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Universal polynomials for tautological integrals
on Hilbert schemes

JORGEN VOLD RENNEMO

We show that tautological integrals on Hilbert schemes of points can be written in
terms of universal polynomials in Chern numbers. The results hold in all dimensions,
though they strengthen known results even for surfaces by allowing integrals over
arbitrary “geometric” subsets (and their Chern—Schwartz—MacPherson classes).

We apply this to enumerative questions, proving a generalised Gottsche conjecture
for all isolated singularity types and in all dimensions. So if L is a sufficiently ample
line bundle on a smooth variety X , in a general subsystem P¢ C |L| of appropriate
dimension the number of hypersurfaces with given isolated singularity types is a
polynomial in the Chern numbers of (X, L).

When X is a surface, we get similar results for the locus of curves with fixed “BPS
spectrum” in the sense of stable pairs theory.

14C05, 14N10, 14N35

1 Results

Let X be a projective, nonsingular, connected, complex variety of dimension d,
and let E be an algebraic vector bundle on X. Denote by X [] the Hilbert scheme
of length n subschemes of X, and let £ (] be the tautological bundle on X ("] with
fibre H°(Z,E|z) at Z € X1

We study integrals of products of Chern classes of E over what we call geometric
subsets of X1 Geometric subsets form a natural class of subsets definable without
reference to the global geometry of X . We define the geometric subsets as follows.

Denote by Hilby ((Cd) the punctual Hilbert scheme, that is, the closed subvariety
of Hilb™(C%) parametrising subschemes supported at 0 € C?. Let Q1,..., 0k be
constructible subsets of Hilbgi (C%) such that if Z € Qi and Z’' =~ Z as C-schemes,
then Z’ € Q;. We can then define a subset P C Hilb” (X) by

P={Zex"|z=2z,u.--uZ Zisof type 0;},
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where LI denotes disjoint union, n = ) n;, and “Z; is of type Q;” means that there
exists a Z € Q; such that Z; =~ Z as a C—scheme. We declare P to be a geometric
subset, and in general define a geometric subset of X (] to be any subset obtained by
taking finite unions, intersections and complements of sets of this form.

The statement that P € X[ is geometric implies two properties of P: that P is
constructible and that for any Z,Z’ € X ("] such that Z =~ Z’, either Z,Z' € P
or Z,Z' ¢ P. Being geometric is a stronger requirement than satisfying these two
properties; see Example 2.9.

A k—variable Chern polynomial is a polynomial in the formal variables cl.(j ) ,where i >1
and 1 < j < k. We treat such a Chern polynomial as a function from k—tuples of

vector bundles to cohomology by the rule
c(Er,..., Ex) = ci(E)),

extended linearly and multiplicatively to all Chern polynomials.
r ] i(j ). The weight of a Chern
monomial cl(lj V... Ci(,f 2 is defined to be 22:1 im, so that treating a Chern monomial

of weight / as a function, its image will be in H?/(X). Denote by CM(k, [) the set
of k—variable Chern monomials of weight /.

A Chern monomial is a monomial in the variables c¢

Let Y be a complex, proper scheme. If P CY is a closed, pure-dimensional subset, we
let cm(P) € H«(Y) denote the Chern—Mather class of P. If P C Y is a constructible
subset, we let csm(P) € H«(Y) denote the Chern—Schwartz—MacPherson class of P.
The constructions and basic properties of these classes are reviewed in Section 2.

Theorem 1.1 Let X be a smooth, projective, connected variety of dimension d ,
E an algebraic vector bundle on X, and F a (1—variable) Chern polynomial. Let N
be given by either
(i) N =deg(F(EM)N[P]), for P < X" closed, pure-dimensional and geometric,
(i) N =deg(F(E™)Nem(P)), for P < X" closed, pure-dimensional and geo-
metric, or
(i) N =deg(F(EM)Ncsm(P)), for P € X" geometric.

Then there exists a polynomial G in the variables {xp }precm(2,4) - depending only
on F, the rank of E and the type of P, such that if we assign to xps the Chern number
deg M(Tx, E)N[X], we have N = G((xp1)).

Moreover, if every point Z € P represents a subscheme with support in at most m points,
the degree of G is at most m.
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Universal polynomials for tautological integrals on Hilbert schemes 255

Part (i) of Theorem 1.1 follows easily from either (ii) or (iii). We state (i) sepa-
rately because it has applications to counting singular curves and hypersurfaces; see
Sections 1.1.1 and 1.1.2. Part (iii) yields a different application to the problem of
counting singular curves; see Section 1.1.3. While we give no separate applications of
part (ii), the initial step of our proof is a reduction to a statement close to (ii) —see
Lemma 4.4 —and so in the main part of the proof we work with Chern—Mather classes.

IfdimX <2orn <3, then X [ is nonsingular (Fogarty [7, Theorem 2.4]; Cheah [4,
Theorem 3.2.2]), and so the tangent sheaf Ty is locally free. We can then extend
Theorem 1.1 by including Chern classes of Ty as follows.

Theorem 1.2 Assume that either dim X <2 orn < 3, so that X ("] is smooth. Let F
be a 2—variable Chern polynomial. Theorem 1.1 then holds with F(E) replaced
by F(Tyu, E) everywhere.

Remark Assuming that X is connected is not a big restriction, as the computation of
tautological integrals for a general X are easily reduced to the connected case.

An outline of the proof of Theorems 1.1 and 1.2 is given in Section 3, and the formal
proof occupies Sections 4 and 5.

In Section 6, we show that a certain generating function for some Chern integrals
of part (i) of Theorems 1.1 and 1.2 can be given a particular product form.

The strategy of the proof of the main theorem is motivated by J Li’s paper [23], where
he shows that the degree of the virtual fundamental class on the Hilbert scheme of
points on a threefold X is given by a universal polynomial in the Chern numbers
of X. We adopt an overall strategy similar to that in [23], ie to transfer the problem to
the Hilbert scheme of ordered points X (71 (Definition 2.2) and then approximate by
classes defined on the schemes X [®1 (Section 3.2). Dealing with geometric subsets,
the tautological bundles E ["] and Chern—Mather and Chern—Schwartz—MacPherson
classes requires new ingredients.

A special case of Theorem 1.2 has been proved by Ellingsrud, Géttsche and Lehn [6]
using a completely different method. In our terminology, they treat the case where X
is a surface and the geometric subset P is the whole of X ],

We note that the method of [6] yields a recursion which computes the universal polyno-
mial explicitly. In contrast, our method is nonconstructive and relies at a crucial point
on the fact that an element in the cohomology ring of a Grassmannian is a polynomial
in the Chern classes of the universal bundle. Lacking a method of obtaining information
about this polynomial, there is no apparent way of turning our proof into an algorithm.
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256 Jorgen Vold Rennemo

When X is a surface, the cohomology groups H*(X [?]) have a well-understood
description by the work of Grojnowski [12] and Nakajima [29]. Using this description,
one can ask for a computation of tautological Chern classes lying in H k (X [”]) forany k,
instead of just the degree of a class in H2"(X["]); see eg Lehn [22], Boissiére and
Nieper-Wisskirchen [2] and Nieper-Wisskirchen [30] for examples of such computations.
Our method is tailored to computing degrees rather than full cohomology classes and
does not apparently apply to these more general questions.

For smooth X of any dimension, Cappell, Maxim, Ohmoto, Schiirmann and Yokura [3]
give an explicit formula for cgy(X "), considered as an element in Hy(Sym”™(X), Q)
by pushing forward along the Hilbert—-Chow morphism. Our proof relies on the fact
that the Chern—Mather class is defined by taking Chern classes of the Nash bundle,
and it is not obviously applicable to computations involving characteristic classes not
defined via a bundle in this way, such as the Todd and Hirzebruch classes treated in [3].

1.1 Enumerative applications

1.1.1 Counting singular curves in surfaces The main motivation for our result is
to generalise the result known as the Gottsche conjecture, which by now has several
proofs; see Kazaryan [16], Kool, Shende and Thomas [21], Liu [25] and Tzeng [35].
We recall the statement of the conjecture. Fix a surface S with a line bundle L which
is “sufficiently ample”, eg L is a sufficiently large power of a very ample line bundle.
The precise definition of sufficiently ample uses the concept of N—very ampleness;
see Section 7.

Let § be a positive integer, and call a curve §—nodal if it has § nodes and no other
singularities. If L is sufficiently ample, the locus of §—nodal curves in |L| has the
expected codimension §, so that in a general linear subsystem PS¢ |L| there is a
finite number of §—nodal curves. The simplest form of the conjecture is then that there
exists a degree-§ polynomial Gg in four variables, independent of S and L, such that
the number of §—nodal curves equals

Gs(c1(L)*, c1(L)e1(S), c1(5)%, c2(9)).

Our main application is the generalisation of this result to the case of curves with more
general specified singularity types. Our approach follows the idea of Gottsche used
in [10, Section 5] to reduce the problem of counting nodal curves to an integral on
the Hilbert scheme. He defines a closed subset W C § [38] and shows that the number
of §—nodal curves in the linear system P?® equals the degree of

cas (LB N w1,
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Universal polynomials for tautological integrals on Hilbert schemes 257

assuming L is (56—1)—very ample. This idea was used by Tzeng [35] in her proof of
the Gottsche conjecture, which uses degenerations of S to show that the degree of the
above class is a polynomial in the Chern numbers of (S, L).

The set W appearing above is geometric, hence our theorem yields a different proof
of Tzeng’s result. Since our main theorem deals with more general loci in the Hilbert
scheme of points, we may generalise the statement of Tzeng’s theorem, replacing
d—nodal curves with curves having other specified singularity types.

Proposition 7.2 Let S be a smooth, projective, connected surface, let L be a line
bundle on S, and let T1,...,T; be analytic isolated singularity types. There are
expected codimensions d; associated with each T;, and weletd =) _d; .

There is an integer N and a rational polynomial Gty of degree k in four variables,
depending only on the T;, such that if L is N—very ample, then in a general P4 c |L|
the number of curves having precisely k singularities of types T; is

G (1 (L), er(L)er(S), e2(S), ¢}(S))

The same statement holds when the T; are topological rather than analytic singularity
types.

For the original problem of counting nodal curves, the numbers of curves having k
nodes form a generating function

Groaal (S. L) = Y Gg(c1(L)% c1(L)er(S). c1(5). e2(8))g®.
§>0
which was conjectured by Gottsche [10, Proposition 2.3] and shown by Tzeng [35,
Theorem 1.3] to have a specific product form

2 2
Grogal(S. L) = BT prer®) g pea®) - ypore B, e Qq]).

We generalise this statement as Corollary 7.3: Fixing distinct types 7;, collect the
universal polynomials for the number of curves having m; singularities of type 7; in a
generating function; this then admits a product expansion similar to the above.

Both Proposition 7.2 and Corollary 7.3 have recently been obtained independently
by Li and Tzeng [24] via a generalisation of Tzeng’s degeneration approach.

1.1.2 Counting singular hypersurfaces By the same method we are able to count
hypersurfaces with isolated singularities in arbitrary dimensions.
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Proposition 7.8 Let X be a smooth, projective, connected variety, let L be a line
bundle on X, and let Ty, ..., Ty be analytic isolated singularity types. There are
expected codimensions d; associated with each T;, and we let d = )_ d; .

There is an integer N and a rational polynomial Gty in the Chern numbers of (X, L),
depending only on the T;, such that if L is N—very ample, then in a general P4 C|L|
the number of divisors having precisely k isolated singularities of types T; is given

by G(T,') .

As in the curve case, a generating function for these universal polynomials can be
written in a product form similar to the one of Corollary 7.3.

1.1.3 Counting curves with given BPS spectra A different application of the main
result concerns the locus of curves in a PX C |L| having given “BPS spectrum”. For a
reduced, complete, locally planar curve C with arithmetic genus g(C) and geometric
genus g(C), we consider the generating function

o0
He(q) =Y x(C¥hgk.
k=0
Pandharipande and Thomas [32] show that there are n; ¢ € Z for i = g(C),...,g(C)

such that
g(C)

He(@)= ) nmica* O~ (-
i=g(C)
If C is smooth, we have Hc (q) = (1 —¢)%8(©)~2 5o this result can be interpreted as
saying that in general Hc (¢) decomposes as a sum of n; ¢ copies of g& (C€)—i Hc;(q)
where C; is smooth of genus i. We define m; ¢ = ng(c)—;,c, and it is then easy to
check that the sequence of integers (m;,c)72,, depends only on the analytic types of
the singularities of C. We refer to the sequence (m; c) as the BPS spectrum of C.

Recent work of Maulik [28], settling a conjecture of Oblomkov and Shende [31],
shows that the BPS spectrum of C is explicitly determined by the Milnor numbers and
HOMEFLY polynomials of the links of the singularities of C. As a consequence, the
BPS spectrum depends only on the topological types of the singularities of C.

We show the following proposition.

Proposition 7.9 Let S be a smooth, projective, connected surface, let L be a line
bundle on S, and let k € Z>o. Let m = (m;)?2,, be a BPS spectrum, and denote
by |L|m C |L| the locus of curves with BPS spectrum m .
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There is an integer N and a rational polynomial G, in four variables, depending only
on k and m, such that if L is N—very ample, then for a general P¥ C |L| we have

X(PX N |Llm) = Gm(c1(L)2 c1(L)er(S), e1(S)?, c2(S)).

This generalises the approach of the proof of Kool, Shende and Thomas [21] of the
Gottsche conjecture, which implicitly proves the special case of the above proposition

where m is the spectrum of a §—nodal curve; that is m = (m;) with m; = (f)

Let us sketch part of the proof in order to illustrate how Theorem 1.1(iii) is applied.
Let V=Ck+t1c HO(S, L) be the linear subspace corresponding to the general PX C|L|.
For any n, there is a canonical map ¢: V ® Ogin) — L and we let D, (¢) < S be
the " degeneracy locus, ie where the map ¢ has rank <r. Applying basic properties of
the Euler characteristic and an elementary argument allows us to express )((IP”‘ N|L|m)
as some sum of terms x(D,(¢) N P), where P is a geometric subset in S

Taking L sufficiently ample and V' general, we may assume that ¢ satisfies a certain
genericity condition. Then by Parusifiski and Pragacz [33, Theorem 2.10] we may
express y(Dr(¢) N P) as a polynomial in csy(P) and the Chern classes of L,
which we can further express as a universal polynomial in the Chern numbers of (S, L)
by Theorem 1.1(iii).

We note that in the proof of Proposition 7.9 it is essential to be able to take integrals
over general geometric subsets of S ("] This is in contrast to the argument of [21],
where the integrals needed were taken over the whole of S ("] and so were already
computed in Ellingsrud, Gottsche and Lehn [6].

1.2 Conventions

We work over the base field C throughout, and it is essential to our proof that we can
consider the underlying complex analytic spaces of the varieties involved.

In the proof of Lemma 5.9, our argument is based on singular (co)homology. Apart
from at this point the reader is free to use their favourite (co)homology theory (eg sheaf
cohomology).

We always take (co)homology with coefficients in Q. Note, however, that if the
polynomial F' in the main theorems has integral coefficients, then the numbers N
computed will all be integers.

By the degree of a class in H«(X) we mean its pushforward to H,(pt) = Q. In dealing
with algebraic subsets of Hilbert schemes we always give these the reduced scheme
structure; in particular, this applies to the Hilbert schemes themselves.
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260 Jorgen Vold Rennemo

If m is some number defined in terms of the data X, E, P, F of the theorem, we
will use the shorthand “m is universal” to mean that there exists a polynomial in the
variables xjs computing m, depending only on F and the type of P, as in the main
theorem.

1.2.1 Douady spaces We will need the analogues of Hilbert schemes in the category
of complex analytic spaces. These are called Douady spaces and were first constructed
by Douady in [5]. If U is an analytic variety, we write U [] for the Douady space
parametrising closed O—dimensional length-n subspaces.

