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We prove that the Hitchin parametrization provides geodesic coordinates at the
Fuchsian locus for the pressure metric in the Hitchin component #3(S) of surface
group representations into PSL(3, R).

The proof consists of the following elements: We compute first derivatives of the
pressure metric using the thermodynamic formalism. We invoke a gauge-theoretic
formula to compute the first and second variations of the reparametrization functions
by studying flat connections from Hitchin’s equations and their parallel transports.
We then extend these expressions of integrals over closed geodesics to integrals over
the two-dimensional surface. Symmetries of the Liouville measure then provide
cancellations, which show that the first derivatives of the pressure metric tensors
vanish at the Fuchsian locus.
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1 Introduction

The Weil-Petersson metric on Teichmiiller space is a central object in classical Teich-
miiller theory. Quite a bit is known about it: it is a negatively curved real analytic
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Kéhler metric with isometry group induced from the extended mapping class group
(see Ahlfors [1], Tromba [36] and Masur and Wolf [25]). Although it is not complete
(see Wolpert [38] and Chu [11]), it resembles a complete negative curved metric and
shares many similar nice properties (see Wolpert [38; 39]).

In recent years, considerable attention has focused on higher-rank Teichmiiller spaces;
see Goldman [13], Hitchin [15] and Labourie [19]. It is natural to seek metric structures
on these spaces with the hope that such structure will reflect important properties
of the spaces. To that end, Bridgeman, Canary, Labourie and Sambarino [8] have
extended the Weil-Petersson metric from Teichmiiller space to an analytic Riemannian
metric by techniques from thermodynamic formalism, called the pressure metric on
Hitchin components. The Hitchin component H,, (), defined by Hitchin in [15], is a
special component of the representation space of the fundamental group of a closed
surface S of genus g > 2 into PSL(%, R). In particular, the Teichmiiller space 7 (.S),
identified as representations into PSL(2, R), embeds in this component and is called
the Fuchsian locus. To define the pressure metric, we associate a geodesic flow to each
Hitchin representation and describe these reparametrized geodesic flows by some Holder
functions, called reparametrization functions. Our pressure metric is defined on the
tangent space of a Hitchin component by taking the variance of the first variations of the
reparametrization functions that record the infinitesimal change of the representations.

Bridgeman, Canary, Labourie and Sambarino have proved that the pressure metric in
fact restricts to a multiple of the Weil-Petersson metric on the Fuchsian locus and is
invariant under the action of the mapping class group. Despite this nice coincidence,
very little is presently known about the pressure metric. Some C° properties of the
pressure metric have recently been identified by Labourie and Wentworth [20]. In
particular, they show that, when restricted to the Fuchsian locus, the pressure metric is
proportional to a Petersson-type pairing for variation given by holomorphic differentials.
Building upon their work, our goal in this paper is to investigate some variational C'!
properties of the pressure metric using tools from thermodynamic formalism.

One may be curious to what extent the pressure metric in Hitchin components resembles
Weil-Petersson geometry. Inspired by Ahlfors’ work [1] showing the Bers coordinates
are geodesic for Weil-Petersson metric, we will show that, for one particular case of
the Hitchin component, similar coordinates are geodesic for the pressure metric near
the Fuchsian locus. The Hitchin component we consider is #3(.S), which coincides
with the space of convex real projective structures; see Choi and Goldman [10]. It is a
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prototypical example of higher-rank Teichmiiller spaces. We expect similar results will
hold for general cases of Hitchin components H,(S).

Inspired by the methods of Labourie and Wentworth [20] for the C 0 properties of the
pressure metric, we will find and evaluate expressions for the derivatives of the pressure
metric at the Fuchsian locus for the case of PSL(3, R) and its Hitchin component 3 (S).

The coordinates we choose are very natural in the setting of Hitchin components from
a Higgs bundle perspective. Picking (¢1,...,q¢g—¢) to be a basis for H°(X, K?)
over R and (geg—5....,¢16g—16) to be a basis for H°(X, K3) over R, every element
of H3(S) corresponds to some

m)=&q1+---+&q
with & = (§1,...,&) € Rl and / = 16g — 16.

The &; are coordinate functions and the coordinate system is realized by the Hitchin
parametrization H3(S) = H°(X, K?)® H°(X, K?). The Hitchin parametrization is
given by the Hitchin section of the Hitchin fibration, which was defined by Hitchin in
[15] and will be explained in the next section.

We will show:

Theorem 1.1 Let S be a closed oriented surface with genus g > 2. For any point
o € T(S) C H3(S), let X be the Riemann surface corresponding to . Then the
Hitchin parametrization H°(X, K?) @ H°(X, K?) provides geodesic coordinates for
the pressure metric at o.

More explicitly, if we denote components of the pressure metric at o by g;; (o) with
respect to the coordinates given by Hitchin parametrization, then dx g;; (o) = 0 for all
possible i, j and k ranging from 1 to 16g — 16.

The proof will be a combination of techniques from the theory of thermodynamic
formalism and the theory of Higgs bundles. On the one hand, we will use thermo-
dynamic formalism to study the pressure metric and investigate its C! properties. On
the other hand, reparametrization functions and their variations need to be understood
via their Higgs bundle invariants. We now outline some important ingredients of our
computations and proofs.

Since there are two types of tangential directions in #3(S)—directions given by
quadratic differentials and directions given by cubic differentials (corresponding to
directions along the Fuchsian locus and transverse to it, respectively) — the derivatives
of the metric tensor will be divided into different cases according to this distinction:
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¢ The vanishing of a few types of first derivative of the metric tensor follows easily
from the geometric facts that the Fuchsian locus is a totally geodesic embedding into
the Hitchin component and that the Bers coordinates on Teichmiiller space are geodesic.

¢ On the other hand, to compute the bulk of the components, we need to invoke ther-
modynamic formalism to obtain an explicit formula for first derivatives of the pressure
metric. We find a formula for the first variations of the pressure metric by computing
third derivatives of pressure functions using the theory of the Ruelle operator. This
expression involves the first and second variations of the reparametrization functions.

e We start from studying the first and second variations of the reparametrization
functions on closed geodesics. Because vectors tangent to periodic geodesics are dense
in tangent bundles of hyperbolic surfaces, the computation of the first and second
variations of the reparametrization functions on closed geodesics can be extended to the
unit tangent bundle after an argument that the natural extensions are Holder functions.

¢ To study the first variations of the reparametrization functions on closed geodesics,
we recall a gauge-theoretic formula from [20]. We then interpret the resulting formula
as defining a system of homogeneous ordinary differential equations, which we proceed
to solve.

¢ Finding the second variations of the reparametrization functions is equivalent to
understanding the first variations of our gauge-theoretic formula from the previous
paragraph. The difficulty here is in describing how projections onto the eigenvectors
for the holonomy map vary when we have a family of representations in the Hitchin
component. Indeed, it turns out that we need to understand the variations of all of
the eigenvectors of our holonomy map. We interpret this problem in terms of solving
a system of nonhomogeneous ordinary differential equations with suitable boundary
conditions, which we then proceed to solve.

¢ For some types of metric tensors that involve both the tangential directions and
transverse directions to the Fuchsian locus, analyzing flat connections associated to
these directions require understanding the corresponding harmonic metrics that are
solutions of Hitchin’s equations. The harmonic metrics are no longer diagonalizable
when leaving the Fuchsian locus along these mixed directions. We break up the
infinitesimal version of Hitchin’s equation system and obtain nine scalar equations. We
analyze them by maximum principles and Bochner techniques to compute the second
variations of the reparametrization functions.
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¢ The evaluation of first derivatives of the pressure metric can be lifted to the Poincaré
disk following an idea from [20]. Here is where it becomes important that we are
taking first derivatives of the pressure metric rather than zero derivatives of the pressure
metric. In particular, we find formulas involving iterated integrals of these holomorphic
differentials. Specifying a point on the unit tangent bundle, we can identify the Poincaré
disk as our coordinate chart and write down the analytic expansions of our holomorphic
differentials on this chart. Using geodesic flow invariance and rotational invariance of
the Liouville measure, we find that no nonzero coefficients of our analytic expansions
remain after integration.

There are more cases of tangential directions along Fuchsian locus in H,(S) for n > 4,
where the harmonic metrics are not known to be diagonalizable. Despite the fact that
this makes the analysis difficult, the n» = 3 case suggests the following conjecture:

Conjecture 1.2 Let S be a closed oriented surface with genus g > 2 and n > 4. For
any point 0 € T(S) C Hn(S), let X be the Riemann surface corresponding to o;
the Hitchin parametrization @;3 HC(X, K%) provides geodesic coordinates for the
pressure metric at o.

Recently, a Riemannian metric in #,(S) associated to periods given by the first simple
root length, Ly, (p(y)) = log(kl (p(y))/kz(p(y))), has been defined by Bridgeman,
Canary, Labourie and Sambarino [9], where A (o(y)) and A, (p(y)) are the largest and
second largest moduli of eigenvalues of p(y). This Riemannian metric is called the
Liouville pressure quadratic form in [9]. Our methods of computing first derivatives
of metric tensors can be applied to the Liouville pressure quadratic form. We expect
similar geodesic coordinate results to hold in that setting as well.

Structure of the article In Section 2, we recall some fundamental results from the
theory of thermodynamic formalism and reparametrizations of geodesic flows. We
define the pressure metric. We also introduce Higgs bundles and Hitchin deformation
for defining our coordinates in Hitchin components. Section 3 is devoted to preliminary
proofs by thermodynamic formalism machinery. We compute the formula for third
derivatives of the pressure function. In Section 4, we start the proof of the main theorem
and divide the components of first derivatives of metric tensors into several types. We
also include a gauge-theoretic formula given by Labourie and Wentworth [20] here.
Then, in Section 5, we derive the second variations of the reparametrization functions
by studying infinitesimal variation of parallel transport equations. In Section 6, we
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evaluate the first derivatives of the pressure metric and show they are zero following
the steps explained above. We finally generalize the arguments to all types of metric
tensors in Section 7.
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2 Background and notation

In this section, we develop the notation and background material that we will need. We
begin in Section 2.1 with a discussion of reparametrization of geodesic flows. Then,
in Section 2.2, we recall the elements of thermodynamic formalism that we will need,
and finally, in Section 2.3, we conclude with some notation from the theory of Higgs
bundles which arises in our arguments.

Let S be a closed oriented surface with genus g > 2. We will define all the concepts
for introducing the pressure metric in the context of Hitchin components #,(.S). The
reader can find a more general version in [8]. The Hitchin components H,(S) will be
briefly introduced in Section 2.3.

Equip S with a complex structure J such that X = (S, J) is a Riemann surface and
thus a point in Teichmiiller space. Let o be the hyperbolic metric in the conformal
class of X. We denote the unit tangent bundle of X with respect to 0 by UX and the
geodesic flow on (X, 0) by ©.

2.1 Reparametrization function

We now introduce how we reparametrize the geodesic flow ® by reparametrization
functions. In particular, we introduce LivSic’s theorem and geodesic flows for Hitchin
representations.

Geometry & Topology, Volume 27 (2023)
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Suppose f: UX — R is a positive Holder function and a a closed orbit. We will
reparametrize the flow ® by the function f so that, for the new flow ®/, the flow’s
direction remains the same everywhere but the speed of the flow changes. In particular,
for a d—periodic orbit a, denoting its period with respect to ® by /(a), we want the
period of a for the new flow ®/ to be

I(a)
ly(a) = ; S (®s(x)) ds,

where x is any point on a.

This leads to the following definition of reparametrization:

Definition 2.1 Let f: UX — R be a positive Holder continuous function. We
define the reparametrization of ® by f to be the flow ®/ on UX such that, for any

(x,t) e UX xR,
O] (x) = g ) (%),

where k7 (x,1) = fé S(@s(x))ds and ap: UX x R — R satisfies
ar(x,kp(x,1)) =t.

Remark 2.2 Suppose O is the set of periodic orbits of ®. If @ € O, then its period as
a (th —periodic orbit is /¢ (a) because

q’f;(a)(x) = Py (x,1(a)) (X) = Py(a) (X) = x.
We introduce LivSic cohomology classes [22]. Liv§ic-cohomologous Holder functions
turn out to reparametrize a flow in “equivalent” ways.
Let C" (UX) denote the set of real-valued Holder functions on UX.
Definition 2.3 For f,g e C h(U X), we say they are LivSic cohomologous if there

exists a Holder continuous function V: UX — R that is differentiable in the flow’s

direction such that
V(7 (x))

ot =0

fx)—glx)=
If f is LivSic cohomologous to g, then we will denote it by f ~ g.

We have the following important properties of LivSic-cohomologous functions:

(1) (Livsic’s theorem [23]) Two Holder continuous function f* and g are LivSic
cohomologous if and only if /¢ (a) = l¢(a) for every a € O.

Geometry & Topology, Volume 27 (2023)
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(2) If f and g are LivSic cohomologous, then they have the same integral over
any ®—invariant measure. This is because || ux V(®¢(x)) dm = const for any
d—invariant measure m and any ¢ € R.

(3) [17, Proposition.19.2.8] If f and g are positive and LivSic cohomologous, then
the reparametrized flows ®/ and ®¢ are Holder conjugate, ie there exists a
Holder homeomorphism /: UX — UX such that, forall x e UX and t € R,

h(®] (x)) = % (h(x)).

The procedure of reparametrizing geodesic flows can be applied to Hitchin components
H,(S) and provides reparametrization functions as codings for representations. This
idea was first introduced by Sambarino to study counting problems associated to Anosov
representations [33]. It has also been elaborated later in [34; 31] and other work of
Sambarino. In the setting we are working in, similar ideas lead to a construction of
a geodesic flow ®” associated to each (conjugacy class of a) Hitchin representation
0 € Hu(S). We refer the reader to [8] for the explicit construction. In particular, this
flow relates H, (S) to thermodynamic formalism. We will describe here some of the
important properties of ®~:

e ®” is an Anosov flow.

* There exists a Holder function f,: UX — R, called the reparametrization
function of p, such that the reparametrized flow &/ of @ is Holder conjugate
to ®° [33].

e The period of the orbit associated to [y] € 71 (S) is log Ay (p), where A, (p) is
the spectral radius of p(y), ie the largest modulus of the eigenvalues of p(y).

Remark 2.4 One can also reparametrize the geodesic flow by a Holder function
with periods given by simple root lengths Ly, (p(y)) = log(kl(p(y))/kz(p(y))),
where A1 (p(y)) and A, (p(y)) are the largest and second largest moduli of eigenvalues
of p(y). This will lead to the Liouville pressure quadratic form, which also gives rise to
a Riemannian metric in H,(S) (see [9, Theorem 1.6]). However we will mainly focus
on the spectrum radius length A, (p) and its associated pressure metric in this paper.

2.2 Thermodynamic formalism

Next we will introduce some concepts arising from the thermodynamic formalism
needed for our proofs. The introduction of most of the material here can also be found
in [8]. After the introduction, we will define the pressure metric on Hitchin components.

Geometry & Topology, Volume 27 (2023)



Geodesic coordinates for the pressure metric at the Fuchsian locus 1399

As usual, we let ® denote the geodesic flow on a hyperbolic surface (X, o). We denote
by M? the set of ®—invariant probability measures on UX. Recall /(a) denotes the
period of the periodic point a with respect to ®. Let

Ry = {a closed orbit of ® | [(a) < T'}.

Definition 2.5 The topological entropy of & is defined as

log#R
h(®) = lim sup M.

T—o00

Recall, for a Holder function f: UX — R, we write

I(a) ‘
Iy(a) = ; S (@s(x)) ds.

Definition 2.6 The topological pressure (or simply pressure) of a continuous function
f:UX — R with respect to ® is defined by

P(Q, f) =1imsup%log( Z elf(a)).

T —o0 acRy

Remark 2.7 From this definition, we see the pressure of a function f only depends
on the periods of f, ie the collection of numbers {/(a)} for any a € O. From Livsic’s
theorem, we conclude the pressure of a function only depends on its LivSic cohomology
class.

In statistical mechanics, suppose we are given a physical system with different possible
states i = 1, ..., n and the energies of these states are Eq, E>, ..., E, with probability
pi that state i occurs. When energy is fixed, the principle “nature maximizes entropy /”
says that the entropy A(pi, ..., pn) = > ;—; —pilog p; of the distribution will be
maximized with right choices of p;. However, when the physical system is put in
contact with a much larger “heat source” which is at a fixed temperature 7" and energy
is allowed to pass between the original system and the heat source, “nature minimizes
the free energy” will instead apply by reaching the “Gibbs distribution”. The free
energy is E —k T h, where k is a physical constant and E =Y/ p; E; is the average
energy. In the thermodynamic formalism, energy potentials E; of different states are
encoded by continuous functions and “Gibbs distributions” for discrete probability
spaces are generalized to equilibrium states. The principle “nature minimizes free
energy” motivates the following:

Geometry & Topology, Volume 27 (2023)
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Proposition 2.8 (variational principle) Denoting the measure-theoretic entropy of
® with respect to a measure m € M® as h(®,m), the (topological) pressure of a
continuous function f: UX — R satisfies

P(®, f)= sup (h(@,m)—F fdm).

mem® Ux

In particular, the topological entropy is the supremum of all measure-theoretic entropies,

P(D,0)= sup (h(D,m)) = h(D).

mem®

Remark 2.9 One can also take Proposition 2.8 as definitions of pressure and topologi-
cal entropies.

We shall omit the background geodesic flow @ in the notation of pressure and simply

write
P(-)=P(D,-).

Definition 2.10 A measure m € M® on UX such that

P(f)=h(d>,m)+/Udem

is called an equilibrium state of f.

Proposition 2.11 (Bowen and Ruelle [6]) For any Holder function f: UX — R, with
respect to the geodesic flow ®, there exists a unique equilibrium state for f, denoted
by my. Moreover, my is ergodic.

Remark 2.12 By the definition of equilibrium states, if f — g is LivSic cohomologous
to a constant, then f and g have the same equilibrium states.

Definition 2.13 The equilibrium state ¢ for f = 0 is called a probability measure of
maximal entropy. It is also called the Bowen—Margulis measure of ®. We also denote
it by me. It satisfies

P0)=P(D,0)=h(P,mg)=h(D).
Remark 2.14 The Liouville measure my,, the normalized Riemannian measure on U X,
is a probability measure of maximal entropy for geodesic flows of closed hyperbolic

manifolds (see [16, Section 2]). Thus, when considering the geodesic flow & of a
hyperbolic surface (X, o), we have mp = mg.
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Given f a positive Holder continuous function on UX, denoting 4( ) = h(®/) to be
the topological entropy of the reparametrized flow @/, we have the following lemma,
which allows us to “normalize” a Holder function to have pressure zero:

Lemma 2.15 (Sambarino [33]; Bowen and Ruelle [6]) The pressure satisfies
P(—hf)=0

if and only if h = h(f) = h(®7).

Potrie and Sambarino show, in the Hitchin component H,(.S), the topological entropy

is maximized only along the Fuchsian locus. In particular, it is a constant on the
Fuchsian locus.

Theorem 2.16 (Potrie and Sambarino [31]) If p € H,(S), then h(p) < 2/(n —1).
Moreover, if h(p) = 2/(n — 1), then p lies in the Fuchsian locus.

We start to define variance and covariance which will be important. The convergence
of them for mean zero functions is classical.

Definition 2.17 For g a Holder continuous function on UX with mean zero with
respect to my (ie /; ux &dmys = 0), the variance of g with respect to f is defined as

.1
2-1 Var(g, = lim —
(2-1) ar(g,my) Am /U y

T 2
( | @i ds) dmy(x).

