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Higher genus FJRW invariants of a Fermat cubic
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We reconstruct all-genus Fan—Jarvis—Ruan—Witten invariants of a Fermat cubic
Landau-Ginzburg space (x3 + x3 + x3: [C*/u3] — C) from genus-one primary
invariants, using tautological relations and axioms of cohomological field theories.
The genus-one primary invariants satisfy a Chazy equation by the Belorousski—
Pandharipande relation. They are completely determined by a single genus-one
invariant, which can be obtained from cosection localization and intersection theory
on moduli of three-spin curves.

We solve an all-genus Landau—Ginzburg/Calabi—Yau correspondence conjecture for
the Fermat cubic Landau—Ginzburg space using Cayley transformation on quasi-
modular forms. This transformation relates two nonsemisimple CohFT theories: the
Fan—Jarvis—Ruan—Witten theory of the Fermat cubic polynomial and the Gromov—
Witten theory of the Fermat cubic curve. As a consequence, Fan—Jarvis—Ruan—Witten
invariants at any genus can be computed using Gromov—Witten invariants of the
elliptic curve. They also satisfy nice structures, including holomorphic anomaly
equations and Virasoro constraints.
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1846 Jun Li, Yefeng Shen and Jie Zhou
1 Introduction

Let (d; §) be a weight system such that § = (81,...,0y) € Zi’ is a primitive N —tuple
with w; := d/6; € Z4+. We say the system is of Calabi—Yau (CY) type if

N
(1-1) d =8+ +8y, i Z%:I.
l

i=1

The dimension of the CY-type weight system (d; §) is defined to be

N
R 26;

= E 1-— ) =N-2.
‘ i=1( d)

Let /14 be the multiplicative group consisting of d™ roots of unity and

271;/—_1).

) 8
Js = (é‘dl’ .. -v{dN) epg for §;:= exp(

We call the data ((CV/(Js)], W) a Landau—-Ginzburg (LG) space, where W is a
nondegenerate quasihomogeneous polynomial on CV satisfying

WSt xy, . ANxn) = A W(xy,...,xy) forall A eC*.

The polynomial W is assumed to have only an isolated critical point at the origin
and not involve quadratic terms x;x; for i # j. In general, we can consider Landau—
Ginzburg spaces ([CV/G], W) for a group G which is a subgroup of the group of
diagonal symmetries with Js € G; see Chang, J Li and W-P Li [6] and Fan, Jarvis and
Ruan [20]. Two enumerative theories can be associated to such an LG space:

e The first is the Gromov—Witten (GW) theory of the G/(Js)—quotient of the
hypersurface defined by the vanishing of W in the corresponding weighted
projective space PV ~1(81, ..., 8x). The quotient space is a CY (N —2)—orbifold
by the CY condition in (1-1).

e The second is the Fan—Jarvis—Ruan—Witten (FJRW) theory of the pair (W, G)
as introduced by Fan, Jarvis and Ruan [19; 20].

Both the GW theory and the FIRW theory associated to a CY-type weight system
are cohomological field theories (CohFT, for short) in the sense of Kontsevich and
Manin [32].
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Higher genus FIRW invariants of a Fermat cubic 1847

We shall focus on the theories arising from one-dimensional CY-type weight systems.
These systems are classified by

(1-2) (d:8) = (3:1,1,1),(4:1,1,2),(6:1,2,3).
The LG space we consider is ([C 3 /{Jg)], W), with W the Fermat polynomials
(1-3) W = d/51 _i_x;i/r?z +x;l’/5gl

On the CY side, the hypersurface W = 0 in the weighted projective space P2 (81, 8, 83)
is an elliptic curve, denoted by £; or £ (when the degree d is implicit or unimportant
in the discussion) for simplicity. We focus on the GW theory of £&. The GW state
space is then defined to be ¥¢ := H*(E,C). Let Mg (€, B) be the moduli stack of
degree-f stable maps from a connected genus-g curve with » markings to the target £.
Letevy for k = 1,2, ..., n be the evaluation morphisms, 7 be the forgetful morphism,
and [Mg » (€, B)]'I" be the virtual fundamental cycle of M ¢.n(€E, B). The ancestor GW
invariants are given by

)= [ [T evi o ple

[MA n (g B)]Vlr k 1

The ancestor GW correlation function is the formal g—series

(14 vyt @ = > gl i), .

d=0

By the virtual degree counting of [Mg (&, B)]'T, if the series

Gy’ eyt )E L (9)

in (1-4) is nontrivial, then

n
(1-5) > (3degay +£x) = B—dimc £)(g— 1) +n=2g—2+n.
k=1

On the LG side, we consider the FJRW theory of the pair (W, (Js)) as originally
constructed in [19; 20]. The main ingredients consist of a CohFT

G- (). 1L AT
and FJRW invariants (see Section 2.1 for details)

¢
(ry*s ... ,anwnn)(ljlgus)
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1848 Jun Li, Yefeng Shen and Jie Zhou

with ¢; elements in the vector space ¥y, (s5)y- The space ¥, ( 5)) contains a canonical
degree-2 element, denoted by ¢ below. We assemble the FIRW invariants into an
ancestor FJRW correlation function (as a formal series in s)

(1-6) oyl anyln) U ()

o0
1 ¢ W.(J.
= S Lt s D
m=0

m

1.1 LG/CY correspondence via modularity

One of the motivations for constructing the FIRW invariants [19; 20] is to under-
stand mathematically the so-called Landau—Ginzburg/Calabi—Yau correspondence
proposed by physicists; see Greene, Vafa and Warner [24; 54], Martinec [39] and
Witten [56]. The Landau—Ginzburg/Calabi—Yau correspondence conjecture (see Chiodo
and Ruan [12; 48] and Fan, Jarvis and Ruan [20]) predicts that for a CY-type weight
system the corresponding GW and FJIRW theories are related. In the past decade, a lot
of effort has been made to formulate and solve this conjecture:

¢ An LG/CY correspondence between the vector spaces was solved by Chiodo
and Ruan [13].

¢ Genus-zero LG/CY correspondence for various pairs (W, G) has been studied
using Givental’s /—functions; see Basalaev and Priddis [1], Chiodo, Iritani and
Ruan [10; 11], Clader [14] and Lee, Priddis and Shoemaker [36; 37].

¢ For the quintic 3—fold, the correspondence has been pushed to genus one; see
Guo and Ross [25].

¢ For higher genera, the only known examples in the literature (see Iritani, Milanov,
Ruan and Shen [29; 40; 41], Krawitz and Shen [34] and Shen and Zhou [50])
are all generically semisimple, and therefore the correspondence at higher genus
is a consequence of the genus-zero correspondence, based on Givental [23] and
Teleman’s [52] classification of semisimple CohFTs.

One of our main results is to solve this conjecture at all genera for the Fermat cubic
pair (W = xf + xg + xg, Js), using the properties of moduli spaces and quasimodular
forms. We remark that the GW CohFT and the FJRW CohFT for such a pair are not
generically semisimple, and therefore this case is beyond the scope of Givental and
Teleman’s results.
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Higher genus FIRW invariants of a Fermat cubic 1849

1.1.1 Quasimodular forms and the Chazy equation Specializing to the cases of
one-dimensional CY-type weight systems, it is known (see Bloch and Okounkov [3] and
Okounkov and Pandharipande [43]) that the GW correlation functions for an elliptic
curve are quasimodular forms; see Kaneko and Zagier [30]. The key of this work is to
relate the generating series in (1-4) and (1-6) using transformations on quasimodular
forms.

Consider the Eisenstein series

1 1
(1-7) Ey (1) i= —— Z ——— for T € H,
2¢(2k) edez (ct+d)
(c,d)=1

where ¢ is the Riemann zeta function. These are holomorphic functions on the upper half-
plane H, of which E,j for k > 2 are modular under the group I" := SL(2,7Z)/{+1},
while E, is quasimodular [30]. To be more precise, E, is not modular, but its
nonholomorphic modification E, (z, T) is modular, where

Es(v,7) = Ex(t) —

7 Im(t)
The set of quasimodular forms (we regard modular forms as special cases of quasi-
modular forms) for I" form a ring [30]:

(1-8) My(T) := C[Ey(v), Eq(t), Es(7)]-

The set of almost-holomorphic modular forms as introduced in [30] also gives rise to a
ring that is isomorphic to M, (I'):

(1-9) M,(T) := C[Ey(1,T), E4(7), E¢(7)).
Let g = exp(2wr+~/—17). The GW invariants of elliptic curves are (see [43]) Fourier

coefficients expanded around the infinity cusp T = +/—100 of certain quasimodular
forms. For example,! let w € H?(€) be the Poincaré dual of the point class. Then

qn
1—gn

(1-10) —24(w){ (@) = Ea(q) =1-24) n
n=1

For any f € M*(F), we define

O —

2r/—1dt’

'We are sometimes sloppy about the argument for a quasimodular form when no confusion should arise.
For instance, we shall occasionally write E (q) for Ej (7).
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1850 Jun Li, Yefeng Shen and Jie Zhou

The Eisenstein series E,, E4 and E¢ satisfy the so-called Ramanujan identities
(1-11)  E} = {5(E3 —Ea), Ey=31(E2E4—Ee), Eg=3(E1E¢—EJ).
Eliminating E4 and E¢, we see that E; is a solution to the so-called Chazy equation,

(1-12) 21" =2ff"+3(f)?* =0.

Our key observation is that the Chazy equation (1-12) appears in both GW and
FIRW theory for one-dimensional CY weight systems, thanks to the Belorousski—
Pandharipande relation discovered in [2].