If U is an analytic open subset of the projective algebraic variety X, then U "] ¢ xn]
is an analytic open subset, and the structure of analytic space on U [] is inherited from
that on X! In particular the Douady space and Hilbert scheme of X are isomorphic
as analytic spaces. The two key properties we will need are:

e There is an analytic map U [l Sym”(U) known as the Douady-Barlet
morphism, analogous to the Hilbert—Chow morphism in the algebraic setting.
Analyticity of the map follows from the fact that the Hilbert—-Chow morphism is
algebraic; see also Magnusson [27].

e The structure of U is determined by the complex analytic structure of U, so

that an isomorphism of analytic varieties f: U — V induces an isomorphism
.yl s ylnl,

Acknowledgements I thank Martijn Kool, Ragni Piene, my supervisor Richard Thomas
and Yu-jong Tzeng for valuable discussions and comments on this paper. In particular,
Piene pointed out to me the results of [18] used in Section 7.1.2. Many thanks also to
the referees for very useful comments and corrections.

2 Preliminaries

Let X be a smooth, projective, connected variety of dimension d, and let £ be an
algebraic vector bundle on X . We give the definition of the tautological bundle E [n]
and recall the construction of the Chern—Mather and Chern—Schwartz—MacPherson
(CSM) classes.

In Section 2.3 we introduce the scheme X[ and in Section 2.4 we discuss the notion
of geometric subsets of X! and x 71
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Universal polynomials for tautological integrals on Hilbert schemes 261

2.1 The tautological bundle

Denote by Z C X ("] x X the universal subscheme over X [”], and let p: Z — X and
q: Z — X[ be the projections. The tautological bundle E" on X is defined as

EM = g.(p*(E)).

The flatness of ¢ implies that E] is locally free, and we see that the fibre of E] at
a point Z € X" is the vector space H°(Z, E|z).

2.2 Chern classes

We next review the Chern—Mather and Chern—Schwartz—MacPherson classes. These
classes are generalisations to singular varieties of the Poincaré dual of c¢,(7y) for a
smooth, proper Y, so for such Y we have

esm(Y) =em(Y) = co(Ty) N[Y].

2.2.1 Chern-Mather class Let Y be a reduced and pure-dimensional projective
scheme. The first step is to construct the Nash blow-up Y > Y. Suppose for
a moment that Y is affine, reduced and irreducible of dimension d. Fix an em-
bedding f: Y — A%, and let Y, be the nonsingular part of Y. The tangent map
Ty,, — f*(Tyn~) induces a morphism g: Y, — Gr(d, N), and we take Y to be the
closure of the graph I'y C Y x Gr(d, N). The morphism Y — Y is defined by the
projection Y x Gr(d, N) — Y, and we define the rank-d vector bundle 77 on Y by
restricting the universal bundle on Gr(d, N).

It can be shown that this construction is independent of the choice of affine embedding
and globalises so that for any reduced, equidimensional scheme Y we get a well-defined
Y-scheme ¥ with a bundle T3 . The morphism Y — Y is the Nash blow-up of Y and
the bundle Ty is the Nash bundle.

Definition 2.1 The Chern—Mather class cpm(Y) € H«(Y) is defined as the pushforward
of co(Ty) N[Y] along ¥ — Y.

An observation which is important for our proof is that this construction of the Nash
bundle is valid when Y is a complex analytic variety, in a way which is compatible
with restriction to a complex analytic open subset of an algebraic variety.

Geometry € Topology, Volume 21 (2017)



262 Jorgen Vold Rennemo

2.2.2 Chern-Schwartz—MacPherson class We recall the definition and basic prop-
erties of the Chern—Schwartz—MacPherson class. For details, see [8, Example 19.1.7]
and [26].

Let Y be a projective scheme, let Z.(Y') be the group of all cycles on Y, and let Fi(Y)
denote the group of constructible functions, where a function f: Y — Z is called
constructible if there exists a finite partition of Y into constructible sets such that f is
constant on each set of the partition. Given a reduced pure-dimensional scheme V', the
local Euler obstruction Euy: V' — Z is a canonical constructible function determined
at a point x € V' by the local analytic structure of V' at x.

Let p: V — V be the Nash blow-up. By work of S}onzélez—Sprinberg and Verdier,
we have Euy (x) = deg(c. (Tylp-10) N s(p~1(x), V)), where p~!(x) is the scheme-
theoretic inverse image and s(—, —) denotes the Segre class [9].

There is a group homomorphism Q: Z.(Y) — F.(Y) defined on a primitive cycle V' by
Euy(x) ifxelV,

0 ifx¢V.

The map 2 is an isomorphism, as can be shown using the fact that Eup(x) = 1

if x is a nonsingular point of V. The Chern—Mather class defines a homomorphism
c: Z«(Y)— Hy(Y) by letting

QV)(x) =

c(V) =ix(em(V)),
where i: V — Y is the inclusion of a primitive cycle.

The Chern—Schwartz—MacPherson class csm( f) is now defined for any constructible
function f by

esm(f) = (7))

It is clear that csy is a homomorphism. If S C Y is a constructible subset, we write
csm(S) = csm(ls), where 1g is the characteristic function of S. Additivity of csm
translates to

csm(S1 U S2) = csm(S1) + esm(S2) —esm(S1 N S2).

Given a morphism of proper schemes g: Y1 — Y», one can define a homomorphism
g«. F(Y1) = F(Y>) by letting

gx(ly)(x) = (g~ () N[V]) for x € Y,

where V C Y7 is a primitive cycle, and y is the topological Euler characteristic.!
The main property of CSM classes, shown in [26], is that g« (csm(f)) = csm(g«(f)).

IThe fact that this is well defined is shown in [26].
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Applying this to the case where Y is proper and g is the map ¥ — pt, we find that
degcesm(Y) = x(Y).

2.3 The Hilbert scheme of ordered points

Following [23], we introduce the scheme X (71 which will play an essential role in
the proof of Theorems 1.1/1.2.

Definition 2.2 The Hilbert scheme of ordered points, denoted X" is the scheme
defined by the Cartesian diagram

xl _____ xlnl

| |

X" —— Sym™(X)

where the right-hand arrow is the Hilbert—-Chow morphism taking a subscheme Z to
its support cycle. We denote by (Z, (x;)) the point in X "I mapping to Z € X!
and (x;) € X".

While this definition endows X" with a natural scheme structure, possibly nonre-
duced, it will suffice for our purposes to consider X 7] 35 a reduced scheme throughout.

Since X" > x["] is finite, we can reduce questions about the degree of homology
classes on X" to questions about similar classes on X", Roughly speaking, the
advantage of introducing X (1 is that it naturally maps to X" . This makes it easier to
handle than X[, which maps to the more complicated scheme Sym”(X).

2.3.1 A stratification of Sym”(X) We may stratify Sym”(X) into disjoint locally
closed subsets Sym?n[)(X ), where (n;) is a partition of n, that is, where (n;) is a
sequence 0 <ny <--- <ny such that Y n; = n. The subset Sym?n[_)(X ) consists
of O—cycles of the form Y n;x;, where x; € X are distinct points. Restricting the
map X[ — Sym™(X) to Sym’(’n[) gives an analytic (or étale) locally trivial fibration,
the fibres of which are isomorphic to [[; Hilbgi (C9).

Similarly, we may define locally closed subsets X (”Al_) C X", where (A,-)f-‘:1 is an

ordered partition of {1,...,n}, that is, a sequence of disjoint nonempty subsets
of {1,...,n} such that UA; = {1,...,n}. The subset X?A) consists of n—tuples

(x;) € X" such that x; = x; if and only if 7 and j are contained in the same A;
for some /. Restricting the map X"l — X7 to X (4.) gives a Zariski locally trivial
fibration with fibres isomorphic to [; Hilbl)Ai | (CY).

Reordering the A; does not change X€A~)’ so letting o = {Ay, ..., A;} be the un-
ordered partition of {1,...,n} underlying A, we may define X! = X ?A')' Then the

sets X form a stratification of X” when varying over all partitions «.
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2.4 Geometric subsets

We now give the definition of geometric subsets of X ("] and of X[, along with some
results on these which will be needed later.

Let Hilby (C%) be the punctual Hilbert scheme, defined to be the closed subset
of Hilb"(C¥) parametrising subschemes supported at the origin. We define punctual
geometric subsets to be the constructible subsets of the punctual Hilbert scheme
containing all 0—dimensional schemes of given isomorphism types.

Definition 2.3 A punctual geometric set is a subset O C Hilbj (C%) which is con-
structible and satisfies: if Z € Q and Z’ € Hilb2(C?) are such that Z = Z’ (as
abstract C—schemes), then Z’' € Q.

A collection of punctual geometric subsets will naturally defines a subset of X "1
Definition 2.4 Let 01, ..., O be punctual geometric sets such that Q; C Hilbgf (C9),
andlet n =) n;.

We define P(Q1,...,0x) € X"l to be the set of all Z = Z; U---U Z;, where
every Z; is isomorphic toa Z! € Q;.

If we additionally specify how to label these Z, we obtain a subset of X I

Definition 2.5 Let Q; and n; be as above. Let A = (Aq,..., A;) be a k—tuple
of subsets of {1,...,n} such that |4;| = n; and such that the A; define a partition
of {1,...,n}.

We define R(Q1,...,0k;A) C XD o be the set of all (Z,(x;)) such that Z is
equal to Zy U--- U Zy, where every Z; is isomorphic to a Z] € Q;, and such
that x; =Supp Z; if i € A;.

Remark The subset R((Q;); A) is compatible with the locally closed subsets of X"

described in Section 2.3.1. In particular, the image of R((Q;); A) under the mor-
phism X"l — X7 is X" and over any point x € X” the fibre of R((Q;); A) is

k k
R(Qi);: A)|x = 1_[ 0; C l_[ Hilb'Ail(Cd) — X[["]]|x'
i=1 i=1
Similar remarks hold for P((Q;)) and the stratification of Sym” (X).

We can now give the definition of geometric subsets of Xl and X1
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Definition 2.6 e Asubset P C X" is geometric if it can be expressed using sets
of the form P(Q1,..., Q) and a finite composition of the operations union,
intersection and complement.

e A subset R € X[ jg geometric if it can be expressed using sets of the form
R(Q1,..., Qk; A) and a finite composition of the operations union, intersection
and complement.

An equivalent definition which will be convenient is the following.

Definition 2.7 e Asubset P C X" is geometric if it can be expressed using sets
of the form P(Q1,..., O), where the Q; are closed and irreducible, together
with a finite composition of the operations union, intersection and complement.

e A subset R c X[ jg geometric if it can be expressed using sets of the
form R(Q1,...,Qk;A), where the Q; are closed and irreducible, together
with a finite composition of the operations union, intersection and complement.

The equivalence of Definitions 2.6 and 2.7 is shown in Lemma 2.11(vii).

Example 2.8 The only geometric subsets of X = X are @ and X. In X2 there
are four geometric subsets: the sets &, X (2] the set parametrising pairs of disjoint
points and the set parametrising length-2 subschemes with support in one point.

When X is a surface, a naturally occurring example of a geometric subset is the subset
of XD3%] defined as the closure of

{Zex®|z=2u---0Zs. Z;i = Spec Ox,x, /m2 }.

This set appears in Tzeng’s proof of the Gottsche conjecture [35].

The statement that P € X[l is geometric implies two properties of P: that P
is constructible and that for any Z,Z’ € X"l such that Z =~ Z’ as C-schemes,
either Z,Z" € P or Z,Z’ ¢ P. In other words, a geometric subset is a constructible
union of isomorphism classes of subschemes Z € X ],

Being geometric is a stronger requirement than having the two properties mentioned
above, as the following example shows.

Example 2.9 Let X be a surface, and let P C X281 be the set containing all
Z = Z1UZ5 such that (1) each Z; is defined by an ideal (mfcl,, fi) where f; is
a product of four distinct linear factors in my; / mii, and (2) the cross ratio of the
factors of f7 equals that of the factors of f». Then P is constructible and a union of
isomorphism classes of subschemes Z € X 28] but is not geometric.
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We have a notion of isomorphism between points of X 1 defined by saying that
(Z, (xi))=(Z', (x})) if there exists an isomorphism Z = Z’ Wthh takes Z|x, to Z’ |x

for every i. Then similarly a geometric subset of X 01 is a union of 1somorph1sm
classes of pairs.

Definition 2.10 Let X; and X» be smooth varieties of equal dimension, and for i =1, 2,
let P, CX l.[n] be a geometric subset. We say that P; and P, are of the same fype if
the isomorphism classes of the points in P; are the same as the isomorphism classes
of points in P,. It is clear that for any geometric subset of X [] , there is a unique
geometric subset of X "] of the same type.

The type of a geometric subset R € X 71 is defined in the same way, using the notion
of isomorphism of pairs (Z, (x;)) € X" defined above.

The following lemma contains some elementary facts about geometric subsets. Note
that there is a natural action of the symmetric group S, on X", and hence on X IR

Lemma 2.11 Let P € X"l and R € X"] pe sets, and let p: X" — x[*] pe the
natural forgetful morphism.
(i) P is geometric <= p~'(P) is geometric.
(i) R is geometric =—> p(R) is geometric. If R is Sp—invariant and p(R) is
geometric, then R is geometric.
(iii) P is geometric <= P is a finite union of sets of the form P((Q;)).
(iv) R is geometric <=> R is a finite union of sets of the form R((Q;); A).

(v) P is geometric, closed and irreducible <= P is of the form P((Q;)) for
closed, irreducible Q; .

(vi) R is geometric, closed and irreducible <=> R is of the form R((Q;); A) for
closed, irreducible Q; .

(vii) Definitions 2.6 and 2.7 are equivalent.

Proof In this proof, “geometric subset” means a set satisfying Definition 2.6.

(iv) It is sufficient to show that intersections and complements of sets having the
form R((Q;); A) are expressible as unions of such sets. Let R((Q;); A) be a geometric
set with 4 = (A1,..., Ax) and R((Q;}); A')) a geometric set with A" = (47, ..., 4)).
Then, if R((Q;); A) N R((Q}): A") # @, we have k = [ and the k—tuple 4 is a
permutation of the k—tuple A’. In this case, we may relabel the indices of the A} to
get A= A', and then R((Q;); 4) N R((Q)): A)) = R((Qi N Q)); A).
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Next we see that for any R((Q;); A) the set XI"I\ R((Q;); A) is the union of all
sets R((Hilby’ (C9)); A) where A’ is not a permutation of A and the sets

R(Hilb] (CY), ... Hilb) (CY)\ Q;, ..., Hilbj* (CY); A)
fori=1,....,k.

(i) = This follows from the fact that p~!(P(Q;)) is the union of R((Q;); A) for
all admissible A.

(i1) The first claim follows from (iv) and p(R((Q;); A)) = P((Q;)). For the second
claim: if R is S,—invariant, then R = p~!(p(R)), which is geometric by (i) =.

(i) < This follows from (ii) and the surjectivity of p.
(iii) This follows from (i), (ii), (iv) and the surjectivity of p.

(v) By (iii), we may write P = U; P((Q;,;);), and since P is closed, we have
P=U;P((Qi,;)i)=U,; P((Qi,;)i). Irreducibility of P implies P = P((Q;,;)i) for
some j, so we may take Q; = Q; ;. It remains to show that the Q; can be chosen to be
irreducible. Suppose not, then we have for instance Q1 reducible. Let Q1 =U; Q1 ;
be the decomposition of Q1 into closed, irreducible subsets. Each Q1,; must be equal
to the closure of its orbit under the natural action of Aut(Oa o/ mgl) on Hilbg1 (C9);
hence we see that the Q1,; are geometric.

We then have P = U; P(Q1,;,Q2,...,0f), and since P is irreducible, we may
replace Q1 with some Q1 ;. Repeat to get all Q; irreducible, proving the =
implication. The < implication is easy and omitted, but note that it depends on
the hypothesis that X is connected.

(vi) This is similar to (V).

