g Tr
g
c T ¢ T
Qg’ErgTT
66697 7T

Geometry &
Topology

Volume 27 (2023)

Chern characters for supersymmetric field theories

DANIEL BERWICK-EVANS

:-msp






:. Geometry & Topology 27:5 (2023) 1947-1986
msp DOIL: 10.2140/gt.2023.27.1947
Published: 27 July 2023

Chern characters for supersymmetric field theories

DANIEL BERWICK-EVANS

We construct a map from d |1-dimensional Euclidean field theories to complexified
K-theory when d = 1 and complex-analytic elliptic conomology when d = 2. This
provides further evidence for the Stolz—Teichner program, while also identifying
candidate geometric models for Chern characters within their framework. The con-
struction arises as a higher-dimensional and parametrized generalization of Fei Han’s
realization of the Chern character in K-theory as dimensional reduction for 1|1-
dimensional Euclidean field theories. In the elliptic case, the main new feature is a
subtle interplay between the geometry of the super moduli space of 2|1-dimensional
tori and the derived geometry of complex-analytic elliptic cohomology. As a corollary,
we obtain an entirely geometric proof that partition functions of N' = (0, 1) super-
symmetric quantum field theories are weak modular forms, following a suggestion of
Stolz and Teichner.

55N34, 81T60

1 Introduction and statement of results

Given a smooth manifold M, Stolz and Teichner [26] have constructed categories of
d|1-dimensional super Euclidean field theories over M ford =1, 2,

(1) d|1-EFT(M) := Fun®(d|1-EBord(M), V).

Its objects are symmetric monoidal functors from a bordism category d|1-EBord(M) to
a category of vector spaces V. The morphisms of d|1-EBord(M) are d|1-dimensional
super Euclidean bordisms with a map to a smooth manifold M . For details we refer
to Stolz and Teichner [26, Section 4]. In [26, Sections 1.5-1.6], they conjectured the
existence of cocycle maps

cocycle

2 11-EFT(M) ----- . K(M) and 2|1-EFT(M) ------- » TMF(M)

for K—theory and the cohomology theory of topological modular forms (TMF). In
this paper we construct subcategories Eg'l (M) C d|1-EBord (M) consisting of super
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1948 Daniel Berwick-Evans

circles with maps to M when d = 1, and super tori with maps to M when d = 2, both
viewed as a particular class of closed bordisms over M. A super Lie group Eucg; acts
through super Euclidean isometries on super circles and super tori, inducing actions
on LAN(M) ford = 1,2.

Theorem 1.1 The invariant functions C O"(E(C)”1 (M))Eucain determine cocycles in 2—
periodic cohomology with complex coefficients when d = 1, and cohomology with
coefficients in the ring MF of weak modular forms when d = 2. Composing with
gll (M) C d|1-EBord(M) determines maps from field theories to
these cohomology theories over C:

@) 11-EFT(M) =5 coo gl (M) Feem 229, g [, ')

restriction along L

with || = -2, and
o) 2/1-EFT(M) 2255 ¢ (L2 (M))Bucan 98, L, MF).

For M = pt, the map (4) specializes to part of an announced result of Stolz and
Teichner [26, Theorem 1.15]; see Remark 3.24. Applied to general manifolds M,
one can identify H(—; C[B, B~!]) with complexified K—theory, and H(— ; MF) with a
version of TMF over C; see Section 3.5. Hence, Theorem 1.1 proves a version of the
conjectures (2) over C.

We elaborate on this connection between Theorem 1.1 and the conjectures (2). The
maps (3) and (4) come from sending a field theory to its partition function. This
assignment defines a type of character map for field theories. Similarly, the cohomology
theories in (2) have Chern characters valued in certain cohomology theories defined
over C. Putting these ingredients together, we obtain the diagrams

H1-EFT(M) ------=----- » K(M)

restrl lCh
cooel yEsen <2 o cpp, g1
5) 1
2/1-EFT(M) -----2%- - TMF(M)

restr J l Ch
cocycle

Coo(cg! (M))Feean H(M ; MF)

One expects the cocycle maps in (2) will make these diagrams commute. This offers
new perspective on the conjectures (2), as we briefly summarize. Extending a partition
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Chern characters for supersymmetric field theories 1949

function to a full field theory requires both additional data and property: a choice of
preimage under the map restr in (3) and (4) need not exist nor be unique. Similarly,
refining a cohomology class over C to a class in the target of (2) is both data and property:
a class is in the image of the Chern character if it satisfies an integrality condition,
and lifts of integral classes need not be unique owing to the presence of torsion. Up
to an equivalence relation called concordance (see below), the conjectures (2) assert
that the data and property determining such refinements — either as field theories or
cohomology classes — precisely match each other.

The concordance relation features in the full conjecture of Stolz and Teichner, which
asserts that the cocycle maps (2) induce bijections between concordance classes of field
theories and cohomology classes. Recall that for a sheaf 7 : Mfld°® — Set on the site of

manifolds, sections sg, s; € F(M) are concordant if there exists s € F(M x R) such

*
1

Concordance defines an equivalence relation on the set 7 (M), whose equivalence

that sg = i(’;‘s and s; =i}, where ig,i1: M — M xR are the inclusions at 0 and 1.

classes are concordance classes.

Proposition 1.2 The assignment M +— C °°(£f)” ! (M))Eucant js a sheaf on the site of
manifolds. Concordance classes of sections map surjectively to H(M ; C[8, B~!]) and
H(M ;MF) when d = 1 and 2, respectively.

There is an analogous definition of concordance for (higher) stacks, where the stack
condition is used to show that the concordance relation is transitive. Assuming that
M +— d|1-EFT(M) is a d—stack, Proposition 1.2 implies that concordance classes of
d|1-dimensional Euclidean field theories map to H(M ; C[B, B~]) and H(M ; MF) for
d =1 and 2, respectively. We expect this to implement the Chern character for K—theory
and TMF through the maps on concordance classes induced by the diagrams (5).

This brings us to a technical point: although it is expected that the assignment
M +— d|1-EFT(M) is a d—stack, when d = 2 this statement is contingent on a
fully extended enhancement of the existing definitions. This fully extended aspect is an
essential ingredient in Stolz and Teichner’s conjecture that concordance classes of 2|1—
dimensional field theories yield TMF; see [26, Conjecture 1.17]. In this paper, the source
of (4) uses the 1—categorical definition from [26]. Fully extended 2|1-dimensional
super Euclidean field theories should map to this 1—categorical version (via a forgetful
functor), and from this one would obtain a Chern character on concordance classes via
postcomposition with (4).
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1950 Daniel Berwick-Evans

1.1 Cocycles from partition functions

In physics, the best-known topological invariants associated with the field theories (1)
are the Witten index in dimension 1|1 (see eg Witten [27]), and the elliptic genus in
dimension 2|1 (see eg Witten [28] or Alvarez, Killingback, Mangano and Windey [1]).
These are examples of partition functions. For example, when d = 2 the partition
function of the A" = (0, 1) supersymmetric sigma model with target a string manifold
is a modular form called the Witten genus; see Witten [29]. This genus led Segal [23]
to suggest that certain 2—dimensional quantum field theories could provide a geometric
model for elliptic cohomology.

Stolz and Teichner refined these early ideas, leading to the conjectured cocycle maps (2).
In their framework (as in Segal’s [24]), partition functions are defined as the value of a
field theory on closed, connected bordisms [26, Definition 4.13]. The definition of a
super Euclidean field theory implies that this restriction determines a function invariant
under the action by super Euclidean isometries

(6) d|1-EFT(M) — C*®({closed bordisms over M })isometrics

Fei Han [18] shows that (6) applied to a class of 1|1-dimensional closed bordisms
over M,

(7) Map@R!, M) ~ MapR1/Z, M)S' c Map(R'1/Z, M) C 1{1-Bord(M),

encodes the Chern character in K-theory. To summarize, restriction along (7) evaluates
a 1|1-dimensional Euclidean field theory on length 1 super circles whose map to M
is invariant under the action of loop rotation. This restriction is also a version of
dimensional reduction. When the input 1|1-dimensional Euclidean field theory is
constructed via Dumitrescu’s [14] super parallel transport for a vector bundle with
connection, the resulting element in C%(Map(R°', M)) >~ Q*(M) is a differential
form representative of the Chern character of that vector bundle.

The cocycle map (4) is a more elaborate version of restriction along (7). The goal is to
find an appropriate class of closed 2|1-dimensional bordisms so that the restriction (6)
constructs a map from 2|1-dimensional Euclidean field theories to complex-analytic
elliptic cohomology. There are two main problems to be solved in this 2—dimensional
generalization. First, one cannot specialize to a particular super torus, as in the spe-
cialization to the length 1 super circle in (7). Indeed, elliptic cohomology over C is
parametrized by the moduli of all complex-analytic elliptic curves. This problem is
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easy enough to solve, though its resolution introduces some technicalities: one restricts
to a moduli stack of super tori.

The second obstacle is more serious. Stolz and Teichner’s field theories are neither
chiral nor conformal, and hence restriction only gives a smooth function on the moduli
stack of super Euclidean tori. On the other hand, a class in complex-analytic elliptic
cohomology only depends on the holomorphic part of the conformal modulus of a
torus. Resolving this apparent mismatch comes through a surprising feature of the
super moduli space Eéll (M): the failure of conformality and holomorphy is measured
by a specified de Rham coboundary; see Proposition 1.5. Loosely, this shows that

functions on L‘(z)“ (M) possess a kind of derived holomorphy and conformality.

