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Rational cohomology tori
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We study normal compact varieties in Fujiki’s class C whose rational cohomology
ring is isomorphic to that of a complex torus. We call them rational cohomology tori.
We classify, up to dimension three, those with rational singularities. We then give
constraints on the degree of the Albanese morphism and the number of simple factors
of the Albanese variety for rational cohomology tori of general type (hence projective)
with rational singularities. Their properties are related to the birational geometry of
smooth projective varieties of general type, maximal Albanese dimension, and with
vanishing holomorphic Euler characteristic. We finish with the construction of series
of examples.

In an appendix, we show that there are no smooth rational cohomology tori of general
type. The key technical ingredient is a result of Popa and Schnell on 1-forms on
smooth varieties of general type.

32]27, 32Q15, 32Q55; 14F45, 14E99

Introduction

Given a compact complex manifold, one fundamental problem is to determine how
much information is encoded in its underlying topological space.

Hirzebruch and Kodaira [24] proved that for n odd, any compact Kihler manifold which
is homeomorphic to P” is actually isomorphic to P”; see also Morrow [32, Theorem 1].
A stronger property is actually conjectured: it should be sufficient to assume that the
rings H*(X,Z) and H*(P",Z) = Z[x]/(x"1) are isomorphic and ¢ (Tx) > 0 to
deduce that X is isomorphic to P” (this is known in dimensions at most 6; see Fujita
[20, Theorem 1], Libgober and Wood [31, Theorem 1] and Debarre [14]).

Catanese [8, Theorem 70] (see also Theorem 1.1) observed that complex tori X satisfy
this stronger property: they can be characterized among compact Kéhler manifolds by
the fact that there is an isomorphism

(D NHYX,Z)=>H*(X,Z)
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of graded rings. The Kéhler assumption is essential since one can construct non-Kéhler
compact complex manifolds (hence not biholomorphic to complex tori) that satisty (1)
(see Example 1.6). If we replace (1) with an isomorphism

2) NH' (X, Q)= H*(X,Q)

of graded (Q—algebras, Catanese [8, Conjecture 71] asked whether this property still
characterizes complex tori.

We say that a normal compact variety X in Fujiki’s class C is a rational cohomology
torus if it satisfies (2). The main objective of this article is to study the geometry of
these varieties: give restrictive properties and construct examples (some smooth) which
are not complex tori, thereby answering Catanese’s question negatively.

The Albanese morphism of a smooth rational cohomology torus X is finite (see
Catanese [8, Remark 72]). A result of Kawamata (Remark 1.8) then says that there is
a morphism Ix: X — X; which is an litaka fibration for X (see Section 1.1 for the
definition) such that X; is algebraic and has again a finite morphism to a torus. We
prove that X is also a rational cohomology torus, but possibly singular. This leads to
the following result, proved in Section 1.

Theorem A Let X be a normal compact class-C variety with a finite morphism to a
torus. Consider the sequence of litaka fibrations

I Ix;
XI—X>X1L>X2—>~--—>X](_1£>X]€,

where X1, ..., X} are normal projective varieties. Then X is a rational cohomology
torus if, and only if, X}, is a rational cohomology torus. Moreover,

e cither X}, is a point and we say that X is an litaka torus tower;

e or Xy is of general type (of positive dimension).

It is easy to construct smooth projective surfaces which are litaka torus towers but not
complex tori (Example 1.11). Since the product of two rational cohomology tori is
again a rational cohomology torus, this already gives a negative answer to Catanese’s
question in any dimension at least 2.

The next question is whether all rational cohomology tori are litaka torus towers. By
Theorem A, this is the same as asking whether there exist (possibly singular) projective
rational cohomology tori of general type. This reduces our problem to the algebraic cat-
egory; however, the price we have to pay is that we need to deal with singular varieties.
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Rational cohomology tori 1097

Rational singularities turn out to be the suitable kind of singularities to work with,
because they are stable under the construction of the sequence of litaka fibrations
of Theorem A. Moreover, any desingularization of a projective rational cohomology
torus of general type with rational singularities has maximal Albanese dimension and
vanishing holomorphic Euler characteristic (Proposition 1.17). These varieties were
studied by Chen and Jiang [12] and Chen, Debarre and Jiang [9]. Building on these
results, we give a classification, in dimensions up to three, of rational cohomology tori
with rational singularities.

Theorem B Let X be a compact class-C variety with rational singularities.

(1) If X isasurface, X is a rational cohomology torus if, and only if, X is an litaka
torus tower.

(2) If X is athreefold, X is a rational cohomology torus if, and only if,
— either X is an litaka torus tower;
— or X has an étale cover which is a Chen—Hacon threefold (X is then singular,
of general type).

(3) Starting from dimension 4, there exist smooth rational cohomology tori that are
not litaka torus towers.

This theorem is proved in Section 2. Chen—Hacon threefolds were constructed in [11,
Section 4, Example] (see also Example 2.1 and Proposition 2.2). The n—folds we
construct for (3) have Kodaira dimension any number in {3, ...,n—1}. In Corollary A.2
of the appendix, William Sawin shows that smooth rational cohomology tori of general
type do not exist (but we construct in Example 4.4 singular rational cohomology tori
of general type in any dimension at least 3).

After this classification result, we focus on giving restrictions on rational cohomology
tori of general type.

Theorem C Let X be a projective variety of general type with rational singularities.
Assume that X is a rational cohomology torus, with Albanese morphism ay . There
exists a prime number p such that p?|deg(ay).

Moreover, if deg(ay) = p?, the morphism ay is a (Z/pZ)*—cover of its image
(Corollary 3.8).

We deduce Theorem C and Corollary 3.8 from the analogous restrictions on the degree
of the Albanese morphism of a smooth projective variety X of general type, of maximal
Albanese dimension and with y(X, wyx) = 0 (Theorems 3.6 and 3.7). Theorem 3.6 is
probably the deepest result of this article and a key step in its proof is the description
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1098 Olivier Debarre, Zhi Jiang and Marti Lahoz

of minimal primitive varieties of general type with x = 0 (Theorem 3.4), primitive in
the sense that there exist no proper subvarieties with y = 0 through a general point,
and minimal with respect to the degree of birational factorizations of the Albanese
morphism (Definition 3.2). The most difficult part of the proof of Theorem 3.6 is to
realize these varieties as Galois quotients of products of lower-dimensional varieties
(Lemma 3.5).

Continuing with the idea of giving constraints to the existence of rational cohomology
tori of general type, we prove the following condition on the number of simple factors
of their Albanese varieties.

Theorem D Let X be a projective variety of general type with rational singularities.
Assume that X is a rational cohomology torus, with Albanese morphism ay: X — Ay,
and let p be the smallest prime divisor of deg(ay). Then Ay has at least p + 1 simple
factors.

Section 4 is devoted to the construction of examples. First, we construct in Example 4.1,
for each prime p, minimal primitive varieties X of general type of dimension p + 1
with x(X,wy) = 0 whose Albanese morphisms are surjective (Z/pZ)?—covers of a
product of p 4 1 elliptic curves; they are finite Galois quotients of a product of p + 1
curves. These examples show that the structure of primitive varieties with y =0 is
much more complicated than expected by Chen and Jiang [12] (see Remark 4.2).

We then use techniques of Pardini [33] to produce (singular) rational cohomology
tori of general type in any dimension at least 3 (Examples 4.3 and 4.4). The first of
these examples shows that the lower bound on the degree of the Albanese morphism
in Theorem C is optimal, and so is the lower bound on the number of factors of the
Albanese variety in Theorem D.

The article ends with a series of examples of nonminimal primitive fourfolds with
x = 0 whose Albanese variety has 4 simple factors and whose Albanese morphism
has degree 8.

Notation We work over the complex numbers. A (complex) variety is reduced and
integral (and possibly singular; manifolds are smooth). A variety is in the (Fujiki)
class C if it is compact and bimeromorphic to a compact Kéhler manifold (Fujiki [17,
Definition 1.2] and Ancona and Gaveau [2, Part I, Section 7.5]).

A projective variety is of general type if a (hence any) desingularization is of general
type, ie has maximal Kodaira dimension.

Given a compact Kihler manifold X, we denote by Ay its Albanese torus and by
ax: X — Ay its Albanese morphism. Given a complex torus A, we denote by A its
dual.
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A proper morphism X — Y between normal varieties is a fibration if it is surjective
with connected fibers; it is birationally isotrivial if the general fibers are all birationally
isomorphic to a fixed variety F. When X and Y are algebraic, this is equivalent
to saying that after a finite (Galois) base change Y’ — Y, the product X xy Y’ is
birationally isomorphic, over Y/, to F xY’ (Bogomolov, Bshning and von Bothmer [4]).