(vii) Itis obvious that a P satisfying Definition 2.7 satisfies Definition 2.6. For the
converse, note that the closed, geometric P generate all geometric subsets by unions,
intersections and complements. The proof of (v) shows that a closed, geometric P is
the union of sets of the form P((Q;)) with Q; closed and irreducible. Hence closed,
geometric P satisfy Definition 2.7, and the claim follows. The case of R is similar. O

2.4.1 Geometric functions The definitions and results of this section will only
be used in the proof of Lemma 4.3. We say that a constructible function on X [n]
(resp. X 1y s geometric if its level sets are geometric subsets. The geometric functions
on X[ (resp. X" form a subring of the ring of constructible functions F(X )
(resp. F(x[1y).
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The morphism p: XI"I — X[l gives a homomorphism py: F(XI"1) — F(xInl)
as described in Section 2.2.2, and a homomorphism p*: F(X ") — F(x["ll) given
by p*(f) = fop.

Lemma2.12 Let f € F(X"). Then f is geometric if and only if p*( f) is geometric.
Proof This follows from Lemma 2.11(). O
The symmetric group Sy, acts on X" and hence on X1 and F(x "1y

Lemma 2.13 Let f € F(X ).

(1) If f is geometric, then p«(f) is geometric.

(i) If f is Sp—invariant and p«(f) is geometric, then f is geometric.

Proof (i) Consider first the function 1y € F(X [[”]]). Let Z € X[ have the form
Z =7 1---UZ;,where each Z; is supported at a point and has length n; . Then we get

px(xwn)(Z) = |p~(2)| = v

n!

It follows from this that p«(1yr.n) is geometric, and hence p* p«(1xman) is geometric.
For any f € F(X["ll), we have

peh =5 2 putof) = s L of ).

eSS, o€Sy
Let g =) ;¢ s, 0f - Since g is Sp—invariant, we get
p*p«(g) = p* px(Ixwm) - g

Hence p* p«(g) is geometric. It follows that p«(g) and hence p«(f) = p«(g)/(n!)
are both geometric.

(i) We have p* p«(f) = p* p«(1xu1) - f, and so, since p* px(1ymy) is nonvan-
ishing at all points, we may write f = p* p«(f)- (p* px(1xmn))~'. Since p* p«(f)
and p* p«(lyman) are geometric, it then follows that f is. |

3 Outline of proof
We give an outline of the proof of the main theorems. We restrict our attention in the

outline to Theorem 1.1(i), ignoring the extra complications of (ii), (iii) and Theorem 1.2.
We assume that P is irreducible; the general case follows from this by Lemma 4.1.
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The set-up is then that we are given a closed, irreducible, geometric subset P of X 2]
a Chern polynomial F and a vector bundle £, and we want to show that

deg F(E"Y N [P]

is given by a universal polynomial.

3.1 Reduction to X1

The first step is to replace X ("] with the Hilbert scheme of ordered points X 0

Define the bundle EI"I on X071 a5 the pullback of EM along X071 — Xl 1
Lemma 4.3 we construct a closed, irreducible R € X" which is geometric, maps
properly and finitely onto P, and which is such that deg(R/P) and the type of R is
determined by the type of P . The projection formula then gives

deg(R/P)(deg F(EI") N[P]) = deg F(EL"D) N [R].
Thus, it suffices to show that deg F(EI"I) N[R] is given by a universal polynomial.
3.2 Approximating spaces

This section corresponds to Section 4.4. Let « be a partition of {1,...,n}. Follow-
ing [23], we then define the scheme X [T 45 follows. Considering « as a set of subsets

of {1,...,n}, we let
xlel _ 1_[ xosim

Sea
So, for example, if « is the partition of {l,...,n} into n one-element sets, we
have XI¢I = X7 At the other extreme, for the trivial partition A = {{1,...,n}}, we

have XAl = x 7l In general, the scheme X0 parametrises ordered collections
of n points in X, with the additional data that when k points with labels in the same
set in the partition o come together at x, one must specify a length-k subscheme
supported at x.

Consider the open subset of X" where no two points with labels in different sets
of & come together. This subset is naturally isomorphic to an open subset of X111 5o
we get a rational map gq: X (=1 __5 xlel In Definition 4.7, we define a bundle ol
on X[l guch that go(E [elly = El7Il on the locus where g is defined.

A closed, irreducible geometric R € X 71 a5 in Section 3.1 is, by Lemma 2.11, of
the form R = R((Q;); A)). Let u = {A;} be the partition of {1,...,n} induced
by A. Then one checks that R intersects the domain of definition for g, if and
only if 4 < «, where < means refinement of partitions, ie every element of u is
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contained in an element of «. If i < o, we may thus define a closed, irreducible subset
Ry = go(R) € X[l This in particular holds for the maximal partition A, for which
we get EIAD = El"] and Ry = R.

Allthe Ry are birational to R. We define Y as the closure of the image of R-->[[, Rq,

where the product is over all « such that Ry is defined. The projections from [] Ry,
induce proper, birational morphisms from Y to every Ry.

3.3 Approximating cohomology classes

This section corresponds to Section 4.5. In what follows we restrict attention to
partitions « such that Ry is defined. We define the class Cq € H*(Y) by

Cy = F(EI),

suppressing the pullback of E (el along ¥ — Ry . Let C = Cp . By the projection
formula, deg(C N[Y]) = deg(F(E[[”]]) N [R]) , so the proof of the main theorem is
reduced to showing that deg C N [Y] is universal.

In Definition 4.11, we introduce the class

D=C+ ) koCa.
aFA
where the k, are integers defined combinatorially via the Mobius inversion formula for
the partially ordered set of partitions of {1,...,n}; see Section 4.5. There is a natural
morphism Y — X", and one should think of the class D as being supported on (a
neighbourhood of) the set Y'|A, where A C X" is the small diagonal. The choice of
the integers ky is motivated by the fact (shown in Lemma 4.20; see also Remark 4.13)
that they make D vanish on the complement of this locus.

For any o # A, the scheme X[ is by definition a product of schemes X[l
with m <n. This induces product decompositions of E [ell and R,, which allow
us to express deg(Cy N [Y]) in terms of integrals of Chern classes of EI™] over
geometric subsets of X Il with m < n. By induction on n we can thus show that
deg(Cy N[Ry]) is universal for o # A. This argument gives Lemma 4.14, by which it
suffices to show that

deg(D N[Y])

18 universal.

3.4 Relative constructions

Consider the tangent bundle TX — X, and let 7X := P(Ox @ TX) be the nat-
ural compactification. Let Hilb”(TX/X) be the relative Hilbert scheme, which
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parametrises length-n subschemes of fibres of TX — X . Note that the formation of
the relative Hilbert scheme is compatible with base change; see [13, Remark 3.9] or
[20, Exercise 1.4.1.5]. Hence if U C X is an open subset such that 7X |y = U xTX,
then Hilb®(TX/X) = U x (P4)["]. In particular Hilb®(TX/X) — X is a Zariski
locally trivial fibration with fibres (P4)]

Emulating the definition of ¥ and EI* with Hilb” (TX /X) replacing X!, we define
the scheme ) and the bundles £0*1 on Y. The classes Co, D € H *()) are defined
similarly to Cy and D . The precise definitions of these objects are given in Section 4.7.

The point of introducing these relative objects is that we can show directly (see
Sections 3.5 and 4.8) that the numbers deg(Cy N [)V]) are universal. The numbers
deg(Cy N [V]) and deg(Cy NY) are in general unrelated. On the other hand, the
key technical result Lemma 4.20 implies that deg(D N [Y]) = deg(D N [)]), and the
number deg(D N [)]) is universal since it is a linear combination of the deg(Cy N [V]).

Denote by TX" the n—fold fibre product of TX over X . There are natural morphisms
ny: Y — X" and my: Y — TX", where my is given by composing ¥ — X1
and X" 5 X7 and my is defined similarly. Let A C X" be the small diagonal, and
consider X as a subset of TX” C TX" using n copies of the O—section.

Let U C Y and U C Y be Euclidean open neighbourhoods of 7y 1(A) and Ty, LX),
respectively. Choosing U and U/ small enough, we show in Lemma 5.1 that we can
find a topological isomorphism f: U — U together with topological isomorphisms
of the bundles f*(€ [elly ~ Eledl The map f; moreover restricts to an orientation-
preserving homeomorphism on the nonsingular parts of U and U/, where these are
oriented by their complex structure.

To define the map f1, we follow [23] and begin with an exponential map exp: TX — X2,
This map is defined near the O—section X C TX, and maps a neighbourhood of
the O—section homeomorphically onto a neighbourhood of the diagonal A C X?2. The
map exp is analytic when restricted to a fibre of 7TX .

In Lemma 5.2, we show that f; further induces a local homeomorphism of Hilbert
schemes f2: X "] 5 Hilb” (TX/X), defined in a neighbourhood of the locus of
subschemes whose support is one point. Finally, tracing through the parallel steps
in the definitions of ¥ and )Y we get Lemma 5.3, which gives the homeomorphism
f : U — U. Crucially, we also show that f*(Eledl) ~ Elell a5 topological vector
bundles.

Recall the class D =C +3_, . p kaCo € H*(Y). Lemma 4.20 says that the restriction
of D to Y \ U vanishes. The proof uses the fact that the bundles E el are canonically
isomorphic over various open subsets of Y, together with the (nontrivial) fact that
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the contributions from different C, cancel out appropriately. This cancellation is the
property motivating the definition of the integers k,, . Similarly Lemma 4.20 also shows
that D vanishes upon restriction to ) \ U.

Hence the classes D and D are concentrated over U and U, respectively. In particular,
there are relative cohomology classes Dyj € H*(Y,Y \U) and D; € H* (Y, Y\ U)
lifting D and D.

There is amap f*: H*(V, Y \U) — H*(Y,Y \ U), defined by excision, possibly
after shrinking U and &/. Lemma 4.20 furthermore shows that we can choose Dy
and Dy in such a way that f*(Dre]) = Dryel.

We may define the “relative fundamental class” [Y,Y \ U] € H«(Y,Y \ U) as the
image of [Y] under the map H«(Y) — H«(Y,Y \ U), and we may similarly define
[V, Y\U] € H«(Y, Y\U). Since f islocally an orientation-preserving homeomorphism
on the nonsingular parts of Y and ), we get f«([Y, Y \U]) =[Y, Y \U]. Hence we get

deg DN[Y]=deg Dt N[Y,Y \U] = degDre N[V, Y \U] = degD N [Y].
The proof of Lemma 4.20 is the most technical part of the paper and occupies Section 5.

See [14, Theorem 2.20] and [14, Section 3.3] for a description of excision and the cap
product in singular homology.

3.5 Pullback from the Grassmannian

Let Hy — Gr(d, N1) be the universal rank-d subbundle over a Grassmannian. Here
N1 is any integer large enough that 77X embeds as a topological subbundle of O}](V ', s0
that there is a continuous classifying map yrx: X — Gr(d, N1) with TX =7+ (Hy)
as topological bundles. We define the scheme )g; by the same construction as ),
replacing Hilb" (TX /X ) with Hilb" (H {/ Gr(d, N1)) throughout. There is a natural
morphism Vg — Gr(d, N1) and the Cartesian diagram of topological spaces:

Y — Var
|
X % Gr(d, Ny)

Let vg: X — Gr(r, N2) be a continuous classifying map for E, and consider the
Cartesian diagram:

Y —% % Vo xGr(r, Ny)

g |

x WIXVEL G, Ny) x Gr(r, Na)
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We emphasise that the horizontal arrows in these diagrams are not required to be
analytic. We define bundles S([[}f]] on Ygr X Gr(r, N») such that g*(é'g?]]) = gled,

From the above it follows that there is a class Dg, € H*(Gr(d, N1) x Gr(r, N)),
depending only on F and the type of R, such that

7T*(D N D/]) = (WTXv 1/fE)*(DGr) N [X]

The rational cohomology ring of a Grassmannian is generated by the Chern classes of its
universal bundle. Combining this with the Kiinneth formula for Gr(d, Ny) x Gr(r, N,)
we find that (Y7x, ¥ E)*(Dg;) is a polynomial in the Chern classes of Ty and E.
We show that this polynomial is independent of the choice of N; and N,. Hence
deg D N [)] is a universal linear combination of the Chern numbers of (X, E), which
concludes the proof of the main theorem.

4 Proof of main theorem

We now begin the formal proof of the main theorem. To avoid dealing with Theorems 1.1
and 1.2 separately, we adopt the following convention: when a formula includes Ty(x1,
terms involving Ty 1 should be ignored unless X 2] s nonsingular, and so should all
other statements involving Ty . In this section and the next we have X, P, E, d
and F as in the main theorem.

4.1 Reduction to irreducible sets

We first show that we may assume P to be irreducible.

Lemma 4.1 In order to prove Theorems 1.1/1.2, it suffices to prove the same theorems
with the extra assumption that P is closed and irreducible.

Proof We first treat parts (i) and (ii) of the theorems. For a closed and pure-
dimensional P, we let Pp,..., P; be its irreducible components. Arguing as in
the proof of Lemma 2.11(v), we see that the P; are geometric of type determined by
the type of P. The statement of the lemma now follows from

[P]=)[P;] and cu(P)=> cu(P;).

For part (iii), let P be any constructible geometric subset. We may write the character-
istic function 1p as 1p =) ; m; 1p,, where the m; are integers and the P; are closed,
irreducible and geometric subsets. The m; and the types of the P; are determined by
the type of P. The claim of the lemma follows. O
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4.2 Reduction to X1

Recall the Hilbert scheme of ordered points X 71 defined by the Cartesian diagram

xl _____ xinl

| |

X" — Sym™(X)

where the right-hand arrow is the Hilbert—-Chow morphism.

Definition 4.2 Denote the pullbacks of £ and Ty along X 1 x [ py glnd
and T)Eﬁl]}, respectively.

We use the projection formula to relate the degree of F(E"!, Tx ) N[P] to a similar
class involving EI" and T}%ﬂl on X"l The first step is to produce a closed,
irreducible geometric subset R C X (i1 mapping finitely onto P with universal degree.

Lemma 4.3 For any closed, irreducible, geometric P € X1 there exists a closed,
irreducible, geometric R C X "1 guch that the map X (1 _, xl[n] maps R finitely
onto P. Up to a permutation of {1, ...,n}, the type of this R is uniquely determined
by the type of P .

Proof As P is closed and irreducible, by Lemma 2.11(v) we have P = P((Q;))
for closed and irreducible punctual geometric subsets Q; C Hilbgi (C?). We then

take A = (Ay,..., Ax) to be a k—element partition of {1,...,n} such that |Ax| = ny,
and let R = R((Q;); A). By Lemma 2.11(vi), we see that R must have this form,
hence the second claim follows. |

Lemma 4.4 In order to prove the main theorem, it suffices to prove the following
statement: if R is a closed, irreducible, geometric subset of X [~ , then

deg F(ED, 70y n em(R)

is given by a universal polynomial depending only on F and the type of R, such
that the degree of the polynomial is at most [, where | is the maximum number of
components of Z for (Z, (x;)) € R.

Proof We first show that part (iii) of the theorems follows from the hypothesis of the

lemma. Let p: X (71 — X! e the natural morphism. Let P C X (] be a closed and
irreducible geometric subset; by Lemma 4.1 it suffices to prove the main theorems for
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such P. Let R € X1l be a closed, irreducible geometric set mapping finitely onto P,
as provided by Lemma 4.3.

We claim that the level sets of the local Euler obstruction Eug are geometric. To
see this, begin by writing R as a union of sets of the form R((Q;); A), as can be
done by Lemma 2.11(iv). Next consider a point (Z, (x;)) € R, and suppose that
(Z,(xj)) € R((Qi); A) € R with A = (Ay,...,Ax). We have Z = | |; Z; with
each Z; isomorphic to an element of Q; and x; = Supp Z; for j € A;. The local
analytic structure around (Z, (x;)) in R is determined by the isomorphism types
of the Z;. Furthermore, a sufficiently small neighbourhood of (Z, (x;)) in R is
analytically isomorphic to a product ]_[{;1 U;, where the analytic structure of U; is
determined by the isomorphism type of Z;.

