollary:

Corollary 3.2 Let X be a rationally connected manifold of dimension n. Then
I'"+1(X,0) =0 for any pointo € X .

This corollary will be improved at the end of this section in Theorem 3.6.
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Proof of Theorem 3.1 By Proposition 2.2, it suffices to prove the vanishing of
'™ (X, a). Let us see '™ (X, a) as a correspondence between X and X". Then
for any x € X, we have

TH™(X, @) xxxm = (x —a)*™ in CHo(X™)q.

Recall now the following result proved in [14; 16]:

Lemma 3.3 Let C be a smooth connected curve of genus g, and let z € CHy(C)q
be a 0—cycle of degree 0 on C . Then for k > g, z*k = 0 in CHO(Ck)Q.

Our assumption is now that X is swept out by irreducible curves of genus < g
supporting a 0—cycle rationally equivalent to a. This means that for any x € X, there
is a smooth connected curve Cy of genus < g mapping to X via a morphism f5, a
point x” € Cx such that fy(x’) = x and a O—cycle @’ € CHo(Cx)q of degree 1, such
that fx«(a’) =a in CHo(X)q. Itis then clear that

SEA —d)*) = (x—a)** in CHy(X%)q.
We thus conclude by Lemma 3.3 that for k > g, and for any x € X
(13) IR (X, ) ouxe = (x—a)* =0 in CHy(X%)q.

We use now the following general principle which is behind the Bloch—Srinivas de-
composition of the diagonal [3]; see [18, Section 3.1]:

Theorem 3.4 Let ¢: W — Y be a morphism, where W is smooth of dimension m .
Let Z be a codimension-k cycle on W . Assume that, for general y € Y, the restriction
Z\w, vanishes in CHF (Wy). Then there is a dense Zariski open set U C Y, such that
Zy =0 in CHF (Wy). Equivalently, there exist a nowhere dense closed algebraic
subset D &Y and acycle Z' € CH,,_x(Wp)q such that

Z =2 in CH*(W)q.

(Here we use the notation Wp := ¢~ (D), Wy := ¢~ 1(U).) Applying this statement
toY =X, W= Xk+1 ¢ the projection to the first factor and Z = I''"K(X, a), we
conclude from (13) that under the assumptions of Theorem 3.1, there exists for k > g
a proper closed algebraic subset D & X', such that Lk (X, a) is rationally equivalent
to a cycle supported on D x X k.

Recall now the formula (5) defining "1

I (X, a) = 1_[ (Po;Ax — pia).

1<i<k
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It follows immediately that
(14 TV (x.e) = Pg,lsiskrl’k(X’ “)'Pg,k+15isk+k/rl’k (X, a),

where

’
Po.1<i<k: Xk+k +1 —>Xk+l

is the projection on the product of the k + 1 first factors and

. yk+k'+1 k41
Pok+1<i<k+k: X N

is the projection on the product of the first factor (indexed by 0) and the last k&’ factors.

Form> (n+1)(g + 1), we write m = (n + 1)(g + 1) + r, for some r > 0 and we
get from (14):

r™(X,a) = Po.1<i<g+1 (el P;,g+2si52(g+1)(rl’g+l)

1,g+1 1,
'”pg,n(g-{-l)-i—lﬁis(n—i—l)(g—i—l)(r i )'pg,(n-i—l)(g-i—l)-}—lsis(n—i-l)(g-i-l)—i-r(F ").

Now we proved that the cycle T'1-8 1 is supported (via the first projection X82 — X)
over a proper algebraic subset D & X', and by the easy moving Lemma 3.5 below, we
can choose closed algebraic subsets Dy, ..., D, such that (); D; = @ and rhetl
is supported (via the first projection X812 — X) over the proper algebraic subset
D; & X foreachi.

Then we conclude that for m > (n + 1)(g + 1), TV (X, a) is supported (via the first
projection X (" DEFDF+r+1 . ¥y gver the proper algebraic subset (); D; = @, and
thus is equal to 0. a

Lemma 3.5 Let Y be irreducible and let Z be a cycle on a product Y x W . Assume
there exists a proper closed algebraic subset D &Y such that Z is rationally equivalent
to a cycle Z' supported on D x W . Then for any finite set of points yi,...,y; €Y,
thereisa D' &Y such that none of the y; belongs to D’ and Z is rationally equivalent
to a cycle Z" supported on D' x W .

Proof Let : D — D bea desingularization of D <> Y. The cycle Z' of Dx W
with rational coefficients lifts to a cycle Z' of DxW.Leti =iot: D—Y bethe
natural map and let I’y C D xY beits graph. S~ince I; has codimension n = dim Y,
and dimension <7 — 1, there is a cycle I C D xY rationally equivalent to I’y and
not intersecting D x {y1, ..., y;}. In other words, pr,(Supp I'’) does not contain any
of the points y;. We have by assumption

Z = (i,ldw)xZ' = ([, 1dw)s Z' = (T3, 1dpw)(Z) = (T, 1dp)(Z')
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in CH(Y x W). Now, the cycle (I, Idy)«(Z’) is supported on pr,(Supp ') x W,
so the result is proved with D’ = pr,(SuppI'’), and Z” = (I'/, Idw)«(Z"). O

To conclude this section, let us observe that the same scheme of proof applies to give
the following result, which is a generalization of Corollary 3.2:

Theorem 3.6 Let X be a connected smooth projective variety with CHo(X) = Z.
Then for the canonical degree-1 0—cycle 0 on X, T'"t1(X,0) = 0 in CH,(X"*1),
where n = dim X .

Proof Indeed, the Bloch—Srinivas decomposition of the diagonal [3] gives an equality
Ay —X xo=Z in CH,(X x X),

where Z is supported over D x X, for some divisor D C X'. By Lemma 3.5, we can
write such a decomposition with n + 1 divisors Dy, ..., Dy4; such that (); D; = @.
We then conclude that ' +1(X, 0) = 1—[;1:11 Py;(Ax — X x 0) is equal to 0 in
CH,,(X"*2), and it follows from Proposition 2.2 that

I"+1(X,0)=0 in CH,(X"th). o

4 Proof of Theorem 1.3

We will first give the proof of Theorem 1.3(i). Let us recall the statement:

Theorem 4.1 Let Y be smooth projective, and let m: X — Y be a degree-2 finite
morphism, where X is smooth projective. Let a € CHy(Y') be a 0—cycle of degree 1
supported on the branch locus of 7. Then if I (Y, a) =0, we have I'>"~1(X,b) =0,
where b = %n*a € CHo(X).