Definition 2.18 For g; and g, Holder continuous functions on UX with mean zero
with respect to my (ie [,y &1 dmy = [, g2 dmy = 0), the covariance of g1, g»
with respect to f is defined as

(2_2) COV(gth’mf)
1 T T
—jin 2 [ ([C e as)( [ ea@was)am .
T—oo T Jux \Jo 0
Note these expressions are finite:

Proposition 2.19 For g{ and g, Holder continuous function on UX with mean zero
with respect to my, the covariance of g1 and g, is finite:

Cov(g1.g2.myp) < 0.

The convergence is guaranteed by decay of correlations (see [26]).
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Definition 2.20 We define an operator P,,: C"(UX) — C*(UX) associated to a
probability measure 7 on UX to be

Pin(g)(x) = g(x) —m(g),

where we use the notation m(g) = f ux & dm for a probability measure .
The following corollary will be useful:

Corollary 2.21 It suffices to have my(g1) = 0 and my(g2) < oo to guarantee the
convergence of covariance and

(2-3) Cov(gi,g2,my) = Cov(gy, Pry; (g2),myg) < oo.
The same applies to the case my(gz) = 0 and my(g1) < oo.

Proof We have

T T
% /UX (/(; 21(P5(x)) ds) (/0 22(P5(x)) — Py (2(Ps(x))) ds) dmy(x)
1

T T
— 1 [ ([ ar@onds)( [ msteards) amy o

T
=mys(g2) / / g1(Ps(x))ds dmy(x) (as my(g2) is a constant)
Ux Jo
T
=myg(g2) / / 21(®5(x)) dmy(x)ds (by Fubini’s theorem)
0 JUX
T
= Mf(gz)/ / gi1(x)dmy(x)ds (as my is d—invariant)
0 JUX
= 0.
Letting 7" — oo, we obtain the desired result. a

We will also need the following characterization of covariance for later use:

Proposition 2.22 (Pollicott [29]) For g1 and g, Hoélder continuous functions with
mean zero with respect to my (ie [, g1 dmy = [,y g2 dmy = 0), the covariance of
g1 and g, may also be written as

T/2
covtergamp = tim [ e[ e@00)ds ) dmso.

Geometry & Topology, Volume 27 (2023)
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Proof We have

Cov(g1. g2.my)

T
(] gl(cbs(x))ds)( [ e ds ) dmy

T
T/2 T/2
mg [ ([ e @eas) ([ e ) ane
(as my is ®—invariant)
T/2 T/2
= im [ [ s@eng ([ e ds)dmcod

Because m € M, the following does not vary with s:

T/2
const = Tlim / g1(P1(x))g2(Ps(x)) dmy(x) dt (for all s € R)
—o0 J_T/2
T/2 S/2
—tim [ si@ig ( e ds) dmy(x) di
T—ooJ_T/2JUX S/2
(average over s € [-3S, 15])
T/2 1 S/2
= lim lim / g1(®t(x))—(/ g2(Ps(x)) ds) dmg(x)dt
S—ocoT—oo J_T/2 JUX S —-S/2
T/2 1 T/2
=i [ @y ([ ex@tonds)dmo
T—ooJ-1/2JUX =T/2

= COV(gl,gz,WIf).

In particular, setting s = 0 gives

T/2
Cov(gr, g2, mp) = lim / ¢1(®,(x))g2((x)) dmy () d1.

T—o0

Rearranging the integrals gives the desued result. O

Higher correlation and higher covariance are introduced for Anosov diffeomorphism
in [18]. For geodesic flows, we define:

Definition 2.23 For g1, g» and g3 Holder continuous functions with mean zero with
respect to my, we define the higher covariance by

Cov(g1.g2.83.my)

— lim % / / 21(®,(x)) di /0 22(®,(x)) di /0 ¢3(®,(x)) dt dm(x).

T —o00 T

Geometry & Topology, Volume 27 (2023)
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Equivalently,

Cov(g1.82.83.my)

T/2 T/2
~ lim g1<x)( / 22(@5(x)) ds) ( / g3(¢s<x>)ds) dmy ().
UX

T—o0 -T/2 -T/2

This equivalence is clear from the proof of Proposition 2.22. The convergence of
Cov(hy, ha, h3, m) is guaranteed by “exponential multiple mixing” for geodesic flow
on negatively curved compact surfaces (see Pollicott’s note [30]). These definitions
will be used later when we introduce first derivatives of the pressure metric.

We use the general notation in the sequel

df (s) d 2f (S)
(2-4) 05/ (0) = = . 0=
S ls=o0 s=0
If there is more than one parameter, for example f(sq,s2,...,5;) and k > 2, then we

specify the indexes that we are taking derivatives of, such as

37 f(s1.52,....5k)
sy + - 055

(2-5) sy .os, S (0) =

S1 232:...:0

Theorem 2.24 (Parry and Pollicott [27]; McMullen [26]) Let fs be a smooth family
of functions in C"(UX). Then:

(1) The first derivative of P ( f5) ats = 0 is given by

dpP
(2-6) d(fs . / 05 fo dmy,.
s s=0 UXx
(2) If the first derivative is zero, then
d’P
(2-7) % = Var(ds fo,my,) + f 32 fodmy,.
s s=0 Ux

(3) If the first derivative is zero, then Var(ds fo,my,) = 0 if and only if 05 fo is
Livsic cohomologous to zero.

Remark 2.25 If f(s,?) is a smooth two-parameter family in C*(UX), then

IP(f(s.7))

2-8
(2-8) at ds

s=t=0

= CoV(Pany g, (5 S (0)). Ponyo (81 £ (0)). 1m0y + /U o
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Define P(UX) to be the set of pressure zero Holder functions on UX, ie
PUX)={feChUX): P(f)=0).

The tangent space of P(UX) at f is the set
T/P(UX) =kerd, P = {h e Chux) | / hdmy = o}.
Ux

We define a pressure seminorm on the tangent space of P(UX) at f, by letting:

Definition 2.26 The pressure seminorm of g € TrP(UX) is defined as

Var(g, my)

(g’g)P=—fUXf—dmf-

One notices, for g € Ty P(UX), the variance Var(g,my) = 0 if and only if g is LivSic
cohomologous to 0, ie g ~ 0.

2.3 Higgs bundles and Hitchin deformation

We next introduce all the notation from the theory of Higgs bundles that will arise in
our arguments. We also introduce a coordinate system on the Hitchin component at the
end of the section.

Recall S is a closed oriented surface with genus g > 2 and X = (S, J) is a Riemann
surface.

Definition 2.27 A rank n Higgs bundle over X is a pair (E, ®), where E is a holomor-
phic vector bundle of rank 7 and ® € H%(X,End(E) ® K) is called a Higgs field. An
SL(n, C)-Higgs bundle is a Higgs bundle (£, ®) satisfying det E = O and Tr ® = 0.

Definition 2.28 (1) A Higgsbundle (£, @) is semistable if every proper ®—invariant
holomorphic subbundle F of E satisfies
deg(F) - deg(E)
rank(F) ~ rank(F)

and stable if this inequality is strict.

(2) A semistable Higgs bundle (E, @) is polystable if it decomposes as a direct sum
of stable Higgs bundles.
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Theorem 2.29 It is classical that, for a holomorphic vector bundle E with holomorphic
structure d g and a Hermitian metric H, there exists a unique connection V5E > called
the Chern connection, such that:
0,1 _ 37
(1) V5E,H =0E.

2) V5E, g 1S unitary.
We will from now on restrict our interest to degree zero Higgs bundles.

Theorem 2.30 (Hitchin [14]; Simpson [35]) Let (E, ®) be a rank n, degree zero
Higgs bundle on X. Then E admits a Hermitian metric H satisfying Hitchin’s equation
if and only if (E, ®) is polystable. Here Hitchin’s equation is

(2-9) I3

5o (0.0 =0,

where Fg’ g 18 the curvature of the Chern connection ng, g and ®*H s the Hermitian
adjoint of ®.

Remark 2.31 Define a connection Dy on (E, ®, H) as

(2-10) Dy =V;,_y+o+0*7.

Dy is flat if and only if Hitchin’s equation is satisfied.

We define the Higgs bundles moduli space and de Rham moduli space as:

Definition 2.32 e The space of gauge equivalence classes of polystable SL(n, C)—
Higgs bundles is called the moduli space of SL(n, C)-Higgs bundles and is
denoted by Mpjges (SL(12, C)).

¢ The space of gauge equivalence classes of reductive flat SL(n, C) connections
is called the de Rham moduli space and is denoted by M ge Rham (SL(72, C)).

Remark 2.33 The Hitchin—Simpson theorem gives a one-to-one correspondence
between Mpjggs (SL(72, C)) and Mge Rham (SL(12, C)) from the above remark. It is also
called the Hitchin—Kobayashi correspondence.

We will introduce the Hitchin fibration and Hitchin section following Baraglia’s work [2].
We refer the reader to [2, Section 2] for a more comprehensive exposition.

Given a principal 3—dimensional subalgebra s = span{x, e, ¢} of sl(n, C) consisting
of a semisimple element x and regular nilpotent elements e and € with commutation

relations
[x,e]ze’ [x’é]z—é, [e,é]:x,
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the Lie algebra sl(n, C) decomposes into a direct sum of irreducible subspaces under
the adjoint representation of s,

n—1
si(n.C) =P vi.
i=1
We take ey, ..., e,—1 as highest-weight elements of V71,..., V,—1, where e; = e. With
these defined, there exists a basis of SL(n, C)—invariant homogeneous polynomials p;

of degree i on sl(n, C), where 2 <i < n, such that, for all elements f € sl(n,C) of
the form

S =e+omer+ - tanep1,
we have p;(f) = a;.

Definition 2.34 The Hitchin fibration is a map from the moduli space of SL(#n, C)-
Higgs bundles over X to the direct sum of holomorphic differentials given by

i=n

P Muiiggs(SL(n, ©)) > @D HO(X, K'),  (E,®) > (p2(®), ... pa(®)),
i=2

where p; are the homogeneous invariant polynomials defined above.

Definition 2.35 A Hitchin section s of the Hitchin fibration is a map back from
P;=5 H°(X, K') to Mpiges(SL(12, C)). For g = (g2, ¢3. ..., qn) €Pi—5 H*(X, K'),
we define s(¢) to be a Higgs bundle E = K~D/2 g K®=3)/2 g... g K(1-1/2 yith
its Higgs field given by

P(q) =e+qre1 +qzes+---+qnep—1.

More explicitly, we have

[0 r1g2 1172q3 11rar3qa - 102t rign—1 [1721 rign ]
10 raqa rarags -+ 7;21 Tiqn—1
0 1 0 r3qa  r3r4q3 '
d(g)=|: : - E—-EQK,
0 0 0 1 0 Fn—192
0o 0 ... 0 1 0

where r; = %i (n—i)and K 1/2iga holomorphic line bundle with its square to be the
canonical line bundle K. The notation for e; we use here can be found in [2; 21].
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Remark 2.36 There exists an involutive automorphism o on sl(n, C) such that
o(ej) =—ej, o(e)=—e.

Composing with the compact real form p on sl(n, C) given by p(X) = —X™*, we can
obtain the split real involution given by A = p o o. The fixed-point set of A is the real
split form sl(n, R). A detailed exposition for this can be found in [2].

From the fact that A(®(g)) = ®(g)*, one can see the flat connection (2-10) has holo-
nomy in the split real form of sl(n, C). Hitchin therefore shows that the Higgs bundles
in the image of the Hitchin section have holonomy in SL(7, R) (see [15]). The repre-
sentation space of these Higgs bundles up to conjugacy equivalence forms a connected
component of the representation variety Rep(sr1(S), SL(n, R)), called the Hitchin com-
ponent H,(.S). Here we recall that the representation variety Rep(;(S), SL(n, R)) is
the space of conjugacy classes of reductive representations from 1 (S) to SL(n, R).

Remark 2.37 The isomorphism between H,(S) and @iig H°(X, K") yields a
parametrization of the Hitchin component H,(S). We call @izg H°(X, K") the
Hitchin base. In particular, the tangent space at the Fuchsian point X is identified with
the Hitchin base.

Fixing E = K®=D/2 g g@=3/2... ¢ K(1=m/2 e consider the following map as
an infinitesimal change of a family of Higgs fields ®, associated to ¢:

i=n

n
x@PH (X K) - QX sl R), x(@) =) qi®eii.
=2 i=2
In particular, the infinitesimal change of a family of flat connections (2-10) in the space
M deRnam (SL(7, C)) associated to ¢ defines an isomorphism of @iig HO(X, KY)
with the tangent space of the Hitchin component Ty H,(S). Associated to x(g), the
deformation of flat connections which is the infinitesimal version of (2-10) is:

Definition 2.38 At the Fuchsian point X, we define our Hitchin deformation associated
to g to be
9(q) == x(q) + A(x(q)).

where A is the antilinear involution for the split real form of sl(n, C) defined above.

This type of deformation will be the tangential objects we consider for the pressure
metric.
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Remark 2.39 The Hitchin parametrization in Remark 2.37 gives a coordinate system
for #,(S) based at X. More explicitly, given a basis {¢;}:=! of @5 H°(X, K?)

i=1
with / = 2(n? — 1)(g — 1), the coordinate system is given by

mE)=&q+---+&q.

where £ = (&1,...,&) € R!. Because of the isomorphism between #,(S) and
iZ% HO(X, K'), the vector & = (&1,...,&) provides local parameters on H,(S)
and &;: H,(S) — R is a coordinate function for 1 <i </.

2.4 The pressure metric on Hitchin components

We define the pressure metric for Hitchin components #,(.S) in this subsection and
state some known results about it.

Recall H(UX) is the space of pressure zero Holder functions modulo LivSic cobound-
aries. We relate H(U X) to the Hitchin component #,(.S) by the following thermo-
dynamic mapping:

Definition 2.40 The thermodynamic mapping W: H,(S) — H(UX) from a Hitchin
component H,(.S) to the space H(UX) of LivSic cohomology classes of pressure zero
Holder functions on U X is defined as

Y(p) = [—h(p) /5],

where h(p) = h(f,) = h(®/7) is the topological entropy of the reparametrized
flow /o,

The mapping W admits local analytic lifts to the space P(UX) of pressure zero Holder
functions. In particular, the map U, (S) > P(UX) given by fﬂ(,o) =—h(p) fp is
an analytic local lift of W. This enables us to pull back the pressure form on P(UX)
to obtain a pressure form on H,(S).

We will from now on write pr = —h(p) f, for the normalized reparametrization
function.

Given an analytic family {ps}se(—1,1) of (conjugacy classes of) representations in the
Hitchin component H,(S), we define pg = d500 = d5p5(0). Let { fp, }se(—1,1) be
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associated reparametrization functions, we pull back the pressure form on P(UX) to

s=0>P

obtain 5 5
(00, po) p = (dW(po), dW(po)) p

_ <3(—h(0s)fps)
N as

= (3s(/IN)(0), 35 (V) (0)) p
Var(@s (/¥ )(0).m )

Jux 1oy d’”f%

(= (ps) fp,)

s=0 ds

It is proved in [8] that the pullback pressure form is nondegenerate and thus defines a
Riemannian metric on H,(S):

Definition 2.41 If {ps}se(—1,1) and {1;};e(~1,1) are two analytic families of (conju-
gacy classes of) representations in the Hitchin component H,(S) such that py = 7y,
the pressure metric for pg, o € T, Hn(S) is defined as

Cov(3s (/0. 8 (f) )(0). m )

Jux 13y dmprO

(Po.Mo)p =—

For simplicity, later we will also write d( ]’Z?’ )(0) = 05 fg(\)’ and 9 ( j,,]?’ )(0) = 9 fn](\)’ .
The principle is that we always first normalize a family of reparametrization functions
to be pressure zero and then take derivatives.

Because of the identification of @i:g HC(X, K') with the tangent space of the Hitchin
component 7Ty H,(S), our Hitchin deformation ¢(g) introduced in Definition 2.38 can
be thought of as tangent vectors in Ty H,(S). With this understood, we introduce the
following important results of Labourie and Wentworth [20]:

Let ¢; be a holomorphic differential of degree & on X and let ¢(g;) be the associated
Hitchin deformation. Labourie and Wentworth [20] show the pressure metric satisfies

(p(gi), 9(gi))p = C(n,k){qi.qi)x.

where C(n, k) > 0 is a constant that does not depend on ¢ and {(g;, ¢;} x is the Petersson
pairing
(qi,qi)x = /X qigio ™ (z) dA,

with dAs = 0(z) dx A dy denoting the area form for the hyperbolic metric 0.
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If g; and ¢; are holomorphic differentials of the same degree, then

(0(gi). 0(g)) p = $[@(qi +qj). 0(qi + 7)) p — (9(qi —q;). ©(qi — ;) P]

= 1Cn. k)i +qj.qi +4j) x — $C. k) gi —qj.qi —q;) x

= C(n,k){qi.qj) x -

If g; and ¢q; are holomorphic differentials of different degrees on X, Labourie and
Wentworth [20] show that

(2-11) (p(qi), 9(qj))p = 0.

We denote the pressure metric components with respect to the coordinates introduced
in Remark 2.39 by g;;. Equivalently, the metric tensor g;; (§) means that the pressure
metric (-,-)p is evaluated at £ with tangential vectors parallel to the ¢g;—axis and
gj—axis. In particular, at the point X, we have g;; (0) = g;j(0) = (¢(g:), ¢(g;)) p. It
is always possible to choose an orthonormal basis {¢;} with respect to our pressure
metric from the vector space @izg H°(X, K') so that gij(8) = 6ij.

3 More thermodynamic formalism

Bowen and Ruelle’s work [3; 4; 6] guarantees that many of the results in the thermo-
dynamic formalism proved for subshifts of finite type by the Ruelle operator still hold
for Axiom A diffeomorphisms and Axiom A flows. We adopt this idea of simplifying
the rather complicated object “flow” by discretizing it and studying a relative simple
object “shift” given by symbolic coding. We will compute the formula for the third
derivatives of pressure functions using subshifts of finite type. The reader can find an
introduction for modeling hyperbolic diffeomorphisms by subshifts of finite type and
modeling hyperbolic flows by suspension flows through Markov partition and symbolic
dynamics in [5, Sections 3 and 4; 27, Appendix III].

Section 3.1 is devoted to the Ruelle operator and Ruelle—Perron—Frobenius theorem.
These are important tools for studying subshifts of finite types. Then, in Section 3.2,
we will compute the third derivatives of pressure functions in Lemma 3.8. These will
be important for the proof of the main theorem in the next section.

3.1 Ruelle operator and others

We start with a cursory introduction to the elements of thermodynamic formalism for
subshifts of finite types. A complete description is in [26; 27].
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Definition 3.1 Let A be a k x k matrix of zeros and ones; we define the associated
two-sided shift of finite type (X, 04), where X is the set of sequences

Y={x=npe—o:Xn€{l,....k},n €L, A(Xp, Xp41) =1}

and 04: X — X is defined by 04(x) = y, where y, = X,41.

If instead we consider x = (x,)52 , with the same restriction given by the matrix 4
and o(x) = y, ie y, = X, 41 for n > 0, then we obtain a one-sided shift of finite type.

The set {1, ..., k} is equipped with the discrete topology and the two-sided (or one-
sided) shift space X 4 is equipped with the associated product topology.

