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Finite approximations of p-local compact groups

ALEX GONZALEZ

We show how every p-local compact group can be described as a telescope of
p-local finite groups. As a consequence, we deduce several corollaries, such as a
stable elements theorem for the mod p cohomology of their classifying spaces, and
a generalized Dwyer—Zabrodsky description of certain related mapping spaces.

20D20, 55R35, 55R40

For a fixed prime p, the concept of p—local compact group was introduced in the last
decade by C Broto, R Levi and B Oliver in [7]. It provides a unifying, categorical
language to study several classes of groups from a p—local point of view, including finite
groups, compact Lie groups, p—compact groups and algebraic groups over algebraic
closures of fields of characteristic other than p.

In view of the many classes of groups and other mathematical objects that p—local
compact groups model, it is no surprise that this theory is not very well understood
yet. Nevertheless, several structural results have already been conjectured since their
introduction in [7], of which two are of special relevance in this work. The first
conjecture asks about the existence of a version of the stable elements theorem by
H Cartan and S Filenberg [10, Theorem 10.1] for p—local compact groups, while
the second conjecture suggests the extension of the classic result of W Dwyer and
A Zabrodsky [17, Theorem 1.1] on mapping spaces to p—local compact groups.

A reader familiar with the theory of p—local finite groups will know that the proofs of
these results in the finite case, as well as many others, depend ultimately on a certain
biset, which is at the core this theory. And it is there where the main obstacle to
studying p—local compact groups resides, since there is no such biset in the context of
p-local compact groups.

An alternative to the biset is necessary, and evidence that such an alternative may exist
is found in a result by EM Friedlander and G Mislin [19; 20] that relates compact
Lie groups to towers of finite groups. In this paper we prove a version of the result of
Friedlander and Mislin for p—local compact groups.

Many statements for p—local finite groups extend to p—local compact groups as a
consequence of this approximation result that replaces the use of the biset by arguments
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on telescopes of classifying spaces of p—local finite groups. In fact, in view of the
results deduced in this work, the existence of finite approximations in all cases seems
to be in itself one of the most essential properties of p—local compact groups.

In order to state our main results, let us be more precise. Let Z/p® be the union of all
the cyclic groups Z/p", with n > 1, via the obvious inclusions. A discrete p—toral
group is a p—group S that contains a normal subgroup 7" isomorphic to a finite direct
product of copies of Z/p®°, and such that T has finite index in S.

A saturated fusion system over S is a category F whose object set is the collection of
subgroups of .S, and all of whose morphisms are actual group monomorphisms subject
to a certain set of conditions. A centric linking system associated to F is a category L
whose object set is a certain subset of subgroups of S, and whose morphisms are again
subject to another set of conditions. Roughly speaking, a (saturated) fusion system
models the conjugation action of a group over a fixed Sylow p—subgroup (without the as-
sumption that such a group exists), while a centric linking system supplies the necessary
data to produce a “classifying space” associated to the corresponding fusion system.

A p-local compact group is atriple G = (S, F, L), where S is a discrete p—toral group,
F is a saturated fusion system over S, and L is a centric linking system associated to F .
The classifying space of G is the p—completed nerve of the category £, BG = | L] ﬁ'
The exact definitions are included in Section 1. Here and for the rest of the paper, (—) 1/1\
denotes the p—completion functor developed by A K Bousfield and DM Kan in [3].

By an approximation of G by p-local finite groups we mean a family of p—local finite
groups {G; = (S;, Fi, Li)}i>o, such that £; € L; 1 C £ for all i, and such that the
homotopy colimit of the spaces BG; is equivalent to BG after p—completion (see
Section 3 for the precise definition).

Unstable Adams operations for p—local compact groups were defined and constructed
by FJunod, R Levi and A Libman in [26]. Given a p—local compact group G = (S, F, L)
and an unstable Adams operation W on G, we construct an approximation of G by
p-local finite groups by taking fixed points of G by W. This process essentially mimics
the construction of fixed points of an algebraic group by successive iterations of a
given Frobenius automorphism, and in this sense relates to the work of Friedlander and
Mislin [19; 20].

Theorem 1 Every p—local compact group admits an approximation by p—local finite
groups.

With this, one can deduce the stable elements theorem of Broto, Levi and Oliver [6,
Theorem 5.8] for p—local compact groups, which computes the cohomology of the

Geometry & Topology, Volume 20 (2016)



Finite approximations of p—local compact groups 2925

classifying spaces of a p—local compact group as a subalgebra of the cohomology of
its Sylow p—subgroup.

Theorem 2 Let G = (S, F, L) be a p—local compact group, and let M be a finite
Z(py—module with trivial S—action. Then the natural map

H*(BG; M) = H*(F; M) :=lim H*(— M) € H*(BS:; M)
f

is an isomorphism.

A version of the spectral sequence of A Diaz [15] for p—local compact groups is also
deduced easily. The notation (—)” below denotes stable elements in F; see Section 4
for an explicit definition.

Theorem 3 Let F be a saturated fusion system over a discrete p—toral group S. Let
also R < § be a strongly F—closed subgroup of S, and let M be a finite Z,)~-module
with trivial S'—action. Then there is a first-quadrant cohomological spectral sequence
having second page

Ey™ = H"(S/R: H" (R: M))”

and converging to H"*™(BG; M).

This spectral sequence has a rather interesting feature: it uses only a strongly closed
subgroup of a fusion system, instead of a normal fusion subsystem, and thus is much
more versatile. There are many interesting corollaries in [15, Sections 5 and 6], which
we suspect to admit generalizations to the compact case. We leave this out of the scope
of this paper for the sake of brevity.

Another relevant consequence of Theorem 1 is the following result describing the
homotopy type of certain mapping spaces, which generalizes [6, Theorem 6.3], and
which was also conjectured in [7].

Theorem 4 Let G = (S, F, L) be a p—local compact group, and let P be a discrete
p—toral group. Then each component of the mapping space Map(BP, BG) has the
homotopy type of the classifying space of a p—local compact group, which corresponds
to the “centralizer” of the image of the corresponding homomorphism P — §.

So far, Theorem 1 provides the only known way to circumvent the absence of a biset
in the compact case. As shown in work by several authors (see for example Diaz and
Libman [13; 14], Ragnarsson and Stancu [32], Gelvin and Reeh [21], and Gelvin, Reeh
and Yalcin [22]) this biset is closely related to the Burnside ring of the corresponding
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p-local finite group. In this sense, it would be interesting to analyze the Burnside ring
of a p—local compact group G = (S, F, £), and compare it with the Burnside rings
of a given approximation of G by p—local finite groups. Representations of p—local
compact groups are another aspect of the theory that may benefit from Theorem 1. Very
little is known in the compact case (see Cantarero and Castellana [9]) in comparison
with what is known in the finite case (see Castellana and Libman [11]). Of particular
interest for the author would be a generalization to p—local compact groups of the
Peter—Weyl theorem on existence of faithful complex representations for p—compact
groups; see Andersen, Grodal, Mgller and Viruel [2, Theorem 1.6] (for p odd) and
Andersen and Grodal [1, Remark 7.3] (for p = 2).

Organization of the paper In Section 1 we review the basic definitions and results
about p-local compact groups that we need in later sections. It includes two subsections.
Section 1A introduces isotypical equivalences, and reviews the main properties of
unstable Adams operations. Section 1B presents the constructions of normalizers,
centralizers, and quotients in a p—local compact groups. This section does not contain
any original result, but it is necessary in order to make this work self-contained.

Section 2 describes a general procedure to add new objects to a given transporter
system. When applied to a centric linking system, this process generates a quasicentric
linking system. These enlarged transporter systems play a crucial role in the proof
of Theorem 1 in the next section. The construction introduced in this section is not
as general as that in Broto, Castellana, Grodal, Levi and Oliver [4] for finite centric
linking systems, but it turns out to be much simpler.

In Section 3 we construct finite approximations of p—local compact groups. This section
is rather long, and thus we opted for splitting it in shorter subsections. Section 3A
includes the definition of an approximation of a p—local compact group by p-local
finite groups and its main properties. In preparation for the following subsection, this
part also contains the definition of the fixed points of a centric linking system by an
unstable Adams operation. Section 3B is the core of this section: it essentially includes
the proof of Theorem 1. The last part of this section, Section 3C, contains an example
of the construction of approximations of a p—local compact group by p—local finite
groups.

Section 4 contains the proofs of Theorems 2 and 3, while Section 5 contains the proof
of Theorem 4. The proofs for these results follow closely the corresponding proofs for
their finite counterparts.
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1 Background on p-local compact groups

Let p be a prime, to remain fixed for the rest of the paper unless otherwise stated. In
this section we review all the definitions and results about p—local compact groups
that we need in this paper. The main references for this section are the works of Broto,
Levi and Oliver [6; 7; 8].

Roughly speaking, p—local compact groups are abstractions of the fusion data obtained
from finite and compact Lie groups. This idea already implies the existence of some sort
of Sylow p—subgroup. In the finite case this role was played by finite p—groups, while
in this more general setup we use discrete p—toral groups. Let Z/p*>° = ,,~, Z/p"
be the union of the cyclic p—groups Z/p™ under the obvious inclusions. -

Definition 1.1 A discrete p—toral group P is a p—group that contains a finite-index
normal subgroup Py isomorphic to (Z/p°°)*" for some finite r > 0.

In other words, a discrete p—toral group is a group P fitting in an exact sequence
{1} > Pp—> P> — {1},

where 7 is a finite p—group and Py = (Z/p°°)*". The rank of P, denoted by
rk(P), is r, and the order of P is then defined as the pair |P| := (tk(P), |7 (P)]),
considered as an element of N2. This way we can compare the order of two discrete
p—toral groups, by writing |Q| < |P]| if either tk(Q) < rk(P), or rk(Q) = rk(P) and
|7 (Q)| < |7 (P)|. Given a discrete p—toral group S and subgroups P, Q < S, define

Homg (P, Q) = {f = cx € Hom(P, Q) | 3x € S such that xPx~! < Q}.

Definition 1.2 Given a discrete p—toral group S, a fusion system over S is a cate-
gory F with Ob(F) = {P < S}, and whose morphisms are actual homomorphisms
satisfying the following:
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(i) Homg (P, Q) € Homzg(P, Q) C Inj(P, Q) forall P, Q € Ob(F); and

(i) every morphism in F is the composition of an isomorphism in F, followed by
an inclusion.

The rank of F is the rank of §.

The following notation will be used tacitly throughout the rest of the paper. Let F be a
fusion system over S, and let P, O, X < S. As objects in F, we say that P and Q
are F—conjugate if they are isomorphic as objects in F. The notation PX and P7,
respectively, stands for the X—conjugacy and F—conjugacy classes of P . Note also
that Autx(P) is a group, by definition of fusion system, and that Inn(P) < Autz(P).
Thus, it is reasonable to define

Outg(P) := Autg(P)/Inn(P) and Outr(P):= Autg(P)/Inn(P).

Finally, we say that P is fully F—centralized, respectively fully F—normalized, if
|Cs(P)| > |Cs(Q)| for all Q € P7, respectively if |[Ns(P)| > |Ns(Q)| for all
Qe P”.

Definition 1.3 Let S be a discrete p—toral group, and let F be a fusion system over S.
We say that F is a saturated fusion system if the following conditions are satisfied:

(D If P <SS isafully F—normalized subgroup, then it is also fully F—centralized.
Moreover, in this case Outz(P) is a finite group, and Outg (P) € Syl,(Outz(P)).

(II) Suppose P < S and f € Homz(P, S) are such that f(P) is fully F—centralized,
and set

Ny ={g€Ns(P)| focgo f~' €Auts(f(P))}.

Then there exists ]7 € Homz(Ny, §) such that ]7 lp=f.

(III) Let Py < P, < P3<-.-- beasequence of subgroups of .S, and set P = U;ozl P,.
If f eHom(P,S) is ahomomorphism such that f|p, € Homz(Py, S) forall n,
then f € Homz(P, S).

We also recall the definition of centric and radical subgroups, which are crucial concepts
in the p-local group theory.
Definition 1.4 Let F be a saturated fusion system over a discrete p—toral group S'.

e Asubgroup P < S is F—centric if Cs(Q) = Z(Q) forall Q € P”.

e A subgroup P < S is F-radical if Outz(P) contains no nontrivial normal
p—subgroup.
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Given a saturated fusion system F over a discrete p—toral group S, we denote by F¢
and F" the full subcategories of F with object sets the collections of F—centric and
JF-radical subgroups, respectively. We also write 7" C F for the full subcategory of
F—centric F-radical subgroups.

Proving that a given fusion system is saturated is a rather difficult task, even when
the fusion system is finite, but there are some techniques that may be helpful. One of
these techniques, which we will use in later sections, is [4, Theorem A], restated as
Theorem 1.6 below.

Definition 1.5 Let F be a fusion system over a finite p—group S, and let # C Ob(F)
be a subset of objects.

e F is H—generated if every morphism in F can be described as a composite of
restrictions of morphisms in F between subgroups in H.

e F is H-saturated if the saturation axioms hold for all subgroups in the set H.

Theorem 1.6 Let F be a fusion system over a finite p—group S, and let H be a
subset of objects of F closed under F—conjugacy and such that F is H—generated
and H-saturated. Suppose further that, for each F—centric subgroup P ¢ H, P is
F—conjugate to some Q such that

Outs(Q) N 0,(Outs(Q)) # {1}

Then F is saturated.

The following result will be useful in later sections when checking the condition
displayed in the previous theorem. We state it in full generality since in fact it will
apply in different situations throughout this paper.

Lemma 1.7 Let F be a fusion system over a discrete p—toral group S. Letalso P < S
be a subgroup, and let Po < P be a normal subgroup such that f|p, € Autz(Pg) for
all f € Autg(P). Set

Kp := Ker(Autz(P) — Autr(Po) x Aut(P/ Py)).
Then Kp < Op(Autz(P)).

Proof By definition Kp is normal in Autz(P), and thus we only have to show that
Kp is adiscrete p—toral subgroup of Autz(P) (thatis, every element of Kp has order
a power of p). This in turn follows by [25, Theorem 3.2]; although the result in [25]
is stated for finite groups, the arguments in its proof apply here without modification,
since Autz(P) is a locally finite group. O
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The concept of transporter system associated to a fusion system was first introduced in
[30] for fusion systems over finite p—groups, and then extended to discrete p—toral
groups in [8], with centric linking systems as a particular case. We refer the reader to
the aforementioned sources for further details.

Let G be a group and let H be a set of subgroups of G that is closed under taking
overgroups, ie if H € H and K > H, then K € H, and closed under conjugation in
G.,ieif H €M and g € G, then gHg™ ! € . The transporter category of G with
respect to # is the category 7x(G) whose object set is 7, and with morphism sets

Morr,)(P, Q) ={x€G |x-P-x"' < 0}
for each P,Q € H.

Definition 1.8 Let S be a discrete p—toral group, and let F be a fusion system
over S. A transporter system associated to F is a nonempty category 7 whose object
set Ob(7) is a subset of Ob(F) that is closed by overgroups and conjugation in F,
together with functors

Tooy(S)>T and T5F
satisfying the following conditions:
(A1) The functor ¢ is the identity on objects and an inclusion on morphism sets, and

the functor p is the inclusion on objects and a surjection on morphism sets.
(A2) Foreach P, Q € Ob(T), the set Mory(P, Q) has a free action of
E(P) :=Ker[pp: Auty(P) — Autz(P)]
by right composition, and pp ¢ is the orbit map of this action. Also, E(Q) acts

freely on Mory(P, Q) by left composition.

(B) Let P, Q €Ob(T). Then the map ep,o: Ns(P, Q) — Morr(P, Q) is injective,
and
(pp,0 0£p,0)(g) = cg € Homxz(P, Q)

for all g € Morp, ., (s)(P, Q) = Ns(P, Q).

(C) Forall P, Q € Ob(T7), for all ¢ € Mory(P, Q), and for all g € P, the following
is a commutative diagram in 7 :

¢
—

ep(g) g0 (p(0)(g))

N

Q+——1Q

—
@
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(I) Each isomorphism class of objects in Ob(7") contains an element P such that
ep(Ns(P)) € Syl, (Autr(P));

or, in other words, such that e(Ng(P)) has finite index prime to p in Auty(P).

(II) Let P,Q € Ob(T) be isomorphic objects, and let ¢ € Isor(P, Q). Let also
P < Ns(P) and Q < Ng(Q) be such that p oep(P)o¢™! <ep(Q). Then
there is some morphism ¢ € Mory(P, Q) such that

g?)'ospj;(l) = 8Q"Q“(1) 0.

() Let P; < P, < P3 <--- be a sequence in Ob(7), and let ¢, € Mory(Py, S)
be such that ¢, = ¢n+10¢p,, p,,, (1) forall n > 1. Then, upon setting P =
\U,>1 Pn. there is a morphism ¢ € Mory(P, S) such that ¢, =g oep, p(1)
for all n > 1.

The rank of T is the rank of S. A centric linking system associated to a saturated
fusion system F is a transporter system £ such that Ob(L) is the collection of all
F—centric subgroups of S and E(P) = &(Z(P)) forall P € Ob(L).

Remark 1.9 The above definition of centric linking system is taken from [8], and it
is seen in [8, Corollary A.5] to coincide with the original [7, Definition 4.1]. Notice
also that axiom (I) above differs from the corresponding axiom for the finite case (see
[30, Definition 3.1]) in that condition (I) above seems to be more restrictive than the
corresponding condition in [30]:

M es5,5(5) € Syl, (Autr(S)).

However, [30, Proposition 3.4] implies that both definitions, [30, Definition 3.1] and
the above, agree in the finite case.

Lemma 1.10 [8, Proposition A.2(d)] In a transporter system, all morphisms are
monomorphisms and epimorphisms in the categorical sense.

Definition 1.11 A p-local compact group is a triple G = (S, F, L) formed by a
discrete p—toral group S, a saturated fusion system F over S, and a centric linking
system L associated to F. The classifying space of a p—local compact group G is the
p—completed nerve of £, denoted by BG = |L| g. The rank of G is the rank of §.

Generalizing work of [12] and [29], it is proved in [28] that every saturated fusion
system over a discrete p—toral group has an associated centric linking system which
is unique up to isomorphism. Thus, from now on we speak of the associated centric
linking system for a given saturated fusion system.
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Finally, we recall the “bullet construction” on a p—local compact group.

Definition 1.12 Let F be a saturated fusion system over a discrete p—toral group S.
Let also T < S be the maximal torus, and let W = Autz(T). Set the following:

(i) The exponent of S/ T is e =exp(S/T) = min{k € N | xP“ e T forall x € S},
(i1) Foreach P <T, let

I(P)={teT |w()=tforall w e W such that w|p =1dp},

and let /(P)o denote its maximal torus.
(iii) Foreach P <§,set Plel = {(xP° | x € P} < T, and set

P*=P-I(P¥)y = {xt|x e P, t e I(Pl)}.
(iv) Let F* be the full subcategory of F with object set Ob(F*) = {P°*| P < S}.

The following summarizes the main properties of the bullet construction.

Proposition 1.13 Let G = (S, F, L) be a p—local compact group. Then for each
P, Q € Ob(F) and each f € Homg(P, Q) there is a unique f* € Homz(P*, Q°)
whose restriction to P is f . This way, the bullet construction makes P + P* into a
functor (—)*: F — F that satisfies the following properties:

(i) The set Ob(F*) ={P*| P < S} contains finitely many S—conjugacy classes of
subgroups of S.
(i) (P*)*=P* forall P <S.
(iii) If P < Q <S§, then P* < Q°.
(iv) Ns(P,Q) < Ng(P*,Q®) forall P,Q <S.
(v) Cs(P)=Cs(P*®) forall P <S.