Remark 4.2 The assumption made on a and b is maybe not optimal, but in any
case the condition b = %n*a is not sufficient. Indeed, consider the case where
Y is connected with I'"(Y,a) = 0, and X consists of two copies of ¥ with b =
%T[*Cl € CHy(X). Then ¥ (X, b) is different from 0 for any k (in fact it is not even
cohomologous to 0).

We will denote by 7, = (7, 7): X x X — Y xY.Leti: X — X be the involution of
X over Y and I'; C X x X be its graph. We then have

ny(Ay) = Ax +T.
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Let
AY =ny(Ay)=Ax +Ti,Ay = Ay —T}.

We thus have
(15) 20y =AY + Ay.

Lemma 4.3 Under the assumptions of Theorem 4.1, we have the following equalities
in CH,(X x X X X)), where n :=dim X,

(16) P AY - Pl AY = PTzAjY_ - Py3AY,
(17) Pib-piiAy =0,

hence

(18) Pisz)_(‘PT3A)_(:Pikz(A;_zp;b)'P;}A}_(-

Proof We compute the left-hand side of (16); we have
P12 AY P13 Ax=pT,(Ax—Ti) - pi3(Ax—T})
=p12Ax P13 Ax— P Ax P Ti—pi,Lipi3 Ax +pi,Lipis L.

We observe now that

P12Ax - P13 Ax = Pl Ax - py3Ax. P Ax - pisTi = plrAx - pysTi,

p1aTi- pisAx = pioTi- p3sTi, p1aTi- pisTi = pioTi- p3sAx.
It thus follows that
(19)  plL,A™ - pi3A”
= P12Ax P33 Ax — P12 Ax - P33T = pToTi- p3sTi + p1oTi - p33 Ax
The right-hand side of (19) is clearly equal to
(piszX + p;kzri) : (p;3AX - p;ﬁ’i),

which is by definition p7, A;} - p53 A%, thus proving formula (16).

In order to prove formula (17), we use the fact that the O—cycle b can be written as
>_jnjXj, where the x; are i—invariant. By linearity, it thus suffices to prove (17)
when b is an i —invariant point of X . Now we have

pyb-p3s AT = pii((b.b) — (b,ib)) = 0. O
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Proof of Theorem 4.1 By (6), we have to prove that
Po2m—1x(TP2" (X, b)) =0 in CH, (X" ).
Now, by (5) and (15), using
2b =n*a, A;(L =) Ay,
we get
20) 22772 N(X by = pi (3 AY 4+ Ax) - PG ame (T3 AY + A).
Here we use the notation
A} = Ay — pja € CH,(Y xY)q,
so that we have A} —2p3b =} A} and (18) can be written as
1) P2 - PTsAx = pir(m3 AY) - p33 Ak
Our assumption I'"*(Y,a) = 0 on Y can be written using Proposition 2.2 as
(22) qe A% g A% g A% =0 in CH,(Y" 1),

where the ¢o;: Y1 — Y x Y are the projectors onto the product of the first and
(i +1)* factors.

Denote by ,: X" — Y”. We then clearly have for any r
(23) 7741001 A% -+ 45, AY) = poy (1 AY) -+ pg, (13 AY)  in CH(X"),

and similarly for any choice of indices iy,...,i, in {1,...,2m — 1}. Developing now
the product in (20), we get a sum of monomials which up to reordering the factors take
the form

(24) Por(T3 AY) -+ po, (T AY) - PG 41 A% Py am—12%
for some r. These terms vanish for » > m by (23) and (22).

We now conclude the proof as follows: The terms pg; Ay for i >r +1 can be grouped
by pairs, and there are at least |(2m — 1 —r)/2] such pairs. By (21), for each such
pair, we have

Poildx * Poiv1Dx = Poi (T AY) - piip AT
Hence each such pair produces a summand pg; (77, AS). In total we get in (24) at least
r+[(2m—1-r)/2] factors of the form pa‘j (5 A%). Wehave r+|(2m—1-r)/2] > m
unless r = 0, and it follows that (24) vanishes for r > 1. Hence we proved that the
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only possibly nonzero monomial of the form (24) in the developed product (20) is
Po1(AY) -+ Py 5y Ay - Thus we proved that

25)  227ITEAIN(XCb) = pgi(Ax) - Pgam—i Ay in CH(X?™).

Let i’ be the involution (i, 1d, ..., Id) acting on X 2. Observe that each cycle p¢ i Ay
is skew-invariant under i’*. It follows from (25) that p&;(Ay)--- Po.am—10% is
skew-invariant under i’*, hence also under i, = i’*. But as we have

./
P1,...2m—1°1 = P1,..2m—1,
we get

2" X,b) = pi....om—1+(C2" 7N X, b)) = p1,am—1x 00 (T2 (X, b))
= —p1,..2m—1x (2" N (X, b)) = =T 1 (X, b),

so that I'2™~1(X,b) =0 in CH,(X?"~1). i

We now turn to the proof of Theorem 1.3(ii), (iii): In fact, the result will take the
following more precise form:

Theorem 4.4 Let 7: X — Y be a finite morphism of degree d . If T (Y,a) =0 in
CH(Y™)/R for some adequate equivalence relation R, and b = %p*a satisfies

(26) bxb=A.(b) in CHy(X x X)/R,

where A: X — X x X is the diagonal inclusion map, then T¢™=D+1(X b) =0 in
CH(X9™)/R.

Statement (ii) of Theorem 1.3 is the case where R is rational equivalence (thatis R =0)
and b is the class of a point of X', as all points satisfy (26) modulo rational equivalence.
Statement (iii) of Theorem 1.3 is the case where R is algebraic equivalence. Indeed,
Theorem 4.4 applies since the equality b#b = A4 (b) in CHy(X x X') modulo algebraic
equivalence is satisfied by 0—cycles of degree 1 on a connected variety.

We first introduce some notation. Let as above A, := Ay — p’z" a € CH,(Y xY) and
similarly A% := Ay — p>b € CHu (X x X). In both expressions, p; is the projection
from Y x Y, resp. X x X onto its second factor. The proof of Theorem 4.4 will use
the following result (which will replace formula (16) used previously when d = 2):
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Proposition 4.5 The morphism w: X — Y and the O—cycle b being as in Theorem 4.4,
there exist cycles T'; € CH@—Dn (X4+1) such that

d
@n [l rea% = psi(x3 A py pyy i in CH'(XT)/R,

i=1 i
where D is the set {1,...,d} and as usual py p\) is the projection onto the product
of the factors indexed by the set {0} U D\ {i}.

