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A new cohomology class on the moduli space of curves

PAUL NORBURY

We define a collection O , € H*¢ 412" (M, ,, Q) for 2g —2+n > 0 of cohomology
classes that restrict naturally to boundary divisors. We prove that the intersection
numbers | Mg Ogon 17—, ¥;"" can be recursively calculated. We conjecture that
a generating function for these intersection numbers is a tau function of the KdV
hierarchy. This is analogous to the conjecture of Witten proven by Kontsevich that a
generating function for the intersection numbers | Me.n [T, I/fim ! is a tau function
of the KdV hierarchy.
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1 Introduction

Let Mg, be the moduli space of genus g stable curves — curves with only nodal
singularities and finite automorphism group — with »n labelled points disjoint from
nodes. Define ¢; = c1(L;) € H 2(M ¢.n» Q) to be the first Chern class of the line
bundle L; — Mg , with fibre above [(C, p1,..., pn)] given by T; C. Consider the
natural maps given by the forgetful map which forgets the last point,

(D Mg nt1 7> Mg.n,
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2696 Paul Norbury

and the gluing maps which glue the last two points,

2) Mg 1nt2 i, Mg.n.
My 1141 X Mg_p 11+ Ly My, TUJT={1,....n}.
In this paper we construct cohomology classes O, € H* (Mg 4, Q) for g > 0,1 >0
and 2g —2 4+ n > 0 such that
(i) Ogn € H*(Mgn, Q) is of pure degree,

(i) @5, Ogn=0Og_1,n42and ¢p 1 Ogn =7 O 1141 7T Og_p| |41,

(i) Ognt1=VYnt+1 7" Ogn,

(iv) ©1,1 #0,
where 7; is projection onto the i™ factor of M hI|+1 X M g—h,|J|+1- We prove below
that properties (i)—(iv) uniquely define intersection numbers of the classes Og , with

the classes v; and more generally with classes in the tautological ring RH*(M gn) C
Hz*(/ﬁg,n, Q).

Remark 1.1 One can replace (ii) by the equivalent property
¢1>E ®g,n = ®I‘
for any stable graph I', defined in Section 3, of genus g with n external edges. Here

griMr= ] Mgwnw = Men. Or= [] 770g0)nw) € H*(Mr. Q).
veV () vel(I)

where m, is projection onto the factor M ¢(v),n(v)- This generalises (ii) from 1-edge
stable graphs given by ¢, = ¢y and ¢, , = @ 1.

Remark 1.2 The sequence of classes O , satisfies many properties of a cohomologi-
cal field theory (CohFT). It is essentially a 1-dimensional CohFT with vanishing genus
zero classes, not to be confused with Hodge classes which are trivial in genus zero but
do not vanish there. The trivial cohomology class 1 € H(M g.n» Q), which is a trivial
example of a CohFT known as a topological field theory, satisfies conditions (i)—(ii),
while the forgetful map property (iii) is replaced by Og 41 = 7*Og 5.

Theorem 1.3 There exists a class ©g ; satisfying (i)-(iv) and, furthermore, any such
class satisfies the following properties:

D ®g,n € H4g_4+2n(-/\7g,n» Q)
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A new cohomology class on the moduli space of curves 2697

D) ®y,, =0 forall n and ¢1’ﬁ Og.n = 0 for any I" with a genus 0 vertex.
() Og,c H* (Mg,n, Q)S”, ie it is symmetric under the Sy action.
(IV) ©1,1 =3y.

(V) For any n € RH8 (M), the intersection number f/\—/lgn Ognn € Q is
uniquely determined by (i)—(iii) and (IV).

The main content of Theorem 1.3 is the existence of ® ,, the rigidity property (IV) and
the uniqueness property (V). The existence of O , is constructed via the pushforward
of a class over the moduli space of spin curves in Section 2. The rigidity property (IV)
is proven in Section 3 by starting with ® ; = Ay; and determining constraints on A
to arrive at A = 3, which does occur due to the construction of ®, ,,. The uniqueness
result (V) involving classes in the tautological ring RH* (M g,n) 18 nonconstructive
since it relies on the existence of nonexplicit tautological relations. The proofs of
properties (I)—(III) are straightforward and presented in Section 3. Section 4 describes
how the classes ®g ,, naturally combine with any cohomological field theory.

Remark 1.4 Properties (i)—(iv) uniquely define the classes O , for g <4 and all n,
but it is not known if they uniquely define the classes Og , in general. Uniqueness
would follow from injectivity of the pullback map to the boundary

RH?¢72(Mg) — RH*$2(0My),

which holds for g = 2, 3 and 4. It would show that O, € RH?672(M,) is uniquely
determined from its restriction, and consequently ® , would coincide with the classes
constructed in Section 2 for all n > 0.

The following conjecture allows one to recursively calculate all intersection numbers
/ M. Ogn 17—, v;" viarelations coming out of the KdV hierarchy. Such a recursive
calculation would strengthen property (V) since intersections of ®g , with ¥ classes
determine all tautological intersections with Oy ;, algorithmically.

Conjecture 1.5 The function

he1 5ok
ZO(h.to.11....) =exp Y Ty /M Ocn- [ vy [Tk,
T g.n j=1

g.n.k

is the Brézin—Gross—Witten tau function of the KdV hierarchy.
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2698 Paul Norbury

The Brézin—Gross—Witten KdV tau function ZBSY was defined in [6; 30]. Conjecture
1.5 has been verified up to g = 7, ie the coefficients of the expansion of the logarithm
of the Brézin—Gross—Witten tau function are given by intersection numbers of the
classes ®g , for g < 7 and all n. Progress towards Conjecture 1.5, including a purely
combinatorial formulation that can be stated without reference to the moduli space of
stable curves or the KdV hierarchy, is discussed in Section 6.

Acknowledgements I would like to thank Dimitri Zvonkine for his ongoing interest
in this work, which benefited immensely from many conversations together. I would
also like to thank Vincent Bouchard, Alessandro Chiodo, Alessandro Giacchetto, Oliver
Leigh, Danilo Lewanksi, Rahul Pandharipande, Johannes Schmitt, Mehdi Tavakol,
Ran Tessler, Ravi Vakil and Edward Witten for useful conversations, the referee for
comments which improved the paper, and the Institut Henri Poincaré, where part of
this work was carried out.

2 Existence

The existence of a cohomology class Og , € H* (Mg n, Q) satisfying (i)—(iv) is proven
here using the moduli space of stable twisted spin curves M;Ri,?, which consists of
pairs (X, 6) given by a twisted stable curve X equipped with an orbifold line bundle 6
together with an isomorphism %2 =~ a)lzog. See precise definitions below. We first
construct a cohomology class on /ﬁz,p,i,? and then push it forward to a cohomology class
on Mg p.

A stable twisted curve, with group Z,, is a 1-dimensional orbifold, or stack, C such
that generic points of C have trivial isotropy group and nontrivial orbifold points have
isotropy group Z,. A stable twisted curve is equipped with a map which forgets the
orbifold structure p: C — C, where C is a stable curve known as the coarse curve
of C. We say that C is smooth if its coarse curve C is smooth. Each nodal point of C
(corresponding to a nodal point of C) has nontrivial isotropy group, the local picture at
each node is {xy = 0}/Z, with Z, action given by (—1) - (x, y) = (—x, —»), and all
other points of C with nontrivial isotropy group are labelled points of C.

A line bundle L over C is a locally equivariant bundle over the local charts such
that, at each nodal point, there is an equivariant isomorphism of fibres. Hence, each
orbifold point p associates a representation of Z, on L|, acting by multiplication
by exp(2miAp) for A, =0 or % One says L is banded at p by A,. The equivariant
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A new cohomology class on the moduli space of curves 2699

isomorphism at nodes guarantees that the representations agree on each local irreducible
component at the node.

The canonical bundle w¢e of C is generated by dz for any local coordinate z. At
an orbifold point x = z2, the canonical bundle w¢ is generated by dz; hence, it is
banded by %, ie dz — —dz under z — —z. Over the coarse curve, wc is generated
by dx = 2zdz. In other words, p*wc % wc; however, wc = pxwc. Moreover,
degwc =2g—2and

degwe =2g -2+ %n

log

For a)Co =we(p1,-.., pn),locally dx/x =2dz/z, so ,o*a)lcog = a)éog and deg a)lcog =

2¢—2+n= degwéog.

Following [1], define the moduli space of stable twisted spin curves by

Here wéog and 0 are line bundles over the stable twisted curve C with labelled orbifold
points pj anddeg =g —1+ %n. The pair (6, ¢) is a spin structure on C. The relation
02 =5 ' is possible because the representation associated to wy at p; is trivial:
dz/z— dz/z, z+ —z. The equivariant isomorphism of fibres over nodal points forces
the balanced condition A,, = A,_ for p+ corresponding to p on each irreducible
component.

We can now define a vector bundle over M Z,p,i,? using the dual bundle 6" on each stable
twisted curve. Denote by £ the universal spin structure on the universal stable twisted
spin curve over /ngp,i,?. Given a map § — /\71?)1,[,1 £ pulls back to 6, giving a family
(C,0, p1,..., pn.P), where : C — S has stable twisted curve fibres, p;: S — C are
sections with orbifold isotropy Z,, and ¢: 62 => a)lco/gs =wc/s(p1,. .-, pn). Consider

the pushforward sheaf &Y over szp,i,?. We have

degf¥ =1—g—In<0.

Furthermore, for any irreducible component C’ L5 ¢, the pole structure on sections of

. . . log _  log . 2 =~ log
the log canonical bundle at nodes yields 7 *a)C/S =We g Hence, ¢": (0|cr)* => Dery o
where ¢’ = i* o ¢|¢r. Since the irreducible component C’ is stable, its log canonical

bundle has negative degree and
deg 0V e < 0.

The negative degree of 8V restricted to any irreducible component implies R7,EY =0
and the following definition makes sense:

Geometry € Topology, Volume 27 (2023)



2700 Paul Norbury
Definition 2.1 Define a bundle Eg , = —Rm+EY over /ngp,i,? with fibre H'(C, 6V).

Represent the band of 6 at the labelled points by 6 = (071, ...,0,) € {0, 1}" so that,
at each labelled point p;, the representation of Z, on 6|, is given by multiplication
by exp(2miAp,) for Ap, = %O’i € {O, %} The number of p; with A, = 0 is even due
to evenness of the degree of the pushforward sheaf |0 := p«O¢(6) on the coarse
curve C [33]. In the smooth case, the boundary type of a spin structure is determined
by an associated quadratic form, applied to each of the n boundary classes, which
vanishes since it is a homological invariant, again implying that the number of p; with
Ap; = 0 is even. The moduli space of stable twisted spin curves decomposes into
components determined by the band &,

T spin T spin
Mgn = | M
o

g.n,6’

where ./sz,i,‘;’a consists of those spin curves with 6 banded by &, and the union is
over the 2"~! functions G satisfying 6| +7n =Y 7_,(0; + 1) € 2Z. Each component
M5 5 is connected except when |o| = n, in which case there are two connected
components determined by their Arf invariant, known as even and odd spin structures.

This follows from the case of smooth spin curves proven in [42].

Restricted to /WSpin -, the bundle Eg , has rank
g.,n,0 ’
(3) rank Eg, =2¢ —2+ 1(n+13|)

by the following Riemann—Roch calculation. Orbifold Riemann—Roch takes into
account the representation information

n
hO(C,QV)—hl(C,QV)=1—g+deg6V—ZAp, =1-g+1-g—3n—3o|
i=1

=2-2g—1(n+[5]).