1.2 Outline of the proof

Theorem 1.1 boils down to somewhat technical computations in supermanifolds, so
we briefly outline the approach and state key intermediate results in terms of ordinary
(nonsuper) geometry. There are three main steps in the construction:

(i) Construct the super moduli spaces Eg“(M ).
(i) Compute the algebras of Eucgy|i—invariant functions C oo(Eg”l(M ))Eucait in
terms of differential form data on M.
(iii)) Construct the cocycle maps (3) and (4) using the output of step (ii).
The main work is in step (ii), culminating in Propositions 1.4 and 1.5 below.
For step (i), we start by defining
®) LU M) = MM xMap@®IN 29, M), £ (M) C d|1-Bord(M),

where M4 is the moduli space of super Euclidean structures on RN / 74, and
Map(R41/Z4 M) is the generalized supermanifold of maps from R4!'/Z9 to M.
Hence, an S—point of £!/' (M) determines a family of super Euclidean circles with a
map to M, and an S—point of £2/! (M) determines a family of super Euclidean tori
with a map to M. There is a canonical functor £!' (M) — d|1-Bord(M ), regarding
these supermanifolds as bordisms from the empty set to the empty set. Next we consider
the subobject of (8) gotten by taking maps invariant under the R%—action on R4/ /74
by precomposition. Equivalently, this is the S! = R /Z—fixed subspace when d = 1
and the 72 = R?/Z?—fixed subspace when d = 2. This yields finite-dimensional
subobjects

© MU xMap®OY, M) ~ £2 (M) = £ (MORYZY < 240 ()
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1952 Daniel Berwick-Evans

that, roughly speaking, are the subspaces of maps that are constant up to nilpotents.
Restricting a field theory along the composition Lgll (M) c £ (M) — d|1-Bord(M)
extracts a function, providing the first arrow in (3) and (4),

(10) restr: d|1-EFT(M) — C=(£21 (br))Euean.

See Lemmas 2.12 and 3.15.

Remark 1.3 The restriction (10) is dimensional reduction in the sense of [10, Glossary],
though it differs from dimensional reduction in the sense of [26, Section 1.3].

Step (ii) is a technical computation. The d = 1 case is characterized as follows.
Proposition 1.4 The elements of C °°(£(1)|1(M ))Eucill are in bijection with pairs

(Z, Zy), where
(1) ZeQy(M;C®R=)B.B7'D)°. Zye(QUM;C®°R-0)[B. ')

with || = —2. Here Z is closed of total degree zero, Z, is of total degree —1, and
they satisfy
(12) 3 Z=dZ,,

where d is the de Rham differential on M, and 9y is the vector field on R o associated
to the standard coordinate £ € C*°(Rxg).

For the d = 2 case, let H C C denote the upper half-plane with standard complex
coordinates 7,7 € C°°(H), and let v € C*° (R~ () be the standard coordinate.

2|1

Proposition 1.5 The elements of C*°(L

(Z,7Z%,Z,), where

(M))Eueit are in bijection with triples

03 Z € (Q4(M; C®(H x R>o)[B, B~ 1])SH28))0,
Zz, Zy € (Q°(M;C®°(H xRx0)[8, 7)1,

with || = —2. Here Z is closed of total degree zero, Zz and Z, are of total degree —1,
they satisfy an SL,(Z)—invariance property stated in Lemma 3.23, and
(14) 0wZ =dZ, and ;7 =dZs,

where d is the de Rham differential on M, and 07 and 0, are vector fields on H
and R .
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In Propositions 1.4 and 1.5, the closed differential form Z arises by restriction to a

subspace
(15) R x Map(RO1, M) < £/ (M),
(16) Lat x Map(R%', M) < 221 (M),

where Lat is the space of based, oriented lattices in C. Indeed, (11) and (13) come

from

C®(RsoxMap(R1, M))Eetll ~ (Qy(M; C®(R=0)[8, B7))°,
(17) o] 0|1 Euca|) ~ . . 100 —1717SL>(Z)\0
C®(LatxMap(R!, M))Eue2it ~ (Q*(M; C®°(HxR5o)[8, B~'])S2#))°.

When d = 1, £ € R corresponds to (super) circles of length £, and (12) shows that
the failure of Z € C®°(Rxo x Map(RO/!, M))Euctit to be independent of this length is
d—-exact. When d = 2, a point (7,7, v) € H x R. ¢ corresponds to (super) Euclidean
tori with conformal modulus (z, 7) and total volume v. Then Z, and (14) show that
the failure of Z € C®(Lat x Map(R°!!, M ))Eue2it o be independent of the volume is
d-exact. Similarly, Z7 and (14) show that the failure of Z to depend holomorphically
on the conformal modulus is d—exact. This is the precise sense in which functions
on Eéll (M) exhibit a derived version of holomorphy and conformality.

Finally for step (iii), we consider the maps, with notation from Propositions 1.4 and 1.5,
(18) C*°(Ly (M) —H(M: C™R=0)[B. 7)), (Z.Zor[2)
(19) C®(Lg (M) = HM; C®HXR=0)[B, D2, (2, Zz, Z) ~(2),
where || = —2 and has weight 1 for SL,(Z), meaning 8 +— (¢t + d)f.

Proof of Theorem 1.1 from Propositions 1.4 and 1.5 Starting with the d = 1 case,
we claim that the map (18) factors through cohomology with coefficients in the subring

C[B. B~ ] = C*®(Rx)[B, B~ '], including as the constant functions on R . Indeed,
observe that

(20) A[Z] =[0¢Z] =[dZ(] =0,

using (12). Hence, [Z] € H(M;C[B,B~']) € HM;C>®(R=o)[B. 7)), and (18)
determines the cocycle map in (3).

Similarly, the map (19) factors through cohomology with coefficients in the subring

@) ME= (OB, ) ® o (C(H x Ro)[B. 1)@,
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where MF is the ring of weak modular forms; see Definition 3.26. The map (21) is the
pullback of smooth functions along the projection H x R~ ¢ — H composed with the
inclusion O(H) C C°(H). Indeed, we have

0[Z]=[0vZ]=[dZy] =0 and 087[Z]=[0zZ]=[dZz]=0

using (14), where the first set of equalities demonstrate independence from R ¢, while
the second demonstrate holomorphic dependence on H. Finally, the SL, (Z)—invariance
property for Z (see Lemma 3.23) shows that [Z] is indeed a cohomology class valued
in modular forms,

[Z] € H(M:MF) C H(M: C®(H x Rxo)[8, p~')¥2@,
and hence (19) determines the cocycle map in (4).
Surjectivity of the cocycle maps (3) and (4) follows from the inclusions
QUM CB, ') = CX(Ly (M), 0> (@.0) = (Z, Z),
QY (M;MF) — C®(L2N (M), @+ (0,0,0) =(Z, Zz, Zy),

using the description of functions from Propositions 1.4 and 1.5 and the maps on
coefficients described in the previous two paragraphs. The definition of the maps (18)
and (19) together with the de Rham theorem then implies that every cohomology class
admits a refinement to a function on Eg'l (M). a

The following remarks relate our results to other work.

Remark 1.6 The above analysis of the moduli space of super Euclidean tori is related
to previous investigations of moduli spaces of super Riemann surfaces in the string
theory literature; see eg Donagi and Witten [13] and Witten [30]. However, the vast
majority of prior constructions in string theory and in the Stolz—Teichner program only
study the reduced moduli spaces. In particular, the cocycle models for (equivariant)
elliptic cohomology in Berwick-Evans [7; 6], Barthel, Berwick-Evans and Stapleton [3]
and Berwick-Evans and Tripathy [8] arise as functions on the reduced moduli space. In
this prior work, the correct mathematical object comes only after imposing holomorphy
by hand. However, as Theorem 1.1 shows, this property emerges naturally from the
geometry of 2|1-dimensional super tori.

Remark 1.7 When M = pt, Proposition 1.5 shows that partition functions of N' =
(0, 1) supersymmetric quantum field theories are weak modular forms: °%(pt) = {0},
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so Zy = Zz = 0 are no additional data. In contrast to the arguments in the physics
literature that analyze a particular action functional (eg [9, Sections 4.3—4.4]), the proof
here emerges entirely from the geometry of the moduli space of super Euclidean tori.
This recovers Stolz and Teichner’s claim from [26, page 10] that “holomorphicity is a
consequence of the more intricate structure of the moduli stack of supertori”.

Remark 1.8 The data Z7 in Proposition 1.5 is closely related to anomaly cancellation
in physics and choices of string structures in geometry. An illustrative example is the
elliptic Euler class: an oriented vector bundle V' — M determines a class [Eu(V)] €
H(M ; MF) if the Pontryagin class [p; (V)] € H*(M ; R) vanishes. In Section 3.7 we
show that the set of differential forms H € Q3(M ;R) with p; (V) = d H parametrizes
cocycle refinements of [Eu(}')] to a function on £(2)|1 (M). Geometrically, H is part
of the data of a string structure on V. In physics, H is part of the data for anomaly
cancellation in a theory of V—valued free fermions. Under the conjectured cocycle
maps (2), V—valued free fermions are expected to furnish representatives of elliptic
Euler classes in TMF(M); see Stolz and Teichner [25, Section 4.4]. Perturbative
quantization of fermions rigorously constructs elliptic Euler cocycles over C (see
Berwick-Evans [6, Section 6]), and Theorem 1.1 shows that lifting a cohomology class
to a 2|1-dimensional Euclidean field theory must depend on a choice of string structure,
at least rationally.

Remark 1.9 If the input field theory in (4) is super conformal, then dZ,, = 0, whereas
if the input theory is holomorphic then dZ7z = 0. For a general field theory (not
necessarily conformal or holomorphic) the differential form dz Z, — 9y Z7 is closed.
These closed forms have the potential to encode secondary cohomological invariants
of field theories. Although we do not know explicit field theories for which this
cohomology class is nonzero, the structure appears to be related to mock modular
phenomena and the TMF-valued torsion invariants studied in Gaiotto, Johnson-Freyd
and Witten [17] and Gaiotto and Johnson-Freyd[16].