Acknowledgements We thank Fabrizio Catanese for explaining [8, Conjecture 72]
during a talk at the IMJ-PRG-ENS algebraic geometry seminar. This was the starting
point of this article. It is also a pleasure to thank Lie Fu, Sandor Kovacs, Stefan
Schreieder and Claire Voisin for useful conversations and comments, and an anonymous
referee for her or his suggestions. Lahoz worked on this article during his stay at IMPA
(Brazil) and he is grateful for the support he received on this occasion. Lahoz is partially
supported by MTM2015-65361-P.

1 Catanese’s theorem and question

Catanese [8] proved the following topological characterization of complex tori.

Theorem 1.1 [8, Theorem 70] A compact Kihler manifold X is biholomorphic to a
complex torus if, and only if, there is an isomorphism

3) NH'(X.Z)=> H*(X.Z)

of graded rings.

Let us recall the proof. The Albanese map ay: X — Ax induces an isomorphism
ay': H'(Ax.Z)~>H'(X,Z) and (3) then implies that a}: H*(Ax,Z)— H*(X,Z)
is also an isomorphism. Set n := dim(X); that ay": H?™(X,7) = H*™(Ax,7) is
an isomorphism implies that ay is birational. Moreover, since we have an isomorphism

of the whole cohomology rings and X is Kihler, ay cannot contract any subvariety
of X and is therefore finite. Thus, ay is an isomorphism.

If we replace (3) with an isomorphism at the level of rational cohomology, Catanese
already observed that the Albanese morphism is still surjective and finite [8, Remark 72].

Definition 1.2 Let X be a normal compact class-C variety. We say that X is a rational
cohomology torus if there is an isomorphism

(kx) NH' (X, Q)= H*(X,Q)

of graded Q-—algebras.

We also give an a priori slightly different definition.
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Definition 1.3 Let X be a normal compact class-C variety and let f: X — A be a
morphism to a torus. We say that X is an f-rational cohomology torus if f induces
an isomorphism

(k) [T H(4,Q) = H*(X.Q)
of graded Q—algebras.

Condition (*s) certainly implies condition (*x). But because of singularities, the
converse is a priori not clear. However, we show that Definitions 1.2 and 1.3 are in fact
equivalent.

Proposition 1.4 Let X be a normal compact class-C variety. Assume that X is a
rational cohomology torus. There exists a finite morphism f: X — A onto a complex
torus such that X is an f-rational cohomology torus. In particular, the Hodge structures
on H*(X) are pure.

Proof Set n:= dim(X). There are functorial mixed Q—Hodge structures on H*(X)
for which the cup product N"H! (X) — H?"(X) is a morphism of mixed Hodge
structures [18, Proposition (1.4.1); 2, Part II, Theorem 3.4]. Since X is compact,
H?"(X) is a 1-dimensional pure Hodge structure, hence ' (X) =2n, WoH'(X) =0
and H'(X) carries a pure Hodge structure. Therefore, H k(x) ~ /\kH 1(X) has a
pure Hodge structure for each k € {0, ...,2n}.

Let u: X’ — X be a resolution of singularities with X’ Kihler. Since H!(X) carries
a pure Hodge structure, the pullback map pu*: H'(X) — H'(X’) is injective. Con-
sidering the Albanese morphism ay/: X’ — Ay, we note that a¥,: H'(Ax/, Q) —
H'(X’,Q) is an isomorphism. Thus H!(Ax-) has a sub-Hodge structure which is
isomorphic to H'(X). Therefore, there exists a quotient 7: Axs — A of complex
tori such that g*H1(A) = u*H'(X) as sub-Hodge structures of H!(X’), where
g :=max: X' — A. We then have u*H¥(X,Q) = g*H*(A, Q) as subspaces of
H*(X’,Q).

We claim that g contracts every fiber of w. Otherwise, let F' be an irreducible closed
subvariety contained in a fiber of u and assume dim(g(F)) > 0. Let F/ — F be
a desingularization with F’ Kihler and let : F' — F <> X' be the composition.
Let w € g*H?(A,C) C H?>(X’,C) be the pullback of a Kihler form on A. Since
dim(gt(F’)) > 0, the form *w € H2(F', C) is nonzero. This is a contradiction, since
w isin p*H?(X,C) and put(F’) is a point.

Therefore, g contracts every fiber of y. Moreover, u is birational and X is normal,
hence uxOx’ = Ox. Thus the morphism g: X’ — A factors through a morphism
f: X — Aand X isan f-rational cohomology torus. a
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Remark 1.5 If X is a rational cohomology torus, Proposition 1.4 provides a finite
morphism f: X — A which has a universal property (up to translations) for morphisms
from X to complex tori. We will call f the Albanese morphism and A the Albanese
variety of X .

The hypothesis “X Kéhler” in Theorem 1.1 is essential: in dimension at least 3, the
topological characterization of tori is not true without this hypothesis, as we show in
the following example, whose origins can be traced to [3, page 163] (see also [39,
Example 5.1]).

Example 1.6 (a non-Kihler integral cohomology torus) Let E be an elliptic curve,
let L be a very ample line bundle on E and let ¢ and ¥ be holomorphic sections of L
with no common zeroes on E. Set

R T A R

Since det(Z?zl ridi) = Z?:l A7, the group

4
r:=Y 7J (‘p)
L2,
is a relative lattice in the total space of the rank-2 vector bundle V := L & L over E.
The quotient M :=V/T is a complex manifold with a surjective holomorphic map
m: M — E. By construction, 7 is smooth, each fiber of & is a complex 2—dimensional
torus and its relative canonical bundle wys/ g is T*L72.

One checks that M is diffeomorphic to a real torus, hence H*(M,Z) = /\'H 1 M, Z),
but M is not a complex torus, since it is not Kéahler: if it were, mxwp g would be
semipositive [19, Theorem (2.7)].

Answering a question of Ottem, we note that the hypothesis that A"H (X, Q) ~
H*(X,Q) is a ring isomorphism is crucial to get a finite morphism to an abelian
variety: if we only assume that the Hodge numbers of X are those of a torus, the
Albanese morphism is not even necessarily finite as we show in the following example,
though strong constraints on these morphisms were found in [13].

Example 1.7 (a surface with the Hodge numbers of a torus but nonfinite Albanese
map) Let p: D — C be a double étale cover of smooth projective curves, where C
has genus 2, and let T be the associated involution of D. Let E be an elliptic curve and
let o be the involution of E given by multiplication by —1, with quotient morphism
p': E— P! Let S := (D x E)/{t x0o) be the diagonal quotient. The surface S is
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smooth and its Hodge numbers are

1
2 2
1 4 1
Indeed, we have
pxOp =Oc & L1, where L € Pic®(C) is a 2—torsion point,

0L OF = Op1 ® Op1(-2).
If we denote by g: S — C x P! the natural double cover, we have
g+0s = Ocyp1 @ (L7 R Op1(-2)),
g+Q5 = (0c R Op1) @ ((0c ® L) B Op1(—2)) & (Oc Rawp1) & (L' R Op1),
gxws = wcxpt @ ((oc ® L) K Op1).

Note that the Albanese variety of S and the Jacobian J(C) are isogenous and that the
Albanese morphism of S contracts the elliptic curves E that are the fibers of S — C.

1.1 Iitaka torus towers

By Proposition 1.4, studying rational cohomology tori is equivalent to studying f-—
rational cohomology tori. For an f—rational cohomology torus X, the property (xr)
implies, since X is Kahler, that f is finite and surjective. A theorem of Kawamata
describes litaka fibrations for varieties with a finite morphism to a torus.

Recall from [38, Theorem 5.10] that given a normal compact complex variety X of
nonnegative Kodaira dimension (X)), there exists a proper modification X* — X
(with X* smooth) and a fibration Ix: X* — Y ™* such that dim(Y *) = x(X) and the
Kodaira dimension of a general fiber of Iy is 0. The fibration Iy is bimeromorphically
equivalent to the rational map on X defined by the sections of a))? ™ for m sufficiently
large and divisible. It is in particular unique up to bimeromorphic equivalence. Any
fibration X’ — Y’ bimeromorphically equivalent to Iy, with X’ normal but not
necessarily smooth, will be called an litaka fibration of X .