Alternatively, one can use the usual Riemann—Roch calculation on the pushforward
of 6 to the underlying coarse curve C as follows. The sheaf of local sections O¢(L)
of any line bundle L on C pushes forward to a sheaf |L| := p«O¢(L) on C, which
can be identified with the local sections of L invariant under the Z, action. Away
from nodal points, | L] is locally free, and hence a line bundle. At nodal points, the
pushforward | L| is locally free when L is banded by the trivial representation, and
|L| is a torsion-free sheaf that is not locally free when L is banded by the nontrivial

Geometry € Topology, Volume 27 (2023)



A new cohomology class on the moduli space of curves 2701

representation; see [25]. The pullback bundle is given by

p*(16V]) = 6" & Q) O(—0i pi)
iel
since locally invariant sections must vanish when the representation is nontrivial. Hence,
deg|60Y| =degh — %|5|. Hence, Riemann—Roch on the coarse curve yields the same
result as above: 1°(C,|0V|) —h'(C,|6V]) =2—2g — 1(n +5]). It is proven in [25]
that H(C,0Y) = H'(C,|6"|), so the calculations agree.

We have h°(C, 6Y) = 0 since degfY =1 —g — %n < 0, and the restriction of " to any
irreducible component C’, say of type (g’,n’), also has negative degree, deg 0V |¢c =
1—g' — %n’ < 0. Hence, h'(C,0Y) =2g -2+ %(n + |6]). Thus, H'(C,8V) gives
fibres of a rank 2g — 2 + %(n + |0 |) vector bundle.

The analogue of the boundary maps ¢, and ¢, ; defined in (2) are multivalued maps
defined as follows. Consider a node p € C for (C, 0, p1,..., pn,P) € /Wz,pl,il Denote
the normalisation by v: C — C with points p1 € C that map to the node, p = v(p+).
When C is not connected, the spin structure v*# decomposes into two spin structures
01 and 8,. Any two spin structures 87 and 6, with bands at p4+ and p_ that agree can
glue, but not uniquely, to give a spin structure on C. This gives rise to a multivalued
map, as described in [26, page 27], which uses the fibre product

v v 7Spin 7Spin
(M, 11+1 X Mg—n,|71+1) X34, ,, Mgn — Mgon

J |

Mp, 1141 X Mgp |41 ——————— Mg
and is given by

— — —spin
(M, 11141 X Mg—p,|71+1) X j1,.,, Me.n

spin

1 Spin T Spi v
A (T R A e i + M.

where I LU J = {l, ces ,n}. The map ¥ is given by the pullback of the spin structure
obtained from /WZEI,? to the normalisation defined by the points of Mh,l 7]+1 and
M ¢—h,|J|+1- The broken arrow --> represents the multiply defined map ¢ j o p=L

The multivalued map ¢, 1 o p~! naturally restricts to components

T spin T spin . r4spin
Miiniro X Me-nirisre, = Meng

Geometry € Topology, Volume 27 (2023)



2702 Paul Norbury

where ¢ and 7 uniquely determine oy and o5, since 6 must be banded by A, = 0 at an
even number of orbifold points, which uniquely determines the band A, = A,_ at the
separating node.

When C is connected, a spin structure 8 on C pulls back to a spin structure 6 =v*6 onC.
As above, any spin structure 6 with bands at p+ and p_ that agree glues nonuniquely,
to give a spin structure on C, and defines a multiply defined map which uses the fibre
product

and is given by

Again, ¢, o D! naturally restrlcts to components /\/lwm1 ni23 " Mbpm 5 but,
unlike the case of ¢ y o D™ I above, 6 does not uniquely determine & The map D
now depends on 6 and there are two cases, corresponding to the decomposition of
the fibre product M g—1n+2 X i, , MZP,IH: into two components Wthh depend on the

behaviour of ¢ at the nodal point p. Either 6 is banded by A, or it is banded

2 b
by Ap, =0, corresponding to 6’ = (5,1, 1) and 6" = (7, 0,0), respectlvely.

The bundle Eg , behaves naturally with respect to the boundary divisors.
Lemma 2.2 On components where 0 is banded by A, = %, at the node,

* ~ 0K * ~ Kk *
GinEgn =V Eg_1,n42, ¢h 1Een =07 Ep11+1 975 Eg—p|7)+1),

where 1; is projection from M;lp|r;|+1 X /W:Flnh |J|4+1 onto the i ™ factor fori =1, 2.

Proof A spin structure 6 on a connected normalisation C has
degf¥ =1—(g—-1)—L1(m+2)<0

and also negative degree on all irreducible components; hence, H°(C, év) = 0. By
Riemann—Roch,

"€, 0%)~h'(C.0Y)=1—(g—1)+degh” —1(n+2)=2-2¢—n.

Geometry € Topology, Volume 27 (2023)



A new cohomology class on the moduli space of curves 2703

Hence, dim H'(C,0Y) = dim H'(C,#V) and the natural map
0> H'C,0V)—> H'(C,0Y)
is an isomorphism. In other words, ¢ Eg = v*Eg_j 44.

The argument is analogous when C is not connected and A Py = % Again deg 6, <0,
and it has negative degree on all irreducible components; hence, H°(C, 6,Y) =0 for
i = 1,2. By Riemann-Roch,

dim H'(C,0)) +dim H'(C,0y) = dim H'(C, 0"),

so the natural map
0— H'(C,0%)— H'(C,,6))® H'(C2,6))

is an isomorphism. In other words, ¢ ; Eg.n = V* (7 Ep 1141 ® 75 Eg_p,js|+1)- O
The pullback of Eg , to boundary divisors with trivial isotropy at the node is described
in the following lemma:
Lemma 2.3 On components where 6 is banded by A, = 0, at the node,
@ 0= 0x,, =65 Egn— 000} Enjr41 © 75 Eg i js141) = 0
for Xp, 1 = (Mp, 1141 X Mg—n,|7141) Xz, , Mgn and

4) 0— Ox,

irr

= ¢inLgn =V Eg_ 142 >0
for )(il-r = -/Wg—l,n-i—z X/Wg,n ./WZRI,;I
Proof When the bundle 6 is banded by A,, = 0, the map between sheaves of local

holomorphic sections
LU, 6)— T U v*)

is not surjective whenever U > p. The image consists of local sections that agree, under
an identification of fibres, at p4 and p_. Hence we have an exact sequence

(6) 0— 0" > v*0Y > v*0Y], >0,

where the quotient sends a local section s € T(v™1U, v*6V) to s(p+) —s(p—). Note
that this difference of sections over different points makes sense since X}y and Xj
come with a choice of isomorphism between the fibres over p4 and p_. The exact
sequence (6) splits as follows. We can choose a representative ¢ upstairs of any element

Geometry € Topology, Volume 27 (2023)
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from the quotient space so that ¢(p4) = 0, ie I'(U, 6") corresponds to elements of
['(v=1U,v*6V) that vanish at p. This is achieved by adding the appropriate multiple
of s(py)—s(p—) toagiven ¢ € T(v™1U,v*0V). (Note that ¢(p—) is arbitrary. One
could instead arrange ¢ (p—) = 0 with ¢ (p4+) arbitrary.) In other words, we can identify
6V with v*6Y (—p4) in the complex

0—>v*0Y(—ps) > v*0Y > v*0Y|,. — 0.

Inafamily 7: C — S, RO, (v*¥0V) = 0 = ROmy (v*0V (—p4)) since degv*6HY <0,
and it has negative degree on all irreducible components. Also R!m,(v*6V| p) =0
since p4 has relative dimension 0. Thus,

(7 0— RO (v*0Y|p,) — R'm(v*0Y (= p4)) — R'm(v*0Y) — 0.

We can identify the sequence (7) with the sequences (4) and (5) as follows. For the first
term of (7), v*0Y|,, = C canonically, since a)(ljog |p. = C canonically by the residue
map; hence, RO, (v*6Y |, +)=:g. The second and third terms of (7) are identified with
the corresponding terms of (4) by V*(n} Ep 1141 D 75 Eg_p,|s+1) = Rlme(v*0Y)
and ¢Z,I Egn=R'm(v*0Y (—p4+)), and similarly with those of (5) by D* Eg_1 42 =
Rlz,(v*0Y) and ¢* Eg n = Rlmi(v*60Y (—py)). ]
Remark 2.4 In Lemma 2.2, the nodal band is )Lpi = % and so kp+ +Ap_ =1. Wesee
from Lemma 2.3 that A, =0 really wants one of A, tobe 1 to preserve A, +A,_=1.

Definition 2.5 For 2g — 2 + n > 0, define the Chern class

Qg,n = CZg—2+n (Eg,n) € H4g—4+2n (-/W(Sgp,ll?: Q)
On the component M;pi; 5 of Jﬁz,pl,? for |G| = n, this defines the top Chern class, or
Euler class. The Chern class vanishes on all other components because, by (3), the rank
of Egn=2g—-2+ %(|6| +n) <2g—2+n when || < n. Note that Q¢ , = 0 for

n > 3 because rank(Ey ,) = n — 2 is greater than dim /szi; = n — 3, so its top Chern
class vanishes.

The cohomology classes €24, behave well with respect to inclusion of strata.

Lemma 2.6 We have

* Ak * Ak %k *
PireS2gn =V QRg—1n4+2, Py [SRgn ="V (07 R 114173 Rg— | J14+1)-
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Proof When |6| = n and 6 is banded by % at the nodal point, this is an immediate
application of Lemma 2.2 and the naturality of ¢34_24, = ¢rop: We have

¢;rctop(Eg,n) = f)*Ctop(Eg—l,n—i-z),
* ~k * *
d)h’jctop(Eg,n) =V (”1 Ctop(Eh,Ill—H) L) Ctop(Eg—h,IJl—l-l))-
When |6| = n and 6 is banded by 0 at the nodal point, the nodal point is neces-
sarily nonseparating and we must consider the restriction of g , to the component
M of M with |6’| = n. On this component, we have the exact

g—1,n+2,0" g—1,n42
sequence of Lemma 2.3,

0—>Eg 1n+2_)¢lrrEgn_)OM<pm —>0,
g—1.n+2.6/
which implies ¢ c2g—24n(Egn) = C2g—34n(Eg_1 ny2.5) CI(OM?nl n+2’5,) = 0.
This vanishing result is a special case of the pullback by ¢.* since Q2g_1 42 vanishes
1Spin Sy
on/\/lg Lnt 2.3 for |o’| = n.

Finally, when |6| < n, this is simply because the pullback of the trivial class is trivial,
since in each case the restriction to an irreducible component has at least one labelled
point with band equal to 0, so that the right-hand side vanishes. O

The cohomology classes €24 , also behave well with respect to the forgetful map

T spin sprn
T M . — Mg

which is defined on components with 6 banded by % at py+1 as follows. Define

n(cv07p17"'7pn+lv¢) :(p(c)’lo*e’pl’""pn’p*¢)’

where p(C) forgets the orbifold structure at p, ;. The pushforward sheaf p..6 consists
of local sections invariant under the Z, action. Since the representation at pj; is
given by multiplication by —1, any invariant local section must vanish at p,4;. In

2

terms of a local orbifold coordinate x = z<, an invariant section is of the form zf(x)s

for s a generator of 6 and its square

(2 (99)? = 22 £ ()5 = x/ (1) X = () dx

has no pole. In other words its square is a section of a)lco with no pole at p,4
and hence a section of @' (c) = woc)(p1 + P2+ -+ pn)- Furthermore we have
0 = psx{0(—pn+1)}, p*px0 = 0(—py41) and degp*é deg 0 — 5. The forgetful

map 7 is used to denote any family 7 :C — § since /\/l SPIn essentrally the universal
spm

na+1
curve of Mg

Geometry € Topology, Volume 27 (2023)
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Tautological line bundles L, — /Wz,p,i,[,l fori =1, ..., n are defined analogously to those
defined over M g,n as follows. Consider a family 7 : C — § with sections p;: S — C

fori =1,...,n, and define
Ly = pf(ocss), i =ci(Ly) € H(Mgn. Q).