Remark 1.10 In light of Fei Han’s work [18] on the Bismut—Chern character, it
is tempting to think of the restriction 2|I-EFT(M) — C°(£21 (A1))Eue2it (without
taking 7' ?—invariant maps) as a candidate construction of the elliptic Bismut—-Chern
character. Indeed, functions on C*°(£2/1(M))Eu<2t can be identified with cocycles

analogous to (14), where Z is a differential form on the double loop space and the
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de Rham differential d is replaced with the T'>—equivariant differential investigated in
Berwick-Evans [5].

1.3 Conventions for supermanifolds

This paper works in the category of supermanifolds with structure sheaves defined
over C; this is called the category of cs—supermanifolds in Deligne and Morgan [12].
The majority of what we require is covered in the concise introduction [26, Section 4.1],
but we establish a little notation presently. First, all functions and differential forms
are C—valued. The supermanifolds R”™ are characterized by their super algebra of
functions C® (R"™) ~ C®°(R"; C) ®c A*C™. The representable presheaf associated
with R™™ assigns to a supermanifold S the set

Rn‘m(S) = {tlat29 . »tn € COO(S)BV’ 919 927 cee em € COO(S)Odd | (ti)red = (t_i)red}»

where (¢;)rq denotes the restriction of a function to the reduced manifold Seq < S,
and (7;)req is the conjugate of the complex-valued function (¢ )req on the smooth mani-
fold Steq- We use this functor of points description throughout the paper, typically with
Roman letters denoting even functions and Greek letters denoting odd functions.

We follow Stolz and Teichner’s terminology, wherein a presheaf on supermanifolds
is called a generalized supermanifold. An example of a generalized supermanifold
is Map(X,Y) for supermanifolds X and Y, which assigns to a supermanifold S
the set of maps S x X — Y. For a manifold M regarded as a supermanifold, the
generalized supermanifold Map(R®!', M) is isomorphic to the representable presheaf
associated to the odd tangent bundle I17'M , as we recall briefly. We use the notation
(x,y¥)eIITM(S) for an S—point, where x: S — M is amap and € I'(S; x* T M )°4d
is an odd section. This gives an S—point (x 4 ) € Map(R°!!, M) by identifying x
with an algebra map x: C*°(M) — C*°(S) and ¢y : C®° (M) — C°°(S) with an odd
derivation relative to x. These fit together to define an algebra map

22) coM) X, c0(8) @ 0.Co(S) ~ C(S x RO,

with the isomorphism coming from Taylor expansion in a choice of odd coordinate
6 € C®(R"). The map (22) is equivalent to S x RO — M, ie an S—point of
Map(R%", M). The functions C®(Map(R', M)) ~ C®(TITM) ~ Q*(M) recover
differential forms on M as a Z/2—-graded C—algebra. The action of automorphisms
of R on this algebra encode the de Rham differential and the grading operator on
forms; see eg [19, Section 3].
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2 A map from 1|1-Euclidean field theories to complexified
K-theory

The main goal of this section is to prove Proposition 1.4. From the discussion
in Section 1.2, this proves the d = 1 case of Theorem 1.1. We also prove Proposition 1.2
when d = 1, and connect this result with Chern characters of super connections.

2.1 The moduli space of super Euclidean circles

Definition 2.1 Let E!l! denote the super Lie group with underlying supermanifold
R and multiplication

(23) t,0)- (', 0=+t +i00',0 +0') for (z,0), (. 0) e RI(S).

Define the super Euclidean group as Eucyj; := E!l %7 /2, where the semidirect
product is defined using the Z /2 = {%1}-action by reflection, (¢, 8) > (¢, =0), for
(t,0) e ENL(S).

The super Lie algebra of E! s generated by a single odd element, namely the left-
invariant vector field D = dg —i600d;. The right-invariant generator is Q = dg +i60;.
The super commutators are

(24) i[D,D]=D*=-id, and 1[Q.0Q]=0Q*=i0,.

Remark 2.2 The factors of i = +/—1 in (23) and (24) come from Wick rotation;
see eg [12, page 95, Example 4.9.3]. This differs from the convention for the 1|1—
dimensional Euclidean group in [20, Definition 33], but is more closely aligned with
the Wick rotated 2|1-dimensional Euclidean geometry defined in [26, Section 4.2] and
studied below.

Let Ril(l) denote the supermanifold gotten by restricting the structure sheaf of R to
the positive reals, R-o C R.
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Definition 2.3 Given an S—point ({,1) € R”l

super Euclidean circles is defined as the quotient

(25) Sph = (S xRNz

(S), the family of 1|1-dimensional

for the left Z—action over S determined by the formula
(26)  n-(1,0) = (t +nl+ink0,nh+0) for n e Z(S),(t,0) e R (S).

Equivalently this is the restriction of the left E'/'—action on S x R'I" to the S—family
of subgroups Z x S C E'I' x S with generator

€.\

xS~ <RI x5 cEN xS,

Define the standard super Euclidean circle, denoted by S'I' = § 11 |é =R /7, as the
quotient by the action for the standard inclusion Z Cc R c E!I'.

Remark 2.4 The S—family of subgroups S x Z < S x E!l! generated by (¢, 1) €
lll 0 (8) is normal if and only if A = 0. Hence, the standard super circle S 1 inherits
a group structure from E!I!, but a generic S—family of super Euclidean circles S, ‘A

does not.

Remark 2.5 There is a more general notion of a family of super circles where (26)
incorporates the action by Z/2 < Eucyj;. This moduli space has two connected
components corresponding to choices of spin structure on the underlying ordinary circle,
with the component from Definition 2.3 corresponding to the odd (or nonbounding)
spin structure. This turns out to be the relevant component to recover complexified
K-theory.

We recall [26, Definitions 2.26, 2.33 and 4.4]: for a supermanifold M with an action by
a super Lie group G, an (M, G)—structure on a family of supermanifolds 77— S is an
open cover {U;} of T with isomorphisms to open sub-supermanifolds ¢: U; = V; C
S x M and transition data g;;: V; N V; — G compatible with the ¢; and satisfying
a cocycle condition. An isometry between supermanifolds with (M, G)—structure is
defined as amap T — T’ over S that is locally given by the G—action on M, relative
to the open covers {U;} of T and {U/} of T". Supermanifolds with (M, G)—structure
and isometries form a category fibered over supermanifolds.

Definition 2.6 [26, Section 4.2] A super Euclidean structure on a 1|1-dimensional
family 7 — S is an (M, G)-structure for the left action of G = Eucy); on Ml = R1I1,
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Lemma 2.7 An S-family of super circles (25) has a canonical super Euclidean
structure.

Proof We endow a family of super circles with a 1|1-dimensional Euclidean structure

as follows. Take the open cover S x R!I! — 5, !

;. supplied by the quotient map, and
take transition data from the Z—action on S x R”l By definition this Z-action is
through super Euclidean isometries, and so the quotient inherits a super Euclidean

structure. O

We observe that every family of super circles pulls back from the universal family
(Ril(l) xRy /7 — Ri'é along amap S — Rm. Hence,

MU =R and s = RY) xRz - R
are the moduli space of super Euclidean circles and the universal family of super

1|1

Euclidean circles, respectively. The following shows that M ! It — =R_, can equivalently

be viewed as the moduli space of super Euclidean structures on the standard super
circle.

Lemma 2.8 There exists an isomorphism of supermanifolds over Ril(l),
27) R x g1t =, sl

from the constant R_ 1 o—family with fiber the standard super circle, to the universal
family of super c1rcles. This isomorphism does not preserve the super Euclidean
structure on S'I1.

Proof Define the map

@28)  RI xR SRR (0,1,1,0) > (6,1, 1(€+i26),0 +11),

for (£,A) € Rlll(S) and (¢, 0) € R!'(S). Observe that (28) is Z—equivariant for the
action on the source and target given by

n-( A t,0) = (A, t+n,0) and n-(L,h,t,0) =Lkt +nl+ir0),0+nh),

respectively. Hence (28) determines a map between the respective Z—quotients, defining
a map (27). This is easily seen to be an isomorphism of supermanifolds. Since (27)
is not locally determined by the action of Eucyj; on R, it is not a super Euclidean
isometry. O

The following result gives an S—point formula for the action of Eucyj; on & 11 and
M = lo coming from isometries between super Euclidean circles.
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Lemma2.9 Given ((,1) € R} (S) = M (S) and (s, n, £1) € (B % Z/2)(S) =
Eucy|1(S), there is an isometry f(s p +1): Se1 |)1 — Sel,| 1)“ of super Euclidean circles

over S sitting in the diagram

1,E1) -
S xRN D S xRN
S1|1 Jisn2n S1|1
LA o

where the upper horizontal arrow is determined by the left Eucy|;—action on R, the
left vertical arrow is the quotient map (51) for (£, A), and the right vertical arrow is the
quotient map for

(29) (€, \) = (€ £ 2inh, £1).

Proof Consider the diagram

(S,Tl,il)'
7 x S xR 7 x S xR
(30) €)- j l 1)
(ssn:il)'
S xR S xRN

where the horizontal arrows denote the left action of (s, 7, £1) € Eucy}1(S) on S xR
while the vertical arrows denote the left Z—action generated by (£, A), (¢/, 1) € Ri'é (S).
The square (30) commutes if and only if (£/,1') = (s,n, £1)- (£, 1) (s,n, £1)7 ! €
Rgé (S) c EU(S), ie (29) holds. Commutativity of the diagram (30) gives a map on
the Z—quotients, which is precisely a map S Zl R ) Zl,lsl)‘,. This map is locally determined

by the action of EN %z /2, and hence respects the super Euclidean structures. m|

2.2 Super Euclidean loop spaces

Definition 2.10 The super Euclidean loop space is the generalized supermanifold

£ (M) =R x Map(s'!!, M),

>0

We identify an S—point of £!!'(M) with a map Se1 |)3 — M given by the composition

1

31) S~ s xS 5 M,

11

by pulling back the isomorphism from Lemma 2.8 along the map (¢,1): S — R_.
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We will define a left action of Eucy|; on i (M) determined by the diagram

Sglj;{ ;’SXSHI @
(32) /1 T
Sel/l’l)L, — = xSt ¥

where the horizontal arrows are the pullback of the isomorphism in Lemma 2.8, and
the super Euclidean isometry f is from Lemma 2.9 with (¢/,1") = (£ & 2nA, £1).
The arrow ¢’ is uniquely determined by these isomorphisms and the input map ¢.
Hence, given (£, A, ¢) € Rgé (S) x Map(S!!', M)(S) and an S—point of Eucy1, the

Eucy|;—action on £ (M) outputs (¢, 1/, ¢’) as in (32).