Remark 1.8 (reduction to algebraic varieties) Let X be a normal compact complex
variety and let f: X — A be a finite morphism to a torus. By [27, Theorem 23], there
are

e an abelian Galois étale cover 7: X — X with group G, induced by an étale
cover of A,

e asubtorus K of 4,

e anormal projective variety Y of general type, and
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e acommutative diagram

¥ x4
finite
oo
P — L 4/K
finite finite

with the following properties:

e Iy is the Stein factorization of the composition X — A — A/K. It is an litaka
fibration of X, with general fiber an étale cover K of K.

e [z is the Stein factorization of Ixm: X — Y. Itis an litaka fibration of X and
is an analytic fiber bundle with fiber K. Hence, there is a natural G—action
on Y which may not be faithful, /§ is G —equivariant and ¥ = Y /G.

For any finite group G acting on a irreducible projective variety V, we have
H*(V.Q)% = H*(V/G.Q):
see [6, Chapter III, Theorem 7.2]. Thus, we have isomorphisms
H*(X.Q) = H*(X.Q)¢
~(H'(Y. Q) ® H"(K. Q)¢
~H'(Y.Q°®H"(K.Q)
~H*'(Y,Q®H*(K,Q)
of graded QQ—algebras, where the second isomorphism holds by the Leray—Hirsch
theorem applied to the fiber bundle /3 [5 Theorem 15.11] and the third isomorphism
holds because G acts trivially on H* (K Q), which is isomorphic to H*(K, Q). Thus,

(*¢) holds if, and only if, (*, ) holds. In particular, this allows us to reduce the study
of property () to algebraic varieties.

The following lemma, which implies Theorem A in the introduction, is an easy conse-
quence of the previous remark.

Lemma 1.9 Let f: X — A be a finite morphism from a normal compact complex
variety to a torus. Let

I
(5) x I, X1—>X2—> co X =1 X

be the tower of litaka fibrations as in diagram (4), where the general fibers of Ix, are
complex tori, the X; are normal projective varieties with morphisms f;: X; — Aj;

Geometry & Topology, Volume 21 (2017)



1104 Olivier Debarre, Zhi Jiang and Marti Lahoz

to quotient tori of A and X}, is of general type or a point. Then X is an f-rational
cohomology torus if, and only if, X} is an fj —rational cohomology torus. In particular,
if X is a point, X is an f-rational cohomology torus.

Definition 1.10 We say that X is an litaka torus tower if, in (5), Xy is a point.

Example 1.11 (an litaka torus tower which is not a torus) Let p: C — E be a double
cover of smooth projective curves, where C has genus g > 2 and FE is an elliptic
curve. Let T be the corresponding involution on C. Let E/ — E be a degree-2 étale
cover of elliptic curves and let o be the corresponding involution on E’. Let X be the
smooth surface (C x E’)/(r x o). Then X is an Iitaka torus tower but has Kodaira
dimension 1, hence is not a torus.

The answer to Catanese’s original conjecture [8, Conjecture 70] is therefore negative.
Nevertheless, we may still ask the following question.

Question 1.12 Is a compact Kéhler manifold which is a rational cohomology torus
always an litaka torus tower?

To answer (negatively) this question, we study the variety X3 of Lemma 1.9, which is
a possibly singular projective variety.

1.2 Rational singularities
Recall the following classical definition.

Definition 1.13 Let X be a compact complex variety and let u: X’ — X be a
desingularization. We say that X has rational singularities if R’ 1Oy = 0 for all
i >0 and u«Ox = Ox (equivalently, X is normal).

The following lemma explains why we work with rational singularities.

Lemma 1.14 Let f: X — A be a finite and surjective morphism from a projective
variety X with rational singularities to an abelian variety. Consider a quotient A — B
of abelian varieties. If the composition X — A — B factors through a finite morphism
Y — B with Y normal, Y has rational singularities.

In particular, the lemma applies when X — Y — B is the Stein factorization of X — B.
Proof Since f: X — A is finite, so is the induced morphism g in the commutative

diagram
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Y —8B

Since Y — B is finite and surjective, sois Y xp A — A, hence the image of g is a
component Y of ¥ xp A. Since the induced morphism X — Y is finite, the trace
operator induces a splitting of the natural morphism (9X~ — Rg«Oy. Thus, by [29,
Theorem 1], since X has rational singularities, so has Y. Finally, since A — B is
smooth, sois ¥ <> ¥ xg A — Y . It follows that ¥ has rational singularities. m|

It follows from the lemma that if X has rational singularities, so do all the X; in the
tower (5). Thus, in order to answer Question 1.12, it suffices to answer the following.

Question 1.15 Can a projective variety with rational singularities which is a rational
cohomology torus be of general type?

To answer (positively) this question, we first prove that any desingularization must
satisfy very strong numerical properties.

Lemma 1.16 Let X be a projective variety with rational singularities. For each k , we

have an isomorphism
H*(X,0x) ~ Gt% H* (X),

where F* is the Hodge filtration for Deligne’s mixed Hodge structure on H k(Xx).

Proof By [28, Theorem S], rational singularities are Du Bois. If 2% is the Deligne—
Du Bois complex of X [35, Definition 7.34], this means that Q% is quasi-isomorphic
to Oy . By Deligne’s theorem [15, Sections 8.1, 8.2 and 9.3; 30, (4.2.4)], the spectral
sequence E{"? = HY(X, Q%) = HPT4(X,C) degenerates at E1 and abuts to the
Hodge filtration of Deligne’s mixed Hodge structure. Thus, we have HX(X, Ox) ~
H*(X, Q%) = Gr'% H*(X). o
Proposition 1.17 Let X be a projective variety with rational singularities. Assume
that X is a rational cohomology torus and let j1: X' — X be any desingularization.
(1) We have h* (X', wy/) = h* (X, wx) = (%) : in particular, (X', wx+) = 0.

(2) The Albanese morphism ay:: X' — Ay factors through u and the induced
morphism X — Ay is the Albanese morphism of X in the sense of Remark 1.5.
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Proof By Proposition 1.4, there is a finite morphism f: X — A to an abelian variety
such that X is an f-rational cohomology torus. Hence we have isomorphisms of
Hodge structures f*: HK(A) => H¥(X) for all k. In particular,

Gr% H*(X) ~ Gr'% H*(4) = H* (4, 04).

Since X has rational singularities, we have H k(x,0x)~ Gr%H k(X) (Lemma 1.16).
Hence h* (X, 0x) = ()

Let u: X' — X be a desingularization. Since Ruswy’ = wy , we have
(X, wx) = F(X wox) = "X 0x) =R on) = ().

For (2), note that 1! (X', Ox/) = n, hence dim(Ay’) = dim(X’) = dim(X) = n. By
Proposition 1.4, there is a quotient morphism Ay — A with connected fibers, hence
Ax = Ay’ and ay- factors through w. a

This simple but important proposition allows us to use the many known properties of
smooth projective varieties X’ of maximal Albanese dimension with y (X', wx/) =0
and pg(X') =1.

2 Rational cohomology tori in lower dimensions

Thanks to the work of Chen, Debarre and Jiang [9] on smooth varieties of maximal
Albanese dimension with p, = 1, we can give a classification of rational cohomology
tori up to dimension 3. We first recall some important examples.

Example 2.1 (Ein-Lazarsfeld & Chen—-Hacon threefolds) For each j € {1,2, 3},
consider an elliptic curve E; and a bielliptic curve C; 2L E ; of genus g; > 2, with
corresponding involution 7; of C;. Set A := Ej x E5 x E3 and consider the quotient
g: C1 x Cy x C3 — Z by the involution 71 X 7 X 73 and the tower of Galois covers

C1XC2XC3—g»Z—f»A

of respective degrees 2 and 4. The threefold Z is of general type with rational
singularities and it has 23 ]_[?Zl(gj — 1) isolated singular points. We call Z an Ein—
Lazarsfeld threefold [16, Example 1.13]. If X — Z is any desingularization, we have

1(X,0x) = x(Z,wz) =0.

A variant of the previous construction gives us varieties with pg = 1, as follows.
Keeping the same notation, choose points §; € E; of order 2 and consider the induced
double étale covers E J’ — E; and C ]’ —»> C;, with associated involution o; of C J/ .
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The involution 7; on C; pulls back to an involution 7} on C; (with quotient E7). Let
gt C{ x C; x C5 — Z’ be the quotient by the group (isomorphic to (Z/2Z)*) of
automorphisms generated by id; x 5 x 03, 01 xidy X 7§, 7] X 02 xid3 and 7] X ) X 7§
and consider the tower ) )

Clx ChxCh55 7' L5 4

of Galois covers of respective degrees 2* and 4. The threefold Z’ is of general type
and has rational singularities. We call Z’ a Chen—Hacon threefold [11, Section 4,
Example]. For any desingularization X’ — Z’, one has pg(X’) = 1.