Lemma 2.7 Qent1=—Vp,p T Qg .

spin

g,n+1
structure (also denoted by &), tensor the exact sequence of sheaves

Proof Over a family 7: C — S, where S — M and 6 — C is the universal spin

0 — Oc(—=pn+1) = Oc = Oclp, ., =0
with 8 (pp+1) to get
060" — 0" (put1) = 0V (Put1)lpnss — 0.
This induces a long exact sequence, which simplifies to the short exact sequence
0= R4 (6" (Pn+Dlpysy) = R0 — R170(8Y (pnt1)) — 0

due to the vanishing R°74(0Y (pn+1)) = 0 = R'74 (0 (pn+1)pny,)- The first of
these vanishing results uses the identification 6 (p,+1) = 7*60" described below
together with the vanishing R0V = 0 due to the negative degree on each irreducible
component described earlier. The second of these vanishing results uses the simple
dimension argument that R'7, vanishes on the image of p,,, which has relative

dimension 0.

Recall that the forgetful map (C, 0, p1,..., put1,P) = ((C), w40, p1, ..., Pn, TxP)
pushes forward 6 via & which forgets the orbifold structure at p,4+1. As described
earlier, 7 *mx0 = 0(— pp+1) since the pushforward gives the sheaf of locally invariant
sections, which necessarily vanish as the isotropy group acts by multiplication by —1.
Hence, 0V (pn41) = 7*0Y, which is used to calculate R® above, and also to give
R'74(8Y (pus1)) = R'me(n*0Y) = 7* R4 (6V). Thus, the last two terms of the
short exact sequence become Eg 11 — 7% Eg p.

For the first term of the short exact sequence, the residue map produces a canonical
isomorphism

log —
”*a)c/s|Pn+1 = Og.

Thus, 74(0|p,,) and 7x(0"|p, . ,) define line bundles over S with square Og and
hence trivial Chern class ¢(«(6]p,,,)) = 1 = c(7«(0"]p,,,)). The first term of the

Geometry € Topology, Volume 27 (2023)



A new cohomology class on the moduli space of curves 2707

short exact sequence R°m4(6Y (pn+1)|p, +) defines a line bundle £ — S with Chern
class

c(€) = ¢(R*7:(Oc(Pnt1lpnyr))

that fits into the short exact sequence
0>&— Egpy1 > 7 Egn— 0.

The triviality of 7. (0 gl p,,) implies

Lpn+1 = Ron*(wC/S|pn+1) = _Ron*(OC(pn+l)|pn+1);
hence,

c§) = m = 1—¢pn+1-

The short exact sequence then gives 224 n41(Egnt1)=—Yp,4, T C2g—24n(Eg.n),
as required. O
Definition 2.8 For p: /\7??,? - M g¢,n> define
Ogn = (_l)nzg_1+np*9g,n € H4g_4+2n(ﬂg,n, Q).
Lemma 2.7 and the relation
Vat1 = 30 Unt1
proven in [26, Proposition 2.4.1], together with the factor of 2" in the definition of Qg ,
immediately gives property (iii) of Og ,,
®g,n+l = VYn+1 '7T*®g,n-

Property (iv) of ® 5 is given by the following calculation:
Proposition 2.9 O1,1 =3y, eHz(/Wl,l,Q).

Proof A one-pointed twisted elliptic curve (€, p) is a one-pointed elliptic curve (E, p)
such that p has isotropy Z,. The degree of the divisor p in £ is % and the degree of
every other point in £ is 1. If dz is a holomorphic differential on £ (where E = C/A
and z is the identity function on the universal cover C), then, locally near p, we have
z =12, 50 dz = 2t dt vanishes at p. In particular, the canonical divisor (wg) = p has
degree % and (a)lgog) = (weg(p)) = 2p has degree 1.

A spin structure on £ is a degree % line bundle £ satisfying £? = a)lgog. Line bundles
on &£ correspond to divisors on £ up to linear equivalence. Note that meromorphic
functions on & are exactly the meromorphic functions on E. The four spin structures
on & are given by the divisors 6y = p and 6§; = ¢; — p fori = 1,2, 3, where ¢; is a
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nontrivial order 2 element in the group E with identity p. Clearly, 92 2p=wg”. ¢ For
i=1,2,3, 91 = 2q; —2p ~ 2 p since there is a meromorphic function p(z) — g(g;)
on E with a double pole at p and a double zero at ¢;. Its divisor on £ is 2¢q; — 4p,
since p has isotropy Z,; hence, 2q; —2p ~ 2p.

Since H2(M1 1, Q) is generated by vy, it is enough to calculate fM ©1,1. The
Chern character of the pushforward bundle E ; is calculated via the Grothendleck—
Riemann—Roch theorem:

ch(R7«EY) = mx(ch(EY) Td(w,))).

In fact we need to use the orbifold Grothendieck—Riemann—Roch theorem [53]. The
calculation we need is a variant of the calculation in [26, Theorem 6.3.3] which applies
to £ such that £2 = a)c ® instead of £V. Importantly, this means that the Todd class has
been worked out, and it remains to adjust the ch(£Y) term. We get

[ pertErn = —eh(ruie)
Mia
=2 [ [t v+ 3 )]
Mi.1
1 1\ 1
2(242+242+§'ﬁ'§) “ 16’

/Ml,l

Hence, pxci(E1,1) = —%wl and © 1 =—2ps«ci(E1,1) =3Y1. One can also calculate

which agrees with

L =_1

24 16°

N w
N|w

Y =-

this using Chiodo’s formula [10], given by (41) in Section 5. O
Proposition 2.10 The classes O, € H*$ 412" (M, ,, Q) satisfy property (ii).

Proof The two properties (ii) of ®g , follow from the analogous properties for Qg 5.
This uses the relationship between compositions of pullbacks and pushforwards in the

diagrams
5—1
7 spin ¢m°" 5p1n 1 spin T spin d’hloz T spin
Mgt nta~ - Mg Mo 41 M 1141 + Mg.n
Pl Pl Pl Pl
Birr — — — .1

Mg—tpt2 —— Mgn  Mp 141 X Mg_pgj+1 — Mgn

where the broken arrows signify multiply defined maps which are defined above using
fibre products.
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On cohomology, we have ¢ px = 2p«Dxgpyy. and ¢) ; psx = 2psDsdp; ;, where the
factor of 2 is due to the degree of ¥ ramification of p and the isotropy of the orbifold
divisor; see [33, (39)]. Hence,

Dk Ogn = ¢F pu(=1)"2871HQ = 2pubupt (—1)"2871H1Q,
= P*(_l)n+22g+an—l,n+2 = ®g—1,n+2
and, similarly, ¢,"1"I®g,,, = 1 Op | 1]+1° 75 Og_p,s|+1, Which uses

2. (_l)nzg—1+n — (_1)n2g+n — (_1)|I|+12h—1+|1|+1(_1)|J|+12g—h—1+|J|+1' O

Remark 2.11 The construction of g , should also follow from the cosection con-
struction in [7] using the moduli space of spin curves with fields

Mg n(Z2)? = {(C,8,p) | (C,0) € M, pe HO(C.H)}.
A cosection of the pullback of Eg , to Mg »(Z,)? is given by p~3 since it pairs well
with H'(C,0): we have p=3 € H°(C, (6Y)?) while H'(C,0) = H°(C,w ® Y)Y =
H(C,(#V)3)V. Using the cosection p~3, a virtual fundamental class is constructed

in [7] that likely gives rise to Qg, € H*¢~4+20(AMP" Q). The virtual fundamental
class is constructed away from the zero set of p.

3 Uniqueness

The degree property (I) of Theorem 1.3, ®g , € H*¢~4+2" (M, ,, Q), proven below,
implies the initial value

O11 =2y, 1€Q.

It leads to uniqueness of intersection numbers | Me.n Ogn [ wim i ]_[JN=1 Kg; viaa
reduction argument, and consequently property (V) of Theorem 1.3. The proofs in this
section of properties (II), (IIT) and (V) apply for any A # 0. We finish the section with
a rigidity result given by Theorem 3.6, proving that necessarily A = 3.

We first prove the following lemma, which will be needed later:
Lemma 3.1 Properties (i)—(iv) imply that ©g , # 0 for g > 0 and all n.

Proof We have ©;; = a or ©®; = ay for a # 0 by (i) and (iv). Using the
pullback property (iii) together with the equality ¥, v; = ¥, w*y; for i <n, we have
Orp=ayy--Ynor O, =ayyy---Yn; hence, (1+vY1)O1 n =ay 1y Y, and
'[Mg,n(l +Y1)O1 0= ﬁa(n — 1)!, proving ©; , # 0.
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Now we proceed by induction on g. For the base case of g = 1, we have ©; , # 0 for
all n > 0. Assume Oy , # 0 for 0 < h < g and all n. For g > 1, let I' be the stable
graph consisting of a genus g — 1 vertex attached by a single edge to a genus 1 vertex
with n labelled leaves (called ordinary leaves in Section 5.0.1). Then, by (ii),

PrOgn =0g_11 Q0O ny1,
which is nonzero since ®,_1,; # 0 by the inductive hypothesis and ©; , 1 # 0 by

the calculation above. O

Proof of (I) Write
d(g,n) = degree(Og,n),

which exists by (i). Note that the degree here is half the cohomological degree, so
Ogn € H2EM (Mg », Q). Using (ii), ¢ O n = Qg1 nt2 implies that

d(g.n)=d(g—1,n+2)

since Og_1 42 # 0 by Lemma 3.1. Hence, d(g,n) = f(2g —2 + n) is a function
of 2g — 2 4+ n. Similarly, using (ii), (;5;: 1Ogn =Op 11+1 ® Og_p ||+ implies that

fla+b)= f@ + f(b) = (a+b) /(1) since ©p 711 # 0 and Og_p 7141 # 0,
again by Lemma 3.1. Hence,

d(g,n)=Q2g—-2+n)k
for an integer k. But d(g,n) <3g —3 4+ n implies k < 1. When k = 0, this gives
deg ®g , = 0, which contradicts (iii) together with Lemma 3.1; hence, k = 1 and
deg®g , =2g—2+n. |
Proof of (IT) This is an immediate consequence of (I) since
deg®pp =n—2>n—-3=dimM,,

and hence ® , = 0. For any stable graph I" with a genus 0 vertex, Remark 1.1 gives
¢ Ogn = Or = [[epr) Ty Og(v).n(v) = 0 since the genus 0 vertex contributes a
factor of O to the product. O

Proof of (III) Property (iii) implies that

n
@g,n = 1_[ wl‘ '7[*®g,

i=1
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where : /Wg,n — Mg is the forgetful map. Since n*w € H* (Mg,na Q)5 for any
class w € H*(Mg, Q) and clearly [[/_, ¥i € H*(Mgn, Q)5", we have O, €
H*(Mg n, Q)S", as required. O

The proof of (V) follows from the special case of the intersection of ®g , with a
polynomial in x and y classes.

Proposition 3.2 For any ®g , satisfying properties (i)—(iii), the intersection numbers

n N
) / Ocn [ T¥" 1
Mg,n J:1

i=1

are uniquely determined from the initial condition ®; | = Ay; for A € Q.