Proposition 1 Consider the LG space ([C?/(Js)], W) given by (1-2) and (1-3). Then
both the genus-one GW correlation function —24«6()»‘;: 1 (¢) and the genus-one FIRW

(W9(

correlation function —24{¢) ", ']‘S))(s) are solutions to the Chazy equation (1-12).

Here for a function f(g) in g, we use the convention f’(¢) = qd4 f’; for a function
f(s)ins, f'(s) =05 f.

Further, using more tautological relations discovered by Faber and Pandharipande [17]
and Ionel [28], we can show that both the GW and FIRW correlation functions in (1-4)
and (1-6) are determined by the genus-one correlation functions in Proposition 1.

Proposition 2 Consider the LG space ((C3/(Js)], W) given by (1-2) and (1-3). Let
wW,(J.
f==24(0)5, or f=-24(p)"V.
Then the GW correlation functions in (1-4) (or the FJRW correlation functions in (1-6))

are determined from f by tautological relations and are elements in the ring C[ f, f', f"].

1.1.2 LG/CY correspondence via Cayley transformation By direct calculation,

we can show ((a)))f’1 (¢) and «¢»?,41/’<J5

form —ﬁE »(7) at two different points on the upper half-plane. In particular, the GW

>)(s) are expansions of the same quasimodular

functions are Fourier expansions around the cusp T = +/—100. This viewpoint allows
us to relate the GW functions in (1-4) and the FIRW functions in (1-6) by a variant of
the Cayley transformation which we now briefly review, following Shen and Zhou [50].

For any point 74 € H, there exists a Cayley transform that maps a point T on the upper
half-plane H to a point s(7) in the unit disk D, namely
T— Tx

s(1) = (T« —f*)t_f*.
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Higher genus FIRW invariants of a Fermat cubic 1851

This transform is biholomorphic, and we denote its inverse by t(s). Following
Zagier [57] and [50], there exists a Cayley transformation that maps a weight-k almost-
holomorphic modular form

f € My(T) = C[E(v. 7). E4(v), Eo(v)]
to
T(s) —
(1-13) (S5 e, 7
%
The Taylor expansion of the image gives a natural way to expand the almost-holomorphic
modular form f near t = 74, where the local complex coordinate is s(7).

Using the fact that M. «(I") and M, (I") are isomorphic differential rings, a holomorphic
Cayley transformation C(élt‘:l (see Section 4) can then be defined [50]. This turns out to
be the correct transformation to relate the GW correlation functions in (1-4) and the
FIRW correlation functions in (1-6), both of which are holomorphic, and it allows us
to solve the LG/CY correspondence conjecture for the Fermat cubic pair.

Theorem 3 Consider the Fermat cubic polynomial W = x13 + xg + xg’ and the
LG space ([C3 /3], W). There exists a degree- and grading-preserving vector space
isomorphism

v %g = H*(E) —> %(WJB)
and a holomorphic Cayley transformation 62! with

{/;e p(2n\/_)

Ty = —

such that
€Nyl @) = (WY W)yl ) PR (s).

The explicit construction of W and 6"°! will be given in Section 4.

It is straightforward to generalize Theorem 3 to the rest of the one-dimensional CY-type
weight systems in (1-2); the only difference lies in the technical computations on
the initial genus-one FIRW invariants. This approach of using modular forms was
previously introduced in [50] for elliptic orbifold curves.

It is worthwhile to mention that for one-dimensional CY-type weight systems, our
approach of the LG/CY correspondence is compatible with the /—function approach
introduced by Chiodo and Ruan [11] and Milanov and Ruan [40]. In fact, the automor-
phy factor in the Cayley transformation (1-13) provides equivalent information to the
symplectic transformation that appears in [11, Corollary 4.2.4].
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1852 Jun Li, Yefeng Shen and Jie Zhou

1.2 Applications: higher-genus FJRW invariants and their structures

The higher-genus FIRW invariants are very difficult to compute in general. In our exam-
ple, with the identification of the correlation functions with quasimodular forms, various
results from the GW side can be transformed into the LG side via the holomorphic
Cayley transformation, which respects the differential ring structure of quasimodular
forms. In particular, higher-genus FIRW invariants can be computed easily, and nice
structures of the FJRW correlation functions can be obtained for free.

Indeed, higher-genus FIRW invariants are determined from the results on descendent
GW invariants of elliptic curves, given by Bloch and Okounkov [3], whose generating
series admit very concrete and beautiful formulae. The following gives a sample of the
computations.

Corollary 4 For the ancestor FIRW correlation functions, when d = 3,

2g—2y(W,u3) _ bmn %EZI(EZ) ¢ (G];Z](E4) ‘ %EZI(EO "
i M D D e 2 )
£,m,n>0

{+2m+3n=g

where C(%l;f:l(E 2i) fori = 1,2, 3 are holomorphic Cayley transformations of the Eisen-
stein series E,, E4, E¢ whose expansions can be computed explicitly, while {by n }m.n
are rational numbers that can be obtained recursively.

The holomorphic anomaly equations (HAEs) discovered by Oberdieck and Pixton [42]
and the Virasoro constraints discovered by Okounkov and Pandharipande [44] for the
GW theory of elliptic curves also carry over to the corresponding FJIRW theory. See
Corollaries 23 and 24 for the explicit statements.

Outline In Section 2 we review the basic construction of CohFTs and use tautological
relations, in particular the Belorousski—Pandharipande relation, to prove Propositions 1
and 2. In Section 3 we calculate a genus-one FJRW invariant for the d = 3 case
using cosection localization. In Section 4 we prove Theorem 3 using properties of
quasimodular forms. In Section 5 we review some results on GW invariants for the
elliptic curve and discuss the ancestor/descendent correspondence. In Section 6 we
give some applications of the quasimodularity of the GW and FJRW theory for the
d = 3 case, such as the explicit computations of higher-genus FJRW invariants based
on the results on the GW invariants of the elliptic curve, the derivation of holomorphic
anomaly equations and Virasoro constraints they satisfy.
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2 The Belorousski-Pandharipande relation and the Chazy
equation

We study the two cohomological field theories (GW and FJRW) for the one-dimensional
CY-type weight systems using tautological relations and axioms of CohFTs. The key
is the identification between the Belorousski—Pandharipande relation and the Chazy
equation.

2.1 Cohomological field theories

Both the GW theory and the FIRW theory of the LG space ((C /G], W) satisfy axioms
of cohomological field theories (CohFT) in the sense of [32], which we briefly recall.

Let Mg 5, be the Deligne-Mumford moduli stack of genus-g stable (ie 2g —2 +n > 0)
curves with n markings. A cohomological field theory with a flat identity is a quadruple

(%7 777 17 A)’
where the state space
9¢ - = geeven fay %odd

is a Z,—graded finite-dimensional C—vector space (called a superspace in [32]), n is a
nondegenerate pairing on ¥, 1 € ¥ is the flat identity, and

AN:={Agn€ Hom(%@’", H*(Mg,ns C))}

is a set of multilinear maps satisfying the CohFT axioms below:

Geometry € Topology, Volume 27 (2023)



1854 Jun Li, Yefeng Shen and Jie Zhou

(i) Let |-| be the grading. The maps A , satisfy

(2-1) Agn(.vap ...y = (=Dllle2ln, (0 as a0,

(i) The maps in A are compatible with the gluing and the forgetful morphisms
o Mg nj+1 X Mgynyt1 = Mgpand Mgy pi2 = Mgp,
o 7: Mg py1 — Mg, forgetting one of the markings.

For example, the compatibility with the forgetful morphism is
(2-2) Agntr(ar,....an 1) =% Ag ey, . ... an).

(iii) The pairing 7 is compatible with A 3:

/ Aojs(ar,az, 1) =n(ayg, o).
Mo.3

Let Y € H*(M ¢,n) be the cotangent line class at the k™ marking. For each CohFT
(#,n,1, A), one defines the quantum invariants from A by

n
23) (aryit, .oy, = / Agan@i.....an) [ wg* for ax €.
Me.n k=1

Such invariants are called the ancestor GW invariants for the GW CohFT, and FIRW
invariants for the LG CohFT. Our focus is the relation between these two types of
invariants arising from the same CY-type LG space ((CV/G], W).

Fix a basis B for 3. It is convenient to choose the elements oz from B and parametrize
oy by si. We introduce the genus-zero primary potential of the CohFT as a formal
power series

n
1
(2-4) Fo=20 ) il omgy [ ] se.
n=0ares k=1

Here primary means all £; = 0 in (2-3).

2.1.1 FJRW invariants The CohFTs arising from GW theories have become a
familiar topic since [32]. Here we only recall some basics on the LG CohFT constructed
from the FJIRW invariants defined in [19; 20]. See also [4; 6; 31; 46] for various CohFT
constructions for LG models.
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As G acts on CN | for any y € G, the fixed-point set Fix(y) is an N, —dimensional
subspace of CN. Let W, be the restriction of W on Fix(y). Following [20], one
considers the graded vector space (called the FJRW state space)

(2-5) Hw.c) = €D %y

yeG
where each #,, is the space of G-invariants of the middle-dimensional relative cohomol-
ogy in Fix(y). There is a natural pairing (, } and an isomorphism (see [20, Section 5.1])

(2-6) ooy () = ( Dy Res )

yeG
Here Jac(W) ) is the Jacobi algebra of W, Qrix(y) is the standard holomorphic volume
form on Fix(y), and Res is the residue pairing.

In [19; 20], Fan, Jarvis and Ruan constructed the virtual fundamental cycle over the
moduli space of W—spin structures, and a corresponding CohFT

Haw.g), (), 1, AWD),

,G)

which defines the so-called FJRW invariants (o1 Wfl ey n‘ﬁn”)fg n ~ through (2-3).