The étale cover E| x E), x E5 — E1 x E» x E3 pulls back to an étale cover Z” — Z/,
where Z” is an Ein—Lazarsfeld threefold; in particular, Z’ also has isolated singularities.
Moreover, the quotient of C{ x C} x C; by the group of automorphisms generated by
idy x ) x 03, 01 xidp x 7§ and 7] X 03 X id3 is a smooth double cover of Z’, since
the group acts freely.

This terminology differs from that of [9]: there, Ein—Lazarsfeld and Chen—Hacon
threefolds refer to any of their desingularizations. Our singular threefolds can be
obtained from their smooth versions by considering the Stein factorizations of their
Albanese morphisms.

We can now prove the classification of rational cohomology tori up to dimension 3
stated in the introduction.

Proof of Theorem B Let X be a compact class-C variety with rational singularities
which is a rational cohomology torus. By Lemma 1.9, we may assume that X is
projective. Let u: X’ — X be a desingularization. By Proposition 1.17, we have
x(X',wx’) =0 and pg(X')=1.

If dim(X) =2 and X is of general type, we have y(X’, wx/) > 0 by Riemann-Roch,
which is a contradiction. If x(X) =0, then X is an abelian variety by [27, Corollary 2].
If k(X) =1, in the diagram (4) of Remark 1.8, Y is an elliptic curve. Hence X is an
litaka torus tower. This proves (1).

Assume dim(X) = 3. If X’ is of general type, we can apply the structure theorem
[9, Theorem 6.3]: there exists an abelian étale cover A4 —» Ay such that, in the
Stein factorization X’ x Ay A XA , the variety X is a Chen—Hacon threefold
(Example 2.1). As noted in Proposition 1.17(2), X appears in the Stein factorization
of the Albanese morphism of X', hence X is an étale cover of X and X is singular.
We then apply Lemma 1.9 and part (1) to get the first part of (2).

For the second part of (2), it suffices to show that a Chen—Hacon threefold is a rational
cohomology torus. This follows from the more general Proposition 2.2 below.
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For (3), we note that there exists a smooth projective threefold Y with an involution
T such that Y :=Y /() is a Chen—Hacon threefold (Example 2.1), hence a rational
cohomology torus. Let o be a translation of order 2 on any nonzero abelian variety K.
The involution t X o acts freely on Y xK and X := (? x K)/{t x ¢) is a smooth
projective variety. Moreover, the natural morphism X — Y is the Iitaka fibration in (4).
Thus X is also a rational cohomology torus. Since Y is of general type, X is not an
litaka torus tower.

Moreover, by Example 4.4, there exists a rational cohomology torus ¥ with rational
singularities and of general type in any dimension at least 3 with a smooth double
cover Y . By the same construction, whenever 3 <m <n — 1, there exists a smooth
rational cohomology torus X of dimension » with Kodaira dimension m. O

The following proposition, which is further generalized to all abelian covers of abelian
varieties in [26], shows in particular that Chen—Hacon threefolds are rational cohomol-
ogy tori.

Proposition 2.2 Foreach j €{1,...,n}, let p;: C; — E; be an abelian Galois cover
with group G, where C; is a smooth projective curve and E; an elliptic curve. Take a
subgroup G of Gy x---x Gy, and set X := (Cyx---xCp)/G. Assume h®(X,wx) =1;
then X is a rational cohomology torus with rational singularities.

Proof SetV:=Cyx:---xC,, and A:= E1 x---x E,, and let
o V—Ls x 85 4

be the quotient morphisms. The variety X has finite quotient singularities, which
are rational singularities. In particular, H k(x ) has a pure Hodge structure for all
k €{0,...,n} [35, Theorem 2.43]. More precisely, if t: Xeg <> X is the smooth locus
of X and we set Q[p] = L*(Qp ), we have Q[p] = (f*Qp)G and QE(] is a resolution
of the constant sheaf Cx [35, Leinma246] Thus HI(X, Q[ ) =Grl, HPT4(X,C)
[35, proof of Theorem 2.43].

We may assume that each projection G — Gj is surjective. Indeed, if we denote by
H; the image of this projection, there are natural morphisms X — C;/H; — E;.
Since X has maximal Albanese dimension, the condition h°(X,wy) = 1 implies
hO(Cj/Hj,wcj/Hj) =1 [25, Lemma 2.3], so C;/H; is also an elliptic curve. Then
we simply replace G; with H; and E; with C;/H;.

Let j € {l1,...,n}. Since p; is an abelian Galois cover, we may write
— , _ -1
©  pxoc, =0, ® P Ly. pisOc;=0r® D Ly
lgéxjeGjV lgéxjeGj\/
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where G JV is the character group of G; and L, is the line bundle on E; associated
with the character y; € GJ\/. Since G — G; is surjective, its dual GJ\-/ — GV is
injective.

Since pj«wc; is a nef vector bundle on Ej [19, Theorem (3.1)], each line bundle L

is nef and, for X = 1, it is either ample or nontrivial torsion in E; . Moreover, if L X

is a torsion line bundle sois L = L ™ for each m € Z. Thus, L X is nontr1v1al
~1

¥ 1s nontr1v1a1 torsion.
J

torsion if, and only if, L 1= L
J

We compute
grox = gi((frov)?) = (pswy)®

G
:( (D (LXIIX---®LXH))

XjEG}/
1<j<n

= P Ly R-HLy,).

x;€G}
X1 Xn=1€GY

Since Oy is a direct summand of gxwy and h°(X,wy) = 1, we conclude that, for
any (xq...., x,) € Gy x---x G,/ not all trivial such that y,---y, =1 € G, at least
one of the corresponding line bundles L X is nontrivial torsion.

For any subset J ={j1,...,jpy of T:={1,...,n},weset Vy :=Cj x---xC;j, and
we let py: V — Vj be the projection. We also denote by g;: A — E; the projections.
Then

2 QP = 2. ((.20)%) = (p.25)C

= (P*( @ P?wV,))G

[J|=p
( J

(@ (97 @ (@)

A X €GY “keJe
for all jeJ for all keJ ¢
— * *x 5 —1
=D ) ( & q,LXj)®( 0% quXk).
= % €67 Xker X €6 X €GY
njej XJ [kese Xx l—1eGgv Je&J keJ¢

B

For example, for J = {1, ..., p}, the fourth equality reads

pxp oy, = prxwc, B KB ppeoc, B ppi1+0c,,, B+ K pyOc,.
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For any nontrivial solution of ;¢ x; [xeye Xk = 1€ GY, we have already seen
that the condition h°(X,wx) = 1 implies that either there exists j € J such that L,

is nontrivial torsion or there exists k € J¢ such that Ly 1 is nontrivial torsion, 1n
which case L} ! is also nontrivial torsion. Thus, by the Kunneth formula, only the
trivial direct summands of g*Q have nontrivial cohomology groups, since all the
others contain a nontrivial torsion line bundle. Therefore,

HI(X, Q[P]) = HI(A, g« Q[p])—Hq(A QP .

Since H4(X, QE{’]) = Gr‘f, HP%4(X,C), we conclude that X is a rational cohomology
torus. O

3 Constraints on the Albanese morphism

In this section, we study how the condition x(X,wy) = 0 gives restrictions on the
degree of the Albanese morphism. Note that y(X, wy) is a birational invariant. It would
be interesting to study the nonbirational conditions y (X, Q¥ x) =0 for 0 < p <dim(X)
to get further restrictions on the structure of rational cohomology tori.

We first recall some facts about projective varieties X of general type, of maximal
Albanese dimension and with y (X, wx) = 0 (see [9; 12] for more details).

Let X be a smooth projective variety and let f: X — A be a generically finite morphism
to an abelian variety. We set

Vi(fewx) :={[Pl€ A| H (A, fxox ® P) # 0}.

By [21; 22; 37; 23], Vi ( fxwyx) is a union of torsion translates of abelian subvarieties
of A of codimension > i. The set

(7) Sg:={T C ff| 3i > 1 T is a component of V' ( fiwy) with codim (T) =i}
controls the positivity of the sheaf fiwy [12; 25, Section 3].

We use the following notation: for any abelian subvariety B C A, we let

(8) X - Xz 2% B

be the Stein factorization of the composition X S, A~ B. After birational modifi-
cations, we may assume that Xp is also smooth. Note that when f is the Albanese
morphism of X and B € Sy, the map fp is the Albanese morphism of Xp.

Lemma 3.1 [21; 16; 9] Let X be a smooth projective variety of general type with a
generically finite morphism f: X — A to an abelian variety.