(vi) The functor (—)* is a left adjoint to the inclusion of F* as a full subcategory
of F.

(vii) All F—centric F-radical subgroups of S are in F*. In particular, there are only
finitely many F—conjugacy classes of such subgroups.

Moreover, if we denote by L* C L the full subcategory with Ob(L*) ={P*| P €Ob(L)},
then there is a unique functor (—)*: £ — L* such that the following hold:
(@ (5)*op=po(=):L—>TF.
(b) For all P,Q € Ob(£) and all ¢ € Mor.(P, Q), we have g ge(1) o =
@*oep pe(l).
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(c) Forall P,Q €Ob(L) and all g € Ns(P, Q), we have ep,0(g)* = epe 0+(g).

(d) The tunctor (—)*: L — L is left adjoint to the inclusion of L* as a full sub-
category of L. In particular, the inclusion £* C L induces an equivalence
L2 >~ |£].

Proof The first part of the statement corresponds to [7, Proposition 3.3]. Parts (i),
(i1) and (iii) correspond to [7, Lemma 3.2(a), (b) and (c)] respectively. Part (iv) is an
easy variation of [7, Lemma 3.2(b)] (details are left to the reader). For part (v), let
P <S.Since P < P*,wehave Cg(P)>Cg(P*). Let x € Cs(P). By (iv), we have
x € Ng(P*). Since cx = Id € Autg(P) extends uniquely to ¢, = Id € Autz(P°*),
it follows that x € Cg(P*®). Part (vi) corresponds to [7, Corollary 3.4], and part
(vii) corresponds to [7, Corollary 3.5]. The last part of the statement, including parts
(a), (b) and (c), corresponds to [26, Proposition 1.12]. Part (d) corresponds to [7,
Proposition 4.5(a)]. O

1A Isotypical equivalences and unstable Adams operations

In this subsection we review the concept of isotypical equivalence, with particular
interest on the unstable Adams operations for p—local compact groups originally
introduced in [26].

Definition 1.14 Let (7, ¢, p) be a transporter system associated to a fusion system F.
An automorphism W: 7" — T is isotypical if W(ep(P)) = ey(p)(¥(P)) for each
P e Ob(7).

We denote by AuttIyP(T) the group of isotypical automorphisms ¥ of 7 which in

addition satisfy W(ep o (1)) = ey(p),w(p)(1) whenever P < Q. Notice that if ¥ €
Auttlyp(T), then W induces an automorphism of S by restricting to the object S €
Ob(T). By abuse of notation, we will denote the induced automorphism by W € Aut(S).
Next we review the concept of unstable Adams operations for p—local compact groups.
Our definition corresponds to the definition of normal Adams operation in [26, Defini-
tion 3.3], conveniently adapted to our notation. By (Zf,})’< we denote the subgroup of
multiplicative units in the ring of p-adic integers Z/,.

Definition 1.15 Let G = (S, F, £) be a p—local compact group. An unstable Adams
operation of degree € (ZIA,)X on G is an isotypical equivalence W € Aut{yp(ﬁ) such
that the induced automorphism ¥ € Aut(S) satisfies the following conditions:

(i) the restriction of W to the maximal torus 7 < S is the {—power automorphism;
(i1) W induces the identity on S/ T .
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An unstable Adams operation is fine if its degree is ¢ # 1, with ¢ congruent to 1
modulo p.

As proved in [26, Theorem 4.1], unstable Adams operations exist for all p—local
compact groups, and in particular this applies to the existence of fine unstable Adams
operations.

Theorem 1.16 Let G = (S, F, L) be a p—local compact group. Then, for some large
enough m € N, G has unstable Adams operations of degree {, for each { € 1 + meIA).

Remark 1.17 Roughly speaking, the construction of unstable Adams operations in
[26] is done by defining W to fix enough objects and morphisms in £. More specifically,
W fixes

(a) aset H of representatives of the S—conjugacy classes Ob(L*); and

(b) for each P € H, a set of representatives Mp C Autg(P) of the classes in
Auts(P)/P = Outx(P).

These properties will be crucial in our constructions in Section 3.

Let S be a discrete p—toral group, let F be a fusion system over S (not necessarily

saturated), and let 7 be a transporter system associated to F. Let also W € Aut{yp(T)

be an isotypical automorphism. Set also

(1-1) Cs(W)={geS|V¥(es(g) =¢s(g)} =S,

the subgroup of fixed points of S by W. The following result is the main tool in
detecting objects and morphisms in 7 that are invariant under W.

Lemma 1.18 The following hold:

(i) Let P < Cs(V), andlet Q € PS. Then Q < Cs(W) if and only if, for some
x € Ns(Q, P),
x7HW(x) € Cs(Q).

(ii) Let P,P’,Q,Q’ < Cs(V) be such that P’ € PS and Q' € O, and suppose
P,P',Q,0Q" €0b(L). Let also x € Ns(P’, P) and y € Ns(Q’, Q), and let
@ € Mor(P, Q) be such that ¥(¢) = ¢. Set

¢ =e(y~") opoe(x) e Morz(P', Q).
Then W(¢') = ¢’ if and only if

e(y hW(y))og =@ oe(x7! - W(x)).
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Proof For part (i), let P < Csg(¥), and let Q € PS. Letalso g € Q and x €
Ns(Q,P),andset h=x-g-x"! € P. Since P < Cg(¥), we get
X-gx  =h=Uh)=U(x-g-x 1) =W(x) V() ¥x)L

Thus, if O < Cg(¥) then clearly x~!-W(x) € Cs(Q). Conversely, if x~1-W(x) €
Cs(Q) then h € Cg(W¥). Since the argument works for any g € O and any x €
Ng(Q, P), part (i) follows.

For part (ii), let P, P’, Q,Q’,x,y,¢ and ¢’ be as in the statement of the lemma. We

have
e(y)og'oe(x )= =U(p)=VU(e(y)op oe(x"))

= e(¥(y)) o W(g) oe(W(x)™h),

and (ii) follows easily. |

1B Normalizers, centralizers, and related constructions

In this subsection we review the construction of the centralizer and normalizer p—local
compact subgroups for a given p-local compact group. The main references here
are [6, Appendix A] and [8, Section 2]. For the rest of this subsection, fix a p—local
compact group G = (S, F, L), a subgroup A < S, and a subgroup K < Aut(A), and
define the following:

o AutX(4) = K nAutz(A);

. Autg(A) = K NAutg(A); and

o NEK(4)={xeNs(A)|cx €K}

The subgroup A is fully K—normalized in F if we have |N§(A)| > |N§K(f(A))| for
each f € Homz (4, S), where 'K = {fyf ™1 | y € K} < Aut(f(A)).

Definition 1.19 The K-normalizer fusion system of A in F is the fusion system
N }( (A) over N 51.( (A) with morphism sets
HomNg(A)(P, Q)

= {f €eHomz(P, Q) | 3f € Homz(PA, QA) with f|p = f and f|4 € K}
for each P, Q < NK(4).
By [8, Theorem 2.3] we know that N f (A) is a saturated fusion system whenever A is

fully K—normalized in F. For this reason, for the rest of this subsection we assume
that A satisfies this property.
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Lemma 1.20 If P < Ng{(A) is N}{ (A)—centric, then P - A is F—centric.

Proof Let P <N 3{( (A) be N 15 (A)—centric. We have to check that, for each y €
Homz(P - A, S), there is an inclusion Cg(y(P - A)) < y(P - A). We can apply [6,
Proposition A.2], since the proof in [6] works without modifications in the compact
setup, and it follows that the subgroup A is fully centralized in F, and there is some
fe Hom;(NgK(y(A))-y(A), S) such that (foy)|4 € K. Thus f oy is a morphism
: K

in Nz (A).

Note that Cs(y(P - A)) < Cs(y(A)) < N;K()/(A)), and we have inclusions
f(Cs(y(P-A)) =Cs((foy)(P-A))
=Cs((foy)(P)-A)
= Cs((fey)(P)) NCs(A)
< Cs((f o) (P) NNE(4)
=(foy)(P),

where the last inequality holds since P € N f (A)€. Thus,

Cs(y(P-A) =y(P)=y(P)-y(A) =y(P-A),

and this proves that P - A € F€. |

In view of the above, we can now define N EK (A) as the category with objects the set
of N f (A)—centric subgroups of N 5{{ (A) and with morphism sets

MOI‘NLK(A)(P, 0)
= {¢ € Morz(PA, QA) | p(¢)lp € Homyk (4 (P. Q) and p(¢)]4 € K}.

In general, N LK (A) need not be a transporter system associated to N ]{f (A), but there
are two particular situations where this is indeed the case.

Lemma 1.21 If either K = {Id} or K = Aut(A), then the category NZ{(A) is a
centric linking system associated to N ]{f (A).

Proof The case K = {Id} corresponds to [6, Proposition 2.5] in the finite case, while
the case K = Aut(A) corresponds to [6, Lemma 6.2] for p-local finite groups. In
both situations, the proof for p—local finite groups applies here without modification
to show that N ﬁ{ld} (A) satisfies all the condition of a centric linking system, except
perhaps axiom (III), which is easily checked. |
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Definition 1.22 Let G = (S, F, £) be a p-local compact group, and let 4 < S.

(a) If A is fully F—centralized, the centralizer p—local compact group of A in G is
the triple

Cg(A) = (Cs(A), Cr(A), Ce(A)) := (NI (1), NI (a), NP (4)).

(b) If A is fully F—normalized, the normalizer p—local compact group of A in G is
the triple

Ng(A) = (Ns(A), Nx(A), No(A)) := (N D (4), N2D (1), N2 (4)),

A subgroup A < S is called central in F if Cg(A) = G. Similarly, A < § is called
normal in F if Ng(A) = G. Clearly, if A < S is central in F then in particular it is
normal in F.

Lemma 1.23 Let G = (S, F, £) be a p-local compact group, and let P < S. Then
P is tully F—centralized if and only if P* is fully F—centralized. Furthermore, if this
is the case then Cg(P) = Cg(P*).

Proof Suppose first that P*® is fully F—centralized. By Proposition 1.13(v), we have
Cs(P)=Cgs(P*).If Q € P, then Q° € (P*)” by Proposition 1.13, and we have

ICs(Q)1 =1Cs(Q°)| = |Cs(P*)| = |Cs(P)].
which implies that P is fully F—centralized.

Conversely, suppose that P is fully F—centralized, and let R € (P*)” be fully F—
centralized. Choose some y € Homz(P*Cg(P*),S) such that y(P*®) = R, and set
Q0 =y(P),with Q*=y(P*)= R. By Proposition 1.13(v), we have Cs(P)=Cgs(P"*),
and thus

y(Cs(P*)) =y(Cs(P)) =Cs(Q) =Cs(0°) = Cs(R),

where the leftmost and rightmost equalities hold by Proposition 1.13(v), and the
equality in the middle holds since P is fully F—centralized. It follows that P*® is fully
F—centralized.

To finish the proof, suppose that P and P* are fully F—centralized, and consider Cg(P)
and Cg(P°*), which are p-local compact groups with Sylow subgroups Cg(P) =
Cs(P*®). By definition, it is enough to show that Cx(P) = Cx(P*). Notice that
there is an obvious inclusion Cx(P*) € Cx(P). Let O, R < Cg(P), and let f €
Homc, (p)(Q. R). By definition of Cx(P), there is some fe Homz(QP, RP) such
that

flo=f and flp=1d.

Geometry € Topology, Volume 20 (2016)



2938 Alex Gonzalez

Lety = ]7 , and consider y* € Homxz((QP)*, (RP)*®). Then y* restricts to a morphism
® € Homz(QP*, RP*). Furthermore, by definition of w, we have

wlg=y10=y|Q0=/f and w|pe=y"|pe=(f|p)"=1d.

Thus f is a morphism in Cx(P*), and Cr(P) = Cx(P*). |

Corollary 1.24 Let G = (S, F, L) be a p—local compact group. Then, foreach P < S
which is fully F—centralized, there is a sequence of finite subgroups Py < P; < ---
such that P = J,,~o Pn and such that the following conditions hold for all n > 0:

(i) Py is fully F—centralized and P; = P*°.
(i) Cg(Pn) =Cg(P).

Proof Let P <. Since S is locally finite, so is P, and we can find some sequence
of finite subgroups Py < Py <--- such that P = |, P». Furthermore, there is
some M € N such that Py = P* forall n > M, and we may assume for simplicity
that M = 0. By Lemma 1.23, P* is fully F—centralized, and then so is P, , for all
n > 0. Furthermore,

Cr(Pn) = Cr(P;) = Cr(P®) = Cx(P),

and this finishes the proof. a

To finish this section, we recall the construction of the quotient of a transporter system
by a p—group. This quotient was already explored in [24, Appendix A], and here we
only recall the necessary definitions. Let (7, €, p) be a transporter system associated to
a fusion system F, and let A < S be a normal subgroup in F. If P, Q <S§ are such that
A < P, Q, then each morphism f € Homg(P, Q) restricts to an automorphism of A4,
and hence it also induces a homomorphism ind(f): P/A — Q/A. For a subgroup
P/A<S/A, we will denote by P < S the unique subgroup of S that contains A with
image P /A through the projection S — S/A.

Definition 1.25 Let A is a normal subgroup in F. The guotient of T by A is the
transporter system (7 /A, €, p) associated to the fusion system F/A, where:

e F/A is the fusion system over S/A with morphism sets

Homz/4(P/A, Q/A)
={f e Hom(P/A, Q/A)|3f € Homz(P, Q) such that f = ind(f)}.
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e T/A is the category with object set {P/A < S/A| A< P € Ob(T)} and
morphism sets

Mory/4(P/A, Q/A) = Morr(P, 0)/ep(A).

The structural functors € and p are induced, respectively, by the structural
functors ¢ and p of 7.

Remark 1.26 By [24, Proposition A.2], (7 /A, g, p) is a transporter system associated
to F/A.

Lemma 1.27 Let S be a discrete p—toral group, let F be a saturated fusion system
over S, and let T be a transporter system associated to F, such that Ob(7T) contains
all the centric subgroups of F. Let also A < S be normal in F. Then the following
hold:

(i) the fusion system F/A is saturated; and

(ii) the transporter system T /A contains all the F / A—centric subgroups of S/A.

Proof Part (i) corresponds to [24, Proposition A.3], and part (ii) is easily checked: let
P/A <S/A be F/A—centric, and let Q/A be F/A—conjugateto P/A. If P,Q < S
denote the preimages of P/A and Q/A in S, respectively, then Q is F—conjugate
to P by definition of F7/A. Moreover,

Cs(Q)A/A=Cg5/4(Q/A4) = Q/A,

and thus Cg(Q) < Q (since A < Q). It follows that P is F—centric, and hence an
object in 7. This implies that P/A € Ob(T /A). ad

2 Telescopic transporter systems

In this section we describe a general procedure to add new objects to a given transporter
system. The constructions in this section play a crucial role in the next section.

Definition 2.1 Let S be a discrete p—toral group, let F be a fusion system over S
(not necessarily saturated), and let 7 be a transporter system associated to F. The
transporter system 7 is felescopic if it satisfies the following condition:

(T) For each P € Ob(7) there is a sequence Py < Py <--- of objects in 7 such
that P = J;5o Pi, and such that P; is a finite subgroup of § for all i > 0.
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Lemma 2.2 Let G = (S, F, L) be a p—local compact group, and let L bea telescopic
transporter system associated to F. Suppose in addition that L contains L as a
full subcategory. Then the inclusion £ C L induces an equivalence between the
corresponding nerves.

Proof This is an immediate consequence of [8, Proposition A.9]. |

In terms of the above definition, in this section we study some situations where we can
add objects to a given transporter system to produce a telescopic transporter system,
without changing the homotopy type of the nerve of the original transporter system.

Definition 2.3 Let S be a discrete p—toral group, let F be a saturated fusion system
over S, and let 7 be a transporter system associated to F. Let also (—)%: F — F
and (—)}: T — T be a pair of idempotent functors, and let C* CC, with C = F, T,
be the full subcategory with Ob(C*) = {P* | P € Ob(C)}. The pair ((—)%, (—)7) isa
finite retraction pair if the following conditions are satisfied:
(1) P =<(P)% foreach P <S. Moreover, if P € Ob(T), then (P)%>=(P)}=P*.
(2) For each P,Q < S and each f € Homz(P,Q), (f)> € Homz(P*, Q%)
extends f, and it is the unique extension.
(i) Ob(F*) contains finitely many S—conjugacy classes of subgroups of S.
(i) P*=(P*)* forall P <S.
(i) If P <Q <S8, then P* < Q™.
(iv) Ns(P,Q)C Ns(P*,Q*) forall P,Q <S.
(v) Cs(P)=Cg(P*) forall P <S.
(@ (D)Fop=po(-)r.
(b) For all P,Q € Ob(T) and all ¢ € Morr(P, Q), we have g g+(1) o ¢ =
(p)yoep,p=(1).

This definition is inspired by the pair of bullet functors described in Proposition 1.13. In
particular, conditions (i)—(v) and (a)—(b) are labeled to emphasize the relation with the
motivating example. Properties (vi), (vii), (¢) and (d) in Proposition 1.13 are actually
consequences of the definition, as we prove below.

Lemma 2.4 Let F be a saturated fusion system over a discrete p—toral group S, let
T be a transporter system associated to F, and let ((—). (—)7) be a finite retraction
pair. Then the following properties hold (where we label the properties according to
Proposition 1.13 to emphasize the correspondence):
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(vi) The functor (—)% is left adjoint to the inclusion of F* as a full subcategory
of F.

(vii) All F—centric F-radical subgroups of S are in F*.

(c) Forall P,Q €Ob(T) andall g€ Ns(P, Q), wehave (ep,0(g))7=¢ep+,0+(g).

(d) The functor (—)7 is left adjoint to the inclusion of T* as a full subcategory
of T. In particular, the inclusion 7* € T induces an equivalence |T*| ~ |T]|.

Proof Property (vi) follows from Definition 2.3(2), since it implies that, for all
P, Q < 8§, the restriction map Homz(P*, O*) — Homx(P, Q*) is a bijection. To
prove property (vii), let P < S be F—centric, and suppose that P ¢ Ob(F*). Then
P = P*, which implies that P = Np«(P). Since every element of Autz(P) extends
uniquely to an element of Autz(P™*), it is not hard to see that 1 # Np«(P)/Inn(P)
is normalized by Autz(P), and hence P cannot be F-radical. Property (c) is an
immediate consequence of Definition 2.3(b), applied to ¢ = ep o (g), together with
Lemma 1.10.

Finally, we prove property (d). For each P € Ob(7), set as usual
E(P) = Ker(Auty(P) — Autz(P)).

We claim that E(P) = E(P*) for all P € Ob(7). Clearly, restriction from P* to P
maps E(P*) to E(P), and this restriction is injective by Lemma 1.10. Let now
¢ € E(P), and consider (¢)7 € Autr(P*). By assumption, f = p(¢) = Id, and thus
(f)> =1d € Autz(P*) by Definition 2.3(2). By Definition 2.3(a) we get

p((©)7) = (p(¢)F = (1d)> =1d,

and (p)7 € E(P™). Using axiom (A2) of transporter systems, together with property
(vi) above, it is easy to deduce now that the functor (—)7- is left adjoint to the inclusion
of 7* as a full subcategory of 7, and property (d) follows. |

Definition 2.5 Let ((—)%, (—)7) be a finite retraction pair. Define T to be the category
with object set Ob(7) ={P < S | P* € Ob(7)}, and with morphism sets

Morz(P, Q) = {p € Morr(P*, Q%) | poep+(g) o9 €eo+(Q) forall g € P},

for all P, Q € Ob(7). Composition in 7 is given by composition in 7. Define also
functors

f

N

Ton($) =T and T
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as follows. The functor ¢ is the identity on objects, and the functor p is injective on
objects. For all P, Q € Ob(T), all g € Ng(P, Q), and all ¢ € Morz(P, Q), define

£p,0(g) = ¢epe,0+(g) €Morz(P, Q) and p(e: P — Q) = p(p: P*— Q0°)|p.
The properties of the functors (—)% and (—)7- imply that both 7 and the above functors
are well-defined, and that 7 is a full subcategory of 7T .