Before giving the proof, we will first prove a similar statement of independent interest
for Ay and Ay, instead of Aé’( and AY;, as the proof is much simpler to write and we
will use similar but slightly more involved arguments to prove Proposition 4.5. Namely,
we have the following result:

Proposition 4.6 Let 7: X — Y be a finite morphism of degree d . There exist cycles
I/ e CH"@=D (X 9+1) such that

d
@) []raax = a3 Ay) pypynTi in CH' (X941,

i=1 i

Proof Indeed, let us denote by E; C CH(X k *1) the ideal generated by the elements
po;(myAy), i =1,... k. Nextlet

(29) ¥ =7, "(Ay)— Ay € CH(X x X).

Note that, because 7 is finite of degree d, X is the class of the Zariski closure in X x X
of the subvariety {(x,x;) € X°x X%, 7w (x1) = m(x), x; # x} where X% :=7"1(Y?)
and Y© is the open set of Y over which 7 is étale of degree d. The first projection
pry: X1 — X has degree d — 1. Let us denote more generally by X C X*+1 the
Zariski closure in X**1 of the subvariety

(30) {(x.x1,....xk) € (X 7w (x;) =7 (x), x; #x;j fori # j, x; #x forall i}.
The contents of formula (28) is that 1_[?1:1 p(’)“i Ay belongs to E;. It is therefore a

consequence of the following statement:

Claim 4.7 For any integer k > 1, one has

k
(31) o [ [ poiAx =Sk in CH(X* 1)/ Ey,

i=1

with a, = (~1)*k!. In particular, [T, p¥;Ax =0 in CH(X4+1)/E,.
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The second statement follows from the first since ¥; is empty. The first statement
is proved by induction on k. For k = 1, the result is (29). The induction step is
immediate: we have the following equalities in CH(X**2):

k+1 k
32) [1r6idx=r5 4 (1_[ PB'}AX) *Poj+10x
i=1 i=1
k
= —(l_[ P;,-AX) Poxr1>1 mod Epyy
i=1
I S > x by d FE
= _apo,...,k( k)'Po,k+1 1 mod Lpyq.

.....

by removing in the fibered product the components where x4 equals one of the x;
for i =1,..., k. This gives rise to the following identity:

k
(33) Pa k1) Do g1 D1 = kg1 + D Po. 1k (Z1) - pFri1 Ax

i=1
In the right-hand side of (33), we can replace (using again the induction hypothesis)
X by o ]_[5-;1 p;j Ax mod Ej and we also observe that

k k+1

(34) [1788x pirsiBx =[] roidx
j=1 i=1

forany i = 1,..., k. Hence we get, using (32), (33) and (34),

k41 1 k+1
l—[ pgiAX = —£2k+1 —k l_[ p&Ax-
i=1 i=1
This finally provides k+1
41 1_[ PoiAx = Zp+1

il
with a1 = —(k + Dag. l |

Proof of Proposition 4.5 We follow the above argument with Ay, Ay replaced by
Aé’( and A%, in order to prove Lemma 4.8 below. We use the following notation: We
will work with the n—cycle Ei of X**1 obtained by replacing formally in the definition
(30) of Xj each x; by x; —b and developing multilinearly. More rigorously, X
admits morphisms p, p;: ¥ — X, obtained by restricting the projections X k+1
X (where the factors are indexed by {0,...,k} and p = pg). Let I; C Xy x X
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be the graphs of these projections. Then we can obviously define ¥; C X k+1 a5
(p, pI‘Xk)*(l—[fle pr’gk’i I';), where:

® Pryk: i xX* — X* is the second projection and ( p, Pryx): Xk x Xk xk+1
is the obvious morphism.

* pry, it T XX k3 x X is the projection on the product of the first factor
and the i™ factor of X*.

On the other hand, we also have in X x X the graph X x{b} of the constant morphism
mapping to b if b is a point, or more generally the n—cycle pry b if b is any O—cycle
of degree 1. We then define analogously Eb as follows:

(35) $t = (p,erk)*(]_[ pry, ;(Ti —pry b)) in CH(X**1).
i=1

Developing the product above, we see that the formula for 22 is of the form

(36) = Y D Thiaps i pyb™ e CHy (XK,
IC{1,...k}
where in the formula above, 7 UJ ={1,... .k}, i = |I], and the Ay ; 4 are combina-

torial coefficients given by the formula

37 Aejag=d—i—=1)d—i-2)---(d —k).

Indeed, the reason for (37) is the fact that the projection map
por: Sk — ;€ X!

has degree (d —i —1)(d —i —2) --- (d —k). Note in particular, that Eb =0fork=>d.
Next we define Ey , g C CH(X k+1y/R as the ideal generated by the po Ay for
i =1,....k. Recall that T"K(X,b) = [Tf_, pt, AL

Lemma 4.8 The morphism n: X — Y and the O—cycle b being as in Theorem 4.4,
for any integer k > 1, one has

(38) ax Ty (X, b) =38 in CH(X* Y/ Ep 4 g,

Proof We have by (36), (37)

b _ _*xaa b
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which can be written as Ag’( = —EII’ mod Ej 4 g, proving the case k = 1. Assume
the formula is proved for k. Then we have

B9 por ki Tk Porsr = =—oupgy jTROGE) - ph s A%
= o TP*N(X, b)) in CH(X**2)/Exyr ..

Next we claim that we have the following relation in CH(X**2)/R:

b b
(40) Pf)k,l,...,kzk 'pg,k+121 X X

.....

i=1 i=1

This relation uses in a crucial way the identity
41) Axb = pib-psb in CHo(X x X)/R.

The beginning

b b _ vb b b
pZ)k,l ..... Kk Sk 'pg,k+121 =Ygt ZP; ..... Kk Sk 'ka+1AX +e
of the formula (40) is easily understood: it expresses the fact that in the left-hand side,
we include all possible xx . 7# x, while in 22 41> We have to take into account the
restriction xg 41 # x; for i = 1,..., k. The last term in (40) is explained as follows.

