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Hyperbolic structures from Sol
on pseudo-Anosov mapping tori

KENJT KOZAT

The invariant measured foliations of a pseudo-Anosov homeomorphism induce a
natural (singular) Sol structure on mapping tori of surfaces with pseudo-Anosov
monodromy. We show that when the pseudo-Anosov ¢: S — S has orientable
foliations and does not have 1 as an eigenvalue of the induced cohomology action on
the closed surface, then the Sol structure can be deformed to nearby cone hyperbolic
structures, in the sense of projective structures. The cone angles can be chosen to be
decreasing from multiples of 27 .

57M50; 57R20, 55N25

1 Introduction

Let § = Sg » be a surface of genus g with n punctures such that 2g +n > 2. Given
a homeomorphism ¢: S — S, we can define the mapping torus
S %[0, 1]
M¢ = .
(x.1) ~ (¢(x).0)
Thurston’s hyperbolization theorem [22] states that My is hyperbolic if and only
if ¢ is pseudo-Anosov. A pseudo-Anosov homeomorphism ¢: S — S has two
transverse (possibly singular) foliations F° and F* with transverse measures [is
and p,, respectively, and a constant A > 1 such that ¢ preserves F° and F* and
scales the measures by A~! and A. When S is not closed, the map ¢ induces a

pseudo-Anosov map on the closed surface S of genus g, where the 7 punctures have
been filled in. We will also call this map ¢: S — S

The measured foliations (F*, ug) and (F*, u,) endow S with a singular Euclidean
metric. The corresponding suspension flow ¢; on My, expanding the leaves of F*
by a factor of e’ and contracting the leaves of F* by e, has period log A, so that
Progr = ¢. One model for Sol geometry is to take R3 with the metric

ds? = e*?dx? + e *?dy? + dz?,

Published: 29 February 2016 DOI: 10.2140/gt.2016.20.437


http://msp.org
http://www.ams.org/mathscinet/search/mscdoc.html?code=57M50, 57R20, 55N25
http://dx.doi.org/10.2140/gt.2016.20.437

438 Kenji Kozai

so the suspension flow can be viewed as an isometry of Sol translating the surface S
in the z direction. The identification (x, y,z 4+1logA) ~ (¢(x, y), z) then defines a
singular Sol structure on My, with singular locus 3 given by the orbits of the singular
points and punctures of F* and F*.

In the case where S is a punctured torus, Hodgson [14] studied how to deform
representations of 1 (Mg) near a representation corresponding to a projection of the
Sol structure. Sol space contains embedded hyperbolic planes, and the representations
studied in [14] correspond to projecting the 3—manifold onto a hyperbolic plane inside
Sol, resulting in a reducible representation that gives My the structure of a transversely
hyperbolic foliation (recall that a representation p: 71 (Mg) —PSL(2, C) is irreducible
if the only subspaces of C? that are invariant under p are trivial). Further results about
deforming reducible representations to irreducible representations can be found in
Frohman and Klassen [8], Heusener and Kroll [10] and Abdelghani and Lines [2].
Heusener, Porti and Sudrez [12] have also shown that hyperbolic structures can be
regenerated from Sol, constructing a path of nearby hyperbolic structures that collapse
onto a circle, and rescaling the metric as it collapses to obtain the Sol metric on M.

In the case where S is not the punctured torus, such a regeneration theorem is not
known. In this paper, we utilize half-pipe (HP) geometry, studied by Danciger [4], to
regenerate hyperbolic structures in a more general setting. In particular, we will prove
the following result.

Theorem 6.3 Let ¢: S — S be a pseudo-Anosov homeomorphism whose stable and
unstable foliations, F° and F*, are orientable and ¢*: H'(S) — H'(S) does not
have 1 as an eigenvalue. Then there exists a family of singular hyperbolic structures
on My, smooth on the complement of ¥ and with cone singularities along %, that
degenerate to a transversely hyperbolic foliation. Furthermore, the Sol structure on
My is obtained as a rescaled limit, as projective structures, of the path of degenerating
structures. Moreover, the cone angles can be chosen to be decreasing.

The proof of Theorem 6.3 uses HP structures as an intermediate. We find a family of HP
structures that collapse, such that rescaling the collapse in an appropriate manner yields
Sol. The HP structures involved are built from a representation pg: 71 (Mg \ X) —
PSL(2, C) arising from projecting the 3—dimensional Sol space to one of its embedded
hyperbolic planes, along with a first-order deformation of the representation. The
following result of Danciger is an application of the Ehresmann—Thurston principle:

Theorem [4, Proposition 3.6] Let My be a compact n—manifold with boundary
and let M be a thickening of M so that M \ My is a collar neighborhood of oM.
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Suppose M has an HP structure defined by the developing map Dyp, and holonomy
representation oyp. Let X be either H" or AdS" and let p;: 71(My) — Isom(X) be
a family of representations compatible to first order at time t = 0 with ogp. Then we
can construct a family of X—structures on M with holonomy p; for short time.

As noted in [4], given an HP structure, the regeneration of a hyperbolic structure only
requires that it exists on the level of representations. In Theorem 6.3, the conditions
that the invariant foliations F* and F* are orientable and that ¢* does not have 1 as
an eigenvalue guarantee smoothness of the representation variety at pg, so we can find
a nearby family of representations p;. We also do a simple computation to generalize
Danciger’s notion of infinitesimal cone angle to multiple components. This allows us
to adapt the HP machinery to show that there are singular hyperbolic structures near
the HP structures, which give the Sol structure as a rescaled limit. We will then show
that the singular locus can be controlled so that the family of H? structures are cone
manifolds.

Qutline In Section 2, we present an overview of geometric structures and infinitesimal
deformations. Section 3 describes the collapsed structure as a metabelian representation
and establishes the notation used in the following section. Section 4 proves smoothness
of the representation variety at the metabelian representation, which is used in Section 5
to show that we can find nearby 3—dimensional hyperbolic structures via HP geometry.
Section 6 analyzes the behavior of the singular locus to show that the singularities can
be realized as cone singularities, providing the final step to Theorem 6.3.

Acknowledgments The author would like to thank Steven Kerckhoff for advising
much of this work at Stanford University and Jeffrey Danciger for many useful con-
versations about HP structures. The author would also like to thank the reviewer for
helpful comments and references.

2 Background

Let X be a manifold and G be a group of analytic diffeomorphisms of X'. We will study
geometric structures on a manifold M through the framework of (X, G)-structures
described by Ehresmann [5] and Thurston [21].

2.1 (X, G)-structures

An (X, G)—structure on a manifold M is a collection of charts {y,: Uy — X'}, where
the {Uy} are an open cover of M and the transition maps ¥ wgl are restrictions of
elements g, € G.
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In the context of this paper, we will take X to be (a subset of) RP?3 and G to be (a
subgroup of) PGL(4,R), with H3 and Sol being described as projective structures.
An (X, G)-structure on M defines a developing map D: M — X thatis equivariant
under the holonomy representation p: 71(M) — X .