We now specialize to a pair (W, G) given in (1-3) with G = (Js). For a set of
homogeneous elements oy € #,, for k = 1,2,...,n, the dimension formula in
[20, Theorem 4.1.8] shows that, if (@ ¥, .., nwn")(W 75)) i3 nontrivial, then

n
2-7 2g—2+n=2%degak+26k.
k=1 k=1
We remark that both 7€ j; and % i1 are one-dimensional: ¥ j; is spanned by the flat
identity 1 € €, and I by a canonical degree-2 element ¢ € ¥ It We let s be
the corresponding linear coordinate of the space # I The constraint (2-7) allows us
to define the ancestor FJIRW correlation function (as a formal series in )

28) (ot oyl ) 0D (5)

oo

1 1 £, W.({Js))
Z — all//lla-- sy, ’Sd) ¢>gn+n51 :

m!
- m

In the following, we will use the subscript d to label the CY-type weight systems
in (1-2). Let Q = dx{ Adx, A dx3. For each polynomial W, when d = 3 (resp. 4, 6),
we consider the element

(2-9) h(Wg) = 5=x1x2x3  (resp. 32x2x§ 316x4x2)

Geometry & Topology, Volume 27 (2023)



1856 Jun Li, Yefeng Shen and Jie Zhou

According to (2-6), the FJRW state space is
(2-10) How,,6.) = & %13—1 ® Hieg, = C{1,¢,b1, by}

Here the even part is spanned by 1 € ¥ 7, and ¢ € ¥ It while the odd part is spanned
by
by =h(Wy)Q and by =Q € Jac(Wy)Q)° € ¥,

The degrees are

(2-11) degl1 =0, degb; =degb, =1, deg¢ =2.

2.1.2 Genus-zero comparison We begin with a comparison between the genus-zero
parts of the two theories. On the GW side, recall the state space for the elliptic curve
Eqis H*(£4,C). Let 1 € HO be the identity of the cup product, and w € H? be the
Poincaré dual of the point class. We choose a symplectic basis {e;, e} of H! such that

etUey =—eyUe; =w.
We define a linear map W: H*(£4) — #w,,,(J5)) by
(2-12) v(1) =1, V(w) = ¢, W(e;)="b; fori=1,2.

Let (¢9, 11,12, 1) be the coordinates with respect to the basis {1, e, e2, w}. Similarly
we let (ug, U1, uo, u) be the coordinates with respect to the basis {1, by, by, ¢}.

The moduli stack Mg (4, B) is empty when ¢ = 0 and B > 0. Then according
to (2-4), the genus-zero primary GW potential is

Fol = Y2t + 11115
A calculation on residue shows that

(2-13) (1.1.¢)g 4 =(1.b1.by)g4 =1 and (1.by.b1)g4=—1.

Thus the genus-zero primary FIRW potential is

]—"(E/Vd = %u(z)u ~+ ugu iU, + quantum corrections.
These quantum corrections vanish as shown below. This was first observed by Francis
[21, Section 4.2] using WDV'V equations.
Proposition 5 The map W in (2-12) is a degree- and grading-preserving ring isSomor-
phism, and

(2-14) F(E/V”’ = %u(z,u + uouus.
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Higher genus FIRW invariants of a Fermat cubic 1857

Proof It is easy to see that W preserves the degree and grading. To show W is a ring
isomorphism, it is enough to prove (2-14). The compatibility condition (2-2) implies the
string equation in FJRW theory. Combining the degree constraints (2-11) and (2-7), we
find that the quantum corrections are encoded in C;(s), where C;(s) is the correlation
function with i copies of bj—insertions and 4 —i copies of by—insertions. For example,

Co(s) = (b1, b1.b1,by) g4 and  Cs(s) = (b, bz, ba, b)) 4.

The Z,—grading (2-1) shows C;(s) = 0, because for & = by or b,

(oo, YW = (—nlllelfe o, )W = —(a,a.... )P4, O

2.2 The Belorousski—-Pandharipande relation and g-reduction

The tautological rings RH (M gn) of M ¢,n are defined (see [17] for example) as the
smallest system of subrings of H*(M ¢,n) stable under pushforward and pullback by
the gluing and forgetful morphisms. Thus pulling back the tautological relations in
RH(Mg ) via the CohFT maps Ag , gives relations among quantum invariants. We
use this technique to prove Propositions 1 and 2.

2.2.1 The Belorousski-Pandharipande relation for a genus-one correlation func-
tion The degree constraints (2-11) and (2-7) show that the nonvanishing genus-one
primary FIRW invariants could only come from the coefficients in {¢) fV‘f (s). We
determine this series and the GW correlation function ((a)))fdl (), up to some initial
values, by using the tautological relation found by Belorou;ski and Pandharipande
[2, Theorem 1]. The relation is a nontrivial rational equivalence among codimension-2
descendent stratum classes in M3 3, shown in Figure 1.

Each stratum in the relation is represented by the topological type of the stable curve
corresponding to the generic moduli point in the stratum. The markings on the stratum
are unassigned. The geometric genera of the components are underlined. The cotangent
line class ¥ always appears on the genus-two component.

Proof of Proposition 1 On the FIRW side, we integrate

AVi(p.0.0) € H(My3)

over the Belorousski—Pandharipande relation. We read off one term from each stratum.
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Figure 1: The Belorousski—Pandharipande relation.

Strata in the first row of Figure 1 Let us consider the first stratum in the first row.
Integration over this stratum gives the term

=2 Y (@A™ (e . Bl s (nPE (B b B 4 (5).

aaa/:B:ﬂ/E%Wd

@@’ stands for the (o, ’) component of the inverse of the paring 7,

Here the notation n
etc. For any homogeneous element o € ¥y, , the degree constraint (2-7) implies that if
(o) ;V {(s) is nonzero, then

22-D+1= %dega.

This contradicts (2-11), where we have dega =0, 1, 2. Thus (o)) ;V‘I’ (s) =0, and hence
the contribution from this stratum is zero. Similar arguments imply that the contribution
from all the strata in the first row of Figure 1 vanish, since the contribution from each
stratum must contain one of the following terms as a factor:

()4 (s) = @iy 4 (s) = (p¥r. )y 4(s) = (f.ava)y 4(s) = 0.

Other vanishing strata Now we look at the first, second and fifth strata in the second
row, the third, fourth and fifth strata in the third row, and the second, third, fifth and
sixth strata in the last row. Each stratum has a genus-zero component with at least four
markings (including the nodes). According to Proposition 5, for the primary invariants,

(Dot =0 forall n>4.

Thus the integral of A ;V $(@.6.90) e H #(M3 3) over each of these strata vanishes.
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For the first and second strata in the third row, the genus-zero component only contains
three markings, but at least two of the markings are labeled with the class ¢. Again by
Proposition 5, we have

(0.0, a)) =0 forall « € #y,.
So the contribution from these two strata also vanishes.

Finally, the integral on the first stratum in the fourth row also vanishes. This is a
consequence of the Z,—grading. In fact, we apply the degree constraint (2-7) to the
genus-one component and find that the nonvanishing contribution from this stratum, if
it exists, should be of the form

60 Z $.9.9, ¢» 4sm?1(1,a,a »(I;Vgna o

o,
The vanishing of this term is a direct consequence of the formula (2-13), where

nd’,l — nhl,bz —1 and nbz,bl =_1.
Nonvanishing terms Now we see that all the possibly nonvanishing terms are from
the third and fourth strata in the second row, and the fourth stratum in the last row. Let

us calculate them term by term. The third stratum of the second row gives a possibly
nonvanishing term

W,
o) e m? (1.0 105 ()" (p.d. o) 4 (5) = 2gg”.
The fourth stratum of the second row gives a possibly nonvanishing term
— 3. ¢) 4 (1. 6. 1) g 4 ()" (. 9) 4 () = —2¢'g
The fourth stratum of the last row gives a possibly nonvanishing term
L 3(Lo. D)4 M (9. 6..8) 4 (P! = §- 38"
Here the denominator 2 in the term above comes from the automorphism of the graph.

Putting all these together, the Belorousski—Pandharipande relation in Figure 1 allows
us to verify by brute-force computation that the correlation function g := {¢)) fV‘l’ (s)is
a solution to

(2_15) %gg// 158 g/g/ + lg/// =0.

Thus —24{¢) EVf (s) is a solution of the Chazy equation (1-12).

Geometry € Topology, Volume 27 (2023)



1860 Jun Li, Yefeng Shen and Jie Zhou

By integrating the GW cycle A’;"3 (w, w,w) over the Belorousski—Pandharipande
s 5(

15 1

equation (1-12). m|

relation in Figure 1, we similarly see that —24{¢)7“ (¢) is a solution of the Chazy

The identity (2-15) is independent of the specific form £y, as should be the case since
the GW invariants are independent of the choice of complex structures put on the
elliptic curve.

Remark 6 For the elliptic orbifold curve X ;=& ) /e for some particular elliptic
curve EM) that admits u v as its automorphism group, the first stratum in the fourth
line does not vanish. Let j be the rank of the Chen—Ruan cohomology HJ (Xn),

which satisfies
2 1

TLTN

Similarly, define g = ((P))f’}’ , where P is the point class on X . The Belorousski—

Pandharipande relation now gives

2gg" — (&) + (—gon+13) 38" =0
where " = Q0 is now the derivative with respect to the parameter for the point class P.
Then f = —24g satisfies

2ff//—3(f/)2—2(1_%M)fm=0-

Its solutions coincide with those of (2-15) via the relation Q = qN ; see [49] for more

1

details.