Given « € (0, 1), we can metrize the topology on the two-sided shift space X by
defining a metric dy(x, y) = oY, where N is the largest nonnegative integer such that
x; = y; for |i| < N. Similarly, we have a metric d, defined for one-sided shift space.

We let C(X) be the space of real-valued continuous functions on X and C*(X) be the
space of real-valued Holder functions on ¥ with Holder exponent o with respect to d.

The two-sided (one-sided) shift of finite type (X, 04) is called a subshift of finite type

if 04 is topologically transitive.

We define the pullback operator on C*(X) by (0 f)(¥) = f(04(y)). Similarly to
Definition 2.3, we define:

Definition 3.2 f; and f; in C*(X) are (Livsic) cohomologous if

fi—fh=/fi—04f3
for some f3 € C*(X).

From now on, we assume our subshift of finite type (X, 04) to be one-sided unless
otherwise specified.

Definition 3.3 Given w € C*(X), the Ruelle operator (or transfer operator) on f €
C*(X) is defined by
Ly(NHEx) = Y "D 1),

o4(y)=x

Theorem 3.4 (Ruelle, Perron and Frobenius) Suppose (X, 04) is topologically mix-
ing (ie AIMJ. > 0 for all i and j for some M > 0, also called irreducible and aperiodic)
and w € C*(X). Then:
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(1) There is a simple maximal positive eigenvalue p(Ly) of Ly : C*(X) —> C*(X)
with a corresponding strictly positive eigenfunction e¥:
Ly(e?) = p(Ly)e?.

(2) The remainder of the spectrum of Ly, (excluding p(Ly,)) is contained in a disk
of radius strictly smaller than p(w).

(3) There is a unique probability measure |1y, on X such that
ﬁw*ﬂwzzewﬂw-

The pressure P (w) of w, which can be defined in an analogous way as the pressure of
functions on UX by the variational principle Proposition 2.8, turns out to be related to
the spectral radius of the Ruelle operator: P (w) = log p(Ly) (see [5, Theorem 1.22]).

Associated to iy, is another measure niy, = eV Uw. Itis called the equilibrium measure
of w. It is a 0 4—invariant and ergodic probability measure and satisfies Ly, *n1yy = my,.

We will from now on assume P(w) = 0. As pressure functions and equilibrium
measures depend only on cohomology class, we can modify w by a coboundary so that
Ly(1) =1 and pty = my. One notices this implies Ly, (0} /) = f.

Fixing my,, we define an inner product (fi, f2) := [5 fi /> dmy on the Banach
space C¥(X).

For convenience, we also write S, (f, x) = Z?;é (Ujlx).

The following two lemmas are applications of Ruelle operators and will be useful in
the next subsection:

Lemma 3.5 (McMullen [26, Theorems 3.2 and 3.3]) Forany g € C(X) and f €
C*(X) with [5, f dmy =0,

2
lim <g, Sn(nf) > = Var(f,mw)/ gdmy =0,
n—>o0 b))

where Var( f, my) = limy o0 (1/1)(Sn(f), Su(f)).

Lemma 3.6 Forany f € C%(X) with [ f dmy =0,

lim l/(sn(f))3dmw<oo.
)

n—>oo n

Proof This proof is similar to Theorem.3.3 of [26]. We have

n—1n—1n—1

L [sunam =235 S feah-foa. fook)

i=0;7=0k=0
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When k > j > i,

(fool-foa). fook)=(o}(f fool ™o} (foak™)
=(f- foaA ,fooA_l) (by o 4—invariance of m1y,)
=(f.foc} " f ook
= (f.o3V(f foakT))
= (LLTf). f - food )
(as Ly (0q f) = f and Ly my = my)
= (fLLS). foos ).

We define a projection operator on C*(X) by Py, (1) (x) =h(x)— [5, h dmy,. Because
Py, (h) has mean zero with respect to m1,, the spectrum of the operator Ty, = L0 Ppy,,,
lies in a disk of radius » < 1 by the Ruelle-Perron—Frobenius theorem.

One has
(3-1) (hi,hyo0) = (Tw(h1), h2)
whenever /1 or /1, has mean zero.

Because f is mean zero with respect to my,, Ty (f) = Ly (f). Moreover,
(L) oo ™) = (f-TI(). foad )
= (T (/=TI /) by B-1)
< |7
< Crk= (for some C > 0),

where the norm for 7" is the operator norm.

Thus,

1 i j k
p, Z (fooy-foay, fooy)
0<i<j<k=<n—1 X
n—1

= Z Z(k — l)rk i (by the estimate above)
k=0i=0
n—1 k

== D s

k=0s5=0

EQ

a
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n
_ Cr 1 k
(-2 )

<00 (when n — 00).

This shows limy—oo(1/1) [5(Sn(f))? dmy, < oo, O

3.2 Third derivatives of pressure functions

Our goal in this subsection is to compute the third derivatives of pressure functions in
Lemma 3.8. For this, we first need to compute the third derivatives of pressure functions
for subshifts of finite type by the method of the Ruelle operator and generalize it to our
setting of suspension flows.

We start from introducing suspension flows. We will also recall Bowen’s celebrated
results, applied to our setting, that suspension flows efficiently model the geodesic flow
on UX.

Definition 3.7 Suppose (X,0,4) is a two-sided shift of finite type. Given a roof
function r: ¥ — R, the suspension flow of (£, 04) under r is the quotient space

5,={(x,) eExR:0=rt<r(x),x € Z}/(x,r(x)) ~ (04(x),0)

equipped with the natural flow 0y ((x,7) = (x,7 + )

Any o 4—invariant probability measure . on ¥ induces a natural 07, —invariant proba-
bility measure on X,

_ dmdt
(3-2) dm, = —fg "

This correspondence gives a bijection between o 4—invariant probability measures and
;oo . o
0,y s—invariant probability measures.

Bowen [3] shows the construction of Markov partitions for Axiom A diffeomorphisms.
He then shows how to model Axiom A flows via the Markov partition and symbolic
dynamics in [4]. We illustrate the version of this celebrated result in our context (see
also [32]): the geodesic flow ® admits a Markov coding (X 4, 7, 1), where (X 4,04) is
a topologically mixing two-sided shift of finite type, the roof function r: ¥4 — R
is Holder continuous, and the map n: ¥4 — UX is also Holder continuous. The
suspension flow U};J models ®; effectively in the following sense:
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e 7 is surjective.

e 7 is one-to-one on a set of full measure (for any ergodic measure of full support)
and on a residual set.

e 77 is finite-to-one.

o ﬂogyt = ®,7 forall t € R.

Now we are able to state and prove the major result in this subsection:

Lemma 3.8 Let Fy; be a smooth family in ChMUX) such that P(Fy) = 0 and
ds P (F5)(0). Then

d3 P (Fs)

(3-3) e

s=0

[ 32 Fo(x) dm g, (x)
Ux

+ lim 1(3 /UX/O 05 Fo(P;(x)) dt/O 33 Fo(®4(x)) dt dmp,(x)

r—>oor
’ 3
+ /U . ( /0 05 Fo(®/(x)) dr) drnFo(x))-

In particular, it F(u,v,w) is a smooth three-parameter family of Holder functions
on UX such that P (F(0,0,0)) = 0 and all of the first variations of P (F(u, v, w)) are
zero, then

B3P (F(u,v,w))

(3-4) du dv dw

u=v=w=0

/ 04,0y 0y F(0)(x) dm p(o)(x)
Ux

. 1 r r
+ lim ;( /U X( /0 auF<0)(q>,(x)>dz) ( /0 9, F(0)(®:(x)) dr)

( /0 00 F(0) (1 (x) dr) dm o) (x)

; /U X( /0 auF(oxcbt(x))dr) ( /0 Do F(0) (P, (x) dr) dm o) (x)

+ /U X( /0 avF(oxcbt(x))dt)( /0 B F(O)(®,(x)) i ) dm o) ()

([ owrox@na)( [ owrox@ ) dneo (x)).
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Proof The proof proceeds in two steps. In the first step, we find a formula for the third
derivatives of pressure functions for topologically mixing shifts of finite type. In the
second step, we show how the computation can be carried to geodesic flows through
symbolic coding and suspension flows.

Step 1 The computation of the first and second derivatives of pressure functions for
aperiodic shifts of finite type is shown by Parry and Pollicott [27] using the Ruelle
operator. We will give a computation of the third derivative by the same method and
then generalize it to our flow case.

Let (X4,04) be a (one-sided or two-sided) shift of finite type that is topologically
mixing. We assume f; is a smooth family of functions on C* (X 4) such that P ( fo) =0
and dg P (f5)(0). We will prove

(3-5) 3P(f)(0) = lim 1 / (Su(Ds fo))? dmy,
n—-oo n X

3
+ lim 2 fX Sn(s f0) S (32 fo) dmy, + /X 82 fodmy,.

n—oo n

Any Hoélder function on a two-sided shift space is cohomologous to a Holder function
depending only on the corresponding one-sided shift space (see [27, Proposition 1.2]).
It suffices to prove (3-5) for one-sided shifts of finite type. We assume (X 4, 0y4) is
one-sided and f; is a smooth family of Holder functions (with possibly a different
Holder exponent from o) on X 4.

We change fy in its cohomology class so that Lz, (1) = 1.

Following the method in [27], let Q(s) be a projection-valued function which is analytic
in s and satisfies

Lr, O(s) = Q(s)Ly,.
Let w(s): =4 — R be w(s)(x) := O(s)- 1. So
(3-6) Lrw(s) = ePPw(s)
and w(0)(x) = 0(0)-1 = 1.

Iterate (3-6) n times and take third s—derivatives of both sides at s = 0:

(3-7) 83( > e5"<fs><y>w(s>(y)) (0) = 03" P (5))(0).

o y=Xx
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Notice P (fo) =0, ds P (f5)(0) =0 and [y, 95 fo dm g, = 0. Integrating both sides
of (3-7) with respect to my, yields

2P (F)O) [ dcw(0)dmg, + 33 P ()0)
X
- / Su (82 fo) dmpy +3 / (Su(@sfo)* + Su(® f0))yw(0) dmy,
X X
43 /X Su(@s fo)02w (0) dmy, +3 /X Su(@s fo) Su(@2 fo) dmy,

+ /X Su(@s f0)? dmy,.

Divide by n and take n — oo. From ergodicity of my,, we may evaluate two of the
resulting terms:

.1
lim — XSn(asfo)(')?w(O)dWlfo=/Xasf0dmjr0/x3§w(0)dmjr0=0,

n—>oo n

o1
lim —/;(Sn(ang)asw(O)dmfo =/X 95 fo dmy, /X dsw(0) dmy,.

n—>oon

We also notice that, by applying Lemma 3.5 and the formula for second derivatives of
pressure functions,

2P (£;)(0) /X dsw(0) dmyg,

.1 .1
= lim —/ Sn(0s f0)*dsw(0) dmy, + lim —/ Sn(03 f0)dsw(0) dmy; .
X n—>oo n X

n—>oo n

Therefore, we obtain a formal expression

PO = tim L [ (8,00 fo))* dimgy+ lim 2 5,001 £0)50 @3 fo)

+/ 33 fodmy,.
X

We observe each term of the right-hand side converges: finiteness of the first limit has
been shown in Lemma 3.6 and that of the second is guaranteed by Corollary 2.21.

Step 2 We now explain how we obtain the flow version of the above formula.

Suppose Fy is a smooth family of functions in C*(UX) such that P (F) = 0. We have
a topologically mixing Markov coding (X 4, r, r) for U X. Because of the conjugacy
7102’ ; = ®; 7 between geodesic flow and the suspension flow of (¥4, 7, r), it suffices
to prove (3-3) for Fyom: X4, — R on suspension space with pullback measure
m*mE,. For simplicity, we still write Fy o as Fy and n*mp, as mp,.
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We then want to reduce the problem of proving (3-3) for suspension flows to proving it
for subshifts of finite type. We construct a function Fs: ¥4 — R from the function Fj
on the suspension space as

- r(x)
(3-8) Fs(x) =/ Fs(x,t)dt.
0

As Fg and r are Holder on X4, and X4, respectively, the function ﬁs is clearly
Holder. Denoting the set of o —invariant probability measures by M4 and the set of
o 4—invariant probability measures by M%4, we have

P(erl,tst): sup (h(Uil,mr)—l-/; F dm,)
A, r

mreMoztl
h(crA,m)+fZ Fsdm
= sup
meMO'A fz Vdm

Let ¢s = P (0, A Fy), we have the relation between the pressure function of Fy and
the pressure function of F (also see [6])

(3-9) P (o4, Fs—csr) =0,
Let BSCO - as(Cs)(O) and 8SSC() == a?(CS)(O)

We have the assumption dgcg = 0. Without loss of generality, we can also assume
8§c0 = (. Otherwise, we consider the family of functions F = Fy— 55 82c0 Clearly
05 P (F5)(0) = 03 P (Fy)(0) = 0 and 93 P (F;)(0) = 33 P (F)(0).

Now let’s take the third s—derivative of (3-9) with the assumptions dsco = 8360 =0.
By (3-5),

0= 9P (Fy—csr)(0)
= lim - / (Sn(asFo))3dm , T lim % / S (35 Fo)Sn(82 Fo) dmpg
24

n—>oo n
+/ (BSFO—Bgcor)dml; .
4 0

This yields

—1
d;c0 =3} P(0ly,. F5)(0) = (/)S r dmﬁo) 32 P (04, F5)(0).
A
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Therefore, proving (3-3) for F; is equivalent to proving

3
lim — (/ 0 Fodt) dmp, + lim = / / d Fodt/ dss Fo dt dmp,
r—>oo r EA} r—>oo r EA}

+/ 83F0 deO
ZAr
-1
= rdmg
(L)

(hm 1 f (Sn (s F0))* dmp, + lim 3 / S (D5 Fo) S (82 Fo) dm )
n—->oon E

-1
~ 3/\ ~
+(/2Arde") /EAasFOdeO

Each term on the left is actually equal to the corresponding term on the right. We show
here how to obtain

r—>o00 r

3
(3-10) lim ! /E ( / 95 Fo(o! (y))dt) dmy(7)

n—>oo n

-1
_ ( / rdm ﬁo) lim L (50 Fo)(x))* dm g (x).
X4
The other two terms follow a similar analysis.

To see (3-10), we begin by noting the identity [28], where y = (x, u),

r(o’x)
ds Fo(oy ,(x,u)) = Z (/0 ds Fo(olfx, v)8(u+1t—v—r"(x)) dv),

nez

where r'*(x) =r(x)+r(oqx)+-- o+r(az_1x) forn>0and r®(x) =0and r 7"(x) =
—(r(oga ')+ + r(o,"x)) forn > 1.

One has from Proposition 2.22, the measure correspondence (3-2) and (3-8) that

r—>oo r

lim 1 ( / s Fol( () dr) dm g, ()
EA)

:/_ /_ /z: 3sF0(y)3sFo(Gz’t(y))asFo(ag,v(y)) dmp,(y)dt dv

([ ) (LI o

-05 Fo(oy ,(x,u)) du dmﬁo(x) dt dv
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=(/Z rdeO)_l Z[ dm - (x)/rma Fo(x. u) du

m,nel
r(of'x)

r(c%x)
/ ! ds Fo(oyx, v) dv/ ds Fo(olf' x,v) dv
0 0

/ s Fo(x)a Fo(an)a FQ(GA x)dmg (x)

= / rdmA)
F
(EA 0 m,n€Z

-1
=( / rdeO) lim L (a0, Fo)(x))? dm p, ().
X4

n—>oo n
We therefore obtain a suspensmn flow version of (3-5) for Fj.

The arguments for three-parameter families are the same as the one-parameter case.
In fact, since the operator 9,0, 0,, is a symmetric multilinear map in «, v and w that
is completely characterized by its values on the diagonal, one can deduce (3-4) for
multivariable cases directly from (3-3) for one-parameter families. a

Next we introduce a formula for taking derivatives of integrals over varying measures
by tools of thermodynamic formalism. This formula will be very useful in later proofs.

Lemma 3.9 Suppose{ fs}se(—1,1) i a smooth family of pressure zero Holder functions
over UX and suppose {m f, }se(~1,1) is the associated family of equilibrium states.
Suppose furthermore that {w;}se(—1,1) is another smooth family of Hélder functions
over UX. Then

(3-11) as(/ wsdmfs)(O)=C0V(w0,8sf0,mf0)+/ dswo dm g, .
UXx UXx

Proof We have

dg (/UX Wy dmfs)(O)

(2Pt rwy)
Y ot
B 02 P (fy + twy)
B ds ot

)(0) (by (2-6))
t=0

s=t=0

— COV( P (o), Py (B fo), 1) + /U dewodm by (28)
= Cov(meO (wo), s fo.m f,) + /UX dswo dm g,

= Cov(wo, ds fo.m f)) + / dswo dm g, (by Corollary 2.21). O
Ux
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4 Proof of the main theorem: initial steps

We first restate our main theorem:

Theorem 1.1 Let S be a closed oriented surface with genus g > 2. For any point
o € T(S) C H3(S), let X be the Riemann surface corresponding to o. Then the
Hitchin parametrization H°(X, K?) & H°(X, K?) provides geodesic coordinates for
the pressure metric at o.

We want to show 0z g;j (o) = 0 for the pressure metric components g;; with respect to
the coordinates introduced in Remark 2.39 for all possible i, j and k.

4.1 Some geometrical observation

In this subsection, we conclude some derivatives of metric tensors vanish by a geometric
observation. Starting from the next section, we will develop a general method to
compute first derivatives of the pressure metric via the thermodynamic formalism.

From now on, we restrict ourselves to the Hitchin component #3(.S). Suppose {g;} is a
basis of holomorphic differentials in H°(X, K?)@® H°(X, K3) and suppose {¢(g;)} is
the associated Hitchin deformation given in Definition 2.38. Recall we use the notation
gij(0) = (¢(gi). ¢(g;)) p to emphasize the metric tensor is evaluated at o € 7(S). We
also assume g;; (§) = §;;.

Furthermore, instead of using the Latin letters i, j and k to denote arbitrary holomorphic
differentials of degree 2 and 3, we let the Latin letters 7, j and k only refer to quadratic
differentials ¢;,q;,qx € H O(X, K?) from now on. Therefore, the corresponding
Hitchin deformations ¢(q;), ¢(g;) and ¢(gy) are tangential directions to the Fuchsian
locus in Ty H3(S). We use the Greek letters ¢, § and y to refer to cubic differentials
doa-q8.9y € H O(X, K3). Then the corresponding Hitchin deformations ¢(gq), v(qp)
and ¢(q, ) are normal directions to the Fuchsian locus in Ty #3(S) with respect to the
pressure metric.

With the above notation understood, we have in total six types of first derivative of metric
tensors that need to be considered: 0y gij, 0j gia» 0agij»> 0igap> 088ia and 0y gqp. Our
goal is to prove they all vanish.

We first notice the following facts:

(1) Odkgij(o) =0.
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To see this, note that the pressure metric is a constant multiple of the Weil-Petersson
metric on Teichmiiller space 7 (.S). Because the coordinates system in terms of quadratic
differentials from the Hitchin reparametrization agrees with Bers coordinates through
second order in the case of 7(.S) [37, Corollaries 5.2 and 5.4]. That the Bers coordinates
are geodesic [1] for the Weil-Petersson metric implies that, for the pressure metric,

0k gij(0) =0.

(2) 0jgqi(0) =0 implies dygij(0) = 0.