Remark 2.11 Precomposition actions (such as the action of Eucy|; on Map(S U )
above) are most naturally right actions. Turning this into a left action involves inversion
on the group: the formula for ¢’ in (32) involves ¢ and the inverse of f. This inversion
introduces signs in the formulas for the left Eucy|;—action on E(l)ll (M) below. Our
choice to work with left actions is consistent with Freed’s conventions for classical
supersymmetric field theories [15, pages 44—45]; see also [11, page 357].

There is an evident S !-action on £1|1(M ) coming from the precomposition action of
S'=E/Z <E/Z onMap(S!!', M). Since the quotient is given by S!1 /S ~ROIT,
the S!-fixed points are

1

33) £ty =R xMap®O!, M) c RUY x Map(s'1Y, M) = £ (M),

>0

We identify an S—point of C(l)“ (M) with a map S el |)1 — M that factors as

(34) SZI‘)f:SXSHIZSXRIH/ZL)SX]R{O“—)M,

where the map p is induced by the projection R — RO The action (32) preserves
this factorization condition; we give an explicit formula in Lemma 2.13 below. Hence,
the inclusion (33) is Eucy|;—equivariant.

Lemma 2.12 There is a functor Eé' ! (M) — 1|1-EBord(M) that induces a restriction
map

(35) restr: 1|1-EFT(M) — C®(£)" (M))Evenn,
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Proof The 1|1-dimensional Euclidean bordism category over M is constructed
by inputting the 1|1-dimensional Euclidean geometry from Definition 2.6 into the
definition of a geometric bordism category [26, Definition 4.12]. The result is a
category 1|1-EBord(M) internal to stacks on the site of supermanifolds; in partic-
ular, 1|1-EBord(M) has a stack of morphisms consisting of proper families of 1|1-
dimensional Euclidean manifolds with a map to M, with additional decorations related
to the source and target of a bordism.

By Lemma 2.7, super Euclidean circles give examples of S—families of 1|1-dimensional
Euclidean manifolds. An S—point of L’(l)“ (M) therefore defines a proper S—family
of 1]1-Euclidean manifolds with a map to M via (34). We can identify this with
an S—family of morphisms in 1|1-EBord (M) whose source and target are the empty
supermanifold equipped with the unique map to M . This defines a functor £(1)|1 (M) —
1|1-EBord(M) and a restriction map 1|I1-EFT(M) — C"O(E(l)|1 (M)). We refer to
the discussion preceding [26, Definition 4.13] for an explanation why the restriction to
closed bordisms extracts a function from a field theory.

Finally we argue that this restriction has image in Euc;|;—invariant functions. By
definition, an isometry between 1|1-dimensional Euclidean manifolds comes from
the action of the super Euclidean group Eucy; = E!' % Z/2 on the open cover
defining the super Euclidean manifold. By Lemma 2.9, the action (32) on £(1)|1 (M) is
therefore through super Euclidean isometries of super circles compatible with the maps
to M. By definition, these isometries define isomorphisms between the bordisms (34)
in 1|1-EBord(M). Functions on a stack are functions on objects invariant under
the action of isomorphisms. Hence, the restriction 1|1-EFT(M) — C °°(£(1)|1(M )
necessarily takes values in functions invariant under Eucy|;, yielding the claimed
map (35). m|

2.3 Computing the action of Euclidean isometries

Lemma 2.13 The left Euc|;-action on RIJ(I) x Map(RO!, M) is given by

A .
(36)  (s.m D (LA, x,¥) = (ﬁ +2ink, £A,x £ (TS — n)t/f, ie—’"“‘w),
using notation for the functor of points,
(s, 1, £1) € (BN % Z/2)(S) ~ Eucy |y (S),
(€. 1) e R (S).
(x,¥) € ITM(S) ~ Map(R°", M)(S).
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Proof Let py;: St} |)3 — S x R denote the composition of the left three maps

in (34). Given (s,n,£1) € Eucy|1(S), (£,1) € Rilé(S) and (x,¢) e ITM(S) ~

Map(R®!!, M)(S), the goal of the lemma is to compute formulas for (¢/, 1) € Ril(l) (S)
and (x’',y") € ITM(S) in the diagram
11 De ol1
Se,)\ S x ROl (x,9)

(37) Sont | | > M
gl Pe.y ’ ' y")

VY S XROH

where the arrow labeled by f; , +1 denotes the isometry between super Euclidean

circles from Lemma 2.9 for (s, n, =1) € Eucy; (S). Hence, we see that (¢, A”) is given

by (29). To compute (x’, ¥’), we find a formula for the dashed arrow in (37). To start,

consider the map

oo RIS > ROUXS, (e 0) =60-2g,

which is part of the inverse to the isomorphism (28). Indeed, we check the Z—invariance

condition for the action (26),

nl+t+ini6 t

————=0—A-.
14 14

Hence py ) determines a map py j: Se1 |}f — 8 x RO, which is the map in (37). From

this we see that the dashed arrow in (37) is unique and determined by

s+ind

14

Pean-(2,0)) = pgr(ml+1+ink0,nk+60) =nk+6—21

0 — i(@ +n—A ) with (s, 7, £1) € Eucy)1(S), 8 € RO1(S).

The left action (32) is given by (see Remark 2.11 for an explanation of the signs)

(x+9w)|—>x:i:(Q—n—)\ﬂ%ﬁe)w=x:i:()\7s—n)1/f:|:9(l—in%)1//,

which is the claimed formula for (x’, ¥'). ]

Just as R—actions on ordinary manifolds are determined by flows of vector fields,
E!"_actions on supermanifolds are determined by the flow of an odd vector field.
This comes from differentiating a left ! I'_action at zero and considering the action
by the element Q of the super Lie algebra, using the notation from (24). Odd vector
fields on supermanifolds are precisely odd derivations on their functions. We note the
isomorphism

38) (' (M)) ~ C® R xMap®RY!, M)) ~ CPRID) @ * (M)

~ C®(Rxo)[A]® Q° (M),
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1)1
>0

associated with the universal family of super circles S = Rgé — Rilé CcR!'I'. In the

where (in an abuse of notation) we let £, A € C°(R_,) denote the coordinate functions

above, we used that
C®MapRY, M)~ Q*(M) and C®(SxT)~C®(S)®C®(T)

for supermanifolds .S and 7" using the projective tensor product of Fréchet algebras; see
for instance [20, Example 49]. Let deg: Q°*(M) — Q°(M) denote the (even) degree
derivation determined by deg(w) = kw for w € QK (M).

Lemma 2.14 The left E'"—action (36) on E(l)‘ ! (M) is generated by the odd derivation

A A
39) Q.—ZZ)\dE@)ld id®d l€®deg

using the identification of functions (38), where d is the de Rham differential and deg is
the degree derivation on differential forms.

Proof We recall that right-invariant vector fields generate left actions, so that the
infinitesimal action of E!!! on E(l)ll (M) is determined by the action of Q. Furthermore,
minus the de Rham operator generates the left EO1 _action x,¥) > (x —ny¥,¥)
on I1TM, and minus the degree derivation generates the left R*—action (x, V) >
(x,u"y); see eg [19, Section 3.4]. Applying the derivation Q = 9, + ind; to (36)
and evaluating at (s, 1) = 0 recovers (39). ad

2.4 The proof of Proposition 1.4

The Eucy ‘ 1—equivariant inclusion
R x Map(R!', M) — RL{ x Map®®!, M) = £/ (M)
is along S—families of super circles with A = 0. So by Lemmas 2.13 and 2.14 we have
COO(R>O X Map(ROH, M))Euc”l ~ Q.(M; COO(R>0))]E”1XZ/2
= lev(M C*®(Rxy))

using (36) to see that Z /2 acts through the parity involution (so invariant functions are
even forms) and (39) to see that the E!!_action is generated by minus the de Rham d
(so invariant functions are closed forms). This verifies the equality (17) when d = 1
and extracts the data Z from an element of C °°(£(1)| ! (M ))EBuein,
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Next, observe that

coLi (M) ~ C® R x Map®RO, M)) ~ Q*(M; CP(R!IL))

-0 >0
~ Q°(M; C*(Rx0)[A]),

11
>0
odd coordinate function A. For convenience we choose the parametrization of functions

where the final isomorphism comes from Taylor expansion of functions on R_, in the

@0)  COL (M) =~ (0%¢/2(Z + 2iM12 7)) | Z, Zy € Q°(M; C™(R=0))},

where £9€/2¢) = ¢k/2¢) for w € Q¥ (M ; C®°(R~)). We again have that Z /2 < Euc; I
acts by the parity involution, so since A is odd and £ is even we find

Co(Ly (M))*?

= {(%2/2(Z 4202 Z)) | Z € Q¥ (M; C®([Rs)), Zy € UM C®(Rxo))}.
Next we compute

Qa2 z 4 2ipp!/2pde/2 7))

= 21‘)»%(%‘6%/ 27)— g V2pdee 297 _2jppdee/2q 7, — %zdeg/ 2 deg(2)
=7V 2qdee/2q7 4 2jpgdee/? (‘;—i - ng),

where in the first equality we use that d(£9°¢/2 @) = £~1/2¢4¢/2(dw), and in the second
equality we expand

; i deg /2
21)\(” (€4 Z)
using the product rule and then simplify. Hence
A odeg /2 ) 1)2 dz
41) QU™ Y(Z+2iM"Zy))=0 <<= dZ=0 and ngzW.