2.2.2 g-reduction for higher-genus correlation functions We prove Proposition 2
using the g—reduction technique introduced in [18], first recalling:

Lemma 7 [17;28] Let M (k) be a monomial of —classes and k—classes /Wg,n.
Assume deg M > g when g > 1, and deg M > 1 when g = 0,. Then M (V, k) is equal
to a linear combination of dual graphs on the boundary of Mg .

Proof of Proposition 2 Consider the GW or FJRW correlation function of the form
((alwfl, . ,anwn”));n, where & = &4 or Wy.

Using that the cohomology classes have 0 < deg oz, < 2, and using (1-5) and (2-7), we
deduce that the correlation function is trivial if

n
> b <2g-2.
k=1
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Assuming it is nontrivial and Y ; _; £x > 1, we must have
n n .
) 2¢g—-2>g ifg=2,
2—16 de k = E >
1o g(,ﬂwk) ,;k‘{l ifg=0,1.

Then, [];—; w]f" is a monomial satisfying the condition in Lemma 7, thus we can
apply this technique and use the splitting axiom in GW/FJRW theory to rewrite the
function as a linear combination of products of other correlation functions, with smaller
genera.

We then repeat the process for nontrivial correlation functions with smaller genera
and eventually rewrite the correlation function as a linear combination of products of
primary (all £; = 0) correlation functions in genus zero (which are just constants) and

in genus one, which must be f;"“) ={(w,..., a)))f"n or (¢,...,¢) TV;" Thus we have
L
ey’ oo )® e Clra. f5. f] - 1=Clfa. [} S11.
The last equality follows from (2-15). a

3 A genus-one FJRW invariant

Throughout this section, we consider the d = 3 case, with W3 = x13 + xg + xg and
G = 3. We focus on the following genus-one FIRW invariant (see (1-6)) with n = 3:

Or = (... .p) 01,
~———

1,n
n

Combining the computations in [38], we will prove:

Proposition 8 [38, Theorem 1.1] For the (W3, u3) case, one has the FIRW invariant
% s
(3-1) O13 = (9.6.9)5" = k.

We first obtain a formula that expresses the Witten top Chern class for ®1 3 in terms of
a Witten top Chern class of three-spin curves in Lemma 9. Then in Proposition 15 and
Corollary 17, we analyze the latter virtual class explicitly by cosection localization.
Finally, we deduce Proposition 8 from these results and explicit computations in [38].

3.1 Witten top Chern class

We begin with a formula for a Witten top Chern class of the moduli of three-spin curves.
The relevant moduli M g=1,23(W3, 1u3) (defined in [6]) is the moduli of families

(3-2) E=[ZCC (L pi)i,]
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such that ¥ C € is a family of genus-one 3—pointed twisted nodal curves, each marking

log

is a stacky point of automorphism group w3, p; : 58?3 ~ a){@o are isomorphisms together

with isomorphisms &; = &1 for i = 2 and 3 understood, and the monodromy of £

along X; C X is %.2 Because of the isomorphisms &; = &1, we have the canonical

isomorphism
1/3

Wiy = /\71’23

= M, 23 (W3, 1i3),

where we recall that W3 parametrizes families of £ = [X C €, &, p] with objects X, 6,
¥ and p as before.

Let
[M 53 (W3, j13) P € AxM 3(Ws, 3)

be the FJRW invariant of the pair (W3, 3), which is defined in [6] as the cosection
localized virtual cycles of the moduli stack M 1,23(W3, u3)?, parametrizing

S = {((6’ Z’&'pl’ - 91,92, (P3) | ((67 2,%1, . . ) € MI,ZS(W3’ ,LL3) and @i € F(gl)}
We let

—1/3, i —1/3
[MI’/23P]V11” € A*Ml’/zfa

be the similarly defined cosection localized virtual cycle.
Lemma9 We have the identity

(3-3) (M 23 (W, 13)P1 = (M} 57193 € APWs = oW,

Proof First, we have the Cartesian product

M 23 (8%, 13)P X My 53 (33, 113) P —— M 53 (x% + 3, (n3)%)?

l |
My 05 (3, p3) % My 3% ) el M s 0 4 52, (u3)?)
where the morphism f sends (6, X, ¥, %,) to
((6,.%,%1), (6, X, %2)).

Applying [6, Theorem 4.11], we get that
G-4) [My (3402, (13)) P17 = (M 03 (7, 13) PIIXIM 3 (67, 13)PT).
20ur convention s that for € = [A!/j,] and an invertible sheaf of G¢—modules having monodromy

a/r €0, 1) at [0], locally the sheaf takes the form O 1 (a[0])/ .
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Now let
v 3 3 _ 3 Vi 3 3 2
g My p3(x7 +p7 13) = My 3 (x7, pw3) = My p3(x” +p7, (13)7)
be the diagonal morphism. Then
fog:i My 5a(x? u3) = My 53 (x>, u3) X My 53(x>, u3)
is the diagonal morphism. As g is étale and proper, we conclude
(3-5) My 03 (2 + 32 ua) 1 = g [M 3 (8 + 2, (3) ) PT™
Combined with (3-4) and (3-5), we obtain
My 23 (0% + 3% u3) PI = (f 0. )" (M 53 (6%, pa) P x [M 3 (v 13) PT™).
which is ([/\71,23 (x3, /13)1’]"“)2. Here we have used that M1,23 (x3, j13) is smooth.

Repeating the same argument to go from x3 + y3 to Wj proves the lemma. a

3.1.1 Cosection localized virtual cycles Let JV be a smooth DM stack, with a
complex of locally free sheaves of 0yy—modules

(3-6) E*:=[0w(E¢) = Ow(E)]

of rank ag and a; = ag + 1, respectively. Let w: E¢g — W be the projection; the
section s induces a section § € F(E 1) of the pullback bundle E 1 :=n*E{. We define

3-7) M:=(§=0)C E,.

Assumption 10 We assume D = (ker s 7% 0) C W is a smooth Cartier divisor; Im(s|p)
is a rank-(ag—1) subbundle of E|p.

Because D is a smooth Cartier divisor, we can find a vector bundle F on W fitting into
(3-8) Ow(Eo) 1> Ow(F) 2> Ow(Ey)

so that n1|yw—p = s|w—p is an isomorphism, F — E; is a subvector bundle, and
§=T12071.

We let A = H'(E*). By Assumption 10, it fits into the exact sequence

(3-9) 0 — O (Eg) & Oy (F) — A — 0.

Further, there is a line bundle 4 on D such that A = Op(A). In the following, we
will view ¢;(A4) as an element of A'D. Then for the inclusion ¢: D — W, we have
1x¢1(A) € A>W. Since A is a line bundle on D, we have ¢; (A) = [D], thus:
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Lemma 11 ci1(E1—F)=c(E1—Ey) —[D].

We let J C Eg|p be the kernel of s|p; by our assumption it is a line bundle on D. We
relate A to J:

Lemma 12 Let the situation be as stated and assume Assumption 10. Then A = J (D).

Proof Let J = Op(J) and let n = ker{Op(F) — A}. Then 7 fits into the exact
sequences

0—>0p(J)—>0p(Eg) >n—0 and 0—n—O0p(F)— 0p(A)— 0.

Let £ € Op(J) be any (local) section. Let § € Oyy(Ey) be a lift of the image of &
in Op(Eg). Then ¢(§) € Oy (F), where ¢ is as in (3-9). Clearly, ¢(€)|p = 0. Let
t € 0yy(D) be the defining equation of D. Then z—1¢>(§) € Oy (F)(—D). We define
(&) to be the image of t_1¢(§) in Op(A(—D)) under the composition

Ow(F)(=D) — Op(F(=D)) — Op(A(=D)).

It is direct to check that ¢: Op(J) — Op(A(—D)) is a well-defined homomorphism of
sheaves, and is an isomorphism. |

This way, M (see (3-7)) is a union of W C E( (the O—section) and the subbundle
J C Eolp C Eg. As M C Ej is defined by the vanishing of §, it comes with a normal
cone

(3-10) C :=lim [',—1; C Eq|pm.
t—0

Lemma 13 With Assumption 10, the cone C C E 1|m is a union of two subvector
bundles ny(F) C Eq1 and 7*n,(F)|y C El|1.

Proof This is local, thus without loss of generality we can assume gy = 1. Since
D = (s = 0) is a smooth divisor in WV, near a point at D we can give YV an analytic
neighborhood U with chart (u, x), where u is a multivariable, so that D = (x = 0) and
Slu: Eolu = E1|yu takes the form

sly = (x,0): 0y — Oy @ 05~ ~ gy (Ey),

We let y be the fiber-direction coordinate of Ey|yy. Then 7~ (U) C E has the chart
(u,x, y), with §[ -1y = (x, 0). Therefore, the cone C C E¢ over x (V) is the
line bundle

®(a1—1 ~ =
Gﬂ_l(U)ﬂM C Gn_l(U)ﬂM (&) @ﬂELiI(U)?]M = @n_l(U)ﬁM(El)' O
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Assumption 14 We assume that there is a homomorphism (cosection)
o: E 1 | M — o) M

such that o |y = 0, and 7*n,(F)| s lies in the kernel of o.

Let
[MIYF = 0,[C] € AN %W

be the image of [C] under the cosection localized Gysin map.

Proposition 15 Let the situation be as mentioned, and suppose the cosection o is
fiberwise homogeneous of degree e. Then

MYT = —¢i(Eg— E{) — (e + 1)[D] € A'W when a; —ag = 1.

Proof Following the discussion leading to [5, Lemma 6.4], we compactify M by
compactifying J by P := Pp(J @ 1). Let D = Pp(J & 0) C Pp(J & 1). Then
P =JUDs, and M = PUW. Let 7: P — D be the tautological projection.
Then n*F|y C El |7 extends to 7* F C 7* E{, a subbundle. Because o is fiberwise
homogeneous of degree e, we see that oy : El |y = 7*E1];y — Oy extends to a
homomorphism

6: ¥ E{(—eDso) — Op,

which is surjective along Doo = M — M.