The contragredient involution «: PSL(3,R) — PSL(3,R) given by «(g) = (g~ ')’
induces an involution £ on H3(S) by £(p)(y) = k(p(y)). Because k is an isometry
of H3(S) with respect to the pressure metric and the fixed-point set of & is 7(S), the

Fuchsian locus is in fact totally geodesic in H3(S) (see [7]). So, for V the Levi-Civita
connection of the pressure metric and any X, Y € T57(S), we have

(4-1) (X, Y) = (VxyY): =0.
Thus, the Christoffel symbols for the connection v satisfy l"l‘}‘ (0) = 0 and, because

L = 387%(9jgip +0igjp— pgji) ~ (since go(0) = 0 and g"*(0) = 0)
= 1¢%%(0jgia + 0igja — 0agji) (since gup = 0up).
it suffices to know 0; giq(0) = 0 and 9;gj«(0) = 0 to conclude d g;j(0) = 0.
(3) 0ggaa(c) =0 implies 3y gug(0) = 0, and 0; gge (o) = 0 implies d;gqp(0) = 0.
This is because
Oy 8ap = 5y Satpa+p — 0y 8aa — v pp).
0i8up = 3(9i8a+B.atp — i8aa — 0igpp)-
The remaining four cases left to prove are as follows:
(1) 9pgaal0) =0.
(i) 0igaa(o) =0.
(iii) 0jgqi(0) =0.
(iv) 0ggai(o) =0.

We will have a general method to prove them. We first give a general formula for
first derivatives of the pressure metric in the next subsection. The computation for the
model case dggaa (o) Will be shown in Sections 5 and 6. The other three cases will be
discussed in Section 7.
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4.2 First derivatives of the pressure metric

This subsection is devoted to a formula for first derivatives of the pressure metric. We
also prove we have some freedom to choose representatives for the variations of the
reparametrization functions from the LivSic cohomology classes.

Suppose {p(u, v, W)}, v,w)ef(—1,1)}3 1s an analytic three-parameter family of represen-
tations in the Hitchin component #, (.S') with basepoint p(0, 0, 0) € 7 (.S) corresponding
to X. Suppose { fp(u,v,w) } (u,v,w)ef(~1,1)}? are associated reparametrization functions.
For simplicity of notation, we denote the renormalized reparametrization functions by

F(u’ v, w) = fplgu,v’w) = _h(lo(u? v, w))fp(u,v,w)
We also write F(0) = F(0,0,0) and p(0) = p(0, 0, 0).

In the case of the Fuchsian representation, the topological entropy and the reparametriza-
tion function are simple. We have /1(p(0)) = 1 (see Theorem 2.16). Since ®,() = P,
the reparametrization function f},o) can be chosen to be 1 in the Liv§ic cohomology
class. Therefore, one can choose F(0) = —1.

The following characterization of the equilibrium measure for £(0) is important:
Lemma 4.1 The equilibrium state m gy for F(0) is the Liouville measure myp,.

Proof Since the Liouville measure my, coincides with the Bowen—Margulis measure
(Remark 2.14), this follows easily from the variational principle (Proposition 2.8). O

The Liouville measure miy, is both ®;—invariant and rotationally invariant on U X, ie

()*my = my, where ¢'% acts on UX by usual multiplication. We will repeatedly

use these important properties of the Liouville measure for our proofs later.

Proposition 4.2 The first derivatives of the pressure metric at p(0) satisfy

9w ((9up(0,0,w), 3yp(0, 0, w)) p) (0)

r r r
= lim 1( / / 0, F(0) di / 9, F(0) di / 9, F(0) dt dmy
r—-oo ' \Jux Jo 0 0

+ / / 3. F(0) dt / dwo F(0) dt dmy
UX JO 0
+ / f 9, F(0) dt / 8qu(O)dtdm0),
Ux Jo 0

where the flow ®,(x) is omitted for simplicity.
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Proof Starting from the Fuchsian point p(0), along the ray with parametrization
10,0, w)}e(—1,1)» the pressure metric (-, - ) p: T(0,0,w) Hn(S) X T(0,0,w) Hn(S) — R
satisfies

(au,O(O, 07 w)’ avp(o’ 0’ w))P
Cov(0, F(0,0,w), 3y F(0,0,w), mp(0,0,w))
fUX F(O’ O’ w) de(0,0,w)
0004 P (F(0,0,w)) = [y Quv F(0,0, w) dmp0,0,w)

= (by (2-8)).
fUX F(0,0,w) de(0,0,w)

We first notice [,y F(0) dmo = —1 and, from (3-11),

o ( / F(0,0,w) dm F(O,O,w))(O) = Cov(F(0), 3 F(0), mg) + [ 3w F(0) dmy
UXx UXx

=0.
Therefore,

aw(@uﬂ(o’ 0’ LU), aU/O(O’ 0’ LU)>P)(0)

= awavauP(F(O)) — Oy (/UX aqu(O) de(O,O,w))(O)

— 33 P (F(0))—Cov(duy F(0), u F(0), mo)— / Buvw F(O)dmg  (by (-11))
UX
= 1im 1(/ /rauF(O)dt/r8UF(O)dt/r8wF(O) dt dmy
r—-oor \Jux Jo 0 0

r r
+ [ f 3. F(0) dt / ow F(0) dt dmg
UX Jo 0

+ / / ravF(O)dz / raqu(O)dtdmo) (by 3-4)). O
UX Jo 0

Proposition 4.3 The formula in Proposition 4.2 for the first derivatives of the pressure
metric only depends on the LivSic class of each component function d, F(0), d, F(0),
0w F(0), 0wy F(0) and 0y, F(0).

Proof We know from the proof of Proposition 4.2 that

9w ({3up(0,0, w), dyp(0,0,w)) p)(0)

— 93 P (F(0)) fU B F0) dito = Cov(d F(0). B F(O). o).
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By (2-8), in general, if we take two mean-zero Holder functions /27 and /1, with respect
to myg, then
Cov(hy,hy,mgy) = 0,0, P(F(0) + uhq + vhy)(0).

As the value of the pressure function P only depends on the LivSic class, we see
changing /1 and /i, in its cohomology class does not change Cov(/y, hy,mp). In
particular, this holds for Cov(d,y F(0), 0y F(0), my).

Similarly, from (3-3), it is clear that

31303 P (F(0)) — /U B F(O) dmg

= D3y P (F(0) + udy F(0) + vdy F(0) + wiy F(0)
+ uvdyy F(0) + uwdyy F(0) + vwdyy F(0))(0).

Again the above pressure function P does not change value if we change each com-
ponent function. So, altogether, we know the first derivatives of the pressure metric
only depend on the LivSic class of each component function 9, F(0), 0, F(0), 0y, F(0),
0wy F(0) and 0y, F(0). |

4.3 A gauge-theoretical formula

In [20], Labourie and Wentworth show the variations of the reparametrization functions
can be expressed by a gauge-theoretical formula. This formula will be crucial for
our computation in the next section. We include the formula and its proof here for
completeness. We add some assumptions which are natural for our case of Hitchin
components H(.S).

We consider (£, H) a rank n Hermitian bundle over the surface S equipped with a
Riemannian metric g. We let y be a closed curve on S with arc-length parametriza-
tion y(¢). Suppose D 4o is a flat connection on E whose holonomy has distinct
eigenvalues along y. Suppose A, is one eigenvalue with a corresponding eigenline £,
and H,, is the complementary hyperplane stabilized by the holonomy. We denote by
L, (¢) the line generated by the parallel transports of £,, along y at time 7, by H,, (¢)
the hyperplane generated by complementary eigenvectors, and by 7 (¢) the projection
on Ly (¢) along #H,(¢). Then we have:

Proposition 4.4 (Labourie and Wentworth [20]) For D 4s a smooth one-parameter
family of flat connections, we have a unique smooth function A, (s) such that, for
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s small enough, Ay (s) is the eigenvalue of the holonomy of Dys with A, (0) = A,,.
Moreover,
M :_/IV Tr(ds D 40(t) - (2)) dt.

dS §=0 0
Here the notation is dg D 40(t) := 03D 4s(y(t) /0¢)(0), where 05D 40 is an End(E)—
valued 1-form and y(t) d/0¢ is the tangent vector field along y (t).

(4-2)

Proof We prove (4-2) here.

Let {gs} be a family of gauge transformations acting on {D 4s} with g¢ = id. Define
the new connection 1-forms A := g5 A®. We first prove

l

lV v
[ Tr(0sD 40(t) -7 (t)) dt = / Tr(ds D 4 (t)-m())dt.
0 0

Note here ds D 40(¢) is a 0—form since we have contracted the 1-form d5 D 45 (0) with
the tangential vector field. Therefore, Tr(ds D 40(¢) - 7(¢)) is a function in # or in p ().

Taking the derivative of A = gy A% ats = 0 yields

asD/'l"O = 8sDA(J + DAUg’
where ¢, denoting dgs/ds|s=0, is a section of End(E) and the connection D 4o acts
ongas D¢ =dg+[A°, g].
We want to show P

v
/ Tr((Dgog)m)dt = 0.
0

To simplify the notation, we will always omit the variable # when writing our formulas.
For example, here (D 408)m := (D 40(2)g(t))7(2).

We start by proving that & is a D jo—parallel section in End(E). Given any section
v € I'(E), we can write it as a linear combination of eigenvectors of holonomy. Set
v(t) = Y7 ai(t)ei(t), where e; () satisfies the parallel transport equation D 4,e; =0
with boundary conditions e; (/) = k;,ei (0) and ||e; (0)|| = 1. In particular, we assume
kjl, = Ay and L, (¢) is generated by e;(¢). Then

(Dyom)(v) =[Dyo, w|v = D 4o(wv) — (D 400)

n

= D@ @) (L dae) + a0 D)

i=1
=day(t)e;(t) —day(t)e; (1)
=0.
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Thus,

IV
/O %(Tr(g 7)) dt

bod
= /(; Tr(g(gzr)) dt
Ly
= / Tr(D40(gm)) dt (since Tr([4°, gn]) = 0)
0
Ly
= / Tr([D 40, 7)) dt (notice gz € T'(End(FE)))
0

Ly
= / Tr([D 40, gl + &[D 40, ]) dt
0
Ly
= / Tr((D4o8)mw + g(Dyom))dt  (action of a connection on I'(End(E)))
0

l
= / ’ Tr((D4o08)m) dt (since D 4o = 0).
0

So
by : ba o
/0 Tr((D408) ) dt :/(; E(Tr(g-rr)) dt
= Te(3 ()7 (1)) — Tr(¢(0)7(0))
=0.

As s varies, the eigenline £}, (7) corresponding to Ay (s) varies according to s and so
does the complementary hyperplane 3, (z). By picking suitable gauges {g}, we can
assumeLfor AS = gy AS, thf eigenlines Zf, (z) and complementary hyperplanes 771; ®)
satisfy L3, (1) = Ly, (1) and H},(1) = H,, (7).

Without loss of generality, we assume D 4s is itself the connection for a suitable gauge
and {e]} are eigenvectors for A° with e] corresponding to £J,. Thus,

Dysef(t) =0, ef(ly) = Al (s)ef (0).
In particular, we can assume
Dgsei(t) =0, ef(t) =cs(0)ed(t). e(ly) = A, (s)e}(0), e}(0) =e(0).
So

el (ly) = es(h)ed(ly) = & (L)AL 0)ed(0) = A (5)e} (0) = AL ()3 (0)
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and thus ¢s(/y) = k,l,(s)/k)l,(O) and co(/) = 1. Notice

H@@), Dased(0) _ H{eY(0), Das (e 0)/es ) _ 8,(1/es(t)) _ dlloges(1)
HEe (), ¢3(0) HE (0. ¢}(0)/es(0) 1/es(®) o

So
L b (), 5 D g0e%(1))
/o Tr(ds D 40m) dt = /0 H(e?(t), e?(t)) dt

_ /’v k) (a(logcs(z»)
o 0 as Jt

dlog )»)1, (s)
B ds

dt

s=0

s=0

5 Computation of the variations of the reparametrization
functions for a model case

In this section and the next, we consider the model case dggqaa (o). Note the treatment
of this case will involve all the steps needed for the other cases. This justifies the
expositional decision that we consider it here first and in isolation.

In this case, we are given parameters (1, v) € {(—1, 1)}? with (conjugacies classes of)
representations {p(u, v)} in H3(.S) corresponding to

{(0,ugq +vgp)} C H'(X,K*) @ H*(X, K?)

by Hitchin parametrization (see Remark 2.37). In particular, at the Fuchsian point
p(0) = X, we identify d,0(0,0) with ¢(¢¢) and dy (0, 0) with ¢(gg), where ¢ is the
Hitchin deformation given in Definition 2.38. We suppose { f5(.,y)} is an associated
two-parameter family of reparametrization functions. By Proposition 4.2, the formula
for dggaq(0) is

p&aa(0) = 3y ({3up(0, v), dup(0,v)) p) (0)

T | " N 2 N

r r
¥ N
+2/UX/O aufp(o) dl/() duv (0) dtdm0i|.

Because 9,1 (p(u,0)) = dyh(p(0, v)) = 0 on Fuchsian locus 7(S). By Theorem 2.16,
the variations of the reparametrization functions that need to be computed are the
following:
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@) 3uffoy = —0uSo().
(i) 3y [ = —0v./p(0)-
(i) duv /o) = —0uvh(0(0) = duv fo(o0)-

Before proceeding to compute (i), (ii) and (iii), we explain our general strategy to
compute the variations of the reparametrization functions. Our computation will be
based on Proposition 4.4 and tools from Higgs bundles theory. Let us first set up our
Higgs bundles.

In the component H3(S) we are considering, the rank-3 holomorphic vector bundle
is fixed as £E = K @ O @ K~!. Associated to a representation p in H3(S) is a
Hermitian metric H on E that solves Hitchin’s equation (2-9) and a flat connection
Dy = VgE! gt@+ &*H where VgE’ g is the Chern connection (see Theorem 2.29).

Given a parameter s € (—1, 1), suppose we are considering a family of conjugacy
classes of representations {ps} in H3(S). On the one hand, there is a family of flat
connections { D (5)} given by (2-10) associated to {ps}. On the other hand, there
is a family of reparametrization functions { fy, }se(~1,1) associated to {pos} from the
thermodynamical point of view. Recall our notation (2-4)—(2-5). For a family of flat
connections { D ()}, We write

BDH(S)
as

dsDp (o) =

s=0

and, for a family of reparametrization functions { fj, },

0fpy
9s oo = ag

s=0
By Proposition 4.4 and LivSic’s theorem, the Holder function —Tr(ds D g (0y7)(x)

and dy fp,(x) are in the same LivSic cohomology class. Recalling our notation in
Definition 2.3,

(5-1 s fpo (X) ~ _Tr(asDH(o)n)(x)-

Here we define Tr(ds Dy 0y ) (P (x)) := Tr(ds D (0)(¢)7(2)), following Proposition
4.4. The curve y(¢) in Proposition 4.4 from now on will be a unit-speed geodesic
starting from x. Therefore, x = y(0) d/dt and ®,(x) = y(¢z) 9/0t.

Proposition 4.3 allows us to consider the first and second variations of the reparametriza-
tion functions in terms of LivSic cohomology classes instead of individual functions.
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From now on, for the first and second variations of the reparametrization functions, we
will no longer distinguish cohomologous elements.

Because X is a hyperbolic surface and the geodesic flow is Anosov, the vectors tangent
to periodic geodesics are dense in 7'X. To recover the information of d; f,, it suffices
to compute Tr(ds Dr(9)7) on each closed geodesic. Similarly, to compute the second
variations of the reparametrization functions, it suffices to compute them on each closed
geodesic.

Now we start to give a complete computation of the first and second variations of the
reparametrization functions for the case dggyq(0). The steps of our argument are
divided into different subsections:

(1) We set up coordinates adapted to the closed geodesics we study and conclude
special properties of affine metrics with respect to chosen coordinates on these
geodesics.

(2) We first construct a homogeneous ODE arising from the parallel transport equa-
tion for the base flat connection at p(0) = o € T(.S). This leads to formulas for
the first variations of the reparametrization functions proved in [20].

(3) We consider a family of parallel transport equations associated to a family of
flat connections by solving Hitchin’s equations based at p(0) = o € T7(S). The
variation of this family of parallel transport equations at o gives rise to some
nonhomogeneous ODEs and yields solutions for the second variations of the
reparametrization functions on the closed geodesics we consider.

(4) We extend our computation from the closed geodesics to the surface.

5.1 Setting up coordinates on surfaces

In this subsection, we set up coordinates adapted to the closed geodesics we study.
We will obtain some important properties for the affine metric after setting up the
coordinates. They can be used in the computation of the first and second variations
of the reparametrization functions in the following sections. The first variations have
been computed in [20] by advanced Lie-theoretic methods.

The convention we use for a Hermitian metric H on E is it is C—linear in the second
variable and conjugate-linear in the first variable. Suppose on a coordinate chart (U, z),
the bundle £ = K @ O @ K~! is trivialized as E|y = U x C3. Locally we have a
holomorphic frame (s, 52, 53) on U. With respect to the local holomorphic frame and
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our convention of the Hermitian metric, the (1, 0)—part of the Chern connection V5E H
is H~' 9H. The Hermitian conjugate is ®*# = H~1®! H. The connection 1-form A
of the flat connection Dy is thus

A=H '0H + &+ d*H

Associated to representations {p(u, v)} are a two-parameter family of flat connections
{DH(u,v)}- We will study their connection 1-forms in holomorphic frames with respect
to some carefully chosen coordinates on the surface X.

When the Higgs field is

0 0 uga +vqp
d(u,v)=|(10 0 ,
01 0

Baraglia proves the Hermitian metric H (u, v) that solves Hitchin’s equation (2-9) is
diagonal (see [2]). Following Baraglia’s notation [2], we denote the Hermitian metric
by H(u,v) = ¢22®V) We have

h(u,v)™1 0 0

H(u,v) = 0 1 0 ,
0 0 h(u,v)
where 4 = h(u, v) is a section of K ® K and
—o(u,v) 0 0
Qu,v) = 0 0 0
0 0 w(u,v)

with w(u, v) = %logh(u, v).
We denote the corresponding flat connection by

DH@.v) = Vg, Huw T PW.v) + P, p)*H@v)
The connection 1-form A(u,v) € T(T*X ® End E) is thus

—2dw(u,v) h(u,v) uge +vqp
(5-2) A(u,v) = 1 0 h(u,v)
h=2(uge + vgg) 1 20w (u, v)

In fact, 2/ (u, v) is an affine metric for some hyperbolic affine sphere in the conformal
class of o (see [2]).

We let ¢ =log(2h/0). Note ¢ = ¢ (u, v, z) is actually a globally well-defined function
on X that does not depend on coordinate systems. Hitchin’s equation (2-9), using the
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integrability condition for affine sphere (see [24]), can be written as an equation of ¢
as

(5-3) Ao +16]lugy +vggl2e ™ —2¢ +2 =0,

where || - |5 is the induced norm on cubic differentials. It satisfies ||¢[|2 = |¢|*/03.
The notation we adopt for Laplacian is Ay = 4050, /0.

For simplicity of notation, we sometimes omit variables and write ¢ as ¢ (u, v) or ¢(z)
depending on our needs.

We have the following observation from (5-3):

e When (u,v) = (0, 0), the only solution of (5-3) is ¢ = ¢(0,0) = 0. The affine
metric 24 = ¢ is indeed the hyperbolic metric of constant curvature —1.

¢ Taking the u—derivative or v—derivative of (5-3) at (1, v) = (0, 0) yields
(5-4) Aoy —2e%¢, =0,
(5-5) Aoty —2e%$y = 0.