A smooth family of (X, G)-structures on a manifold M can be described by a fam-
ily of developing maps D;: M — X and corresponding holonomy representations
0r: 11 (M) — G. Two families of (X, G)-structures D; and F; such that Dy = F
are equivalent if there exists a smooth family g; of elements in G and a smooth
family of diffeomorphisms ¢; defined on all but a neighborhood of dM such that
Dy =g;o0F; oq;,, where q;t is the lift of ¢;, go = 1 and 50 is the identity. Such
a deformation Dy is trivial if Dy is equivalent to the family of structures F; = Dy.
In this case, the holonomy representations also differ by conjugation by a smooth
family g;,ie p; = grpogy '

We will study deformations of geometric structures through their representations. Let
R(w1 (M), G) =Hom(m{ (M), G) be the variety of representations of 71 (M) into G,
X(m(M),G) = R(m (M), G)//G be the character variety, where the quotient is
the GIT quotient as G acts by conjugation, and let D(M, (X, G)) be the space of
(X, G)-structures on M up to the equivalence defined. The Ehresmann—Thurston
principle states that, locally, deformations of geometric structures can be studied by
their holonomy representations (see [9] for a proof of the theorem).

Theorem (Ehresmann—Thurston principle) Let X be a manifold upon which a Lie
group G acts transitively. Let M have a (X, G)—structure with holonomy represen-
tation p: 7y (M) — G. For p’ sufficiently near p in the space of representations
Hom(mr (M), G), there exists a nearby (X, G)—structure on M with holonomy repre-
sentation o’ .

Given a smooth family of representations p;: 71 (M) — G, we can study the infinites-
imal change in p; at pg, as in [14]. The derivative of the homomorphism condition

pr(ab) = pi(@)ps (b) yields
Pl (ab) = pl(@)ps (b) + py (@)} (b).

In order to normalize the derivative, we multiply on the right by p;(ab)~! to translate
back to the identity element to obtain

pr(ab)pi(ab)™" = pi(@)pr(@ " + pr(@)py (b)pr (b) ™' pr(a@)™".

The second term is defined to be

Ady, (2)(0;(B)p(B) ") = pe (@) p;(B) ps (B) ' pr(@)~".
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The Lie algebra of G, denoted by g, turns into a 71 (M )-module, with 771 (M) acting
via Adp, . Then a cocycle of 1 (M) with coefficients in g twisted by Ad,, is defined as
amap z: m (M) — g, where z(y) = p/(y)po(y)~! and p’ is the derivative evaluated
at ¢ = 0, such that the map z satisfies the cocycle condition

1 z(ab) = z(a) + Adp,(q) 2(b).

The group of all maps satisfying the condition (1) is defined to be Z (771 (M), gaq 00)'
Differentiating the triviality condition for representations p; = g;p0g; ! yields the
coboundary condition

) zZ(y) =u—Adpp u

for some u € g. The set of cocycles satisfying (2) is defined to be B (71 (M), gad 00)’
the set of coboundaries of 1 (M) with coefficients in g twisted by Ad,,. Weil [23;
16] has noted that Z (71 (M), gad 00) contains the tangent space to R(w;(M), G)
at po as a subspace. Provided that we can show that the representation variety at pg is
smooth, we can study the space of cocycles to determine the first-order behavior of
deformations of a representation 0.

2.2 Hyperbolic geometry

The hyperboloid model for H? is described as a subspace of R!>*. Topologically,
R1:3 is the space R*, but it is endowed with the Lorentzian metric
ds* = —dx12 + dx% + dx§ + dxi.
The hyperboloid model for hyperbolic 3—space is
H? = {¥ = (x1,x2,Xx3,x4) e RV ||F]| = =1, x; > 0},

with the metric induced by ds. The isometry group of H?3 in the hyperboloid model is
the identity component SO (1, 3) of SO(1, 3). Each point in the hyperboloid model
intersects exactly one line through the origin in R'-3. Hence, we can also identify the
hyperboloid with a subset of RP3, given by

H? = {[¥] = [x1. X2, x3. x4] € RP? : | ¥ < 0}.

There is a well-known method for taking an isometry of H? from the upper half-
space model (ie an element A € PSL(2,C)) to the corresponding isometry in the
hyperboloid model (see for instance [1, page 66]). First, a point (xq, X7, X3, X4) from
the hyperboloid model is identified with the matrix

P(x1,x2,x3,x4) = |:x1 +X2 X3 +lx4].

X3—iX4 X1 — X2
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Then A acts on the point (x1, X3, X3, X4) by
AP(X] ,X2,X3, X4)A*,

where A* denotes the Hermitian transpose of 4. This operation preserves det P =

xf — x% — x_% — xi, so it sends points of the hyperboloid in R!>* to points of the

hyperboloid. The corresponding isometry in the hyperboloid model is the element
A’ € SO(1, 3) so that

AP(x1,x2,x3,x4) A" = P(A'(x1, X2, X3, X4)).

2.3 Sol geometry

Topologically, Sol is R3, with the metric ds? = e??dx? + e~ ??dy? + dz?. In this
model for Sol, one can see that by restricting to any plane x = constant, we obtain a
2—-dimensional space that is isometric to the hyperbolic plane via the upper half-plane
model. Restricting to the plane y = constant also yields a space isometric to the
hyperbolic plane as the lower half-plane model.

Sol also has an embedding into RP3 given by
(x,y,z) —[coshz,sinhz, e x, e ?y].
The image of this map gives Sol as the subspace
Sol = {[x1, x2, X3, x4] € RP3 : —xl2 + x% < 0}.

The group PGL(4) contains the identity component of the isometry group of Sol inside
RP?3 as elements of the form

coshc sinhc 0 0
sinhc coshc 0 0
ae¢  ae¢ 1 0|’
be™¢ —be™¢ 0 1
where a, b, c € R. Other components can be found by multiplying the diagonal 2 x 2
blocks by £1 or the upper left 2 x 2 block by [(1) (1)] A further treatment of Sol
geometry can be found in [3].

2.4 HP geometry

There are also multiple copies of H3 lying inside R*. For each s > 0, we can take the
hyperboloid

Hj = {X = (x1.,x2,x3,x4) 1 —X] + x5 + x5 +5°x; = —1,x; >0},
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and the subgroup G5 of PGL(4,R) preserving the form
—xf + x% + x§ + szxi,

to obtain a space isometric to H?>. The isometry to the usual hyperboloid model of H?
is given by the rescaling map

0
= 0
5 0

S O O =
S o~ O
S = O O

g1
Geometrically, we can think of the family of hyperboloids ]HIS3 as flattening out to
H? x R in R*. Taking the limit as s — 0 yields a model for half-pipe geometry.

Danciger [4] studied degenerations of singular hyperbolic structures using the projective
models. An appropriate rescaling of the degeneration yields half-pipe (HP) geometry,
a transition geometry between hyperbolic geometry and anti-de Sitter (AdS) geometry.

Three-dimensional HP geometry HP?, topologically, is R3. In terms of representations,
it can be described as a rescaling of the collapse of the structure group from SO(1, 3)
to SO(1,2). Begin with a representation p; of 7{(M) into SO(1, 3), and describe
the collapse of the manifold in the x4 coordinate by a family of representations p;, so
that we end with a representation pg into SO(1,2) C SO(1, 3) of matrices of the form

i = [1€500 )

Conjugate the path of representations p; degenerating in this matter by

100 0
010 0
W=1501 o0
000 ¢!

and take the limit as + — 0. This will yield a representation pyp whose image lies in
the set of matrices of SO(1, 3) of the form

. _ Ae€S0(1,2) 0
3) lim ©() p, (y)e(t) ™" = [ -*T( ) ] = pup(Y),
t—0 1
where 97 is the transpose of a vector in R?. The vector ¥ can be interpreted as an

infinitesimal deformation of A into SO(1, 3). A path of representations p; satisfying (3)
is said to be compatible to first order with pgp. The map t(¢) takes the standard copy
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of H? inside R!: to the isometric copy H:. As we take the limit # — 0, we obtain
HP? as

HP® = th_r)r%)H? ={(x1,X2,X3,X4): —x12 +x§ —|—x§ =—1,x; > 0}.