Proof For n >0, we will push forward the integral (8) via the forgetful map 7 : M an—>
M g¢.n—1 as follows. Consider first the case when there are no « classes. The presence
of Y in Og y = Yy - T*Og 1 gives

OgnVik =Ogun™ Vi, k<n,

since YV = Y ™Yy for k < n. Hence,

n n—1
/ @g,n 1_[ w:nl = /. ﬂ*(e)g,n—l l_[ wlml) ’Tn+1
Me.n i=1

Mag.n i=1
n—1
— * mi my+1
= / 7'[*{7'[ (@g,n—l l_[ W,’ ,) n " }
Mg.n—1 i=1
n—1
mi
= f ®g,n—1 l_[ Vi Kmy, s
Mg,nfl i=1

so we have reduced an intersection number over Mg , to an intersection number
over Mg »—1. In the presence of « classes, replace «y; by kg, = ¥k ;T Y, and
repeat the pushforward as above on all summands. By induction, we see that, for g > 1,

n N
m
/ Ogn [ [ []xe, =/ Og - plk1. k2, ... K3g-3),
Mg.n i=1 j=1 Mg

ie the intersection number (8) reduces to an intersection number over M g of ©g times
a polynomial in the « classes. When g = 1, the right-hand side is instead | My O1,1-p
for p € Q a constant.
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For g > 1, by (I), deg ®y = 2g — 2, so we may assume the polynomial p consists only
of terms of homogeneous degree g — 1 (where deg k, = r). But, by a result of Faber
and Pandharipande [24, Proposition 2], which strengthens Looijenga’s theorem [38],
a homogeneous degree ¢ — 1 monomial in the « classes is equal in the tautological
ring to the sum of boundary terms, ie the sum of pushforwards of polynomials in ¥
and « classes by the maps (¢r)«. Such relations arise from Pixton’s relations and are
described algorithmically in [11]. Now, property (ii) of ® shows that the pullback
of O to these boundary terms is @ ,» for g’ < g, so we have expressed (8) as a sum
of integrals of ®g ,» against ¥ and « classes. By induction, one can reduce to the
integral [ M O = 21—4k and the proposition is proven. a

A consequence of Proposition 3.2 is property (V) of Theorem 1.3, stated as Corollary 3.3
below. Let us first recall the definition of tautological classes in H* (M g,ns Q). Dual to
any point (C, p1, ..., pn) € Mg n is its stable graph " with vertices V(") representing
irreducible components of C, internal edges representing nodal singularities and a
(labelled) external edge for each p;. Each vertex is labelled by a genus g(v) and has
valency n(v). The genus of a stable graph is g(I') = b1 (") + ZUGV(I‘) g(v).

The strata algebra Sg 5 is a finite-dimensional vector space over Q with basis given
by isomorphism classes of pairs (I', w) for I" a stable graph of genus g with n external
edges and w € H*(Mr, Q) a product of k and v classes in each M ¢(v),n(v) for each
vertex v € V(I"). There is a natural map

q:Sgn— H*(-/vlg,n, Q)

defined by the pushforward ¢(I", w) = ¢{(w) € H* (Mg.n, Q). The map ¢ allows one
to define a multiplication on Sy 5, essentially coming from intersection theory in Mg 5,
which can be described purely graphically. The image ¢(Sg.n) C H* (Mg, Q) is
the tautological ring RH* (M, ) and an element of the kernel of ¢ is a tautological
relation. See [47, Section 0.3] for a detailed description of Sg 5.

Corollary 3.3 Forall n€ RH*(Mg ), f/\?g , Ognn € Q is uniquely determined by
properties (i)—(iii) and (IV).

Proof The tautological ring RH* (Mg ) consists of polynomials in the classes ;,
Y¥; and boundary classes, which are pushforwards under (¢r ). of polynomials in x;
and v;. By the natural restriction property (ii) satisfied by ® ,, given a monomial
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in k and ¥ classes w € H*(Mr,Q),

. B o
/Mg,n Ogn- (9r)a(w) = /Mr o (Ogn) 0= /Mr Or-o= |AutT| E w(v).

The final term is a product over the vertices of I" of intersections ® classes with

monomials in ¥ and V¥ classes w(v) = fﬂgm,n(v) ®g(v),n(v)-]_[?ivl) Py({¥i, kj}), which,
by Proposition 3.2, are uniquely determined by (i)—(iii) and (IV). a

Remark 3.4 The intersection numbers | Mgn Ogun [T v ]_[jN_1 k¢, can be cal-
culated algorithmically from the intersection numbers [ Mg.n Ogn [1ic ¥ m’ with no
k classes. This essentially reverses the reduction shown in the proof of Proposition 3.2.

Explicitly, for r : Mg,n_l’_N — Mgnand m = (my,...,my), define a polynomial in
k classes by
1 1
Run (k1.3 ... ) = mu (it TH ooy INE,

so, for example, R, m,) = KmyKm; + Kmy+m,- Then

mi+1 m +1
) Ogn Rm = Ogpn (Y, L VW )
mi+1 m +1
=4 (T Ogn -Vl Vpiy )
m
=T (OgntN Yy n+N)

The polynomials R, (k1, k3, ... ) generate all polynomials in the «;, so (9) can be used
to remove any « class.

The following example demonstrates Proposition 3.2 with an explicit genus 2 relation:

Example 3.5 A genus two relation proven by Mumford [41, (8.5)], relating x; and
the divisors defined by the double covers M 1,1 X M 1,1 =~ M, and M 1,2 —~> Mr,
in M, labelled by stable graphs I}, is given by

— IMp]- 3Mp,] =0,
which induces the relation
© k1 — 105 [Mp]— 302 [Mp,] =0
Property (ii) of ®g , yields

1
0, - [Mr]—/ pr ®z—f o, / Oy ——,
/./\/lz ! I /\711 ! M]gl b |AUt(F1)|

1
O, -[M —/ ® / Orp———;
/Mz > [ FZ] ¢F2 2T Mi2 b2 |AUt(F2)|
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hence, the relation on the level of intersection numbers is given by

1 1
®, -k _l./ ® / ® .—_l./ Or)— =0
Mo 2 5 /\711,1 b M1,1 b |AUt(FI)| > Mi b2 |Aut(F2)|

We have [ O = k= 5, , ©1,2 from (iii), and |Aut(I)| = 2 = |Aut(T)|.
Hence,

1 1
®2'K1=l'/ ®1,1'/ ®1,1'—+l-/ Ol =
/Mz 5 M],[ ./\7/11,1 |AUt(Fl)| 5 M],z |Aut(F2)|

7 (11)\2 1 1 1 1 _ 1 2
=35(354) "3+ 5 350 7 = 576 (TA" +242).

Until now, ®; ; = Ay for any nonzero A € Q. The following theorem proves the
rigidity condition (IV) that A = 3. The proof of the theorem relies on the fact that, for
low genus and small 7, the cohomology is tautological. This allows us to work in the
tautological ring in order to construct ®g , from properties (i)—(iv).

Theorem 3.6 Let O, , € H* (Mg », Q) satisty (i)—(iv) and set the initial condition to
be @1,1 = )\wl 75 0. Then A = 3.

Proof The existence proof in Section 2 shows that A = 3 is possible but it does not
exclude other values. The strategy of proof of this theorem is to attempt to construct
classes, beginning with the initial condition ®; ; = Av;. Importantly, condition (iii)
determines ®g , for all n > 0 uniquely from ®, so the main calculation occurs
over M ¢- We consider classes in RH 28=2(M ¢) since, for small values of g, it is
known that H**(M,, Q) = RH*(My). The essential idea is as follows. A class
O € H2g_2(ﬂg, Q) pulls back under boundary maps to ®g_1 > and Og_1 1 R Oy 1.
The relationship
Og_12 =V Of_1

constrains the class ®¢. We find that ®, exists (and hence also ©; , exists for all )
for all A € Q, but that ®3 (and O3 ;) exists only for A =3 or A = —{—é. The existence
of ®4 constrains A further, allowing only A = 3.

g =1 From ©;; = Ay, condition (iii) yields
®1,n = )\wl WZ te Wn

since Y, ¥ = Y, *y; for any j <n.
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g =2 The cohomology group H*(M,, Q) has basis {/(12, Ka}. Set ®) =a; 1K12+a2K2
and deduce aq; and a, from restriction to Mrp, C M, for i = 1,2, defined in

Example 3.5. Since k5 - M, = 0, we deduce that a1 = %)\2 and restriction to Mr,

then uniquely determines
O, = %kzklz + (k — %kz)xz.
Commutativity of the boundary maps with the forgetful map shown in the diagrams

— ¢irr — — — d’h,[ —
Meg—tnt2 ——=Mgn  Mp 141 X Mgp|7|+1 — Mg

— Pirr — v r'wi ¢ A A
Mg—12 —— Mg My x Mg_p ——— Mg

implies that the classes ®; , = V1 - -+ ¥, 7 *®; restrict consistently to the boundary to
give the correct genus 1 classes ®; , for all A € Q.

g =3 Ingenus 3, H**(M;3, Q) = RH*(M3) due to the calculation of the cohomol-
ogy H* (M3, Q), for example by using the calculation of H* (M3, 1, Q) in [28] together
with the calculation of the tautological ring RH*(M3) via Pixton’s relations [47]
implemented using the Sage package admcycles [12]. We have dim RH*(M3) =7
and we write ®3 as a general linear combination of basis vectors in RH*(M3),

4 2 2
@3 =di111ky +a112/<1/<2 +ai3K1k3 +a22/<2 + ayky4 +blBl +b2B2,

where B; € RH*(M3) are given by

K1 K2 K3

The pullback map
RH4(./\_/13) — RH4(./\72,2) b RH3(./\72’1) ® Rf]1 (-/Wl,l)

is injective (which implies that the map from RH*(M3) to the boundary is injective).
The restriction map

RH*(M3) — RH*(M,,,)

has 2—dimensional kernel and is surjective onto the S,—invariant part of RH*(M 2,2)-
Hence, the condition

$i©®3 =05 = Y1 Y7 O,
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determines ®3 up to parameters s, t € Q:
aiin =5,
ariy = T5h + 1A% — 185 + 3¢,
ays = —12% — 1222 + 104s — 13¢,
axy =—33% —23)2 4275 — 51,
ag = 20% + 5202 — 4265 + 2%,
by =1,
by =321(3-1).
The pullback map
RH*(M3) — RH*(M3,1) ® RH' (My,1)
has 3—dimensional image, and the condition
PrO3 =021 ®0;; = (Y17702) ® (A1)

is a linear system which cannot be satisfied for a general choice of the two parameters
s and ¢ defining ®3 for general A, forcing A to satisfy a polynomial relation. We find
that 543_ 19492 11
an = 532 — 1300 — 10
ayip =217 — L2324,

_ 40393 20992 _ 2397 _ 3108
ayz =35 h A g A =a13— 53 by,

apy = —3B87)3 4 241132 4 221435 — 4, + 128y,
as = =150 + 18132 4 48y,

by = JgA(h—3)(151 + 11),

by =2A(3-1).

The expressions for a3 and a,; are consistent only when b; = 0; hence,
AA=3)(15L+11)=0.

g =4 Ingenus 4, H**(My, Q) = RH*(My,) is due to the calculation by Bergstrom
and Tommasi [4] of the Hodge polynomial of M together with the calculation of the
tautological ring RH* (M) via Pixton’s relations using admcycles [12]. We choose
a general element ®4 € RH%(M,) which is a linear combination of basis vectors
for the 32—dimensional space RH®(My,). The pullback map of RH®(My,) to the
boundary can be shown to be injective using admcycles.
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11

The main purpose of the g = 4 calculation is to prove that A = —3

is impossible, so
we substitute A = —% into ®3 above to get

__ 2783 4 _ 11011 59939 16093 .2 474287 1232
@3 — — B>.

2
= 31000X1 ~ 13500€1%K2 T T0125K1K3 + 9500 K2 — 13500 K4 — 1125

As in the g = 3 case above, we consider the pullback map
RH®(M4) - RH®(Ms,),

which has a 6-dimensional kernel. The S,—invariant part of H'2(M 3,2, Q) is proven
in [3] to be 31-dimensional, and using admcycles it can be shown to be tautological.
The condition ¢f ©4 = O3 5, = Y1 Y, 7* O3 produces a system of 31 equations in 32
unknowns. Using admcycles, we find that ©3 , lies in the image of the pullback map,
and constrains ®4 to depend linearly on six parameters. The pullback map composed
with projection

RH®(Ms) > RH’(M3,1) ® RH' (My,1)

uniquely determines the six parameters, and finally the resulting class ®4 is shown
under the pullback map composed with projection

RHS(My) — RH*(My,1) ® RH*(M,,1)

to disagree with ®, | ® ®5 1. We conclude that A = —% is impossible, leaving A =3. O

4 Cohomological field theories

The class ®g , combines with known enumerative invariants, such as Gromov—-Witten
invariants, to give rise to new invariants. More generally, ®; , pairs with any co-
homological field theory, which is fundamentally related to the moduli space of
curves /\_/lg,n, retaining many of the properties of the cohomological field theory,
and is in particular often calculable.