(1) We have y(X,wy) = 0 if, and only if, V°( fxwy) is a proper subset of A If
these properties hold, the abelian variety A has at least 3 simple factors.
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(2) If y(X,wx) =0 and T is an irreducible component of V°( fywy), we have
T € Sy. More precisely, T is an irreducible component of V' ( fxwx), where
i = codim (7).

(3) For any abelian variety Bes r » the variety Xp is of general type and we have

Proof The equivalence in (1) follows from generic vanishing [21, Theorem 1; 16,
Remark 1.6, Theorem 1.2] and the other statement is [9, Corollary 3.4]. For (2), see
[16, Claim (1.10)]. For (3), see [9, Theorem 3.1]. O

We introduce the notion of primitive and minimal primitive varieties. In Section 3.1,
we study the structure of minimal primitive varieties and prove Theorem C. We provide
examples in Section 4.

Definition 3.2 [12, Definition 6.1] Let X be a smooth projective variety of general
type, of maximal Albanese dimension and with y(X,wy) = 0. We say that X is
primitive if there exist no proper smooth subvarieties F through a general point of X
such that y(F,wp) =0.

We say that X is minimal primitive if it is primitive and, for any rational factorization
X -%>Y — Ay of the Albanese morphism of X through a smooth projective variety Y
of general type, the map a is birational.

This definition of primitive is different from [7, Definition 1.24] but is equivalent to
[12, Definition 6.1].

We will use the following results about primitive varieties.

Lemma 3.3 [9;12] Let X be a smooth projective variety of general type, of maximal
Albanese dimension and with y(X,wx) = 0.

(1) If f: X — A is a morphism to an abelian variety, then there exists a quotient
A — B of abelian varieties such that the general fiber Fp of the induced
morphism X — Xp is primitive with y(Fp,wF,) =0.

Assume now that X is primitive.

(2) The Albanese morphism ax: X — Ay is surjective.

(3) For any quotient Ay — B to a simple abelian variety, with connected fibers, the
composition X 2*> Ay — B is a fibration.

(4) If the abelian variety A has m simple factors, then VO( fywy) has at least
m irreducible components; each component is a torsion translate of an abelian

variety with m — 1 simple factors and the intersection of these components has
dimension 0.
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Proof For the first assertion in (1), see [9, Theorem 3.1]. The second follows from
[12, Proposition 6.2]. For (2), see [9, Lemma 4.6] and the definition of primitive. For
(3), see [12, Lemma 6. 4] Statement (4) also follows from [12, Lemma 6.4], since for
any quotient Ax —> K of abelian varieties, the composition VO( fuwy) <= Ax —> K
is surjective. a

3.1 The structure of minimal primitive varieties

We describe the structure of minimal primitive varieties X : we prove that each simple
factor K; of the Albanese variety Ay has a birational model K J’ that admits a Galois
cover F; — K ]’ with finite Galois group G; such that X is a quotient of the product
of the F; by a subgroup of the product of the G;. When the F; are curves, these
quotient varieties already played an important role in Proposition 2.2.

Theorem 3.4 Let X be a smooth projective variety of general type, of maximal
Albanese dimension and with x(X,wy) = 0. We assume that X is minimal primitive.
For some m > 3, there exist

e smooth projective varieties F1, ..., Fy, of general type,

* nontrivial finite groups G; acting faithfully on F; such that the quotient F; /G,
is birationally isomorphic to a simple (nonzero) abelian variety K;,

e anisogeny K x---x Ky, — Ax which induces an étale cover X—>X,
e asubgroup G of Gy X -+ X Gy,
such that X is birationally isomorphic to (Fy X --- X Fy)/G .
Furthermore, we can assume that the projections
Tij:G—=>G1 X XGi_1 xXGig1 X XGj_1 XGjp1 X - x Gy

are injective and the projections G — G; are surjective whenever 1 <i < j <m.

We summarize part of the conclusions of the theorem in a commutative diagram:

F1 X X Fm
¥
X Kix---x Ky,
léta]e O létale
X ox Ax

Minimal primitive varieties with y = 0 will be constructed in Examples 4.1 and 4.3.
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Proof The proof is divided into four steps.

Step 1 (reduction via étale covers) Taking if necessary an étale cover of Ay (which
induces an étale cover of X ), we may assume that each element of Sg, (see (7)),
which by Lemma 3.1(1)—(2) is nonempty, contains the origin 0 Ay

Assume that Ax has m simple factors. Since we are assuming that X is primitive,
there exist by Lemma 3.3(4) irreducible components A1, ..., Ay, of VO(ayswy) such
that each A; has m — 1 simple factors and

) dim( N X,-):o.
1<j=<m

The quotient K o= Ay / A j is a simple abelian variety and we consider the dual
injective morphism K; < Ax . By (9), the sum morphism
7 A=Ky x--x Ky > Ax

is an isogeny.

If X’ — X is the étale cover induced by 7, then n*(A )—le x{OK }x xlem.
Thus V%(ay/«wy’) contains at least the m components K1 X oo X {OK } XX Kpyp .
Moreover, Ay = K1 x--- X K,,.

Thus, we have constructed the following elements from the statement of the theorem:
the simple abelian varieties K; and the isogeny K; x---x K, — Ax . We still need
to identify the fibers F; and the groups G; and G.

Step 2 (a special property of fiber products) By Step 1, we can suppose that Aj ji=
K1 XX {0p XX Km is a component of VO(ayswyx) and Ay = Ky x---x Ky,
]

Foreach 1 <i < j <m, set ff,-j = /Ti N /Tj. Using the notation (8), we have a
commutative diagram

Ji

(10)
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where Y;; is a desingularization of the main component of X4, xx i) X4, . Since
Ax = K1 X+ X Ky, we have A; x4,;; Aj >~ Ax. Hence, the Albanese morphism
factors as

an ax: X 72 v, - Ay

Since Xy4; and Xy, are of general type by Lemma 3.1(3), Y;; is of general type by
Viehweg’s subadditivity theorem [40, Corollary IV]. Moreover, the assumption that X
is minimal implies that f;; is birational.

In other words, X is birationally isomorphic to the fiber product of any two of the
fibrations induced by the simple factors of the Albanese variety.

Step 3 (the f; are all birationally isotrivial fibrations) We use the notation of (10).
Since fi, is birational, for a general point x € Xy4, the fiber F of f; is bira-
tionally isomorphic to gz_l1 (g12(x)). Hence Fy is birationally isomorphic to F),
for y € g1_21 (g12(x)) general. Similarly, Fy is birationally isomorphic to Fy for
y € gl_j1 (g1 (x)) general for all j € {2,...,m}. Any two points of X4, can be
connected by a chain of fibers of g12, g13,... or g1, . For general points x and y
of X4, , the fiber Fy is therefore birationally isomorphic to Fy, and f; is a birationally
isotrivial fibration.

By the same argument, we see that f; is a birationally isotrivial fibration for each
J €{l,...,m}. We denote by F; its general fiber; since X is of general type, so
is Fj.

We have now constructed the varieties F; in the statement of the theorem. It remains to
see that there are finite groups G acting faithfully on F; suchthat F; /G is birationally
isomorphic to K; and X is birationally isomorphic to the quotient (F x---x Fy,)/G
for some subgroup G of G| X+ X Gypy.

Step 4 (the finite groups Gy, ..., Gy, and the subgroup G of Gy x---x Gp,) The
following lemma allows us to characterize varieties which are finite group quotients of
a product of varieties and finishes the proof of Theorem 3.4.

Lemma3.5 Let f: X — V) x---xVy, be a generically finite and surjective morphism
between normal projective varieties. Assume that X is of general type and that, for
each j €{l,...,m}, there is a commutative diagram

&

X / Vi XX Vi V;

Xj—» Vi XXV x Vg1 X--- XV
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where X i> X is the Stein factorization of ¢, the variety X is of general type, f; is
a birationally isotrivial fibration with general fiber F; and g; is a fibration.

Then there exists a finite group G; acting faithfully on F; such that F;/G; is bi-
rationally isomorphic to V;. Moreover, X is birationally isomorphic to a quotient
(F1x---x Fp)/ G, where G is a subgroup of G1 X---x G, with surjective projections
G—>G;j.

Before giving the proof of the lemma, note that it applies to our situation
fi X —> Ky x---x Ky,

thanks to Step 3 and Lemma 3.3(3), which ensures that the g;: X — K are fibrations.