As a subset of RPP?, we can think of HP? as
HP? = {[x, X3, X3, X4] : =x7 + X3 + x3 < 0}.
The structure group Gyp is the set of matrices of the form in (3).

A concrete description of ¥ can be found by generalizing the isomorphism SO(1, 3) =
PSL(2,C). Let ks be a non-zero element such that Ksz = —s2, and define an algebra
Bs = R 4 Rk, generated over R by 1 and k. Furthermore, define a conjugation by

a—+bikg— a+ bikg =a— bkg.
Then let A* be the conjugate transpose of A.
We can define a map Py = H? C R!* — Herm(2, By) by

X1 +X2 X3+ KsXy4
X3 —KgXa X1—X2 |’

Ps(x19x27x3’x4) = |:

where Herm(2, By) is the set of 2 x 2 matrices with entries in By such that A = A*.

Then define the map PSL(2, Bs) — G5 by A+> A’, where A’ is the matrix that satisfies
APs(x1, X2, x3,X4) A" = P(A'(x1,x2, X3, x4)).

When s = 1, this is the usual isometry from PSL(2,C) to SO(1, 3). Danciger proved

the following:

Theorem [4, Propositions 4.15 and 4.19] For s > 0, the map PSL(2, Bys) — Gy is
an isomorphism. When s = 0, the map PSL(2, By) — Gy is an isomorphism onto the
group of HP matrices.

Moreover, in the case s = 0, we obtain a geometric interpretation for the vector v in (3).
If we have a matrix in PSL(2, By), we can write it as 4 + Bk, where A is symmetric
and B is skew-symmetric. Similarly, we can write Py(x1, X3, X3,x4) = X + Yk,

where
[xl + x5 X3 ] and |: 0 X4:| .
X3 X1 — X3 —x4 0

Then
(A + Bro)(X + Yio)(A+ Bio)* = AXAT + (BXAT — AXBT + AYAT )iy.

Geometry & Topology, Volume 20 (2016)
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In the map PSL(2, By) — Gy, the symmetric part AXAT determines the first three
rows of the HP matrix, and the skew-symmetric part (BXAT — AXBT + AvAT)
determines the bottom row of the HP matrix.

Lemma [4, Lemma 4.20] Let A + Bo have determinant 1. Then
det A =det(A+ Bo)==+1 and trBA™!=0.

In other words, B is in the tangent space at A of matrices of constant determinant £1.

Hence, when mapped into RP3, the symmetric part is the usual map PSL(2,R) —
SO(1,2), and the bottom row of an HP matrix comes from the skew-symmetric part.
The vector v in the HP matrix of (3) is an infinitesimal deformation of the SO(1, 2)
matrix from the collapsed structure.

The key result about HP structures is that we can recover hyperbolic structures from
them [4, Proposition 3.6]. Thus, if we can find an HP structure for My and construct a
transition at the level of representations, then we can deform it to nearby hyperbolic
and AdS structures.

3 The metabelian representation

Let ¢: S — S be a pseudo-Anosov homeomorphism with orientable invariant foliations
F5, F* with singular set ¢ = {sg, §1,...,8,} and transverse measures (g and .
If S has a puncture pg, then we can fill in the puncture by taking S = S U {po}.
Either the measured foliations extend smoothly to pg, or pg is a singular point of the
foliation. In either case, we simply include pq in the set o, so we can simplify our
analysis to the case where S is closed. The orientability assumption gives us some
control over the eigenvalues of ¢*: H'(S) — H'(S). It also implies that the cone
angles at the singular points in the singular Euclidean metric induced by the measured
foliations are multiples of 27 — in particular, they are larger than 2.

The following is a basic result about the eigenvalues of a pseudo-Anosov map; see [7;
17; 19].

Lemma 3.1 (cf McMullen [17, Theorem 5.3]) Let ¢ be a pseudo-Anosov homeo-
morphism with dilatation factor A. Suppose also that ¢ has orientable unstable and
stable foliations F* and F*. Then A and A~ are simple eigenvalues of ¢*.

Proof If F* and F* are orientable then their transverse measures (i,, (L5 represent
cohomology classes w+ € H!(S). The fact that ¢ scales the invariant measures by
A implies that ¢* (w+) = AT w4, so that A*! are eigenvalues of ¢*.
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Let w € H'(S) be any cohomology class dual to a simple closed curve y. Since ¢ is
pseudo-Anosov, ¢+ (y) limits to either F* or F*. In particular,

*\tn
) @O o

for some ¢ # 0. Since the classes @ dual to simple closed curves span H!(S), the
eigenspaces for A1 are 1-dimensional. In fact, A*! must be simple eigenvalues by
considering the Jordan canonical form. If there existed a generalized eigenvector w
such that ¢*w = w4 + AT!w, we would have (¢*)T"(w) = nAT" "Dy, 4 1F1y,
so that the condition in (4) is not satisfied. O

In addition to A and A~! being simple eigenvalues, we also have that the corre-
sponding eigenvectors come from the measures F* and F*. In particular, if we take
Y1, V2. ..., Y2g to be abasis for H;(S), then the eigenvector ¢, is given by

e = (Ru(¥1)s lu(r2)s - s u(v2g)T

where the transverse measure (i, is taken to be a signed measure, ie y(—y) =—uy(y),
if —y is the closed curve y taken with the orientation opposite to that of F*. The
eigenvector corresponding to A~! is given by

&1 = (s(yD). ts(v2). ... s (2T

Choose a disk D that contains all of the points in ¢, and fix a point on dD as the base
point for (S \ ). Let 81,65,...,8, be generators of 71(S \ ¢), so that each §;
encircles exactly one singularity s;, each §; lies entirely inside D, and the product
8185 - -+ 8, is homotopic to the boundary dD.

Choose standard generators oy, a2, ...,0g and By, B, ..., Bg of m1(S) such that,
for each i, (curves representing) o; and B; do not intersect dD except at the basepoint
for ;. We will also refer to these curves as

Vi =i, VYeg+i =PBi, Yog+j =79;j.

When convenient, we will use «;, B;, and §; to refer to their respective homology
classes.

On the dual generators o, B, 8]’." of H'(S \ o), the map ¢* has a block upper-
triangular action: the first block on the diagonal corresponds to the action on the closed
surface S, and the second block permutes the generators 47, ..., 5, coming from the
curves around the singular points. Strictly speaking, this matrix is a square matrix with
dimensions one greater than the dimension of H'(S \ o). There is one redundancy
in the generators from the relation Z;':l d; = 0 in homology. However, using the
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additional generator from the singularities makes the lower right block for ¢* easier to
understand. When discussing H'(S \ o) and ¢* in this section, we mean H'(S \ o)
with this additional generator and the action on H'(S\ o) with the additional generator,
respectively.

Using these generators for 71(S \ o), we can present I' = 71(Ny = My \ X) as
follows: T is generated by the o;, B;,§; and 7, subject to the relations

g n

it =¢(a), it = (Bi). T(ij_l:wj‘skjwj_lv H[Oli,ﬁi]

I
—

where the w; are words in the «;, ; and §;.