The intersection with p?, | Af’Y = P} k+18x — pi4,b produces a term
Ax(x; —b)— (xi —b,b) = (xj, xi) — Axb — (x;,b) + p;kbp,’:Hb = (xi, xi) — (xi,b)

on the product of the i™ and (k + 1) factors. On the other hand, we had on the left
in (40) the term

(x; —b) * (x; —b) = (xi. ;) — (¢, b) — (b, x;) + (b. b)

in the product of the i™ and (k 4 1)*! factors, which is unwanted in the development
of 22 41 - Hence we also have to add on the right the extra term —(b, x; —b) on the
product of the i™ and (k + 1)* factors, which is exactly the meaning of the term

—p;‘ ? k1 EZ - pf'b. Thus the claim is proved.

Combined with (39) and the inductive assumption, (40) gives
k
42) —o T T (X by =52, +o (Z pg,. kT D) - Pl A

i=1 k
* 1,k .
30 TR XD) - p; b).

" seeesbs
i=1
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The equality above holds in CH(X k t2)/E k+1.,a,R- Let us now prove that for any 7,

,,,,,,

in CH(X**2)/R. As

k k+1
Uk (x, b) = Hp(’)"iAfY’Fl,k—i-l(X’b) - 1_[ PgiAéj(’

it clearly suffices to show that the cycles
P AY P AY = pTb-pGy Ay and  pg A% - pg, A%

of X3 are equal in CH(X?3)/R. We have
P A% P Ay — pib- Py A%

= (po1Ax — p1b) - (P2 Ax — p3b)—pib- poyAx+pib-p3b

= Po1Ax P12 Ax—poy Dxp3b—pib-pTy Ax +pib-pyb—pib-poy Ax+pib-prb

= Po1Ax - Poa Ax —Pg1 Ax - prb—pib- poy Ax+pib- pyb
in CH(X?)/R because we assumed pib- pf,Axy = pb- pib in CH(X?)/R; see
(26). On the other hand,

PE)'HA?( 'Pf)sz?( = (po1Ax — pib) - (g Ax — p3Db)

= Po1Ax - P Ax = Po1 Ax - P3b = pb- poy Ax + pib- prb.

Hence we proved that both terms in (43) are equal; using (42), we then get

k
_(Xkrl’k+l(X, b) — Zk-}—l,b + ay (Z Fl,k-i—l(X’b))’

i=1

hence

—(k + Doy T4 (X,b) = B4y 5 in CH(X*T2)/R
and Lemma 4.8 is proved. a
Finally, Lemma 4.8 for kK = d implies Proposition 4.5 since Eg =0. |

Proof of Theorem 4.4 By Proposition 4.5 applied to each set of d indices {1,...,d},
{d+1,...,2d}, {(m—=2)d +1,...,(m—1)d}, we can write H?g'_l) p(’)"l.Af’Y as a
sum of products of m — 1 cycles, each of them being of the form pg; (75 A%) - " for

an adequate index i (one in each of the sets above). We now apply Proposition 2.5 to
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both Y and X . Thus the assumption I'"*(Y, a) = 0 implies that for some cycle 'y
on Y™,
m—1
[] rs:AY = pia-Ty in CH(Y™)/R.
i=1
%

Applying this relation to each product of m—1 factors ]—[Z:ll Poiy,

indices ij appearing above, we conclude that

(73 AY) for adequate

d(m—1)
rtdm=Dx py= [] pg;A% =psh-Tx in CHXmDH/R

i=1

for some cycle I'y on X dm=1)+1 By Proposition 2.5, and using the fact that b
satisfies property (26), (that is, condition (10) in Proposition 2.5), we conclude that
rdm=0+1x py =0 in CH(X4m=D+1)/R. O

4.1 Case of curves

A special case of Theorem 1.3(iii) is the case where ¥ = P!, so X is a d—gonal
curve. We then get the vanishing T9+1 (X, 5) =0 in CH; (X¢*')/alg, where b is any
point of X'. Recall now the Beauville decomposition of cycles on an abelian variety 4
modulo rational or algebraic equivalence,

CH; (4) = €D CH; (4)s,
N
with ‘
CH;(A)s :={z € CH; (A) | pgsz = k> 5z for all k € Z*}

and similarly for Chow groups modulo algebraic equivalence. Here pz: A — A is the
morphism a — ka. Let now X be a smooth genus g projective curve and A4 := J(X).
X has an embedding in J(X) which is canonical up to translation, hence determines
a l-cycle Z in J(X), well defined modulo algebraic equivalence. Thus we have a
Beauville decomposition

Z =Y Zs; in CH{(4)/alg.
For nonvanishing results concernigng the cycles Z5 (when X is very general) and its
decomposition, let us mention [7; 19] (in the later paper, it is proved that if g > s2/2,
then Z; # 0 modulo algebraic equivalence for a very general curve X of genus g).

Let us show the following:

Proposition 4.9 The vanishing of T+ (X, b) in CH; (X4 ")/alg is equivalent to
the vanishing of Z, forall s > d — 1, in CH;(J(X))/alg.
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Proof It suffices to prove the result for d < g—1, because we know by Theorem 1.3(iii)
(see Remark 1.5) that T¢*1(X, b) =0 in CH; (X4 *1)/alg for some d < g—1. Assum-
ing the proposition proved for d < g — 1, this implies that Z; = 0 in CH;(J(X))/alg
for all s > g — 1, and thus for d > g, both vanishing statements are true.

We thus assume d < g — 1; note that the cycle I'?+1(X,b) is a 1-cycle of X9+!
which is invariant under the action of the symmetric group G441, so that its van-
ishing in CH; (X4*1)/alg is equivalent to the vanishing of its image T¢*!(X, b) in
CH; (X @+D)/alg. We now consider the inclusion

bg_q—1: xU@+) L x@® sy (g—d—1)b

and claim that
T4t (X,b)=0 in CH;(X“@*D)/alg

if and only if
be—a—1+(TITH(X,b)) =0 in CH;(X®)/alg.
Indeed, there is an incidence correspondence
TCcX@tD x x@® ¥ ={(z,2)) |/ =z + 2" for some z” € X & 4~Dy,
It is not hard to see that, due to its special form, the cycle T9t1(X, b) satisfies
S* (bg—a—1+(TT (X, b)) =TT (X, D),
which proves the claim.

The next step is to observe that the Griffiths group of 1-cycles homologous to 0
modulo algebraic equivalence is a birational invariant. This is elementary to show using
resolution of indeterminacies of birational maps, as it is invariant under blow-up and is
functorial under pushforward and pullbacks under generically finite morphisms. As
X @) is birational to J(X) via the Abel map, we conclude that T4+ (X, b) =0 in
CH; (X@*D)/alg if and only if its image W := ax(T¢T1(X,b)) in J(X) under
the Abel map ay: C@+1) 5 J(X) vanishes in CH;(J(X))/alg.