Proof Let X1 be a general fiber of g1: X — V] and let f|X fl — sz -x Vi, be
the induced generically finite morphism. For j €{2,...,m}, denote by X, — V -V
the Stein factorization of the natural morphism X 1 = V;. The induced morphlsm
f X - Vy x---x V, is generically finite and surjective. For each j € {2,...,m},
let ,

v. _JJ . / / / /
Xl—»Yj—>>V2X"'XVJ-_1XVj+1X---XVm

be the Stein factorization of the natural morphism. We summarize these constructions
in the commutative diagram
4

fl—j»Yj—»VZ’ xV’le’_Hx X V) — {*}

| | |
X —» X; Vi XX Vo X Vg1 Xooo X Vig Vi

&1
where the second and third vertical arrows are finite. Since the images of the Y; in X;
cover X;, and X; is of general type by hypothesis, Y; is also of general type; similarly,
X, is also of general type. Moreover, fj’ is also a birationally isotrivial fibration with
general fiber Fj.

The morphism f/: X; — Vy x---x V, satisfies again the hypotheses of the lemma.
Thus, by induction on m, we obtain that X1 is birationally isomorphic to a quotient of
F> x---x Fp,. Since a fixed variety can only dominate finitely many birational classes
of varieties of general type, g1: X — V; is birationally isotrivial.

Thus, after a suitable finite Galois base change F| — V1 with Galois group G, where
F, ' is normal, we have a birational isomorphism F "% X 1 -=» F xy, X . Since X 118
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of general type, its birational automorphism group is finite. The action of G x id on
F 1/ xy, X therefore induces a birational action of G; on X1 such that X is birationally
isomorphic to the quotient of F| x X; by the diagonal action of G .

Note that G acts on the canonical models of X 1and F 1/ . After an equivariant resolution
of singularities [1, Theorem 0.1], we may assume that X; and F 1/ are smooth, still
with G—actions, and that G acts faithfully on F 1/ We have the commutative diagram

~ ~ ~ f
F{XXI—»(FI/XXl)/Gl———>XHV1X~--XVm

I
/14
X1 HVzX---XVm

Let xe F | be a general point; there is a dominant rational map fix = fj on| xxF,
X1 --> X1. Since any family of dominant maps between varieties of general type
is locally constant, we have fix = fi, for x and y general points of F|. Thus,
f1 contracts the image of F| in X and F| -=> Fy, hence Fi; — Vj is a birational

Galois cover with Galois group G .

Similarly, for each j € {1, ..., m}, the map F; — V; is a birational Galois cover with
Galois group G, and there are dominant maps

G x+XGpy,
/GM
Fix- X Fpm = X —— Vi 5% Vi

Thus, there is a subgroup G of G X --- x Gy, such that X is birationally isomorphic
to (Fy x---x Fy)/G. Since g;: X — V; is a fibration, the projection G — G is
surjective for each j € {1,...,m}. a

To finish the proof of Theorem 3.4, it only remains to prove the injectivity assertion
of the projection to the product with two factors missing. This follows from the
minimality assumption: the morphisms f;;: X — Y;; are birational, thus a general
fiber of X — Xy, is birationally isomorphic to F; x Fj. This implies that the
projections 7;; are injective. O

3.2 Divisibility properties of the degree of the Albanese morphism
The main result of this section is the following theorem.

Theorem 3.6 Let X be a smooth projective variety of general type and maximal
Albanese dimension and let ay be its Albanese morphism. If y(X,wyx) = 0, there
exists a prime number p such that p? divides the degree of ay onto its image.
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By Proposition 1.17, if X is a rational cohomology torus of general type with rational
singularities, we have y(X,wy) = y(X’, wxs) = 0 for any desingularization X’ — X .
Thus Theorem C in the introduction directly follows from Theorem 3.6.

Proof We first reduce to the case of minimal primitive varieties (see Definition 3.2)
using induction on the dimension. Then, we apply Theorem 3.4 and study the numerical
properties of the degree of the Albanese morphism.

Step 1 (reduction to minimal primitive varieties) We may assume that X is primitive
with (X, wy) = 0. Otherwise, by Lemma 3.3(1) (see also (8)), there exists a quotient
Ax — B := Ax /K such that the general fiber F of the induced fibration X — Xp
is primitive with y(F,wfr) = 0. The restriction ay|r: F — K factors through the
(surjective) Albanese morphism of F and we can argue by induction on the dimension.

Moreover, if ax factors as X --» ¥ — Ay through a variety of general type Y, after
birational modifications, we may assume that we have morphisms between smooth
projective varieties

ay: X—»YG—Y>AX = Ay.

Therefore, we can replace X with Y and study the structure of ay . Note that ¥ may
not be primitive and we need to reapply induction on the dimension as before. Finally,
we get an X which is a minimal primitive variety of general type.

The structure of ay remains the same after taking abelian étale covers of X. Thus,
using Theorem 3.4, we can assume that X is birationally isomorphic to

(F1x---x Fp)/G,

where F; is a smooth projective variety acted on faithfully by the finite group G; such
that F;/G; is birationally isomorphic to a simple abelian variety K, the group G is
a subgroup of G; x---x Gy, and

AX :Kl X"'XKm.
Furthermore, we can assume that, for all 1 <i < j < m, the projection
G—)Glx...ij_l XGj+1X'-'XGj_1 XGj+1X"'XGm

is injective and the projection G — G; is surjective.

Step 2 (computation of deg(ay)) Set g := |G|. For each j € {l,...,m}, set
gj :=|Gj|. Since Ay = Kj x---x K, and K is birationally isomorphic to F; /G,
we have |

deg(ax) = [] &

1<j<m
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Moreover, since the projection G — G; is surjective, we have g; | g, hence

(12) deg(ax) | [ «-

2<j<m

Finally, since the projections G — G1x++-XGj_1XGj 41X+ XG_1XGpy1 X xGpy
are injective, we have

13) gj8k|deg(ax) forall 1<j <k <m.

Let now p be a prime factor of g1. Then p|deg(ay) by (13), hence p|g; for some
j€1{2,...,m} by (12), and p?|g1g;|deg(ax) by (13) again. This finishes the proof
of Theorem 3.6. o

Given a smooth projective variety X of general type, of maximal Albanese dimension
and primitive with y(X, wy) =0, we know by Theorem 3.6 that p?|deg(ay) for some
prime number p. Using the proofs of Theorems 3.6 and 3.4, we study the extremal
case deg(ay) = p2.

Theorem 3.7 Let X be a smooth projective variety of general type, of maximal
Albanese dimension and with x(X,wy) = 0. If deg(ax) = p? for some prime
number p, the morphism ay is birationally a (Z / pZ)?—cover of its image.

Proof We use the same notation as in Theorem 3.4.

There exists by Lemma 3.3(1) a quotient Ay — B = Ay /K such that the general
fiber F of the induced fibration X —> Xp is primitive with y(F,wr) = 0. There is a
factorization

ax|r: Fg)AFi)K‘—)Ax.

On the other hand, we have
p? = deg(ax) = deg(ha) deg(Xp 2> B).

By Theorem 3.6, deg(a ) is divisible by the square of a prime number. It follows that
this prime number must be p and that ay,, is birational onto its image.

Let n € Xp be the generic point. The geometric generic fiber X7 of X — Xp is then
primitive and satisfies x (X7, wx;) = 0 and deg(X7 — Ap) = p?. We are therefore
reduced to the case where X is primitive.

Note that ay: X — Ay is minimal (see Definition 3.2). We can therefore apply
Theorem 3.4. Keeping its notation, we see G has index deg(ay) = p? in Gy x---x Gy, ;
since 7;; is injective whenever 1 <i < j < m, we obtain that each G; is isomorphic
to Z/pZ and that ay: X — Ay is a (Z/pZ)*—cover. a
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Corollary 3.8 Let X be a projective variety of general type with rational singularities.
If X is a rational cohomology torus and deg(ax) = p? for some prime number p, then
ay is a (Z/ pZ)?—cover.

Proof Let u: X’ — X be a desingularization. By Proposition 1.17, Ax = Axs and
X is the Stein factorization of the Albanese morphism X’ — Ax. Hence ay is a
(Z/ pZ,)*—cover. |

3.3 Simple factors of the Albanese variety

Using the description of minimal primitive varieties of general type with y = 0, we
obtain restrictions on the number of simple factors of their Albanese varieties (which
we already know is at least 3 by Lemma 3.1(1)).

Proposition 3.9 Let X be a smooth projective variety of general type, of maximal
Albanese dimension, with x(X,wy) = 0. If p is the smallest prime divisor of the
degree of the Albanese map ay , the Albanese variety Ax has at least p + 1 simple
factors.