We start with the metabelian representation po: I" — PSL(2, R) with
N |1 ai = (i)

where a; is the signed length of 3; in F*. Note that ¢; = 0 for 2g <i <n. We

also set
Va0
0o Vi |

where 7 is the generator in the S! direction of My, and A is the pseudo-Anosov
dilatation factor of ¢. There is a singular Sol structure on My coming from the
pseudo-Anosov action on F* and F*, where F* and F* provide a singular Euclidean
structure on the fibers of My . Recall from Section 2.3 that Sol contains embedded
hyperbolic planes as “vertical” planes. In the singular Sol structure on My, these can be
seen as products of a leaf of 7* with the S! direction. The metabelian representation
po is a projection of the singular Sol structure along the leaves of F* onto one of these
hyperbolic planes inside of Sol. Such a projection yields a transversely hyperbolic
foliation; locally, My can be viewed as an open subset of H? xR, and the pseudometric
is given by the metric on the H? factor and ignoring the second factor.

po(t) = |:

4 Smoothness of the representation variety

The goal is to deform pq to a representation into PSL(2, C), and to realize the rep-
resentation as the holonomy representation of an (H?,PSL(2, C))-structure on N .
We consider pg € R(1(Ng),PSL(2,R)) as the metabelian representation from the
previous section. We begin by computing the dimension of the space of classes of
twisted cocycles z € Hl(m(Nd,),s[(Z, (C)Adﬁo)'
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Theorem 4.1 Let ¢ be pseudo-Anosov with stable and unstable foliations which are
orientable. Suppose also that ¢p*: H'(S) — H'(S) does not have 1 as an eigenvalue.
Then dim H' (T, sl(2, C)Adpo) = k, where k is the number of components of the
boundary of N .

Proof Let z € Z!(m; (Ng).sl(2,C)aq 00)' Then z is determined by its values on
Y1.--..Y2g+n, and 7, subject to the cocycle condition (1) imposed by the relations
in I'. These can be computed via the Fox calculus [16, Chapter 3]. Differentiating the
relations

ot =)
yields
Nrr,—1—1 . |
a[¢(Vl);V,- ] 99(n) eyl = 06 (vi) |
" I dyi
5) p eyt _do0n)
ayj a)/j
0 i —1.—1 o
[¢(V)gz, T ]=¢(yi)—¢(yi)ry,- Ll L.

Choosing the basis

. 01 o[ 0] _[oo0
“lool® 27 |o-1|" * |10

for s1(2, C), the values z(y;) can be expressed in coordinates (x;, y;, z;), where z(y;)
is the matrix
Yio Xi
z(yi) = ,
(vi) |: z — yij|
and we similarly let z(t) be given in the coordinates (xg, o, zo). We note that by

using the coboundary condition from (2) we can compute the set of coboundaries
Bl (m (Ng).sl(2, (C)Adﬂo) as the set of cocycles z satisfying

reo | —aiz 2al-y—|—al?z s 0 X —AXx
Z(yl)_|: 0 a;z and  Z(r) = z—A"1z 0 ’

where x, y,z € C parametrize B! (1 (Ng), 512, C)aq 00). In particular, adding the
appropriate coboundary z’ to z, we can set xo = zg = 0. To simplify the calculation
somewhat, we will assume that z(7) has the form

_{yo O
z(r)—[o —yo]'
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We first note that if W is a word in the y;, then p(W) = [ (1) ‘f] for some real number 4.
Then, under the chosen basis for 5[(2, C), Ad,,w) acts by

1 —24 —A?
0 1 A
0 0 1

We obtain one term from d¢(y;)/dy; for each instance of y; in ¢(y;) (with a negative
sign if yj_l appears), and each term is a word in the y;.

Similarly, we can compute that Ad, () acts on sl(2, C) via

A0 0
01 0
00 A"

We see that Z ! (1, (Ng),sl(2,C)ag po) is determined, as in [13], by a subset of vectors
U= (X1,...,X2g4nm Y0s V1s-- -+ V2gtn: 21 - - .,22g+,,)T such that Rv = 0, where R
decomposes into blocks

o M —20a K C aj
R = 0 0 (Z*_[ D ,  where a = :
0 0 0 ¢*—r"l A2g+n

Here the zeros represent block matrices of the appropriate sizes, and <2*: H'(S\o)—
H'(S\o0) is the (2g +n) x (2g +n) matrix describing the cohomology action induced
by ¢, which can be written as a block matrix

P* x
il
where P = (p;j) is a permutation matrix denoting the permutation of the singularities
in o by ¢. In particular, if ;77! = wj g, wj_l, then pjx; = 1. By Lemma 3.1,
¢* — A1 and ¢* — A~ ' have 1-dimensional kernel. Furthermore, since ¢* does not
have 1 as an eigenvalue, the dimension of the kernel of ¢* — I is equal to the number
of disjoint cycles of the permutation of the punctures. But a cycle in the permutation
corresponds to a single boundary component of Ng. Hence, the kernel of R has
dimension at most 2 + k + 1, where the additional 1 comes from the (2g +n + 1)*

column of R, and

k = # of components of ¥ = # of components of dN.
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Now consider the upper left portion of the matrix R, which we will call U:
U ¢*— A —2Ad k]
0 0 o¢*—1
If null(R) > 2 + k, then we must have that null(U) > k + 1.

Since A is a simple eigenvalue of ¢* and (aq, ... ,azg)T is a corresponding eigenvector
for A, (aq,... ,azg)T is not in the image of ¢* — AI. Hence, for any y in the kernel
of ¢* — I, there is a unique yq such that Ky — yo(ay,... ,azg)T is in the image of

¢* —AI. Therefore null(U) =k + 1

Hence null(R) = 2 + k. However, the solution arising from the kernel of Ji* —A s
the eigenvector
U=(ai,...,azg4n,0,...,0,0,...,007,

which is a coboundary. So we have that dim H' (T, s[(2, R)aq po) = Kk + 1. Finally,
there is one further redundancy since

g n
[l pir=T34
i=1 j=1
From the <Z* — I block, we can see that yg41,..., y20+n can be freely chosen

as long as yag4j = yag+k; Whenever w8t = w;Ok; wj_l. Hence, the upper left
(= lower right) entry of Z(H7=1 ) j) can be freely chosen to be any quantity
(6) Vog+1+ V2g+2+ .. Vogtn-

The relation ]_[le[oz,-, Bil = H7=1 d; forces the sum in (6) to be a fixed quantity
coming from the upper left entry of ]_[‘I.gzl [er;, Bi], which has no dependence on ysg4 ;,
for 1 <j <n.