Finally, we observe that a cycle appearing in the formula (1) for T9+1 (X, b), which is
up to permutation of the form

{(x,....x,b,...,b) | x € X},
where x appears k times and b appears d 4+ 1 — k times, maps under the Abel map

ay toa l—cycle of J(X) algebraically equivalent to w4 (Z). The vanishing of W in
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CH;(J(X))/alg thus gives

d+1 d—l—l
(44) > (—1)‘”1"‘( . )Mk*Z=O in CH;(J(X))/alg.
k=1

Writing the Beauville decomposition
z=%7
s

the vanishing of W in CH;(J(X))/alg is equivalent to

d+1 d+1

(45) Z(—nd“—k( N )k”szs =0 in CH;(J(X))/alg
k=1

for any .

We now have the following easy lemma:

Lemma 4.10 We have

d+1
d+1
Z(—l)d“—k( + )k”S:O fors <d—2,

k=1 k
d+1
d+1
Z(—ud“—k( : )k2+S7éo fors>d—1.
k=1

This shows that the vanishing (45) is equivalent to the vanishing of Z; for s >d—1. O

Remark 4.11 Proposition 4.9 is also proved in [11], where it is used to deduce the
vanishing T'82(X, a) = 0 of Remark 1.4, for any point ¢ € X, from the main result
of Colombo and van Geemen [5].

5 Hyper-Kihler manifolds

5.1 Proof of Theorem 1.9

We prove in this section the following theorem (see Theorem 1.9 of the introduction):

Theorem 5.1 Let S be a K3 surface, and let X = S Then
(46) [2"tL(X ox) =0 in CH,, (X",

where oy is the canonical O—cycle on X constructed from the canonical 0—cycle of S.
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Here the cycle o appears in the following theorem from [2] providing a list of relations
which hold in the Chow ring of a self-product of a K3 surface.

Theorem 5.2 Let S be a smooth projective K3 surface. Then there is a degree-1
zero-cycle og € CHy(S) satisfying the following equalities (which are all polynomial
relations in CH(S*) for adequate k , between the cycles p}og, p]’."L, piAs):

(1) L?—deg(L?)og =0 in CHy(S), forany L € Pic S.

(2) As.pfL—Lxog—o0sxL=0inCH{(S xS) forany L €PicS, where p,
is the first projection from S x S to S, and L x o5 = p{L- pos.

(3) TI'*(S,0g5) =0 in CH,(S x S x S). (Using formula (1) and the identity A3z =
Pi,As - p{;As, we can also view (3) as a polynomial relation in CH(S?)
involving the classes p};As and pj(os).)

(4) A% =24pTos- pjos in CHo(S x S).
(5) Ag.pjos—plos-p50s =0 in CHo(S xS).

Note that property (5) is (26) and is easily satisfied because oy is the class of a point
in S. Property (4) is a consequence of Property (3) which implies ¢, (S) = 2405 in
CHg(S), and Property (5).

Remark 5.3 The above relations are the nontrivial relations involving p}(os), p; s *L,
L € CH'(S) and the p +1As and with the property that in at least one monomial, an
index is repeated. To make a complete list of such relations, one should add the “trivial
relations”, which hold on any surface, namely:

(1) ox-L =0 in CH(S), L € CH'(S).
(2) ox-ox =0 in CH(S).
(3) p;szs-p;3As=p;k3As-p;3AS in CH(SXSXS).

As in [17], the ingredients of the proof of Theorem 5.1 are (1) the results of de Cataldo—
Migliorini [4], which will allow, thanks to Proposition 5.6, to translate the problem
into computations in ordinary self-products SV, N < (2n + 1)n, of a K3 surface; (2)
the relations listed in Theorem 5.2; (3) the recent result of Yin [20]. The latter says
basically that for a regular surface S, the cohomological polynomial relations on S
between the diagonal classes and the pull-back under the various projections of the class
of a point are generated by the relations listed above (or rather, their cohomological
counterpart) and the Kimura relation (see [10] and [18, Section 3.2.3]) which holds on
the Chow level when the motive of S is finite-dimensional. A key point of the proof
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will be thus the fact that the Kimura relation is not needed to express the pull-back to
SN of the vanishing relation [['2"T1(X, 0x)] = 0.

We first recall some notation related to S” and S, for any smooth surface S. Let
uw=4{A1,...,A4;},1 =:1() be apartition of {1, ...,n}, where all the 4; are nonempty.
Let S# =~ SIMW) < $7 be the set

{(S1,...,8n) | si =85 if i, j € Ay for some k}.

The image S® of S# in S is a stratum of S . It is not normal in general, but
its normalization S is the quotient of S* by the subgroup &, of &, preserving
S#, that is acting on {1, ...,n} by permuting the A; with the same cardinality. Let
c¢: SI"l — SO pe the Hilbert-Chow morphism and let £, := S* xgum S
S* x S Tt is known that E,, is irreducible of dimension 7 + (1). We see E,, as a
correspondence between S* and S

Theorem 5.4 (de Cataldo—Migliorini [4]) The collection (E ), of correspondences
identifies the motive of SI"l with a submotive of the disjoint union L, S*. More
precisely, for some combinatorial coefficients Ay,

Ax = hu(Ey. Ep)«(Agn)  in CHyy(X x X).
w

The result above implies in particular:

Corollary 5.5 Let X := S, For any integer k , the map

P (Epy..... Eg)*: CH (X)) > @ CH*(S#1 x--- x SH¥)
(Brseestlrc) Wty i)
is injective.
We now have the following result: Let # and k be fixed. Let us denote by Ay, C X k
the small diagonal of X k. where X := SI"l, for a smooth projective surface S.

Proposition 5.6 For any k —tuple (i1, ..., g ) of partitions of {1, ..., n}, there exists
a universal (ie independent of S') polynomial P, (in many variables) with the following
property: For any smooth quasiprojective surface S,

(Epps- o Eg)" (M) = Pu.(pr c2(S), pr (Ks), prg;(As))

in CH(S*1 x ---x S#k), where the pr; are the projections from [ [; S*i ~ SN to its
factors (isomorphic to S ), and the pry; are the projections from [ [; S#i to the products
of two of its factors (isomorphic to S x S ).
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Proof Proposition 5.6 is a particular case of Theorem 5.12 whose proof will be
sketched in Section 5.2 and will be completed in [15], because the cycles

(Epys - Epg)*(Ag) € CH(SYN)

are clearly universally defined cycles in the sense of Definition 5.11. Indeed, for any
family S — B of smooth quasiprojective surfaces, we can construct the smooth family
of relative Hilbert schemes X := S/Bl and its relative small diagonals

Ak/B(X) C Xk/B.