Therefore, the fact that ¢ = ¢ (0, 0) = 0 implies ¢, = ¢,(0,0) = 0 and ¢, =
¢$v(0,0) = 0.

We now choose a special coordinate system that facilitates the study of holonomy
problems on a closed geodesic. Let z be a local holomorphic coordinate on X. Suppose
the affine metric in this coordinate is e¥ #¥2)|dz|2 and the hyperbolic metric in this
coordinate is o = %@ |dz|2. Suppose y(¢) is any closed geodesic with respect to the
hyperbolic metric o on the Riemann surface X. Then, written in the z—coordinate, it is

y(@) =z() =Rey(?) +iImy(?)
and

PO 0 = Re 7 (1) +1 Tmp(1)) 2= + (Re p(1) i Tm (1) 1.

In particular, we can model y(¢) on a strip S = {x +iy:|y| < %} with the hyperbolic
metric ds = |dz|/cos y and y(¢) = (¢, 0). This coordinate around y is called a Fermi
coordinate and satisfies Re p(¢) = 1 and Im p(¢) = 0. Thus, it’s easy to check that,
on y, one has y* ds = |dz| and §(z) = 0.

The variable ¢ is then the arc-length parameter for our choice of coordinates. Therefore,
if one writes y(0) d/dt = x € UX, then y(t) d/dt = ®,(x). We will always assume
y(0) 0/0t = x in our discussion.
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With the Fermi coordinate understood, from the fact that the only solution of (5-3) is
¢ = 0, we conclude

V(z) =¢(2) +8(z) =8(z) = 0.
From (5-4) together with (5-5) and their solutions ¢, = ¢, = 0, we obtain

Vu(z) =du(z) =0, Yy(z) = ¢y(z) =0.
Also ¥ (z) = 0 implies
Vz(z) = 62(2) = 0.

All this information about the affine metric 1 with respect to the Fermi coordinate will
be important in computation in later sections.

5.2 Homogeneous ODEs for holonomy and first variations of the
reparametrization functions

In this subsection, we show a formula for the first variations of the reparametrization
functions from [20]. We also construct homogeneous ODEs arising from the parallel
transport equations for the base flat connection at 0 € 7(.S). These serve as the first
step for the computation of the second variations in later subsections.

We first explain our notation. For g; = g;(z) dz? any quadratic differential and g, =
ga(z) dz3 any cubic differential, we also use g; and ¢, to denote Holder functions on
the unit tangent bundle U X as follows. We let ¢;: UX — C and go: UX — C be

(5-6) qi(x) 1= qi(2) dz*(x, x) = i (2)(dz(x))?,
(5-7) qa(X) 1= ga(2) d2* (x, X, X) = qa(2)(dz(x))’.
The first variations of the reparametrization functions for our cases have been computed

in [20] as follows:

Proposition 5.1 [20, Theorem 4.0.2] The first variations of the reparametrization
functions 9y fp0): UX — R and 0y f,0): UX — R for our model case dggqq(0)
satisty

—0u fp0)(X) ~Rega(x), —dyfp0)(x) ~Reqgg(x),

where the notation ~ is LivS§ic equivalence (Definition 2.3).

Proposition 5.1 is proved in [20] as a consequence of (5-1).

We then study parallel transport equations for the connection Dg (o) arising from
holonomy problems based at p(0) € 7(S). With the coordinates introduced in the
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last section, they become homogenous ODE systems that are easy to solve. We list
some important computations involved here. These will be important for the second
variations of the reparametrization functions.

The parallel transport equation for the connection Dy (o) on the closed geodesic y is
(5-3) Do),y V =0,
where V € I'(E) is a parallel section with boundary conditions

V(ly) = %i(y. p(0) V(0).

Here A;(y, p(0)) is one of the eigenvalues for holonomy of Dy gy on y fori =1,2,3.
We want to write (5-8) on a specific holomorphic frame, which can be constructed as
follows.

We cover y by m charts {(U;, z;) }7L | such that z; : U; — z; (U;) C C is a diffeomorphism
for 1 <i < m. We assume our holomorphic bundle E is trivialized on each Uj.
Furthermore, we assume the transition map on every overlap is either the identity
or a hyperbolic translation viewed on the universal cover D. Since dz; is a local
holomorphic section of K on U; and 9/dz; is a local holomorphic section of K~!
on U;, we can define a local holomorphic frame s = (s’i , sé, sg) for E=K®OdK™!
on U;, where s| = dz; and s, = 1 and 5§ = 9/0z;. Setting (Up+1, Zm+1) = (U1, 21)
and s]’.”"'l = ]1 this yields a well-defined holomorphic frame for y because, on each
overlap and for j = 1,2, 3, we have sJ’: = sz:+1 ony|y, Nyly,+1 with 1 <i <m.
We will simply write the holomorphic frame on y as s; for j = 1,2, 3. With respect to
this frame, the parallel transport equation for V(¢) = Z? —1 Vi(?)si(t) becomes

Vi) 01 0] [V
[ VE) |+|10 1| Vi) |=0.
V3(t) 01 0]f[V3

There are three eigenvalues for this ODE system: A{(y, p(0)) = e/, A2 (y, p(0)) = 1
and A3(y, p(0)) = e~ ’». The solutions for V (assuming norm 1 at the starting point
with respect to the Hermitian metric H(0)), denoted by e; corresponding to A;(y) for
i=1,2,3, are

% - :
e = 46” —11], e= % 0, e3= ‘/Tie_’ 1
1 2 1
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We note at the Fuchsian point p(0) € 7 (.S), the eigenvectors e1, e, and e3 are orthogonal.
In our holomorphic frame, the projection 7 (0) = 7 (p(0)) can be computed as

1
2
1

[T SR N

1
2
m(0)=1|-1
1 —1
The eigenvectors e; and projection 7 will play important roles in later sections.

5.3 Inhomogeneous ODEs and the second variations of the
reparametrization functions

We will compute the second variation of the reparametrization functions dyy f,(0) in
this and the next subsection. With our formula (5-1), we have

(5-9) duv f(0) ~ —0u (Tr(du DH (0,0)7 (0, )))(0)
92D
— Tr ( o (0)) Tr(3u D (0) dv77(0))
=:—I-1L

In this subsection, we compute 0,y /(o) along a closed geodesic by computing I
and II. We study variation of holonomy problems along a closed geodesic and construct
associated inhomogeneous ODEs. In the next subsection, we extend the computation
of duy fp(0) to the whole surface.

Compute I With the holomorphic frames and Fermi coordinates setup as before, one
obtains, on y,
—(¥2)uv(2) %Wuv(z) 0
v DH(O) (x) = 0 0 %Wuv(z)
0 0 (V2)uv(2)
Thus,

0“D
Tr(a—g(o)() (0)) — ().

More explicitly, Tr((9> D (0)/0u dv)m(0)): UX — R satisfies

02D
Tr( L, (0))( ) = =1 (2(p(x))) = —Luu(p(x)).

where p: UX — X is the projection from the unit tangent bundle to our surface and z
is the Fermi coordinate we choose evaluating at the point p(x) € X. Note that the affine
metric v is always real and ¢ = i — o does not depend on the coordinates we choose.
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Compute IT To study d,7(0) takes some effort. We set u = 0 and take a family of
flat connections { D g (y)} with connection 1-forms A4(0, v) (recall (5-2)). Associated
to each of them is a parallel transport equation along the closed geodesic y on (S, o),

(5-10) Dy V(. 1) =0,
with the assumption ||V (v, 0)|| g0y = 1.

In [19], Labourie proves the images of every Hitchin representation are purely loxo-
dromic. For p(0, v) in H5(S), we know p(0, v)(y) has distinct eigenvalues A (y, v) >
A2(y,v) > Az(y, v). The holonomy problem for p(0, v) has three distinct eigenvectors
which are parallel sections {e; (v, t)}qu’=1 along y(¢). Each section V(v,t) = ¢; (v, t) sat-
isfies (5-10). In addition to the norm 1 condition at the starting point, ||V (v, 0)|| g0y = 1,
we also impose another boundary condition in order to guarantee these are eigenvectors.
The boundary conditions are, fori = 1,2, 3,

@ llei(, 0@ =1

(i) ei(v,ly) =iy, v)ei(v,0).
The reader may notice that, up to now, there are two frames for £ along y mentioned,
the holomorphic frame (s1, 52, 53) and the frame spanned by eigenvectors (eq, €3, €3).
On the one hand, we can write our holomorphic frames as linear combinations of
eigenvectors s; (1) = Z;:l aij(v,t)ej(v,t) fori = 1,2, 3. On the other hand, we can
write the eigenvectors as linear combinations of our holomorphic frames e; (v, ) =
Zi:l ejr(v,t)sg(t) for j =1,2,3. We have the following observation:

With respect to the holomorphic frame (s, 55, 53), the projection onto e; along the
hyperplane spanned by (e3, e3) in matrix form is

w(v,t) = [n(v,t)sl(t) (v, 1)s2(¢) JT(U,[)S3(Z)]
= [a11(v.0)e1 (v, 1) a1 (v,0)e1(v,2) azi(v,0)e1(v,1)]

arp(v,0)er1(v,1) azi(v,t)er1(v, 1) azi(v.t)eri(v, 1)
= (a1 (v.t)er2(v, 1) a1 (v,t)er(v, 1) azi(v,t)eg(v,1)
arp(v,t)e13(v,t) azi(v,t)er3(v,t) azi(v,t)erz(v, 1)

To understand d,7(0), we need to know dyeq(0) and d,0;1(0) fori =1, 2, 3. One can
check, in the holomorphic frame,

(5-11) Tr(auDA(O)avn(O)) = qa(dva11(0)e13(0) +a11(0)dver3(0))
+4qa(3vasz1(0)e11(0) +az1(0)dyer1(0)),

Geometry & Topology, Volume 27 (2023)



1438 Xian Dai

where e11(0) and e;3(0) are known. Thus, we need to compute dyeq(0) and dyaq1(0)
and dyasq(0).

We first show how to obtain dyeq(0,¢) as the solution of an inhomogeneous ODE

system arising from taking the v—derivative for a family of parallel transport equations
(5-10) at v =0,

dver1(0,17) 0 3 07 [dver1(0.2) qp(P:(x))
3 | 0ver2(0.0) [+ |1 0 1| |0per2(0,7) | =5 0 ,
dveq3(0,7) 0 1 0] [0ye13(0,1) 2g8(P¢(x))

with boundary conditions

H(avel (0’ O)’ €1 (Ov O)) = Oa
Ly
dve1(0,1,) = —elv (/ Re gg(Ps(x)) ds)el(O, 0) + el d,e (0,0).
0

The boundary conditions arise from taking the v—derivative for boundary conditions
(1) and (ii) of the parallel transport equation (5-10) that the maximum eigenvector e
satisfies.

With these boundary conditions, we solve

dyer1(7) —4 [y €°(cosh(t—s) Re gg+i Imgp) ds
dyera(t) | = «/Efot e* sinh(r—s)Re gg ds
dyers (1) ~/2 [y €* (cosh(t—s) Re gg—i Im q) d's
—4(@211’ ! fol” e’ " Reqg ds—%i(ell’ —1)! foly e* Imgg ds
+ —4(5)21]’ -7t fOIV e’ ' Reqpds

—“/75(62[1’ ! foly e¥ " Reqp ds++/2i (e —1)7! fol” e’ Imqgds
Here ¢g refers to qg(Ps(x)) defined in (5-7).

We continue to compute dyerq1(0) and d, 31 (0). Combining

3 3
ej(v,t) = Z ejx(v.t)sk () and s;(1) = Za,-j(v, t)ej(v,t)

k=1 j=1
gives
j=3
(5-12) > aij(v.0)eji(v.1) = oy
j=1
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Recall the e (0,7) are known:

[€11(0,7)] 3
e1(0,0) = | e12(0,1) | = %2 | =1 |,
| €13(0,7) ] 1
[€21(0,1)] —1]
€2(O,Z)= e22(0,t) =% of,
| €23(0,7) ] 2]
[€31(0,1)] B
e3(0,7) = | e32(0,7) =§€_t 1
| 33(0,7) | | 1
Then one obtains
2 — 2
ay apz ar ée r -l %et
a(0,1) = | az azy a3z | = —“/Tze_’ 0 ge’
asp dasp ass N2,-t 1 N2,
) 2 4

Taking the v—derivative of (5-12) at v =0,

Jj=3 j=3

Z 8va,~j(0, l)ejk(o, t)+ Z aij (0, l‘)avejk(o, t)=0.

j=1 j=1
Solutions of dya;;(0,¢) can be expressed in terms of dye1(0,7), dye2(0,7) and dyes(0,7).
We have just solved dyeq. Similarly,dye;(0) and dye3(0) are solutions of another two
systems of nonhomogeneous ODEs deduced from (5-10). We now proceed to solve
dyez(0,¢) and dye3(0, ¢).

(1) For dye;(0, ), we have

dvea1(0,7) 0 3 07 [dve21(0,1) —q8(P:(x))
d¢ | 0yexn(0,8) [+ 1]1 0 % dpesn(0,7) | = 0
dver3(0,17) 0 1 0] [3ve23(0,7) 2qp(P:+(x))

with boundary conditions
H(dye5(0,0),e,(0,0)) =0,

Ly
dve2(0,1) = 2(/(; Re gg(Ps(x)) ds)ez(O, 0) + dyez(0,0).

(2) For dye3(0,1), we get

dve31(0,7) 0 7 07 [dves1(0.1) qp(®¢(x))
3 | 0vesn(0.0) [+ |1 0 1] |0pe32(0,7) | =™ 0
dve33(0,7) 0 1 0] [0ye33(0,7) 2q5(Ps(x))
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with boundary conditions
H(dye3(0,0),e3(0,0)) =0,
Ly
dves3(0,1) = —e b (/ Re gg(Ps(x)) ds)e3 (0,0) + el dye3(0,0).
0

We obtain respective solutions from

Ipear (t) — 3 Reqp +i cosh(t —s) Imgp ds
dpern(t) | = 2 f(; i sinh(t —s)Imgqgds
dyea3(?) 2 fo Reqg —i cosh(t —s) Imgpg ds

_% f(fy Iqu((l _ ely)_lely+t_s +(1 _e_ly)_le_ly_t"l‘s) ds
+ i /‘é}/ Imqﬁ((l _ el,,)—lely—i-t—s —(1 _e_ly)_le_ly_t+s) ds
—i fOIV ImQ5((l _ely)—lely—l—t—s +(1- e_[y)_le_ly_t+s) ds

and
N2t s _ i
dyes1 (1) 22 [y e*(cosh(t—s) Regg+i Imgp) ds
dyesa(t) | = \/Efot e~ sinh(t—s)Regp ds
dvess(?) —ﬁfot e *(cosh(t—s)Regg—i Imqp) ds

_4@—211,_1)—1/011/ "2 Regp ds—“/TEi(e_lV—l)_lf(fy e*Imggds
+ %(3*211/_1)*1%]” e!725Re qpds )
—‘/Ti(e_ZIV—l)_lfol” ol—2s Regp ds+~/2i (e—ly_l)—lf(f” e *Imgqgds

where ¢g in the solutions again refers to gg(®s(x)) defined in (5-7).

We are therefore able to solve dy4a;;(0,¢) from dye;(0,7), dye2(0,¢) and dyes(0,1).
For a closed geodesic y of length /,, starting from y (0) = x, we compute, from (5-11),

(5-13)  Tr(du D 4(0) 9v7(0)) (P (x))

= Re ¢o(P(x)) /0 t(ez“—“ —e2D) Re g(Py(x)) ds

t
2 Im g (7 () /O (€5 — ") Imgp(®, (x)) ds

1, ez(t—s) ez(s—t)
Requ(@i0) [ (S - Sy ) Reant@atn ds
1y PLa s—t
#2mgo(@ ) [ (5 = ) map@ ds
0 e v —1 elv—1
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In particular, at ¢t = 0,

(5-14) Tr(0,Dy4 0) dy(0))(x)

Ly, e—28 o2
:Reqa(x)/(; (e_2 _ezl,,_l)Reqﬂ(CDS(x))ds

L 1

I, —s s
+2Imqa(X)/ ( 2 ‘ )ImQﬂ(d>s(X))dS-
0

e~lv—1 elv—1

Remark 5.2 Every point on the closed geodesic y plays an equivalent role. We can
always let y = ®;(x) be the initial point of our y and set up boundary conditions for
our ODEs based at y instead of x. The solution of this new ODE system is (5-14),
treating y = ®;(x) as the initial point. It is in fact the same as starting from x and
obtaining Tr(dy D 4(0)0v7(0))(®(x)) from (5-13).

5.4 Holder extension to the surface

The holonomy problems only yield solutions on closed geodesics as they can be
simplified as linear ODEs with boundary conditions. However, it is still possible to
extend the computation for the second variations of the reparametrization functions
from closed geodesics to the Riemann surface X. This will be our goal in this subsection.
In particular, We will prove in the end of this subsection the main proposition about
second variations of the reparametrization functions.

Proposition 5.3 The second variation of the reparametrization functions
for our model case dggqq (0) satisfies

8uvfp(o)(x) ~ %‘ﬁuv(ﬁ(x)) —n(x),

where we recall that ¢ is defined in (5-3) and p: UX — X is the projection from the
unit tangent bundle UX to our Riemann surface X, and n: UX — R is given by

() 0
1(%) = —Re ga () /0 ¢ Re g(®,(x)) ds — Re g (v) /_ ¢ Re g(®; (x)) ds

00 0
-2 Imqm(x)/0 e " Imqg(Ps(x)) ds—2 Imqa(x)/; e’ Imgg(Py(x)) ds.
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We will prove that n(x) coincides with Tr(d, D 4(0)d»7(0))(x) on periodic orbits and
that n(x) is a Holder function. Denoting the subset of UX that consists of all unit
tangent vectors to closed geodesics by W, we first show:

Proposition 5.4 For any x € W, n(x) = Tr(9, D 4(0)dv7(0))(x).

To prove Proposition 5.4, from the computation of Tr(dy D 4(0)dv7(0))(x) in (5-14),
we introduce an intermediate function ¥ : W x R™ — R, given by
2s

r —2s
V(x.r) = Reqa(x)/o (e_ez, — - e; — 1) Re q5(®d4(x)) ds

r e—S eS
+ ZImqa(x)/o (e" b 1) Im gg(Ps(x)) ds.

Given x € W, if we denote the closed geodesic that x is tangential to by yy, with
length /,,, then clearly Tr(dy D 4(0)dv7(0))(x) = ¥ (x, /). To prove Proposition 5.4
for the set W, we need the following lemma, which states that i (x, ) attains the same
value when r is any positive integer multiple of /. :

Lemma 5.5 ¥ (x,kl,)=1v(x,l,. ) forall x€ W and k € Z.

Proof For any k € Z*, we have

klyy e~ 28 025
/0 (e—2k1yx 1 o2kl _ 1) Re gg(Ps(x)) ds

k

il)/x e—Zs €2s
N - Re qg(Ds(x)) ds
; /;i_l)lyx (e—Zklyx —1 €2kll/x _ 1) qﬂ( S( ))

1 k ily, 5
— 2 [ e Regp@ ) ds
= Ji-n,, .