Proposition 2.6 For each finite retraction pair ((—)%. (—)7), the category T, with
the functors € and p defined above, is a telescopic transporter system associated to F .
Furthermore, the functor (—)7: T — T extends to a functor (—)f~r: T — T, which is
unique satisfying the following properties:

(a) There is an equality (—)zop=po (—)%: T — F.
(b) For all P,Q € Ob(T) and all ¢ € Morz(P, Q), we have £g g+(1) o ¢ =
(9)50&p,p+(1).
In particular, the inclusion of T in T as a full subcategory induces an equivalence
T~ |T1.
Proof By definition, 7 contains 7" as a full subcategory, and the functor S T—->T*
can be extended to a functor (—)f»f: T — T* as follows. On objects,
(P)*% =(P)>=P".
On morphisms, (—)% is defined by the inclusion
Morz(P, Q) € Morr(P*, 0*)

given by definition of 7. The proof of (a) and (b), as well as the uniqueness of (—)%
satisfying these conditions, is left to the reader as an easy exercise.

Next we show that 7 is indeed a transporter system. Conditions (A1), (B) and (C)
are clear. Condition (A2) follows from the properties of the functor (—)%: F — F*.
Indeed, for each P € Ob(T) set

E(P) = Ker(pp: Autz(P) — Autz(P)),
E(P*) =Ker(pp+: Auty(P*) — Autr(P")).

If ¢ € E(P™), then, by definition of T, together with axiom (C) on T, it follows that
@ € E(P). Conversely, if ¢ € E(P), then by definition ¢ € Auty(P*) is such that
p(@)|p = 1d. By property (a) on (—)%, we have

p(p) = p((9)F) = (p(@)|p)F = (Id)x =1d,
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and thus ¢ € E(P*). Hence E(P) = E(P*), and the freeness of the action of £ (P)
on Morz(P, Q) follows from property (A2) in 7. That pp ¢ is the orbit map of this
action follows easily.

Next we check condition (I) for 7. Fix Q € Ob(7). If Q € Ob(7) then there is
nothing to show, since 7 is a full subcategory of 7. Thus, assume that Q ¢ Ob(T7).
We can choose Q such that Q* is fully F—normalized, so that

g0+ (Ns(Q")) € Syl, (Autr(Q™)).
Set for short G = Aut7(Q*) and K =0+ (Ns(Q%)).

We claim first that every subgroup H of G has Sylow p—subgroups. Notice that
G/Q* =~ Outx(Q*), which is a finite group. Thus

H/(HNQ*) = HQ*/Q* <G/Q",

and thus H N Q™ is a discrete p—toral normal subgroup of H with finite index. The
claim follows by [7, Lemma 8.1].

Now, by definition we can consider H = Autz(Q) as a subgroup of G, and in particular
the above discussion implies that H has Sylow p-subgroups. Fix R € Syl,(H)
such that eg(Ns(Q)) < R. Since K € Syl,(G), there is some ¢ € G such that
poRop ! <K.Set P=p(¢)(Q)<0*. Note that P* < Q* by definition of P,
and P is F—conjugate to Q, which implies that P* is F—conjugate to Q*. This
implies that P* = Q*. Thus

Autz(P)=¢oHo o l=¢ oAutz(Q)o ¢ <G,
and ep(Ns(P)) € Syl,(Autz(P)). Condition (I) follows.

Condition (II) for ~7~' follows easily~from condition (IT) for T.~ Indeed, let g €
Isoz(P,Q), P <P <§ and Q <1 Q < S be such that p 0 Ep(P)ogp~! < £0(0).
By applying the functor (—)f»f: T — T*, we get ¢* €Isor(P*, Q*), and
P*<P:=Ngn(P)<S and Q%<0 :=Nyg).(Q") <S5,
such that
¢*oep(P)o(@") ™ <e0+(Q).
Axiom (I) in 7 implies that there exists some ¢ € MorT(/P, @) such that

poep, g =¢e,, 5(Hog™.
Note that P < P and Q < @ by Definition 2.3(iv). Thus, we may restrict the
morphism ¢ to P, and condition (II) follows.
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Condition (III) for 7 follows easily by condition (II) for 7, together with the properties
of the functor (—)*%: T — T*,since T* contains finitely many isomorphism classes
of objects by Definition 2.3(i).

Let us now prove that T isa telescopic transporter system. Let P € Ob(7). By [7
Lemma 1.9], there is a sequence Py < Py <--- of finite subgroups of P such that
P =J;>¢ Pi. Since F* contains finitely many S—conjugacy classes of subgroups by
Definition 2.3(i), it follows that there is some M € N such that (P;)* = P* for all
i > M, and we may assume that M = 0 for simplicity. This way, since P € Ob(7),
it follows that P; € Ob(%’) forall i >0. Thus 7 is a telescopic transporter system.

Finally, we check that the inclusion of 7 in T as a full subcategory induces an
equivalence between the corresponding nerves. Recall from Lemma 2.4(d) that the
inclusion 7* € T induces an equivalence |7*| >~ |T|. Thus, we only need to show
that (— )* T — T* is (left) adjoint to the inclusion of 7* as a full subcategory of 7T .
That is, given P, Q € Ob(7), we have to show that the restriction map

Morz(P*, Q*) = Morz(P, Q%)

is a bijection. Let £(P) = E(P*) as above, and recall that there is a bijection between
the sets Homz(P*, Q*) and Homx(P, Q*), given by the restriction map, by (vi) in
Lemma 2.4. Thus, by axiom (A2) of transporter systems,

Mor7(P*, 0*)/E(P*) =Homz(P*, 0*) = Homz(P, Q) = Morz(P, 0*)/E(P),

and the claim follows. O

We call T the telescopic transporter system associated to (5%, (—=)7), or sim-
ply the telescopic transporter system associated to 7 if there is no need to specify

()5 D).

Proposition 2.7 Each ¥ € Aut!,_(T) extends uniquely to some U e Aut{yp D).

typ

Proof Let W ¢ AuttIyp (7) and let ¥ € Aut(S) be the automorphism induced by W.

Then W can be extended to 7 by the formulas
U(P)=y(P) and U(p: P— Q) =U(p%: P* - 0%).

Clearly, this determines an isotypical equivalence U of 7. Moreover, since U is
isotypical, that is @(Ep,g (1) =Eg(p).5(0)(D) forall P,Q € Ob(T) with P < Q,
and since morphisms in 7 are monomorphisms and epimorphisms in the categorical
sense by Lemma 1.10, it follows that U is the unique extension of ¥ to 7. |
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Below we analyze some examples which will be of interest in later sections.

Example 2.8 We start with the most obvious example. Let G = (S, F, £) be a p—local
compact group, and let (—)%: F — F and (—)7: £ — L be the usual bullet functors.
Then clearly ((—)%. (—)%) is a finite retraction pair (by Proposition 1.13), and this way
we obtain a telescopic transporter system £ which in addition satisfies the following
properties:

(1) For each P € Ob(Z), we have
Ker(Autz(P) — Autz(P)) = ep(Cs(P)) = ep(Z(P*)).

Let P € Ob(L), and set E(P) = Ker(Autz(P) — Autz(P)). If P € Ob(£) then
Autz(P) = Autz(P), and there is nothing to prove. Suppose that P ¢ Ob(L). By
definition P* € Ob(L), and there is a commutative diagram of group extensions

E(P*) — Autz(P*) —— Autz(P*)

L |

E(P) —— Autg(P) —— Autz(P)
where all the vertical arrows are inclusions. Thus, we have
E(P) < E(P*) =¢epe(Z(P*)) =epe(Cs(P*)) =ep(Cs(P)),

where Cs(P*)= Z(P"*) since P* is F—centric, and Cg(P*) = Cg(P) by condition (v)
of Definition 2.3. The inclusion ¢p(Cs(P)) < E(P) is clear. This proves (1). In
particular, every object in £ is quasicentric (that is, Cx(P) is the fusion system of
Cs(P) for all P € Ob(L)), and in this sense £ is a quasicentric linking system.

(2) There is an isomorphism Auttyp(ﬁ) o~ Autfyp (L).

This follows by Proposition 2.7, together with the observation that every isotypical
automorphism of £ must restrict to an isotypical automorphism of £, since Ob(L)
is the set of all F—centric subgroups of S. Moreover, this restriction is injective as a
consequence of Lemma 1.10, and since every morphism in £ is the restriction of some
morphism in L.

Example 2.9 The following is a less obvious example. Again, let G = (S, F, L) be a
p-local compact group, let ((—)%, (—)%) be the finite retraction pair in Example 2.8,
and let Z be the telescopic transporter system associated to £. Let also 4 < S be
a fully F—normalized subgroup such that Ng(A4) has finite index in S (for example
A < T asubgroup of the maximal torus of §').
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Let Ng(A) = (Ns(A), Nr(A), Nz(A)) be the normalizer p—local compact group of A,
as in Definition 1.22. Again, in general N (A) is not a telescopic linking system. In
this case, since Ng(A) is a p—local compact group, one could apply Example 2.8 to
produce a telescopic transporter system associated to N-(A). However, this way there
is no obvious correspondence between the telescopic transporter systems for N, (A4)
and £, mainly because usually the bullet functors in Nx(A4) and in F do not agree,
thatis, (P)% # (P);V;(A) in general.

Instead, we propose a different construction. Set for short N = Ng(A4), £ = Nx(A)
and 7 = N.(A). We define a finite retraction pair ((—)z, (—)7) as follows. For each
P < N, notice that (P)% < Ng(A), since Ns(A) already contains the maximal torus
of S'. Thus, we can define
P*=r°.

On morphisms, let P, Q < N, and let f € Homg(P, Q). By definition of £, the
morphism f extends to some y € Homz(PA, QA) such that y|4 € Autz(A). Applying
the functor (—)% to the commutative square

PA—" 04

incl)[ Tincl

P——
Y

we see that (/)% extends to (y)%, and the latter restricts in turn to a morphism
Y € Homz((P)%A,(Q)%A) such that y|4 = y|4 € Autr(A4). We define

(=%
Properties (1)—(2) and (i)—(v) in Definition 2.3 for (—)% imply that (—); also satisfies
these conditions.
On T, define (—)7 as follows. Let P, Q € Ob(T), and let ¢ € Morr(P, Q). By

definition, ¢ is a morphism in Mor.(PA, Q A) such that p(¢)|p € Morg(P, Q), and
p(9)|4 € Autr(A). Clearly,

P*A<(PA)°® and Q°A<(QA)°,

and thus (¢)7 restricts to a morphism ¢ € Morg(P*A, Q°A) such that p(@)|pe €
Homg (P, Q°) and p(@)|4 € Autr(A). Define (¢); = @. It is not difficult to check
that (—)5- satisfies properties (a)—(b) in Definition 2.3.

Let £ and T be the associated telescopic transporter systems for £ and 7, respectively.
In general, 7 is not a subcategory of £, and neither is 7 a subcategory of L. Let
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T>4 €T be the full subcategory of subgroups that contain A, and let 7‘2 ACT be
the full subcategory of subgroups P such that A < P°. Then the following are easily
checked:

(a) 7T>4 is asubcategory of £, and 7‘2 A 1s a subcategory of L.
(b) T>4 contains all the centric radical subgroups of £.

(¢) The functor (—)% coincides with the functor (—)'Z on the subcategory 7~’Z A-

This example, including the above remarks, will be very useful in the next section, when
we have to compare certain constructions on a p-local compact group G = (S, F, £)
and on the normalizer Ng(A) = (Ns(A), Nx(A), Nz(A)) of a certain subtorus A < §.

3 Families of unstable Adams operations

In this section we prove Theorem 1: every p—local compact group can be approximated
by p-local finite groups. Roughly speaking, given a p—local compact group we produce
an approximation of G by p—local finite groups (defined below) by considering fixed
point subcategories of a telescopic transporter system associated to £ by iterations of
a given unstable Adams operation on G.

Essentially, we follow the same lines as [23]. However, the introduction of telescopic
transporter systems allows a great deal of simplification, and it is actually thanks to
this that we are finally able to prove Proposition 3.17, basically the missing step in [23]
in proving Theorem 1. We have opted for reproving here every property that we need
from [23] for the sake of completeness as well as for correcting mistakes: while working
on Proposition 3.17 below, the author realized that the statement of [23, Lemma 2.11]
is false. Nevertheless, this affects neither the main results of [23] nor the results that we
present in this paper, and this comment is just intended as a warning to the interested
reader.

Definition 3.1 Let G = (S, F, £) be a p—local compact group, and let Z be a tele-
scopic transporter system associated to F and containing £ as a full subcategory. An
approximation of G by p—local finite groups is a family {(S;, Fi, L;)}i>o satisfying
the following conditions:

D) S=UisoSi-

(i) Foreach i >0, §; is a finite p—group, F; is a saturated fusion system over S;,
and £; is a linking system associated to F; . Furthermore, Ob(F{") € Ob(L;),
and there are inclusions £; € L;4+1 and £; C L.
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(iii) For each P, Q € Ob(Z) and each ¢ € Morz (P, Q) there exists some M € N
such that, for all i > M, there are objects P;, Q; € Ob(L;) and morphisms
@i € Morg; (P;, Q;), such that

P=UP1' and Q=UQi,
i>M i>M
and

£0;,0(1)op; =¢oep, p(1).

Although condition (i), or at least a weaker version of it, can be deduced from condition
(iii) applied to P = Q = S and to any ¢ € Aut.(S), we prefer to include (i) in the
definition for the sake of clarity. We now show some basic properties of approximations
of p-local compact groups by p—local finite groups.

Lemma 3.2 LetG = (S,F, L) bea p-local compact group, and let {(S;, F;, L;)}i>0
be a finite approximation of G by p-local finite groups with respect to some telescopic
transporter system L satisfying the conditions in Definition 3.1. Then, for every finite
subgroup P < S and every f € Homg(P,S), there exists some M € N such that
P <S§; foralli > M, and f is the composition of a morphism y € Homg, (P, S;)
with the inclusion S; < §'.

Proof Let Q = f(P), which is also a finite subgroup of S, and let y € Isox(P, Q)
be the restriction of f to its image. By Definition 3.1(i), it is clear that there is
some Mo € N such that P, Q < S; forall i > M. By Alperin’s fusion theorem [7,
Theorem 3.6], there exist Wo = P, Wy,...,. Wy, =0 <8, Uy,...,U, € Ob(L) C
Ob(Z), and morphisms ¢; € Autz(U;), for j =1,...,n, such that, for each j,

Wit Wy <U; and plp)(Wi—1) = W,
and y = p(¢p) o---0 p(p1). Combining properties (i) and (iii) in Definition 3.1, we
see that for each j = 1,...,n there exists some M; € N such that, for all i > M;,

there exist U;;, V;; € Ob(L;), together with an isomorphism ¢;; € Isoz; (Ui, Vj,i),
such that

U= J U= Vi and &y, u;(Dogi=¢;08y,, v, ().
i=M; i=M;

Moreover, since W;_q, W; are finite subgroups, we may assume without loss of
generality that W;_; <U;; and W; <V;; foralli > M;. Let M =max{Mo, ..., My,}.
Then, for all i > 0, it follows that

Y = Pi(@n,i) o0 pi(p1,i) € Mor(F;),
and this finishes the proof. |
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Lemma 3.3 [31, Corollary 2] Let C be a nonempty category that satisfies the follow-
ing conditions:
(i) given objects a1, ax, there is an object b and morphisms a ﬁ) b <g—2 a» ; and
(i1) given morphisms g1, g>: a — b, there is h: b — ¢ such that hogy =hog;.

Then the nerve of C is contractible.

Lemma 3.4 Let C be a small category all of whose morphisms are epimorphisms
and monomorphisms in the categorical sense, and let Co € C; C --- be a sequence of
subcategories such that C = | ;5 C; . Then |C| ~ hocolim |C;].

Proof Let / be the category of natural ordinals, with objects Ob(/) = {i € N}, and
where the morphism set Mory (i, j) is {o;,;} if i < j, or empty otherwise. Define a
functor

®: I — Cat

by ©(i) = C; and O(o;,;) = incl: C; — C;. The Grothendieck construction on ©,
namely G(®), is the category with object set

{(i,X)|i €Ob(I)and X € Ob(C:)}.

The morphism sets Morg(@)((i, X), (j.Y)) are empty whenever j <i. Otherwise
they consist of the pairs (0;,j, ¢), with ¢ € Morc, (X, Y). By [35, Theorem 1.2], we
have an equivalence hocolim |C;| ~ |G(®)].

Consider now the projection functor 7: G(®) — C that sends an object (i, X) to
7(i, X) = X, and a morphism (0;,;,¢) to t(0;,j,¢) = ¢. We claim that this functor
induces an equivalence between the corresponding nerves. For each X € C, let /X
be the category with object set

Ob(z/X) =((J. Y).¢) | (j.Y) € Ob(G(®)) and ¢ € Morc(Y, X)3}.

A morphismin /X from ((j,Y),¢) to ((k, Z),v¥) is (0i,j,y) €Morc((j, Y), (k, Z))
such that ¢ =y oy. By [31, Theorem A and Corollary 2], it is enough to check that /X
satisfies the conditions of Lemma 3.3. Clearly, /X is nonempty, since ((i, X), lx) €
/X for some i € N big enough. Let ((j,Y), ), ((k,Z),¥) € Ob(z/X), and let
m = max{i, j, k}. Then Lemma 3.3(i) holds with

) (0.m>®) Ox,m:¥) .
(. Y).0) === ((m. X). 1y) <= ((J. ). ).
Regarding condition (ii), notice that Mor,,x (((j.Y). ). ((k, Z),¥)) is either empty,
or contains a single morphism, since morphisms in C are all epimorphisms and
monomorphisms in the categorical sense. Thus, |t/ X]| is contractible for all X €C,
and the claim follows. m
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Lemma 3.5 Let G = (S, F, L) be a p—local compact group, and suppose G admits
an approximation by p-local finite groups {(S;, Fi, Li)}i>0 Wwith respect to some
telescopic transporter system L satisfying the conditions in Definition 3.1. Then there
is an equivalence BG ~ (hocolim |£;])}, .

Proof By Definition 3.1, L contains £ as a full subcategory, and thus by Lemma 2.2
the inclusion £ C £ induces an equivalence |£| ~ |£]|. It is enough to show that
hocolim |£; | >~ |L].

Set £L°:= ;50 Li C L. By Lemma 1.10, all morphisms in Z are epimorphisms
and monomorphisms in the categorical sense, and thus the same applies to £°. By
Lemma 3.4 it follows that

hocolim |£;| ~ |£°].

Thus, to finish the proof it is enough to show that the inclusion functor ¢: £° — L
induces an equivalence of nerves. For each P € Ob(L), the undercategory ¢/ P has
object set

Ob(:/P) ={(Q.¢) | Q € Ob(£’) and ¢ € Morz(Q, P)}.