Therefore, the relation drops the dimension of the space of cocycles by 1, and

dim H'(T", s1(2, C)ag,,) = k. o

In order to show that R(7{(Ng),PSL(2,C)) is smooth at pg, following [13; 11] we
define a formal deformation of p: w1 (M) — PSL(2, C) for a fixed 3—-manifold M to
be a homomorphism peo: 71 (M) — PSL(2, C[¢]) of the form

o .
Poo(y) =+ exp( > t’ui(y))p(y)
i=1
where u;: w1 (M) —sl(2, C) are elements of C!(r; (M), sl(2, C)ad, ), and evaluating
Poo at t = 0 yields p. If pso is a homomorphism modulo #/*1, we say that peo
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is a formal deformation up to order j. A cocycle uy € Z'(mw;(M),sl(2, C)ag,) is
formally integrable if there is a formal deformation of p with leading term ;. In
[13] it is shown that, given a deformation of order j, there is an obstruction class
{it1 € H?* (1 (M), s1(2, C)ad,) to extending to a deformation of order j + 1:

Proposition 4.2 [13, Proposition 3.1] Let p € R(w1(M),PSL(2,C)) and u; €
Cl(m1(M),s1(2,C)ag,), 1 <i < j be given. If

.
pi(y) =exp( X t'ui(y))p(y)
i=1

is a homomorphism into PSL(2, C[[¢t]) modulo ¢/, then there exists an obstruction
class {}‘jr‘f""”k) e H*(m1 (M), sl(2, C)ag,) such that:

(1) There is a cochain uj 4 1: w1 (M) — sl(2,C) such that
Jj+1 ;
pi+1(y) = eXP( 2t ”i(V))P(V)
i=1
is a homomorphism modulo t/+2 if and only if {i+1=0.

(2) The obstruction §jy; is natural, ie if [ is a homomorphism then f™p;:=pjo f
is also a homomorphism modulo t/+!, and

(U yeeestf) (f upsees f*uj)
f*(é-j_H ! )=€j+1 L
We will denote the inclusion map by i: oM — M .

Lemmad4.3 Let M be a 3-manifold with torus boundary components 0M = |_|f~€=1 T;.
Let p: my(M) — PSL(2,C) be a non-abelian representation such that p(w{(T;))
contains a non-parabolic element for each component T; of oM . If

dim H' (71 (M), s1(2,C)ag,) = k,
where k is the number of components of 0M , then i*: HZ(M,5[(2,(C)Adp) —
H?*(0M,51(2,C)aq,) is injective.
Proof We have the cohomology exact sequence for the pair (M, dM):

HY(M, M) — H' (M) % H'(0M) L5 H2(M, M)
— HA(M) 5 H2(0M) —> H3 (M, 0M) —> -~ ,
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where all cohomology groups are taken to be with the twisted coefficients 5[(2, C)aq, -
A standard Poincaré duality argument [13; 15; 20] gives that o has half-dimensional
image. For a torus 7,

dim H'((T),sl(2,C)) =2,

as long as p(mr1(7T)) contains a hyperbolic element [20]. Hence, « is injective. Since
B is dual to « under Poincaré duality, then S is surjective. This implies that i*
is injective. d

We apply this lemma to the metabelian representation pg to conclude that the represen-
tation variety is smooth at pg.

Theorem 4.4 The metabelian representation pg: 71(Ng) — PSL(2, C) is a smooth
point of R(m1(Ng),PSL(2, C)), with local dimension k + 3.

Proof We begin by showing that every cocycle in Z!(rr; (Ng).sl(2,C)) is integrable.
Suppose we have uy,...,u;: w1 (Ng) — sl(2, C) such that

i
0j(y) = exp(Z tlui()/))p()/)

i=1

is a homomorphism modulo #/+!. We have that dN, = |_|f-€:1 T; is a disjoint union

of tori, and the restriction pj |, (1;) to 71 (7;) is also a formal deformation of order ;.
We have that po(7;) contains a non-parabolic element, namely pg(t), or a translate.
Then the restriction of pg to 1 (7;) is a smooth point of the representation variety
R(m(T;),PSL(2,C)). Hence pj|r, (1;) extends to a formal deformation of order
j + 1 by the formal implicit function theorem (see [13, Lemma 3.7]). This implies

that the restriction of §j§‘_‘|_11’""”f ) to each component H2(T;) < H? (0Ng) vanishes.

Since

k
H?(0Ng) = P H*(T})
i=1
we have
i*§;(f$i'"’uk) _ é_lgi_:l,lll ..... u) _ .
We have shown in Theorem 4.1 that H!(m; (Ng).PSL(2,C)) has dimension k. The

injectivity of i * implies that Zl(c’f# ’1""”") =0.

Applying [13, Proposition 3.6] to the formal deformation ps, results in a convergent
deformation. Hence, pg is a smooth point of the representation variety. As pg is
non-abelian, we have that dim B! (i, (Ng),PSL(2, C)) = 3, so that the dimension of
R(m1(Ng),PSL(2,R)) is k + 3. m
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5 Singular hyperbolic structures

In this section, we will use the smoothness result from Theorem 4.4 to find represen-
tations that are near the Sol representation. In order to realize the representations as
geometric structures, we will need the Ehresmann—Thurston principle [21].

Theorem (Ehresmann—Thurston principle) Let X be a manifold upon which a Lie
group G acts transitively. Let M have a (X, G)-structure with holonomy represen-
tation p: my(M) — G. For p' sufficiently near p in the space of representations
Hom(m (M), G), there exists a nearby (X, G)-structure on M with holonomy repre-
sentation p'.

To utilize the Ehresmann—Thurston principle, we will need to realize all of our structure
groups as subgroups of PGL(4,R). We first study the process by which Sol can be
seen as a limit of HP = HP3.

Given s > 0, we let tq(s) be the rescaling map

%(s+s_1) %(s—s_l) 0 0

Te—s7h Is+s7H 0 0
0 0 0 —s
0 0 s7Ho

t(s) =

Then t;(s) takes HP to
HPy = {[x1, X2, x3, X4] : —x12 +x§ —i—szxf < 0},

which we think of as a copy of HP under a projective change of coordinates. Conjugat-
ing Gpp by v (s) gives the structure group Gpp, of HP;. Regular HP geometry is
given by the case s = 1. Taking the limit as s — 0 gives the subset

HPo = {[x1, X2, X3, X4] : —xf + x% <0}

of RP3. Notice that this is exactly the image of the embedding of Sol into RP3. We
will use this fact to obtain a geometric transition at the level of representations, and
apply the Ehresmann—Thurston principle to obtain corresponding developing maps. The
map t1(s) can be thought of as the composition of three maps: the first a hyperbolic
translation by log s, which causes the x3 and x4 coordinates to converge to O in the
projective sense; followed by a rescaling to recover those coordinates; and then a
change of coordinates between x3 and x4 to obtain the correct form for Sol. Hence,
this can be thought of as a further collapse onto a one-dimensional space, followed by
a rescaling. In order to insure that the developing maps behave correctly, we will use
the following lemma.
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Lemma 5.1 [4, Lemma 3.7] Let K be a compact set and let F;: K — RP3 be any
continuous family of functions. Suppose Fy(K) is contained in Xg. Then there is an
€ > 0 such that |t| < € and |r — s| < € implies that F;(K) is contained in X, .

Now we can prove the following result.

Theorem 5.2 Let ¢: S — S be a pseudo-Anosov homeomorphism whose stable and
unstable foliations, F5 and F“, are orientable and ¢* does not have 1 as an eigenvalue.
Then there exists a family of singular hyperbolic structures on My, smooth on the
complement of %, that degenerate to a transversely hyperbolic foliation. Furthermore,
the Sol structure on My is obtained as a rescaled limit, as projective structures, of the
path of degenerating structures.

Proof From the proof of Theorem 4.1, we can find a cocycle

z€ Z'(m1(Ng). 512, R)ad,, )

corresponding to F*. The simple eigenvalue A ™! of gg* has corresponding eigenvector
coming from by = ug(y1), ..., b2g4+n = Ws(Y2g+n). More specifically, ¢* does not
have 1 as an eigenvalue, so we can solve

. n by
(N (" —1) : =-D : ,
Yog+n b2g+n

where Dygxog is the restriction of D to the upper left 2g x 2¢g entries.