1 ily, )
ST / e~ Reqp(Ps(x)) ds
e2klvx —1 = Ji-ny,,

Lyx €_2s €2s
/0 (6_21Vx —1 el — 1) e qp(Ps(x)) ds

Similar arguments hold for fé”x (e= /(e e —1)— e /(ePx — 1)) Im qp(®s(x)) ds.
Thus, we obtain ¥ (x, kl,,.) = ¥ (x,1y,). |

Remark 5.6 This equality is clear if one understands that ¥ (x, k/,/) is the solution of
the holonomy problem that goes around our closed geodesic y k times with the same
boundary conditions.
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Proof of Proposition 5.4 Instead of flowing from x to ®;, (x), we view x as our
midpoint and consider our flow from ®_; _/>(x) to x and then from x to ®;, /5(x).
From this point of view, we can write ¥ (x,/,,) as

Ly /2 e~ 28 e2s
V0xud) = Regu() [ ( S ) Reap(@i) s

eZs e—2s

+ Regq(x — Re gg(Ps(x)) ds

o [ W/z(e_z,yx o ) Reap(®: ()
lyy/2 oS e’

+2Imqa(x)/ ( — - )Imqlg(Cbs(x))ds

vx — 1 elvx — 1

es

)
+ 2Im gy (x) / ( — le ) Im gg(Ps(x)) ds.
Vx/2 Vx —_ 1 e'vx — 1

The above also holds if we replace /,,. by k/,,.. We will now conclude by taking

k — oo in the above formula.

Suppose maxxeyx {|Re ga (x)], [Im ge (x)], [Re gg(x)|, [Im gg(x)|} = M. Then notice

o0 o0
W (x, kly,) —n(x)| < 2M2/ e ds + 4M2/ e S ds
ki, /2 klyy /2
kly,. /2 e 2s 28
2M2 _ —2s
+ /0 o2kl ] o2kl 1 "¢ ds
5 kly./2 oS ¢S
4M — $
+ /(; okl 1 okl 1 +e s
— 0 when k — oo.
Thus, by Lemma 5.5, we obtain, for any x € W,
Tr(Du Dadu 0)(x) = Y (x. b)) = lim (x.kly,) = n(x). D

We also need the following proposition about regularity of the function 1:
Proposition 5.7 n(x): UX — R is a Holder function.
Proof We start by showing f(fo e *Imqg(Ps(x)) ds is Holder. Let x and y be close,

with d(x, y) = € < 1. It is classical for a hyperbolic surface (S, o) that we have
standard ODE estimates on the geodesic flow

d(®s(x), @s(y)) = Ne*d(x,y) = eNe’,
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where N > 0 is some constant and the distance function d on UX is induced from the
canonical (Sasaki) metric (-,-) on UX.

Consider T = —log(¢). Then, dividing the integral into two parts, from 0 to 7" and
from T to oo, yields

] | e map@cds— [ e gy, ds
0 0

T
/0 ¢~ (Imgp(®, (x)) — Img(®5(1)) ds

‘ [ e map@. )~ mgp @) ds

T
< / e SNiNee®* ds +2Nye T
0
< —N;Nelog(e) +2Nye
< (NN +2N2)d(x, »)'/?,

Here we use the fact that Im g is smooth, so we can assume its Lipschitz constant to
be Ni. We also use that UX is compact and we assume sup,.cyy Imgg(x) = N.

It then follows easily that Tm g4 (x) fooo e 25 Im qp(®s(x)) ds is also a Holder function.
The arguments to show that the other three terms in n(x) are Holder are the same. We
therefore conclude that n(x) is a Holder function. a

Finally, with Propositions 5.4 and 5.7, we are able to prove Proposition 5.3 about the
second variations of the reparametrization functions on the Riemann surface X.

Proof of Proposition 5.3 We have most of the necessary elements for this proof in
previous estimates. We assemble everything here. Because Tr(dy D 4(0)0v7(0))(Pz(x))
is a Holder function and it equals the Holder function n(x) on a dense subset of U X,
we conclude it coincides with 7(x) everywhere on UX. We obtain

duv fp(0) ~ —0u(Tr(dy D (0)7(0)))

9?D
:—T( o n (0)) Tr(3y D (0) 0 (0))

= %‘ﬁuv(ﬁ(x)) —n(x),
where we recall here ¢ =log(2/4/0) is a globally well-defined function defined in (5-3)

evaluating at the point p(x) € X and p: UX — X is the projection from the unit
tangent bundle to our surface. |
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6 Evaluation on the Poincaré disk for the model case

After the computation of the first and second variations of the reparametrization func-
tions on UX in the last two sections, we are able to evaluate dggyq(0). Our goal in
this section is to show the following:

Proposition 6.1 For o € T(S), dggaa(o) = 0.

Let’s first write down the expression for dggaa (o),

988aa(0)
= 8v(<au/0(07 v), aup(()’ U))P)(O)

— Tim L TN TN
r r
N N
r

, 2
—tim [ ([ Reau(@itondr) [ Reap(@iondr dmo

.1 ! "
wtim L[ 2 [ Requ(@ (o) dt [ =0 (p(0) B Sy (@) e dmg
r—-ocor Jux Jo 0
=:14+1II

The formula for d,y f,(0) is given in Proposition 5.3.

We aim to prove both I and II are zero. The following lemma will be crucial:

Lemma 6.2 Foranyt,s € R, we have
(6-1) /U  Redi () Re o (@ () Re (@4 () o) =0

(6-2) /;]X Re g (x) Im g (P4 (x)) Im g g(Ps(x)) dmo(x) = 0.

We use the methods in [20] to show the integrals are zero. Similarly to the proof
of Theorem 6.3.1 in [20], the key is to use the symmetry properties of the Liouville
measure my = my, and homogeneity of holomorphic differentials viewed as functions
on UX. We transfer the problem of evaluating the integrals in (6-1) and (6-2) to
analyzing the Fourier coefficients of holomorphic differentials.
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Before we start our proof, we first explain the coordinates we will use to do the
computation following [20]. We take the Poincaré disk as our charts. Pick a point
x € UX. We identify the universal cover of (X, o) with D by the unique isometry that
takes (x) € X to 0 € D and identify the vector x € UX with the vector (1, 0) € ToD.

We express our holomorphic differentials in these coordinates. The holomorphic cubic
differential g, has the analytic expansion in the coordinate based on x,

0o
Ga,x(z) = Z an(x)z" dz3.
n=1

Recall the hyperbolic distance dg in the Poincaré disk model satisfies

: 1+R
dg (0, Re®) = r(R) = %log(li——R).

Thus, 3/9r = (1 — R?)3/0R and
0 _(1_ p2\,i0
058 ="
Denoting Gy, x(z) := Re(qq,x(2)(d/0r,0/0r,d/0r)), one has

(6-3)  Reqa(®r(e"x)) = Gax(Re?) = Re( Z an(x)R"(1 — R2)3ei(n+3)9)‘

n=0
In particular, when r = 0,

€i9.

Jim d=(57)

Reit
Therefore,

(6-4) Re Qa(eiex) = ‘;a,x(o'eie)
— i i0y(9 0 i))
- 1%1310 Re(qa’x(Re )(ar’ ar’ or
= Re(ao(x)ei39).

Suppose the coefficients of the analytic expansion for gg are by; then

(6-5) Regqp(®,(e'x)) = Gpx(Re') = Re( > ba(x)R"(1 - R2)3e"("+3>9).

n=0

For the convenience of computation later for other cases, we also write down here two
analytic expansions for holomorphic quadratic differentials ¢; and ¢g;, with coefficients
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¢p and d,, respectively,

(6-6)  Reqi(®,(e’x)) =Gix(Re'”) = Re( > en(x)R (1~ Rz)zeﬂn“)e).

n=0

(6-7)  Req;(@r(e"x)) =G x(Re'?) = Re( 3" du(x) R (1~ R2)2e"<"+2)9),

n=0
Proof of Lemma 6.2 We begin with showing (6-1).
The proof of it will be divided into two cases:

(1) t>=0ands >0.
2) t<0ors<0.

In the first case, we work with the analytic expansions (6-3) and (6-5). We choose
two special situations: s =¢ and s = %t. We observe some symmetries in these two
situations and argue from these symmetries that (6-1) holds for the first case. We then
apply the results for the first case to the second case by flow-invariance properties
of my . Equation (6-2) then follows easily from (6-1) once we find the relation between
them.

Since mg = my, is rotationally invariant, ie (¢’?)*my = mr, we have

/U Requ () Reda (@) Re g(@:(5)) dmo()
2w
== f Re ga(¢'?x) Re ga (P (¢ x)) Re gp(Ds (¢ x)) dmo (x) db.
27 Jo Jux

(1) We restrict ourselves to the case ¢,s > 0 of (6-1) so that we can work with the
analytic expansions (6-3) and (6-5).

We let t(T) = %log((l +T)/(1—=T)) and s(S) = %log((l +8)/(1—=S5)). We first
consider ¢ > 0 and s > 0. Then, if we first integrate over the f—variable, in terms of
the analytic expansion, we get

(6-8) /UX Re g (x) Re go (D¢ (x)) Re gg(Ps(x)) dmo(x)
= %,12:(:)(/UX Re(aoangn_H) dmyT"(1— T2)3S”+3(1 _ S2)3

+/ Re(aoiny3bn) dmo T"3(1—-T2)35"(1 —52)3).
UXx
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We let A, = [y Re(aganbpts) dmg and B, = Jux Re(aodny3by) dm. To show
(6-1) holds for ¢, s > 0, it suffices to prove, for n > 0,

(6-9) A, =B,=0.

If t =0 or s = 0, equation (6-1) is equivalent to

which are included in (6-9). To prove (6-9), we consider two special cases of (6-1):
flow times s = ¢ and s = %l.

By the ®;—invariance of mg, flow time s = ¢ satisfies
[ Reqa() Re ga(®:6) Regp @4 () o )
Ux

- / Re g (®_; (x)) Re g (x) Re g3 (x) dmo (x).
UX

A convenient observation is that flowing from x backwards for time ¢ is the opposite of
flowing forwards for time ¢ from —x, ie ®_;(x) = —d;(—x). Let y = —x and notice
(€'™)*mg = my, so we have

/ Re ga(@_ (x)) Re g (x) Re g5 (x) dmio(x)
UX

i / Re g (®,()) Re g () Re q5(») dmo ().
UX

Therefore,
/U R qu(x) Re (@1 () Re g (@1 () o ()

_ /U  Re () Re ga (@) Re gg(x) dmo(x).
This implies

o0
> (An+ BT (1 =TS =-BoT?(1-T?)°.

n=0
The coefficient of 70 yields
(6-10) Aop+2By =0.

Similarly, for flow time s = %t, we let y = —x and again use the fact (e!™)*mq = myg:
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/U Requ () Re (@4 (1) Re ga(®1/2() dino(x)
- /U R (@ () Re () Re (B2 () )
- [U Requ((=)) Re () Re g5(@y/3(—) o (x)

= —/(.]X Re g (®:(y))Requ(y) Reqﬂ(q)t/z(y)) dmg(y).

Thus, fUX Re go (x) Re go (P (x)) Regg(Dy/2(x)) dmo(x) = 0.

Recall 1(T) = %log((l +T)/(1—-T))and s = %log((l +8)/(1—219)). In the case
s = %t, we have T = 25/(S? + 1). The analytic expansion for

/U R () Re (@1 (6) Re p(@1/3(5)) do(x) =0

with condition 7' = 25/(S? + 1) simplifies to

o0 2 n
> n(s 410 4385 ) =0

2
n=0 S +
Let W = Sz/(S2 + 1) with0< W < % Then the above is equivalent to
[e.°] o0
Z(An Z T+ Dk + Wk 4 83,,)2”W" =0.
n=0 k=0

This give relations

n
23 By + Y (n—k+Dn—k+2)2 4 =0, n=o.
k=0
When n = 0, combining with (6-10), we obtain A9 = By = 0. Then (6-10) yields
Ay + B, = 0 for all n € N. This fact, combined with the above formula, gives
Ap = B, =0 and (6-1) holds for z,s > 0.

(2) Fort <0 ors < 0, there are three cases we need to discuss.

e Ifr <sand? <0, then, as mg is ®;—invariant,

/U Reu(3) Re o (@ () Re g (@4 (x) dmo()

= fUX Re go(®—¢(x)) Re ga(x) Re qg(Ps—s (x)) dmo(x).

This is the same as the s, ¢ > 0 case.
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o Ifs<t=<0,then

/U  Re () Re o () Reqp(®4(x)) drio(v)
_ /U Reqa(®-1(x)) Rega () Re g @y (x) dmo ()
= /U N Re o (P—;(x)) Re go (x) Re gg(P;—s(—x)) dmg(x)

=0.

This is from the observation that the analytic expansion of Re gg(®, (—e'?x)) based
at x forr > 0 is

Re q(®,(—e'x)) =Reqp(®, (' T x)) = g  (Re' 1))
o0
— RC( Z bn(X)Rn(l _ R2)3ei(n+3)(9+71))
n=0
and that, forn > 0,

e_i(”+6)”/ Re(aotnbp3) dmo =0, €i("+3)”/ Re(aodn+3bn) dmg = 0.
Ux Ux

o If s <0 <t¢, then we consider
/U Reqa () Reda (@) Re g(@:(5)) dmo )

— | Redu(®:(~) Rega(x) Re gg (@ (~x)) dmo(x)
Ux
=0.
The argument is essentially the same as the other cases. This finishes the proof of (6-1).

Equation (6-2) follows easily from (6-1) since, for all ¢, s € R,
Re( [ Requ)au(®:(0)ap(@:(0) dmo()
— [ Reu()Re ga (@4 (1) Re gp @) dmo(x)

- /U R () 1m (94 () Im (B5(5)) dma ()

and

6-11) /U  Rea ()40 (1 (1)g5(B: () dmo(x) = 0.
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This is easy to see from the fact that fozn Re(ag(x)e?30)eln+3)0,im+3)0 g9 — ( for
all n,m > 0 and thus, for z, s > 0,

/U R () (@4 () (@:(5)) do(x)
27
= / Re g (¢70)qa (P (¢78:))q (@5 (¢0)) dmo (x) d

2n
—5 X [ [ Ret@oe® ) @01 -7
m,n=0

X (bm(x)Sm+3(1 _ 2)3 l(m+3)9) o dmo(x)
=0.
The argument for # < 0 or s < 0 can be transferred back t0 the t>0and s > 0 cases. One
needs the observation that —®_; (—x) = ®;(x) and —e’?x = ¢!+ x We conclude
(6-11) holds for all ¢, s € R and thus (6-2) holds. O
Proof of Proposition 6.1 We start to show [ =11 = 0.

I = 0 reduces to (6-1) of Lemma 6.2 if we take r — o0 in

1 r 2
;/UX(/O ReCIa(CDt(X))dZ) /0 Re gg(®/(x)) dt dmy

1 r r r
=_[ / f / Re g (01 (x)) Re g (B (x)) Re q5( @y () dmo dyu dt dis
rJo Jo Jo Jux
(by Fubini’s theorem)
1 r r r
:—///f Re go (Pr—s(x)) Reqq(x) Re qg(Pp—s(x)) dmo du dt ds
rJo Jo Jo Jux
(since mg is ®;—invariant)
=0.

‘We next look into II:

M= lim 1 /U i / Re g(®; (x)) dr / Buuh(p(0)) — o fo(oy (@1 (x)) di dmg

r—>oo r

~ lim - /U y / Re go (P4 (x)) dt / duvh(p(0)) dt dmy

F—>00 I

r—>oor

~ lim - /U . / Re go (D, (x)) dt / Tr(8 au‘;“’) (0))(<I>t(x)) dt dm

s tim L[ 2 [ Requ(@:00) T Do (0)(@1 ) dr i,

r—>oor
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There are three terms here. Since d,,/1(0(0)) is a constant, the first term is

lim L fU 2 /0 Re go (P (x)) dt /0 unh(p(0)) dt dmyg

r—oo r

= lim_ 20,h(o(0)) [U i /0 " Re a(®:(x)) dt dm.

Recall our expressions given by (6-3) and (6-6). Then

[ [ Requ(@iconaram,
Ux Jo
_ / / Re g (P (x)) dmy di
0JUX

,
- / / Re ga(x) dmo dt (since mg is P;~invariant)
o Jux
L[ . .
o / [ / Re ‘]a(elex) df dmgdt (since my is rotationally invariant)
2r Jo Jux Jo

2w .
=L/ / Re(ao(x)e>?) do dmyg
27 Jux Jo
=0.

The second term in II is

r r 82D
— lim l/UXz/o Re go (P4 (x)) dt/o Tr(ﬂn(O))(dDI(x)) dt dmg

r—o0 r du dv

. 1
= lim -
r—>oo r

r r
[ 2 [ Requ@iondr [ (@it dmo
ux Jo 0
recalling that ¢ is a globally well-defined function on X (see formula (5-3)), and

Lun (P(®1(x))) = Lpun (p(@4 (e x))).
So

%/Uij(; Reqa(qDZ(x)) dt/o %(,buv(q)[(X)) dt dmo
2w r ) p .
:%/(;X/(; 2/(; Reqa(q)t(elex)) dt/(; %‘ﬁuv(P(q)t(eleX))) dt dof dmy
2w r ) p
:%/(;X/(; 2/(; Ref]a(q)t(elex)) dt/(; %‘puv(P(q)t(X))) dt do dmy

_1 "rr 2w 0
_;/0 /0 /UX¢uv(P(q)t—s(X)))/0 Regq(e'”x)dO dmg ds dt.
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Again by the fact fozn Re o (e'?x) do = fozn Re(ag(x)e'3?) df = 0, we conclude

lim = Req dt Tr > DA(O) w(0)) dt dmgy = 0.
r—>oor UX ¢ 0 8 8

It remains to show

lim —/ / Re gy dt/ Tr(0y D 4(0)0u7(0)) dt dmg = 0.
Ux 0

r—>oor

This is

lim _/UX / Re ¢o (P (x)) dt/ n(P;(x)) dt dmy

r—>oor

—lim ;(/U i / Re ga (P (x)) dt

: /0 Re o (@ () /0 ¢ Re q(®yut5 (x)) ds i dmg

+/UX2/0rReqa(d>,(x))dt

r 0
| Reau(@u) [ ¢ Reqp(@pes() ds dpdimg

+/;]X2/0r Re go (P (x)) dt

[ 2maa(@u ) [ map(@urs ) ds du ding
0 0

r
[ 2 [ Requ(@ioa
UXx 0
r 0
/ 2Imq0,(<l>u(x))/ e’ Imgg(Pp+s(x)) ds d,udmo).
0 —00
We have estimates for these tail terms
r r o0
%/ 2[ Reqa(d),(x))dtf Reqa(CD,L(x))/ e_zsReqﬂ(dD,LH(x))dsdpLdmo
Ux 0 0 r
1 r r —r s
1 [ 2 [ Requ(@)dr [ Requ@,ux) [ e Reap(@uss)) ds dudmg
rJux Jo 0 —o0

3 00
< aM r2/ e 2 ds
r

r

5, F—00
=2M3re”? —50.
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The other two tail terms with integrals involving Im g and Im gg also go to zero for
the same reason. So, in fact,

.1
lim —
r—-oor

o "
__’lggo;(/uxzfo Re g (®; (x)) dr

r r
| Reau(@,u6) [ € Reqp(@urs ) ds dp o
0 0

+/UX2/0rReqa(<I>t(x))dl
0

| Reau(@,6) [ ¢ Reqp(@,4s(x)) ds dudmg
0

+/UX2/0r Re go (Ds(x)) dt )

r r
[ 2m (@) [ (@) d
0 0

+/UX2[0r Re go (D (x)) dt

r 0
/ 2Im qqo (P (x)) e’ Imgg(Ppus(x)) dsdp dmo).
0 —r

r r
/ 2/ Re g, dt / Tr(dy D 4(0)0u7(0)) dt dmyg
Ux 0 0

Similar to I, the above equaling 0 reduces to (6-2). This finishes our proof of Proposition
6.1 and so concludes the discussion of the model case dggqq (o). O

7 The remaining cases

We will show in this section the proofs of the remaining three cases, ie d;gqq(0) = 0,
0jgqi(0) =0 and dggqi(0) = 0. They provide a complete proof of Theorem 1.1.