A morphism in ¢/ P from (Q,¢) to (R, ) is a morphism y € Morzo(Q, R) such
that o =Y oy.

We show that ¢/ P satisfies the conditions of Lemma 3.3, which implies that |t/ P|
is contractible. Clearly, (/P is nonempty. Let (Q,¢),(R,¥) € Ob(¢/P). By
Definition 3.1(iii), there is some X € Ob(L°), with X < P, such that ¢ and ¥
restrict to morphisms ¢: Q — X and ¥: R — X in £°. Thus, condition (i) of
Lemma 3.3 is satisfied with

(0.9) % (X.e(1) & (R. ).

Regarding condition (ii) in Lemma 3.3, the set Mor,/p ((Q. ¢). (R, ¥)) is either empty
or contains a single morphism. Since the argument works for all P € Ob(L), it follows
that |£°| >~ |L]. a

Remark 3.6 Suppose the p—local compact group G = (S, F, £) admits an approxi-
mation by p-local finite groups {(S;, F;, L;)}i>0. For each i, the fusion system F;
is saturated, and we may consider its associated centric linking system 7;. Let also
H; = Ob(L;) NOb(T;), and let Ly,  L; be the full subcategory with object set #,; .
Since both Ob(L;) and Ob(7;) contain Ob(F;"), it follows that Ob(F{") C H;.
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Moreover, there is a commutative diagram
Ti Ti+1

Li i1

r incl r
e ——— % Hi—) ,HH_I_)...

incl incl

Li ——Liy1 — -
incl

where all the vertical arrows induce homotopy equivalences between the realizations
of the corresponding nerves, by [4, Theorem B]. Thus, if we denote BG; = |T;| 9, then
Lemma 3.5 implies that BG > (hocolim BG;)7, .

3A Preliminary constructions

In this subsection we establish the notation and basic facts necessary for the proof in
the next subsection that every p—local compact group has an approximation by p—local
finite groups.

Hypothesis 3.7 For the rest of this subsection, let G = (S, F, £) be a p—local compact
group, and let ((—)’%, (—)7) be a finite retraction pair. Let also L be the associated
telescopic transporter system, and let ¥ be a fine unstable Adams operation on £
(in the sense of Definition 1.15). By a slight abuse of notation, we denote by W the
corresponding extension of W to L (see Proposition 2.7), which is again a fine unstable
Adams operation. Set Wy = W, and for all 7 > 0, define

(@) Si=Cs(¥;)={x€S|W¥i(x)=x};and
(b) Wit =(¥)?.

Lemma 3.8 The following properties hold:

(ii) There is some M, € N such that (S;)* = S forall i > M,.

Proof Let 7 < S be the maximal torus of S, and set 7; = T N S;. Notice that by

definition 7; is the subgroup of T of elements fixed by W;. By hypothesis, ¥ = ¥
has degree ¢ € 1 + meﬁ for some m > 0, and W; 1 = (¥;)?. Thus, we have
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T; = Tigq foralli >0,and T = Uizo T; . By [26, Lemma 2.6], there is a subgroup
H < S suchthat S = H-T. Thus, H < §; forall i, and we get

S:H-T:UH-T,-QUS,-.

i>0 i>0

This proves part (i). To prove part (ii), suppose otherwise that no such M, € N exists,
that is, (S;)* = S forall i > 0. Since Ob(F*) contains only finitely many conjugacy
classes of elements, this means that there exist some R € Ob(F*) and some M € N
such that R = § and such that (S;)* = R for all i > M . Notice that this contradicts
part (i): if R = S, then there is some x € S\ R. On the other hand, by part (i) we have
x € §; for i big enough, and thus x € (S;)* = R, hence a contradiction. |

For simplicity we may assume that M, = 0. In particular, S; € Ob(Z) for all i > 0.

Definition 3.9 With the conventions above, for each i > 0 define £; as the category
with object set Ob(L;) ={P < S; | P € Ob(L)}, and with morphism sets

Mory, (P, Q) = {¢ € Morz(P, Q) | Wi(p) = ¢}.

Define also F; as the fusion system over S; generated by the restriction of §: £ — F
to L£; (ie F; is Ob(L;)—generated). Finally, define functors

Tob(z;)(Si) Sroand 5 F

as the obvious restrictions of the structural functors €: 7E)b(Z)(S )— L and p: £ — F.

Despite its simplicity, the following example illustrates why it is necessary to work
with a telescopic linking system rather than a centric linking system.

Example 3.10 Let 7 be a discrete p—torus, ie T = (Z/p®°)" for some r > 1. Let
also G = (S, F, £) be the trivial p—local compact group associated to 7. That is,
S =T and F = Fr(T) is the fusion system over 7 whose only morphisms are
inclusions (since T is abelian). This fusion system is obviously saturated, and has only
one centric object, namely T itself. Thus, £ has a single object, T, with Aut,(T)=T.
On the other hand, since 7 = §, we have P* =T for all P < T, and the telescopic
linking system £ associated to £ in Example 2.8 is the actual transporter category of
the group 7. That is, Ob(£) = {P < T}, and Morz(P, Q) = Nr(P, Q) =T for all
P,Q <T. Letnow ¥ be an unstable Adams operation as fixed in Hypothesis 3.7. An
easy computation reveals that C7 (W) must be a finite subgroup of 7', and thus is not
an object in £. In particular, without replacing £ by L, the subcategories £; defined
above would be empty for all i > 0.
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Proposition 3.11 (i) Foreach P € Ob(F*) there exists some Mp € N such that
(PNS)*=P foralli > Mp.
(ii) For each ¢ € Mor(L) there exists some M, € N such that V; () = ¢ for all
i>M,.

(iii) Foreachi >0 and each x € S, we have x~! - W;(x) e T.

Proof To prove part (i), notice that P* = P ={_J;, PNS; by Lemma 3.8(i). Suppose
that (P N S;)* = P forall i > 0. Since F* contains finitely many conjugacy classes
of objects, this means that there is some R € Ob(F*) such that (PN S;)* =Rz P
for all i big enough, contradicting the identity P = | J;», P N S;. Part (iii) follows
immediately by definition of an unstable Adams operation, since the ¥; € Aut(S)
induces the identity on S/T .

Finally, part (ii) follows by construction of the unstable Adams operations ¥; . More
specifically, as established in Hypothesis 3.7, the unstable Adams operation W satisfies
the following property (see Remark 1.17, or the proof of [26, Theorem 4.1] for a
more detailed explanation): there is a (finite) set M of morphisms in £* such that the
following hold:

(1) W(p)=¢ forall p € M; and
(2) every morphism ¥ in £ (and hence in L by definition) decomposes as ¥ =

e(g) o @, where ¢ is (the restriction of) a morphism in M, and g is an element
of §.

Moreover, these properties depend only on £* containing finitely many S—conjugacy
classes, and on £ being a centric linking system, but not on the functor (—)7. Fix
Y e Mor(L), and let Y = &(g) o ¢ be the corresponding decomposition, as described
above. By assumption, W(¢) = ¢, and thus W; (9) = ¢ forall i >0. Also, S ={J;5¢ Si
by Lemma 3.8(i), and thus there exists some M, € N such that g € S; forall i > M,,.
It follows that W; () = W;(e(g)) o = &(g) o = v, and part (ii) follows. m|

Proposition 3.12 There exists some My € N such that, for all i > My, the triple
(Li, i, pi) is a transporter system associated to the fusion system F; .

Proof We have to check the axioms in Definition 1.8. Notice that £; is a finite
category, and thus we do not have to deal with axiom (III). Axioms (A1), (B) and (C)
follow immediately by definition of £; as a subcategory of £. We deal with the
remaining axioms of transporter systems in separate steps for the reader’s convenience.

For each P € Ob(L;), set
E;(P) = Ker(Autz, (P) — Autg, (P)).
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Note that, via the inclusion Aut, (P) — Autz(P*), and by Definition 2.3(a) for the
functor (—)7, the subgroup E;(P) is mapped to a subgroup of

E(P*) = Ker(Autz(P*) — Autr(P*)).
Indeed, if ¢ € E;(P), then f = p;(¢) = Id. Thus, p((¢)7) = (Id)% = Id.

Step1 Axiom (A2) is satisfied: for each P, Q € Ob(L;), the group E;(P) acts freely
on Morg, (P, Q) by right composition, and p;: Morg, (P, Q) — Homyg; (P, Q) is the
orbit map of this action. Also, E;(Q) acts freely on Mor., (P, Q) by left composition.

The freeness of both the left action by E;(P) and the right action of E;(Q) follows by
Lemma 1.10, which states that morphisms in £ (and in particular in £; by definition)
are monomorphisms and epimorphisms in the categorical sense. That p; is the orbit
map of the left conjugation action of E;(P) is now immediate.

Step 2 Axiom (I) is satisfied: in fact, since £; is a finite category, it is enough to
show that there exists some M € N such that, for all i > M, £; satisfies axiom (I')
in Remark 1.9: ¢;(S;) € Syl, (Autg, (S;)) or, equivalently, the group Outz, (S;) has
trivial Sylow p—subgroup.

Fix a set V' C Autz(S) of representatives of the elements of Outz(S) = Autz(S)/S.
Then there exists some Mj € N such that (S;)* = S and &' C Autz(S;) for all
i > My (by abuse of notation we consider A as the restriction of its elements to S;).
Furthermore, by Proposition 3.11(ii) we can assume that A" C Auty, (S;) forall i > Mj.
Thus, there is a commutative diagram of group extensions

gs(S)¥i —— Autz(S)¥' —— Outz(S)

4

& (Si) _— Autgi (Si) _— Out]:[ (Si)

where GYi = {g € G | U;(g) = g}, for G = e5(S) or G = Aut.(S). Furthermore,
note that the restrictions res: £5(S)Y — &;(S;) and res: AutZ(S)\I’i — Autg, (S;) are
isomorphisms by definition. Thus, for all i > M} we have Outg, (S;) = Outz(S), and
axiom (I') follows since {1} € Syl,(Outz(S)).

Step 3 Axiom (I) is satisfied: let ¢ € Isoz; (P, Q), P < P <S;,and 0« Q <S;
be such that g o g; (P)o g~ ! <¢;(Q); then there is some @ € Morg, (P, Q) such that
goei(l)=¢i(l)og.

Fix some i >0, and let ¢ € Isoz, (P, Q), P < P =S§;,and Q0 < Q < §; be as above,
and notice that in this case we have ¢;(1) =2: X — X, where X = P, Q. Since Lis
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a transporter system, there is some ¢ € Morz(ﬁ, Q) such that gog;j(1) =¢;(1)ogp.
Applying W; to this equation we get

poei(l)=¢i(1)op=Y;(ei(1)op) =V¥;(¢)osi(1),

and thus Lemma 1.10 implies that ¥; (@) = ¢. m|
Again, we may assume that My = 0 for simplicity.

Corollary 3.13 For all i > 0, the tusion system F; is Ob(L;)—generated and Ob(L;)—
saturated.

Proof The fusion system F; is Ob(L;)—generated by definition, and the Ob(L;)-
saturation follows by [30, Proposition 3.6]. O

3B Existence of finite approximations

We are ready to prove that every p-—local compact group has an approximation by
p-local finite groups. In fact, we prove something stronger: every fine unstable Adams
operation (in the sense of Definition 1.15) defines an approximation by p-local finite
groups.

Hypothesis 3.14 For the rest of this section, let G = (S, F, £) be a p—local compact
group, and let ((—)%, (—)7) be the finite retraction pair of Example 2.8. Let also L be
the associated telescopic linking system, and let W be a fine unstable Adams operation
on L (that is, W is an unstable Adams operation whose degree ¢ # 1 is congruent
to 1 modulo p). Let also {¥;};>o and {S;};>0 be as defined in Hypothesis 3.7, and
let {(S;, Fi, Li)}i>o be the associated family of finite transporter systems defined in
Definition 3.9. Finally, for all i > 0 let

(@ Ii={P<S;|P*¢0b(L%) and P*NS; = P};and

(b) Q; ={ReOb(F*)\Ob(L®)|(RNS;)* =R}.
Note that \W; is a fine unstable Adams operation for all i. Also, for each i > 0 the sets
I'; and €2; are in one-to-one correspondence with each other for all i > 0. The bijection

is given in one direction by P +— P*, and in the reverse direction by R — RN S;.
Also note that I'; N Ob(L;) = @ forall i > 0.

Proposition 3.15 For alli > 0, £L; is a linking system, and P is F;—centric for each
P e Ob(ﬁi).
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Proof By definition of £;, for all P € Ob(L;) we have
Ker(Autz(P) — Auty(P)) = ep(Z(P*))
by Example 2.8(1), and thus
Ker(Autg, (P) — Autg, (P)) = ep(Z(P*) N S;) = &i (Z(P)).
Furthermore, we have
¢i(Cs; (P)) < Ker(Autg, (P) — Autg, (P))

by axiom (C) of transporter systems on £;, and the statement follows immediately. O

Proposition 3.16 Leti >0 and let P < §; be such that P = P* N S;. Then
Outg; (P) N Op(Outr; (P)) # 1.

In particular, P is not F;—centric F;—radical.

Proof Suppose P is F;—centric. Since P ¢ I';, we have P = P* N S; := Q.
Notice that the functor (—)* induces an inclusion Autz; (P) < Autz,(Q). Consider
the subgroup A = {cx € Autr,(P) | x € Ng(P)}. Via the above inclusion, we have
A = Autr,(P) NInn(Q). Since P = Q, it follows that P = Ng(P), and hence
Inn(P) = A, since P is F;—centric by hypothesis. The group Autz, (P), seen as a
subgroup of Autg; (Q), normalizes Inn(Q), and thus A <1 Autg, (P), and

{1} # A/ Inn(P) < Outg; (P) N Op(Outr; (P)).
This finishes the proof. a
Proposition 3.17 Assume Hypothesis 3.14. Then there exists some M € N such that,

forall i > M , the following holds: if P € I';, then either P is not F;—centric or P is
Fi—conjugate to some Q < S; such that

Outs, (Q) N Op(Outs, (Q)) # 1.

Proof We start with some general observations, after which we deduce a certain
condition (f) which will imply the statement. The rest of the proof consists of a series
of steps to show that (1) holds.

By Proposition 1.13(i), the set Ob(F*) contains finitely many F—conjugacy classes, and
the same applies to Ob(F*)\Ob(L*). Let P ={X1, ..., X, } be a set of representatives
of the F—conjugacy classes in Ob(F*) \ Ob(L*). By Proposition 3.11(i), there exists
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some M’ € N such that P C Q; for all i > M’, and we can assume that M’ = 0
without loss of generality.

For each X € P, fix also a set Hy = {Y1,..., Y} of representatives of the T—
conjugacy classes in X7 . Again, there exists some M € N such that Hy C Q; for
all i > M"”, and once more we can assume M" = 0 for simplicity.

Leti >0, andlet Q <S§;. Then TgeNQ < Q, and every automorphism in F; of Q re-
stricts to an automorphism of Tge N Q (by the properties of (—)*; see Proposition 1.13).
Set

Ko = Ker(Aut; () — Autr, (Tge 1 Q) x Aut(Q/(Tge N 0))),

which is a normal p—subgroup of Autz, (Q) by Lemma 1.7. Since I'; and £2; are in
one-to-one correspondence (see Hypothesis 3.14), in order to prove the statement it is
enough to prove the following, slightly stronger statement for each X € P and each
Y e Hy:

(£) There exists some My € N such that the following holds for all i > My : if
R e YT NQ;, then either RN S; is not F;—centric, or RN S; is JF;—conjugate
to some Q < S; such that Ko N Autg(Q) contains some element which is not

in Inn(Q).

Indeed, suppose that (1) holds for all X € P and all ¥ € Hx. We claim that the
statement follows with M = max{My | X € P and Y € Hx}. To prove this, let P € I},
and let R = P* € Q;. Then there exist some X € P and some Y € Hy such that
R e YT NQ;. Thus, (f) applies to Y, and it follows that either P = RN S; is not
Fi—centric, or P = RN S; is F;—conjugate to some Q < S; such that Ko NAuts(Q)
contains some element which is not in Inn(Q), in which case we have

Outs, (Q) N Op(Outz, (Q)) # 1.

For the rest of the proof, fix X € P and Hy as above. Since this proof is rather long,
we have divided it into several steps, for the reader’s convenience. We also include a
brief summary of the steps in the proof. In Step 1, we give a general tool to deduce
that (1) holds in some cases. In Step 2 we show that we may reduce to proving that (1)
holds for all Y € Hx with Ty fully F—normalized. In Step 3 we justify the reduction
to the case when A = Ty is normal in F. In Step 4 we show some properties regarding
the quotient G/A = (S/A,F/A, L]/A). In Step 5 we introduce a certain subgroup Zy
for each Y € Hx, related to C7;4(Y/A), and prove some of its properties. In Step 6,
we show that (1) holds for all Y € Hx such that Zy £ Y. In Step 7 we show that we
may reduce to proving (%) for all Y € Hy such that Zy is fully F—normalized. In
Step 8 we show that (1) holds for all ¥ € Hy such that Cs(Y) £ Y (in particular, this
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applies to Y € Hy such that Cs(Y) £ Y and such that Zy is fully F-normalized). In
Step 9 we prove a technical property necessary for the last step of the proof. Finally, in
Step 10 we show that (1) holds for all Y € Hx such that Zy is fully F—normalized.

Step1 Let Y,Y’ € Hy, and suppose that (f) holds for Y . Suppose in addition that
there exists some f € Homz(Y'T,Y T) such that f(Y') =Y. Then () holds for Y’.

Let f € Homz(Y'T, Y T) as above. By Alperin’s fusion theorem [7, Theorem 3.6],
there exist subgroups Ag=Y'T, Ay,...,An =Y T < S, objects By, ..., B, €0b(L*),
and automorphisms ¢ € Autz(By), for k =1,...,n, such that

Ag—1, A < B and  p(¢p)(Ax—1) = Ak

for each k = 1,...,n, and such that f = p(¢,) o---p(¢1). By Proposition 3.11(i)
and (ii), there exists some M7 € N such that, forall i > My andall k =1,...,n,

B NS; €0b(L;) and (¢x)|Bens; € Autg, (Bx N S;).

Moreover, since T < Ay, it follows that T' < Ay, By, forall k =1, ...,n. Note that for
each k, there exists some 7 € T' such that 7z Agt;- 1 e Hy (in particular, tg =1, = 1).
Since T < By, for each k, we may replace ¢ by &(t) o ¢ o e(t—1), and this way
we may assume that Ay € Hy for each k.

Suppose now that (1) holds for Y. That is, there exists some My € N (we may choose
My > M7 ) such that, for all i > My, the following holds: if R € YTNQ;,then RNS;
satisfies the conclusion of (§). Let i > My, andlet K € (Y)T NQ;, andlet H = f(K).
Since f: Y'T — YT, it follows that H € YT . Moreover, f(KNS;)=HNS; (since
each ¢ above is fixed by ¥;). Thus, K N S; is F;—conjugate to H N S;, and ()
holds for Y.

Step 2 We show that if () holds for all Y € Hx such that Ty is fully F—normalized,
then (i) holds for all ¥ € Hy .

Indeed, let Y’ € Hy, and suppose that Ty is not fully F—normalized. Then there
exists some Yy € Homx(Ng(Ty’), S) such that y(Ty-) is fully F—normalized. Since
Y’ < Ng(Ty’), we may define Y = y(Y’). Since Hy contains representatives of all
the T—conjugacy classes in X7, there is some ¢ € T such that 1Yt~! € Hy . Thus,
upon replacing y by c¢; oy, we may assume that ¥ € Hy . Note that Ty = y(Ty/).
Notice also that T < Ng(Ty’), and thus y restricts to some f € Homz(Y'T, Y T)
such that ¥ = y(Y”’). The claim follows by Step 1.