By Lemma 2.14, Q generates the ! I_action and, since E!!! is connected, Q—invariant
functions are equivalent to E!!"_invariant functions. Finally, we identify even differ-
ential forms with elements of Q*(M; C*®(Rx¢)[B8.B~']) of total degree zero and
odd differential forms with elements of °*(M; C®(Rx)[B, B~]) of total degree —1
(essentially replacing £ in (40) by B). This completes the proof of Proposition 1.4.

2.5 Concordance classes of functions

For Proposition 1.2 we require a refinement of the cocycle map.
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Definition 2.15 Using the notation from Proposition 1.4, for each © € R~ o define a
map
cocyeley, : C(Ly! (M))E11 — (@4 (M CIB. D),

cocycle, (Z, Zy) = Z(w),

where Z () denotes evaluation at € R~ and (22,(M; C[B, B~11)) is the space of
closed differential forms of total degree zero.

Lemma 2.16 The composition

cocycle,

Co2 (L (M))Fet 22 (e (M CIB, B711)° S H(M; CIB, B7'))

C

agrees with (3) and hence is independent of (L.

Proof The calculation (20) shows
[cocycle,, (Z, Zo)|=[Z(w)=|Z]=cocycle(Z, Z;) eH(M; C[B, "))
CH(M; C®Rx0)[B,7').

In particular, the class underlying co/c-\ycleu (Z, Z,) is independent of j. a

Proof of Proposition 1.2 for d =1 Proposition 1.4 implies M +— C""(E(l)|1 (M))Euein
is a sheaf on the site of smooth manifolds. The map in Definition 2.15 is a morphism
of sheaves

(42) cocycle, : C® (LI (=) — Q8 (— C[8, A7)

taking values in closed forms of even degree. By Stokes’ theorem, concordance classes
of closed forms on a manifold M are cohomology classes. Hence, taking concordance
classes of the map (42) applied to a manifold M proves the proposition when d = 1. O

2.6 The Chern character of a super connection

A super connection A on a 7 /2—graded vector bundle V — M is an odd C-linear
map satisfying the Leibniz rule [22]
ArQUM:V) — QUM V), A(fs)=df s+ (=D fAs,

for f € Q*(M) and s € Q*(M; V). One can express a super connection as a finite sum
A= Zj Aj, where Aj: Q*(M;V) — Q°*t/ (M V) raises differential form degree
by j. Note that A is an ordinary connection on V', and A; is a differential form valued
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in End(V)°% if j is even and End(V)®" if j is odd. Super parallel transport provides a
functor, denoted by sPar, from the groupoid of Z /2—-graded vector bundles with super
connection on M to the groupoid of 1|1-dimensional Euclidean field theories over M :
) Vet (M) 25 1]1-EFT(M) = C°(R-q x Map(R!!, Ar))Euectn,
(V,A)r— sPar(V,A) +— sTr(eeAz).

Part of this construction is given in [14], reviewed in [26, Section 1.3]. A different
approach (satisfying stronger naturality properties required to construct the functor sPar)
is work in progress by Arnold [2]. Evaluating the field theory sPar(V, A) on closed
bordisms determines the function sTr(eeAz) € C®(Ro x Map(R°", M)). The

parametrization (40) extracts the function Z determined by
092/2 7 = gTr(exp(£A?)).
Hence we find that Z = sTr(exp(A7)) for
(44) Ap =020+ A1+ 0720, + 07 A5 + -+ .

The R ¢—family of super connections (44) appears frequently in index theory, eg [22]
and [4, Section 9.1]. By [4, Proposition 1.41], the failure for Z to be independent of £
is measured by the exact form

d A2 dAe AZ
45 —sTr(e™¢) =d| sTr| ——e™¢ ] ).
(45) 'Th r(e™0) (s r( 1 ¢
By Proposition 1.4, the data Z = sTr(eA% Yand Z; = sTr((dAy/d l)eA%) determine an
element of C °°(£(1)|1 (M))Euctil refining the Chern character of the Z /2—-graded vector
bundle V.

Remark 2.17 If A = V is an ordinary connection, the family (44) is independent of £
and Z; = 0. This recovers Fei Han’s identification [18] of the Chern form Tr(exp(V?))
with dimensional reduction of the 1|1-dimensional Euclidean field theory sPar(V, V).

3 A map from 2|1-Euclidean field theories to complexified
elliptic cohomology

The main goal of this section is to prove Proposition 1.5. From the discussion
in Section 1.2, this proves Theorem 1.1 when d = 2. We also prove Proposition 1.2
when d = 2 and comment on connections with a de Rham model for complex-analytic
elliptic cohomology, complexified TMF, and elliptic Euler classes.
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3.1 The moduli space of super Euclidean tori

We will use the two equivalent descriptions of S—points of R2I:

(46) Rzll(s) = {X, S COO(S)ev» e COO(S)Odd | (x)red = (;)red’ (y)red = (;)red}
(47) ~{z,w € C®(S)",0 € CP(S)™ | (2)red = (W)rea},

where reality conditions are imposed on restriction of functions to the reduced manifold
Sted = S. The isomorphism between (46) and (47) is (x, y) = (x + iy, x —iy) =
(z, w). Below we shall adopt the standard (though potentially misleading) notation
7z := w. We take similar notation for S—points of Spin(2), using the identification
Spin(2) >~ U(1) C C with the unit complex numbers. This gives the description

48)  Spin(2)(S) ~ U(1)(S) = {u,ii € C®(S)™ | (U)req = (@),q» uil = 1}.

Definition 3.1 Let E2I! denote the super Lie group with underlying supermanifold
R21" and multiplication

(49) (z,.2,0)- (", 27,0V =(z+7.2+7 + 00,0 + 0"
for (z,Z,0), (z/,Z,0") e R2(S). Define the super Euclidean group as E2' xSpin(2),
where the semidirect product is defined by the action (using the notation (48))

(u,)-(z,Z,0) = (u?z,u’z,uf) for (u,u) € Spin(2)(S).

The Lie algebra of E2! has one even generator and one odd generator. In terms
of left-invariant vector fields, these are d, and D = dg — 80z, whereas in terms of
right-invariant vector fields they are d, and Q = dg + 69z. The super commutators are

(50) [aZ»D]=Ov [D’D]:_af and [82’ Q]=O’ [Q,Q]=8E

Let Lat C C x C denote the manifold of based lattices in C parametrizing pairs of
nonzero complex numbers £, £, € C* such that £1/¢, € H C C is in the upper half-
plane. Equivalently, the pair ({1, £,) generate a based oriented lattice in C. We observe
that (£1,4;) — (£1,£,/¢;) defines a diffeomorphism Lat >~ C* x H, so that Lat is
indeed a manifold. When regarding Lat as a supermanifold, an S—point is specified by
(1,01.,42,45) € Lat(S) C (C x C)(S), following the notation from (47).

Definition 3.2 Define the generalized supermanifold of based (super) lattices in R?!!
as the subfunctor sLat C R2I! x R2/! (viewing R21 xR a5 a representable presheaf)
whose S—points are (Kl,zl,kl), (€2, 45, Ay) € R2I1(S) such that:
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(i) The pair commute for the multiplication (49) on E2/1(S) ~ R2/1(S),
(€1, 0y hn) - (L2 8o, ko) = (62, 82, 00) - (61, Ty, Ay) € BP(S),

(ii) The reduced map Sieq — (R x Ry ~ R2 x R?2 ~ C x C determines a
family of based oriented lattices in C, ie the image lies in Lat C C x C.

Remark 3.3 Condition (i) is equivalent to requiring that (€1, 1. h1), (a, €y, hy) €
E2/1(S) generate a Z2—subgroup, ie a homomorphism S x Z2 — S x E2I! over S.

Definition 3.4 Given an S—point A = (({1, 41, A1), (2, €2, 1)) € sLat(S), define
the family of 2|1-dimensional super tori as the quotient

(51) T2 .= (S xR /72
for the free left Z2—action over S determined by the formula
(52) (n,m)-(z,z,0)
= (z+nly +mly, Z+n(ly +110) + m(ls + 120), nhy +mhs + 6)

for (n,m) € Z2(S) and (z,z,0) € R21(S). Equivalently, this is the restriction of
the left E2/'—action on S x R2!! to the S—family of subgroups S x Z2 C S x E2!!
with generators over S specified by (¢4, €1, 1y) and (5, £, A,). Define the standard
super torus as T2!1 = R2! /Z* for the quotient by the action for the standard inclusion
Z?* c R c E21 je for the square lattice.

Remark 3.5 The S—family of subgroups S x Z2 <> S x E2/! determined by A (as in
Remark 3.3) is normal if and only if A; = A, = 0. Hence, although the standard super

torus 72! inherits a group structure from E2I1, generic super tori T’ i ! do not.

Remark 3.6 There is a more general notion of a family of super tori where the
action (52) also incorporates pairs of elements in Spin(2). This moduli space has
connected components corresponding to choices of spin structure on an ordinary torus,
with the component from Definition 3.4 corresponding to the odd (or periodic—periodic)
spin structure. This turns out to be the relevant component of the moduli space to
recover complex-analytic elliptic cohomology.

Stolz and Teichner’s (M, G)—structures are discussed before Definition 2.6.

Definition 3.7 [26, Section 4.2] A super Euclidean structure on a 2|1-dimensional
family 77 — S is an (M, G)-structure for the left action of G = E2I1 % Spin(2)
on M = R2I!,
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Lemma 3.8 An S—family of super tori (51) has a canonical super Euclidean structure.