7.1 The case of 3; g4 (0)

In this case, given parameters (u,v) € {(—1,1)}?, we obtain a family of (conju-
gacy classes of) representations {p(u, v)} in H3(S) corresponding to {(vg;, ugy)} C
H°(X, K?)® H°(X, K?) by the Hitchin parametrization. In particular, d,,0(0, 0) is
identified with ¢(gy) and 0, (0, 0) is identified with ¢(g;). The formula for 9; gy (o)
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is

digaa(0) = 3y ({0up(0, v), 3up(0, v)) p)(0)

,
— N N
_rll)r&;[/[])((/ Ou f, p(o)dz) / dv f p(0y d1 dmg

w2 [ [ sl e [ oo dmo |

where the first and second variations are

(@) 0 fyo) = —0uSp(0):
(i) 0y foio) = —0vfp(0);
(D) duv [ o) = —0uvh(0(0)) = uu fp(0)-

7.1.1 First and second variations of the reparametrization functions We compute
the first and second variations for the case of 0; g4q(0) in this subsection.

We have Higgs field
0 vgi uqa
Pu,v)=|(1 0 vg;
01 0

Following the steps and methods for our model case dggqaa (o) in Section 5, we show
in this subsection:

Proposition 7.1 The first variations of the reparametrization functions 9, fp(0y: UX —
R and 9y f(0): UX — R for the case 0; gua (0) satisfy

Au fp(0)(X) ~ —Requ(x), 3y fp0)(X) ~2Req;(x)

and the second variation of the reparametrization functions dy, fp(0): UX — R for the
case 0; 8o (0) satisfies

auvfp(O)(x) ~ %Re V21(x)

—2Imgg(x) (/000 Im gq; (®s(x))e ™ ds —I—/

—00

0
Img; (®s(x))e’ dS)7

where p: UX — X is the projection from the unit tangent bundle UX to our Riemann
surface X. Understanding a section of End(E) as a linear map on each fiber of
E =K ®O® K~ ! over a point of X, the element y,; is the component of the
section Y = H~19,, H that takes K to O. As a function on UX, y,, transforms as

y21(€%x) = 719y, (x).
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Proof The first variations are found in [20]. The computation of the second variation
of the reparametrization functions dyy f5(0) of (5-9) is again divided into computations
of I and II.

Compute I The major difference between the case 0;gqq(0) and dggaq (o) is the
computation of this term. As before, our flat connection is

D = Vi m + P v) + @) T,

For the computation of 9y f,(0) and 9y f5(0), When u = 0 or v = 0, the harmonic metric
H(u, v) is diagonal and one obtains

0 0 gq 0 ¢ O
0wDgoy=1] 0 0 0 |, 0wDgoy=|2¢ 0 g
434 0 0 0 2§ 0

However, when u # 0 and v # 0 both hold, the harmonic metric H (u«, v) corresponding
to our Higgs field ®(u, v) is not diagonal. The computation of 3% D g (g)/du dv requires
an analysis of Hitchin’s equations.

We start from the family of Hitchin’s equations

(7-1) FDyuy + @, v), @, v)* @] =0

We take u— and v—derivatives of Hitchin’s equations (7-1) at u, v = 0:
(7-2) 34y (Fpyy oy + [P, v), @, v)* @) (0,0)(0) = 0.
We consider taking H —19,, H as a variable. We define

Y11 Y12 )13
Y=H'9,H=|yy y22 y23
Y31 V32 V33

Y = H'9,, H is a section of End(E).

We now work with local coordinates and local trivialization. When varying the real
parameters u# and v, the holomorphic structure of our bundle £ does not change. Thus,
fixing a local holomorphic frame for all # and v, the Chern connection 1-form under this
frame compatible with the Hermitian metric H (u, v) is A(u,v) = H(u,v)~' 0H (u, v).
The curvature term in our holomorphic frame is

Foyue = dA(u,v) + A(u,v) A A(u,v) = g(H(u, v)_1 dH (u,v)).

The section Y € I'(End(FE)) in a local holomorphic frame has the following properties:
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i Tr(Y)=0.
(i) H(u,v)* = H(u,v). Also, because u and v are real parameters, we have
v H = 0yp(H*) = (0o H)* and Y* = HYH L.

We can express 92D H(0)/0u dv in terms of ¥ on y. With respect to the local holo-
morphic frame introduced in the model case adapted to the Fermi coordinate, we have
dH =0ony. So

(7-3)  Ouv(DH(0))ly
= Dy (H(u, v) " 0H (1, v) + ®(u, v) + ®(u, v)*H @Y (0, 0)(0)
=-YH '90H+H 'OHY +93Y + o*Hy —yo*H
=9y +o*y —yorf,

We want to simplify (7-2) as an equation about Y and then solve Y from (7-2).

Before we continue, we first fix some notation. We will write

9 H — dH (u, v)
H=H(00), " u |, p=0 o g @)
®=0(0.0). 5 g OH (u,v) e dudv |,y
dv u,v=0

As a generalization of the classic result of Ahlfors, the first variations of the harmonic
metric vanish at the Fuchsian point (see [20, Theorem 3.5.1]). In particular,

duH =3, H = 0.
Taking H~'9,, H as a variable, one can verify from (7-2) that
(7-4) 0=00(H '0ypH)— H "OH NO(H ' 0yp H) —0(H '3y H) N H ' 0H
+d(H Y OH)H '3,y H— H '0,, Hd(H ' 0H)
+ (04D, (3y®)* ]+ [0, ®, (9, ®)* 7] + [, [-H "y H, ©*].
Equation (7-4) can be simplified by the observation
AH"OHYH 9y H — H ' 9,0 HI(H ' 0H) + [®, [~ H 0,0 H, ®*1]]
= [H 0,0 H,[®, ®* || —[®,[H 9,0 H, ®*]] (Hitchin’s equation)
= [[H "0 H, @], &*¥] (Jacobi identity).
AsY = H™'9,, H, this yields
(7-5)  99Y +[®*H [V, ®]|— H"' 9H A3Y —3Y A H™' 0H
= [0, ®, (3,®)* ] - [3,®, (3, ®)*].
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The PDE system (7-5) in local holomorphic frames is equivalent to the following nine
scalar equations about y;;:
(1) 99y11 +h(y2z2 — y11) =0.
(2) 99y22 +h(y33 —2y22 + y11) = 0.
(3) 99y33 + h(y22 — y33) =0.
@) 99y21 +h(y32 — y21) + h1 0h9ya = h2qiGa.
(5) 90y32 +h(y21 — y32) +h™' 0h 0y3s = —h™2qiGa.
(6) 99y12 +h(y23 —2y12) —h™ ' 0hdy12 = h™' qudi.
(7) 00y23 +h(y12 —2¥23) —h™' 0h 923 = —h 71 qa .
(8) 9dys31 +2h~10hdys =0.
(9) 99y13 +2hy13—2h~ 1 dhdy13 = 0.
From property (ii) of Y, one can thus verify (4) is equivalent to (6), (5) is equivalent to
(7), and (8) is equivalent to (9). Thus, it suffices to consider the following six equations:
 99y11 +h(y22 — y11) =0.
o 99y22 +h(y33 —2y22 + y11) =0.
o 99y33 +h(y22 — y33) =0.
o 99y21 +h(y32— y21) +h 0h0yy = h2qiga.
o 30y32+h(y21 — y32) +h 7 0hdyss = —h2qiGa.
o 3dy31 +2h7 1 dhdy; = 0.
We first take a look at the first three equations. We deduce from them
00(y11 + y22 + ¥33) =0,
39(y11 — y33) —h(y11 — y33) =0,
90(y11 + ¥33) + h(2y22 — (11 + »33)) = 0.

AsY = H719,,H is a section of End(E), the components y;; € I'(©0) are actually
just functions on the surface X for i = 1,2, 3. Recall our notation A, = 40,05/
and the fact 4 = h(0,0) = %0, so the above equations can be written independent of

coordinate charts on our surface as
As(y11+y22+y33) =0,

As(y11—133) —2(y11 —y33) =0,
As(y11+y33) +22y20 — (¥11 +¥33)) = 0.

We have the following observations:
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¢ From the first equation, we obtain y;1 + Y22 + y33 = C, where C is a constant.

¢ Since all eigenvalues of A, should be nonpositive, the second equation can hold
only when Vi1 — V33 = 0.

e The third equation is Ay (y11 + ¥33) — 6(y11 + y33) = —4C. By a maximum
principle argument, one gets y11 + Y33 = %C.

Thus, property (i) of Y gives y11 = Y22 = y33 = 0.
We then continue on the other three equations. From them, we deduce
00(y21 + y32) +h~" 0h 0(y21 + y32) =0,
30(y21 — y32) = 2h(y21 — y32) + h ™ 0h 0(y21 — ¥32) = 2h™*qiGa.
0y31 +2h~ 1 0k dysy = 0.

Let w = y31 + y32. We want to compute A;,||w||,21, where the i—norm || - ||, is defined
as
Isl|7 = h~"ss

for a section s € IT'(K’) and i € Z.

Because & = /(0,0) = %O‘ and o = @ |dz|? is a hyperbolic metric with curvature
K(o) = —As(logo) = —1, we have that & satisfies

(7-6) don = 00 1 12,

Note w € T'(K~'). The metric / induces a Chern connection V# on K~! and, in our
local holomorphic frames, one has

vy = duw + h ™ dhw.
One recognizes V#:(1:0y) ig a section of Q-9 (K~1) = I'(O). Therefore,
(7-7) V0002 = (dw + ™" 8h w) (9w + A= dh w).
Combining (7-6) and (7-7) gives

499 (hww)
h
This is an inequality independent of coordinates valid on the Riemann surface. By

Apllw]} = =2[|wl} + 4195 + 41 V=Ow]} = 0.

a maximum principle argument, ||w]|| i must be a constant M. If M # 0, then 0 =
Ap(M)>2M > 0, leading to a contradiction. Thus, M =0 and y,; + y32 = 0.
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We have similar arguments for 39y3; + 2h~ 9h dy3; = 0. We begin with computing
Apllysil-

Since y31 is a section of I'(K ~2), in local holomorphic frames, the Chern connection \
induced from 4 in this case acts as V(0 p31 = 9ys; 4+ h2 3(h2) y3;.

We obtain

400(h*y31731)
h

Similar to the argument for w, this leads to y3; = 0.

Anllrsilly = = 1l + 41851l + 41003y 7 = 0.

We conclude up to this point that ¥ = H~19,, H € I'(End(E)) in our local frame is
of the form

0  hyx 0
Y =H "9,,H= |y 0 —hya
0 —yu 0

with 3021 — 2hya1 +h~ 1 0h 3ya1 = h™2qiGa.

With respect to the Fermi coordinate, we have /(z) = 5 and d;h =0on y. Also, we
know Y* = HY H™!, so we finally obtain on y, from (7 3),

9 02D
Tr( 8’)1;"‘” (o))( )_Tr( — ’;’(‘”(x)n(O)) —3 Reya (x).

Remark 7.2 We have y,1(x) = y»1(z), where x = y(0) is the starting point of y.
Recall y;,; is the component of Y € I'(End(FE)) taking K to O and y,1(z) is y2i
evaluating at p(x) in the trivialization given by the holomorphic frame adapted to the
Fermi coordinate z for y.

In particular, if we consider another closed geodesic y, starting from )/é (0) = e'fx

with its Fermi coordinate around y, to be w, then y,;(¢’?x) = y,;(w). We have
y21(w) = y21(2) dw/dz = ya1 (z)e’.

Because the vectors tangent to periodic orbits are dense in 7'X, we can extend y;,; to
be everywhere defined on UX. We conclude that, as a function on U X, y, transfers as

—if

y21(€¥0x) = ey, (x).

This finishes the computation of I on UX. We now move to II; together, these provide
an expression for the second variations of the reparametrization functions.
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Compute II We have
Tr(auDH(O)avn(O))
= qa(0va11(0)e13(0) +a11(0)0ye13(0)) + 4G (9vaz1(0)e11(0) +az1(0)dyeq1(0)).

Similar to the model case dggua, here dyeq(0) = y is the solution of a nonhomogeneous
ODE system which arises from taking a v—derivative on the system of the parallel
transport equation (5-10) at v = 0,

n] [0 L0 41 (P (%))
8 [ 720) |+ 10 L[| 920) | = Le" | —2Reqi(@1(x) |
0] o1 0] Lo 25 (P4 (x)

with boundary conditions

Iy
H(y(0),e1(0,0) =0, y(ly) =el ( /O 2 Re g; (D5 (x)) ds)e1<0, 0) + e y(0).

The boundary conditions are set up based on the same consideration as the case of
0gaa(0). The solution is

dver1 ()
dyer2(?)
dyers(?)
“/TE fé(et Reg; +iefImg;)ds 4(611’ — 1! f(f” ieSImgq; ds
= —«/Efé e'Req; ds + 0
ﬁfé(et Reg; —ie®Img;)ds —V2(ely —1)7! fol” ie’Img; ds

Similarly, one can compute dye;(0) and d,e3(0) by this method. It turns out that

Tr(9u D p (0) 9v7(0)) (P2 (x))

t
= 2 Im e (@ (x)) /O (€ — &%) Img; (B (x)) dis

es—t t—s

elv—1 e lv—1

1y
2 Im ga (4 () [0 ( )Im 4i(®5()) ds.

We therefore obtain, for a closed geodesic y of length /,, starting from )/(O) =X,

eS

L, —s
o0, D (00, 70)() = 21mga() [ - 1) Im i (@, (x) ds.

Similar to our model case of gy g(0), one can define a function n: W — R,
0

elv—1 e

1) = 21m g (x) ( /0 e Imgr (B () ds + [ ema@.w) ds),

and we verify that n(x) is Holder, so that Tr(d, D g (0)dv7(0))(x) = n(x) on UX.
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‘We conclude

Ouv fp(O) (x)
~ =y (Tr(au DH(o)JT(O))) (x)

= %Reyn(x)—zlmqam(/o ¢ Tm g (5 (x)) ds+/

—00

0
e’ Im q; (®g(x)) ds).

This finishes the proof of Proposition 7.1. |

Remark 7.3 Instead of starting from the first variation of the reparametrization
functions 9y f,(0)(x) ~ —Tr(dy D 0y (0))(x), we can take the first variation of the
reparametrization functions to be dy f,(0)(x) ~ —Tr(dy Dgr(0)7(0))(x) by (5-1) and
consider

dvu f(0) (X) ~ =3 (Tr(dy Dr(0)7(0))) (x)

2
= —Tr(%n(o)) (x) = Tr(dy D pr(0) 07w (0)) ().
vou

By the same method, we get
Tr(9y D p (0)0u7(0)) (D1 (X))

= 2Img;(P+(x)) /Ot(es_’ — ') Im o (P5(x)) ds

es—t t—s

elv—1 e lr—1

Ly
+2Imq,~(d>,(x))/0 ( )Imqa(cbs(x)) ds.

One can verify, by Fubini’s theorem,
L, Ly
|| @Dy dum O @1 dt = [T Dia 0O (@4 ) .
0 0

This agrees with the fact that 9, (Tr(au D H(O)n(O))) (x) and 0, (Tr(avD H(O)n(O))) (x)
should be in the same LivSic class by LivSic’s theorem.

7.1.2 Evaluation on the Poincaré disk With the computation in the last section, we
have

digaa(0) = 3y ({0up(0. v), 3up(0, v)) p)(0)

1 r 2 or
lim —[/ (/ Reqadt) / —2Regq; dt dmg
r—>oo r Ux 0

0
r r
) / Reqadt/ v p%)dzdmo],
Uux Jo 0
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where 8”“’];)]?’0) = —uvh(p(0)) — dyu fp(0) and
auvfp(O) (x)

~ %Reym(x)—zlmqa(x)( /0 tm g (@ (x)e™ ds +

—00

0
Im g; (Ps(x))e’ ds).

We show in this subsection:
Proposition 7.4 Foro € T(S), digaa(0) = 0.
The argument for this proposition boils down to the following lemma:

Lemma 7.5 Foranyt,s € R,

(7-8) /U Reqi () Redia (@ () Re (@3 () dmo(x) =0,
(7-9) /U  Reqa() Re o0 () Re g1 (@) dimo(x) =0,
(7-10) /U | Requ () In g (@ (6) Im gy () o (x) =0

Proof The proof of this lemma is basically the same as the proof of Lemma 6.2 except
that flow time s = %l tells us nothing in this case. We instead choose the flow times to
be the three special cases s = ¢, s = 2t and s = 3¢. We recall our analytic expansions
for g; and ¢, are

7i(®,(e%x)) = (Z cn(x)R™(1 — RZ)Zei(n-H)G),
n=0

G (r(e9x)) = (Z an(x)R™"(1— R2)3ei("+3)9).

n=0

We have, when ¢, s > 0,

/U R () Re (@1 (5)) Re (@) o)
=L znf Re gi(¢"?x) Re go (@4 (¢ X)) Re go (@5 (e X)) dmg (x) d
2z Jo Jux

o0
N ‘l‘ Z/ Re(Cotndnt2) dmoT"S"(1—T?)*(1—-S%)*(S* + T?).
Ux
n=0
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Consider ¢t = s > 0. Then
/U R 1 () Re (@1 (5)) Re (94 () o)
- f Re gi(®_ (x)) Re g (x) Re g () dmo (x)
Ux
- / Re gi (— @7 (—x)) Re o (—) Re o () dmo (x)
UX

_ /UX Re qi(®+(y)) Reqq(y) Reqa(y) dmo(y) (with y = —x).

The analytic expansions of the left- and right-hand sides of the above equation give

o0
(7-11) %Z/ Re(codnlnta) dmoT?*" (1 — T?)5T?
UXx
n=0

= l / Re(a0a054) di’}’l()(l - T2)2T4.
4 Jux

We let G, = [,y Re(coandn2) dmg and Dy = [ 5 Re(aoantny4) dmg for n > 0.
We proceed to prove C, = 0 for n > 0.

The coefficients of 7° and T2 yield
Co=0, 2C;—8Co=Dq.

On the other hand, if we consider s = 2¢ and s = 3¢, they lead to
[ Reqix) Rea(@, (1) Re gu (21 (6) dmo(x)
UXx

__ /U  Reqi(®:()) Rega(x) Re (@ () dmo ()

and
/UX Re gi(x) Re o (P (X)) Re o (P3(x)) dmo(x)
= _/UX Re ¢i (P (x)) Re go (x) Re go (P2 (—x)) dmo(p).

When s = 2¢, we have S = 27/(T? 4+ 1) and S = 2T + O(T?). When s = 3t, we
have S = 3T + T3)/(3T* + 1) and S = 3T + O(T?).

Compare coefficients of 74 of the analytic expansions of the above two equations and
use the relations S =27 + O(T?) and S = 3T + O(T?) to obtain Dy = 0. Therefore,
from (7-11), we conclude C, = 0 for n > 0 and (7-8) holds for ¢, s > 0. For s <0 or
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t <0, the argument for (7-8) to hold is an analogy of the dggyq (o) case. We omit it
here.