Let 7r; be the locally defined projection R — U;. Using the product formula for the
local Euler obstruction [26, page 426], we get

Eur((Z. (x;))) = Eury, (Z. (x;))) = [ [ Buw; (m: (Z. (x)))).

Since Euy, (m (Z,(x j))) depends only on the isomorphism type of Z;, this implies
that the level sets of Eug intersected with R((Q;); A) are geometric. It follows that
the complete level sets of Eug are geometric.

As we have csv(Eugr) = em(R) by definition, we get
csm(R) = csm(1r) = csm(Bug) + csm(1r —Bug) = em(R) + ) icsm(Ry),

where the sum is finite and the R; are geometric subsets of X 1 of lower dimension
than R, with type depending only on the type of R. By induction on dim R, we may
assume the terms csy(R;) are universal, and the hypothesis of the lemma is that ¢y (R)
is as well. Hence deg F(E"] T)[(['[',J]]) N csm(R) is universal.

We may write
p«(1g) =deg(R/P)-1p+ Y i-lp,,
i€Z
where the P; are constructible subsets of lower dimension than P. By Lemma 2.13
the P; are geometric, and it is easy to see that their type is determined by the type
of P. The functorial property of CSM classes then gives

px(csm(R)) = deg(R/P)esu(P) + ) icsu(P;).

By induction on dim P, we may assume that the integers deg F(E"], Txm)Nesm(Pr)
are universal. Since deg F(E ], Txyn1) N px(csm(R)) is universal by the above, it fol-
lows that deg F(E ], T 1) Nesm(P) is universal. This proves Theorems 1.1/1.2(iii).
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For a closed, irreducible P, we have [P] = csm(P) + C, where C is a class of lower
homological dimension. Hence part (i) follows from (iii).

For part (ii), note that cp(P) = csm(Eup). A similar argument to the one above shows
that the level sets of Eup are geometric, and hence part (ii) follows. O

4.3 Partitions

By apartitionof {1, ...,n}, we mean a set « of disjoint, nonempty subsets of {1,...,n},
such that e 4 = {1,...,n}. Following [23], we will define schemes X el
approximating X 71 for each such «. We fix some notation and conventions with
respect to partitions.

Definition 4.5 We let ~, be the equivalence relation on {1,...,n} given by letting
the elements of o form equivalence classes.

We define a partial ordering on the set of partitions of {1,...,n} by letting o < f8
if every element of « is contained in an element of 8, as in [34, Example 3.1.1.d].
Equivalently, @ < B if ~ is a finer relation than ~g.

We denote by A the maximal partition under this ordering, that is, A = {{1,...,n}}.
Given two partitions o and B, we denote by [«, 8] the set of partitions y such
that o <y < B, and define [o, B) etc similarly.

4.4 Approximating constructions

From this point on we fix a closed, irreducible, geometric subscheme R € X LI P
this section, we define the schemes X 1C3] , the bundles E oDl apg T)E,[&]]] , the subsets
Ry € X1l and the cohomology classes Cy and D.

Definition 4.6 If « is a partition of {1,...,n}, define the scheme X 1L by
x el — l_[ X[[A]],
Aca

where X401 ~ x4l 3pq parametrises pairs (Z, (x;);je4) such that ) ;. 4 x; is the
fundamental cycle of Z.

There is a natural morphism X fledl 5 X" defined by the decomposition X" =[], X 4
and the natural morphisms X141 x4
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Definition 4.7 Define the vector bundles EI®T and 711 on x el by

Xx[n]
A A
Ell =@l ang 700V =Pl
Aca Aca

where we suppress pullback along the projection X el _ xIAD

Definition 4.8 If « is a partition of {1,...,n}, denote by A, the subset of X" given
by
Ag ={(x1,....xp0) € X" | x; = x; ifi ~o j}.

We refer to the sets Ay as diagonals.

Write R = R((Q;); A), as is possible by Lemma 2.11(vi). We define the partition u
of {I,...,n} by w={A1,..., Ag}. The image of R under the map X"l > x” is Ay.

Our next task is to define schemes Ry C X [l pirational to R, for those a such
that this is possible. For any «, let fy: X (=1 __5 x 0ol pe the natural isomorphism
defined on the open set where the moduli problems X 071 and X Io1 solve are the same.
Specifically, fy is defined on the set of points (Z, (x;)) where x; # x; if i g j.

The locus where fy is defined intersects R if and only if & > . For such o we let Ry
be the closure of fy(R) in X1o1

Recall that ﬁa — R, denotes the Nash blow-up. As ﬁa — R, 1s birational, the
map f, induces a natural rational map go: R -—> R, .

Definition 4.9 Let
8= (gG!)CIZ/L: R -——> 1_[ Ry.

a>p

and define Y to be the closure of g(R) in ] Re.

For every « there are birational proper morphisms Y — Ry — Rq. Any cohomology
class on R, and R, may be pulled back along these morphisms without changing the
degree, and we will suppress such pullbacks in the notation.

4.5 Approximations of the cohomology classes

The schemes and bundles defined in the previous section give rise to cohomology
classes approximate to the one we want to compute; see [23, Section 5.4]. Recall
that A denotes the maximal partition of {1,...,n}, and that Tﬁa is the Nash bundle
on R,.

Geometry € Topology, Volume 21 (2017)



278 Jorgen Vold Rennemo

Definition 4.10 Let « be a partition > . Define the class C, € H*(Y) by

Co = F(EWD TIN Uey(T7 ).

Welet C = Cp.
Note that the main theorem is reduced to the claim that deg(C N [Y]) is universal.

Definition 4.11 Let o be a partition > . Define the classes Dy € H*(Y) by
putting D, = C, and for @ > p letting Dy be defined inductively by

Da = Ca —_ Z Dy.
v€Elu,a)

Welet D =Dy.

Remark 4.12 The definition of the D, is an instance of Mobius inversion. Namely,
consider the map from the partially ordered set ([i, A], <) to H*(Y) givenby o +> Cy.
The Mobius inversion formula then gives

Dy = Z k(yva)CJﬁ

velu,a]

where k(y, ) is the Mobius function of ([u, A], <); see eg [34, Proposition 3.7.1].

The function k is easily calculated; see [34, Example 3.10.4]. In particular, we have
ko :=k(a, A) = (=1)!®=1(Ja| = 1)! and so

D= (=D (o] - 1! Co.
ax>pu
Except in the proof of Proposition 6.4, we will not need this, and we work instead
directly with the inductive definition of Dy and D.

The motivation behind the definition of Dy, is as follows. First, it follows directly from
the definition that if deg(D N[Y]) and deg(Cy N[Y]) are universal for « # A, then
deg(C N[Y]) is universal as well. Using induction on n, we will show in Lemma 4.14
that the degree of C, N [Y] is universal for @ # A, reducing the problem to that of
computing D.

Second, as we show in Lemma 4.20, D is such that the restriction of D to Y \ (Y |a,)
vanishes, which allows us to reduce the computation of its degree to studying a small
neighbourhood of Y|a, .
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Remark 4.13 We can give a formal analogy explaining the combinatorics underlying
the definition of the D, . For any partition «, let ¢, be a (not necessarily continuous)
function on X", such that ¢, = cg on the locus in X" over which X el and x [A1
agree. Specifically cq = cg on X"\ Ay g, where

Aa,ﬂ = U A,’j U U A,‘j.
I~a] I~a ]
itgJ i#p]
Here A;; C X" is the set of points (xz) € X" satisfying x; = x;. The functions cq
are analogous to the classes Cg, and the equality ¢ = cg over X"\ Ay g corresponds
to the fact that Cy and Cg are canonically equal over this set.

We may now define dy by dy = cq — Zy < dy ; these functions are analogous to Dy, .
The functions dy then vanish on X” \ A ; this is a combinatorial fact which is easy
to show by ascending induction on the partially ordered set of partitions. In particular
da vanishes on X"\ Ap, in analogy with the vanishing of D = D away from Ap
shown in Lemma 4.20 and Lemma 5.9.

4.6 Reduction to deg(D N [Y])

If o is a nonmaximal partition of {1,...,n}, the scheme X[l is by definition a
product of schemes X "1l with m < n. Hence we can reduce the computation of Cy to
computations of cohomology classes on such X [0 and if these are universal, then Cq
will be as well. This argument leads to the following induction result.

Lemma 4.14 Let m be a positive integer. Suppose that Theorem 1.1/1.2 holds for
every n < m, and suppose that for n = m the degree of D N[Y] is given by a universal
linear polynomial in the Chern numbers of (X, E). Then Theorem 1.1/1.2 holds
forn =m.

Proof Assume that the theorem holds for every n < m. We shall then show that
for every partition o € [u, A), the degree of Cy N [Y] is expressed by a universal
polynomial. Since we have C = D — ), e[, A) ko Cqy , the statement of the lemma
follows.

Let o € [, A). Recall first that by definition there is a product decomposition
yloll — 1_[ x Al
A€

This gives rise to a product decomposition Ry = [[4¢, R4, Where the Ry € X 04D are
closed, irreducible, geometric subsets. The Nash blow-up preserves products, by the

Geometry € Topology, Volume 21 (2017)



280 Jorgen Vold Rennemo

n =1 case of [36, Theorem 1.1], using the observation that in the notation of loc. cit.
the Nash blow-up of X is fNash;(X); see [36, page 1001]. We therefore have

ﬁ(x = 1_[ EiAa
as well as bundle decompositions

_ A _ el _ (4]
Eld = EM, 1% =@ Tk, and Tyh) =@ Tyin-
Now, using the Whitney sum formula we can find an expression for
Co = F(EPD 1INy (77 )

as a polynomial in the Chern classes of E A7, T)E,[Eg] and TﬁA for different 4 € «.

Since o < A, we have |A| < m for every A € «. By the induction hypothesis, we thus
get a universal polynomial for

deg Cy N[Y] =deg Cy N[Ry],
as required.

The claim about the degree of the universal polynomial G in the main theorem also
follows by induction, using the assumption that deg(D N [Y]) is linear as a polynomial
in the Chern numbers of (X, E). |

Since the theorem is clear for n = 0, it now suffices to show that the degree of D N[Y]
is given by a linear polynomial in the Chern numbers of (X, E).

4.7 Relative constructions

We will show in Lemma 4.20 that the class D vanishes when restricted to the part of ¥
lying over the complement of the small diagonal Ay C X”. It may thus essentially
be computed by looking at a neighbourhood of Y |a, . The next step is now to use
this to show that the degree of D equals that of a class D € H*())), where Y is a
scheme defined similarly to ¥, but with X" replaced with the relative Hilbert scheme
Hilb" (T_X /X); see [13] or [20, Chapter 1] for background on relative Hilbert schemes.

We therefore repeat the constructions of approximating schemes and classes in this
relative setting. These are for the most part straightforward adaptations of the construc-
tions in Sections 4.4 and 4.5. The exception to this is the scheme R that corresponds
to R (and so the schemes R, and ) which are derived from R ), where we impose
the condition that the first marked point must lie in the O—section X C TX .

In order to integrate cohomology classes it will be convenient to work with proper
schemes. Hence we let T7X denote the P¢—bundle P(Ox & TX), with the convention
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that P (V) is the set of lines through the originin V. Let 7: TX — X be the projection,
andlet TX", Sym”(TX /X) and Hilb” (T X / X) denote, respectively, the fibre product,
relative symmetric product and relative Hilbert scheme of TX over X .

Definition 4.15 Define the scheme 7X "I by the cartesian diagram:

TXI"l 5 Hilb™(TX/X)

| |

TX" — Sym*(TX/X)

Note that as usual we will only consider the reduced scheme structures on Hilb” (TX / X)
and TX "1,

Definition 4.16 Let £l be the tautological bundle on Hilb” (7X/X) correspond-
ing to the vector bundle £ = 7*(E) on TX, and let £1"] be the pullback of £
to TXI71 1t x[l s nonsingular, let Ty denote the relative tangent bundle
of Hilb”(TX/X) — X, and denote its pullback to TX ["I py T%]][n].

Definition 4.17 Let « be a partition of {1,...,n}. Define the scheme TX 11 by

XUl = T 7x147,
Aca

where the product is the fibre product over X . Define the bundles & el and Tﬂﬁ]%n]

_ TX
on TX I py
A A
gled — @5[[ I and T%]gn] = @ TE—X][]A],
Aca Acx

suppressing notation for the natural pullbacks.

For x € X, let TX y = 7~ !(x). Then the set of points in 7X ["I (resp. TX [T is the
union of (TX )T (resp. (TX x)ID) for all x € X. A point of TXI"I can thus be
described by a pair (Z, (v;)7_,), where Z € (TX )™ and v; e TX , for some x € X,
subject to the requirement that the support O—cycle of Z equals Y v; .

We can now define the subset R C TX [l which plays the role of R in the relative
setting. First let R’ be the subset of TX[ guch that for each x € X, the set
R/ N(TX )] ¢ (TX )I"1 is the geometric subset of the same type as R, where the
type of a geometric subset is as in Definition 2.10.

Let p: TX0"l 5 TX be the morphism defined by p((Z, (v;)) = vy, and consider X
as a subset of 7X by embedding along the O—section. We then let R = p~1(X) NR’.
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For every partition «, there is a rational map fy: TX "I ——> TX Il defined where
the moduli problems the two schemes solve are the same. Using these maps, we may
replace R by R in Definition 4.9 and the preceding paragraphs, thus defining the
schemes Ry (for o > ), 7~€a and ). We omit the details.

Finally, we define the relative analogues of the classes Cy and Dy .
Definition 4.18 Let « be a partition > . Define the class Co, € H*()) by

Co = FEPL T ) Ueu(Ty,).

Welet C=Cp.

Definition 4.19 Let o be a partition > w. Define the classes D, € H*()) by
putting D, = C, and for @ > p letting D, be defined inductively by

Da :Ca_ Z Dy.
vE[u,a)
We let D =Dy

4.8 Relating D, to Dy

Let Yo C Y be the restriction of Y to the small diagonal X = Ay C X". Similarly
let Yo € ) be the restriction of ) to the set X C TX" where the inclusion of X is
given by n copies of the O—section. The classes D and D are related by the following
lemma and its corollary.

Lemma 4.20 There exists a relatively compact pair of open neighbourhoods U’ € U
of Yo in Y, a relatively compact pair of open neighbourhoods U’ € U of Yy in ),
and a homeomorphism f: (U ,U") — (U,U’). Furthermore, there exists a class
Dret € H*(Y, Y \U') lifting D € H*())) such that the composition

4-1) H*(y,y\u’)—>H*(L{,Z/I\L{/)KH*(U, U\U)—H*(Y,Y\U')— H*(Y)
sends Dy to D .

By construction, the map f will be orientation-preserving when restricted to the
nonsingular open subsets Uys and Uy, where these are oriented by the complex
structure.

Corollary 4.21 The degree of D N [Y] equals the degree of DN [Y].

Proof of Corollary 4.21 There are relative fundamental classes
(YN [@uU\U)l. [(U.U\U')] and [(Y.Y\U')]

in the appropriate homology groups. Replacing H* with H in the above sequence (and
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reversing the arrows) each fundamental class is sent to the next, so in the composition
the class [Y] is sent to [(), Y \ U)]. This implies

deg(D N[Y]) = deg(Dra N [(V. Y\UN]).
Now, [(V, Y \U")] is the pushforward of [)], which shows that

deg(Dret N[(V. Y\ U)]) = deg(D N [V]),

completing the proof. a

The proof of Lemma 4.20 is quite technical and is postponed to Section 5. We now
show how the main theorem follows from Corollary 4.21.

Proof of Theorems 1.1/1.2 By Corollary 4.21, if deg D N [))] is given by a universal
linear polynomial, the same is true for deg D N [Y], which by Lemma 4.14 would
imply the main theorem.