Step3 Let M={A=Ty <T|Y € Hyx and Ty is fully F—normalized}. Since Hy
is finite, so is M. For each A € M, let Hyx 4 ={U € Hx | Ty = A} € Hx . To prove
the statement of Proposition 3.17, it is enough to prove that () holds for all U € Hx 4,
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for a fixed A € M at a time. Fix A € M, and let Hx 4 be as above. The main goal of
this step is to justify the reduction to the case where A is normal in F.

Since A is fully F—normalized, to prove that (1) holds for all U € Hyx 4, we can reduce
to work on the normalizer p—local compact group Ng(A) = (Ns(A), Nr(A), Nz(A))
defined in Definition 1.22, instead of the whole G = (S, F, £). Set for short N =
Ns(A), € = Nzr(A), and T = N.(A), and note that 7 < N since A < T. Let
((=)%. (=)%) be the finite retraction pair for G fixed in Hypothesis 3.14, and let
((—)%. (=)7) be the finite retraction pair for Ng(A) described in Example 2.9. Recall
that P* = P* forall P < N. Let also £ and 7 be the corresponding associated
telescopic transporter systems.

We start by stating and proving several general properties.

(3-a) Let U € Hx,4 and let R € UT. Then Tg = A, Ns(Tr) = Ns(A), and
Ns(R) < Ng(A). Moreover, every automorphism of R preserves Tg, and thus
Autr(R) = Autg(R).

(3-b) Since A < T is a subtorus, it follows that W;(A) = A for all i > 0. Thus, each
W; restricts to a fine unstable Adams operation (see Definition 1.15) on Ng(A),
which extends to 7 by Proposition 2.7. Let us denote by W; the resulting
unstable Adams operation.

Consider the family of transporter systems {(N;. ;. Ti)}i»o associated to (N, &, )
in Definition 3.9. As noted in Example 2.9, T isnot a subcategory of L, and thus it
is hard to compare the fusion systems &; and F;. However, if we restrict to the full
subcategory 7'2/1 CT of subgroups P < N such that A < P* = P*, then 7'214 isa
subcategory of L, by Example 2.9(a). In particular, we have the following:

(3-c) Forall i > 0, there is an inclusion 74 N7; € £;.

Finally, note that A®* = A, since A is the maximal torus of U, for some U € Hx 4,
and U = U* by hypothesis. The following hold:

(3-d) For each i >0, let A; = AN S;. By Proposition 3.11(i), there exists some
M3 € N such that (A4;)® = A for all i > M>. For simplicity we may assume
that M, =0.

(3-e) Foreach U € Hx 4 and each R € UT'NQ;,wehave RNN; = RN S; and
Auty, (RN S;) = Autg;, (RN S;). This follows since Ng(RN S;) < Ng(R) <
Ns(A) = N by (3-a).

(3-f) Let H, K < N;j be such that A < H*®, K*. Then, for all f € Hom¢(H, K), we
have (f): =~(f)’f. Similarly, if H, K € Ob(7~'zA) and ¢ € Morz(H, K), then
H,K € Ob(£), and (go); = (<p)'z. The first part follows by definition of (—)
in Example 2.9, and the second part follows by Example 2.9(c).
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In fact, we deduce more. Let W < N; be such that A < W*. Then the following holds:
(3-g) Homg; (W, N;) € Homg, (W, N;).

Let f € Homg, (W, N;). Since & is Ob(7;)—generated, there exist objects Hy, H IQ €
Ob(7;) and morphisms y; € Homy; (Hy, H,Q), for k =1,...,n, and such that, upon
taking the necessary restrictions,

S =pi(yn)o---0pi(y1).

Notice that (4;)* = A < W*. Thus, A < W* < (H1)*, and A = p(y1)(4) < (H])*
since y; € Mogﬁ. Inductively, it follows that A < (H)®, (H ]é)' for all k, and thus
Hy, H;. € Ob(T=4). By (3-c) above, for all k = 1,...,n we have Hy, H; € L;, and
Yk € Mor(L;). Thus f € Mor(F;), and (3-g) follows. In particular, if U € Hx 4, and
P eUfNQ;, then

Homg, (P N S;, N;) € Homg, (P NS;, N;).

Let U € Hx 4. For each P € U¢NQ;, note that ANS; <« PNS;, and every
automorphism of P N.S; in F; restricts to an automorphism of 4 N S;. Let P=P /A.
Note that P = (P N S;)A (since P € Q;), and thus we have (P N S;)/(ANS;) =~ P.
Set for short Q = P N S;, and let

Ko =Ker(Autz, (Q) — Autz, (AN S;) x Aut(P));
Ky = Ker(Autg; (Q) — Autg, (AN S;) X Aut(P)).

By Lemma 1.7, we have Ko < Op(Autz, (Q)) and K’Q < Op(Autg; (Q)). Moreover,
by (3-g) there is an inclusion Autg, (Q) < Autr, (Q), and it follows that K’Q <Kp.
We claim that, in order to prove that (1) holds for U € Hx 4, it is enough to prove

that the following version of () in terms of & holds:

(3-h) There exists some My € N such that, for all i > My and all R € v nQ;,
either RN S; is not & —centric, or R N S; is &—conjugate to some @ such that
K /Q N Auty, (Q) contains some element that is not in Inn(Q).

Indeed, suppose that (3-h) holds for U, and let i > My and Re U Tng;. Clearly,

if RN S; is not & —centric, then it is not F;—centric by (3-g). Suppose that RN S;

is &—centric. Then R N S; is & —conjugate to some @ such that K’Q N Auty, (Q)

contains some element that is not in Inn(Q). Then RN S; is F;—conjugate to Q by

(3-g), and (1) holds for U since K’Q NAuty, (Q) < Kg NAutg, (Q).

The above just shows that, in order to prove (%) for U € Hy 4 with respect to
{(Si, Fi,Li)}i>o0, it is enough to prove that the conclusion (i) holds for U with
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respect to {(N;,&;,Ti)}i>0. For the rest of the proof, we assume that A = Ty is
normal in F, so Hy,4 = Hx (and T = A forall Re X 7). Moreover, notice that
we are only concerned about subgroups H < S such that A < H*, and for these
subgroups there is no difference between the finite retraction pairs ((—)%, (—)%) and
((—)%.(=)%), by (3-f). Thus, we may assume also that we are still working with
(D)% ()2

To finish this step, we prove the following:

(3-1) If A=T then (i) holds forall Y € Hy.

Indeed, in this case we have Y7 = {Y} for each Y € Hy. Since Hy is finite, it is
not hard to check in this case that in fact there exists some My € N such that, for all
i > My and all Y € Hy, the subgroup Y N S; is not F;—centric.

Step4 Since A = Ty is normal in F, consider the quotient (S/A, F/A,L/A). By
Lemma 1.27, F/A is a saturated fusion system over S/A, and Z/ A 1is a transporter
system associated to F/A which contains all the centric subgroups of 7/A. In this
step we prove several properties relating (S, F, L) to (S/A, F/A,L/A), which we
will need in later steps.

Set for short S = S/A, F = F/A and T = L/A. Letalso Ls4 C L be the full
subcategory of subgroups that contain A, and let 7: Zz 4 — T be the projection
functor. By a slight abuse of notation, we also write 7: S — S for the projection
homomorphism. We adopt the notation P, Q, ... to denote subgroups of S, ]F , f_ L
to denote morphisms in F, and o, 1}, ... to denote morphisms in T. In particular,
T/A= T < S denotes the maximal torus of S. Also, for each P < S that contains A,
we will write P instead of 7(P) = P/A, unless there is risk of confusion.

The following is easily checked since A < T is normal in F:

(4-a) Let P,Q < S be such that A < P, Q. Then Q € P7 if and only if O € P7.
Similarly, Q € PT if and only if O € PT,since A<T.

By property (3-b), W;(A) = A forall i > 0. By (3-i) we may assume that A = 7", and
thus, for each i > 0, the unstable Adams operation ¥; induces a fine unstable Adams
(see Definition 1.15) operation W; on 7. By definition, if ¢ € Mor(£) is such that
W; (@) = ¢ for some i, then W, () = @. The following is some sort of converse of
this statement:

(4-b) Let P, Q € Ob(Z) be such that A < P, Q, and let § € Morf(ﬁ, Q) be such
that W; (@) = @. Then there exists some ¢ € Morz (P, Q) such that t(¢) = ¢
and such that W; (¢) = ¢. Similarly, let x € S be such that ¥; (x) = x. Then
there exists some x € S such that ¥;(x) = x (ie x € S;) and 7(x) = X.
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Let @ be as above, and let ¢ € Morz(P, Q) be such that 7(¢) = ¢. Since

() = ¢ = i (9) = t(¥i (9)),
it follows that W;(¢) = ¢ oep(a), for some a € A (see Definition 1.25). Consider
the map 4 — A defined by ¢ — t~!W;(¢). Since A is abelian, this turns out to be
a group homomorphism, which is in fact surjective, since Ker(A4) is the subgroup of

fixed points of A, and this is a finite subgroup of A for all i > 0. In particular, there
exists some ¢ € A such that 1=1W; (1) = a~!, and we get

Vi(poep(r) =Wi(p)oep(Vi(r)) =¢poep(a)oep(Vi(r)) =poep(l).
A similar argument shows that, for each X € S such that ¥, (X) = X, there is some
x € S; such that t(x) =X.
For each i >0, let S; < S be the subgroup of fixed points by W;. By (4-b), we deduce
that S;A/A = S;,and thus S; /(S; N A) = S;. Let U € Hy. By (4-a), R € UT if and
onlyif ReUT.
(4-c) Foralli>0Oandall ReUT, ReQ; ifand onlyif R < §;.
Suppose first that R € ;,and let P = RN S;. Then R = PA (since A =Tg), and
R = PA/A < S;A/A=S5;. Conversely, let R € UT be such that R < ;. Then it
follows by (4-b) that P = RN S; contains representatives of all the elements in R.
Since A; =ANS; <RNS; =P and (A4;)* = A, it follows that P* > R. The inclusion
P* < R follows from P = RN S; < R and the fact that R* = R. Thus R € Q;.

Step 5 For each R € X7, recall the notation R = R/A. Set also
Zﬁ = CT(E) and Zrp:={teNTt(R)|t(t) € Zﬁ}.
Note that A< Zg and Z = Zg/A. The main goal of this step is to show the following:

if Zy is fully F-normalized for some U € Hy, then Z is fully JF-normalized.

Indeed, let U € Hy be such that Zy is fully F—normalized. Note that T < Ng(Zy),
and
T < Ng5(Zg) = Ns(Zuy)/A.

Suppose that Z is not fully F-normalized, and let ¥ € Homz(Ng(Zp), S) be such
that H =y(Zg) is fully F-normalized, and INg(Z75)| <|Ng(y(Z7))|. Then y lifts
toamap y € Homz(Ns(Zy), S) such that

INs(Zu)| = ly(Ns(Zu))| < INs(y(Zv))l,
since

T < N5(7(Zg)) = Ns(y(Zu))/ A,

and this contradicts the maximality of |[Ns(Zy)|.
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Step 6 We show that (1) holds for all U € Hy such that Zy £ U.

Let U € Hy be such that Zyy £ U, and let a € Zy \ U. Then by Lemma 3.8 there
exists some My € N such that a € S; for all i > My . Fix some i > My, and let
ReUT NQ;. Since R is T—conjugate to U, we have Zg = Zy . Let

Krns;, = Ker(Autz, (RN S;) — Autg, (Tg N S;) x Aut(R)).
By Lemma 1.7 we know that Kgns, < Op(Autr, (RN S;)).

The element a € Zy N S; fixed above satisfies a € Zgr N S;, since Zr = Zy, and in
particular a € Ng; (RN S;). Moreover, ¢, € Krns;, NAuts, (RN S;), sincea € TNS;.
In particular, if R NS; is F;—centric then ¢, ¢ Inn(R N S;), and this shows that ()
holds for U .

Step 7 Suppose (%) holds for all U € Hy such that Zy is fully F—normalized. Then
we claim that (£) holds for all U € Hy .

Let U € Hx be such that Zy is not fully F—normalized. Then there exists some
y e Homz(Ns(Zy), S) such that y(Zy) is fully F—normalized. Since U < Ns(Zy),
we may set V = y(U). Moreover, since Hy contains representatives of all the 7—
conjugacy classes in X7, we may assume that V € Hy . Finally, note that T < Ns(Zy),
since Zy <T. Thus, Zy =y(Zy).

Suppose now that (i) holds for all V' € Hy such that Zy is fully F—normalized, and
let U € Hyx . By the above discussion, there exists some f € Homz(UT, S) such that
V = f(U) € Hx is such that Zy is fully F-normalized, and the claim follows by
Step 1.

Step 8 We show that (%) holds for all U € Hy such that Cs(U) £ U.

By Step 6, if Zy £ U then (%) holds for U. Thus we may assume that Zy < U.
Also, since Cs(U) £ U, it follows that C5(U) £ U. Notice that C3(U) = Z <U
and U is finite, which implies that C5(U) is a finite group. Thus, there exists some
My € N such that Cg(U) < S;. Moreover, since U € §2; by assumption, we have
U < S; by (4-c).

Let i > My andlet R € UT NQ;. Then C5(R) = Zy. By (4-a) we have R €
UT, and by (4-c) we know that R < S;. Thus, by Lemma 1.18(i), together with
Proposition 3.11(iii), we have

x ! -‘-Tf,'()?) € CT(E) =Zr="7Zy

for some X € NT(E, U). Fix such an X € NT(E, U), and note that X conjugates
C5(R) to C5(U), and in particular Cg(R) £ R. Moreover, since Zz; = C7(R) < R,

Geometry € Topology, Volume 20 (2016)



2964 Alex Gonzalez

it follows that
X 10 (¥) € C7(R) < RNT < C7(Cx(R)).

Thus, by Lemma 1.18(i) we deduce that Cg(ﬁ) <S;.

Set Xp = Cgs(R)A. Then by (4-b), XgNS; contains representatives of all the elements
in Cs(R)A/A < Cg(ﬁ) < ;. Note that Cg(R)A £ R, and thus Xg N S; contains
elements which are notin RN S;. If (Xg N S;)\ (RNS;) contains some element of
Cs(R), then clearly RN S; is not F;—centric. Suppose then that (XN S;)NCs(R) <
RN S;, and let

KRrns, = Ker(Autz, (RN S;) — Autg, (Tg N S;) x Aut(R)),

which is a normal p—subgroup of Autz, (RNS;) by Lemma 1.7. If RNS; is F;—centric,
then, for every x € (Xg NS;) \ (RN S;), we have cx € Krns; NAutg, (RN S;) and
cx € Inn(RN S;), and (&) holds for U .

Step 9 Recall the notation 7 = £/A, introduced in Step 4, which is a transporter
system associated to . Fix U € Hy such that Zy is fully F-normalized. Then Z i
is fully F—normalized by Step 5, and in particular it is fully F—centralized. Thus we
may consider the centralizer fusion system £ = C #(Zg) over Z=C 5(Zg), and note
that T < Z. Since F is saturated, it follows that £ is also saturated. The main goal of
this step is to prove the following property:

(9-a) Suppose that Zy < U. Then there exists V' € Hy such that Cs(V) £ V and
such that VV € U¢.

First, note that the following hold:

(9-b) Foreach R € l_]T, we have Z g = CT(E) =Zg.

(9-¢) Since Z < T is abelian, every E—centric subgroup of Z must contain Zg.
Thus, by Lemma 1.20, every £—centric subgroup of Z is also an F—centric
subgroup of S, and hence also an object in T, since 7 contains all the F—centric
subgroups of S.

We are ready now to prove (9-a). Let K = Auty(Zy), and let

NE(Zy)=1{xeS|cx €K}

Then

Autk(Zy) = KN Auts(Zy) = Auty (Zy) = K NAutz(Zy) = AutX (Zy).
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In particular, Zy is fully F—centralized (since it is fully F—normalized), and clearly
Autg(ZU) € Syl, (Aut (Zy)). By [8, Lemma 2.2] it follows that Zy is fully K-
normalized in F (see Section 1B). Thus, the fusion system NX 7 (Zy) over N (Zy)
(as defined in Definition 1.19) is saturated.

Note that U, T < N§(ZU) =UCgs(Zy). Since U is not F—centric and Zy < U, it
follows that U is not N ]{-{ (Zy)—centric by Lemma 1.20. Let V be N Jf (Zy)—conjugate
to U and such that Cy « (V) £V.Since T < N&(Zy), we may choose V € Hy .
™ Ng (Zvu) S

en

CNK(ZU)(V) <Cs(V)ZV.

Also, if f € HomyX (z,,)(U, V), then by definition we have f|z, € Auty(Zy).
Hence, the induced morphism f € Homz(U, V) satisfies f |z; =1d, and thus VelE.
Note that in particular Zy < Zy, although this may not be an equality.

Step 10  We show that (i) holds for all U € Hy such that Zy is fully F—normalized.

Fix U € Hy such that Zy is fully F—normalized. By Step 6, we may assume that
Zy <U,and thus Z < U . By Step 5, we know that Z i 18 fully F-normalized (and in
particular fully F—centralized). Let Z = Cg5(Z) for short, and let £ = Cz(Zy) be
the centralizer fusion system of Z§ in F, which is saturated by Step 9. By (9-a), there
exists V € Hx such that V € U® and Cs(V) £ V.

Notice that the set {Tx | K € Ob(L*)} is finite since Ob(L®) contains finitely many
T—conjugacy classes. Moreover, since K* = K, it follows that (Tx)®* = Tk for all
K € Ob(L*). By Proposition 3.11(i) there exists some M3 € N such that (Txg N S;)* =
Tx = (Tx)® for all i > M3 and all Tk in the set above. Without loss of generality we
may assume that M3 = 0.

Fix f € Homg(U V). By Alperin’s fusion theorem [7, Theorem 3.6], there exist
sequences of subgroups Wo=U,W;,...,W,=V <Z and K;, ..., K, € Ob((§)€) C
Ob(F), and morphisms Yj € Autz(K;) for each j =1,...,n, such that

Wi—1.W; <K; and y;(Wj—1) =W,

foreach j = 1,...,n. Foreach j =1,...,n, let ¢; € Autf(lzj) be such that
p(@;) =y;. Letalso K; € Ob(L) be the preimage of K, and let ¢; € Autz(K;) be
such that 7(¢;) = ¢;. Note that U < K1 and V < K,,.

We claim that we may assume that K; € Ob(L*) for all j without loss of generality.
Indeed, we have K; € Ob(T) by (9-c) (where T = L/A), and thus K; € Ob(L). This
implies that (K;)® € Ob(L*®) by definition of £. Furthermore, we have A < (K;)*, and
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it follows that (K;)*/A < Z, since (K;)* < K;T and T < Z. By Proposition 3.11(i)
and (ii), there exists some My € N such that

K;NS; €Ob(L;) and Wi(pj) =g,

for all i > My and all j = 1,...,n. In particular, this implies that U N §; is
Fi—conjugate to V' N S;. Note that this also implies that W; (¢;) = @, forall i > My .

Leti > My and R € uTn Q;. By assumption, U< S_‘, By (4-a) we have Re l_/T,
which implies that C#(R) = Zx = Z, and by (4-c) we know that R < S;. Thus, by
Lemma 1.18(i), together with Proposition 3.11(iii), we have

XX eCa(R)=Z5 <R

for some ¥ € N7 (R, U). Fix such X € N7(R, U), set Wj =R, andforall j =1,...,n
set

W/ =x"1"W;-Xx and K;=x'-K;-X.