Equation (7-9) then follows from (7-8) by a ®;—invariance argument for m1¢. To prove
(7-10), we just need

/ Re ¢o (x)qi (P4 (x))qi (Ps(x)) dmo(x) =0 forall 7,5 € R.
UX

The argument is the same as the argument for Lemma 6.2. This finishes the proof of
Lemma 7.5. |

Proof of Proposition 7.4 We begin by showing

lim = 8 Tr %n(O) dtdmg=0
r—>oo r UX P(O) du v 0

by evaluating the 1ntegra1 on the Poincaré dlSk.

Recall from the last subsection that y, is the solution of 30 Va1—2hyy +h~1 0k F] Vo1 =
h™2g;Ge. Because ¢; and g are real analytic and because & = A(0,0) = %a is also
real analytic, we know 5 is real analytic by analytic elliptic regularity theory [12].

71001 (x).
Similarly to the model case of g4, g, we write the real analytic expansion for y;1 in

As discussed before, the function y,; on UX transfers as y;; (eiex) =e

the coordinates given by the Poincaré disk model based on x,
-m 0
V2x(@) = Y bam(0)Z"F"
n,m=0
Define j5; x(z) := Re(y21,x(2)(dr)). Recall r(R) = %log((l — R)/(1 4+ R)). One

has

y21(@r(€"x)) = o1« (Re'®) =Re( > bum(x)R™T™(1 —Rz)—le“”—'"—“").

n,m=>0

Thus,

3’D
1 N H(0)
rh—g}or /UX / 0uf, p(O) dl/ Tr( 5 Ou 71(0)) dt dmg

= lim —[ [ Re gy (O (x))dz[ Re y1(®s(x)) dt dmy

r—>oor

r—>o00 r

= lim = /// Re ¢o (D (x)) Re y21(Ps(x)) dmg dt ds
Uux

= lim - /// Re go (P;—s(x)) Re yo1(x) dmg dt ds.

r—>oo r
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When u=t—s5 >0,
|| Reu(®, () Re ya1 () o
Ux
1 2w 0 0
—/ / Re qo (P (e’ x)) Re ya1(e'”x) db dmy.
Uux Jo

However, fOZﬂ Re(e_iebo’o) Re(ane!™+39) g9 = 0 for all n > 0, which implies the
above is zero.

It also holds for u < 0 by simply observing that Re ¢4 (®—,(—x)) = —Re go (P (x)).
Therefore, we conclude

r 82DH(0)
rll)nc}o ; LX / p(0) / TI'(WJT(O)) dt dWl() =0.

Arguments for the other terms in 0; gy (0) to be equal to zero are analogous to the
model case of dggqyq(0). They all reduce to Lemma 7.5. We thus finish the proof of
Proposition 7.4. |

7.2 The case of 9; g4 (0)

The proofs for the case of d;gq;(0) in this subsection and the case of dggqi(0) in
the next subsection are basically the same as the cases for dggaq(0) and 9; gua (o).
Although there are no new ingredients in the proofs, we include them here for com-
pleteness.

For ; g4i(0), we have three parameters {(u, v, w)} € {(—1, 1)}3. The representations
{p(u, v, w)} in H3(S) correspond to {(vq; +wq;j,uqa)} C H*(X, K*)® H*(X, K?)
by Hitchin parametrization. In particular, we have d, (0, 0, 0) is identified with ¢(q4)
and 0, (0,0, 0) is identified with ¢(g;). Also 94, 0(0,0,0) is identified with ¢(g;).
The formula for d; g4i(0) is

0j gui(0) = 0w ({0 u,0(0 0, w) d»0(0,0, w)) )(0)
— N
N N

where the first and second variations are:
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D S No) = —0ufp()-
(i) v /o) = —0u fp(0)-
(i) Buw /gy = —uwh(p(0)) = Buw /o(0)-
(V) dvw /) = —Bvwh(p(0) = duw fp(0)-
7.2.1 First and second variations of the reparametrization functions Our Higgs
field in this case is
0 vgi +wq;  uqa

O(u,v,w)=|1 0 vgi + wq;
0 1 0

Following the steps and methods from the cases dggqqa(0) and dggaa(0), we have:

Proposition 7.6  The first variations of the reparametrization functions dy f,(0): UX —
R, 3y fp0): UX — R and 0y f,0): UX — R for the case 0 gqi(0) satisfy

Ou fp(0)(X) ~ —Reqqu(x), 3y fp)(X) ~2Reqi(x), 0w fp0)(x) ~2Req;(x),

and the second variations of the reparametrization functions dyy f,0): UX — R and
dvw fp0): UX — R satisty

auwfp(O) ~ %RGJ/ZI(X)
—21Im gy (x) (/ Im g; (®(x))e™ ds+/
0

—00

0
Img; (®s(x))e’ dS),

8vwfp(O)(x) ~ %¢vw(p(x))
00 0
+2Img;(x) ([ Imq; (Ps(x))e* ds +/ Im g (Ps(x))e’ ds),
0 —00
where p: UX — X and y, are defined as before.

Proof For the second variations of the reparametrization functions, we have computed
duw fp(0) in the 0;gaa (0) case:
auwf,o(o) ~ % Re y21(x)

2 Imgy () ( /0 " i (@5 (x)e ds + /

—00

0
Im g; (Ps(x))e’ ds).
The computation of

0 #Dao 3y D (0)? =
vw fp(0) ~ —Tr Wﬂ(o) —Tr(dy D (0) 0w (0)) =: —1—1I

is divided into computations of I and II.
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Compute I We set u = 0; the Higgs field is

0 vg; +wgq; 0
Pv,w)=|1 0 vgqi + wqj
0 1 0

The harmonic metric H (v, w) is diagonalizable and the computation of 9y D g (o) is
the same as in the model case of dgguq(0).

With respect to the notation defined in the model case of dggqq(0), one obtains

92D
Tr(ﬁn(o)) () = =3V (2(p(x)) = —3hvu (P(x)).

where p: UX — X is the projection from the unit tangent bundle to our surface and z
is the Fermi coordinate we choose evaluating at the point p(x) € X.

Compute II Both 9, D (o) and 04, 7(0) have been computed in the d; goq (o) case.
One can check

Tr(dy D (0) 0w (0)) (D (x))
= qi(Qwa11(0)e12(0) +ar1(0)0we12(0) + dwaz1(0)e13(0) +az1(0)dwer3(0))
+2qi (waz21(0)e11(0) + a21(0)dwer1(0) + dwasz1(0)e12(0) + a31(0)dwer2(0))

t
= 21mgi (P () fo Im g, (®s(x))(¢'* — ") ds

t—s

l)/ e eS—t
+2Tm q; (P4 (x)) f ImCIj(q’s(x))( = Y )ds'
0 e bv—1 elr—1

In particular,

Ly oS o
T8, Do O) () = 2Imau(x) [ mgy (@u(0) (= 5 ) s
0 e"'v—1 elv—1
Similarly to the cases of dggaq(0) and 0;gna(0), one can then define a function
n:UX - R,

o] 0
n(X)=—2Imqi(X)( /0 Im g; (Bs(x))e ™ ds + [ Imqj@s(x»ews),

and verify that (x) is Holder and such that Tr(dy D g1 (0)0w 7 (0))(x) = n(x) on UX.
We finally obtain

dvw fp(0) (X)

2
~ =T L0 1(0)) ) = o3 Dag P 0
Vow
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= v (p(x))
+2Img;(x) (/ Im g (®s(x))e™" ds + /
0

—00

’ Imqj(<l>s(x))esds). O

7.2.2 Evaluation on the Poincaré disk We show in this subsection:
Proposition 7.7 Foro € T(S),0jgqi(0) =0.

For the same reasoning as before, the proof of the above proposition reduces to the
following lemma:

Lemma 7.8 Foranyt,s € R,

12 [ Regi(x)Reg (@) Rega(@(x) dmo(x) = 0,
313 [ Regi() Img (@) Inga (@ () dno(2) = 0,
19 [ Regal) Reg (@06 Reg; (@(x) dmo(x) =0,
319 [ Rega) Img (@) Imay (@() dmo(x) =0,

Proof We just need to show (7-12). Equations (7-13), (7-14) and (7-15) follow easily
using the methods we developed in the former cases.

We start from a special case of (7-12), with ¢; = ¢;:
(7-16) / Regi(x)Re qi(®s(x))Regq (Ds(x)) dmo(x) =0 forall z,s5 € R.
Ux

The proof of this case is an analogy of the case dggqyq(0) since, for flow times s = ¢
and s = %t,

/U Ry () Re s (B1(5)) Re (@4 () o)

_ /U | Requ () Re g (94(6) Re () dmo()
and
/U Res () Re (1 (5)) Re i (By/3(0)) dmo () =0
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For ¢, s > 0, recall our analytic expansions given in (6-3) and (6-6) lead to

., o) Re (1 (5) Re (@5 5)) o)

= f Re gi(¢'?x) Re ¢ (@1 (¢"%x)) Re ga (s (€' x)) dmio(x) db
T Jo JUX

o0
_1 Z(/ Re(coCnlint1) dmoT" (1 — TS T1(1 - 5%)3
4n—0 Ux
+[ Re(colpysan) dmoT" T3 (1—T2)28™(1 —52)3).
Ux

Let E; = [y Re(cocnlns1) dmg and Fy = [,y Re(coCpy3an) dmg. We argue, for
n=>0,

(7-17) E,=F,=0.
The case t = 0 or s = 0 of (7-16) is included in the n = 0 case of (7-17).

For flow time s = ¢, we have

o0
(7-18) D> (E,T* T (1=T?)° + F, T (1-T?)°) = —F,T*(1-T?)".

n=0
This implies
Ey=0, E{=-2F,.

For flow time s = %l, we obtain

o0
Z(EnTn(l _ T2)2Sn+1(1 _ S2)3 + FnTn+3(1 _ T2)2Sn(1 _ S2)3) =0,

n=0

where T = 2S/(1 + S?).

It simplifies to

s S2 282 \"
E, +8F, =0
Z( nt ”(S2+1)3)(S2+1)

n=0

Let W = §2/(1 + S?); we have

oo

E, 3 (k+ D)Wk +8F, W W) =o.
Y (53 )

n=0 k=0
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This gives relations

n
(7-19) Eo=0, Y K-k +DEg+2"F, =0, nx1l
k=0
Combining with (7-18), we get E; = Fy = 0. Therefore, the right-hand side of (7-18)
is zero and we obtain from it £, + F;, = 0 for n > 0. Combining this with (7-19)
and by an induction argument, one concludes E, = F;, = 0. This proves (7-17) for
s,t > 0. The case s, ¢t < 0 is similar to before.

Now we proceed to prove (7-12). The above case implies, for ¢; # gq;,
. Reqi(x) Rei(@ () Re gu(®56) dino =0,
[ Rea;(0)Req; (400 Re (@) g =0
ux

/UX Re(gi +q;)(x) Re(gi + ¢;) (P:(x)) Re go (Ps(x)) dmg = 0.

Therefore, for all ¢, s € R,

(7-20) fU Reqi() Req (®1(4) Reda(@4(x)) o

+ / Re g7 (x) Re i (@7 (x)) Re o (®5(x)) dmg = 0.
Uux

Recall the analytic expansion for ¢; is given in (6-7). Consider ¢, s > 0:

/UXReqi(x)Reqj(Cbt(x))Reqa(q)s(x)) dmg(x)
_ [T / Re gi (" x) Re gj (D1 (¢'x)) Re o (D5 (¢ x)) dmo (x) db
2 Jo Jux

o0
- 41; > (/ Re(codndns1) dmoT" (1 —T?)2S"H(1-8?%)°
n=0 vx
" / Re(codn3an) dmoT"+3(1—T?)28"(1 — 52)3).
Uux

Let Gy = [y Re(codndny1) dmg and Hy = [;5 Re(codpy3an) dmg. We want to
show G, = H, =0 forn > 0.

Let m be an integer and m > 2. Consider the flow time s = m¢. Observe

/U Re i () Re gy (@ () Re g (@ (5)) do(x)

- /U  Reu(®= () Red () Re (@1 () dmo()
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=-—ﬁ;yReqmy)Rem<®too)Reqa«h4m_n,oo>dmooo
(let y = —x and ®;(—y) = —D—(y))
- /U Reqi () Re gy (@ (1) Re gl r-e (1) ) (by (7-20))

=— /UX Regj(x)Reqi(P;(x)) Re go (Pms (x)) dmo(x)

(exchange the roles of ¢; and ¢;)
= _/UX Re gi (x) Re g (@;(x)) Re go (P m—1)¢ (—X)) dmo(x)

When s =mt, wehave S =S(m)=((1+T)"—(1-T)")/(1+T)"+(1-T)")=
mT + O(T3). From the analytic expansion

D (GaT"S(m)" 1 (1= S(m)*)? + Gpe™™ T"S(m — )" 1 (1 = S(m — 1)%)°)
n=0

==Y (—Hp" T3S (m—1)"(1-S(m—1)*)* + H,T" 3 S(m)" (1- S(m)*)*),

n=0
the coefficients of 7! and 7' and T yield, respectively,
Gy =0,
(m?* = (m=1*G =0.
(m* + (m—1>)G, = —2m —1)Hy + (6m — 3) Hy.

The cases m = 2, m = 3 and m = 4 together give Hy = H; = G, = 0. By induction,
assuming Gy = Hj_, = 0 for 1 <k < n, the coefficient of 72" gives

(mn+1 + einrr(m _ 1)n+1)Gn — (ei(n—l)ﬂ(m _ 1)11—1 _mn_l)Hn—l-

We conclude G, = H, = 0 for n > 0 by choosing two different m. This finishes the
proof of (7-12) for ¢, s > 0. Equation (7-12) for t < 0 and s < 0 can be proved similarly
to the former cases. O

7.3 The case of g g,i(0)

This is the last case. In this case, the representations {o(u, v, w)} in H3(.S) correspond
to {(vgi. uqe +wqg)} C H°(X, K?)@® H°(X, K3) by Hitchin parametrization. Our
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metric tensor is

aﬂgai(a)
= 8w(<au/0(0’ 07 U)), aUIO(O’ Ov LU)>P)(0)

— e A TN "o N ’ N
= lim ;( [U . /0 Bu /oy di /0 DSy 1 [ oy it dmo
r r
N N
+ /U . /0 8u /o) di /0 Buw /) di dmo

" N " N
+/(;X/(; avfp(()) dl/(; auwfp(()) dldm0)7

where the first and second variations are

@ S0 = —ulpo):

(ii) 3vfp]2’0) = —0y fp(0)}
(i) Buw /gy = —Buwh(p(0)) = duw fp(0):
(V) dvw ) = ~Bvwh(p(0) = duw fp(0)-

7.3.1 First and second variations of the reparametrization functions Our Higgs
field in this case is

0 vgi uga +wqg
d(u,v,w)=|(1 0 vq;
0 1 0

Proposition 7.9  The first variations of the reparametrization functions dy f0): UX —
R and 0y fp(0): UX — R for the case 0ggqi(0) satisty

Au fp(0)(X) ~ —Reqqu(x), 9y fp)(X) ~2Reqi(x), 0w fp)(x) ~—Regg(x),

and the second variations of the reparametrization functions dyy f,(0): UX — R and
dvw fp0): UX — R satisty

Ouw fp(o) (x)

~ (PO +Requ(x) [ ¢ Reqp(@i()) ds
0 00
+ Re gy (x) / e?* Re q8(®s(x)) ds +2Im gg(x) / e " Imqg(Ps(x)) ds
oo 0

0
—I-ZImqa(x)/ e* Imqg(Py(x)) ds
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and

Ovw fp(O)(x)
= Jwv fp0)(X)

~ ARy = 2mgp(( [ ma@uone ds + [

—00

0
Im g; (®;(x))e’ ds),

where p: UX — X and y, are defined as before.

Proof All of the computations have been done in the former cases. O
7.3.2 Evaluation on the Poincaré disk We show in this subsection:

Proposition 7.10 Foro € T(S), 0ggai(0) = 0.

For the same reasoning as before, the proof of the above proposition reduces to the
following lemma:

Lemma 7.11 Foranyt,s € R,

(7-21) /U  Reda () Re g (@ (x)) Reqi (@) dma(x) =0,
2 [ Inga(e) Ings(@(0) Regi (@56 dmo(x) = 0.
(7-23) /UX Re g (x) Imgg(P(x)) Im g; (Ps(x)) dmo(x) = 0.

Proof We just need to show (7-21). Equations (7-22) and (7-23) follow easily, similar
to the former cases.

From the computation of 9; gy (0), we know

/ Re g (x) Re g (P (x)) Re 43 (®; (x)) dimg = 0,
UX
/U  Reqp() Regg(@(x) Re i (®5(x) dino = 0

/U R +5)(5) Re(d + ) (P2 () Re i (@5 (x) g = 0.
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‘We deduce
f Re g (x) Re g(®; (x)) Re 41 (s (x)) dmno
UX

+ / Re g5(x) Re ga (®;(x)) Re g: (s (x)) drmg = 0.
Ux

Similar to dj gqi(0), we consider s = mt for m € N and m > 2. We observe
[ Reda()Re gp(®:(6) Reqi (@ () dim
Uux

- [U Requ () Re 5(®1(3) Re g (@ 1y (=) o

We recall the Poincaré disk model and our analytic expansion for gq, ¢g and g; in (6-3),
(6-5) and (6-7). For ¢, s > 0, the analytic expansion

/U Requ () Re p(@4(1) Re gr(®:(5)) dmo ()
2w
= = / Re ga (¢'/x) Re qp(®1 (€'’ x)) Re i (Ps(¢'x)) dmo(x) db
2n Jo Jux
= %E(/UX Re(aobntnys) dmoT" (1 —T?)3S"H4(1 - §2)2

+f Re(aobpyacn) dmoS™ (1 —S%)2T"2(1 —T2)3).
Uux

Denoting I, = [,y Re(aobnCpys) dmg and Jy, = [;5 Re(aobutacn) dmg for n >0,
we argue
In == Jn = 0.

When s =mt, wehave S =S(m)=((1+T)"—(1-T7)")/(1+T)"+(1-T)") =
mT + O(T3). The analytic expansions give

Z(I,,T"S(m)"+4(1 —S(m)?)? — L™ T"S(m — 1)" (1 — S(m — 1)»)?)

n=0

=Y (=T T"P2Sm)" (1 = S(m)*)? + Jne " T 28 (m — 1)" (1 — S(m — 1)*)?).
n=0

The coefficients of T# yield

(m*—(m—1D"Iy=—-Cm—1J; + (dm —2)J,.
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The cases m =2, m = 3 and m = 4 give Iy = Jy = J; = 0. By induction, assuming
I = Jg+1 =0 for 1 <k < n, the coefficient of T2"+4 gives

(mn+4 _einn(m _ 1)n+4)]n = (ei("+1)”(m — 1)n+1 —mn+1)Jn+1-

We conclude I, = J,, = 0 for n > 0 by choosing two different . This finishes the
proof of (7-21) for ¢, s > 0. Equation (7-21) for # < 0 and s < 0 can be proved similarly
to the former cases. Lemma 7.11 and also Proposition 7.6 therefore hold. O

We have shown

(i) 9ggaalo) =0,
(i) 9igaa(0) =0,
(i) 0jgqi(0) =0, and
(V) pgai(0) = 0.

This finishes the proof of our Theorem 1.1.
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