Every construction made in Section 4.7 starting from TX — X can be carried out
with the bundle TX — X replaced by an arbitrary algebraic rank-d vector bundle.
In particular, we may construct the analogue of ) starting from the universal rank-d
subbundle H; — Gr(d, N1), where N; is any integer large enough that 77X is the
pullback of H; along a continuous classifying map ¥rx: X — Gr(d, N1). Call this
scheme )g;, and denote the analogues of Ry by Ry Gr-

Note that as the construction of the relative Hilbert scheme is local on the base ([13,
Remark 3.9] or [20, Exercise 1.4.1.5]) and the projection Hy — Gr(d, Ny) is a Zariski
locally trivial fibration, it follows that Hilb" (H/ Gr(d, N1) — Gr(d, N1) is a fibration.
This further implies that the projections Vg — Gr(d, N1) and Ry — Gr(d, N;) are
Zariski locally trivial fibrations. The same argument shows that ) — X and Vg — X
are Zariski locally trivial fibrations.

Let r be the rank of E, and let N, be a sufficiently large integer. There is then a
classifying map ¥ g: X — Gr(r, N2) with ¥ (H2) = E, where H, is the universal
subbundle on Gr(r, N»). There is then a Cartesian diagram

Y —% % Ve xGr(r, Ny)

(4-2) nxl nerid\L

x WIXVEL Grd. Ny) x Gr(r, Na)

in the category of topological spaces, where g, is the product of the natural projection
Yaor — Gr(d, N1). Note that the horizontal maps are in general not analytic.
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If @ >y, let the bundle H2*Y on Y, x Gr(r, N2) be defined by
[l (leeT)
Hy " =H,®0O e
where H, and (’)[I[;,P are pulled back from Gr(r, N3) and Yg;, respectively. We then
have !
g (HYM) = gl

The scheme ), also carries a bundle T[[ [,]1]] , defined in the same way as

we have

7l

Tyl and

g (T”"f,l]] =7kl

For any o > u, define the relative Nash bundle Tﬁa o/ Gr O Yar as the kernel of the
natural map Tz — ﬂér(TGr(d, N))- '

This map is surjective since Rq,Gr — Gr(d, N1) is a locally trivial fibration. Hence
there is a short exact sequence

0= Tx, /6 = TRy = Tar(Tara.nn) = 0.
Similarly define T R/ X by the short exact sequence
0— Tz /X—>T — g (Tx) — 0.

The restriction of T,y to a fibre Y|x of Y — X is canonically identified with the
Nash bundle on the Nash blow-up of Ry|x. A similar statement holds for T o/ Gr
when restricted to a fibre of Vg, — Gr(d, N1).

We then have g*(Tﬁa o/ Gr) = Tx, /X Define a bundle G on )Yg; by
Go = T’INQO,,Gr/ G ® nér(Hl)'

In the Grothendieck K-group of topological vector bundles we then have g*(Gy) = Tx,
Define the class Co,r € H™*(Var x Gr(r, N2)) by

Ca,or = F(gg‘r”]]’ TE"E’]}]) e(Ga).
The above discussion shows that g*(Ce,r) = Ca -

There are Gysin maps (7y ) and (7g; X id), in cohomology, defined by

(x )1 (@) = PD((mx )« (e N [V]))

and
(e x id)y (&) = PD( (G x id) (@ N [Vr X Gr(r, N2)])),

where PD denotes the Poincaré dual.
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There is a similar Gysin map (Y7x,V£)': H«(Gr(d, N1)xGr(r, N2)) — H4(X), which
by base change along the Cartesian diagram (4-2) induces a map g': Hyx (Vgr) = Hx ().
Since the vertical arrows of (4-2) are fibre bundles, we get g'([Va:]) = [V].

This implies the relation

(mx g™ = Wrx. VvE)* (e x id)y.

As a consequence, we get (1x)1(Co) = g*((7wgr X 1d)1(Ca,Gr)), Which implies
4-3) deg(Co N [V]) = deg(g™ ((ar x id)1 (Cacr)) N [X]).

Any rational cohomology class on Gr(d, N1) x Gr(r, N») can be expressed as a polyno-
mial in Chern classes of the universal bundles. If moreover the N; are sufficiently large,
then there are no relations between these Chern classes in degree 2d , so this polynomial
is unique. In particular, the degree-2d part of (7g X id))(Cq,Gr) is equal to such a
polynomial. This polynomial is independent of the N;, because the class Cy gy is pre-
served by the pullbacks induced by the natural morphisms Gr(d, N1) — Gr(d, N1 + 1)
and Gr(r, Np) — Gr(r, No + 1).

It follows then that the right-hand side of (4-3) is equal to a linear combination of the
Chern numbers of (X, E). Consequently, deg Cy N[)] is a universal linear combination
of the Chern numbers of (X, E). As D is a linear combination of the Cy, the same is
true for deg D N [Y], which is what we needed to show. a

5 Proof of Lemma 4.20

As the proof is somewhat complicated, let us first give a brief outline. In Section 5.1,
specifically in Lemma 5.3, we show that there exist U C Y and &/ C ), and a homeomor-
phism f: U —U where U (resp. U) is neighbourhood of Yo C Y (resp. Vo CY). The
first claim of Lemma 4.20 follows from this. We also show that this homeomorphism
is compatible with the relevant vector bundles on Y and ), ie we find isomorphisms
of topological vector bundles

5-1)  frEledy » plol f*(T%]%n])gT}Eﬁl} and  f*(Tx,,x) =T, /x-

The second claim of Lemma 4.20 is that D can be lifted to a relative cohomology class
Dyt € H*(Y, Y \U') which is sent to D € H*(Y) by the composed map

H*(Y,y\U") - H*(Z/I,L{\Z/{/)L:H*(U,U\U’) — H*(Y,Y\U')— H*(Y).

Our approach is to construct explicitly singular cocycles D and D representing D
and D, such that D (resp. D) vanishes on Y \ U’ (resp. Y \U’). Then D (resp. D)
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defines a class Dy € H*(Y,Y \ U’) (resp. Dre € H*(V, Y \U')). We will further
show that there is an equality of cocycles f*(D|y) = D|y, and the second claim of
Lemma 4.20 then follows.

In Section 5.2 we first introduce certain subsets of X” and TX", which are needed
in the proof of the later Lemma 5.9. For any partition «, we let Uy be a small open
neighbourhood of Ay in X™. If o < B, we also define the open subset V, g C X"\ Ug,
which is a certain large subset of the locus over which X0 and X1 are canonically
isomorphic. We similarly define Uy, Vy g C TX".

Let now FII denote either E [[“]], Tﬁa /x OF T)E,[&]}, and denote the trivial line bundle

on Y by Oy. If @ < B, then over V, g the bundles F el and FIAY are canonically
isomorphic. We use this observation to get Lemma 5.8, which says that we can find an N
and for each « an inclusion of topological vector bundles F el s Og , where these
inclusions have the following property: if a < B, then over V,, g, the bundles F (el
and FIBD are equal as subbundles of Oy .

Lemma 5.8 similarly gives inclusions of £ flee]), Tx, /X and T%]gn] into O, with the
same compatibility property over V, g. Moreover it shows that with these inclusions
the isomorphisms of (5-1) are strengthened to equalities of subbundles of Oy :

52 sl = gDyl ) =78 and f* (T, x0) = Try x-

Using the above inclusions into 0{;’ , we can find, for i = 1,2, 3, a Grassmannian
Gr; = Gr(r;, N) with canonical subbundle H; and maps

ot Y — Gr; and Yy, Y — Gr;
such that
gar(H) =EWP g (i) =TI g3 J(H3) =Tg .
and
o (H) =Wl yr (Hy) =TED s (Hy) =Tx, 5

Let Gr = Gry x Grp x Gr3, let ¢ =[]; ¢,i and let Yo =[]; ¥e,i . We get a diagram,
commutative by (5-2):

U——=Y

(5-3) lf w

U—-sy 45 Gr

As a consequence of Lemma 5.8, we have ¢y |y, ; = ¢glv, 5 and Yalv, 5 = ¥glv, 4
for any o < 8.
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Since C,, is a fixed polynomial in the Chern classes of £ 131 T)E[‘[ﬂ and TR /x>

can find a class Cg; on Gr such that ¢} (Cg;) = Cq for all &. We choose a s1ngular
cocycle Caor representing Cg;, which in turn leads to s1ngu1ar cocycles ¢ (C Gr) = Cq
representing C,,. We then get the singular cocycle D representing D by the same
formula as the one defining D in terms of C, in Definition 4.11. Similarly we get

cocycles Coq = Y (Cgr) and D on Y.

Now, using the fact that ¢po = ¢pg over V;, g, in Lemma 5.9 we show that D vanishes as
a cocycle when restricted to Y |yn\y7,, . Shrinking Uy , we can ensure that Y|y, C U’,
and so it follows from this that D vanishes on ¥ \ U’. The argument for this is given
in Section 5.4. Similarly D vanishes on Y\ I/’.

Finally, the commutativity of (5-3) implies that f*(D|;) = D|y, and this completes
the proof.

Note that our proof depends on the fact that pairs of bundles, eg E el and EUAD are
isomorphic over the open subset V,, g, in the strong sense that the bundles can all
compatibly be made equal as subbundles of O¥ . In particular, the fact that C, and C 8
are equal cohomology classes over V,, g is not strong enough to give our claim (in the
same way that a cohomology class in general is not determined by its restriction to an
open covering).

5.1 Defining the map from Y to Y

Let p1,p2: X x X — X be the projections to the first and second factors, and
let m: TX — X be the tangent bundle.

Lemma 5.1 There is an open neighbourhood U of the diagonal A C X x X, an open
neighbourhood U; of the O—section X C TX and a homeomorphism fi: Uy — Uy,
such that

mTo f1=
and such that fi|a is the identification between A and the O—section of TX . Further-

more, the restriction of fi to each fibre py1(x) is holomorphic.

There is an isomorphism of topological vector bundles p}(E)|y — p5(E)|y, which
is an isomorphism of holomorphic bundles on the restriction to each fibre P1_1 (x).

Proof See [23, Lemma 2.4] for the first two statements. Holomorphic exponential
maps can be constructed on small open sets, and these can be globalised using a partition
of unity. This globalisation preserves holomorphicity on fibres of p; as required.
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For the statement about £, we argue similarly. Cover X with open balls B;, and choose
holomorphic trivialisations ¢;: E|p, —=> O%i . Using these, define local holomorphic
isomorphisms
(9 i H
Vit pi(E)|BixB — }l13ixB,~ 2= p3(E)|B;xB; -
Let {#;: X — R} be a smooth partition of unity subordinate to the covering { B; }, and let
Ur=U; Bi x B;. Define y: pY(E) — p3(E) at x € Uy by ¥ (x) =31 (p1(x))-¥i.

This map ¥ is holomorphic on fibres of p;. Restricted to A, the map ¥ is the identity,
and so after shrinking U, if necessary, ¥ is an isomorphism. |

Let X (E[n]] c X["] be the set of pairs (Z, (x;)) such that Z is supported at a single point,
and let T_Xgn]] c TX 1 genote the set of pairs (Z, (v;)) such that Z is supported at
the O—section of TX .

Let gyunn: X1 — X be defined by gxwnn(Z, (x;)) = x1 and g7xw: X 5 x
be defined by g1 ((Z, (v,-))) =m(vy). Let W be the set of pairs (Z, (v;)) € 77X
such that v; lies in the O—section of TX .

Lemma 5.2 There is an open neighbourhood U, of X([)["]] in X1 an open neigh-
bourhood U, of T_Xgn]] in W, and a homeomorphism f>: Uy — Uy, such that
gxin1 = q7xu © f2. Moreover, f> restricted to 9y (x) is a biholomorphic
map between the fibres q);[l[n]] (x) and q%[[n]] (x) for all x € X. In particular, f, is
orientation-preserving on the nonsingular subsets of U, and U,. There are isomor-
phisms of topological vector bundles fz*(T%]][n]) — T)E[EH and f}*(€ (1)  El»D
Proof Let Uy, U and f; be as provided by Lemma 5.1. Define f> by

H((Z, (%)) = ((f1)«{gxmn(x)} x Z), (f1(gxmn(x), xi))).

The right-hand side is well-defined if {gymn(x)} X Z is contained in Uj. Let
UpCcX [l pe the open set where this is the case, so that f, is defined on Us.
Then f, is a local homeomorphism such that gymn = e d f>. We claim that
for all x € X, the restriction f5| ¢ b @ is a local analytic isomorphism between

q);[l[n]] (x) and q%[{n]l (x).

The analytic structure of q;[l[n]] (x) (resp. of q%[[n]] (x)) is determined by the analytic
structure on pl_l(x) (resp. on 7w 1(x)), as can be seen using Douady spaces (see
Section 1.2.1) and the fact that each step in the construction of X (i1 (resp. W) could
have been carried out in the analytic category. The claim that f5 is a local isomorphism
on fibres follows from the fact that f; gives a local isomorphism pl_1 (x) = 71 (x),
and the local isomorphism property mentioned in Section 1.2.1.

Geometry & Topology, Volume 21 (2017)



Universal polynomials for tautological integrals on Hilbert schemes 289

We now describe the isomorphism Tg[”ﬂ] = fF (T[[" i,)- Overapoint (Z, (x;)) € X I
this is the composition

1] ~ 1
(Txin) .y = (Txn) z = (Trxm) 1y (tx13x2) = (Tpgin) paz. 0

where the middle map is the differential of the map Z — (f1)«({x1} X Z).

Finally, we describe the isomorphism f,"(£ 1) ~ El1 Overa point (Z, (x;)) € X [,
we have

fz*(g[[n]])(z,(xi)) =Ex ® HO(Ofl({xl}xz)) ~FEy ® HO(O{xl}xz)
= HO({xl}XZ7 pT(E)l{xl}xZ)~

The isomorphism pi(E) — p5(E) of Lemma 5.1 now gives an isomorphism

~

HO({x1} X Z. pF(E)lxiyxz) = HO({x1} X Z. p3(E)|ixiywz) = By O

Recall that Yy C Y and )y C Y are the subsets of points having image in A C X"
and X C TX" under the natural morphisms ¥ — X” and Y — TX", respectively.

Let the relative Nash bundles Tﬁa /X and T3 R/ X respectively be the kernels of the
surjective homomorphisms Tiia — qX[[n]](TX) and 7 — qTX[[”]l( Tx).

Lemma 5.3 There is an open neighbourhood U of Yy in Y , an open neighbourhood U
of Yy in Y, and a homeomorphism f: U — U, as well as isomorphisms of topological
vector bundles

srlely - gled - perled s rleland (1, x) = TR x

Proof The map f> constructed in Lemma 5.2 gives rise to local isomorphisms
Ry — Rq. The Nash blow-up is determined analytically locally, and gymn: Ry — X
(resp. g7xunn: Ra — X) is a locally trivial fibrations in a neighbourhood of Yy
(resp. o).

In general, if V; and V>, are complex analytic spaces with V5 smooth, then the Nash
blow-up Vi xV; is canomcally 1s0morph10 to V1 x V3 ; see [36, Corollary 4.1]. It
follows that the Nash blow-ups Ro and R are locally trivial fibrations over X, and
that the local isomorphisms Ry — R extend uniquely to isomorphisms of the Nash
blow-ups. This in turn induces a local isomorphism ¥ — V.

The first two bundle isomorphisms are induced by the ones produced in Lemma 5.2, and
the third follows similarly, taking into account the fact that Ry — R is holomorphic
on the fibres of gy .1 and g7unn . O
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5.2 The subsets Uy, Vy g, Uy and Vy g

In order to prove the claim of Lemma 4.20, we will construct the relative cohomology
classes D € H*(Y,Y \U) and D € H*(Y,Y \ V) explicitly as singular cochains.
Adapting the argument in Section 5.3 of [23], we first define certain open subsets
Uy and V, g of X" which we will later use to compare the bundles £ fed (or T)E[‘[)fl]]]

or T ) for various «.
o

Let dx be a metric on X inducing the Euclidean topology. Define the metric dy»
on X" by
dxn ((xi)i—1, (Vi)i=y) = [max, dx (x;, yi).