[e]
Finally, since A is a simple eigenvalue of ¢*, we can also solve

. X1 ap »1 by
®) (¢ —AI) : -2 : yo=-K : -C
X2g4n A2g+n Vog+n bag+n

Now we will use the above cocycle, which has the form

Vi Xi Yo 0
z(yi) = , z(r) = .
ve) |:bi —J’i:| © [ 0 —yo]
The representation po and the cocycle z are converted into an HP representation, using
the description of Ggp given in Section 2.4. In particular, p¢ and z are combined to
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form a representation of 71 (Ng) into PSL(2, Bg) by y = po(¥) +z(¥)po(y)ko; then
use the isomorphism from PSL(2, y) to Gy = Gpp to obtain

— 1 + %alz _%alz aj 0
142 1—1a? ~
,OHP(VZ) = Zal Zal al 0 s
a; —a; 1 0
| —bi —ajb; +2a;yi + xi —bi +ajb; —2a;y; —x; 2yi —2a;ib; 1

[L+2h) taa-a"h o0 o0

i —1y 1 —1
| 1-ah) Lao+a7h 0 o
pup(7) 0 0 Lo
0 0 2y 1

Conjugating the HP representation by

%(s—l—s_l) %(s—s_l) 0 0

%(s—s_l) %(S-i—S_l) 0 0
0 0 0 —s
0 0 s71 0

t(s) =

and taking s — 0 gives the Sol representation

1 000 s+ Ta=2"H oo
0 100 Tv=2H fa+r1Hoo
;) = = 2 2
psol (Vi) bi b 10| Psol () 0 0 {0
ai —a; 01 0 0 01

Thus, the Sol representation is obtained as a rescaled limit of a family of HP repre-
sentations, with the rescaling limit given by t1(s).

The structure groups for HP, H? and Sol can be written as subgroups of PGL(4, R),
giving them (RP?,PGL(4, R))-structures. Since the Sol representation, as a rep-
resentation into PGL(4,R), comes from an actual Sol structure on Ny, then by
the Ehresmann—Thurston principle, for small s, the conjugates t; (s)pppt;(s)~! are
holonomy representations for real projective structures, with developing maps Dy .

Moreover, the Sol structure can be thought of as a (HPg, Gup,) structure, and applying
Lemma 5.1 with X = HP to D, and a compact fundamental domain for Ny, we see
that for sufficiently small s, the projective structures from the Ehresmann—Thurston
principle correspond to HPy structures, which are rescaled HP structures.

Fix such an s = s¢, and consider the underlying HP structure. Since pg is a smooth
point of R(rry(Ng),PSL(2,C)), by work of Danciger [4, Proposition 3.6], there exists
a family of hyperbolic structures on Ny, given by their holonomy representations
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pt: w1 (Ng) — SO(1,3), such that at 1 = 0 we obtain the SO(1,3) version of the
representation pg. Furthermore, conjugating p; by t(¢) yields pyp.

For a fixed s,
v ()r(0)pre () er(s) !

limits to t1(s)pppt; (s)~'. So taking the diagonal path

T (@) pre@) e ()7

yields a rescaling of p; that limits to the Sol structure. O

Note that the cocycle z has the form

Yio Xi
z(yi) = ,
(yl ) |: bi _ yl}
where b; = ps(y;). In particular, the deformation of pg contains the information of F*.
The deformation from the upper-triangular representation pg, which is a projection
parallel to F“ onto a leaf of F*, behaves like a deformation in a direction transverse

to F5.

6 Behavior of the singular locus

Theorem 5.2 gives a family of hyperbolic structures on Mg\ X. In general, the singular
locus ¥ may not remain as cone singularities. In this section, we will show that it is
possible to control the singularities so that we obtain a family of nearby cone manifolds.

The manifold Ny = My \ ¥ has torus boundary components, dNy = |_|f-‘=1 T;. Let m;
be a meridian curve for 7;, and /; a longitudinal curve. There is a model for a torus T’
degenerating to the HP structure described by the representation

1000 coshd sinhd 0 0

0100 sinhd coshd 0 0
pup(m) = 0010l pup(l) = 0 0 41 0 |

00wl 0 0 n £1

which is given in [4]. In particular, take the family of representations into SO(1, 3)
such that

10 0 0 coshd sinhd 0 0

01 0 0 sinhd coshd 0 0
pe(m) = 0 0 coswt —sinwt |’ pe(D)= 0 0 £cosut —sinut

0 0 sinwt coswt 0 0 sinuut £ cosut
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Then, conjugating by

(== R e R
S O = O
S = O O

S O O

l_l

and taking the limit as ¢ — 0 yields pgp() and pgp(/). Thus, w, which is called the
infinitesimal rotation in [4], describes the infinitesimal change in the cone angle about
that component of the singularity.

In the case that ¥ has multiple components, as in our case, we can modify the com-
putation. From the construction of pg, we can see that each pg(/;) is a hyperbolic
translation with an axis in H? having a common endpoint at infinity. Specifically, they
all differ from

Po(f)=|:ﬁ ’ :|

0 Vi

by a parabolic element. Namely, there exists some parabolic of the form

1 a
[O 1i| € PSL(2,R),

taking po(7) to po(/;). If this is deformed by the infinitesimal isometry

y X
|:b _yi| € sl(2,R),

the deformation is encapsulated by the HP matrix

l—i-%a2 —%az a 0
%az 1—%(12 a 0

a —a 1 0]’
—b—a’bh+2ay+x —b+a’*b—2ay—x 2y—2ab 1

which is the PGL(4, R) form of the PSL(2, By) element

o]+ 2116 4

Then, for a general singularity, the representation ppp should be such that pyp(m;)
and pyp(/;) are conjugates of pup(m) and pup(/), with the conjugating matrix being
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of the above type. This gives the general form

1 0 00
0 1 00
0 0 10
| —aw aw o 1

9
© Ta?+ (1 +a*)C +a*—a*C+ S a(l—e?)

pup(m;) =

’

0
Ta*+a’C+ S +a*+C—d?*C a(l—e?) 0

a(Fl+e ) a(xl—e9 +1 0|’
L 1 /2 2ab(e? F1)+p +1

pup(li) =

where

C =coshd,

S =sinhd,

fi = —ap—(b+2a*b—2ay)(e? £1)+ x4 F1),
fHh=au+ (2a2b —2ay —b)(ed F1) —x(e_d F).

The curves §; = y»g4j are meridians of the boundary tori, so we verify that pgp(6;)
agrees with the description of pyp(m;). From our computation of ppp(y2g+ ), we
notice that a4y j = by j = 0 since the signed length of §; around any singular point
of the foliation is 0, so

1 0 0 0

0 1 0 0

pup(8;) = 0 0 T
Xog+j —Xog+j 2Vag+j |

Hence, the infinitesimal rotation is given by w = 2y, j, where the y;,4 ; can be
chosen freely as long as they are the same for singular points in the same orbit of ¢. It
remains to show that x,g4 j = —aw = —2ay,44 j, where a is the amount of parabolic
translation that takes the axis between 0 and infinity to the axis given by the orbit of
the singular point s; .