We let 7* F(—eDoo) C 7*E1(—eDyo) be the associated twisting of the subbundle
7*F C n* E;. Applying [5, Lemma 6.4], we conclude that

!

(3-11) 0,[C] =0, [F]+ 74 (054 g, (epooy |7 * F(—€Doo)]).

When a; —ag =1,

!

By (cepoy T F(—¢Doo)] = ¢1 (7 (E1 / F)(~eDo)) = 7 ¢1(E1 / F) — ¢ Doc).

Thus 7+ (O!z'r*El(—zDoo)[ﬁ*F(_eDOO)]) = —e[D]. Combined with Lemma 11, the
proposition follows. |

0

3.2 Applying to the FJRW invariant

We let M = M :/ 233,;1 . We claim that there is a complex of vector bundle as in (3-6) so

that M is defined as in (3-7), and there is a cosection o satisfying Assumption 14.

Geometry € Topology, Volume 27 (2023)



1866 Jun Li, Yefeng Shen and Jie Zhou

Indeed, let Ml »3 be the moduli of 3—pointed genus-one twisted curves where all
markings are (3 stacky. Then the forgetful morphism ¢: M 1/3 e M1,23 is finite and
smooth. Furthermore, let (X C €, £) be the universal famlly of M i/ 233. Then (X C %)
is the pullback of the universal family of M ,3, and a standard method shows that
we can find a complex £° = [s: Og(Eg) — O¢(E1)] of locally free sheaves such that
E* = R*m4 &, in the derived category. Here 7: € — M i/ 233 is the projection. Then a
standard argument shows that this complex £° is the desired one, giving a canonical

embedding of M = Mi/ 233p into the total space of Ey, as the vanishing locus of 5.

The choice of cosection o is induced by Oy (E;) — H'(£*), following that in [6], and

satisfies Assumption 14. Finally, following the construction of [M i/ 233,;; ]Vir, we see that

[M]Vll‘ — [ :/233:17]v1r‘

We skip the details here.
We next check that Assumption 10 holds in this case.

1/3

Lemmal6 LetDCW (= M55

is a smooth divisor of W.

) be the locus where R®7+ < is nontrivial. Then it

Proof Let (¢,X,%) € W be a closed point such that H%(¥) # 0. Then a direct
calculation shows that € has a node g € € that separates € into two irreducible
components € and R, so that ¢ C € is a 1—pointed (twisted) elliptic curve with
h°(£Llg) =1, and ¢ U X C R is a 4—pointed (twisted) rational curve. The same
argument shows that the converse is also true. Therefore, letting D C ./\/li/ 233 be the
closed locus (see Figure 2) where RO, < is nontrivial, R, & is a locally free sheaf

of Op—modules. Equivalently, letting

mp:8p=€x_1,3 D—>D

M1,23

be the projection, this says that wp«(£|¢,) is a rank-one locally free sheaf of Op—

modules. Let 7 be a local section of this sheaf. Then (¢ = 0) C €p becomes a family

of rational curves, the family that contains all those ¢ U ¥ C &R mentioned. This shows
1/3
1,23
twisted elliptic curves ¢ C € with h°(<£|¢) = 1, and 4—pointed twisted rational curves

q U X C R. This implies that D is a smooth divisor of W = M i/ 233 |

that €p — D is exactly the subfamily in M/, that can be decomposed into 1—pointed

We illustrate the divisor D by a decorated graph in Figure 2. A generic point in D
consists a nodal curve with a genus-one component (g = 1) and a genus-zero component
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Figure 2: The divisor D on the moduli stack W = M :/ 233.

(g = 0). The monodromy along the node is % on the genus-one component and %
on the genus-zero component. Here 1% = 1 is the rank of R%m, <& restricted to the

genus-one component.

Finally, to apply Proposition 15 we need to show that the cosection is fiberwise
homogeneous of degree e = 2. This follows from the definition of the cosection in [6],
and the degree e is 3 — 1, where 3 is the denominator of % Applying Proposition 15,
we obtain:?

Corollary 17 The Witten top Chern class of the moduli of three-spin curves M i/ 233 is

(3-12) [Mifj;P]V” = —¢1(R*75%) — 3[D].

Applying Lemma 9, we get

(3-13) O1,3 = deglM; 53 (Ws, j3) 7] = deg (M :71)°.

Thus the FJRW invariant ®1 3 in Proposition 8 can be calculated explicitly from the
triple self-intersection of the cycle (3-12). Note that the first term in (3-12) can be
calculated by Chiodo’s formula [9]. The calculation is subtle and lengthy, and the
details are given in [38]. An alternative approach to computing this invariant using the
mixed-spin-P fields method developed in [7; 8] is also presented in [38].

4 LG/CY correspondence for the Fermat cubic

This section is devoted to proving Theorem 3. We shall show that the GW/FJRW
correlation functions as Fourier/Taylor expansions of the same quasimodular form

3This formula is a special case of a sequence of formulae for moduli of r—spin curves, conjectured by
Janda (personal communication, 2019).
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around different points (the infinity cusp and an interior point on the upper half-plane)
which are related by the so-called holomorphic Cayley transformation that we shall
introduce.

4.1 Cayley transformation and elliptic expansions of quasimodular forms

It is well known that the Eisenstein series E,(t) is not modular; however, its non-
holomorphic modification

(4-1) Es(t,7) = Ex(7) —

3
7 Im(1)
is modular. The map (called modular completion) sending E to E »,and E4 and Eg¢ to
themselves, is an isomorphism from M, (") to the ring of almost-holomorphic modular
forms

(4-2) My(T) := C[E;. Ey, Eg].
More premsely, for any quasimodular form f(7) € M,(T) of weight k, we denote

by f (r,7) € M, (I") its modular completion. The function f can be regarded as a
polynomial in the formal variable 1/Im(7),

k .
A 1 J
4-3 T = | — .
(4-3) / f+j§_1 fJ(Im(T))
with coefficients some holomorphic functions f; for j = 1,2,...,k in . We call

the inverse of the modular completion the holomorphic limit. It maps the almost-
holomorphic modular form f in (4-3) to its degree-zero term f in the formal variable
1/Im(7).

For any point 7, € H, we form the Cayley transform from H to a disk D (of appropriate
radius determined by 7« and ¢ # 0),

(4-4) T 5(7) 1= €2V~ 1 (Tg — T)

T — Ty

It is biholomorphic and we denote its inverse by t(s).

Following [57], in [50] we defined a Cayley transformation ‘6, based on the action (4-4)
on the space of almost-holomorphic modular forms; it maps the almost-holomorphic
modular form f € M, (I') to

435 o ()55 = Qrv/le )"‘/2(“‘” )f(r(s) #(5)).

This gives a natural way to expand an almost-holomorphic modular form near t = 7.
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modular completion
~ - .5
MT)y_—_— 7M@)
constant term map

gho! Gra
~ modular completion
~ ~
CIMT) TG (M(D))

holomorphic limit

Figure 3: Cayley transformation on quasimodular and almost-holomorphic
modular forms.

A similar notion of holomorphic limit can be defined near the interior point tx. Compu-
tationally, this amounts to taking the degree-zero term in the s—expansion of (4-5) (now
regarded as a real-analytic function in s and ) using the structure (4-3). This procedure
induces a transformation %2‘:] on quasimodular forms. We will call the transformation
(6221 the holomorphic Cayley transformation. This transformation can be shown to
respect the differential ring isomorphism between the differential ring of quasimodular
forms and the differential ring of almost-holomorphic modular forms. We illustrate the
construction by the commutative diagram in Figure 3. See [50] for details.

We are mainly concerned with the expansions of the quasimodular form E, around the
infinity cusp ~/—1oo and the elliptic points

46) = —2”\1/__1r($)r(1 — 2)e T for d e 43,4,6).

For the Fermat cubic polynomial case d = 3, in (4-4) we take

) 1 ra/d) /=4
D T VJoIT(—1/d)2" '

The choices in (4-6) and (4-7) then lead to the rational expansion of E, around t:

hol 1.2 1.5 1.8
(4-8) €, (E2) = —55" — 13138 — 33592705 T -

The other cases, d = 4, 6, are similar. All of these computations are easy following
those in [50].

4.2 LG/CY correspondence

We consider the elliptic points (4-6) and the value (4-7) for ¢ in (4-4). Theorem 3 then
follows from:
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Theorem 18 Consider the LG space ([C3/(Js)], W) given by (1-2) and (1-3), with
d=3.

(i) The genus-one GW correlation function is
(4-9) —24(w) 1" (9) = Ea(q).
(il) The GW correlation functions { - ))?’,, are quasimodular forms in the ring
(C[E27 E;a E;/]

(iii) The genus-one FIRW correlation function {(¢)) TV‘I’ (s) is the Taylor expansion of
—ﬁE » around the elliptic point

\/J; exp(zn;/__l> e H;

Ty = —

that is,
(4-10) (@)% (5) =62 ()i (@)

(iv) The FIRW correlation functions { - - - )) ?,/‘,i are holomorphic Cayley transforma-

tions of quasimodular forms in the ring
CeR (Ea). €5 (EY). €5 (E7)]

such that
14 4
GO ¥ (@) = (@)Y W) Y ) P ).
Proof Part (i) is a well-known result in the literature; see eg [43]. We give a new
proof based on the Chazy equation. In order to get (4-9), it suffices to check*
& &
<w>1l,11,0 = —21—4 and (“))1[,11,1 =1.