Then we have the relative correspondences £y, C S “/B » p X, which are proper over
the first summand, and we have thus the relative cycle

E} (Agyp(X)) € CHSW/BY N = 1(y) + - + 1(1s).

satisfying the functoriality properties stated in Definition 5.11, because the morphisms
E,; — B are flat. O
Remark 5.7 One may have the feeling that the canonical class is not necessary in
Proposition 5.6, as set theoretically one wants the set of (sq,...,5;) € S*1 x-..x SH«k
such that there is a subscheme x € S whose associated cycle is s; (or rather its
image in S () and this does not seem to involve the intrinsic geometry of S, except
for the self-intersection of the diagonal, thus only ¢;. In fact, due to excess formulas,
the canonical class actually appears, as the simplest example shows: Let X be S [21,
k =3,and p; = uy = u3 be the partition of {1,2} consisting of a single set with 2
elements. Then E,,, = Ey, = E,, = E is the exceptional divisor of S[?! and we have

(Eul’ E[sz Eu3)*(A3) = A*(p*(EﬁE))»

where A: S — S3 is the diagonal inclusion, and p: E — S is the natural map. But
px(E |2E) € CH!(S) is a nonzero multiple of the canonical class of S'.

Remark 5.8 We proved in [17] a similar statement where instead of the small diagonal,
arbitrary polynomials in the Chern classes of the tautological sheaf on X"l and the
Chern classes of the ideal sheaf of the incidence correspondence in S"~11x ) are
considered; the same kind of arguments used there, which are in fact borrowed from [6],
can be applied to prove Proposition 5.6, but the proofs are very intricate and lengthy
and in fact all these results can also be obtained as Proposition 5.6, as a consequence
of Theorem 5.12.

We now show how Theorem 5.1 follows from Proposition 5.6.
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Proof of Theorem 5.1 We have to prove the vanishing of ['>"T1(X oy), where S
is a smooth projective K3 surface and X = S (], By Corollary 5.5, it suffices to show
that for any 2n + 1-tuple (iq,..., U2n+1) Of partitions of {1,...,n}, we have

(47) (Eyseeos Eppp )T (X, 0x)) = 0

in CH(S#! x ... x Sk2n+1)  As I'2"T1(X o0y) is a combination of cycles which
up to permutation of factors are of the form Ay x 0§("+1_k and E;,'ioX =0if u#
{{1},...,{n}}, and is equal to n!(ogs,...,05) if © = {{1},...,{n}}, it follows from
Proposition 5.6 that there exists a polynomial Q. (in many variables) with the following
property: For any smooth projective surface S, and any point og € S,

48) (Epyses Epnpy )" @2 TH(X, 0x))
= Qu.(pr} 2(S), prj (Ks), prj 05, pry, (As))

in CH(S#1 x---x SH#2n+1)  We know by [12, Proposition 1.3] (see also Theorem 1.2(i))
that for any regular surface S, and any point og € S, I'>"T1(X, 0x) is cohomologous
to 0, where oy is any point of X = § ("] over nog € S™ . 1t follows that for each
2n + l-tuple (U1, ..., H2n+1) as above, the cycle

(Epgsee s Epayy )" (T HH(X 0x))

is cohomologous to 0 in S#! x ... x §¥#2n+1  Hence the polynomial Q. has the
property that for a regular surface S,

(49) O (pr[e2(S)], pr} ((Ks)), pry[os], pry; ([As]) = 0

in H*(SH1 x ... x S#2n+1 Q). Here the brackets denote the cohomology class of the
corresponding cycles. In this equation, we can of course replace [c2(S)] by xwop(S)[os],
with xop(S) determined by the polynomial relation (this is relation (4) in Theorem 5.2)
[As]* = xwp(S) prifos]Uprilos] in H*(S x S, Q). We now follow [17] (see also
[20]): The cohomological version of the equations given in Theorem 5.2 with L = K g
holds on any smooth projective surface with b; = 0, and if the canonical class satisfies
[Ks] = 0 or [Ks]*> # 0, one can reduce modulo these relations any polynomial
expression in the variables

pri[ptl, pri[Ksl, pr5[As]
to a linear combination of monomials in the variables pr} [pt], pr}'.‘[K sl, pri[As]O,
with the property that no index appears twice in the monomial. Here the class [Ag]® is

the class
[As]—pri[pt] — pr3[pt] — A pri[Ks] Upr3[Ks],
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where the coefficient A, when Kg # 0, is determined by the relation A[Kg]*> =1 (the
class [Ag]° € H*(S x S, Q)) is the projector onto H2(S, Q)-Ks]). Now, it is clear
by Kiinneth decomposition that if a linear combination of such monomials vanishes
in H*(SN,Q) = H*(S,Q)®", then for fixed distinct indices iy, ...,im, ji,---» jps
ki,..., kg, the sum of such monomials of the form

prf; [pt] - pr, [pt]-prf, [Ks]---prf [Ks]-pry, Is--pry, 1s- [ pr[As1,
S15E1 50581501
where the indices s;, #; exhaust the remaining indices, are all distinct and are different
from the iy, js, ks, has tobe 0. This way, we reduced the problem to linear combinations
of monomials of the form

(50) pry , [As]® - pri, [As]

on S2! where no index is repeated. We now have the following result due to Yin
[20]: The “Kimura relation” is a relation between monomials of the above type.
It says that, for M = dim H2(S, Q)*Xs], the cohomology class of the projector
onto AMTUH2(S, Q)LIKs] ¢ g2M+2(gM+1 () is 0, which is obvious since
/\M-"1 H2(S,Q)LKsl = 0. The class of this projector is the class

M+1
(51) D €0) [] o prsisomlBsl® € HMTH(SPMH2, Q)
0EGN 41 i=1

and the Kimura relation is thus the vanishing of (51).