Suppose that m is the order of the orbit of singular points that contains the singularity
encircled by 6;. Then, ¢"(;) = vj§; vj_1 for some word v; € 71 (S \ o). Noting that

po(8j) = [(1) (1)] and  po(vj) = [(1) 1;1]
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for some real number A, the twisted cocycle condition yields, by using (5) with
Y2g+j = 0j, that

10) [yzg+j )‘mng+j:| _ [y2g+j Xog+t) —2y2g+jA] '
0 —Yag+j 0 —V2g+j

This follows because byg 4 j = 0.

In addition to
ST = M (8;) = vy

we have that

mjyp _—m _ 7., —1
™t —vjljvj.

As previously noted, po(/;) is conjugate to po(t)™ by the parabolic element [ 9].
This yields
) = VAT a4+ VAT
100 J 0 \/X—m .

From the relation t'[j 7" = vjl; vj_1 , we obtain that

VA" aam (VT VAT Ao (VAT VT
0 N/ | o N/ '

This yields 4 = A™a —a = a(A™ — 1). The cocycle condition from (10) yields
Xog4+j (A" —=1) = =2y ja(A™—1), which is exactly the desired condition X, j =
—2aysg+ j. A similar computation can be used to find the parameters x and b, with
b equaling the ug distance between 7 and /;. The longitudinal curves pyp(/;) are
conjugates of multiples of pyp(7). Since pyp(r) has the form stipulated in (9) for
pup(l;), we have first-order compatibility of the HP representation with representations
of cone singularities. From the previous computation of pyp(7), we can see that
d =mlogh and p =2myy.

In order to show that the components of the singular locus remain as cone singularities,
we will additionally need to show that the subset of structures where the meridian
curves remain elliptic is smooth so that the first-order compatibility can be realized
by a path of structures on Ny . The proof generalizes [4, Lemma 4.25] to multiple
components.

Lemma 6.1 The subset of H!(m; (Ng),sl(2, (C)Adﬂo) corresponding to singular hy-
perbolic structures near py such that p;(m;) remains elliptic has real dimension k .
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Proof The complex dimension of H' (7 (T}),sl(2,C)aq p0), where 7; is a boundary
component homeomorphic to a torus, is 2, given by the differentials d/(/;) and d/(m;)
of the lengths /(/;) and /(m;). The subspace of H'(m(T;),sl(2, C)ad,,) where
p(m;) remains elliptic as it is deformed by a cocycle has real dimension equal to 3.

For each torus component 7;, by the Poincaré duality argument, the real dimension
of the image of Hl(nl(N¢),5[(2,C)Adpo) in H'((T;),sl(2, C)ad,,) is 2. More-
over, from the computation of the space of cocycles, we can pick an element z €
H 1(711(N¢),5[(2, C) Adm) with ys44; arbitrarily large, so that z(m;) increases trans-
lation length. Thus, the image is transverse to the subset of H! (71 (T}),sl(2, C)aq 00)
where p(m;) remains elliptic. Noting that dNy is a disjoint union | | 7;, the subset
of the image of Hl(nl(N¢),5[(2,(C)Ade) in Hl(n1(8N¢),5[(2,(C)Adpo) has real
dimension k. m|

Lemma 6.1, along with Theorem 5.2, tells us that the we can choose a family of
hyperbolic structures on Ny near the Sol structure on Ny such that the restriction
of the corresponding representations to the boundary tori agree with representations
of the models for cone singularities. After a finite number of applications of [4,
Propositions 4.3 and 4.10], once on each component of ¥, we conclude that the
representations can be realized as actual hyperbolic cone structures. We restate those
propositions here.

Proposition [4, Proposition 4.3] Let M be a manifold with a projective structure on
N = M\ X with cone-like singularities along ¥ ={y}. Let B be a small neighborhood
of apoint p € ¥, with ¥p = X N B. Then:

(1) The developing map D on B\Xp extends to the universal branched cover
B = B\Xp UZXp of B branched over X p.

(2) D maps X p diffeomorphically onto an interval of a line £ in RP3.

(3) The holonomy p(wi(B\ Xp)) point-wise fixes £.
Proposition [4, Proposition 4.10] Suppose p;: w1 (M) — PGL(4,R) is a path of
representations such that:

(1) po is the holonomy representation of a projective structure on N = M \ X
with cone-like singularities along ¥ = {y}, and £ is the line in RP? fixed by

po(m1(0M)).
(2) p¢(m) point-wise fixes a line £; with £, — £.

Then, for all t sufficient small, p; is the holonomy representation for a projective
structure on N with cone-like singularities along 3.
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A computation of the commutator ppp([¢;, B;]) yields a matrix of the form

I 000
0 100
0 010}’
-ffegl
in (9), where

f = az,ﬂ«b,- + 2ag+,~y,' —a?bg_ﬂ' —2aiyg+i, g= —2ag+,-b,~ + 2a,—bg+,~.

Therefore, the product of the commutators pyp (]_[f’y=1 [i, Bi]) also has this form. In
the case where Y4 ; = §;, we also have that

1 0 0 0

0 1 0 0

pupP(8;) = pup(V2g+j) = 0 0 1o
Xogyj —Xog4j 2Vag+j 1

Note that y,g4 j = y2g4j if §; and §;- belong in the same cycle of the permutation (ie
they are meridians for the same component of X). In other words, we have cone-type
singularities that develop in the singular hyperbolic structure, and for each component
of X, there is freedom in choosing the infinitesimal cone angle about that component.
Moreover, the commutator/singularities relation

g n
[ Jles 8=
i=1 j=1

says that the sum of the infinitesimal cone angles about each component, weighted by
the number of singularities in the permutation for that component, must equal some
quantity wy determined by the loop ]_[f;l [aj, Bi] that encircles all of the singularities.

Lemma 6.2 The total infinitesimal cone angle wyo is non-zero.

Proof A straight-forward computation shows that the @ = @ entry in the commutator
pup([oi, Bi]) is given by 2(a;bgy; —ag1ib;). Hence, the w entry in the product

g
,OHP(l_[[ai, ﬂi])
i=1

is the negative of the algebraic intersection pairing i (€r,e,-1). We note that the
algebraic intersection is a symplectic form on H!(S).
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Suppose ¢, is an eigenvector of ¢* with eigenvalue p 7# A. Then
f(éu, gk—l) = ;(¢*§M’ ¢*§k_l) - [L)\_lf(gu, g}\—l).
Since 1 # A, this means that (&, é;-1) = 0.

If €, is a generalized eigenvector such that (¢* — ul)?é,, , = 0, then we induct
on p. Notice that ¢*é, , = uéy,p + céy p—1, where (¢* —pul)?=1¢, ,_1 = 0.
Hence, if i (€, ,—1.€)—1) = 0, then it must be that 7 (€, ,,€3—1) = 0 as well, since

Y- - n - - —1%,/=> e
i€y, p,e—1) =1i(9p% € p, % €—1) = UL i (€, p,Ex—1).

The generalized eigenvectors of ¢* span R28 and A is a simple eigenvalue, so that
means that if 7 (&3, é,-1) = 0, then 7 (if, &, 1) = 0 for all # € R?&, contradicting the
non-degeneracy condition for symplectic forms. |

We can now prove Theorem 6.3.