Let dz% be a metric on TX inducing the Euclidean topology, and let dzxn be the
metric on TX" defined in the same way as dyn .

Let x = (x1,...,x,) € X" and let @ be a partition. Recall that Ay, C X" is the
diagonal set

{(X1,. .. xn) | xi =xj if i ~¢ j},

and let A, 7% C TX" be defined in the same way. In the following, we will use the
inequalities

(5-4) sup  dx(xi,x;) <dxn(x,Aq) < sup dx(xi,x;)

1
2 i, jli~al} Gi,jli~a )}

and their variants for dﬁ and dﬁn , all of which follow easily from the definitions

and the triangle inequality.

Definition 5.4 Let P(n) be the set of partitions of {1,...,n}, and let € P(n) - R>°
be a function. At various points in the proof, the quantities

; e(@)
i €@ and o max o B)

will be assumed to be sufficiently small.

Definition 5.5 Let U, C X" be the open €(«)—neighbourhood of A, C X", and
let Uy be the open €(a)—neighbourhood of A, 7% C TX".

Definition 5.6 Let o and B be partitions such that o < B. Define the set V,, g C X" as

Va,ﬂ = (X”\Uﬂ)\( U Uy),
ry<B
yZo
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and define the set V, g C TX" as

Vap = (T_X"\u,g)\( g Ey).
&

Let i, j €{l,...,n}. Define an equivalence relation ~; ;) on the set of partitions by
saying o ~; ;) B if ~q and ~g agree when evaluated on the pair (7, j). For any pair
of partitions «, 8, define the set A,g € X" to be the set of points over which X fled
and XIAT are not canonically equal. Explicitly, we have

Agp = U Ajj,
{i.Jlatq, B}

where A;; denotes the set of points x € X" for which x; = x;. Define A, 8.7x C TX"
similarly.

The following lemma summarises the important properties of V,, g and Vy g.

Lemma 5.7 (i) Let B be a partition. The sets {Vy g}o<pg form an open covering
of X"\ Ug. The sets {Vy g}q<p form an open covering of (TX™)\ Ug.

(i) Let o, B and y be partitions such that « < 8, y < B and y £ o. Then
U NVyp=2 and U,NVypg=0.
(iii) Let T = miny e(y), and let o < B. If x € V, g, we have d(x,Aqp) > 7.
If x € Vy g, we have d(x, Ayp %) > T.
Proof We prove the statements for Vy g; the case of V, g is exactly the same.

(i) Assume x = (x;) € X" \ Ug, and let & be maximal among partitions < f such
that x € U . Such a partition exists since for the smallest partition w = {{1}, ..., {n}},
we have U, = X™. We claim that x € Vy, g.

Assume x ¢ V, g, there is then a partition y such that y £, y < B and x € U,.By
the maximality property of «, we cannot have « < y. It follows that o, y < (¢ Vy) <,
where « Vv y is the smallest partition majorising o and y.

Let i, j be two indices such that i ~4vy j and such that d(x;,x;) is maximal for
pairs with this property. There is a sequence of integers i1,12,...,i; such that i; =i,
i; = j and such that for every k with 1 <k </, either iy ~q ix41 OF ig ~y igx41 1S
true. By (5-4), we now have

d(x,Agvy) <d(xi,xj) <d(xip, xip) + -+ d(xi_y, Xip)-

Since x € Uy, we have d(x, Ay) < €(c), and similarly for y. By (5-4), each term in
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the above sum is therefore <2 max(e(a), €(y)). The sum is therefore smaller than
2(1 — 1) max(e(a), €(y)) < e Vy),

where the last inequality uses the second smallness assumption in the definition of €.
Hence we have d(x, Aqvy) <€(aVy),sothat x € Uyyy . If aVy # B, this contradicts
the maximality of e, and if o vV y = B, it contradicts the assumption that x ¢ Ug.
(i) This is obvious from the definition.
(iii) Let x = (x;) € Vo g. Forevery i, j €{l,...,n},let y; ; be the partition defined
by the equivalence relation such that i ~, . j and no other nontrivial relations hold.
If o« < B, we have
Agp = U Ayi..i‘

i~pgJ

ita]
For every pair i, j occurring in the union, we have y; ; Z o, hence by part (ii) of the
lemma we have x ¢ Uy, ;. This gives

d(x, Agg) = min d(x, Ayi,j) > min €(y;,j) > T. O
l’\’B_] INB]
ital ita]

5.3 Constructing maps to Grassmannians

Recall that Tﬁa /X and T;éa /x are the relative Nash bundles defined above Lemma 5.3.
Denote the trivial bundle of rank N by OV .

Lemma 5.8 (i) For each a > u, let Fy denote one of E[[“]], Tﬁa/x or T)E[f;]]],
considered as a topological bundle on Y . There is an integer M and for every «
an injection iy: Fy — OM such that if o« < B, then over Vo, the bundles

io(ELly and ig (Elelly are equal as subbundles of OM .

(i) Foreach a > u, let F, denote one of £ [["‘]], Tﬁa /x or T%]%n], considered as
a topological bundle on Y. There is an integer N and for every « an injec-
tion jo: Fo — O such that if « < B, then over Va,p the bundles jo (F lleeT
and ig (FIoly are equal as subbundles of OV .

(iii) Let f: U — U be the local homeomorphism constructed in Lemma 5.3. We

may choose M = N and the injections i, and j, in such a way that the diagram

f¥(Fa) <= Fy

£, o],
fH(ON) == oV

of bundles on U commutes, where the upper isomorphism is the one constructed
in Lemma 5.3.
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Proof In this proof, all partitions are assumed to be > .

(i) For each o begin by choosing an injective homomorphism i): Fy — OMe
Let kop: Fo — Fg be the natural isomorphisms, defined over X" \ Ayg. Recall that
T = ming €(c). Let : RZ% — R=% be a continuous function such that when x > ¢
we have 7(x) = 1 and such that when x < t/2 we have ¢(x) = 0. For x € Y, put
tij(x) = t(d(nY (x), Al-j)), where my: Y — X" is the natural morphism. Let

lap = 1_[ lij-
{i<jlata,j)B}

As 14p is supported away from Agg, the homomorphism 74p - kop is defined on the
whole of Y.

For any two partitions o and y, let iy, = i)’, o (tay -kay). Wetake M =) M, and
set
io = @Pliay)y: Ea > P CMr =M.
y

It remains to show that iy has the properties stated. As iqq = i/, is injective, it is clear
that iy is an injection.

Let @ < B, and let y be arbitrary. First we show that if x € ¥ lies over V,, g, then

(5-5) (tOl]/ 'koty)(x) = (tﬁy ’kﬂy okoeﬂ)(x)-
To this end, observe that we may write
lay _ s, ))
i [ &
Vo di<jlata B}

where each s(i, j) € {—1,0, 1}. Now, since p(x) € V g, we have #;;(x) =1 for every
factor on the right-hand side, using Lemma 5.7(iii). Hence #4y(x) = g, (x) holds.
If 14y = 0, this shows (5-5). If not, then all the morphisms kog, kg, , ko) are defined
at x, and by the naturality of these the cocycle condition kqy = kg, 0 kyg holds.

The above paragraph shows that iy, = ig, okqg over V, g and hence iy, =ig okyp.
Consequently the two subbundles iy (Ey) and ig(Eg) of CM are equal as claimed.

(i1) This is similar to (i).

(iii) Let &, s Fa = Fp be the homomorphisms defined like the kqg in the proof
of (i). Let go: Fy — f*(Fy) be the isomorphism of Lemma 5.3. We then have

g8 okaﬂ — f*(k(/xﬂ)oga_
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Let U’ C U and U’ C U be smaller open neighbourhoods of Yy, and )y such
that f(U') =U’. Let s: Y — R~ be a function whichis 1 on U’ and Oon Y \ U.
Replace i, with

i& = ((1 —1)ia, S'f*(ja)oga)3 Foy — OM+N,

where jg: F4 — OV is the homomorphism of part (ii). If we also replace j, with
jo = (0, jo): Fo — OM @ OV, then obviously i/, = f*(j.) o go over U’. After
replacing U with U’, it now remains to be shown that the statement in part (i) of the
lemma still holds for #,.

After enlarging the metric on 7X and shrinking U and /, we may assume that if x € U
lies over Vg g, then f(x) lies over V, g. Over V, g we thus have

iéz = ((1 —8)iq, S'f*(ja)oga) = ((1 _S)iﬂ Okaﬂa S'f*(jﬂ Ok(lxﬁ)oga)
= ((1—-9)ig.s- f*(jp)ogp) okap =i okap. o

5.4 Conclusion of proof of Lemma 4.20

Let o be a partition > . The inclusions produced in Lemma 5.8 (taking there M = N )
define continuous maps ¢q,;: ¥ — Gr; and ¥4 ;: Y — Gr; for i = 1,2, 3, where
the Gr; are Grassmannians with universal subbundles H;, such that

gar(H) =EP g (i) =THY g3 3(H3) =Tg

and
* _ clle]l * _ plel * _

1pog,l(l_ll) =¢£ s wa,z(HZ) = Tﬁ[n]s Wa,3(H3) - Tﬁa/x-
We let Gr = [[; Gr;, let ¢g = [[; ¢o,i and let Yo =[]; Vi -
Choose a singular cocycle Cg; on Gr representing the class

Cor = F(H1, Ha) - ci(H3) € H*(Gr).

Define singular cocycles Cg and Dy by Cy = ¢a(A) and

Dy=Ca- Y Dy.
y€lp,)

Clearly, the classes of Cy and Dy are Cy and Dy, respectively. Let C=Cx

and D = D . We similarly define singular cocycles Co = V2 (A), Do, C=Cxp

and D =D, .

Lemma 5.9 The singular cocycle D (resp. D) vanishes when restricted to Y | XM\Un
(resp. y|ﬁn\m ).
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Proof We treat the case of D, the other case follows similarly.

We will show that D glxn\u, = 0 for any partition 8 > u, by ascending induction on
the ordering of partitions. The base case is clear, as Y [yn\y, = 9.

Assume now that D | xm\u, =0 forevery a <. If D has cohomological degree k , we
must show that for every singular k—simplex a: Ak Y|xm\u, we have D gla) =0.

Since D g is a cocycle, we may replace a by any subdivision of a and prove the
vanishing for each simplex in the subdivision. By Lemma 5.7(i), {Vy g}a<p is an
open covering of X" \ Ug, so we may assume there is an & < f8 such that @ maps
into Yy, 4.

If y < B is such that y £ o, then by Lemma 5.7(ii) we have Uy, NV g = &, and so
by the induction hypothesis D y(a) = 0. This implies

Dg(a)=Cgla)— Y Dala) =Cpg(a)—Cala),

y=a

where the last equality follows directly from the definition of Dy . By Lemma 5.8(ii)
we have ¢o = ¢pg over V, g, hence D g(a) =0 and the claim follows. |

Taking € small enough we may assume that Y \ U’ lies over X" \ Uy, and then
Lemma 5.9 shows that D is a relative cocycle for the pair (Y,Y \ U’). Similarly D is
a relative cocycle for (Y, Y \U').

By Lemma 5.8(iii), the diagram

(5-6) lf &

is commutative. It follows that f*(D|y) = D|y, and hence the homomorphism
H*O,\U) - H*Uu\u') L H*(U, U\U") = H*(Y,Y \U')
sends D to D. This concludes the proof of Lemma 4.20.

6 A generating function

As was noted in [6] and elsewhere, the existence of universal polynomials can be
strengthened to a statement about the form of the generating function of Chern integrals.
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Throughout this section, we let X be as in the main theorem and let Q1,..., Oy be
distinct closed, irreducible punctual geometric subsets with Q; C Hilbgi (C%). For
any sequence of integers my,...,mg >0, let ng,,) = > min;. We let

Sempy =10 D|1<j <k 1<l <m;}CZ>

Definition 6.1 We define the geometric set P((Q;ni NCX (7] a5 the set of Z of the
form Z = Ll(j,l)es(mA)Z(j,l) such that every Z; ;y is isomorphic to an element of Q.

In other words, P((Ql'.ni )) is the set of Z that are the disjoint union of m; subschemes
from @ and m, subschemes from () and so on. Specifying appropriate additional
data, we can define similar geometric subsets of X 7)1

Definition 6.2 Let A = (A(j,l))(j’l)eg(mi) be a collection of subsets of {1,...,73p,)},
such that |A(; ;)| = n; and such that the A(; ;) define a partition of {1,...,7¢y,)}.
We define the geometric set R((Q}""); A) € Xl 6 be the set of all (Z, (x,-)?(z”;")
such that Z = Ll(j,l)es(m.)z(j,l)v where every Z(; ;) is isomorphic to an element
of Q;, and such that x; eciuals Supp Zj 1y if i € Agj .

Lemma 6.3 Choosing an A as above, the generic fibre of R((Q!""): A) — P((Q!"))
has cardinality []; m;!.

Proof We may assume the Q; are ordered in such a way thatif i < j,then Q; Z Q;.
Fix a generic point Z € P((Q;"")). The number of points in R((Q;"i); A) lying
above Z equals the number of ways of labelling the components of Z by S,;) in
such a way that Z; ;) is isomorphic to an element of S; .

Fix' one such labélling zZ = Lnes; Z¢n- We claim thatif Z = |(; jyes; Zéj,l) is
a different labelling, then if Z; ;) = ZE/., 1> We must have j = j’.

Assume for a contradiction that this is not the case. Then there must be an equal-
ity Z¢j = ZEJ., 1) such that j < j’. We know that Z; ) is isomorphic to an
element of Q;, and by the ordering of the Q; that Q; ¢ Q,/. Since Q; and Q;/
are closed and irreducible and Z is generic in P((Q;"")), it follows that Z;; is not
isomorphic to an element of Q) ;, which is a contradiction, since Z(; ;) =Z E i1 € Qjr.
Thus the permissible labellings of the components of Z are given by permutations
of S¢p,) such that each (j,1) is sent to some (j,/’), of which there are [[; m;!. O

Recall that CM(2, d) denotes the set of 2—variable Chern monomials of weight d . For
a d—dimensional X with a bundle E on it, we denote by M (X, E) the Chern number
corresponding to an M € CM(2,d), ie

M(X,E) = deg M(Tx, E).
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Proposition 6.4 Let X be a smooth, connected projective variety of dimension d ,
let E be an algebraic vector bundle and let Q1, ..., Qy be distinct closed, irreducible
punctual geometric subsets.

We then have

‘ I M(X,E
S degeu B ) PO = [ BUE,
(mi)GZI;O MeCM(2,d)

where the By are elements of Q[[x1,...,x;]] with Bys(0) = 1, which depend only
on the Q; and the rank of E .

Note that the term of the left-hand side sum obtained by setting m; = 0 for all i is 1.
For degree reasons, the only nonzero term from c,(E [n (’”i)]) appearing in the formula

18 CdimP((Ql'.n’))(E ompl).

Proof Let F be the generating function in the proposition. By the main theorem, the
coefficients of F', and therefore those of log F', are polynomials in the Chern numbers
of (X, E). We will show that the coefficients of log F are in fact linear polynomials in
the Chern numbers. This means that log F =Y M(X, E)bys for by € Q[yv1, - .. Vil
and taking Bps = exp(bys) will then give the proposition.

Given a sequence (ml-)f.czl, let Rn,y = RI(Q7"): A(my)) C Xrenpdl | where A(m;)
is some appropriate S(;,,)—indexed partition of {1,...,7n¢y,)}. Let

G= Y, deg co (BTl A [Rpy 1o x e
(mi)GZ];o

We use the notation (m;)! = [ [; m;! and denote the coefficient of the x;”' e x,’c"" —term
of a series by a lower index (m;). By Lemma 6.3 and the projection formula, we have

(6-1) Gm;) = (mi)! Fmy).-

Fix now a sequence (m;), and let R = Rp,), n = Ny, and A = A(,,). Let p
be the partition of {1,...,n} induced by A, and let o be a partition of {1,...,n}
such that o > . As explained in Section 4.4, for such an « there is an associated
Ry C X[l pirational to R, and we let

Gy = degco(E1*T) N [Ry).