Both invariants can be obtained by analyzing the virtual fundamental classes explicitly.
Part (ii) is a consequence of (i), the Ramanujan identities (1-11), and Proposition 2.

For (iii), the selection rule [20, Proposition 2.2.8] implies ©® ; = 01 = 0, as the
corresponding moduli spaces are empty. On the other hand, according to Proposition 8,
O1,5 = T93-

Now we see that as a formal power series in s, the first three terms of {(¢) EVT (s) match
those obtained from %EZI(E ») in (4-8). Since both {¢) ?V‘l’ (s) and €"°!(E,) satisfy the

Tx

4Note that only two initial conditions are needed to determine a solution from the space of formal power
series in ¢ = e27i7,
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Chazy equation (1-12), we conclude that
W,
(@)1 4(s) = =356 (Er).

For (iv), we recall that, by g—reduction, in either theory all nontrivial correlation
functions are differential polynomials in the building block ((a)))fdl (q) or (&) EVT (s).
Since the holomorphic Cayley transformation respects the differential ring structure and
the g—reduction is independent of the CohFT in consideration, (iv) is a consequence
of (iii), the Ramanujan identities (1-11), and Proposition 2. a

Remark 19 Propositions 1 and 2 hold for all of the one-dimensional CY weight
systems in (1-2) and (1-3). Provided the analogue of Proposition 8 for the d = 4
or 6 case is obtained, the same argument as in the proof of Theorem 18 generalizes
straightforwardly.

5 Ancestor GW invariants for elliptic curves

The tautological relations used in establishing Proposition 2 are not constructive, and
hence not so useful for actual calculation of higher-genus invariants. For this reason,
we make use of the beautiful formulae for the descendent GW invariants of elliptic
curves given by Bloch and Okounkov [3] and reviewed below. For later use we also
discuss the ancestor/descendent correspondence.

5.1 Higher-genus descendent GW invariants of elliptic curves

In [43], Okounkov and Pandharipande proved a correspondence between the stationary
GW invariants and Hurwitz covers, called Gromov—Witten/Hurwitz correspondence.
To be more precise, let (1_[,N=1 w&le i );Tg 4 be the disconnected, stationary, descendent
GW invariant of genus g and degree d (the number N of markings is self-explanatory
in the notation). Here 1% is the descendent cotangent line class attached to the it
marking, and the symbol e stands for disconnected counting. The invariant is called
stationary as the insertions only involve the descendents of w.

Following [43], we define the N —point generating function by

N _ o N
(5-1) FN(Gi....oneg) = Y <<]_[anpf>> [1=""

g =1
with the convention

(020§ (@) = 1.

Geometry & Topology, Volume 27 (2023)



1872 Jun Li, Yefeng Shen and Jie Zhou

The GW/Hurwitz correspondence [43, Theorem 5] allows one to rewrite the N —point
generating function Fy(zy,...,zn,q) by a beautiful character formula from [3]:

_ det Mn(z1,2z2,...,2N)
(5-2) FN(Zl,Zz,.--,ZN,Q)=(Q)ool Z -

O+ 2+ +2N)

all permutations of z1,...,zN

Here My (z1,22,...,2zpN) is the matrix where the (i, j) entry is zero if j # N and
i > j + 1 and otherwise is given by

if j£N and —— if j=N.
(J—i+DOE +-+zn—)) /7 (N —i+1)! /
Recall that ® is defined to be the prime form
U4 :
(5-3) O(z) = (1/2,1/2)(2 q) — x/_ (1/2 1/2)(Z q)
0:%(1/2,1/2) (2, @ lz=0 =273

= 271V—1€E222/240(z),

with:

(1) The Euler function

@)oo= J(1=¢"
n=1

is related to the Dedekind eta function by 7 = ¢/24(¢) oo
(i1) The Jacobi theta function

Zq(l/Z)(n+1/2)ze(n+l/2)z

nez

19(1/2,1/2)(2,0) =

has characteristic (1, 1).
(ili) The Weierstrass o—function o (z) satisfies the well-known formula® (see [51])

o0
z sz 2k )
ex z"E ,
271 p( ,;2 TP TR

where B,y for k > 1 are Bernoulli numbers determined from

(5-4) o(z) =

oo

—1-1 .
1 X+Z(2k)'

>Note that the z—variable here differs from the usual one by a 277 +/—1 factor.
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Note that we often omit the subscript g in the correlation function

(s},

i=1
which can be read off from the degree of the insertion according to the dimension
axiom. We shall also omit the argument ¢ in the functions for ease of notation.

The formula (5-2) provides an effective algorithm for computing the stationary descen-
dent GW invariants. For example, as already computed in [3], one has

1
(@O (z1)

1
(5-5) Fr(z1,27) = P TEE (02, InO(z1) + 3z, log O(z3)),

Fi(z1) =

Remark 20 Let () °¢ be the generating series of stable maps with connected domains
with neither descendent nor ancestor classes. Then one has the well-known formula

(5-6) (@) = —54 Ea.

It is easy to see that

(5-7) ()€ = (@)F exp(G(g) and G =D ()%, 4q*.
d>1

In this case, by enumerating stable maps with connected domains, one can show that

d o d
(5-8) 430G =) (@)eZ) 49" = —4 - 10g@)e.
1 d>1 1

Solving this equation and using the initial terms of G, which can be easily computed,
one obtains

(5-9) G = —10g(¢)oo-
This then gives
(5-10) (@) = @ (@) = @) (—25) E2.

More generally, for the one-point GW correlation function, the same reasoning implies
that

(0P*)*e = (@) (oyk)e.
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The result (5-9) indicates that one can add an extra contribution from the degree-zero
part to G, whose corresponding moduli is an Artin stack. This contribution can be
defined to be log q_217. In this way, after applying the divisor equation, it yields
the contribution —ﬁ for the degree-zero part in {w)°®. This definition of the extra
contribution for the Artin stack changes (¢)oo to 7. What one gains from the inclusion
of this is the quasimodularity of the GW generating functions. The discrepancy will be
further discussed from the viewpoint of ancestor/descendent correspondence below.

It is shown in [3] by manipulating the series expansions that the descendent GW correla-
tion functions are essentially (modulo the issue discussed in Remark 20) quasimodular
forms. By induction, the weight of (q)oo«]_[l].il a)wl.k i »'5 is > (ki +2). This can also

be seen easily by using (5-3) and (5-4).
5.2 Ancestor/descendent correspondence

Since explicit formulae in [3] are available only for descendent GW invariants, while
we are mainly concerned with ancestor GW invariants, we shall first exhibit the relation
between these two types of GW invariants. The relation between the descendent
GW invariants and the ancestor GW invariants are described for general targets in
[33, Theorem 1.1]. This is the so-called ancestor/descendent correspondence. This
correspondence is written down elegantly using a quantization formula of quadratic
Hamiltonians in [22, Theorem 5.1].

We summarize some basics of quantization of quadratic Hamiltonians from [22]. Let
H be a vector space of finite rank, equipped with a nondegenerating pairing { —, — ).
Let H((z)) be the loop space of the vector space H, equipped with a symplectic form
2 defined by

Q2(f(2). g(2)) :=Res;=o(f(—2). g(2)).

Let 71 be the collection of variables ¢ = {1} Where a runs over a basis of H, and ¢
be the collection

t ={tg,ty,...}.

We organize the collection ¢}, into a formal series #:
tp(z) = Z t,iaizk.
i
Similar notation is used for s; and s below. Introduce the dilaton shift

(5-11) q(z) =t(z)—z1.
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We consider an upper-triangular symplectic operator on H((z)), defined by

o0
SEhHi=1+ ZZ_’Si for S; € End(H).

i=1
Given an element G(¢q) in a certain Fock space, the quantization operator S of a
symplectic operator .S gives another Fock space element

(5-12) (5716)(q) = M @D/2hG((5q] ),

where [S¢q]. is the power series truncation of the function S(z~!)¢(z), and the qua-
dratic form W =Y (Wyqx, q¢) is defined by

Z Wie S*(w‘l)S(z_l)—Id.

ko4 -1 —1
k,ezowz w4z

Here Id is the identity operator on H((z)) and S* is the adjoint operator of S.

Following Givental [22, Section 5], for the descendent theory we define a particular
symplectic operator S; by

(5-13) (@ 5:b) = (a. %) = (@b + > (a byk)s 1k,
k=0

Now we specialize to the elliptic curve case and write down the quantization formula for
the ancestor/descendent correspondence explicitly. Henceforward, we use the following
convention:

e Recall {1, by, by, ¢} is a basis of the FJRW state space #(j;, G,) given in (2-10).
We parametrize the ancestor classes lwe, by we, bzwﬁ and ¢we by

(5-14) s, sp. sp and sj.

e Recall {1, e, e, w} is a basis of the cohomology space H*(£). We parametrize
the ancestor classes lwz, e1 wz, e wz and an/fg, and descendent classes lwe,
elwz, eﬂﬁz and a)wZ by

0 .1 .2 .3 0 71 72 73
(5-15) ). 1), t;.1;, and 1), 1), 1;.1;,
respectively.

The total descendent potential of the GW theory of £ is defined by

(5-16) DE(F) = eXp( > hg—lf;:f(i)) = exp( DAY E>an)-

£>0 g=>0 n=0
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The total ancestor potential of the GW theory of £ is defined by

AS(@t) = exp( > hg‘l}';g(t)) = exp( h IR Y (N t>§i)-

g£=0 g=0 n=0
2g—2+n>0

The total ancestor FJRW potential is defined similarly.
The quantity 7 €(t) is the genus-one primary potential of the GW theory of £ appearing

in A®, with the parameter ¢ = e’ keeping track of the degree. By [22, Theorem 5.1],
the ancestor/descendent correspondence of the elliptic curve is given by

(5-17) DE =T D51 ¢,
under the identification fé = t}:.