A cohomological field theory is a pair (H, n) composed of a finite-dimensional complex
vector space H equipped with a symmetric, bilinear, nondegenerate form, or metric, 7,
and a sequence of S,—equivariant maps. Many CohFTs are naturally defined on H
defined over Q; nevertheless, we use C in order to relate them to Frobenius manifolds,
and to use normalised canonical coordinates, defined later,

Qgn: H®" — H* (Mg, C)
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that satisfy compatibility conditions, from the inclusions of strata
Pirr: Mg—1,n42 = Mgn,
Gn1: Mir141 X Mg_ps141 = Mg, TUJ ={1,....n},
given by
(10) ¢ Qen(V1 ® @ V) = Qg_10+2(11 @ RV ® A),
(1) ¢ 1 Regn(V1 ® - ®vn) = Qp j1+1 ® Lg—p, || +1 (® Li®AR® ® Uj)’
iel jeJ
where A€ H® H isdualton € H* @ H*. Whenn =0, Qg := Qg9 € H*(M,, C).
There exists a unit vector 1 € H which satisfies
Q0,3(1®v; ® v2) = n(vy,v2).
The CohFT has flat unit if 1 € H is compatible with the forgetful map 7 : M gnt1 =
Meg.n by
(12) Qent1(1®V1I @ @) =T Qen(V1 @+ @ V)
for2g—2+4+n>0.

For a 1-dimensional CohFT, ie dim H = 1, identify Qg , with the image Qg ,(1®"),
so we write Qg , € H*(/\_/lg,,,, C). A trivial example of a CohFT is Qg , =1 €
Ho(M ¢.n» C), which is a topological field theory, as we now describe.

A 2—-dimensional topological field theory (TFT) is a vector space H and a sequence of

symmetric linear maps
(.
Qp, H®" - C
for integers g > 0 and n > 0 satisfying the following conditions. The map Qg , =1

defines a symmetric, bilinear, nondegenerate form 7, and together with Qg 5 it defines
a product e on H via

(13) N(vy *v2,v3) = Q0 5(v1, v, v3)
with identity element 1 given by the dual of 528 L= 1* = n(1,-). It satisfies
Qg,n+1(l®vl R Quy) = Qg,n(vl - Quy)

and the gluing conditions

QY (V1 ®®u) =) | LV ® BV ®A),

0 0 0
QoW1 @ ®va) =g, 1141 ®Qg2,u|+1(®”i ® A®®”f')
iel jeJ

forg=gi+grand IUJ ={1,...,n}.

Geometry & Topology, Volume 27 (2023)



A new cohomology class on the moduli space of curves 2719

Consider the natural isomorphism H°(M g.n» C) = C. The degree zero part of a CohFT
Qg nisaTFT

Q0 H®" 2en ¥ (Mg, C) — HO (Mg, C).
We often write Q¢ 3 = Qg ; interchangeably. Associated to 2¢ 5 is the product (13)

built from 1 and ¢ 3.

Remark 4.1 The classes O , satisfy properties (10) and (11) of a I-dimensional
CohFT. In place of property (12), they satisfy

Ogn+1(1QVI ® - ® V) = Ypi1 T Og (V1 Q-+~ Q )
and @0,3 =0.
The product defined in (13) is semisimple if it is diagonal H = C pC @ --- p C, ie
there is a canonical basis {u1,...,ux} C H such that u; -u; = §;ju;. The metric is
then necessarily diagonal with respect to the same basis, n(u;, uj) = 6;jn; for some

n; € C\ {0} fori =1,..., N. The Givental-Teleman theorem described in Section 5
gives a construction of semisimple CohFTs.

4.1 Cohomological field theories coupled to O ,

Definition 4.2 For any CohFT Q defined on (H, 1), define Q© = {an} to be the
sequence of S,—equivariant maps an : H®" — H* (Mg 5, C) given by

Q3,(:),n(vl ® - Quy) = ®g,n : Qg,n(vl ® - @ vp).
This is essentially the tensor product of CohFTs, albeit involving ®g ,,. The tensor
products of CohFTs is obtained as above by cup product on H* (Mg ,, C), generalising

Gromov—Witten invariants of target products and the Kiinneth formula H™* (X x X;) =
H*X, ® H* X;.

Generalising Remark 4.1, an satisfies properties (10) and (11) of a CohFT on (H, ).
In place of property (12), it satisfies

Qgc?,n+1(1®vl Q- QVp) = Yn+t1 '”*Q?,n(vl ®-®vp)

e _
and 90,3 =0.
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Given a CohFT Q = {Qg }, or a more general collection of classes such as = {Q?’n},
and a basis {ey,...,en} of H, the partition function of Q2 is defined by

He—1 LI .

(14) Zah g =exp ) T/ Qgnlea, ® - ®ea,) [ [ v [ 1)
g,n,lz Me.n =1

fora; € {l,...,N}and kj € N. Fordim H = 1 and Qg , = 1 € H*(Mgp, C), its

partition function is Zq (%, {tx}) = Z¥V (#, {t}}), which is defined in Section 5.1.

For Qgn = Ogn € H*(Mg,, C), Za(h, {tx}) = Z®(h, {t;}) gives its partition
function. Property (iii) is realised by the homogeneity property

o0
0 50 . J 0 1,6
15) —Z )= 2i+)ti— 2 )+ Z
19) 5o 200 t0.01) = 3 QI+ D5 20011 )45 700 0.0
1=
proven in the following proposition:

Proposition 4.3 The function Z® (h, 19,1, . ..) is homogeneous of degree —% with
respect to {q = 1 —tg,t1,t,...} withdegqg = 1 and degt; = 2i + 1 fori > 0.

Equivalently, it satisfies the dilaton equation (15).

Proof We have

n

n

kj kj

/ ®g,n+1'l_[‘ﬂj] :/ 7T*®g,n'1ﬂn+l'l_[1ﬁj]
Mg n+1 j=1 Mg n+1

Jj=1
n

=/_ Y4 g,n'lﬂn—kl'l_[” Wj
Mg,n—H j=1

n
k.
N / Opn [ [ )7 7x¥nt
Mg_n ]=1

n

k.

—Cg=24m [ 0 []v).
Mg,n ]:1

whichuses V41V =Vp41-w*yjfor j=1,... ,nand s (T* 0 Yp41) =0 T4 VYp41.
In terms of the partition function Z ®(h, fo, 11, ... ), this is realised by (15). O

4.1.1 Gromov-Witten invariants Let X be a projective algebraic variety and con-
sider (C, x1,...,X,) a connected smooth curve of genus g with n distinct marked
points. For B € H,(X,Z), the moduli space of stable maps Mg (X, B) is defined by

-/Wg,n(Xv,B) = {(C,X],...,Xn) I X | ﬂ*[C] :IB}/N’
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where 7 is a morphism from a connected nodal curve C containing distinct points
{X1,...,Xxpn} that avoid the nodes. Any genus zero irreducible component of C with
fewer than three distinguished points (nodal or marked), or genus one irreducible
component of C with no distinguished point, must not be collapsed to a point. We
quotient by isomorphisms of the domain C that fix each x;. The moduli space of stable
maps has irreducible components of different dimensions but it has a virtual class of

dimension

(16) dim[Mg (X, B)]™ = (dim X —3)(1 — g) + (c1(X), B) +n.
Fori =1,...,n, there exist evaluation maps

(17) evii Mg (X, B) = X, evi(m) = m(xi),

and classes y € H*(X, Z) pull back to classes in H*(Mg (X, B),C) via
(18) evi: H*(X,Z) > H*(Mgn(X, B),C).

The forgetful map p: M en(X,B) — M g,n Maps a stable map to its domain curve
followed by contraction of unstable components. The pushforward map p. on coho-
mology defines a CohFT Qx on the even part of the cohomology H = H®*"(X, C)
(and a generalisation of a CohFT on H*(X, C)) equipped with the symmetric, bilinear,
nondegenerate form

n(a,ﬁ)=/xa/\ﬂ-

We have (Qx)g.n: H(X,C)®" — H*(M, ., C) defined by

n
(Qx)gn(@r, .- 0m) =D ps ( [ Tevi (@) niMgn(X, ﬂ)]“ﬁ) € H*(Mg,,C).
B i=1
Note that it is the dependence of p = p(g, n, 8) on B (which is suppressed) that allows
(Rx)gn(ay, ... op) to be composed of different-degree terms. The partition function
of the CohFT Qx with respect to a chosen basis ¢, of H*"(X;C) is

Zay (h{tgh)

K&l
o 25
gnl; &

a.p
It stores ancestor invariants. These are different from descendant invariants, which
use, in place of ¥ = ¢1(L;), ¥j = ¢1(L;) for line bundles £; — Mg (X, B) defined
similarly as the cotangent bundle over the i marked point on the domain curve.

[ ]evi () N[Mg n(X, ﬂ)]““) [T/ T1%
j=1

i=1
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Following Definition 4.2, we define Q)(? by

(Q)?)g,n(al’ ce Q) = ®g,n : Z Dx ( l_[ eV?(“i)) € H*(/Wg,n’ C)

B i=1
and
79 (3 (10 = K&l 0 - * g k;j @
QX( ,{tk})—exp Z ! o g.n " Dx HeVi (ea,-) ij l_ltkj'
g,n,l; g.n i=1 j=1
a.p

Let ©F5, C Ag—1(Mgn. C) be the (¢—1)—dimensional Chow class given by the
pushforward of the top Chern class of the bundle Eg ; defined in Definition 2.1. The
virtual dimension of the pullback of @??n is

(19)  dim{[Mgn(X,d)]"™ N p~H(OF)} = [dim X — 1)(1 —g) + (c1(X), B).

Comparing the dimension formulas (16) and (19), we see that elliptic curves now
take the place of Calabi—Yau 3—folds to give virtual dimension zero moduli spaces,
independent of genus and degree. The invariants of a target curve X are trivial when
the genus of X is greater than 1 and computable when X = P! [44], producing
results analogous to the usual Gromov—Witten invariants in [46]. For ¢;(X) = 0 and
dim X > 1, the invariants vanish for g > 1, while for g = 1 it seems to predict an
invariant associated to maps of elliptic curves to X.

4.1.2 Weil-Petersson volumes A fundamental example of a 1-dimensional CohFT
is given by
Qgn= exp(2n’ky) € H* (Mg, R).
Its partition function stores Weil-Petersson volumes
(2ﬂ2)3g—3+n / 3g—3+n
= K
g,n (3g 34 n)| /Wg,n 1
and deformed Weil-Petersson volumes studied by Mirzakhani [39]. Weil-Petersson

volumes of the subvariety of M, , dual to © , make sense even before we find such
a subvariety. They are given by

272)&! _
Ve — @ro)s— Ogn -5 I
&g,n (g _ 1)' _Ai/(g’n s 1
which are calculable since they are given by a translation of ZBSW_ If we include
¥ classes, we get polynomials Vg(?n (L1,...,Ly) which give the deformed volumes
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analogous to Mirzakhani’s volumes. In [43; 51], the polynomials Vg(?n (L1,....Lp)
are related to the volume of the moduli space of super-Riemann surfaces.

4.1.3 ELSYV formula Another example of a 1-dimensional CohFT is given by
Qg’n == C(EV) = 1 _)\.1 + M + (_l)g)\.g S H*(.A_/lg,n, C),

where A; = ¢;(E) is the i" Chern class of the Hodge bundle E — M ¢,n defined to
have fibres H°(C, wc) over a nodal curve C.