Theorem 5.9 (Yin [20]) For any integer m, the relations in H*(S™, Q) between
the monomials (50) with no repeated indices are generated by the pull-back to S™ of
the Kimura relation via a projection (and a permutation) S™ — S2N+2,

We deduce the following:

Corollary 5.10 The polynomial Q. belongs to the ideal generated by the trivial
relations (see Remark 5.3), the relation ¢3(S) = xwp(S)os (Where we recover xop(S)
as the self-intersection of Ag ) and the relations listed in Theorem 5.2 with L = Kg .

Proof Indeed, choose for S a smooth projective surface with b1(S) =0 and b,(S) >
n(2n+1)/2. Then by Theorem 5.9, there are no linear relations between the monomials
(50) with no repeated index if s < (2n + 1)n. On the other hand, we have the vanishing
of the cohomology class

Ou. (prfle2(S)]. pri[Ks). prilos] priy[As]) € H*(SV. Q).
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where N =), /(;) < (2n + 1)n. It then follows from the above reduction that the
polynomial Q. , where one substitutes xp(S)[0s] to [c2(S)], belongs to the ideal
generated by the cohomological version of the relations given in Theorem 5.2, with
L=Kg. O

The proof of Theorem 5.1 is now finished. Indeed, S being now a K3 surface, we
know by Theorem 5.2 that the relation xp(S)os = c2(S) holds in CHy(S) and that
the relations listed in Theorem 5.2 hold in CH(S*) for adequate k. As the polynomial
Q. , where one substitutes xp(S)os to ¢2(S), belongs to the ideal generated by the
relations given in Theorem 5.2 and the trivial relations, we conclude that Q. =0 in
CH(S™). By (48), we proved the vanishing (47)

(Epyseos Engpy )" (X, 0x)) =0 in CH(SV),

which concludes the proof. a

5.2 Universally defined cycles

This subsection is devoted to introducing the notion of “universally defined cycles” and
to sketching the proof of a quite general statement which will be fully proved in [15]. It
concerns “universally defined” cycles on self-products of surfaces. We first explain the
meaning of this expression. In the following, we work with Chow groups with integral
coefficients, and we will write CH(X)g for cycles with Q—coefficients.

Definition 5.11 Let 1, N be integers. A universally defined cycle on the N power
of smooth algebraic varieties X of a given dimension n consists in the following
data: For each smooth family of n—dimensional algebraic varieties X — B defined
over a field k, where B is smooth quasiprojective, a cycle zy € CH(xXN /By is given,
satisfying the following conditions:

(i) If r: B’ — B is a morphism, with induced morphism
Ry: (X)NIB' 5 xNIB -y .= X xp B,

then
zy = Rizy in CH((X)N/E)).

(i) If X — B is a family as above and Y C X is a Zariski open set, then
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Theorem 5.12 For any universally defined cycle z on N™ powers of surfaces, there
exists a polynomial P with rational coefficients, depending only on z, such that for
any smooth algebraic surface S defined over C,

zs = P(pr} c1(S), pri c2(S), pryg Ag) in CH(SN)Q.

Remark 5.13 One could introduce as well universally defined cycles with Q—coef-
ficients, by replacing everywhere in the definition above CH by CHgy. It is possible
that the conclusion holds as well for universally defined cycles with (Q—coefficients,
but our present proof uses the integral structure.

We will give some hints on the proof, with a complete proof only in the case N =1
(Proposition 5.18) and the construction of the desired polynomials (Corollary 5.15
and Proposition 5.17). We refer to [15] for a full treatment. Let us first show how to
produce such polynomials. Let G := G(2, 5) be the Grassmannian of 2—dimensional
vector subspaces in k°>. Any smooth complex projective surface can be embedded in
G, for example by choosing 5 general sections of a very ample vector bundle £ on S'.
Let Og (1) be the Pliicker line bundle on G, and let ¢ € CH?(G) be the second Chern
class of the tautological rank-2 vector bundle on G. We choose an integer d, and
consider the universal family S; — B of smooth surfaces in G which are complete
intersections of 4 members of |Og(d)|. The smooth variety B is thus the vector space
H°(G,0¢(d))* and
Sq C Sd,univ

is the Zariski open set consisting of points where Sy iy — B is smooth. Here

Sduniv =10, x) € BXG |b=(f1ps---. fap), Jip(x)=0forall i}.

There is an obvious morphism
f:8:i—G

given by the restriction to Sy of the second projection Sy yniy — G, which induces for
any N > 1 the morphism
f N- SL];]/U — GN

with induced pull-back morphism fy: CH(GN) — CH(SZIV/ U). We now use the
following result, which is one of the main ingredients in the proof of Theorem 5.12:

Proposition 5.14 For any integer N > 0 and sufficiently large d, CH(S;V/ U) is

generated as a CH(G™)—module by the relative partial diagonals Ay 1u(Sa).

Here I denotes as usual a partition of {1,..., N}, determining a partial diagonal.
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Proof of Proposition 5.14 By the localization exact sequence, it suffices to prove the
result with Sy replaced by S niy. Next consider the natural morphism

fy: SMEB G4

d ,univ

The fiber of f overa N—tuple (x1,...xn) consists of the set of 4—tuples (o1, ...,04)
in H°(G,Og(d))* having the property that the o; vanish at all points x;. As d is
large compared to N, any k distinct points of G with kK < N impose independent
conditions to H°(G, Og(d)), and thus, denoting by G;{V the locally closed subvariety
of GV consisting of N—tuples with exactly k—distinct points, which is the disjoint
union of the diagonals A;(G) with /(/) = k (or rather of the A(I) (G) := Ar(G)\
UJ,l(J)<k Aj(G)), we find that fﬁl (G,ICV) is a Zariski open set in a vector bundle
over G,ICV . It follows from the localization exact sequence and A4!—invariance that

CH(GY) ﬁ CH(/5'(G]))

is surjective. Writing G as the disjoint union of the A(I)(G) , we conclude from the
above and the localization exact sequence that

@m(A;(G» A S

is surjective, where f7 is the restriction of fy to fN (A7(G)) € GV and jj is the
inclusion of fN (A7(G))in S, N/U. Note that fI (A7(G)) = A;;B(Sq,uniy) - Finally,
we observe that the restriction map

CH(G™) — CH(A[(G))
is surjective, and that for any o € CH(GV),
Jrxo fi(@a, @) = fya-Grso /7)) = fya- Arp(Sauniv)-
and this finishes the proof. |
Corollary 5.15 For any universally defined cycle z on N'" powers of surfaces and for
sufficiently large d , there exists a polynomial P; with rational coefficients, depending

only on z and d such that for any smooth complete intersection surface S; C G as
above,

(52) zs, = Pa(prf c1(Sa).prf c2(Sa).prys As,) in CH(S))q.