For1<j<k,letS;={(,l)|1=<1]<mj}CS. Giving a partition o > p is
equivalent to giving a partition of S, and we will denote this partition of S by «. Thus,

given a partition o > ., for every B € @ we get a sequence (|BNS; |)i?:1 .
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As explained in the proof of Lemma 4.14, we can decompose R, and E el a5
products, and in this case the decompositions can be written as Ry = [[pez R(Bns; )
and Elol = DPpes Easos;pl - A¢in the proof of Lemma 4.14, we can now use the
Whitney sum formula and the Kiinneth decomposition to get

degc, (E[[(x]]) N Ra l_[ deg c. (E[[”(\Bmsjb]]) n [R(IBﬂS, |)]
Bea
which implies that

(6-2) Go =[] Guansip = [[UIBNSiD! Fysns;)-

Bexa Bea

Let Cy = co(EI*D), and let D be defined (on the space Y as in the proof of the
main theorem) inductively in terms of the Cy as in Definition 4.11. As explained
in Remark 4.12, we have D = Zazﬂ(—l)|“|_1(|a| — 1)!Cq. By the argument in
Section 4.8, deg D N [Y] is a linear polynomial in Chern numbers of (X, £). We have

degDN[Y]= > (=D (| —1)1C, N[¥T= ) (D (|| - DGy,
a>u a>u
and therefore

(6-3) Hinyy =y (=D (ja| = 1)! Gy

a>pu

is a linear combination of Chern numbers.

Using (6-1), (6-2) and (6-3), we see that the terms of H,,;) admit a combinatorial
expression in the terms of F, and we claim that

(6-4) H(py = (mi)! (log F)(m;)-

It follows from this that the terms of log F' are linear polynomials in Chern numbers,
and so the proposition follows.

We give the proof of (6-4) in the case when k = 1; the general case can be treated with
similar combinatorics. Fix an m > 0, and consider

Z(W“WIWHW%m

Bea
where the sum is over all partitions « of {1,...,m} (so that Hp := 0). Given a parti-
tion @ of {1,...,m}, let o be the underlying partmon of m,iethesum ) p., |B|=

For a partltlon 73 Zl_l ki of m, we use the notation

Pl=1, Pl=]]k!. Auw®P)=]]ltilki=,}! and Fp—l_[Fk..
i

Jj=1
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Let P be a partition of m, and let

Hp= Y D*"(a|=DIIBI!Fip.

{a|la=P} Bea
All terms in this sum are equal, so we get

Hp = [{o|a =P} (=DPIZ (1P| - )P Fp.

The first term of this product equals

m!
Pl-Aut(P)
We thus get | P!
__m [Pl-1 :
Hp = -(—1 - Fp.
?= Aup) Y Pl 7
On the other hand, since F'(0) = 1, we can write
logF =(F—1)—3(F—1)*>+--- = Z Z rpFpx™
m=>0Pkm

for some rp € Q. All contributions to rp come from the term (—1)IPI=1(F —1)I1/|P|.
Expanding out we see that rp equals (—1)/PI=1/|P| times the number of distinct ways
of ordering the terms in P, which is |P|!/Aut(P).

Comparing the terms we see that Hp = m!rpFp. Since Hy = ) pp,, Hp and
(log F)m = Y _pr-m 'r Fp, Equation (6-4) follows. |

7 Enumerative applications

We present some applications of the main theorem to the problem of counting geometric
objects with prescribed singularities. We treat three different problems. In Section 7.1
we study curves on a surface having prescribed singularity type, where by singularity
type we mean either analytic or topological (equisingular) type. If L is a sufficiently
ample line bundle on a surface S, we show that the number of such curves in a general
linear system P4 c |L| of appropriate dimension is given by a universal polynomial
in the Chern numbers of (.S, L). Similar and in some ways more general results to this
effect have recently been obtained independently by Li and Tzeng in [24].

In Section 7.2, we consider divisors having fixed isolated analytic singularity types
on a smooth variety X of arbitrary dimension. We show that the number of such in a
general linear system P4 C |L| is universal. The proofs carry over from the analytic
curve singularity case and are omitted.

Finally, in Section 7.3, we consider again the case of curves on a surface. We study the
locus |L|, C |L| of curves having prescribed BPS spectrum m and show that if L is
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sufficiently ample, the Euler characteristic of |L|,, N P* is universal.

All of our results use the assumption that L is sufficiently ample. This is required to
ensure that the objects we consider occur in the expected codimension in |L|, as well
as in other places in the argument. A natural way of measuring the ampleness of a line
bundle in this setting is N—very ampleness, defined as follows.

Definition 7.1 Let X be a nonsingular, projective variety, and let L be a line bundle
on X . We say that L is N-very ample if for every length-(N 41) subscheme Z C X,
the map H%(X,L) - H%(Z, L|z) is surjective.

Equivalently, we say that the line bundle L is N—very ample if the sheaf homomorphism
H%X, L)®Oxn+11 — LIN+1] g surjective. Being O—very ample is the same as being
globally generated, and being 1—very ample is the same as being very ample. If L
and L, are N1—and Np—very ample, then L1 ® L, is (N1+ Np)—very ample [15].

7.1 Curves with specified singularities

We begin by fixing some terms. By a curve singularity we mean a pair (C, p) where C
is a reduced, locally planar algebraic curve and p is a singular point of C.

Let (C, p) be a curve singularity. By the analytic type of the singularity (C, p) we
mean the isomorphism type of the complete local C—-algebra CA’)C, p - By the topological
type (equivalently, equisingularity type) of (C, p) with C embedded in a smooth
surface S, we mean the homeomorphism type of the pair (Be (p),C N Be( p)), where
Be(p) is a sufficiently small open ball in S centred at p.

Proposition 7.2 Let S be a smooth, projective, connected surface, let L be a line
bundle on S, and let T1,..., T} be analytic isolated singularity types. There are
expected codimensions d; associated with each T;, and we letd =) _d; .

There is an integer N and a rational polynomial Gty of degree k in four variables,
depending only on the T;, such that if L is N—very ample, then in a general P4 c |L|
the number of curves having precisely k singularities of types T; is

Gr (e (L), er(L)er(S), ea(S). ¢} (S)).

The same statement holds when the T; are topological rather than analytic singularity
types.

The same proposition has recently been obtained by Li and Tzeng in [24], using
essentially the same strategy. One could also choose a sequence of singularity types 7;
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where some are analytic and some are topological, and count the curves having these
singularity types. In this case, the same proposition can be proved by the same approach,
ie by constructing a geometric set W = P (W((Tl- ))) , which is a straightforward mixture
of the corresponding sets in the analytic and topological cases. Proving the bijection
between {(Z,C) | Z C C,Z € W} and {C | C has singularities of types 7;} as in
Lemmas 7.6 and 7.7 then becomes somewhat subtle in the case where there are i, j
such that 7; is an analytic singularity type and 7} the corresponding topological type.
As [24] in fact proves this more general version of Proposition 7.2, we omit the details.

Remark We will not be concerned with the precise ampleness condition required
on L for the universal polynomial to give the correct answer, and refrain from making
the N in the statement of the proposition explicit. Instead, we will take N large enough
whenever the N—-very ampleness of L is required; it will be clear that N depends only
on the types 7;. A value for N may be recovered from the proof, but already in the
case of nodal singularities, the N provided by this method is known to be larger than
required by a factor of 5; compare the bounds obtained by our model [10] with those
obtained by [21].

The main idea of the proof, taken from [10], is to set up a correspondence between
curves having given singularities and curves containing 0—dimensional subschemes of
given isomorphism type.

Choosing analytic or topological singularity types 7;, we find an n and a geometric set
W = W((T;)) C S, such that a generic curve containing a Z € W has the specified
singularities. Then, using a proposition from [10] we get that in a general P4 c [L|,
the number of curves containing a subscheme Z € W equals deg (cdim w(LMhn [W]),
which is universal by Theorem 1.1. We then show that there is a bijection between such
pairs (Z, C) and curves in P¢ with singularities of types 7;, completing the proof.

Corollary 7.3 Let Ty,..., Ty be distinct analytic singularity types, and let my, ..., my
be nonnegative integers. Denote by Gy, the universal polynomial computing the
number of curves having precisely m; singularities of type T; and no other singularities.

There are then power series B1, By, B3, B4 € Q[[x1, ..., x]| such that
2 2
Z G(ml')xllnl .. x]’{'lk — Bfl (L)B;'l (L)cq (S)B?c’l (S)B§2(S)
(m)ezk

The same statement holds when the T; are topological types.

Proof This follows from Proposition 6.4 and the proof of Proposition 7.2, using the
fact that W is irreducible in both the analytic and the topological case. |
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7.1.1 Analytic types We treat first the case of analytic singularity types. Fix a
smooth, projective, connected surface S, a line bundle L on S, and analytic singularity
types T1,..., Ty . We assume that L is N—very ample, where N will be taken to be
sufficiently large at various points in the proof.

In order to associate a O—dimensional subscheme to an analytic singularity type, we
need the following lemma, which states that for an analytic singularity type 7', there
exists an integer /(7') such that a singularity (C, p) is of analytic type T if it looks
like a singularity of type T to I(T)™ order at the singular point.

Lemma 7.4 Let (C, p) be a curve singularity of analytic type T . There is a positive
integer I(T) such that if (C’, p’) is a curve singularity, the analytic type of (C’, p’)
is T if and only if Oc p,/m!T) = O¢/ , /m!T)

Proof This follows from [11, Corollary 2.24]; in fact we can take I(T) = 7 + 2,
where 7 is the Tjurina number of 7. |

Given a singularity type T we define a punctual geometric subscheme W(T') as follows.
Let (C, p) be a germ of type T', and let /(7") be the integer that is given by Lemma 7.4.
Suppose that the length of Oc, 5/ mII,(T) is n(T). Let W(T)C Hilbg(T)(Cz) be the set

of subschemes Z € Hilbg(T)((Cz) with Z = Spec Oc,p/mI(T).

Letnow n; =n(T;),letn = Zf-‘zl n;, and define W C S to be the set of subschemes
of the form Z; U---U Zj, where Z; is isomorphic to a point in W(T;) for every i.

It is clear that W is a geometric subset, and in the notation of Section 2.4 we have
W=P ((W(T,-))). We define the expected codimension of the singularity 7; to be
di =n;i —dimW(T;). Weletd =n—dimW =) _d,.

Note that W(T;) is irreducible and locally closed, as it is the orbit of a given point
in Hilbgi (C?) under the action of the connected algebraic group Aut(O¢2 o/ UGS
It follows that W is irreducible and locally closed.

Lemma 7.5 Let Y C S be a locally closed subset, and assume L is (n—1)—very
ample.

(i) Let 2 c S x|L| denote the incidence locus of pairs (Z,C) with Z € Y
and Z C C. We have dim Z = dim|L| +dimY —n.

(il) Lete =n—dimY, and let P¢ C |L| be a general linear subspace. The number
of pairs (Z,C) suchthat Z € Y, C € P¢ and Z C C is equal to

deg caimy (L) N [Y].
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Proof (i) For any Z €Y, the fibre of Z — Y over Z is the projectivisation of
the kernel of H%(S,L) — H°(Z,L|z). By the (n—1)—very ampleness of L, this
homomorphism is surjective, so Z — Y is a projective space bundle with fibres of
dimension |L|—n. The claim follows.

(i1) See the proof of [10, Proposition 5.2]. O

Applying Lemma 7.5(ii) with Y = W, the following lemma now concludes the proof
of Proposition 7.2 in the analytic case.

Lemma 7.6 Let P4 C |L| be a general subsystem, and assume L is N—very ample.
Suppose (Z,C) is a pair such that Z € W, C € P4 and Z C C. Then C has k
singularities of analytic types T;, and C contains no other point of W .

Proof Let P4, C and Z be as in the statement of the lemma, and suppose Z = L1Z;,
where Z; is supported at x; € C and where Z; is isomorphic to a point in W(T;). We
show the following claims: (1) that C has precisely k singularities, (2) that C has a
singularity of type 7; at x;, and (3) that C contains precisely one Z € W.

(1) Clearly, C has at least k singularities. Assume for a contradiction that C has more
than k singularities. It must then contain a subscheme of the form Z U Z’, where Z’
is defined by an ideal m2 for some x € S where C is singular. The geometric set

W':={ZUZ'|ZeW and Z' = Spec Og /m?} c SI"*3I

has dimension 2 greater than W. By Lemma 7.5(i), we see that the set of C € |L|
containing an element of W' has codimension > d + 1 in |L| if L is (n+2)-very
ample. The intersection of this set with a general P4 |L| is empty, contradicting the
original assumption.

(2) Suppose for a contradiction that the singularity type of C at xy is 7| # T1.
Let R = (’)S,xl/mI(Tl). As T| # T1, we have Z; S C NSpec R. Let f,g € R be
defining equations of Z; and C NSpec R in R, we then have (g) < (/). This implies
that (g) € m- (f) € mo4+1 0 (f), where ord(f) is the maximal integer such
that f € mod(f)

Hence C contains a subscheme of the form
ZiUZyu---UZy,

where Z| = Spec R/ mod+1y 7, Let W' be the set of subschemes which can be
written in this way. Then W' is geometric and has dimension < dim W .
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Let n’ be the length of the points of W’. Clearly, we have n’ > n, so we have
n—dimW' >n—dimW =d.

As L is N-very ample, applying Lemma 7.5(i) shows that the codimension of the
locus of points containing a point from W' is >d,if N >n+1. As C € P4 for a
general P9 | it is not contained in this locus.

(3) By (1) and (2), we know that C has a singularity of type 7; at p;, and suppose for
a contradiction that there isa Z" € W with Z' C C suchthat Z' # Z . Let Z' = | Z]
with Z/ supported at p;. Assume that Z; # Z as subschemes. But by part (2), the
singularity type associated to Z; must be 7;, and hence we have

Zi = Spec Oc p, /m!TD) = 7! o

7.1.2 Topological singularities We now turn to the case of topological singularities.
Let S and L be as before, and fix topological singularity types 71, ..., Tx. For any
planar curve singularity (C, p) the infinitely near points in C over p define a combi-
natorial structure called the Enriques diagram, which determines the equisingularity
type of (C, p); see [18]. Let D be the Enriques diagram of the 7;, that is the union of
the Enriques diagrams for each 7; .

The degree of an Enriques diagram is defined in [18], and we let n = deg(D).
Let W(D) c S be the subscheme denoted H (D) in [18]. It has the property
that if Z € W(D) and C is a generic curve containing Z, then the singularities of C
correspond to the Enriques diagram D . The subset W(D) is geometric and irreducible
[19, Corollary 5.8].

Let d =n —dim W(D). The following lemma is a reformulation of [18, Lemma 3.7].

Lemma 7.7 Let P4 C |L| be a general subsystem, and assume L is (n—1)—very
ample. Suppose (Z,C) is a pair such that Z € W(D), C € P4 and Z c C. Then C
has k singularities of topological types T; , and C contains no other point of W(D).

Proof Let Z be the incidence locus in |L| x W(D), let |L|r C |L| be the set of
curves having prescribed singularity types, let 7: |L| x W — |L| be the projection
and let Zr = 7~ (|L|r) C Z. By [18, Lemma 3.7], Z7 is dense in Z when L is
(n—1)—very ample.? We therefore have dim Z\ Z7 < dim Z, and applying Lemma 7.5
we find dim £ = dim|L| —d . So if P4 C |L| is general, then 7~ '(P4)N Z C Z7,
proving the first claim of the lemma. By [18, Lemma 3.7], the map Z7 & |L|7 is
bijective, which proves the second claim. |

2The reference assumes L = L1 ® L?" for L globally generated and L, very ample. However, the
proof given shows that L is then (n—1)—very ample, and the stronger assumption on L is not needed.
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If we apply Lemma 7.5(ii) with ¥ = W(D), then Lemma 7.7 concludes the proof
of Proposition 7.2 in the topological case.