Proof We argue by induction on dim(X). As in Step 1 of the proof of Theorem 3.6,
we can assume that X is minimal primitive (in the sense of Definition 3.2). Then,
applying Theorem 3.4, we may assume, after taking an étale cover of X, that X is
birationally isomorphic to a quotient (Fy X --- X Fy,)/ G, the abelian variety Ay has
m simple factors, V(ayx«wy) has m irreducible components

El = {OK\I}XKAzX-"XEm,
B\z = Ielx{sz}x---xI?m,

§m = 1?1 XX Em—l X{Ok*m}
and all elements of S,, contain the origin 0 Ay

By the decomposition theorem [12, Theorems 1.1 and 3.5], we have

ax«ox = P 373,
BeSay

where pp: Ax — B is the natural quotient and Fp is a coherent sheaf supported
on B.
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On the other hand, by [12, Lemma 3.7], we have, for each j € {1,...,m},

*
aXp, xWXp, = @ pB’j]:B,
EeSuX
ECE/
where pp ;. B; — B is the natural quotient, hence

deg(aXBj) =1+ AZ rank(Fp).
BeS,
gCEj
Since all elements of Sqy are contained in ;< ;< B 7, we have

(14) deglax)—1= ) (deglax,,)—1).

1<j<m

With the notation of the proof of Theorem 3.4 (¢ = |G| and g; = |G;|), we get

1 1
deg(ayx) = — 1_[ gj and deglax, )= — 1_[ gj-
g 1<j<m J Jj#k

We may assume that deg(aXBl) is maximal among all deg(aXBk). Using (14), we then
obtain m deg(aXBl) >deg(ay)+m—1>g; deg(aXBl). Hence m>g1+1>p+1. O

By Proposition 1.17, we obtain Theorem D in the introduction as a direct corollary.

4 Construction of examples

We show that the varieties in Theorem 3.7 and Corollary 3.8 actually exist. The lower
bounds on the degree of the Albanese morphisms in Theorem C, Theorem 3.6 and
Proposition 3.9 are therefore optimal.

We first construct, for every prime p, a series of examples of (smooth) minimal primitive
varieties X of general type with (X, wy) = 0, such that X is a finite quotient of a
product of p + 1 curves and the Albanese morphism ay is a (Z/pZ)?—cover. Then
we show that a slight modification of this construction leads to rational cohomology
tori.

Example 4.1 ((smooth) minimal primitive varieties of general type with y = 0 whose

Albanese morphisms are (Z/ pZ)?—covers of a product of p+ 1 elliptic curves) Let p
be a prime number. Foreach j € {1,...,p+1},let p;: C; — E; bea (Z/pZ)—cover,
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where C; is a smooth projective curve of genus g; > 2 and E; is an elliptic curve.
For each j € {1,..., p+ 1}, write, as in (6),

pjxwc; = OF; ® @ Loy

1<m<p-—-1

where X € (Z/pZ)V is a generator and L, m = L®’" is an ample line bundle on E;
foreachme{l .,p—1}. Let p: V = Clx xCpH —-A=E;x---xEpyq be
the corresponding G —cover, where G := (Z/pZ)P+1!.

We now construct a subgroup H of G isomorphic to (Z/pZ)P~!. Actually, we
will describe dually the quotient morphism of character groups. Let p;: G — Z/pZ
be the projection to the j™ factor, let y € (Z/pZ)V be a generator and set X

xopj: G—C*. Then (x,..., x,4) is a generating family of GV ~ (Z/pZ)P“.
On the other hand, let (eg, ..., ep—1) be the canonical basis for (Z/pZ)P~!. Define
the quotient morphism GY — H" by
ej for<j<p-1
n: GY — (Z/pZ)PL, X\ li<j<p-1¢ forj=p,
Zlgjgp—l jej forj=p+1.
Let H be the corresponding subgroup of G and set X := V/H . We consider

p: VAXLA:EIXWXEP_H

and compute

Pxy = @ L= @ (L m] X-..-X L mp+1)

+1
teGvY (mi,...mpy1)€(Z/pZ)P+1 p

Moreover, as in the proof of Proposition 2.2, we have

grox = (o) = P L.

teGY
n(t)=1€eHY

= D (Lym & &L mps)

1 Xp+1
(ml""9m]1+l)e(Z/pZ)p
mj+mp+jmpi1=0 for all j€{l,...,p—1}

= . E(B/ )2(Lxl_a_b M Lyza—2n 8B Ly mampmin M Lyg W Lyp ).
a,b)e(Z/pZ

For a and b both nontrivial, there exists a unique j € {l,..., p — 1} such that
a+ jb=0€Z/pZ. Thus, y(X,wx) = y(A, gswyx) =0.

Geometry & Topology, Volume 21 (2017)



1122 Olivier Debarre, Zhi Jiang and Marti Lahoz

Moreover, we see that

(15) Vogrox)= | Evx-x{0p}xxEpyr.
I<j=p+1

By [10, Theorem 1], X is of general type.

By studying the fibrations induced by the components of V(g.wy ), we deduce that
X is primitive by Lemma 3.3(1). Since deg(ay) = p?, Theorem 3.6 implies that X is
minimal.

Remark 4.2 We saw that X is primitive in the sense of Definition 3.2 (see also
[12, Section 6]). However, g: X — A is a (Z/pZ)?—cover. This shows that [12,
Conjecture 6.6] is false: the structure of primitive varieties with y = 0 is more
complicated than expected.

Example 4.3 (rational cohomology tori of general type with finite quotient singulari-
ties whose Albanese morphisms are (Z/ pZ)?—covers of a product of p + 1 elliptic
curves) We first recall some constructions of Pardini. Let X be a normal projective
variety, let A be a smooth variety, let G be a finite abelian group and let g: X — A
be a G—cover. We write, as in (0),
gO0x = P L7
TeGY

where the L. are line bundles on A. The algebra structure on g«Ox gives rise to
effective divisors (Dz /) (¢,v/)eGvxGv suchthat Ly ® Lyr 2~ Ly./(Dx,¢r). Conversely,
the data (L¢)regv and (Dq,r/)(z,r)eGvxGv define a G—cover as above; see [33,
Theorem 2.1].

Let p be a prime number, set G := (Z/pZ)? and consider the G—cover g: X — A
from Example 4.1 with its associated data (L;);egv and (Dz,r/)(r,r)eGVxGV -

Let P; and P]{ be p-torsion line bundles on E; such that their classes [P;] and
[ij] generate the group E;[p] >~ (Z/pZ)? of p-torsion line bundles on E;. Set
P:=P X---KPpqq and P’ := P{&---IZIPI;_H.

We pick generators 71 and 175 of GV ~ (Z/pZ)? and, for (a,b) € (Z/pZ)?, we set
Ll p = L‘rfl“cg ® P®a ® P/®b

a,
1T

The relations L), ® L, >~ L’ (D) hold for all (z,7") € GY x G". Thus, by [33,

Theorem 2.1], we get a G—cover g’: X’ — A such that

2. 0x = @ L,r_l.

teGY
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Both covers have the same branch divisors D ./, so X’ has the same singularities
as X . Therefore, X’ has finite quotient singularities and we have by duality (as in (6))

gLy = @ L.

teGY

Hence, VO(g«wy) still generates A, so X' is also of general type by [10, Theorem 1].

We saw in Example 4.1 that for any t nontrivial, L, is trivial when restricted to
some E;. However, since P; and P’ generate E [p] ~ (Z/pZ)?, L. restricted to
E; is a nontrivial torsion line bundle. Therefore H k (A,L”)=0forany k € Z and ©
nontrivial. This implies 2°(X’, wx/) = 1.

Let A’ — A be the abelian cover induced by P and P’. Since they have the same
building data, the Galois covers X x4 A’ — A’ and X’ x4 A’ — A’ are isomorphic
[33, Theorem 2.1]. This shows that X’ x4 A’ is a quotient of a product of curves as in
Proposition 2.2, hence so is X’. It follows from Proposition 2.2 that X’ is a rational
cohomology torus.

Now we show that there exist rational cohomology tori of general type with mild
singularities in any dimension at least 3.

Example 4.4 (rational cohomology tori of general type with finite quotient singulari-
ties of any dimension at least 3) For each j € {1,2, 3}, consider a nonzero abelian
variety A;, an ample line bundle L; on A;, a smooth divisor D; € |2L;| and a
nontrivial line bundle P; € A j of order two. Let X; — A; be the double cover
associated with the data L; and D;, with involution 7;, and let X J/ — X, be the étale
cover defined by P;, with involution ;. Moreover, let 7; be a lifting of 7; to X7.