Set also gEJ/- =&(¥) log; 08(¥X) € Aut#(K J/.). Let also Wj’ and K J/ be the corresponding
preimages in 5. The following hold:

(10-a) Since Z is abelian and K i) K ]’ are E—centric, it follows that Z g = K 7 K J’
for each j.

(10-b) Since ¥ € T < Z = C5(Zp) and K; < Z, it follows that I?]/. < Z. More-
over, since x ! - W; (X) € Zg and Zg < Cf(fj), CT(EJ/')’ it follows from
Lemma 1.18(i) that X € NT(KJ/- NS, K;NS;).

(10-¢c) Since ZU < I?j, I?j’., ®j eMor(E), and )_c_l-\TJl- xX)e ZU , it follows from axiom
(C) of transporter systems for 7 that e(X 1 W; (X)) o ¢;’ = 931'- og(Xx 1Y; (X)).
Thus, V;(¢;) = ¢} by Lemma 1.18(ii). By (4-b), this implies that there is
some ¢} € Autz(K}) such that W;(¢}) = ¢} and 7(¢}) = @;.

Let R' =W/ e VT, and let R’ be its preimage in S, and note that R’ € VT by (4-a).
Note that R < K| and R’ < K,. Thus, if Kj/- NS; € Ob(L;) for each j, then RN S;
is Fj—conjugate to R’ N S;.

It remains to show that K]’. N S; € Ob(L;) for each j. Recall that, by definition,
K]/.ﬂSi € Ob(L;) if (KJ’- NS;)*€Ob(L). Foreach j =1,...,n,let T; be the maximal
torus of K. Note that K ]’ is T—conjugate to K, so in particular K J’ € Ob(L®). As
noted above, we have (7; N S;)* =T; foralli > My . Also, T; N'S; < K]/. NS; and

(TN S =T; < (K;NSi)°.
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In particular, this implies that K nsS;, T; < (K’ N S;)°®. Since (K] NS;)*=K;,it
follows that K; N S; contains representatlves of all the elements in K; N S; . Thus, by
(10-b) we deduce that K N S; contains representatives of all the elements n K K'NS;,
and thus K/ (K’ N S; )T < (K’ N S;)*. It follows that (K/ NS = and thus
K// ns; e Ob(ﬁi).

By the above, RNS; is Fj—conjugate to R'NS;. Moreover, R’ € VT and Cs(V) £V
by assumption. By Step 8, (i) holds for V', and thus the conclusion of (1) holds for R
and R’. This shows that (f) holds for U as well. Repeating this step, we deduce that
(%) holds for all U € Hy such that Zy is fully F—normalized, and thus (%) holds for
all U € Hyx by Step 7. This finishes the proof. O

Theorem 1 Every p—local compact group admits an approximation by p—local finite
groups.

Proof Let G = (S,F, L) bea p-local compact group, and let £ and W be as fixed
in Hypothesis 3.14. Let also Wo = W, and let {W;};>¢ be such that ¥; ;| = \I/f. Let
{(S;, Fi.Li)}i>o0 be the family of transporter systems defined in Definition 3.9. For
simplicity, we can assume that the degree of W is high enough so that Lemma 3.8 and
Propositions 3.12 and 3.17 hold (otherwise replace W by an appropriate power of it),
and we claim that {(S;, F;, £;)}i>0 is an approximation of G by p-local finite groups.

Condition (i) in Definition 3.1 is satisfied, by Lemma 3.8(i). Also, S; is a finite p—
group for all i > 0, and £; is a linking system associated to F; by Proposition 3.15,
and there are inclusions £; € £;4+1 and £; C L for all i > (0. Thus, to show that
condition (ii) in Definition 3.1 is satisfied, it remains to check that F; is saturated
and Ob(F{") € Ob(L;). By Propositions 3.16 and 3.17, if P < S; is F;—centric but
P ¢ Ob(L;), then P is F;—conjugate to some Q such that

Outs, (Q) N Op(Outz, (Q)) # 1.

Moreover, F; is Ob(L;)—generated and Ob(L;)—saturated by Corollary 3.13. Thus,
the conditions of Theorem 1.6 are satisfied: F; is saturated, and Ob(L;) contains all
the centric radical subgroups of ;. Thus condition (ii) in Definition 3.1 is satisfied.

Finally, we have to check condition (iii): for each P, Q € Ob(Z) and each ¢ €
Morz(P, Q), there exists some M € N such that, for all i > M, there are objects
P;, Q; € Ob(L;) and morphisms ¢; € Morg, (P;, Q;), such that P = ;- », P; and
0 =U;>p Qi,and g, o(1)op; =@ o&p, p(1). By Proposition 3.11(i)(ii), there
is some M € N such that P N Si, 0 NS; €0b(L;) forall i > M, and the restriction
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¢i = ¢|pns; is a morphism in Morg; (P N'S;, 0 N S;). Since S = Uizo S; by
Lemma 3.8(1), it follows that

P=JP and 0=|]o0:

i>0 i>0

The condition £p; g(1)og; = o€p, p(1) is easily checked. a

Remark 3.18 Let G = (S, F, £) be a p—local compact group, and let O(F) be its
orbit category: the category O(F) with object set Ob(F), and with morphism sets

3-1) Mot s, (P. Q) = Inn(Q)\ Hom (P, Q).

Notice that the subcategory O(F*¢) € O(F) has a finite (full) subcategory as a skeletal
subcategory, which in addition contains a representative of each F—conjugacy class
of centric radical subgroups. Let L be the associated telescopic linking system, and
let {(S;, Fi, Li)}i>o0 be an approximation of G by p-local finite groups. Denote by
L7 C L° the image of £; through the functor (—)*: L — £* for each i > 0. Then by
Definition 3.1 there is some M € N such that, for all i > M, the category L} contains
representatives of all the morphisms in O(F*¢) up to S—conjugation. In particular,
this implies that

(a) the fusion system F is generated by F; and Inn(S); and
(b) the linking system £ is generated by L7 and S (and thus so is £).

More precisely, property (b) means that every object in £® is S—conjugate to an object
in £?, and every morphism in £* is the composition of a morphism in £7 with (tlle
restriction of) a morphism in £(S) < Aut,(S). Since £L* is a deformation retract of L,
we can say that £ is generated by L7 and S.

3C An example

In this subsection we analyze our constructions in detail on a specific example: the
2-local compact group associated to SO(3). In particular, this example reveals that
there are approximations by p—local finite groups that do not appear as fixed points of
any (family of) fine unstable Adams operation.

Let us first fix some notation and facts. The reader is referred to [24, Example 3.7] for
further details. Let G = (S, F, £) be the 2-local compact group associated to SO(3).
Then

S = {tatn>1, x| Vn, t,fn =x2=1, t,%ﬂ =1y, Xy -x ! ztn_l) >~ Dyco.
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For each n > 1, set T,, = (t,), so that the maximal torus of S is 7' = ({t4}n>1) < S.
Setalso V = (t;,x) = Z/2xZ/2. Then F is generated by Autz(S) =Inn(S) and
Autz(V) = Aut(V) = X3. Regarding the linking system £, the only centric radical
subgroups (up to S—conjugation) are S and V', with

Autg(S)=S8 and Autg (V) = 3y4.

Let £ be the associated telescopic linking system. An easy computation shows that
the only new objects in £ are the subgroups T}, for n > 2, with Autz(7},) = S for all
n>2.

Let now W € AuttIyp(C) be an unstable Adams operation. As usual, set Wy = W and
;11 = (V;)2. Then for each i > 0 we have S; = Cs(¥;) = D,n; for some n; € N,
and we may assume without loss of generality that V < S; for all i > 0. Notice
that S; contains two different S;—conjugacy classes of maximal elementary abelian
subgroups, and V' is a representative of one of them. Fix a representative W; < §; of
the other S;—conjugacy class of maximal elementary abelian subgroups. Notice that,

after embedding S; into S; 41, the subgroup W; becomes S;1—conjugate to V.

Let also {(S;, Fi, L;)}i>0 be the approximation by 2-local finite groups associated
to {W;}i>0. A careful inspection reveals that, in order to describe (S;, F;, £;) it is
enough to specify the groups Autz, (S;), Autz, (V) and Autz; (W;). By construction,
we have

Autg, (S;)=S; and Autg, (V) = X4,

and we have to determine the group Aut,, (W;). Let ¢ € Aut., (V) be an automorphism
of order 3 that conjugates #; to x. An easy computation in S shows that there is
some t € N7(W;, V) such that t=1 - W;(t) = t;. By Lemma 1.18(ii), it follows that
e(x)" Yo oe(x) is not fixed by ¥;, and thus

Autg; (W;) = Ns; (W;) = Ds.

These computations imply that, for all i, (S;,F;, £;) is the 2-local finite group
associated to PGL5(IF,), where ¢ is some power of some odd prime p.

Let now (S;,&;,7;) be the 2-local finite group associated to PSL; (). This 2-local
finite group is determined by Autz;(S;) = S; and Auty; (V) = X4 = Autg; (W)).
Clearly, {(S;,&,7Ti)}i>o is an approximation of (S, F, L) by 2-local finite groups,
but our computations above show that it cannot be the product of our constructions in
Definition 3.9.
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4 Stable elements theorem for p-local compact groups

In this section we use the approximations constructed in the previous section to prove a
version of the stable elements theorem for p—local compact groups, which computes the
cohomology of the classifying space of a p—local compact group with coefficients in a
trivial Z,)—module as the stable elements of the cohomology of its Sylow p—subgroup
with the same module of coefficients. The finite version of this result was proved in
[6, Theorem 5.8] for coefficients in the trivial module IF,,, and then generalized to any
trivial Zp)—module in [5, Lemma 6.12].

Let S be a discrete p—toral group, and let F be a saturated fusion system. In this section
we consider certain contravariant functors A: F — C, where C is either Z,)—Mod, the
category of Z ,)—modules, or Gr—Z,)—Mod, the category of graded Z ,)—modules.
We start with a brief discussion of some general properties of such functors. For
each X <S5, let ty: X — § denote the inclusion homomorphism. This way, given a
contravariant functor A: F — C and a subcategory £ C F, we define

@1) A% :={z e A(S) | A(p)(2) = ACtg o f)(2)
VP, Q €O0b(€) and f € Home(P, Q)}.

Given &1 C & two subcategories of F, there is an obvious inclusion A2 C A,

Lemma 4.1 Let S be a discrete p—toral group, let F be a fusion system over S, and
let {(S;, Fi)}i>o0 be a family of finite fusion subsystems of F with F; € F;4+1 for
all i (in particular, S; < S; 41 are finite subgroups of S for all i ), and satisfying the
following properties:
(i) S =UisoSi;and
(i) forall P <§ and forall f € Homz(P, S) there exists some My € N such that,
foralli > My, f|pns; € Homg, (P NS;, S;).

Let also C be either Z,y—Mod, the category of Z,y—modules, or Gr—Z,—Mod,
the category of graded-Z(,)—modules, and let A: F — C be a contravariant functor
satisfying the following property:

(x) Foreach P < S, the natural map A(P) — lim, A(P N S;) is an isomorphism.
Then, upon setting F° = Uizo Fi; C F, there are equalities

AT = A7 =lim A7
(_—
l

as subsets of A(S).
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Proof We claim first that 7° C F is the full subcategory of F whose objects are the
finite subgroups of S. Indeed, if P < S is a finite subgroup, then there exists some
Mp e N suchthat P <§; forall i > Mp,since S = ;- S;. Similarly, if P, Q <§
are finite subgroups and f € Homz(P, Q), then by condition (ii) there exists some
My € N such that P, Q < S§;,and f = f|pns; € Homg, (P, Q) foralli > My.

By (), we have A(S)=lim; A(S;), which implies that AT = =lim, A%t The inclusion
F° C F implies, by (4- 1) that AT € A, To show the reverse 1nclus1on let P,Q €
Ob(F) and f € Homx(P, Q). For X = P, Q, S, set X; = X N S;, and notice that

X=[JX and AX)= hmA(X,)
>0
by (i) and (x) respectively. By condition (ii), there exists some My € N such that, for
all i > My, f|p, € Homg, (P;, Q;). Thus, if z € A”", then
A(tp)(z) = Altg; © fp)(2)
forall i > My, and thus A(tp)(z) = A(tg o f)(z). Hence A™" C A7 O

Remark 4.2 If G = (S, F, L) is a p-local compact group and {(S;, Fi, L;)}i>0 is an
approximation of G by p-local finite groups, then conditions (i) and (ii) in Lemma 4.1
follow from Definition 3.1(i) and Lemma 3.2(i), respectively. Hence, in this case
Lemma 4.1 applies to any functor A: F — C as above that satisfies condition ().

Proposition 4.3 Let G= (S, F, L) be a p—local compact group, and let M be a (finite)
Z.(py—module with trivial S—action. Let also {(S;, F;,L;)}i>0 be an approximation
of G by p-local finite groups, and let P < S. Then there are isomorphisms

H*(BP; M) =~ 1(iLnH*(B(P NS;);M) and H*(BG:M) = liI_nH*(Bgi; M).
In particular, the functor H*(—; M): F — Gr—Z,)—Mod satisfies condition (x) in

Lemma4.1.

Proof Fix some P < S, andset P, = PNS; forall i > 0. Let X be either BG
or BP, and similarly let X; be either BG; or BP;, depending on which case we want
to prove. Note that the following hold:

(i) If X = BP, then X = hocolim X;, since P = UizO P; by hypothesis.

(i) If X = BG, then X ~ (hocolim X,-); by Lemma 3.5 and Remark 3.6. In
particular, H*(X; M) =~ H* (hocolim X;; M).
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Consider the homotopy colimit spectral sequence for cohomology [3, XIL.5.7]:
EY* =lim"H*(X;: M) = H""(X: M).

We will see that, for r > 1, E;S = {0}, which, in particular, will imply the statement.
For each s, let H l.s = H*(X;; M), and let F; be the induced morphism in cohomology
(in degree s) by the map |®;|: |£;| — |L£i+1]| induced by the inclusion £; C L;4+1.
The cohomology ring H*(X;; M) is noetherian by [6, Theorem 5.8], and in particular
H? is finite for all s and all 7. Thus, the inverse system {H; F;} satisfies the Mittag-
Leffler condition [36, Definition 3.5.6], and hence the higher limits LiLnr H? vanish for

all > 1. This in turn implies that the differentials in the above spectral sequence are
all trivial, and thus it collapses. |

We are ready to prove Theorem 2, the stable elements theorem for p—local compact
groups, which we restate below.

Theorem 4.4 Let G = (S, F, L) be a p—local compact group, and let M be a finite
Zpy—module M with trivial S—action. Then the natural map

H*(BG; M) = H*(F; M) :=lim H*(— M) € H*(BS: M)
f

is an isomorphism.

Proof Let {G; = (S;,Fi, Li)}i>0 be an approximation of G by p-local finite groups,
with respect to some telescopic transporter system L satisfying the conditions in
Definition 3.1. By Remark 3.6, the space BG; := |L;] ;,\ is the classifying space of a
p-local finite group, and we can apply the stable elements theorem for p—local finite
groups: there is a natural isomorphism

H*(BG;; M) —> H*(Fi: M),
By Proposition 4.3 there are natural isomorphisms
H*(BG; M) = lim H*(BG;; M) = lim H*(F;; M)

14 4

C lim H*(BS;: M) = H*(BS; M),

1

and we have to show that lim, H*(F;; M) = H*(F; M). If we set F° = Uiso Fis
then Lemma 4.1 and Proposition 4.3 combined imply that there are isomorphisms

lim H*(Fi: M) = H*(F°; M) = H*(F: M),
i

and this finishes the proof. |
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Remark 4.5 The reader may have noticed the difference between the original statement
of the stable elements theorem for p—local finite groups, [7, Theorem 5.8], in terms of
the orbit category of F defined in (3-1), and our statement, in terms of F. In fact, a
formulation of the stable elements theorem in terms of F, rather than O(F), is already
found in [5, Lemma 6.12], as well as in other papers, and it is rather straightforward to
justify the equivalence of statements. Consider the projection functor t: F — O(F),
which is the identity on objects. Since conjugation by elements of S induces the
identity on cohomology, we have a commutative triangle

H*(-)
F Gr—-7 () —Mod

|
H*(-)

O(F)

and an induced morphism between the corresponding inverse limits
lim H*(—Fp) - @H*(—; Fp).
O(F) F
This morphism is easily checked to be an isomorphism upon considering both groups

as subgroups of stable elements in H*(S;IF,), since every element of H*(S;F) is
stable by any morphism in Fg(S).

We finish this section proving Theorem 3, restated as Theorem 4.6 below, which states
the existence of a certain spectral sequence associated to a strongly closed subgroup of
a given saturated fusion system. We first fix some notation.

Let F be a saturated fusion system over a discrete p—toral group S, let R < § be a
strongly F—closed subgroup, and let M be an Z,)—module with trivial S—action. For
each X < S,set X = X/(XNR)= XR/R < S/R. Then each f € Homz(P, Q)
induces a morphism of extensions

PNR—— P —— P
J L
ONR — Q — 0
and thus also homomorphisms

_ f _
y(f): H*(Q;: H™(QNR; M)) — H"(Q; H" (P N R; M))

L H"(P: H™(P O\ R: M))
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for all n,m > 0. This defines a contravariant functor
4-2) xmm. F Zp—Mod,

which satisfies condition (x) in Lemma 4.1, since, for each P < § and each i > 0,
the group H"(P N S;; H™(P NS; N R; M)) is finite and the Mittag-Leffler condition
[36, Definition 3.5.6] applies. Set

H™(S/R; H™(R; M))" = (x""™)”
in order to match the notation of [15].
Theorem 4.6 Let G = (S, F, L) be a p—local compact group, let R < S be a strongly

F—closed subgroup, and let M be a finite Z (,y—module with trivial S—action. Then
there is a first quadrant cohomological spectral sequence having second page

E3™ = H"(S/R:H™(R: M))”
and converging to H"*™(BG; M).
Proof The spectral sequence of the statement is constructed as an inverse limit of

spectral sequences. For the reader’s convenience, the proof is divided into smaller
steps.

Step 1 Construction of inverse systems of spectral sequences. Let {(S;, Fi, L;)}i>o0
be an approximation of G by p-local finite groups. Notice that R; := RN S; is strongly
Fi—closed for all i > 0, since R is strongly F—closed.