Hurwitz [31] studied the problem of connected curves ¥ of genus g covering P!,
branched over r + 1 fixed points {p1, p2,..., pr, Pr+1} With arbitrary profile yu =
(1,-..,Mun) over p,4+1. Over the other r branch points, one specifies simple rami-
fication, ie the partition (2,1, 1,...). The Riemann—Hurwitz formula determines the
number r of simple branch points via 2 —2g —n = |u| —r.

Definition 4.4 Define the simple Hurwitz number Hyg , to be the weighted count
of genus g connected covers of P! with ramification i = (i1, ..., itn) over oo and
simple ramification elsewhere. Each cover 7 is counted with weight 1/|Aut(s)|.

Coefficients of the partition function of the CohFT Qg , = ¢(E") appear naturally in
the ELSV formula [20], which relates the Hurwitz numbers Hy ,, to the Hodge classes.
The ELSV formula is

r(g. m! l—IM, I—A 44+ (=DFfAg

T |Autp Wgn L—p1¥) - (1= pn¥n)’

where = (i1, ... . pn) and r(g, ) =2g =2 +n+ |ul.

Using an = ®-c¢(EY), we can define an analogue of the ELSV formula,

(2g =2+ n+|u))! l—[u, L=+ (=D Ay

Hg® g’n' .
H |Aut g ; Mg.n (I=pi¥y) - (1= pun¥n)

It may be that H g .. has an interpretation of enumerating a new type of Hurwitz covers.
Note that it makes sense to set all ;; = 0, and, in particular, there are nontrivial primary
invariants over M ¢ unlike for simple Hurwitz numbers. An example calculation:

/M O =555 3+ 705 2= 15 & M= 10201+,
2
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4.1.4 The versal deformation space of the A, singularity The A, singularity has a
2-dimensional versal deformation space M = C? = {(t,1,)} parametrising the family

Wi(z) =23 —thz + 14

that admits a semisimple Frobenius manifold structure. Dubrovin [15] associated a
family of linear systems, defined in (20) below, depending on the canonical coordinates
(uy,...,un) of any semisimple Frobenius manifold M. This produces a CohFT 42
defined on C? from the A, singularity using Definition 5.2. More generally, to any
point of a Frobenius manifold one can associate a cohomological field theory and,
conversely, the genus zero part of a cohomological field theory defines a Frobenius
manifold [15].

Recall that a Frobenius manifold is a complex manifold M equipped with an associative
product on its tangent bundle compatible with a flat metric — a nondegenerate symmetric
bilinear form — on the manifold. It is encoded by a single function F(tq,...,tyN),
known as the prepotential, which satisfies a nonlinear partial differential equation,
known as the Witten—Dijkgraaf—Verlinde—Verlinde equation,

Fijmn™" Fgn = Figmn™" Fjkns  Mij = Fuij
where niknkj = §;j, Fy = 0/0t; F, 0/0t; = 1 corresponds to the flat unit vector
field for the product, and {z1, ..., ¢y} are (flat) local coordinates on M. The Frobenius

manifold is conformal if it comes equipped with an Euler vector field £ which describes
symmetries of the Frobenius manifold, neatly encoded by

E-F(ty,...,ty)=c- F(tq,...,tN) + quadratic polynomial, ¢ e C.

For a semisimple conformal Frobenius manifold, multiplication by the Euler vector
field E produces an endomorphism U with eigenvalues {u1, ..., uy} known as canon-
ical coordinates on M. They give rise to vector fields d/du; with respect to which the
metric 7, product ¢ and Euler vector field £ are diagonal:
0 d 0 d 0 0

P S S 2 T ) =8 A E = .2

du; Ouj 3ij du;’ ”(au,-’au,-) 8ij &i Z”’au,-
At any point of the Frobenius manifold, the endomorphism U, defined by multi-
plication by the Euler vector field E, and the endomorphism V = [I', U], where
Iij = 0u; Aj/2/A;jAj for i # j are the so-called rotation coefficients of the metric n
in the normalised canonical basis, produce the differential equation
( d Vv

——U——)Y=O.

(20) dz z
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Choose a solution of (20) of the form ¥ = R(z™1)e?V and substitute z > z~! to get

0= (di - g)R(Z)eU/Z _ (%R(z) 5[0 RG) + éVR(z))eU/Z-

This associates an element R(z) =) R xz¥ to each point of the Frobenius manifold.
Teleman [52] defined the endomorphisms Ry of H = T, M recursively from Ry = I

by
1) [Ris1,Ul=(k + V)R, k=0,1,....

It is useful to consider three natural bases of the tangent space H = T, M = CN at
any point p of a semisimple Frobenius manifold: the flat basis {d/0¢; }, which gives a
constant metric 7; the canonical basis {d/du; }, which gives a trivial product e; and the
normalised canonical basis {v; } for v; = Al._l/ 29 /du;, which gives a trivial metric 1. (A
different choice of square root of A; would simply give a different choice of normalised
canonical basis.) The transition matrix W from flat coordinates to normalised canonical
coordinates sends the metric 1 to the dot product, ie W7 W = 7. The topological field
theory structure on H induced from 7 and e is diagonal in the normalised canonical
basis. It is given by
Qe (vl@n) _ Ail—g—l/Zn

and vanishes on mixed products of v; and v; for i # j. In the normalised canonical
basis, the unit vector is given by

1=(A)% .. AN

hence, it uniquely determines the topological field theory. We find the normalised canon-
ical basis most useful for comparisons with topological recursion; see Section 5.2.1.

The Frobenius manifold structure on the versal deformation space M of the 4, sin-
gularity was constructed in [15; 48]. The product on tangent spaces of the family
W;(z) = z3 —t,z + t; is induced from the isomorphism

T:M = C[z]/ W/(2)

given by 8/9t; — W, /3t = (—z)*~!, producing
2,9 _9 9,0 _ 90 90,9 1, 9
daty 0y - ot;’ 9ty 0ty o oty dt, 0ty o3 2811 )
The metric is given by
p(2)q(2)dz
, =—-3R —_
n(p(2).q(2)) €00 )
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With respect to the basis {d/dt;, d/dt,}, it is constant and hence flat:

= (V)

The Frobenius manifold structure on M is conformal. The unit and Euler vector fields
are 1 = 9/dt; and E = t; d/0dt; + %tz d/0dt,, which correspond respectively to the
images of 1 and W;(z) in C[z]/ W/(z).

The prepotential is produced via n;; = Fi;; and 1(d/dt; # d/0t;,0/0tx) = Fjj,
F(ty. 1) = 31112 + 7515,

and satisfies £ - F(t,1;) = %F (t1, t2). The canonical coordinates are

2 ,3/2 2 .3/2
1 1 EWE 2 2 1 3\/5 2
In the normalised canonical basis, the rotation coefficients I'j, = —i %Z; 32 I
giveriseto V =[[U]=i ‘/Tgtz_ 3/ 2(‘1) ~J)- In canonical coordinates we have
U1 0 2i 01
22 U= , V=c—-—1-— .
22 (0 “2) 3(u1—uz)(—1 0

The metric 1 applied to the vector fields d/du; = %(8/(%1 —(=1){(3/t)"2 3/01,) is
n(0/0u;, d/0u;) = 8;j A;, where Ay = “/7512_1/2 = —A,. Restrict to the point of M
with coordinates (11, u;) = (2,—2) or, equivalently, (¢1,%,) = (0,3). Then A; =

1 —A, determines the TFT and

2
(2 0 1 0
v=(53) v=i(70)

determines R(z) € LA GL(2,C) and T(z) € z2C?[z] via (21) to get

B (6m)! -1 (=D™6mi\ 4 \m
R(Z)_;(6m—1)(3m)!(2m)!(—6mi (=" )( a

— 1 (1
T(z)=z1-R ') , where 1=—( . |].
() = 20— R () D) (1)
The triple (R(z), T'(z),1) € LOGL(N, C) x z2CV¥[z] x C¥ in (23) produces the
cohomological field theory 242 associated to the A, singularity at the point (¢1,f,) =
(0, 3) via Definition 5.2 in the next section.
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Remark 4.5 The matrix R(z) defined in (23) — which uses the normalised canonical
basis for H, so that 7 is the dot product—is related to the matrix R(z) in [47] by
conjugation by the transition matrix ¥ from flat coordinates to normalised canonical
coordinates

(6m)! (1+6m)/(1—6m) 0\(0 1\" mo
R =YY i Do) (e

for .
=L
lIj_ﬁ(i —i)‘

5 Givental construction of cohomological field theories

Givental produced a construction of partition functions of cohomological field theories
in [29]. He defined an action of the twisted loop group, and elements of z2CN[z]
known as translations, on partition functions of cohomological field theories and used
this to build partition functions of semisimple cohomological field theories out of
the basic building block Z Kw (A, t9,11,...) combined with the vector 1 € CN which
represents the topological field theory. This action was interpreted as an action on the
actual cohomology classes in H*(Mg ,, C), independently, by Katzarkov, Kontsevich
and Pantev, and Kazarian and Teleman; see [47; 49].

The Givental action is defined on more general sequences of cohomology classes in
H*(Mg p, C) such as the collection of classes ®g , or an defined from any CohFT
Qg 5 in Definition 4.2. If Qg , is semisimple, the classes an can be obtained by
applying Givental’s action to the collection O ;.

5.0.1 The twisted loop group action The loop group LGL(N, C) is the group of
formal series

o0
R(z) = Z szk ,
where Rj are N x N matrices and Ro € GL(N, C). Define the twisted loop group
L®GL(N,C) c LGL(N, C) to be the subgroup of elements satisfying Ry = I and
RE)R(-2)T =1.
Elements of L®GL(N, C) naturally arise out of solutions to the linear system (20)

given by (d/dz—U —V/z)Y =0, where Y (z) € CN, U = diag(uy.,...,uy) for u;
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distinct, and V' is skew-symmetric. One can choose a solution of (20) which behaves
asymptotically for z — oo as

Y(z)=R(z"YHe?Y, RGE)=I+Riz+Ryz>+---.
This defines a power series R(z) with coefficients given by N x N matrices, which is
easily shown to satisfy R(z)RT (—z) = I; hence, R(z) € LAGL(N, C).
Givental [29] constructed an action on CohFTs using a triple
(R(2).T(z),1) € LDGL(N, C) x z2CN[] x CN
as follows. For a given stable graph I" of genus g and with n external edges, we have

¢r: Mr = l_[ Mgy nw) = Mg
velV ()
Given (R(z), T(z),1) e LAGL(N, C) x 22CN[z] x CN, Givental’s action is defined
via weighted sums over stable graphs. For R(z) € L®GL(N, C), define
I—R 'R '(w)T

E(z,w) = = Eijw'z,
(z, w) " ”2;0 i

which has the power series expansion on the right since R~!(z) is also an element of
the twisted loop group, so the numerator / — R™!(z) R~ (w)” vanishes at w = —z.

Definition 5.1 For a stable graph I" denote by
v(r), ET), H(), L(T)=L*T)uL*T)

its sets of vertices, edges, half-edges and leaves. The disjoint splitting of L(I") into
ordinary leaves L* and dilaton leaves L*® is part of the structure on I'. The set of half-
edges consists of leaves and oriented edges, so there is an injective map L(I") — H(I")
and a multiply defined map E(I') — H(T") denoted by E(I') > e+ {e™, e~} c H(T).
The map sending a half-edge to its vertex is given by v: H(I') — V(TI"). Decorate "
by functions

g: V) =N, o:V(T)—=>{l,...,N},

k:HT)—>N p:L*(T)=>{1,2,...,n},

such that k|ge) > 1 and n = |L*(I")|. We write g, = g(v), oy = a(v), ag = a(v({)),
pe = p) and ky = k(€). The genus of T is g(T") = b (") + ZUEV(F) g(v). We say
I is stable if any vertex labelled by g = 0 is of valency > 3 and there are no isolated
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vertices labelled by g = 1. We write n, for the valency of the vertex v. Define Gg
to be the finite set of all stable, connected, genus g, decorated graphs with »n ordinary
leaves and at most 3g — 3 4+ n dilaton leaves.