According to (5-9), the genus-one potential is
FEO =G@) =) ()]%.49" = —10g(@)ec for g=¢".
d=1
Thus we obtain

S; 1A = e T ODE = ()oeD = (@)oo Y HETE T
g.nez

A direct calculation of (5-13) shows the restriction of .S; to the odd cohomology is the
identity operator, and the restriction to even cohomology is given by

w(0)= (") 6)

Now, we write down an explicit formula for the quantization operator (5-12). The
symplectic operator S; is given in terms of infinitesimal symplectic operator A (t)/z:

Sy = exp(hg))

Here h(t) € End(H) is such that A()(1) = tw if h(t)(w) = 0, and A(t)(e;) = 0
otherwise. In terms of the Darboux coordinates é;c and ﬁ;{, the corresponding quadratic
Hamiltonian has the form (see [35, Section 3], for example)

h
P(%) —1-5(q O)Z_Iquﬂpk

k>0

Applying the quantization formula, we get

(5-18) §, = exp(P(@)) = exp(—t
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As a consequence, we observe that this operator has no influence on the parameter g ]3
for the descendent a)wk . Thus we obtain:

Proposition 21 The relation between the stationary descendent invariants and the
corresponding ancestor invariants is given by

e efi o]

i=1 g i=1 g

Quasimodularity for the correlation functions in the disconnected theory is equivalent to
quasimodularity for the connected theory, as one can see by examining the generating
series. Hence our Theorem 18(ii) is consistent with the results in [3; 43] about the
quasimodularity via the above proposition.

6 Higher-genus FJRW invariants for the Fermat cubic

In this section we give several applications of Theorem 3. With the help of the Bloch—
Okounkov formula [3], Cayley transformation allows us to compute the FJRW invariants
of the Fermat elliptic polynomials at all genera. It also transforms various structures for
the GW theory of elliptic curves, such as the holomorphic anomaly equations [42; 43]
and Virasoro constraints [44], to those in the corresponding FJRW theory.

6.1 Higher-genus ancestor FJRW invariants for the cubic

Consider the Laurent expansion of the N —point generating function

Fn(zi,22,...,2N,q).

The Laurent expansion of 8" In ® is clear from (5-4), while that of 1/® or 1/¢ can be
obtained by applying the Faa di Bruno formula to the exponential term in 1/, which
in the current case is determined by the Bell polynomials in — By Ey /2k for k > 2.
However, this only gives the Laurent coefficients in terms of the generators E,j; for
k > 2, for the ring of modular forms. The expansions obtained are not particularly
useful for our later purpose, which prefers a finite set of generators only.

We proceed as follows. First, the Taylor expansion of the Weierstrass o—function is
given by the classical result [55]

Am.n 27_[4 m 167T6 n - 4m—+6n+1
6-1 = ’ E ——E ,
&L o mz (4m+6n+1)!( 3 4) ( 27 6) a1

n=0
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where the coefficients a,, , are complex numbers determined from the Weierstrass
recursion

Amp=3(M+1)am41n-1 +%(n+l)am_2,n+1—%(4m—|—6n—1)(4m+6n—2)am_1,n,

with the initial values ag o = 1 and ap,,, = 0 if either of m or n is strictly negative.
The Laurent expansion of 1/¢ is then obtained from the above. It takes the form

1_ 27_[4 m 167‘[6 n - 4m—+6n—1
o0 5= D m(5E) (55) (s

m,n=0

for some b,y 5, that can also be obtained recursively. The formula in (6-1) also gives rise
to the Laurent expansion of dIn g, and hence of d1n ®, in terms of the generators E,
E4 and Eg4. Together with that of d In ® it can be used to compute the Laurent expansion

of Fn(z1,z2,...,2N,9).
Consider the N = 1 case first. According to (5-5), the Laurent expansion of Fy is

given by

|
Fi(z.q) = e~/

27 \/__1(Q)oo

_ 1 bm,n 1 £ m 1 n_20+4m+6
_Z(C[)oo Z 1 (_ﬁEz) (_E4) (_mE6) z e,

£,m,n>0

We therefore arrive at the following relation for the descendent GW correlation functions
when k > —2:

~ b
63 @eol0V)* = Y (S5 E) (G5 Ea)" (- by Eo) "
{,m,n>0 )
20+4m+6n=k+2

As explained in Proposition 21, this is the corresponding ancestor GW correlation
function and is indeed a quasimodular form of weight & + 2. The first few Laurent
coefficients are

1 1 1 1 2
(6-4) 1, —53E>, W(EE“_{—?EZ)’

The other cases are similar. For example, for the N = 2 case from (5-5) we write
z1+2z3 0z, InO(z1) + 9z, log O(22)
O(z1 + 22) 21+ 22 .

The first term on the right-hand side is expanded as in the N = 1 case, while the second

(@)oo F2(z1,22) =

term is expanded using (5-3) and (5-4).
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Recall that the derivative on the level of generating series corresponds to the divisor
equation in GW theory, and that taking derivatives commutes with Cayley transforma-
tions, as shown in [50]. The generators of the differential ring of quasimodular forms
are E,, E4 and E¢. To deal with the differential structure, it is in fact more convenient
to use the generators E,, E} and EY for the ring of quasimodular forms as opposed
to E,, E4 and Eg. By Theorem 18, the ancestor GW correlation functions satisfy

N o
(6-5) <<]_[ oyl >> € C[E,. E}, EY).

i=1
Theorem 3 applies to the disconnected invariants (by examining the relation between
the generating series), and we have

(6-6) Pyt . oY) =@ (wy oy R )i,

Now we can apply Cayley the transformation directly to the disconnected, ancestor GW
correlation functions and obtain the disconnected, ancestor FJRW correlation functions.
As computed in (4-8), for the d = 3 case we have

hol 1.2 1 5 1 8
(6-7) %Ii(E2)=—§S —ms —ms + ...

Since C@Eil respects the product and the differential structure [50], the differential
equations (1-11) imply

{Cghol(E )_cghol(EZ 12E/) = 3S+ 81S + 5103S +-

Ghol(Eg) = N EyE4—3E,) = —8— 383 — 56 +.

(6-8)

From (6-3), Proposition 21, Theorem 3 and the degree formula (1-5), we immediately

obtain
bmn
<<¢w2g 2»0W3 Z E’: (——C@hOI(Ez)) ( (ﬁhOI(E4)) (—m(@hOI(E ))
€+e2’r’:11i|’—132n0=g

Now Corollary 4 follows from the fact that the disconnected and connected one-point
ancestor functions are the same.

6.2 Holomorphic anomaly equations

We now describe holomorphic anomaly equations for the FJRW correlation functions.
In the rest of the paper we shall only discuss connected invariants, and hence omit the
superscript o from the notation.
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6.2.1 HAE:s for ancestor GW correlation functions In [42], Oberdieck and Pixton
use the polynomiality of double ramification cycles to prove that the GW cycles
A;n (1, ..., ap) of the elliptic curves are cycle-valued quasimodular forms. Taking
the derivative of those cycles with respect to the second Eisenstein series E5(g), they
obtain a holomorphic anomaly equation [42, Theorem 3]. As a consequence, intersecting
the corresponding GW cycles with [ [, w,f"' on Mg , leads to a holomorphic anomaly
equation for the ancestor GW functions

(ervy'.....an¥y")e (@) € CIEs. Ey. Eol
For each subset I C {1,...,n}, we use the convention
ap = {o Yl i eI},
For convenience, we introduce the normalized Eisenstein series
Ca(q) = =37 E2(9).

It is a classical fact that the Eisenstein series E,, E4 and E¢ are algebraically indepen-
dent. We have [42], for the ancestor GW correlation functions,

69 gelorvi' oo (0)

= (i’ P L) ()
+ Y e 1 @), (@)

g1t+82=¢

_22(/5 ai)«mwfl Lyl ) (@),

Remark 22 This equation can also be proved using only the combinatorial results
reviewed in Section 5.1; see Pixton [45].

6.2.2 HAE:s for ancestor FJRW correlation functions Recall that the holomorphic
Cayley transformation %221 respects the differential ring structure of the set of quasimod-
ular forms. Applying the holomorphic Cayley transformation to (6-9), using Theorem 18
we immediately obtain the following HAE for the ancestor FJRW correlation functions:

Corollary 23 Let the notation be as in Theorem 3. For the d = 3 case, the ancestor
FJRW correlation function

far it anyim) e € CLeN(C,), €W (Ey), € (Eg)]  for Cy = 4 E>

Tx Tx
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satisfies
9 ¢ N7
(6-10) W«alwl‘,.. Yy Vg
= oYy ey LN+ Y (e D) (e
g1+82=¢8

{1,...,n}=1 11,

n
V4 Zi"f‘1 n
=2 eyt LSSy Ty )

i=1

where 822 is the Kronecker symbol.

6.3 Virasoro constraints

Virasoro operators in Gromov—Witten theory were proposed by Eguchi, Hori and
Xiong [16] for Fano manifolds, and later extended to more general targets [15; 22]. The
famous Virasoro conjecture predicts that the total descendent potentials in GW theory
are annihilated by the Virasoro operators. It is one of the most fascinating conjectures
in GW theory. Despite significant developments in the literature, it remains open for a
large category of targets.