For each i > 0, consider the group extension
Ri g S,‘ g S,‘/Rl',

and its associated Lyndon—-Hochschild—Serre spectral sequence {E (i )Z* d li}k22 , with
second page E(i)g’m = H"(S;/R;; H™(R;; M)), and converging to H"T™(S; M).
For all k > 2 and all i,n,m > 0, the inclusion homomorphism ¢; j41: S; = Si4+1
induces homomorphisms of spectral sequences for each i > 0,

Yt ) AEG+ D d s > {E ™ d] k2
and thus an inverse system of spectral sequences {{E(i);:’*, d]i}kzz» y(ii+1)}iso-
Note that R; is strongly F;—closed, and thus for each n,m > 0 there is a functor

%?,m: Fi — Z(p)—MOd,
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defined by similar arguments as those used in the definition of the functor X" in
(4-2). Furthermore, we may consider the spectral sequence {E (i)]t’*, d ]‘c Vk>2 of [15,
Theorem 1.1], whose second page is

E(i)y™ = H"(S;/Ri; H™(Ri; M))Ti = (X1"™)71,

and which converges to H"*t™(BG;; M). We may see this spectral sequence as the
restriction of the spectral sequence { E (i )Z’*, d }k>2- We claim that y(t;,;41) restricts
to a morphism of spectral sequences

y(@ii+1): {EG+ D) diT esa = {EG) ™ di bksa.
For each i,n,m >0 and for X < §;, let
A7 (X) = Homy (B ® By, M)

be the double complex defined in [15, Section 3] (although we do not give an explicit
description here, notice that the complex itself does not actually depend on i ). With
this notation, for each k > 2, the group E(i);’™ can be seen as (£(i);"™)”", for a
certain functor

E(i)Z’m: Fi = Z(p»—Mod,

defined in terms of the double complexes Al’."m (X) above. In particular, the func-
tor %7’" defined above corresponds to the case k = 2 (for the sake of brevity, the
reader is referred to [15, Section 4] for details). Furthermore, we have a commutative
triangle of functors:

)"
]:i Z (») —Mod
inc]J{
EG+D"

Fi+1

Fix some k > 2, and some i,n,m > 0. For a subgroup X < §; <Sj4+1,let tx: X — S;
and Tx: X — S; 1 be the corresponding inclusion monomorphisms, and note that 7y =
ti,i+10Lx . Also, recall that EG+ I)Z’m is the subgroup of elements z € E(i + I)Z’m
such that

E(+ D" @p)(2) =£G + D" @0 f)(2)

forall P, Q <S4 andall f € Homg, (P, Q), and a similar equation, with g(i)z’m
replacing £(i + I)Z’m, describes the elements of £ (Z)Zm

Fix some z € E(i + I)Z’m, and set

w=y,i+1)(2) € E@)".

Geometry € Topology, Volume 20 (2016)



2976 Alex Gonzalez

Then, for all P, Q < §; and all f € Homg, (P, Q) € Homg, (P, Q), the commuta-
tivity of the above triangle implies that

E@)" (p)(w) = EG + D" (u,i+10tp)(2) = £+ 1" @p)(2)
=&+ 1" @0 /)(2) =EG + D" (iv+10t00 f)(2)
=&(); " (oo /H(w).

Thus w € E(i)}"™ and the claim follows.

Step 2 The inverse limit spectral sequences and their convergence. Consider the
inverse systems of spectral sequences

HED" didk=2 v(iivD)lizo and  {EDF™ didk=2 v(@ii+1)}iz0
defined in Step 1. For each k > 2, and for each n,m > 0, define

EP™ =1lim BT, EP™ = 1im EPT ().

1 l
For each k > 2 and each i,n,m > 0, the group E (z')',:’m is finite by definition, and
thus the higher limits of {£ (z) "0 all vanish, by the Mittag Leffler condition
[36, Definition 3.5. 6] A similar conclusion applies to {E(l)k Ji>0, since it is a
restriction of {E (i)}’ x },>0 Furthermore, the differentials {d; }i>o and {dk},>o induce
differentials dy (on E; X *) and dk (on E i ™), respectively, and an easy computation
shows that

Ker(dy) = limKer(d}), Im(dy) = limIm(dy),
i i
Ker(gk) ~ @Ker(g,i), Im(gk) ~ LiLnIm(g]i).

i i

Hence, {E;:’*, di }k>» and {E;*, Jk}kzz are well defined spectral sequences. More-
over, their corresponding second and infinity pages are, respectively,

Ey™ =lim H"(Si/Ris H™ (Ri: M), E3"™ = lim H"(S;/Ri: H™ (Ri: M))”"
l 1
EL™ = lim H*(Si; M) = HY(S: M), EX™ =lim H*(BG;; M) = H*(BG: M),
i i
where k = n + m, and where the last isomorphism on each position of the bottom row
holds by Proposition 4.3.
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It remains to show that the corresponding second pages of the limit spectral sequences
satisfy, respectively,

Ey™ =1im H"(S;/Ri: H™(Ri: M)) = H" (S /R: H™ (R: M),
i
E3™ =tim H™(S;/R;: H™ (Ri: M) 2= H™(S/R: H™ (R M))”.

1

By Proposition 4.3, there are isomorphisms
H*(R; M) = lim H*(R;; M),
H*(S/R; H*(R; M)) = lim H*(S; /R;; H*(R; M)).
Furthermore, [34, Proposition B.2.3] implies that there are isomorphisms

H"(S/R; H™"(R; M)) =~ @H"(S,-/R,-; H™(R; M))
i
= lim lim H"(S;/R;; H™ (R;5 M)
i
2= lim H"(S;/Ri; H™ (Ri; M),
1
since H"(S;/R;; H™(R;; M)) is finite for all i, n, m > 0. To finish the proof, we have
to show that H" (S /R; H™(R; M))” is isomorphic to lim, H"(S; R;; H™ (R;; M))”7,
and this follows from Lemma 4.1, since the functor X" in (4-2) satisfies the required
condition (). O

S Mapping spaces

In this section we describe the mapping space Map(BP, BG), where P is a discrete
p—toral group and G is a p—local compact group, in terms of centralizers in G of
subgroups of S. Such mapping spaces were described in [7] when P < § is centric,
and in full generality in [6] when P is a finite p—group and G is a p—local finite group.
Our proof follows the same lines as the proof in [6, Theorem 6.3].

Let G = (S, F, L) be a p-local compact group, and let H*(F) C H*(BS) be the
subring of stable elements for F. Let also £ < S be an elementary abelian subgroup
which is fully F—centralized, and let jg: H*(F) — H*(BE) be the map induced by
inclusion. Let Tg be Lannes’s T—functor (see [27]), and let Tg (H*(F); jg) be the
component in Tg (H*(F)) of jg € Tg (H*(F)) =~ Homy(H*(F), H*(BE)), where
K is the category of unstable algebras over the mod p Steenrod algebra.
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Lemma 5.1 There is an isomorphism

Tp(H*(F); jE) = H*(CF(E)):= lim H*(-),
Cr(E)
which is the restriction of the homomorphism Tg(H*(BS); jg) — H*(Cs(E))
induced by the natural homomorphism Cs(E) x E — S'.

Proof Let {(S;,Fi.L;)}i>o0 be an approximation of G by p-local finite groups. For
the reader’s convenience, we have divided the proof into several shorter steps.

Step 1 Given a discrete p—toral group X and a morphism o: E — X, we claim that
Te(H*(BX);0%) =~ H*(Map(BE, BX)pys) = H*(BCx(0E)).

Indeed, since X is discrete p—toral, it follows that BX is p—good and H*(BX) is of
finite type (ie finite in every dimension). Moreover, since both £ and X are discrete
groups, it follows that Map(BE, BX)ps ~ BCx (0 E). The claim follows immediately
by [27, Proposition 3.4.4].

Step 2 Next we claim that there is some M € N such that E is fully centralized
in F;,foralli > M.

To prove this, fix representatives Vo = E, V1, ..., V, < § of the different S—conjugacy
classes in E7. Note that, since E is abelian, we have VCgs (V) = Cg(V) for each
V € E7. We will just write Cs (V') instead of VCg (V) for simplicity. There is some
M € N such that, for all i > M, we have Vj, ..., V,; < S;, and the following hold for
each j =0,...,n:

(@) |Cs;(Vj)| < |Cs; (E)I; and
) [Cs; (V)/Cr, (V)| =|Cs(V})/Cr(V))I.

Indeed, since V; is F—conjugate to E, there exists some f; € Homz(Cs(V;), Cs(E))
such that f;(V;) = E. Moreover, by Lemma 3.2, there is some M € N such that, for all
i>M andall j =0,...,n, the restriction of f; to Cs(V;)NS; is a morphism in F;.
Property (a) follows immediately. Property (b) is easily checked, since S/T = S;/T;
for all 7 > 0 by assumption.

Foreach i > M, set T; = T N S; for short. If V < §; is F;—conjugate to E, then
V' is S—conjugate to some V;, for some j € {1,...,n}. Fix x € Ng(V,V}). By
Lemma 1.18(i), together with Proposition 3.11(iv), it follows that x 1 W; (x) € Cr (V).
Since T is abelian and 7; < T, it follows that

x M (x) e Cr(Cr; (V) =T.
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Thus, Cr, (V) is S—conjugate (by x ) to a subgroup of C7; (), again by Lemma 1.18(i),
and a similar argument with x~1 instead of x shows that in fact the element x
conjugates Cr, (V) onto Cr, (V;). Moreover, via the inclusion Cgs, (V) < Cs(V), the
quotient Cg; (V)/Cr, (V') can be identified with a subgroup of Cs(V)/Cr(V), and

ICs; (V)/Cr; (V)| =|Cs(V)/Cr (V)| =|Cs(V})/Cr (V)| = |Cs; (V;)/ Cr; (V).
Since Cg; (V) and Cg; (V) are finite groups, it follows that

[Cs; V) = |Cr; (V)| |Cs; (V)/Cr; (V)]
= [Cr, (V)I-ICs; (Vi) / Cr, (V)
=|Cs; (V) = |Cs, (E)|,

and E is fully centralized in ;.

Step3 Foreach P <S,set Tp =Repx(E, P) =Inn(P)\ Homz(E, P). Notice that
Tp is finite by [7, Lemma 2.5]. Consider the functor Tg: O(F) — Gr—Z,)—Maod,
defined on objects by

Tp(P) = (D Te(H*(BP):p").
PETP

We claim that there is an isomorphism

T @y jp) = tm (@D T (3P p")
PeO(F) “peTp

To prove this, consider the orbit category O(F), defined in (3-1). By [7, Lemma 2.5],
all morphism sets in O(F) are finite. Recall also that the full subcategory F7* C F
contains only finitely many F—conjugacy classes by [7, Lemma 3.2 (a)], and thus the
full subcategory O(F*) € O(F) contains a finite skeletal subcategory. Furthermore,
F* contains all the F—centric F-radical subgroups of S by [7, Corollary 3.5].

Fix a finite skeletal subcategory Ogx of O(F*). The functor Tg is exact and commutes
with direct limits. As a consequence, it also commutes with inverse limits over finite
categories, and we have

T (H*(F) =Tg (lm H*(-)) =Tz (?th H*(-))

o)
= lim Tg (H*(-)) = lim Tg(H*(-)).
O O(F)
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Restricting the above to Tg (H *(F); jg), we obtain

e ) e = tim (@) Te(H(BP):p)

Peosk pETP
= lim (GB TE<H*(BP);p*)) = lim T (-).
PEeO(F) peTp O(F)

Step 4 Consider the functor Tg: O(F) — Gr—Z,—Mod defined in Step 3. By
precomposing with the projection functor t: F — O(F), we obtain a functor

F— Gr-7Z (») —MOd,

which by abuse of notation we also denote by T . This will not lead to confusion since
both functors take the same values on objects (as t is the identity on objects), as well
as the same value on any two morphisms in F representing a given morphism in O(F).
Note also that, for each P € Ob(F) = Ob(O(F)), the set Tp does not depend on the
choice of category between F and O(F), and an argument similar to that used in
Remark 4.5 implies that

lim Tg(—) = lim (ED TE(H*(BP);p*))

o) PEO(F) \peTp
= lim ( P TE(H*(BP);P*)) = lim Tg ().
PeF PGTP F

From now on we consider Tz as a functor on F. In this step we prove that the
functor Tg satisfies condition (*) in Lemma 4.1: for each P < §, the natural map
Tg(P) — lim;, Tg (P N S;) is an isomorphism.

Fix P <S5, and let @ C Homxz(E, P) be a set of representatives of the classes in Tp .
Note that, by definition, there is an equality
) Te(P)i= D Te(H*(BP):p*) = (D Te(H*(BP): /7).

PETP feQ

Foreachi > 0,set P; = PN S;. Since 2 is a finite set, there exists some Mp € N
such that f(E) < P; forall i > Mp and all f € Q. For simplicity we may assume
that Mp = 0.

For each 0 <i < j, consider the maps

o Bi.j
7ﬂPl‘ — 7}’ and 7dP,‘ — 7de )
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defined by
a;i(p) = inc]f;i op and B ;(p) = inclﬁl{' op,

respectively. Notice that o; = «j o B; ; forall 0 <i < j. Moreover, we claim that 7p
is the colimit of the system {7p,, B;,; }. Indeed, surjectivity of colim 7p, — Tp follows
from the discussion above. To prove injectivity, fix some i > 0, and let p, p’ € Tp,
be such that «;(p) = «;(p'). Let also f, f' € Homz(E, P;) be representatives of p
and p’, respectively. Then by definition of 7p there exists some x € P such that

inclﬁi of =cyxo inclﬁi of.
Since P = J;5¢ Pi, it follows that x € P; for some j > i, and thus B; ;(p) =
Bi.j(0') € Tp, .
For each i > 0 and each p € Tp, set ’7},‘: =a; 1(p). We also fix the following:

(a) Foreach f € Q,let f; € Homz(E, P;) be the restriction of f.

(b) For each p € Tp, fix a set Qf C Homg(E, P;) of representatives of the classes
in 7, [,’i . In particular, if f € Q represents the class p € Tp, then we choose f;
as the representative of its own class in 7; }‘,’i . Let also Q; = | | pETP Qf . By
definition there is an equality

(52 Te(P) = D Te(H*(BP):y") = (P Te(H*(BP):0).
vETP; weR;

(c) Foreach pe7p,eachi >0, and each w € Ql’.), fix an element x,, € P;4+1 such

that
. P
Cx, 0inclp T ow € QF
4

(such an element must exist since B;;+1[w] € T; [,’i - ). In the particular case
where w = f; (see (a) above), we choose x, = 1. Although the element x,,
clearly depends on i, we omit this dependence from the notation since it will be
clear at all times which i is involved.

Note that, since x,, € P;+1, we have

(5-3) Map(BE, BP;+1)5 = Map(BE, BP;+1)s,

-~ . P
where & = inclp ™

l

. P
ow and 0 = ¢y, oincly "' ow.
1
Fix p € Tp. Foreach i > 0 and each w € Qf , consider the homomorphism

Iy: Cp,(wWE) x E — P;,
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defined by T'y(a,y) =a-w(y) =w(y)-a. Fixi >0 and w € Qf, and let x,, be as
fixed in (c) above. Let also

~ . P; . P;
o= 1ncll,,fJrl ow and 0 =cx, omcll,fJrl ow.
1 1

Then there is a commutative diagram

To
Cp,(WE)x E —*—— P,

(incl,Id)l lincl

= Tz
Cp | (WE) X E ———— Pi1q

(cxe sId)J% %lcxw

Cp,(CE) X E — Piyq
o
which in turn induces the commutative diagram

BCp,(wE) ————=—— Map(BE, BP:),

B incll lB incls

(5-4) BCp,,,(@E) ——=—— Map(BE. BP; 11);

chwlg gl(chw)*

BCp;,(0E) —————— Map(BE, BPi11)s

by first passing to classifying spaces and then applying adjunction. Note that the
horizontal maps in the diagram above are homotopy equivalences by Step 1. Moreover,
recall from (5-3) that Map(BE, BP;+1) = Map(BE, BPi+1)s -

Let p € Tp, and let f € Q be its representative. We claim that there is an isomorphism
5-5) H(BCr () = im( @ H(BCr E))

i weQf
where the limit is defined by the homomorphisms

B incl ~ Bexg
Hy: BCp;(wE) — BCp, (W E) —— BCp,,(0E).

Note that the above limit does not depend on the choice of the elements x, in (c),
since a different choice would differ from x,, by an element in Cp, ,(0E).
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For each i > 0, let f; € Homx(E, P;) be the restriction of f as fixed in (a) above,
which is an element of Qf by (b), and let Qf = Ql/-’ \{fi}. For each w € Qf, set for
short A, = H*(BCp,(wE)). Then there are short exact sequences

0— P 40> P 4w > 47, —0

weQf weQ?

forall i > 0. Let also

be the morphism induced by the maps H, described above, and let ;41 be the

restriction of k;+1 to @, =T Ag . In order to prove (5-5) we use the above exact
1 . . .

sequences to construct an exact sequence of inverse limits.

Recall that 7p is the colimit of the sets 7p,. Thus, given i > 0, there exists some

M € N such that

P{‘+M o
1

[inclp w]:[ﬁ+M]e7},pi+M for all wle,

where f; s is the restriction of f to P;4 s as fixed in (a) above. For simplicity let
us assume that M = 1. In terms of mapping spaces, this means that, composing with
the inclusion map BP; — BP; 1, we have

| | Map(BE. BP;), — Map(BE. Pi 1)y,

weQf

+1°

and it follows that the morphism k; 1, defined in the previous paragraph, is simply the
trivial homomorphism. The morphism ;41 also induces a morphism Ay, | — Ay,
which is easily seen to coincide with the restriction homomorphism induced by the in-
clusion Cp, (f; E) < Cp,,(fi+1E). Summarizing, we obtain commutative diagrams:

li4+1 Ti41

00— @oeﬁfﬂ Aq @aleH Ag — Afi+1 —0

Ei+1=0l lki-i-l lreswl

Doegr Ao —— Buear 4o — Ay, 0

0

This produces a morphism of inverse systems, and hence, since the inverse limit functor
is left exact, there is an exact sequence

(5-6) 0—>1(i£1(€9 Aw)aliﬂl(@ Am)i>gi£1Aﬁ,

! weﬁf ! wle !
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where
Lln( P H*(BCH, (a)E))) =0
' weQ?
since the morphisms in the corresponding inverse system, namely k41, are trivial.
Thus, 7 is a monomorphism, and it remains to prove the it is also surjective. Let
(xi)ien be an element in lim, H*(BCp,(fiE)). That is, res; +1(x;+1) = x; for all
i > 0. Let also
Xi =77 (xi) € @ H*(BCp,(wE)).
weQf

Restricting the maps «; 41 to the sets X;41 produces an inverse system of sets, and the
resulting inverse limit X = lim, X; is nonempty by [33, Proposition 1.1.4]. Moreover,

by definition of the maps «;, any element in X is a preimage of (x;);en, and 7 is
surjective. Thus, we have

H(BCr(E)) = im 1 (BCr (/1) = lim( @) H*(BCh ED),
i i wle
where the leftmost isomorphism follows from Proposition 4.3, and the rightmost

isomorphism corresponds to 7 in (5-6). This proves (5-5).

Combining Step 1 and the above discussion, we deduce the following:

lim T (P;) = h;n( 4 TE(H*(BP»;w*)) = h;n( &P H*(Map(BE. BPl-)m))

! wEeR; ! weR;

~ m( P H*(BCh, (wE))) =~ (D H*(BCp(fE))
i \peQ; feq

>~ (P H*(Map(BE. BP);) = @ Te(H*(BP); f*) = Tg(P).
feQ SEQ

More precisely, the first equality holds by (5-2), while the last equality corresponds
to (5-1), the first isomorphism in the first row follows from Step 1, the isomorphism
between the last term in the first row and the first term in the second row follows from
Step 1 together with the leftmost diagram in (5-4), the middle isomorphism in the
second row holds by (5-5), and the rest follows again from Step 1.