Definition 5.2 [47; 49] Given a CohFT Q' = {Q} ,,} and
(R(z), T(z)) € LAGL(N, C) x 22CN[z].

define R-T - Q' = Q = {Qg } by a weighted sum over stable graphs,

1
24) Qeni= Y. Ay P [T »vo [] we ] w®

T'eGg.n vel(I') ecE() LeL(T)
€ H* (Mg, C),

where 7 is the map that forgets dilaton leaves. Weights are defined as follows:

(i) Vertex weight w(v) = Q;, )y & each vertex v.

(i) Edge weight w(e) = E(Y,, ¥]) at each edge e.

R1 (¥p@)) ateach ordinary leaf £ € L*,

(iii) Leaf weight w({) = { .
T (Vpw)) at each dilaton leaf £ € L°.

We consider only the even part of H*(M g.n> C), so (24) is independent of the order
in which we take the product of cohomology classes. If {Qg ,} is a CohFT defined
on (C,n) for H = CN, then the classes {Q gny in (24) satisfy the same restriction
conditions and hence define a CohFT on (C, ) with the same degree zero, or topological
field theory, terms as those of Q. If we choose T'(z) = 0, then the sum in (24), which
is over stable graphs without dilaton leaves, defines the action of the twisted loop
group on CohFTs. If we choose R(z) = I, then (24) is a graphical realisation of the
translation action of 7'(z) € z2 H[z] on a CohFT Q/g,n defined by

(T Q)01 @+ ® vy)
1
=Y i1 @ @ @ T 1) @+ @ T(Ynm)).

m=0
where m: /Wg,ner — /\_/lg,,, is the forgetful map. The sum over m € N defining
(T - Q') g.n is finite since T(z) € z2 H[z], so dim Mg y4m = 3g —3 +n + m grows
more slowly in m than the degree 2m coming from 7, resulting in at most 3g —3 +n

terms. We can relax this condition and allow 7'(z) € zH[z] if we control the growth

/
g,n

particular, g 5, and more generally Q’g(?n for any CohFT €2

of the degrees of all terms of @/, , in n to ensure 7'(z) produces a finite sum. In

/

a.n is annihilated by terms
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of degree > g — 1; hence, the sum defining (7°2’)4 , consists of at most g — 1 terms
when T'(z) € zH|z].

The tensor product Q — Q® given in Definition 4.2 commutes with the action of
R and commutes with the action of 7" up to rescaling. For a CohFT €2, and R(z) €
L®GL(N,C) and T(z) € zCN[z],

(25) (R-®=R-Q° (z1N-Q®°=71-Q°.

The first relation in (25) uses the restriction properties (ii) of ®g , and the second of
these uses the forgetful property (iii) of O , to see

n*Q?,n—l—m(@ Vi ® ® T(vfn—l—i))

i=1 i=1
n m
= H*Qg,n+m(® v ® ® T(Wn-i—i)@g,"'f‘m)

i=1 i=1

= Ognx Qg n+m ( ® Vi ® ® T (Yn+i) 1_[ Wn+i)

i=1 i=1 i=1

n m
= ®g,n7T*Qg,n+m ( ® v; ® ® 1/fn+iT(Wn—i-i))

i=1 i=1
and sum over m to get T-Q® = (zT) - Q°.

The Givental-Teleman theorem [29; 52] proves that the action defined in Definition 5.2
is transitive on semisimple CohFTs. In particular, a semisimple CohFT defined on a
vector space of dimension N can be constructed via the Givental action on N copies
of the trivial CohFT. Given a semisimple CohFT €2, there exists

(R(2),T(z),1) € LDGL(N, C) x z2CN[z] x CN

such that Qg 5 is defined by the weighted sum over graphs (24) using R(z), T(z)
and Qfg,n given by the topological field theory underlying 2 ,,. Note that a semisimple
topological field theory of dimension N is equivalent to 1 € CV which gives the unit
vector in terms of a basis in which the product is diagonal and the metric 7 is the dot
product, known as a normalised canonical basis.

On the level of partition functions, the construction of a semisimple CohFT from the
trivial CohFT is realised via an action of quantised differential operators R and 7" on
products of ZXW(#,19,11,...), a KdV tau function defined in the next section.
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Definition 5.3 Define, for R(z) = exp(}_;-,702%) € LAOGL(N,C) and T(z) =
> k>0 T"‘Zk € zCN[z],

_exp{ZZ(Z(rk)ﬂtkaa + hZ( 1)m+1(rg)ﬂaaal )}
{—m—1

£=1a, k=0

Pmesn( 3 X 1)

a=1k>0
The partition function of (24) is given in [19; 29; 49] by

(26)  Za(h {1f})
=R-T-1-Z% @}y 2V 1))
_ 1 1 . N .
= exp{ an: he FEXG:&” —|Aut(F)| vel;!m w(v) eel;!r,) w(e) eelL_!F) w(ﬁ)}

The operator 1 rescales the variables A-Z KW, =2 KW ((1%)2p, { 1%12}). Vertex
weights @(v) store products of ZXW corresponding to the partition function of a
topological field theory, edge weights w(e) store coefficients of the series £(w), z), and
leaf weights w (£) store the variables 1y in a series weighted by coefficients of the series
R~!(—z). We do not give explicit formulas for the weights — see [19; 29; 49] —and
instead use an equivalent elegant formulation given by topological recursion, defined
in Section 5.2.

A consequence of the relations (25) is the following proposition, which modifies the
construction of a semisimple CohFT § to produce Q©:
Proposition 5.4 Given a semisimple CohFT 2 defined via (24) using
(R(2),T(z),1) e LDGL(N, C) x z2CN[] x CV,
the collection of classes 2© is defined via (24) using
(R, éT(z), 1) € LOGL(N, C) x 2CV ] x Y

and
Q=0 ® Q(?;: H®" - {4421}, ., C)

for Qg)n the degree 0 part of Qg , determined by the vector 1 € CN. Its partition
function Zge (h,{1}'}) is obtained by replacing each copy of Z KW@, {t}) in (26) by
a copy of Z® (k. {t;;}) and shifting the operator T.
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5.1 KdV tau functions

The KdV hierarchy is a sequence of partial differential equations beginning with the
KdV equation,

(27) Us, = UUysy + 5hUntery. - Ult0,0,0,...) = f(to).

A tau function Z(%g, t1, ... ) of the KdV hierarchy (equivalently the KP hierarchy in
odd times papmi1 = tm/(2m + 1)!1) gives rise to a solution U = % 92 (log Z)/atg of
the KdV hierarchy. The first equation in the hierarchy is the KdV equation (27), and
later equations Uy, = Py (U, Uy, Usysy, - - ) for k > 1 determine U uniquely from
Ul(tp,0,0,...). See [40] for the full definition.

The Kontsevich-Witten tau function ZXW is defined by the initial condition
UV (1.0,0,...) =19
for UXW = %02 (log ZKW)/Bzg. The low-genus terms of log ZXW are

log Z*V (htg. t1....) =0 (311 + 3ot + arlgfa + ) + 5501+ .

Theorem 5.5 (Witten and Kontsevich [36; 54])

n
1 ;
ZKW(h,Io,ll,---)=CXPE h® la E /M lem Im;
g.n

kenn " TTEMI=1

is a tau function of the KdV hierarchy.

The Brézin—Gross—Witten solution UBSWY = 492 (log ZBW)/ 3t§ of the KdV hierarchy
arises out of a unitary matrix model studied in [6; 30]. It is defined by the initial
condition

h

UBVY(£,,0,0,...) = ———.
(to ) (1 —19)2

The low-genus g terms (= coefficient of #8~1) of log ZBSW are

t t
BGW _ 1 3 1 2 15 2
(28) logZ _—glog(l—to)+h-—1zs(1_t0)3+h' 1024 (1 _45)5

12
2. 63 1 3
1 1.2 3 9
= glo + 7glo + -+ (350 + t3lot1 + )

2( 15 63 .2
+1*(qo3at2 + 1o3ati +0)-
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It satisfies the homogeneity property

%ZBGWGI, to, 11, ... )
o0
=Y i+ 1)t,-8%zBGW(h, ot )+ 28V to. 0. ),
i=0
which coincides with (15), satisfied by Z® (A, 19,11, ...). A proof of this homogeneity
property for ZBSW can be found in [2; 14].

The tau function ZBSW (%, 4y, 1,, . ..) shares many properties of the famous Kontsevich-
Witten tau function ZXW (%, 19, ¢1, .. .) introduced in [54]. An analogue of Theorem 5.5
is given by Conjecture 1.5, which postulates that the function

he~! ok
ZO(h.to.1n....) =exp Y~y /M Ocn- [ vy [Tt
a e

g.nk

coincides with ZBSW (#, 19,1, ...). The tau function ZBSW appears in a generalisation
of Givental’s decomposition of CohFTs in [9].

Definition 5.6 Given a semisimple CohFT 2 with partition function Zg (%, {17'})
constructed as a graphical sum, via (26),

Zo(h g = R-T-1- 2V, () --- Z°V '),
define
zeVh A = R-To-1- 2PN () - ZPN (A,

where Ty = T/z(z).

The same shift 7o = 17'(z) is used by ZBSW (%, {t;}) and Z® (%, {tx}) due to their
common homogeneity property (15). One can also replace only some copies of
ZXW(#, {1 }) in (26) by copies of ZBGW(#, {#;}) and shift components of 7. For
example, in [13], the enumeration of bipartite dessins d’enfant is shown to have
partition function

(29)  ZG ) = R-T-ZPV(—gh.i{ 5 }) 2V (320, {4 217)

for R and T determined by the curve xy? + xy + 1 = 0 as described in Section 5.2.
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R(Z) c L(Z)GL(N, (C) Givental construction s Zg (h’ { l;: })
T(z) e 22CN[z].1eCN

topological recursion

S =(C,x,y, B) > ZS(h {12}

Figure 1: Constructions of CohFT partition functions.
5.2 Topological recursion

Figure 1 summarises the contents of this section. The upper horizontal arrow in the
figure represents Givental’s construction of a partition function defined in (26) and
Definition 5.2. Topological recursion is defined in Section 5.2 — it produces a partition
function from a spectral curve S = (C, x, y, B) consisting of a Riemann surface C
equipped with meromorphic functions x and y and a bidifferential B. We begin with a
description of the left vertical arrow, which represents the construction of an element
R(z) e LAGL(N, C) from (C, x, B) in (30) and T'(z) and 1 from (C, x, ) in (36)
and (35). We then define topological recursion in Section 5.2.1 and state the result
of [18], that topological recursion encodes the graphical construction in (26) and gives
equality of partition functions, represented by the right vertical arrow.

An element of the twisted loop group R(z) € LA GL(N, C) can be naturally con-
structed from a Riemann surface ¥ equipped with a bidifferential B(p1, p;) on X x X
and a meromorphic function x: ¥ — C for N the number of zeros of dx. A basic
example is the function x = z? on ¥ = C, which gives rise to the constant element
R(z) =1 € GL(1,C). More generally, any function x that looks like this example
locally, ie x = s2 + ¢ for s a local coordinate around a zero of dx and ¢ € C, gives
R(iz) =1+ Riz+--- € LAGL(N, C), which is in some sense a deformation of
I € GL(N, C), or N copies of the basic example.

Definition 5.7 On any compact Riemann surface (X, {A;};=1.,...¢) With a choice of
A-cycles, define a fundamental normalised bidifferential of the second kind B(p, p’)
to be a symmetric tensor product of differentials on X x ¥, uniquely defined by the
properties that it has a double pole on the diagonal of zero residue, double residue equal
to 1, no further singularities and normalised by | pea,; B(p,p))=0fori=1,...,g[27].
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On a rational curve, which is sufficient for the examples in this paper, B is the Cauchy

kernel dz, dz,
Bziz) = 2
(z1—22)

The bidifferential B(p, p’) acts as a kernel for producing meromorphic differentials on
the Riemann surface ¥ via w(p) = [, A(p') B(p, p'), where A is a function defined
along the contour A C X. Depending on the choice of (A, 1), @ can be a differential
of the 1% kind (holomorphic), 2™ kind (zero residues) or 3" kind (simple poles).