If D is a connected Enriques diagram, then every element Z € W (D) will have support
in one point. Since W(D) is geometric, it is defined by a punctual geometric subset
W(D)o C Hilbg= (C?).

For topological singularities 77, ..., Tf, the associated Enriques diagram D is given
by D = Dy U---U Dy, where D; is the connected Enriques diagram associated
with 7;. In the notation of Section 2.4, we have W(D) = P((W(Di)o)) , SO wWe can
apply Proposition 6.4 to prove Corollary 7.3 for the case of topological singularity types.

7.2 General hypersurface singularities

Without any extra work, the above extends to counts of analytic types of isolated
singularities of hypersurfaces. Let (D, p) be the pair of a divisor D in a nonsingular
variety X and an isolated singular point of D. The analytic type of the singular-
ity (D, p) is the isomorphism type of the complete local C—algebra (AQD, p-

Lemma 7.4 is valid for hypersurface singularities of all dimensions, and the following
proposition can be shown by the proof given in Section 7.1.1, mutatis mutandis. (Note
in particular that we do not use the nonsingularity of X [n] anywhere in the argument.)

Proposition 7.8 Let X be a smooth, projective, connected variety, let L be a line
bundle on X, and let T, ..., Ty be analytic isolated singularity types. There are
expected codimensions d; associated with each T;, and we let d = )_ d; .

There is an integer N and a rational polynomial G (r,) in the Chern numbers of (X, L),
depending only on the T;, such that if L is N—very ample, then in a general P¢ C |L|
the number of divisors having precisely k isolated singularities of types T; is given

by G(Ti) .

There is a similar corollary for the generating function of these universal polynomials
as in the curve case; we leave the statement of this to the reader.

7.3 BPS spectrum loci

Let C be a reduced, complete, locally planar algebraic curve, and consider the generat-

ing function
o0

He(g) =) x(C¥hgk,
k=0
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Let the arithmetic and geometric genus of C be g(C) and g(C), respectively. In [32]
it is shown that there are integers n; ¢, with n; ¢ = 0 unless g <i < g, such that

g(C) . .
(7-1) He(q)= Y nicq* ' (1—q)* 2.
i=g(C)

For our purposes, it will be convenient to work with the index-shifted integers m; ¢
given by m; ¢ := ng_; c. We define the BPS spectrum of C to be the sequence
of integers (m; c)72,. By the above, we have m;c =0if i > g—g. If C has k
singularities of analytic types T4, ..., Tk, then by stratifying C ¥ one can see that the
BPS spectrum of C depends only on the 7.

By this observation, one may define the BPS spectrum of an analytic singularity type 7'
as the BPS spectrum of a complete, reduced curve having one singularity of type 7". The
BPS spectrum of a singularity 7" is shown by Maulik [28] to be determined explicitly
by the Milnor number and the HOMFLY polynomial of the link of 7. In particular,
the BPS spectrum of a locally planar curve depends only on the topological types of
the singularities of the curve.

Proposition 7.9 Let S be a smooth, projective, connected surface, let L be a line
bundle on S, and let k € Z>o. Let m = (m;){2, be a BPS spectrum, and denote
by |L|m < |L| the locus of curves with BPS spectrum m .

There is an integer N and a rational polynomial G, in four variables, depending only
on k and m, such that if L is N—very ample, then for a general P¥ C |L| we have

X(PE L) = Gm(c1(L)?, c1(L)e1(S), c1(S)2, c2(S)).

If in addition it is known that P¥ N |L|m is O—dimensional, this implies an enumerative
result of the kind found in the previous subsection. This is essentially the argument used
in [21] to compute the number of §—nodal curves and prove the Gottsche conjecture.

Remark Let d = dim|L|, and let us write csv(|L|m) = Y. a;[P?7] € Hy(|L]).
Let yr = )((]P’k N |L|m) for a general hyperplane P* . Aluffi shows in [1] that the
sequence (a;) determines the sequence (x;) and vice versa.3 Concretely, we get

d—k—1
aq = Xd and ai=Z( ik )Xk-
k<i
Thus, Proposition 7.9 implies that there is a polynomial in d and the Chern numbers

of (S, L) which computes a;, assuming L is N—very ample for some N depending
onlyon i.

3We thank the referee for pointing out this result.
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The remainder of this section contains the proof of Proposition 7.9.

Lemma 7.10 Let [ > 0 be an integer. Then X(Hilbﬁ, (C)) can take only finitely many
values for (C, p) a locally planar curve singularity.

Proof Let B = Spec C[z; j]o<i+ j<1, Which corresponds to the affine space of all
degree <[ polynomials in C[x, y] by the map

(ai,j) € B— Zai ix'yl e Clx, y).
Let C C A% x B be the divisor defined by the equation D 0<itj<l Zi,jXx iyJ. Let
Hilb’ (C/B) denote the relative Hilbert scheme, let Hllbj (C/B) C Hilb’ (C/B) be the

subset of those Z C C with support in C N ({0} x B), and let 7: Hilb) o(C/B) — B be
the projection.

For any given planar curve smgularlty (C, p), the scheme Hllbl (C) depends only on
the structure of Spec(Oc,,/ m! ). We can finda g € C[x, y] of degree </ such that
there is an isomorphism ¢: Spec Oc,p/ m — Spec C[x, y] /(mo g).

Denote by g also the corresponding point of B. We then get a bijective morphism
ol: Hilb, (C) — 771 (g). It follows that x(Hilb,(C)) = x(77'(g)) = mx(1)(g),
where 1, denotes the pushforward of constructible functions. Since m«(1) is a con-
structible function, it takes only finitely many values, and this completes the proof. O

Lemma 7.11 If L is k—very ample, then for a general P¥ C |L| every curve C € P¥
is reduced and satisfies g(C) > g(C) —k.

Proof See [21, Proposition 2.1]. O

Let Sp; be the set of BPS spectra m satisfying the following condition: there exists
a k—very ample L such that for a general Pk ¢ |L|, there is a C € P*¥ whose BPS
spectrum is .

Lemma 7.12 The set Spy, is finite.

Proof Let L be k—very ample, and let C € PK || for a general PX. By Lemma7.11,
we have g(C) > g(C) — k. By (7-1), the BPS spectrum of C is then determined
by x(CUl) for 1 <i <k.

Denote by Hilb{; (C) c CU1 the set of subschemes supported at p € C . Stratifying C1,
we see that y(C [1]) is determined by x(C) and the integers X(Hilbﬁ, (C)), where p
ranges over the singular points of C and / <i. Applying Lemma 7.10, the claim
follows. O
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Lemma 7.13 For each m € Spy, there is an Fp, € Q(g)[x1,...,Xg] such that

Fu(g(C), x(C), ..., x(CKy)

equals 1 if C has BPS spectrum m and equals 0 if C has BPS spectrum in Spy \{m}.

Proof Let C be a curve with BPS spectrum m. Using (7-1), we find that y(C 11y is
a polynomial in g(C):

i .
Gy N 1\i—) 2(g(C)—])—2)
(€ = 30 Ty (T,
j=0
For each m € Spy, let Cy;, be a curve of BPS spectrum m. Let

pm = ((CI), ... () e @)k

As in the proof of Lemma 7.12, we see that m is determined by X(C,[,,l]), e, )((C,E,k]),
and hence the p,, are all distinct. Therefore for each m we can find an element
Gm € Q(g)[x1,...,xk] such that Gy, (pp) = O if and only if m = m’. Putting
Fi =[1;2:(G;/Gj(pi)) gives the result. ad

Let now P¥ C |L| be general, let C — P¥ be the family of curves, and let Clil/P¥
denote the relative Hilbert scheme. Every monomial M € Q[xq,..., xi] determines a
scheme C(M) by taking

C(x;) = clil/pk

and extending this by the rule
C(My - M) = C(My) Xpk C(M>).
It is clear that

2€CM) = 3" ((LIm NPOYMGECI.... x(CH),

mGSpk

where C,, denotes a curve with BPS spectrum m.

We may write the polynomial Fj, from Lemma 7.13 in the form

Fn=) fu(@M,
M

where the sum is over all monomials M and where fjs € Q(g) for each M. Since
g(C) = J(c1(L)? —e1(L)er(S)) + 1, we get

ALl VPR =" far (3(c1(L)? = er(L)er(S)) + 1) x(C(M)).
M
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Lemma 7.14 below shows that y(C(M)) is universal. This implies that y(| L[, N Pk)
admits a universal expression as G/H , where G is a polynomial in the Chern num-
bers of (S,L) and H is a polynomial in g = %(cl(L)2 —c1(L)c1(S))+ 1. In
Section 7.4 we strengthen this to show that G/H is a polynomial, concluding the proof
of Proposition 7.9.

Lemma 7.14 Let L be a line bundle, and let P* C |L| be a general linear subsystem.
Let C — P¥ be the universal family of curves, and denote by C (i1 — Pk the relative
Hilbert scheme of i points for this morphism. Then the Euler characteristic

x(C pi - xprClit))

is computed by a universal polynomial, provided that L is ((3_ j 1j)—1)—very ample.

Proof For notational simplicity, we treat the case where [ = 2; the general case is
essentially the same. The case / = 1 is simpler; see [21].

Let f,,: "1 — S be the natural morphism. We claim that there exists a finite
stratification of S by geometric sets Py ; of universal type, such that

ki1+k>
(7-2) a(CE D pectkly = 3 N i g™ £ (P ).

n=1 1
Consider the function g: S1lx glkal Us‘:ﬁkz S defined pointwise by
g(Z1.22) =721 U Z>,
where the union is in the scheme-theoretic sense.

Define
i =12 € S| g7V (2) =i}

One can check that P, ; is geometric. Observing that Z1, Z, CC <= Z,UZ, CC,
we also see that P, ; satisfies (7-2). Lemma 7.15 now completes the proof. O

Lemma 7.15 Let P be a geometric subset of S and let PX c |L| be a general
linear subsystem, with L an (n—1)—very ample line bundle. Let C — P¥ be the family
of curves, let C"] be the relative Hilbert scheme of the family, and let f: c"] — s[7]
be the natural morphism.

Then there exists a universal polynomial in the Chern numbers of (S, L) which com-
putes x(f~1(P)ncly.
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Proof The inclusion-exclusion principle for y lets us reduce to the case where P is
closed and irreducible. Consider the diagram:

Y pynct L p

]P;k
The fibres of f are all projective spaces, since for a point Z € P, the fibre over Z is the

linear system of curves containing Z . Hence we have y(f~1(Z))=dim f~1(Z)+1.
Let Py ={Z <P | x(f~Y(Z)) =m}. On P, consider the surjective homomorphism

H(S,L)® 0p — LI,
let V< HY(S, L) be the (k+1)—dimensional subspace defining P*, and let
¢:V®0p— LM
be the induced homomorphism. Then
Py, ={Z € P |dimker¢p = m}.

Letting D, (¢) denote the locus over which ¢ has rank < r, we then have that
P = Dy 1-m(@) \ D4 1—m—1(¢p). It thus suffices to compute y(D,(¢)) for all r.

By [33, Theorem 2.10], there exists a formula for the Euler characteristic of D, (¢) as
a polynomial in the Chern classes of L] capped with csm(P), assuming that ¢ is
r—general in the sense of [33].

Choose a Whitney stratification of P, and let Y be any stratum. We consider the
bundle Hom(V ® Oy, L") as a scheme, and let D, € Hom(V @ Oy, L") denote the
tautological rank-r degeneracy locus. To say that ¢ is r—general means that for each
stratum Y , the graph I'(¢) € Hom(V ® Oy, L") intersects D, \ D,_; transversely.

The (n—1)—very ampleness of L implies there is a surjection H%(S, L)® Op — LM,
inducing a morphism
P —Gr(H°(S.L).n).

Choosing a subspace V € H%(S, L), the intersection of I'(¢) with D, \ D,_; cor-
responds to the intersection of P with a certain smooth subset of Gr(H 0(S, L), n).
By the Kleiman—Bertini transversality theorem [17], for a general V' C H 0(s, L), the
intersection of each stratum Y with this set will be smooth of the expected dimension,
and hence ¢ is r—general.

Hence the formula of [33, Theorem 2.10] applies, and by Theorem 1.1(ii), the statement
of the lemma follows. m
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7.4 A bootstrap

Let A= Q[xcl(S)z’ Xey(S)e1(L)s Xeq(L)2s Xcy(s)l- Forany F € A, write F (S, L) for
the value obtained by assigning the Chern numbers of (S, L) to the x;. We have
shown above that there are G, H € A such that G(S, L)/H (S, L) computes the Euler
characteristic of y(P¥N|L|,,) when L is N—very ample. Furthermore, H is contained
in the subring Q[xg], where xg = %(xcl(L)Z — Xey(L)er () — 1.

The claim of Proposition 7.9 is that we may take H = 1 here, or equivalently that H

divides G. Lemma 7.18 below shows that this is indeed the case.

Lemma 7.16 Suppose F € Q(x) is such that F(n) is an integer for all n > 0.
Then F € Q[x].

Proof We can write F = Q + R/H with H, Q, R € Q[x] and with deg R < deg H .
Let N € Z be such that NQ € Z[x]; then NF(n)— NQ(n) is integral for n > 0. This
equals NR(n)/H (n), which tends to 0 as n — oco. Hence R(n) =0 for n > 0, and
so R =0. |
Lemma 7.17 The set of quadruples

(c1(L)?, cr(L)er(S), e1(5)%, ea(S)) € Z*,
where S is a smooth, connected, projective surface and L is an ample line bundle

forms a Zariski dense subset of C*.

Proof Let S be the set of surfaces such that the Picard rank is > 2 and ¢ (S) is
numerically nontrivial. Let S € S and let NS(S) be the Néron—Severi group of S.
Since the ample classes in NS(S) ® R form an open cone, we see that {[L] | L ample}
is a Zariski dense subset of NS(S) ® C. One checks that the set

{(@?, ac1(S)) | @ € NS(S) ® C}
is Zariski dense in C?, and hence
{(c1(L)? c1(L)er(S)) | L ample}
is Zariski dense in C2.
Therefore the Zariski closure of the set in the statement of the lemma contains
{(a.b,c1(S)%,¢2(8)) |a,beC,S €8S}.

Within S is the set S’ of surfaces birational to the product of two curves of genera > 2.
One checks that {(cf(S), c2(S)) | S €S’} is Zariski dense in C2. The claim follows. 0
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Lemma 7.18 Assume G € A and H € Q[xg] C A are such that if L is N—very ample,
then G(S, L)/H(S, L) is an integer. Then H divides G .

Proof Consider the map A — A[¢] under which

Xey L2 P PXe 2 and  Xe (Lye,(s) P Xei (Lyer (S)

and which leaves the other generators fixed. Let G’, H' € A[t] be the images of G, H
under this map. Then if 7 € Z we have G'(S, L)(t) = G(S,tL) and likewise for H .

Ordering by 7 —degree, the leading term of H’ is proportional to 12k x(]fl (L) for some k.
We may thus write G’ = QH'+ R, where Q, R € A[xc_ll(L)2’ t] and the t—degree of R

is less than that of H .
Let (S, L) be such that L is ample. We have
G'(S,L)(t)/H'(S,L)(t) = G(S,tL)/H(S,tL) for t€Z.

If t > 0, then ¢L is N—very ample, and so G(S,tL)/H(S,tL) is an integer. By
Lemma 7.16, H'(S, L) must then divide G’(S, L). It follows that R(S, L) =0. Since
this is true for all pairs (S, L) with L ample, Lemma 7.17 implies that R = 0.

We thus have G’ = QH'. Setting t =1 gives G = PH , where P = Q|;=1 € A[xc_ll(L)2]'
Since H € Q[xg], itis not divisible by x,, 1)z, and it follows that P € A. This proves
the claim. o
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