Step 5 The isomorphism Tr (H*(F); jE) il H*(Cx(E)). Consider the fusion sys-
tem Cr(E) over Cs(E), and consider also the set of fusion subsystems {Cz; (E)}i>0.
This setup satisfies the conditions of Lemma 4.1: clearly, Cs(E) = ;- Cs, (E),
since S = |J;¢ Si. and every morphism in Cx(E) eventually restricts to a morphism
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in Cz, (E) for i big enough, since the fusion systems F; are part of an approximation of
(S, F, L) by p-local finite groups. It follows that there is a sequence of isomorphisms
T (H*(F); j&) = lim T (=) 2 lim(lim 7 (-))
F i Fi
~ lim H* (Cx, (E)) = H*(Cr(E)).

i
where the first isomorphism follows from Steps 3 and 4 combined, the second iso-
morphism is a consequence of Lemma 4.1, since we have checked in Step 4 that Tg
satisfies condition (), the third isomorphism follows from [6, Lemma 5.7], since we
have shown in Step 2 that E can be assumed to be fully F;—centralized for all i, and
the last isomorphism is a consequence of Proposition 4.3. |

Remark 5.2 Let G = (S, F, £) be a p—local compact group, and let {(S;, i, Li)}i>o0
be an approximation of G by p-local finite groups. Let also £ < S be an elementary
abelian subgroup which is fully centralized, and let jg be as above. Without loss of
generality we may assume that £ < S; for all i >0, and that E is fully F;—centralized
forall i > 0. Let jg;: H*(F;) - H*(BE) be the map induced by the inclusion
E < S§;, forall i > 0. In this situation, we have just proved that

Te(H*(F); jg) = Tg (lim H* (7); j& ) = lim Tg (H* ()); j£.0).
i i

In other words, the functor 7 commutes with the inverse limit lim, H *(Fi). We do
not know of any general result about the functor 7¢g commuting with infinite inverse
limits.

The proof of Theorem 5.4 below requires the following result involving the quotient of a
linking system by a normal discrete p—toral subgroup. The following is a generalization
of [6, Lemma 5.6] to the compact case.

Lemma5.3 Let G=(S,F, L) bea p—local compact group, and let L be the telescopic
linking system associated to L in Example 2.8. Let also V < S be a central subgroup
in F of order p, and let (Z/ V., €, p) be the quotient transporter system, associated to
the saturated fusion system F/V . Finally, let (C/ V)¢ € L/V and Lo C L be the full
subcategories with object sets

Ob((L/V)°)={P/V € Ob(L/V) | P/V is F/V—centric},
Ob(Ly) = {P € Ob(L) | P/V € Ob((L/V)°)},
respectively. Then the following hold:
() (£/V)€ is a linking system associated to F/V .
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(i) BV — |Lo |1/7\ — [(Z/ V)C|I’,‘ is a fibration sequence.

(ii1) The inclusion Zo - L induces a homotopy equivalence |Zo |;,\ ~ BG.

Proof Clearly, all the F—centric subgroups of S must contain V', since V is abelian
and F—central. Thus, for all P, Q € Ob(Z), it follows by axiom (C) of transporter
systems that the left and right actions of V' on Morz(P, Q) (via composition with
eg(V) and ep(V), respectively) are the same. Since the proof is rather long, it is
divided into steps for the reader’s convenience.

Step 1 For each P < S which contains V', we claim that
P fully F—normalized = P/V fully F/V—centralized =— I'p < Autg(P).

Let P < S be such that IV < P, and note that Autx(V) = {Id}, since V is central
in F. Thus, the subgroup

I'p := Ker(Autz(P)— Aut]:/V(P/ V)

is a discrete p—toral normal subgroup of Autz(P) by Lemma 1.7. Since F is saturated,
every subgroup of S is F—conjugate to a fully F—normalized subgroup. Similarly,
since F/V is saturated, every subgroup of S/V is F/V—conjugate to a fully 7/ V-
centralized subgroup. Thus it is enough to show the following: if P, Q < S are
JF—conjugate subgroups such that P/V is fully F/V—centralized and Q is fully
F-normalized, then Q/V is fully F/V—centralized and I'p < Autg(P).

As shown above, the group I'g is a normal discrete p—toral subgroup of Autz(Q).
Furthermore, since Q is fully F-normalized we have Auts(Q) € Syl (Autz(Q)), and
thus I'g < Autg(Q). By axiom (II) of saturated fusion systems, every isomorphism
f €lsox(P, Q) extends to some y € Homz(Ny, Ns(Q)), where

Ny ={g e Ns(P)| focgo f! € Auts(Q)}.

Set NJ(P) ={g € Ns(P) | ¢g € Tp}, and notice that NJ(P)/V = Cg;y(P/V).
We claim that Ng.(P) < Ny¢. To prove that, fix g € Ng.(P) and a € Q, and set
b = f~1(a) € P. By definition, cg (b) = bv for some v € V, and we have

(fogo fTH)(@) = (focg)b) = f(bv) = f(b)v = av,

where f(bv)= f(b)v since V iscentralin F and V < P, Q (and thus the morphism f
restricts to the identity on V).

The above implies that y restricts to y € Homz(N g (P),N g(Q)) , which in turn factors
through a homomorphism

y € Homz,y (Cs;v(P/V),Cs/v(Q/V)).
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Since P/V is fully F/V—centralized, it follows that ¥ is an isomorphism and Q/V
is also fully F/V —centralized. Furthermore, y must be an isomorphism too, and thus
I'p <Autg(P).

Step 2 We show now that the category (Z / V)¢ is a centric linking system associated
to F/ V. First notice that (£/ V)¢ is a transporter system associated to 7/ V by the
above remarks, and thus we only have to check that, for each object P/V of (L/V)¢,

EP/V):= Ker(Aut(Z/V)c(P/ V) — Aut;/V(P/V)) =ep/v(Z(P/V)).

Fix P/V € Ob((£/V)), and consider the commutative diagram

Autz(P) ——— Autz,, (P/V)

PPl lﬁp/v

where pp and pp,y denote the corresponding structural functors in the transporter
systems £ and L/ V', respectively. By definition, we have

Ker(zp) =ep(V), Ker(pp) =ep(Cs(P)), Ker(wp)=Tp,

and an easy computation shows then that E(P/V) = tp({(ep(Cs(P)), ep (Ng(P)))).
In particular it follows that E(P/V) is a discrete p—toral group. To finish the proof,
recall that P/V is F/V —centric, and in particular it is fully F/V —centralized. Thus
Z(P/V) € Syl,(E(P/V)), which implies that E(P/V) = Z(P/V).

Step3 BV —|Lo |A —|(L/V)* |’\ is a fibration sequence. Usmg [7, Lemma 4.3(a)] it
is easy to check that each undercategory for the projection of Lo onto (L / V)¢ contains
a category equwalent to B(V) as a deformation retract. Thus, by Quillen’s Theorem B,
the map |Lo| — |(£ / V)| has homotopy fiber BV. By [3, IL5.1], the fibration
sequence BV — |L‘0| — |(£/ V)€| is still a fibration sequence after p—completion.

Step 4 The inclusion Lo € L induces a homotopy equivalence |£0|A ~ BG. Notice
that the functor (— ) restricts to a functor (—)® on Lg. Indeed, let P € Ob(L‘ )\Ob(Zo),
and let Q € Ob(£) be such that V < Q and Q* = P. Then Q/V < P/V, and
since P/V is not F/V—centric by assumption, neither is Q/V . Thus Q ¢ Ob(Ly).
Conversely, if Q € Ob(Lg), then clearly O® € Ob(Zo).

Also, note that if Zﬁo contains £° then the claim follows easily. Thus, fix some P < §
in £° but not in ZO. In particular, P is F—centric, and V < P, but P/V is not
F/V—centric. By replacing P by a conjugate if necessary, we may assume that
Cs/v(P/V)# Z(P/V), and thus there is some gV € S/V such that gV ¢ P/V
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and [gV, P/V]=1. Equivalently, there is some g € S suchthat g¢ P and [g, P]=V .
Furthermore, cg € Autz(P) cannot be an inner automorphism, because if this was
the case then ¢g = ¢y for some x € P, and gx 1 eCg(P)\ P =0, since P is
F—centric. Thus c¢g is a nontrivial element of Ker(Outz(P) — Outz;y(P/V)), and
thus P is not F-radical. In other words, we have shown that Zo contains all F—centric
F-radical subgroups. By [8, Corollary A.10] the inclusion Lo € £ induces a homotopy
equivalence |Lg |» ~ BG. O

Let G = (S, F, L) be a p-local compact group, and let P < .S be a fully F—centralized
subgroup. Let also Cg(P) = (Cs(P),Cxr(P),C-(P)) be the centralizer p-local
compact group of P defined in Definition 1.22, with classifying space BCg(P), and
let B(P) be the category with a single object op and P as automorphism group. By
Lemma 1.20, if Q < Cg(P) is Cx(P)—centric then QP is F—centric. Thus we can
define a functor

Iep: Co(P)xB(P)— L

by setting I'z, p(Q,0p) = QP for each Cx(P )—centric subgroup of Cs(P). Given a
morphism (¢, g) € Morc,(pyxs(P)((Q,0), (R,0)), the functor I" is defined by

Iz p(p.8) =¢oegp(g) =crp(g) oo,

where the last equality follows from condition (C) of transporter systems, since the
underlying homomorphism of ¢ € Mor;(QP, RP) restricts to the identity on P by
definition of C.(P). By first realizing nerves and then p—completing, we obtain a map

BCg(P)x (BP)y — BG

(notice that (BP)I’,\ is not necessarily equivalent to BP since P is a discrete p—
toral group). By taking adjoint first and then precomposing with the natural map
BP — (BP)’y, we obtain a map

F/E,P: |C£(P)|£ - Map((BP);)\’ Bg)incl - Map(BP’ Bg)incl-
Theorem 5.4 Let G = (S, F, L) be a p—local compact group, let P be a discrete

p—toral group, and y: P — S be a group homomorphism such that y(P) is fully
F—centralized in F. Then

I} ypy: BCo(y(P)) = Map(BP. BG)gy

is a homotopy equivalence.
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Proof Our proof follows the same strategy as the proof of [6, Theorem 6.3]. The
referee suggested an alternative to the cases 1-3 below, which we briefly discuss after
the proof. By [7, Proposition 6.2], for each y € Hom(2P, §),

(5-7) Map(BP, BG)py = Map(By(P), BG)incl.

Thus, it suffices to prove the statement when P < § is fully F—centralized and y is
the inclusion. The proof is divided into several cases for the reader’s convenience.

Case 1 Suppose that P is elementary abelian. In this case, by [27, Theorem 0.5], it
is enough to prove that I'z p induces an isomorphism

Tp(H*(BG);incl*) = H*(BCg(P)).

By Theorem 4.4, H*(BG) =~ H*(F), and H*(BCg(P)) =~ H*(Cx(P)), and the
above isomorphism follows from Lemma 5.1.

Case 2 Suppose that P is a normal subgroup of F, thatis, Nz(P)=F. Let Lo S L
be the full subcategory whose objects are the subgroups O < § such that Co(P) is
Cr(P)—centric.

In order to prove the statement in this case, we first need to show that the inclusion
of Lo into £ induces an equivalence [Lo|, =~ |L];. By [8, Corollary A.10], it is
enough to check that Ob(F¢") C Ob(Ly).

Let Q € Ob(L) be an F—centric subgroup of S which is not an object in Ly. We claim
that Q is not F-radical. Set Q9 = Cp(P), and note that every element of Autz(Q)
restricts to an automorphism of Q¢ since P is normal in F. Furthermore Q¢ < Q,
and we can define

K= Ker(Aut]:(Q) — Autz(Qo) X Aut(Q/Qo)) <1 Autz(Q).

Note that K is a discrete p—toral subgroup of Autz(Q) by Lemma 1.7. In order to
prove that Q is not F-radical, it is enough to check that 1 # K £ Inn(Q).

By assumption Q¢ ¢ Ob(Lg), and thus Qg is not Cx(P)—centric. Thus, we may as-
sume that Cc(p)(Qo) £ Qo, since otherwise Q can be replaced by an F—conjugate R
such that the corresponding subgroup Rg = Cr(P) is Cx(P)—conjugate to Q¢ and
satisfies the desired condition. Set

01:=Cs(QoP) = Ccg(p)(Qo).

As discussed above we have Q1 £ Qo =Cg(P),and thus, 01N Q =Co(QoP) =< Qo,
and Q1 £ Q. Also, Q < Ng(Q1) by definition, and thus Q10 < § is a subgroup.
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Note that Q = 010, and thus Q = Ng,0(Q). Choose some x € Np, 0(Q) such
that x ¢ Q. Then

[x,.0]={xax'a"'|ae 0} < 01N Q < Qo.

and hence ¢, € K. Since x ¢ Q and Q is F—centric, it follows that ¢, ¢ Inn(Q), and
thus Q is not F-radical.

Let (Lo)p,1a be the category with object set the pairs (Q,«), for Q in Ly and « €
Homz(P, Q) and such that

Mor(z) o ((Q. ). (R, ")) = {p € Morz(Q. R) | &’ = p(p) ot}

This is equivalent to the component of the object (P, Id) in the category £€ of [7,
Proposition 6.2], and hence there is a homotopy equivalence

Map(BP, | Lol )inet = [(£)p1al,-

At this point, one can define functors

(£0) pa == Cc(P)

in the same way as they are constructed in Step 2 of the proof of [6, Theorem 6.3],
and which are inverse to each other up to natural transformation. This implies that the
composite

T ~ ~
BCg(P)— |(Lo)pal, — Map(BP, |Lo|y)inct — Map(BP, BG)inci
is a homotopy equivalence, and by construction it is equal to FZ P

Case 3 Suppose that P is a finite subgroup of S'. As an induction hypothesis, we can
assume that the statement holds for all maps with source BP’, with |P’| < |P|, and
all p—local compact groups.

Fix a subgroup V < P N Z(Ng(P)) of order p, and note that Ng(P) < Cs(V). By
[8, Lemma 2.2(b)], there exists some @ € Homz(Ng(V), S) such that (V) is fully
F—centralized. Hence, there is an inequality |Ns(w(P))| > |Ns(P)| which is in fact
an equality since we are assuming P to be fully F—normalized.

We may replace P and V by w(P) and w(V), and assume that V is fully F-
centralized and P is fully F—normalized. Furthermore, P is fully normalized in
the saturated fusion system Cx(V'), since Ng(P) = Ncgw)(P).

By Case 1, the map BCg(V') — BG, induced by the inclusion C.(V) C £, induces a
homotopy equivalence Map(BV, BCz(V))ina = Map(BV, BG)inc1, and hence also a
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homotopy equivalence

Map((EP)/ V. BCg(V))inet — Map((EP)/ V. BG)inci

which is P/V—-equivariant (where the action of P/V is the action induced by the
original action of P on EP). This is still a homotopy equivalence after considering
homotopy fixed point sets by [16, Remark 10.2], and thus we obtain another homotopy
equivalence

[Map((EP)/ V. BCo(V)ina]"'" = [Map((EP)/ V. BGYna]"' ",

Notice that E(P/V) xp,y (EP)/V ~ BP with the given actions (here P/V is
acting diagonally on E(P/V)x(EP)/V). Let X = BCg(V) or BG. By definition
of homotopy fixed point sets, we have

W(P/V)
]

[ Map((EP)/ V. X) = Mapp,y (E(P/V),Map((EP)/V, X))

~ Mapp,y (E(P/V)x (EP)/ V. X).

where the rightmost equivalence follows by adjunction. Furthermore, P/ V acts trivially
on X, and thus it follows that

Mapp,y (E(P/V)x(EP)/V,X) ~Map(E(P/V)xp;y (EP)/V,X)
~ Map(BP, X).

Thus, the equivalence of homotopy fixed point sets above induces the equivalence
Map(BP’ BCQ(V))incl — MaP(BP, Bg)incl-

We can suppose that £ = C.(V'), and hence that V' is central in L. Let G/V be the
quotient of G by V', as described in Definition 1.25. In particular, 7/ V is a saturated
fusion system on S/V, and £/V is a transporter system.

Consider the full subcategories Lo € £ and (£/ V)¢ C L/V whose objects are the
subgroups Q < §, respectively Q/V < S/V, such that Q/V is F/V—centric. In
particular, (£/ V)¢ determines a centric linking system associated to 7/ V', and there
are homotopy equivalences |Lo|; >~ BG and [(L/V)°|; =~ [L/V]}.

Finally, let also ' = Nx(P), £ = Nz(P), and define £'/V, L € £ in a similar
way as done above. It follows by Lemma 5.3 that there are fibration sequences

P

BV Lol I(£/ V),

d)/
(L /V)

BV AR
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and hence also a homotopy pullback square

I

Map(BP, |Ly|%). Map(BP, |Lo|%)incl

@/O_J l%_

Map(BP9 |(£// V)C|2)<I>01ncl T) Map(BP’ |(£/ V)C|S)Q>oincl

where Map(BP, | L] S)L is the union of the connected components which map to the

inclusion in |Lo|7; and to ®oincl in [(£'/V)¢|,, and Iy, I are inclusions.

By (5-7), together with the induction hypothesis, and since P/V has strictly smaller
order than P (recall that P is finite by hypothesis), there are homotopy equivalences

’
L/V.P/V

r
|Ceyvye (P V) ———=— Map(B(P/V),[(L/V)|})incl

—oproj
T> Map(BPv |(£/ V)c |2)foincl

and similarly for maps to |(£'/V)¢|}. Since I'}, Jv.pv 1s the composite of 7, VPV

with the inclusion by definition, this shows that the map I, in the diagram above

is a homotopy equivalence, and hence so is /. In particular, Map(BP, |L| 1/7\)L is

connected and contains the component of the inclusion. Thus, Case 3 follows from
/

Case 2 applied to the mapping space Map(BP, || Iﬁ)incl.

Case 4 Suppose that P is an infinite discrete p—toral group. By Corollary 1.24, there
is a sequence of subgroups Py < Py <--- such that P = J,,~ Pn. and such that P,
is fully F—centralized with Cg(P,) = Cg(P) for all n > 0. We have a sequence of
homotopy equivalences

Map(BP, Bg)incl = MaP(hOCOHm BPy, Bg)incl
=~ holim Map(BPy,, BG)inc
~ holim BCg(P,) = BCg(P),

where the equivalence Map(hocolim BPy,, BG)inc >~ holim Map(BPy,, BG)inc follows
from [18, Proposition 2, page 187]. This finishes the proof. |

The reader may think of replacing Cases 1, 2 and 3 in the proof above by the following
argument. Given a p—local compact group G = (S, F, £) and a fully F—centralized
finite subgroup P < S, consider the centralizer p—local compact group Cg(P) =
(Cs(P),Cx(P),Cr(P)) of P in G. Set for short Z = Cs(P), £ = Cx(P), and
T = Cz(P). Given a fine unstable Adams operation (see Definition 1.15), we may
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assume that W(P) = P, since P is a finite subgroup of S, and thus W restricts to a
fine unstable Adams operation on Cg(P).

This way, W defines approximations of G and Cg(P) by p-local finite groups, namely
{(S;i, Fi, Li)}i=o and {(Z;,&i, Ti)}i>0, respectively. Moreover, we may assume that
P < §; forall i > 0. It is not hard to see that Z; = Cg, (P) for all i > 0, since
Zi =7ZNS; =Csg(P)NS;. The main difficulty of this argument is that it is not
clear whether &; corresponds to the centralizer fusion system of P in F; for any i.
Essentially, the main problem is that the finite retraction pairs for G and Cg(P) given
in Example 2.8 do not agree with each other in general, and Example 2.9 does not apply
to this situation, since in general Cg(P) does not have finite index in S. One could
drop this last condition, but at the price of dealing with a more complicated situation.

Remark 5.5 With the above description of the homotopy type of the mapping spaces
Map(BP, BG), one could now generalize the results of Broto, Castellana, Grodal, Levi
and Oliver [4; 5]. More precisely, [4, Theorem A] has already been proved for p-local
compact groups as [8, Theorem 4.2], and [4, Theorem B] would follow easily now from
our result above. Regarding [5], some results have already been extended to p—local
compact groups in [24, Appendix B], and the rest would follow by the same arguments
(with some minor modifications). We omit this for the sake of brevity of this paper.
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