Theorem 6.3 Let ¢: S — S be a pseudo-Anosov homeomorphism whose stable and
unstable foliations, F* and F*, are orientable and ¢*: H'(S) — H'(S) does not
have 1 as an eigenvalue. Then there exists a family of singular hyperbolic structures
on My, smooth on the complement of ¥ and with cone singularities along X, that
degenerate to a transversely hyperbolic foliation. The degeneration can be rescaled
so that the path of rescaled structures limits to the singular Sol structure on My, as
projective structures. Moreover, the cone angles can be chosen to be decreasing.

Proof Lemma 6.1 and Theorem 5.2 imply that there exists a family of hyperbolic
structures on Ny near the Sol structure on Ny such that the meridian and longitudinal
curves of the boundary tori have the form in (9).

Apply Proposition 4.3 and Proposition 4.10 from [4] on one component y of X to
show that My \ (¥ \ y) has a projective structure with holonomy p; with cone-like
singularities along y for sufficiently small #. Proceed inductively on each component
of X.

Lemma 6.2 implies that the infinitesimal cone angles of each boundary component can
be chosen to be negative, so that the cone angles are all decreasing. The total infinitesi-
mal cone angle wy is non-zero, and the proof of Lemma 6.2 shows that it is the negative
of i(éy.é,-1), and taking a positive orientation for {¢;,é,—1} leads to wo; <0. O

The results of [4] also imply that there are nearby AdS structures that collapse to
the same transversely hyperbolic foliation, such that a similar rescaling gives the HP
structure. The generalizations made here to those results can also easily be made
for AdS structures, so there are also nearby AdS structures with tachyon (cone-like)
singularities.
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Figure 2: A train track for F*.

7 Genus-two example

We will compute the representations and parameters to find the deformation in a
genus-two example. Begin with the curves o, a3, B1, B2, which form the symplectic
basis for H;(S). We begin with left Dehn twists Tg,, Tg,.T) along B, and y,
followed by right Dehn twists Ta_ll, T, a_zl along o7 and «,. Since the disjoint sets
of curves {&,a,} and {f1, B2, y} fill, the resulting homeomorphism ¢: S — S is
pseudo-Anosov (see [18] or [6, page 398]).

The stable and unstable foliations are orientable with two singular points of cone
angle 47, one in each of the two components of S \ {&1,®2, 81, B2,y }. A train track
for 7% is shown in Figure 2, and we can verify that the foliations are orientable with
two singularities s and s;.

The induced action on cohomology, with the generators o1, o2, B, B> and puncture
curves 61,85, is

[ 3 -1 -2 1-1 0

-1 3 1-2 1 0
o =10 1 0 0 0
¢ = 0-1 0 1 -2 0
00 0 0 1 0

0 0 0 0 0 1
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> S

Figure 3: Generators for 1 (S).

The matrix has largest eigenvalue A; = %(5 + +/21). The other eigenvalue A, > 1 is
given by A, = %(3 + +/5). The eigenvectors of ¢* for A, and )Fl are

> :(3+E/ﬁ,_3+£ﬂ’_1,1,0,0)T and grlz( f 3, ‘ﬁ_ —1,1,0, 0)

e;”

We have a choice for ¢ €1 as it is only unique up to scale. We make the choice that is

consistent with the orientation of the embedding of Sol into R*. In particular, in the
standard embedding, the x—coordinate is contracted and the y—coordinate is expanded.
Our choice for €, and 5}”71 has the same orientation in the singular flat metric on S'.

Thus, we obtain the parameters

a) = —dy = %(3 + v 21),

a3=—a4_—1,
by =—by=—3(v21-3),
b3=—b4——1

Fix a basepoint and choose representatives for ay, a;, B1, B2 in 71(S), which we
will also call «q,as, B, B2 (see Figure 3). In addition, taking generators §; and §,
for loops around the singularities s; and s, we have the following action of ¢ on

m1(S\o):
d(ay) = a1 B 87 a2 ooy i B
$(oz) = 03B; a3 py oy 1 pray
$(B1) = Pray ",
¢ (B2) = o1 By 87 aa ooy 2 fran By oy 18T Bray
¢(81) =61,
$(32) = axfroy e 18718281 Broy o3y e

with as = ag = bs = bg = 0.
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Thus, we have that

(1142421 —9—;@ —17—23m 742421 —13—23«/ﬁ 0
3++m 15—221 —3—2«/5 13+2m —5—2«/ﬁ 0
p—| A 0 =321 0 0 0
0 0 0 0 0 0
L0 0 0 0 0  —5-+21]
(62— 1321 125+25«/ﬁ 101+§1«/ﬁ —133-2821 77+127@ 0 7
15+;«/i —103 — 20421 —15—;«/5 59+g«/ﬁ —23—255 0
c_ 15+;ﬁ 0 —15—23~/ﬁ 0 0 0
13+3ﬁ —4—- 21 —13—23«5 19— 421 23+§\/ﬁ 0
0 0 0 0 0 0
i 0 0 0 0 0 234521
and K = —2D. From this, we calculate from (7) that
B by —Js %(_3 + ‘/ﬁ)
V2 2 (¢ =1y | D baf | s _ 3(=34+21) = 2ys
y3 b3 0 —13+5V21—1ps
V4 by —2)s 1(=53 4+ 174/21) - 155

and ys and yg are free. The span of ¢* — Al is generated by the first three columns,
so we can take x4 = 0 (taking x4 7% 0 would change the solution by a co-boundary).
We then compute the other x; and yo from (8), yielding

X1 = 75 (—18312+ 887v21) + 5(—3353 + 1121v21) ps,

Xp = g4 (—283542573V21) + &5 (=812 + 40v/21) s,

x3 = 1(=2166 + 615v/21) + 1(=853 + 169v/21) ys,

x4 =0,

x5 =0,

X6 = 1(6+2v21)ys,

Yo = 2 (7119 = 15523/21) + & (1183 - 267/21) ys.
The w entry in the commutator ppp([¢;, Bi]) is computed to be 2(a;jbr+; —ar4ibi).
Hence, the total infinitesimal cone angle wy is equal to —44/21. The infinitesimal

cone angles about the two boundary components should add up to wy = —4+/21, and
the individual infinitesimal cone angles can be chosen so that the cone angles about
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both singularities are decreasing towards 27 . By scaling the b; by a positive scalar, it
is also possible to change w to any negative number.

8 Discussion

The hypotheses in Theorem 6.3 are satisfied by pseudo-Anosov maps on the punctured
torus, so the result includes the previously known case for the punctured torus. There
exist examples of pseudo-Anosov maps for other hyperbolic surfaces that satisfy the
conditions in the theorem.

For an arbitrary pseudo-Anosov ¢, the induced map ¢* has 1 as an eigenvalue if and
only if the mapping torus My, has first Betti number > 1. If ¢* does not have 1 as an
eigenvalue but the invariant foliations are not orientable, one can take an orientation
cover for the foliation and lift the pseudo-Anosov to the cover. However, this may
introduce additional eigenvalues for the lifted map. These conditions are needed to
prove Theorem 4.1 in order to guarantee that an infinitesimal deformation can be
realized by a smooth path of deformed structures for small time, but it would be
interesting to know if the deformation can be carried out even when the smoothness
condition is not satisfied.

The result in Theorem 6.3 is local; we can find a deformation of the cone angles for
small time. It would be of further interest to know whether the deformation can be
carried out all the way to the complete structure on M. This would give a direct
connection between the hyperbolic structure on fibered manifolds and the combinatorial
properties of the pseudo-Anosov monodromy.
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