Proof The proof is the same as for Lemma 2.7, using the open cover S x R21T - Till
and transition data from the Z?—action (52). m|

Every family of super tori pulls back from the universal family (sLatxR2!")/Z2 — sLat
along a map S — slLat. Hence, we regard
M =slat and T2 .= (sLat ><]R2|1)/Z2 — slat

as the moduli space of super Euclidean tori and the universal family of super Euclidean
tori, respectively. The following identifies sLat with the moduli space of super Euclidean
structures on the standard super torus.

Lemma 3.9 There exists an isomorphism of supermanifolds over sLat,
(53) slat x 7211 ~, 720,

from the constant sLat—family with fiber the standard super torus to the universal family
of super Euclidean tori. This isomorphism does not preserve the super Euclidean
structure on T2

Proof Define the map sLat x R2I" — sLat x R2/! by
(54) (L1, €1, M1, 42,82, 42, X, 9,0)
> (61,81 A, . d £ XLy, X (B 01 0) + y (L2 +220). 6+ xA 1+ ys)

for (€1, €1, A1, L2, €5, Ay) €sLat(S) and (x, y, 8) e R2I1(S), where the source uses (46)
to specify an S—point (x, y, #) € R2/1 () whereas the target uses (47). Observe that (54)
is Z*—equivariant for the actions on the source and target,

(n.m) - (€1, €1, 01, L2, 02, 0. X, y.0) = (1. L1, h1. Lo, Lp. by, x + 1,y +m., 6)
and
(n,m)- (L1, €1, A1, Ly, L2, 02, 2,2,6)
= (1,01, M1, L2, 02, Ay, 2+l +mly, Z+n(ly +110)+mE+120), 0 +nh+mhsy),

respectively. Hence (54) determines a map between the respective Z2—quotients,
defining a map (53). This map is easily seen to be an isomorphism of supermanifolds.
Since the map (53) is not locally determined by the action of E2I! x Spin(2) on R2/!,
it is not a super Euclidean isometry. a

Definition 3.10 Define the super Lie group Euc,; := E2! x Spin(2) x SL1(Z).
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The following gives an S—point formula for the action of Eucy|; on 721 and M2 =
sLat coming from isometries between super Euclidean tori.

Lemma 3.11 Given A = (1,41, A1), ({2, 42, X2)) € sLat(S) = M2I1(S) together
with (w, @, 1, u, ) € (E2! xSpin(2))(S) and y € SL,(Z)(S), there is an isomorphism
Jow,nu,79)" Tf\'l — Ti',l of super Euclidean tori over S sitting in the diagram

(waw:nau:ﬁ) :

S x R2l S x R2I

J |

f(w,lﬁ,n.u.ﬁ)

21 21
Th Th

where the upper horizontal arrow is determined by the left E2I1 Spin(2)-action
on R2I1, the left vertical arrow is the quotient map (25) for A, and the right vertical
arrow is the quotient map for

(u?(aly +bly). u?(a(ly + 2nhy) + b(E + 29)2)). (ahy + bAZ)))
(uz(cﬁl +dly), u(c(£y +2nh1) +d Ly + 2nhy)), t(chy + dkz)) '

where y = [ 4 3] € SLy(Z)(S).

(55) A= (

Proof Consider the diagram

yXx(w,w,n,u,i)

72 x S x R2I 72 x S x R2I
(56) AJ lA’
(w,w,n,u,n)
S x R2l S x R2I

The horizontal arrows are determined by the left action of (w, w, n) € E21(S), (u,n) €
Spin(2)(S) on S x R2!! and a map S x Z2 — S x Z? specified by y € SL,(Z)(S).
The vertical arrows are the Z2—action on S x R2I! generated by A, A’ € sLat(S).
Using (49), this square commutes if and only if (55) holds. Commutativity of (56)
gives a map on the Z2—quotients, which is precisely a map TK“ — le,l. This map is
locally given by the action of E2I1 Spin(2) on R2, 5o by construction it respects
the super Euclidean structures. O

We will require an explicit description of functions on sLat, ie the morphisms of
presheaves sLat — C°°. Regarding Lat as a representable presheaf on supermanifolds,
there is an evident monomorphism Lat < sLat from the canonical inclusion C x C ~
R2xR2 <> R2xR2I!, In the following, let A1, A, € C°°(sLat) denote the restriction of
the odd coordinate functions C®(R2! x R2I') ~ C°(R*)[A, A,] under the inclusion
sLat C R21T x R2I1,
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Lemma 3.12 There is an isomorphism of algebras

C®(sLat) = C®(Lat)[A, A2]/ (A1 A2).

Proof Consider the composition
S — sLat € R?I x R 2022, R2IT,

where, as usual, we write the associated pair of maps S — R2! as (¢4, £;, 1) and
(€5, 2\ »). We therefore have 4 even and 2 odd functions on sLat that, as maps of
sheaves sLat — C®, assign to an S—point the functions £1, £, £, {5 € C®(S)® or
A1, Ao € C®(S5)°% Tt is easy to see that arbitrary smooth functions in the variables
{q, 2 1,49, 472 continue to define maps of sheaves and hence smooth functions on slLat.
Furthermore, since these are the restriction of functions on R2 x R? C R2I1 x R2 1 we
can identify them with functions on Lat. This specifies the even subalgebra C°°(Lat) C
C®°(sLat). On the other hand, the odd functions A; and A, are subject to a relation
coming from condition (i) in Definition 3.2, namely that A1, = A,A; € C*(S)°4 for
all S. Since these are odd functions, this is equivalent to the condition that A;A, = 0.
Hence the functions on slLat are as claimed. a

Remark 3.13 The relation A;A, = 0 implies that C°°(sLat) is not the algebra of
functions on any supermanifold, and hence the generalized supermanifold sLat fails to
be representable.

3.2 Super Euclidean double loop spaces

Definition 3.14 Define the super Euclidean double loop space as the generalized

supermanifold
L2‘I(M) ;= sLat x Map(Tzll, M).

We identify an S—point of £2(M) with a map Ti'l — M given by the composition
(57) T~ sx T > M,

using the isomorphism from Lemma 3.9.

We shall define a left action of Eucy|; on £211(M) determined by the diagram

72! SxT 4
(58) sl EM
Ti[l — SxT2t ¢
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where the horizontal arrows are the inverses of the isomorphisms of supermanifolds
pulled back from Lemma 3.9, and f is the super Euclidean isometry associated to an
S—point of Eucy|; in Lemma 3.11. These isomorphisms together with the arrow ¢
uniquely determine ¢’ in (58). Hence, for (A, ¢) € sLat(S) x Map(721', M)(S) and
an S—point of Eucy|;, we define the Eucy|j—action on L2 (M) as outputting (A, ¢’)
in (58). We caution that this is a left Euc,|;—action on sLat x Map(T'2/!, M), and refer
to Remark 2.11 for a discussion of left actions on mapping spaces.

There is a T'2—action on £2!1(M) coming from the 7"%2-action on Map(7T21', M) by
the precomposition action of 72 on T2 The T2 fixed points comprise the subspace

(59)  £2"(M) := sLat x Map(R%', M) C sLat x Map(T 2", M) = 21 (M),
We identify an S—point of this subspace as a map Ti'l — M that factors as
(60) T~ §x T2 ~ §xRU /72 2 § x RO = M,

where the map p is induced by the projection R2I" — RO, The action (58) preserves
this factorization condition; we give explicit formulae in Lemma 3.17 below. Hence,
the inclusion (59) is Eucy|;—equivariant.

Lemma 3.15 There is a functor Cé' ! (M) — 2|1-EBord(M) that induces a restriction
map
(61) restr: 2| 1-EFT(M) — C® (2" (M))Evean,

Proof The proof is completely analogous to that of Lemma 2.12. Namely, Lemma 3.8
gives a functor Eé‘ ! (M) — 2|1-Bord(M), and Lemma 3.11 shows that the action of
Eucy|; on £(2)|1 (M) is through isomorphisms between S—families of 2|1-dimensional
Euclidean bordisms. Hence, the restriction map lands in Eucy|;—invariant functions. O

3.3 Computing the action of super Euclidean isometries

Definition 3.16 Using the notation from Lemma 3.12, define the function
Ul =t

62 1:
(62) Vo T

€ C*™(slat).

The restriction of vol along Lat < sLat is the function that reads off the volume of
an ordinary torus C/¢Z @ £,Z using the flat metric. In particular, this function is
real-valued, positive and invertible. By Lemma 3.12, the function vol on sLat is also
invertible.
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Lemma 3.17 The left E2I' x Spin(2)—action on sLat x Map(ROI, M) is given by
(63)  (w.@.1u.@)- (€1, 81,01, Lo, Lo Ao, x, )
= (uzzl’ﬁz(zl +2nh1), Ay, uPly, 12 (Ly + 20h2), s,
Aily — ol Aly — Aol
x—ﬁ_l(n+ 1t — A2ty _ 142 21w)1//,

2i vol 2i vol
Aly — Aol
il exp( =22 )y ),
2i vol

(w.w,n) € E2(S),  (u.u) € Spin(2)(9).
(x,¥) € ITM(S) ~ Map(R°", M)(S).

where

The SL,(Z)—-action on sLatxMap(R°', M) is diagonal for the action on sLat from (55)
and the trivial action on Map(R°!!, M).