The Virasoro conjecture for nonsingular target curves is solved by Okounkov and
Pandharipande [44]. In particular, when the target is an elliptic curve, the formulae are
particularly simple. To be more explicit, using the coordinates induced by (5-15) and
letting

(On =L+ 1) (L+n—1)

be the Pochhammer symbol with the convention (£)( := 1, the Virasoro operators
{Li | k € Z and k > —1} are given by

9
= —(k + 1)va + Z((@)kﬂzz + (A Dy 8] =3 )
k+1 {>0 k+€ k+L
0 d
+ Z((E + D1l 57— T (Ok+17] PYe )
£>0 k+e kte

According to [44, Theorem 1], the total descendent GW potential defined in (5-16) is
annihilated by these Virasoro operators:

L{DE(f) = 0.
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Recently in [27], using Givental’s quantization formula of quadratic Hamiltonians [22],
the second author and his collaborator study Virasoro operators in FJRW theory and
conjecture that the total ancestor FIRW potential of any admissible LG pair (W, G)
is annihilated by the defining Virasoro operators. Besides various generically semi-
simple cases, they also verified the conjecture for the nonsemisimple Fermat cubic
pair (W3, i3), using Theorem 3. More explicitly, using the coordinates induced
in (5-14), the Virasoro operators {LZVML * |k € Z and k > —1} for the Fermat cubic
pair (W3, u3) are

d
L ==k + 1)‘7 +Z((€)k+1se 950
ko =0 Skt

d d
+Z((f+ Dit18) =—— + (Dk415; )
8 k+( a k+(

£=0

ad
+(€+1)k+1sea )
k—i—@

It is not hard to see that these operators commute with the quantization operator S o1
in the ancestor/descendent correspondence formula (5-17) and the holomorphic Cayley
transformation %Ezl in Theorem 3. Therefore, Virasoro constraints for the FIRW theory
are a consequence of Theorem 3.

Corollary 24 [27] The total ancestor FJRW potential of the pair (W3, (13) is annihi-
lated by the Virasoro operators {LZVHL ¥

LM AWk (5) = 0.

Appendix

A.1 A genus-one formula for the Fermat cubic polynomial

For the examples we study, the connection between modular forms and periods of
families of elliptic curve gives rise to nice formulae for the holomorphic Cayley
transformation of quasimodular forms in terms of hypergeometric series and Givental’s
I—functions. In the following, we shall only consider the d = 3 case, as an example,
the other cases are similar.

Let us first recall some facts of quasimodular forms following the exposition in [49].
Let I'(3) be the level-3 principal congruence subgroup of I' = SL(2,Z)/{%1}. It is
well known that the ring of quasimodular forms (with a certain Dirichlet character) for
I'(3) is generated by

A=04,27)
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and
(A-1) E = 1(E,(37) + Ea (7)),

where 04, is the theta function for the A,-lattice. Further, define the quantities (where
n is the Dedekind eta function)

37)3 c3
(A-2) c=3"1CD" i a=S
n(t) 43
These quantities satisfy
(A-3) A=F(%.3; La),

and furthermore

1 1 9
=1GBE,(31)-E = 2=,
(A_4) 2( 2( T) Z(T)) 2]‘[\/—_1(1(1 _a) ata
6 1004 203 - 43
=———logd— ——.
dr/—10T ° A
Using (A-1), (A-2) and (A—4) we can rewrite the quasimodular form E, as
d 1y 42
(A-5) E,(r)= - Fa logA—(4a—1)4
12log A +log(a(l —
= s (2lor A+ loge(1 —a)).

In [50] the following was obtained from period calculation. Taking i« = 1/(1 —{3) as
given in (4-6) and c¢ as in (4-7), one has

s(t) = 27r«/—_lc(r* — f*)z —

Hr(2)? Fi(33 507!
— 2w — c(f*_r*)L:(;:‘)(_a)—IBZFI(i izz )
3°3°3

r(}) Fils 5 5e)
Also, .
I‘_
Gr, (A) = 2m/—1c) "/ (3))< ), P Fi(3. 12
and 31

3
Combining the properties of the holomorphic Cayley transformation, Theorem 18
and (A-5), we immediately get

0 -10 - -
(@17 = €@ ) = (=5 logs Fi(3. 53 3:07") — g log(1 —a ™).
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In the above GW generating series, the divisor class @ which corresponds to the first
Chern class of a degree-one line bundle on £ is used as the insertion. According to the
divisor axiom,

()50 = —logn(o).

up to an additive constant. Results derived for a plane cubic curve £3, such as those in
Givental’s formalism, use the pullback of the hyperplane class on the ambient space P2
as the insertion. The corresponding class H is related to the one w above by H = 3w.
Hence we have, up to an additive constant,

()5 = —logn(37).
and thus
(H)To = —25 - 3E230).
Using (A-1), (A-2) and (A-4), one can rewrite it as
1
H)S, =
(o =5—5

This matches the results in [47; 58] obtained using virtual localization. Its holomorphic

%(—% log, F1(3.3: i) — 5 log(e’ (1 — ).

Cayley transformation is

10 - -
CHD ) = ¢ g (-1 loga Fi(3, 13 Fr@7) — g log(1 —a ™).

This agrees with the result derived using the wall-crossing method in Guo and Ross [26].

A.2 Cayley transformation and /-functions

Now we discussion the connection between our formulation of LG/CY correspondence
and the original formulation in [11, Conjecture 3.2.1] using /—functions.

A.2.1 I-functions and analytic continuation Following [11, Section 4.2], the
cohomology-valued Givental /—function for the GW theory of the cubic hypersurface
{W;3 =xf’ —i—xg +x§’ =0} c P?

is given by®

3d
(A6 Tow(q.2) = Y =gt/ L= OH L 1)

=ISV(q)z1 4+ ISV (QH
d 0 1 )
d=0 Hk:1(H +k2)3

SHere the variable q should not be confused with the variable ¢ = 2% % in modular forms.
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where H is the hyperplane class of P2. The I/—function for the FIRW theory of the
pair (W3, u3) is given by

(k) ) tk+3¢
(k)3z !

— _ yFIRW FIRW
(A-7) Iprw(t,z):=z Z F(k) ;) br—1 = IV (O 1+ 1TV (1)g,
where ¢¢9 = 1 and ¢; = ¢ are nontrivial degree-zero and degree-two elements in the
state space, respectively. The genus-zero LG/CY correspondence [11] relates these
two I—functions by analytic continuation via q = ¢ 3. To be more explicit, one has the

analytic continuation

1 FIRW
w9 {{ )
(D 2nv=1& (=1 Qav/-1)%
r3(3) 1-6 r3(3) (=82 | (1fV (@)
(=221 (-2 @aV-DRE (IOGW(t(q)))’
T3(3) 1=8  T33) (1-5)?

where the normalization factor % on the basis {7, g RW 1 f JRW1 s introduced so that the

connection matrix lies in SL,(C). In particular, define

IGW(q) IFJRW(Z)

A-9 low 1= — and  fpRW 1= e

(A-9) GW 15(q) FIRW 177 ;)
Then one has

7i/3 r(§)’  row-2ni

(A-10) IFJRW = —

PRy v =2

A.2.2 Cayley transformation Following the computations in [50] as in Section A.1,
we can relate the above I—functions to modular forms. In particular, we see that

1Y) _ o ezﬂi/g(_ﬁ)w%)z

A-11) tgw = — e . s.
( ) low JGW IFJRW(I) i I‘(—%)

Here s is the coordinate given in (4-4), again with t, = 1/(1 —{3) as given in (4-6) and

¢ as in (4-7). Analytical continuations on the /—functions, induced by (A-10), coincide
with Cayley transformations on them induced by (4-4), by construction [50].

Through the connection to modular forms, LG/CY correspondence on /—functions
can be restated as follows. Let M = I'(3)\H* be the modular curve as the global

Geometry € Topology, Volume 27 (2023)



1886 Jun Li, Yefeng Shen and Jie Zhou

moduli space, where H* = H U P!(Q). Denote its canonical bundle by K . Then

I GW I FIRW

and correspond to descriptions of the same holomorphic section of the line

bundle that is isomorphic to Kfal/ 2, but on different patches of the moduli space. Their

1/2

coordinate expressions 7, OGW and / gJRW, with respect to the trivializations (d7)'/“ and

(ds)'/2, respectively, are modular forms related by Cayley transformation.

A.2.3 Stationary correlation functions At higher genera, consider the stationary
correlation function
14
«al W1 ! R fxn‘/’n" »;,rp

with a; = w when & = &; and o; = ¢ when & = Wj. By applying the g—reduction
technique in Lemma 7 inductively, we see that under the map (A-11) this correlation
function on the GW side is the Fourier expansion of a quasimodular form of weight
2g — 2 + 2n near the cusp, and on the FJRW side is the Taylor expansion (in terms of
the parameter s) of the same quasimodular form near the point 7.

According to standard facts in the theory of modular forms (see eg [53; 57]) on the
transition between quasimodular forms and almost-holomorphic modular forms, we
see that on the level of GW correlation functions the modular completion is induced by
the transformation mapping of the frame of H¢*"(&3, C) from {1+ 2witH,2niH} to
{14+ 2mitH,(1/(t —7t))(1 —2mi7 H)}. This transformation also induces the modular
completion on the FIRW correlation functions by composing with the aforementioned
transformation that relates 79V with 7RV,

Then we have a succinct way to reformulate our higher-genus LG/CY correspondence
result on (o Wf‘ v Oy »;?,n' Denote its modular completion by

fory's oyl ).

Let I(‘)‘ = I(?W and dt® = dt for & = &;, and I(f' = IgJRW and dt® = ds for & = Wj.
Then the quantity

U2 (ary(" oy ) d )"

is a global (smooth with holomorphic pole) section of the holomorphic line bundle
K;%[" on the modular curve M = I"(3)\H*.
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