Set G :=(Z/27)%. Let Hy, H, and H3 be the nontrivial cyclic subgroups of G and
let x,, x, and x5 be the nontrivial characters of G, with Ker(y j) = Hj. We now
define data in order to construct a G—cover of A := A1 X A» x A3. Let p;j: A — Aj
be the projections. We define

LX —P1®L2®(L3®P3) DH1 ZIpTDl,
=(L1® P)X P, R L3, Dy, := p3 D>,
LX3 = L1|Z(L2®P2)|ZP3, DH3 = p§D3.

For {i, j.k} ={1,2,3}, wehave Ly ® Ly, ~ O4(Dp; + Dp,) and L, ®ij ~
Ly, (Dg). By [33, Theorem 2.1], there exists a G —cover f: X — A such that

_ —1 —1 —1
fOx =040 Ly @ Ly} @ L],

Geometry & Topology, Volume 21 (2017)



1124 Olivier Debarre, Zhi Jiang and Marti Lahoz

with branch locus D = Dy, + Dy, + Dpg,. Since D is a normal crossing divisor, a
local computation shows that X has finite group quotient singularities. In particular, X
has rational singularities. Actually, X is isomorphic to the quotient of X{ x X} x X}
by the automorphism group generated by id; x 75 X 03, 01 Xidp X 7§, 7] X 02 X id3
and 7] X 75 X 7§.

As in Proposition 2.2, we set QE;] = L*(Qi(reg), where (: X < X is the open subset
of smooth points. By [33, Theorem 4.1] or [34, Proposition 1.2], we have

f*Q)[?] = Q5 @ (Q)(log(Dy, + Dpy)) ® Lzll)
@ (Qil(log(DH3 + DHl)) Y L;zl)
® (2 (log(Dr, + D)) ® L)),

hence
H' (X, Q) ~ H'(4,Q%) forall s, >0,

and X is a rational cohomology torus of general type with finite quotient singularities.
Moreover, let Y be the quotient of X| x X} x X} by the automorphism group generated
by id; x ré X 03, 01 X1dp X té and ri X 07 Xid3. Then Y — X is a double cover and
Y is smooth.

The following example exhibits (smooth) primitive fourfolds with y = 0 whose Al-
banese varieties have 4 simple factors and whose Albanese morphisms have degree 8,
which is not a square. Thus, we have constructed two essentially different series of
examples of (smooth) primitive varieties with y = 0 whose Albanese varieties have 4
simple factors: the minimal varieties provided by Example 4.1 taking p = 3 and the
following nonminimal primitive varieties.

Example 4.5 (nonminimal (smooth) primitive fourfolds of general type with y =0
whose Albanese morphisms are (Z/27Z)3—covers of a product of 4 elliptic curves)
Let pi: C; — E; be a (Z/27)?—cover, where C; is a smooth projective curve of
genus g1 > 2 and E; is an elliptic curve. Let 0 and 7 be generators of the Galois
group and let 0¥ and " be the dual characters. For j € {2,3,4}, let p;: C; — E;
be a (Z/2Z)—cover with associated involution ¢;, where C; is a smooth projective
curve of genus at least 2 and E; an elliptic curve.

Thus, we are considering the case where G| = (Z/27)? and G, = G3 = G4 = Z/2Z
in Proposition 2.2 or Theorem 3.4. We have

p1xwc; = Of, @ Lov @ Lv @ Lovev,
pjx0C; = OEJ. ) L[/y for j €{2,3,4},
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where L,v is an ample line bundle corresponding to the character x".

We then set X := (C1 x C3 x C3 x C4)/{0 X 11 X 12 Xidp;, T X 11 xidf, x 13) and
consider the (Z/27)%—quotient

fﬁ C1XC2XC3XC4—>X.
With the notation of Theorem 3.4 or Proposition 2.2, we have G = (Z/27)?.

Let g: X > A = E| x E; x E3 x E4 be the morphism such that the composition

p: Z=C1xC2xC3xC4%>X8;i>A

is the quotient by G1 X G2 X G3 X Gy4.

Abusing the notation, we can describe the quotient (G; X G5 X G3 X Gs)Y — GY by

Y~ (1,0),

oV > (1,0), i~ (1.0)

v (0, 1),
7~ (0,1), v

13 = (1, 1).

One checks that
gvwx = (pxwz)®
~04® (0O, K Ly®WLyX ng)
@ (Lov K Ly®ROE, W OFE,) ®(Lov X OE, K LyX ng)
@ (L XNOE K LyX OF;)®(L,v X Ly®WOE, R ng)
@ (Lovey KOE, ROE, K Lag) @ (Lovv K Ly®WLyX OE,).
Thus, y(X,wyx) = x(A4, g«xwx) = 0. Moreover, we obtain

Vo) = | Brxeoox(0g hxeoox Ba.
1<j=<4

By [10, Theorem 1], X is of general type and, by studying the fibrations induced by
the components of V?(g«wy), we obtain that X is primitive by Lemma 3.3(1).

Note that X is not minimal primitive: if we consider the quotient

(G1x G xG3xGy)Y — HY ~(2)27)3

defined by y
t{ = (1,0,1),
oV (10,0, | (1.0.1
v t, = (0,1,1),
7+ (0,1,0), v
13— (1,1, 1),

Geometry & Topology, Volume 21 (2017)
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and the varieties Z := C; x C; x C3 x C4 and Y := Z /H , we have a factorization

S h
o Zﬂ)X—>YE>A

One checks that
hxwy = (pxwz)? = 04 @& (Lov BOg, WLy R Ly)
@ (Lv R Ly ROp, R Ly)
& (Lovev R Ly KLy BOE,).

Thus, x(Y,wy) = x(A, hswy) = 0. Moreover, we have V0 (g.wyx) = VO(hswy), so
by [10, Theorem 1], Y is of general type.

Appendix: Nonexistence of smooth rational cohomology tori
of general type
by William F Sawin

Theorem A.1 Let f: X — A be a finite morphism from a smooth projective variety
of general type X to an abelian variety A, all over C. Let n be the dimension of X .
Then

(—=1)" xtop(X) > 0.

Proof Recall that (—1)" yiop(X) is the top Chern class of the cotangent bundle, or,
equivalently, the intersection number of a section of the cotangent bundle and the zero
section. We will compute this by taking a generic 1—form of A and pulling it back
to X . We will show that its vanishing locus is 0—dimensional and nonempty, which
implies that the intersection number is positive.

First we will show that the vanishing locus is O—dimensional. Let
ZCXxHYA, Q)

be the locus of pairs of a point x € X and a 1-form w on A such that f*w vanishes
at x. Let m be the dimension of A. Then the dimension of Z is at most m: because it
is a closed subset, it is sufficient to check that for each subvariety Y € X of dimension k
with generic point 7, the fiber Z;, has dimension at most m —k. The map f remains
finite when restricted to Y and finite morphisms in characteristic 0 are generically
unramified, so the map

H(4,Q)) ®c C() = Y 1) ®cirmy C) — Ly,
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from the cotangent space of f(n) to the cotangent space of 7 is surjective, hence its
kernel has dimension m — k. Then the kernel of the natural map

HO(A, Q) ®c Cn) > @,

has dimension at most m — k, because it is contained in the previous kernel. But Z,,
is precisely the affine space corresponding to this kernel, viewed as a vector space
over C(n). So the dimension of Z; equals the dimension of the kernel and is at most
m — k, and thus the dimension of Z is at most m, as desired. Hence the vanishing
locus of a generic 1-form from A is 0—dimensional.

By a result of Popa and Schnell [36, Conjecture 1], any 1-form on X vanishes at
some point. So the vanishing locus is nonempty. Now the Chern number ¢, (2 )1()
is the intersection number of the zero section with this generic 1-form. Because
the intersection consists of finitely many points, the intersection number is a sum of
contributions at those points, which is 1 if they are transverse but is always positive in
general, so the total intersection number is positive. Thus

(=1)" xiop(X) = cn(R2x) > 0. o

Corollary A.2 Let X be a smooth projective variety of general type. Then X is not a
rational cohomology torus.

Proof If it is, then by a remark of Catanese [8, Remark 72], its Albanese morphism
X — Ay is finite. So by Theorem A.1, its topological Euler characteristic is nonzero.
But because its rational cohomology is the same as that of an abelian variety, its Euler
characteristic must be the same as that of an abelian variety, which is zero. This is a
contradiction, so X is not a rational cohomology torus. |

Acknowledgements Sawin was supported by NSF Grant No. DGE-1148900 when
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