Proof Let py: Ti“ — S xR denote the composition of the left three maps in (60).
Given (w, @, n) € E2I1(S), (u, ) € Spin(2)(S), A € sLat(S) and (x,¥) € ITM(S),
the goal of the lemma is to compute formulas for A’ € sLat(S) and (x’, y') e ITM(S)

in the diagram
PA

Till S x R0|1 %}
©4)  fumnum | .M
P : o)

T2 S x RO

where the arrow labeled by f(y.i,7,4,7) denotes the associated map between super
Euclidean tori from Lemma 3.11. For the first statement in the present lemma we take
y =1id € SL,(Z)(S). We see that A’ is given by (55). To compute (x’, '), we find a
formula for the dashed arrow in (64) that makes the triangle commute. To start, part of
the data of the inverse to the isomorphism (54) is

ﬁA:Sx]Rzll —>S><R0|1,
(65)
ﬁA(Z,E, (9) =0 +)\1

Eﬁz —ZZZ Zzl —E@l
2i vol 2

We verify that s is Z2—invariant for the action (52),

Dea((n,m)-(z2,Z,0))
= Poa(z+nly +mly, Z+nl; +110) +m(ly 4+ 120), nhy +mhy 4 6)

2i vol
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s 4 E+nls +210) + mla +120)l; — (z +nly + mby)l,

2i vol
s (z+nly +ml)l —E+nl; +r10) +mls + r0))4,
2 2i vol
Efz _ZZZ ZE] —Eﬁl
=04+ A A
A 2i vol th 2i vol

where we used (62). Hence pa determines a map pp: T ill — S x RO which is the
map in (64). From this we see that the dashed arrow in (37) is unique and determined by

(h1€2 — Aol ) (@ + On) — (M1 €2 — Aol y)w
2i vol '

(66) 9!—)17(94—774—

As in Remark 2.11, the left action of E2!! x Spin(2) on (x + 68v) € Map(R°', M)(S)
is given by

()»lﬁz —)»2[1)(—15 — 97]) + (X]ZZ —kzzl)w
n—+ 2 v
i vol

(x+9w)»—>x+ﬁ_l(9—

— (n+ (A1l — haly)w — (A1 £ —Azzl)w)w

- 2i vol
A —A
+L7_10(1—77 152. 244 v
2i vol

which gives the claimed formula for (x’, ). Finally, a short computation shows that

PA = paroy,where y: Till — Til/l is the isometry associated to y € SL;(Z)(.S) from

Lemma 3.11. Hence, the SL,(Z)—action on sLat x Map(R°/!, M) is indeed through
the action on sLat. |

From the Lie algebra description (50), a left 21" _action determines an even and an odd
vector field gotten by considering the infinitesimal action by the elements Q = dg + 09z
and 9 of the Lie algebra of E2I'. We note the isomorphisms

(67) C= (LA (M) ~ C=(sLat x Map(R!", M)
~ C*(Lat x Map(R! M))[A1. A2]/ (A1h2)
~ (C*(Lat) ® Q*(M))[A1. A2]/ (A1A2),
where in (67) we used that the projective tensor product of Fréchet spaces satisfies
C®(SXxT)~C®(S)RC™(T)

for supermanifolds S and T'; see eg [20, Example 49].
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Lemma 3.18 The derivative at O of the left E2/'—action on /jgll(M) from (63) is
determined by the derivations on C°°(£§| ! (M)),

~ Aly =Xyt
5, = 1 2. 2 1®d,
(68) 2l VOl
~ . . Aly — Al
Q=2k182 ®1d+2k282 ®id—i1d®d— —— ®deg,
1 2 2i vol

where d is the de Rham differential and deg is the degree endomorphism on forms.

Proof The proof follows the same reasoning as the proof of Lemma 2.14, using that
right-invariant vector fields generate left actions and that the EOI! % C*—action on
Map(ROT, M) is generated by minus the de Rham operator and the degree derivation.
In this case we apply the derivation Q = 9, + 10 and 0y, to (63) (with (v, u) = (1,1))
and evaluate at (w, w, n) = (0,0, 0) to obtain (68). O

3.4 The proof of Proposition 1.5

Functions on E(z)ll (M) can be described as

69) C(cy! (M)
= C®(sLat x Map(R°!", M)
~ Q*(M; C®(sLat)) =~ Q*(M; C®(Lat)[A1, A2]/(A1h2))
~ Q°(M;C*®(Lat)) @ A+ Q°(M;C®(Lat)) @ Ay - Q°(M; C°°(Lat)),

using Lemma 3.12 in the second-to-last line, and where the isomorphism in the final
line is additive. We start by proving a version of Proposition 1.5 for invariants by

E2' % 7/2 < B2 % Spin(2) x SLy(Z) = Eucy); -

Analogously to the notation in Section 2.4, let vole ) = vol®  for w € Q¥ (M).

Lemma 3.19 Any element w € C°°(£3|1 (M))Z/2 can be written as
(70) w = voldeg/z(a)o +2Xq vol!/2 w1 + 21y vol!/2 ),

where wy € QY (M ; C®(Lat)) and w, w, € QY(M; C>®(Lat)). A Z/2—invariant
function w expressed as (70) is E2! _invariant if and only if

(71) dwy =0, 821 wo =dw; and E)e—zwo = dw,,

where d is the de Rham differential on M .
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Proof The element —1 € U(1) ~ Spin(2) acts through the parity involution, which on
C®°(sLat) is determined by A; — —A;. Using (69) and the fact that vol is an invertible
function on Lat, we see that any Z /2—invariant function can be written in the form (70).
Next we compute for wg € Qk (M C(Lat)),

200197, + A207,) (vol*/? wo)

0l — T8y \F?
—20u0g, +a05)((“2572) )

Al — Al
= Mdeg(volk/2 o) +2V01k/2(k18z + X207 )wo.
2i vol 1 2

So, by Lemma 3.18,

O (vol**/2 wg) = vol*&/2(2(h1 07, + A2z, Jwo — vol 1/ dwyp).
Using that )»% = k% = A1Ay = 0, we compute
Q(Voldeg/2 wo + 2A volldeg+1/2 () 4 25 yol(deg+1)/2 >)

= vol®e/2(2 (), 07, + h2dg,)wo — vol ™12 dwy — 24 dw; — 2A2dw,).

Matching coefficients of A; and A,, the condition Qa) = 0 is therefore equivalent
to (71). Finally, invariance under the operator 5,1, from Lemma 3.18 follows from
being Q—closed, specifically from dwg = 0. Since E2I" is connected with Lie alge-
bra generated by Q and gw, we find that (71) completely specifies the subalgebra
COO(E(2)|1(M))IE2“><Z/2 CcoO(‘Cg“(M))Z/Z. O

Next we compute the Spin(2)—invariant functions. Consider the surjective map
(72) ¢:lat > HxRaso, (€1, 81,02, 02) > (£1/£2.£1/L3, vol) € (H x R0)(S),
and use the pullback on functions to get an injection
(73) CO(H xR>0)[B. B~ C¥(Lat). [ = (0" )",
We observe that the image of this map is precisely Py <z C2°(Lat) for

CR(Lat) i= {f € C®(Lat) | f(uLy, @y, ulaii®ly) = u™® £(£1,01,02,E2)},

the vector space of smooth functions of weight k/2, where (u, «) are the standard
coordinates on U(1) ~ Spin(2). Indeed, C*°(H x R~¢) includes as C°(Lat) ~
C(Lat)SPin(2), Cr°(Lat) = {0} for k odd, and there are isomorphisms of vector
spaces Cyp (Lat) = Cg°(Lat) ~ C % (Lat)SPin(2) gotten by multiplication with E’z‘ .
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Lemma 3.20 An element w € C°°(£g|1(M))Spin(2) C C""(,C(Z)|1 (M))Z/2 expressed
in the form (70) has wg, @1, w; in the image of the inclusion

(74) Q*(M;C*®(H xR<)[B, ,3_1]) — Q°*(M;C®°(Lat)), with |B|=-2,

determined by the map (73) on coefficients, where wy is in the image of an element of
total degree zero and w1, w, are in the image of elements of total degree —1.

Proof From the description of the Spin(2)—action in (63), if
w e COO(E(Z)“ (M))Spin(z) - COO([:é“ (M))Z/Z,
we obtain the refinement of the conditions from (70),

wo e @ FM:CR(Lar) ~ P QF (M £37CE0(Laty)
keZ keZ
C Q¥ (M:C§o(Lat)[(; '),

w1, 0 € @ QTN (M C5R(Lat) > P Q% (M 55 C§0 (Lat))
keZ keZ
C QUM ; CE(Lat)[65 ).

This gives the description
(75) @ = (vol /€)% /2] 4 241 (vol /L)@t TV 20! 4 2}, (vol/€,) e +D/2¢]
where g, ], 0, €Q*(M; C(Lat)SPn)) ~ Q*(M; Cg°(Lat)) are Spin(2)—-invariant.

After identifying £, with 87! as per (73), we obtain the claimed description. O

The following allows us to recast the invariance condition as a failure of Z = wq to have
holomorphic dependence on the conformal modulus and be independent of volume.

Lemma 3.21 An E2I! x Spin(2)-invariant function on L’(z)“ (M) is equivalent to a
triple (Z, Zz, Z,) where Z € Q*(M; C®(H x R~)[B, B~]) has total degree zero
and Z,, Zz € Q*(M ; C®(H x R~¢)[B, B~']) have total degree —1 and satisty

(76) dZ =0, 8,Z=dZ, and 0;Z =dZs

for coordinates (t,7) on H and v on R~.
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Proof For the image of Z under (74), we differentiate

- - 1
86—1 Z(@]/Kz,EI/EZ,VOI) = Z—B;Z— %ZJUZ,
2 1
(77) o 7 ¢
BZZZ(EI/Kz,Zl/fz,VOI) = —Z—Zafz + ZBUZ

2
The result then follows from comparing with (71): writing 821 Z and 85—22 as d—exact
forms is equivalent to writing dzZ and 9, Z as d—exact forms. ad

Definition 3.22 A function f € C®(H x R ) has weight (k. k) € Z x Z if
at+b _ i
f( ,v) = (ct +d)*(cT+ d)F f(z.v).
ct+d
Let MF,  C C*°(H x R~¢) denote the C—vector space of functions with weight
(k. k).