Furthermore, (4d — 5)*N P, has integral coefficients.
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N/B

Proof As z is universal, there exists a cycle zs, € CH(S;"") such that for any

surface Sy as above,

ZSd = (ZS")|S,]1V’

where we see S as a fiber of the universal family S; — B. We next use Proposition 5.14
to write, for d > 0, Z; as a combination ) ; fyar - A7/ p(Sg), where ay €
CH(G(2,5)). Furthermore, is it immediate to prove that CH(GY) = CH(G)®",
so that we can write each o7 as a polynomial with integral coefficients in pr} m,
m = c1(0g(1)) = c1(E) and pr ¢, ¢ :=cp(FE), where E is the dual of the tau-
tological subbundle on G. Of course, under restriction to S 4 » only polynomials
of weighted degree < 2 in each set of variables pr} m, pr; ¢ will survive. We now
observe that the restriction of m to Sy is a rational multiple of ¢ () (more precisely,
Ks, = Og(4d —5)|s by the adjunction formula), and the restriction of ¢ to Sy is an
adequate linear combination of (4d+5)2c 1(82)2, c2(S4). Putting everything together
and using the fact that the relative diagonals Ay, p(Sy) restrict to A7 (Syz), we get the
result. d

Remark 5.16 Note that Corollary 5.15 is true more generally for the regular and
complete intersection locus Sy, of any set of 4 degree d equations on G . The proof
uses Proposition 5.14 (which works for the family S; — B of smooth complete
intersection quasiprojective surfaces), and both conditions (i) and (ii) in Definition 5.11.

The corollary above proves Theorem 5.12 for smooth complete intersection surfaces
of degree d, and more generally for the regular and complete intersection locus of
any set of 4 degree d equations on G. What remains to be done is to prove that
the polynomial above works for all surfaces. Note that the polynomial Py is in fact
not uniquely defined as only its value on the set of variables pr} ¢;(Syz), pr c2(Sy),
pry; Ag, is well defined in CH(S, N )q - Hence a priori Py is only defined modulo the
relations in CH(S; N )@ between these variables. However, the following result shows
that a part of P, is in fact independent of d for large d.

Proposition 5.17 For any universally defined cycle z on N powers of surfaces,
there exists a polynomial Q in the variables pry, A, depending only on z, with the
following property: For any smooth surface S, there is a Zariski dense open set V C S
such that zy = Q(pr¥, Ag) in CH(VN)q.

Proof Let O, be the part of the polynomial P; which involves only the diagonals.
Then let Uz C Sy be the complement of a hyperplane section defined by the choice of
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a codimension-2 vector subspace W C C? in general position. As ¢;(Og , (1)) and
¢ (E) vanish in CH(U,), we deduce from (52) that

(53) zu, = Qalpri, Ay,) in CH(UY).

We observe now that for d’ < d, a surface S;, which is the complete intersection in
G of hypersurfaces of degree d’ is an irreducible component of a (singular) surface
¥4 =S4 UT defined as the complete intersection in G of four degree d hypersurfaces
containing S, and that, denoting C := S;NT, the open set U, := S;/\C is contained
in the smooth locus of ¥ ;. From Remark 5.16, we thus get that

. N
(54) 2y, = Pu (prf e1(Uy), prf e2(Uy)), pry, AU(;/) in CHU,, ) o,
and after restriction to Vy := Uz NU é,, this becomes

(55) vy = Qa(prl, Ay,) in CH(V,))g,

On the other hand, we also have (53) for d’, which provides after restriction to Vs

(56) zv, = Qu (pri; Ay,) in CH(V) )q.

Hence Q4 — Q4 belongs to the kernel of the map

evar: Q[Xpsli<res<ny — CHOVY),  f i f(piAy),

where V' is a sufficiently small Zariski open set of a general complete intersection of
four hypersurfaces of degree d’ in G. On the other hand, it follows from the above
construction that Kerevy; C Kerevy for d’ < d. As the polynomials we consider
are homogeneous of given degree (equal to half the codimension of z), they live in a
finite-dimensional vector space and we conclude that these kernels are in fact stationary,
equal to K for d > dy. So we finally conclude that there exists a dy such that for
d>d >dy, Q45— Qg belongs to K. It follows that for any d, for any reduced
complete intersection of four degree d hypersurfaces in G, and for a dense Zariski
openset V C S

zy = Qq,(pr, Ay) in CH(VN)q.

As any smooth quasiprojective surface has a dense Zariski open set which is contained
in the smooth locus of such a complete intersection for ¢ large enough, the proposition
is proved, with Q = Qg . m|

We finish this section with the proof of Theorem 5.12 in the case N = 1 and for
codimension one cycles.
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Proposition 5.18 Let z be a universally defined codimension one cycle on surfaces.
Then there is an integer m independent of S such that for any smooth quasiprojective
surface S,

zg =mcy(S) in CH!(S).

Proof For complete intersections S; of four hypersurfaces of degree d in G, we
must have by Corollary 5.15
zZ =0y K Si»

for some rational number «; such that (4d —5)a; € Z, and for any surface .S, choosing
a very ample vector bundle E of rank 2 on S to embed S in G, and choosing d large
enough, we get

(57) zsju = @gKy in CH'(U)q.

where U = S\ C, the surface S U¢c T = X; being the complete intersection of four
degree-d hypersurfaces containing S in G. The curve C belongs to the linear system
|(4d —5)L— K|, where L =det E = Og(1)|s. For a general choice of equations and
d large enough, the curve C will be irreducible, so by the localization exact sequence,
(57) rewrites as

(58) zs =agKs+p4C in CH'(S)q.

If Kg and L are linearly independent in CH' (S )@, this implies, because the left-hand
side is independent of L, that §; = 0 and thus zg = oy K g, with oy =: & necessarily
independent of d. If not, we simply blow up S at one point and choose L on S
linearly independent of K¢ in CH' (§)Q. Then the above conclusion applies to S,
hence we get

(59) zg=aKg in CH'(S).
As N
S\{p}=S\E,. CH'(S)g=CH(S\{p}o.

(59) is also true for S by condition (ii) in Definition 5.11. Finally « has to be an
integer since (4d — 5)a € Z for any d . This proves Proposition 5.18. |
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