Consider the inclusion

(78)  E@MF, = CPMHxR-0)B.87"). fr>pES for feMF .

keZ
Lemma 3.23 In the notation of Lemma 3.21, a triple (Z, Z,, Zz) determines an
SL, (Z)-invariant function on Lél ! (M) when

Z e P @ (M :MFyp).,
keZ
Z, e P Q¥ TN (M:MFy,).  Zz e @ Q%N (M:MFy ).
keZ keZ

using (78) to identify the above with elements of Q*(M ; C®(H x R¢)[B. B7')).

Proof We observe that
byl +dly=1Ly(ct+d) for 1 =L/, |:‘Z zj| € SLy(Z),

for the SL,(Z)—action on Lat, so that (73) is an SL;(Z)—invariant inclusion for the
action on H by fractional linear transformations and  — B/(ct + d). The SL,(Z)-
invariant property for Z then follows directly. The properties for Z, and Zz can either
be deduced from the fact that (76) are SL,(Z)—invariant equations, or by (a direct but
tedious computation) using (77) to write Z, and Zz in terms of wy and w1, and then
applying the SL;(Z)—actions on wq, w1, w, computed in Lemma 3.17. |

Proof of Proposition 1.5 The result follows from Lemmas 3.21 and 3.23. O
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Remark 3.24 As announced in [26, Theorem 1.15], a 2|1-Euclidean field theory
over M = pt has a partition function valued in integral modular forms. Theorem 1.1
when d = 2 specializes to the holomorphy and modularity statements in this result
when M = pt; generalizing the integrality statement would require one to consider the
values of field theories on super annuli with maps to M .

Remark 3.25 The Lie groupoid Lat//Spin(2) x SL,(Z) gives a presentation of the
moduli stack of Euclidean tori with periodic—periodic spin structure and choice of base-
point, where SL,(7Z) x Spin(2) acts via the restriction of the action from Lemma 3.17.
The involution generated by —1 € U(1) >~ Spin(2) is the spin flip automorphism, which
acts trivially on the underlying Euclidean torus and by the parity involution on the spinor
bundle. Consider the subspace H xR~ o C Lat of based lattices whose second generator
£, e Ry C C*ispositive and real. Since every based lattice can be rotated to one of this
form (using the action of Spin(2) on Lat) the full subgroupoid of Lat//Spin(2) xSL,(Z)
with the objects H x R.y C Lat is equivalent to Lat//Spin(2) x SL,(Z). Since
{Z1} C Spin(2) acts trivially on the subspace H xR~ ¢ C Lat, the manifold of morphisms
in this full subgroupoid is H x R~y x {#1} x SL,(Z). Composition of morphisms
gives the set {1} x SL,(Z) the structure of a group, which turns out to be the
metaplectic double cover MP, (Z) of SL,(Z). There is a functor between Lie groupoids
u: HxRso//MP,(Z) — H//MP,(Z), where the target is a standard presentation for
the stack of complex-analytic elliptic curves endowed with a periodic—periodic spin
structure. Geometrically, the functor # extracts the underlying complex-analytic elliptic
curve with spin structure.

Finally, observe there is a functor Lat//Spin(2) x SL,(Z) — M?2/! //Eucy|1, so a family
of Euclidean tori with spin structure and choice of basepoint determines a family of
super tori. Our arguments involving super tori do not encounter the metaplectic double
cover because at the outset (in Lemma 3.19) we restrict to functions invariant under the
spin flip automorphism. Hence only the quotient MP,(Z)/{£1} >~ SL,(Z) features in
our arguments.

3.5 Weak modular forms and complexified TMF

Definition 3.26 Weak modular forms of weight k are holomorphic functions f € O(H)
satisfying

b

f(jjiz) = (cr-l—d)kf(f) for T € H, |:Z d:| € SL,(Z).
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Let MFj, denote the C—vector space of weak modular forms of weight k. Define the
graded ring of weak modular forms MF as the graded vector space

MFy/, if k is even,

MF = B MF¥, where MFX .=
D W {0 if k is odd,

keZ

with ring structure from multiplication of functions on H.

Cohomology with coefficients in weak modular forms is the object that naturally
appears when studying derived global sections of the elliptic cohomology sheaf in the
complex-analytic context. Indeed, complex-analytic elliptic cohomology assigns to a
smooth manifold M a sheaf ££(M) of differential graded algebras on the orbifold
H //SL,(Z) with values

(79) EUM)U) := (OU; QL (M)[B.B7']).d) for U C H.

The SL,(Z)—equivariance data for this sheaf comes from pulling back functions along
fractional linear transformations and sending 8 +— (ct + d)B. This connects with
standard definitions of elliptic cohomology in homotopy theory (eg [21, Definition 1.2])
by identifying H //SL,(Z) with the moduli stack of complex-analytic elliptic curves,
and values (79) with the de Rham complex for 2—periodic cohomology with coefficients
in O(U). Using the Dolbeault resolution of holomorphic functions on H, the complex
(Q*(M; QO*(H)[B., B~')S2@) d + §) computes the derived global sections (ie the
hypercohomology) of the elliptic cohomology sheaf £££(M). Since H is Stein, the
inclusion
O(H) < (2°* (H). 9)

is a quasi-isomorphism. Hence, derived global sections of the elliptic cohomology
sheaf are cohomology with values in weak modular forms,

H(M: O(H)[B. B~ ')5>P ~ H(M : MF).
We refer to [5, Section 3] for details.

A weak modular form is a weakly holomorphic modular form if it is meromorphic as
T — i0o. For M compact, cohomology with values in weakly holomorphic modular
forms is isomorphic to the complexification of topological modular forms,

TMF(M) ® C ~ H(M ; TMF(pt) ® C) C H(M ; MF),

(80)
TMF(pt) ® C ~ {weakly holomorphic modular forms} C MF,
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and the inclusion on the right regards a weakly holomorphic modular form as a weak
modular form. We expect the image of 2|1-Euclidean field theories along (4) to
satisfy this meromorphicity property at i oo, and hence have image in the subring
TMF(M ) ® C. This follows from an “energy bounded below” condition discussed for
M = ptin [26, Section 3]. However, proving that the image of field theories satisfies
this condition requires that one analyze the values of field theories on super tori and
super annuli.

3.6 Concordance classes of functions

The cocycle map (4) can be factored through a complex that computes the derived
global sections of the elliptic cohomology sheaf, namely the complex

(Q*(M; QO*(H)[, p~')S2B) d +9)

described above.

Definition 3.27 Using the notation from Proposition 1.5, for each u € R ¢ define a map

(mu: COO(ﬁg\l(M))Euczu N ZO(Q°(M; QO’*(H)[,B,,3_1]),d+§)SL2(Z),
(Z9 Z?’ ZU) = Z(N’) + d?Z?(M)’

where the evaluation is at tori with volume v = u € R~ .

Lemma 3.28 The composition

COO(L:(2)|1(M))EUC2|1 m ZO(Q.(M, QO’*(H)[ﬂ, ,B_l]),d—l-g)SLZ(Z)
de Rham H(M, MF)

is independent of . and agrees with (4).

Proof Let us verify that the map in Definition 3.27 is well-defined. By Proposition 1.5,
the image is contained in the subspace of degree zero cocycles:

(d+)(Z (W) + dTZz(p)) = dTd: Z (1) — dTdZz (1) = 0.
The image is SL,(Z)—invariant by Lemma 3.23. The remainder of the proof is com-

pletely analogous to that of Lemma 2.16. O
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Proof of Proposition 1.2 for d =2 By Proposition 1.5, M CC’°(£(2)|1 (M))Eucann
is a sheaf on the site of smooth manifolds. The map in Definition 3.27 is a morphism
of sheaves

mui C00(£§|1(_))Euc2|1 — ZO(Q'(—; QO’*(H)[IB, ﬂ_l]), d+§)SL2(Z),

When evaluated on a manifold M, concordance classes of sections of the target are
cohomology classes. This completes the proof. O

3.7 The elliptic Euler class as a cocycle

For a real oriented vector bundle V' — M, consider the characteristic class

o ,8 kE 2k 2k
[Eu(V)]:= [Pf(—,BF) exp(]; WTr(F ))]
in Hi™V(Ar; C°(H)[B, B7'])52@), where F = VoV € Q2(M;End(V)) is the
curvature for a choice of a metric-compatible connection V on V and Pf(—SR) is the
Pfaffian. The functions E,; € C*°(H) are the 2k™ Eisenstein series, where we take
E, to be the modular, nonholomorphic version of the second Eisenstein series,

2mi

1
E,(1,7) = i . Ey(r,7) = EM(1)—
2(.7) ot Z (nt +m)2|nt + m|*< 2(.7) 2 (%)

(n,m)eZ2

T—T
whose relationship with the holomorphic (but not modular) second Eisenstein series
Etzml(r) is as indicated. For k > 1, the Eisenstein series E,; € O(H) are holomorphic.
Thus, if

[p1(V)] = [Tr(F?)/(2(27i)*)] € H* (M R)
vanishes, then [Eu(V)] € HE™Y (M ; O(H)[B, B~'])%2D) is a holomorphic class.

When dim V = 24k, we may ask for a preimage of AK[Eu(V)] € H*(M ; MF) under
the cocycle map (4), where A is the modular discriminant. We start with the differential
form refinement of Eu(V), evident from its definition above,
B>Tr(F?)

dmi(t —7)2
and whose failure to be holomorphic is as indicated. Since d,, Eu(V) = 0, we may
choose Z = A¥Eu(V) and Z, = 0. The remaining data to promote A¥Eu(V) to
a function on Eéll(M) is a choice of coboundary dz(AX Eu(V)) = dZz, which in
turn is determined by H € Q3 (M) with dH = p;(V), ie a rational string structure.

Bu(V) € Q*(M;C®(H)[B. B7'])., 0dzBu(V)= Eu(V),
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This identifies the set of rational string structures on (V, V) with choices of lift of

A¥[Eu(V)] to a function on [,(2)“ (M). We expect a similar story without the dimension

restriction on V' and the factors of A though an enhancement of (4) that incorporates a

degree n twist [26, Section 5].
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