Definition 5.8 For (X, x) a Riemann surface equipped with a meromorphic function,
define evaluation of any meromorphic differential w at a simple zero P of dx by

w(p)
V2(x(p) —x(P))’

where we choose a branch of /x(p) — x(P) once and for all at P to remove the £1
ambiguity.

w(P) :=Resp=p

A fundamental example of Definition 5.8 required here is B(P, p), which is a nor-
malised (trivial .A-periods) differential of the second kind holomorphic on ¥\P with a
double pole at the simple zero P of dx.

In order to produce an element of the twisted loop group, Shramchenko [50] constructed
asolution Y (z) of the linear system (20) using V =B, U] for Byg = B(Pq, Pg) (defined
for o # B) given by

J2 _
VO == [ BPap)- O
A 21 I'g

The proof in [50] is indirect, showing that Y(z); satisfies an associated set of PDEs
in u; and using the Rauch variational formula to calculate d,, B(Py, p). Instead, here
we work directly with the associated element R(z) of the twisted loop group.

Definition 5.9 Define the asymptotic series in the limit z — 0 by

(30) R_I(Z)(é = —ﬁ B(Py, p).e(x(PB)_x(P))/Z’

\/27’[ Fﬁ

where I'g is a path of steepest descent for —x(p)/z containing x (Ppg).

Note that the asymptotic expansion of the contour integral (30) for z — 0 depends only
the intersection of I'g with a neighbourhood of p = Pg. When a = f, the integrand has
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zero residue at p = Pg, so we deform I'g to go around Pg to get a well-defined integral.
Locally, this is the same as defining fR s~2 exp(—s?) ds = —2./7 by integrating the
analytic function z~2 exp(—z2) along the real line in C deformed to avoid 0.

Lemma 5.10 [50] The asymptotic series R(z) defined in (30) satisfies the twisted
loop group condition

(31) R(z)RT (-2) =1d.

Proof The proof here is taken from [16]. We have

B(p.q)B(p'.q)
dx(q)

N
(32) > Resy=p,
a=1

B(p.9)BWw.9) ..  Br.a)Bp.q)
dx(q) TP dx(g)

_ B(p, p) B(p, p)
= _d”( dx(p) )‘d"’( dx(p') )

where the first equality uses the fact that the only poles of the integrand occur at
{p.p'.Py|a=1,..., N}, and the second equality uses the Cauchy formula satisfied
by the Bergman kernel. Define the Laplace transform of the Bergman kernel by

= —Resy=)

. eX(Pa)/214+x(Pg)/z2 ,
Ba’ﬁ(zl,zz) — / / B(p, p/)e_x(P)/Zl_X(P )/ 22
2w /212, T, JTg

The Laplace transform of the left-hand side of (32) is

N
X (Pa)/z1+x(Pp)/ 2 / [ e~ (P)/21=x(/z2 37 Res, o, B 9B q)
o FB ’

27\ /Z12; et dx(q)

N x(Pa)/z14x(Pp)/ 22

_ ¢ —x(p)/z1 —x(p')/z2 /

= e B(p,Py) e B(p',Py)
1/2::1 2 2122 T 4 FB 4

B i [R_I(Zl)]();[R_l(Zz)]E

N Z122 ’
y=1

Since the Laplace transform satisfies

/F d(%)e—x(p)/zz ! /F o(p)e— XDz
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for any differential w(p) by integration by parts, the Laplace transform of the right-hand
side of (32) is

_ex(P"‘)/Z”Lx(Pﬁ)/ZZ/ / e~ X(P)/z21=x(P)/22) 4 Blp.p) +d/(B(p—,p/))
21w . /zZ122 w /T P dx(p) ’ dx(p’)
1 1Y\ 3
= —(— +—)B°"ﬁ(21,22)-

Z] )

Putting the two sides together yields the result, due to Eynard [21],

SR DGR (zZ)]’g_

(33) B%B(zy,2y) = —
Z1+ 23

Equation (31) is an immediate consequence of (33) and the finiteness of BB (z1,22)
at zp, = —z7. O

5.2.1 Topological recursion Topological recursion is a procedure which takes as
input a spectral curve, defined below, and produces a collection of symmetric tensor
products of meromorphic 1-forms wg , on C". The correlators store enumerative
information in different ways. Periods of the correlators store top intersection numbers
of tautological classes in the moduli space of stable curves Mg , and local expansions
of the correlators can serve as generating functions for enumerative problems.

A spectral curve S = (C, x, y, B) is a Riemann surface C equipped with two mero-
morphic functions x, y: C — C and a bidifferential B(p, p,) defined in Definition 5.7,
which is the Cauchy kernel in this paper. Topological recursion, as developed by
Chekhov, Eynard and Orantin [8; 22], is a procedure that produces from a spectral
curve S = (C,x, y, B) a symmetric tensor product of meromorphic 1-forms wg
on C" for integers g > 0 and n > 1, which we refer to as correlation differentials or
correlators. The correlation differentials wg , are defined by

wo,1(p1) =—y(p1)dx(p1) and wo2(p1.p2) = B(p1,p2)

and, for 2g — 2 4+ n > 0, they are defined recursively via

wg,n(Pl,PL)
= Z Resp=aK(p1’P)
dx(a)=0 o
-[wg—l,nﬂ(p,ﬁ,pL)Jr > wgl,|1|+1(p,pz)wg2,|1|+1(13,pJ)]~
g1+82=¢
TuJ=L
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Here, we use the notation L = {2,3,...,n} and p;y = {pi,, Pir...., Di,} for I =
{i1,iz,...,ix}. The outer summation is over the zeroes « of dx and p — p is the
involution defined locally near « satisfying x(p) = x(p) and p # p. The symbol o
over the inner summation means that we exclude any term that involves wq ;. Finally,
the recursion kernel is given by

P
R _ 1 [ @o2(p1.°) ‘

which is well defined in the vicinity of each zero of dx. It acts on differentials in p and

produces differentials in p; since the quotient of a differential in p by the differential
dx(p) is a meromorphic function. For 2g —2 + n > 0, each wg , is a symmetric
tensor product of meromorphic 1-forms on C” with residueless poles at the zeros
of dx and holomorphic elsewhere. A zero o of dx is regular if y is regular at «,
and irregular if y has a simple pole at «. A spectral curve is irregular if it contains
an irregular zero of dx. The order of the pole in each variable of wg , at a regular
(resp. irregular) zero of dx is 6g —4 + 2n (resp. 2g). Define ®(p) up to an additive
constant by d®(p) = y(p) dx(p). For 2g —2+n > 0, the invariants satisfy the dilaton
equation [22]

> “Resp=a P(P)0gnt1(P. P1--- - pn) = (28 =2+ Mg n(pi. ... Pa).
o

where the sum is over the zeros « of dx. This enables the definition of the so-called

symplectic invariants

Fg = ZResp=a cb(p)wg,l(p)-
a

The correlators wg , are normalised differentials of the second kind in each variable
since they have zero .A—periods, and poles only at the zeros P, of dx of zero residue.
Their principal parts are skew-invariant under the local involution p — p. A basis of
such normalised differentials of the second kind is constructed from x and B in the
following definition:

Definition 5.11 For a Riemann surface C equipped with a meromorphic function
x: C — C and bidifferential B(py, p») define the auxiliary differentials on C as
follows. For each zero P, of dx, define

V(x
(34) VED) = B(Pa. p). VE,(p) = —d( % ))

dx(p)
fora =1,...,Nand k =0,1,2,..., where evaluation B(P,, p) at Py is given in

Definition 5.8.
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The correlators wg , are polynomials in the auxiliary differentials V;*(p). To any
spectral curve S, one can define a partition function Z* by assembling the polynomials
built out of the correlators wg , [18; 21; 45].

Definition 5.12  Z5 (4, {ug}) =

g.n :
Vi (pi)=uy

As usual, define Fy to be the contribution from wg 5,

log Z° (. {ug}) = ) h¥™'Fp (luft}).
g£=0

5.2.2 From topological recursion to Givental’s construction The input data for
Givental’s construction is a triple (R(z), T'(z),1) € LAGL(N, C) x z2CN[z] x CV.
Its output is a CohFT €2, and its partition function Zg (%, {¢{'}). The input data for topo-
logical recursion is a spectral curve S = (C, x, y, B). Its output is the correlators wg ,
which can be assembled into a partition function Z5 (#, ).

From a compact spectral curve define a triple

= (C,x,y,B) = (R(2).T(z),1) € LDGL(N,C) x zCN[z] xCN

by
(C,x, B) > R(z) e LAGL(N, C)
via (30),
(35) 1 — {dy(Pa) if Py is regular,
(ydx)(Py) if Py is irregular,

which is the unit in normalised canonical coordinates, and

z(1% — ) if Py is regular,
36) T(2)*=
: e 1 (p) dx(p)-eCP)=xPD/zif P, is irregular
Pz Fay p p o gular.
Note that
i~ [y exraxtonrs [0 s ealan
z—0 /27 (ydx)(Py) if Py is irregular,

which defines 1; hence, the right-hand side of (36) lives in z2C™[z] (resp. zCN[z])
when P, is regular (resp. irregular). If € is a CohFT with flat unit—see (12)
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in Section 4—given by 1 € C¥, then 1 determines the translation via 7T'(z) =
z(1— R71(2)1) € z2CN[z]. In this special case, y satisfies

N
3 (R'@D*=> R@¢-A7 = L[ ap(p)-eGP—xoN/z
=1

V2mz Jr,
which uniquely determines y from its first-order data {dy(Py)} at each P,,.

The map (C, x, y, B) = (R(z), T(z), 1) produces the left vertical arrow in Figure 1
and its generalisation to irregular spectral curves, ie a correspondence between the
input data, and via the graphical construction (26) this produces the same output
Zo(h g} = Z5(h, {7 }), which is the main result of [18], stated in the following
theorem:

Theorem 5.13 [18] Given a CohFT 2 built from
R(z) e LDGL(N,C), T(z)ez*CN[z]. 1ecCVN
via Definition 5.2, there exists a local spectral curve
S=(.,x,y,B)—~>(R(2),T(2),1)

on which x and B correspond to R(z) via Definition 5.9 and y corresponds to T'(z)
and 1 via (36) and (35), giving the partition function of the CohFT

Zo(h {18 = Z5 (h, {1f)).

In general, the spectral curve S in Theorem 5.13 is a local spectral curve which is a
collection of disk neighbourhoods of zeros of dx on which B and y are defined locally,
although we only consider compact spectral curves .S in this paper. Theorem 5.13 was
proven only in the case 7'(z) = z(1— R™!(z)1) in [18] but it has been generalised to
allow any T'(z) € z2CN[z]; see [9; 37]. We will use the converse of Theorem 5.13,
proven in [16], beginning instead from S. Theorem 5.13 was also generalised in [9]
to show that the operators U, Rand T acting on copies of ZBSW analogous to (26)
arises by applying topological recursion to an irregular spectral curve. Equivalently,
periods of the correlators of an irregular spectral curve store linear combinations of
coefficients of log ZBSW. The appearance of ZBSY is due to its relationship with
topological recursion applied to the curve x = %22, y=1/z[14].

5.2.3 Spectral curve examples We demonstrate Theorem 5.13 with four key exam-
ples of rational spectral curves equipped with the bidifferential B(p, p,) given by
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the Cauchy kernel. The spectral curves in Examples 5.14 and 5.15, denoted by Sajry
and Sges, have partition functions ZXW and ZBSVY, respectively. Any spectral curve
at regular (resp. irregular) zeros of dx is locally isomorphic to Sajry (resp. Sges). A

ZKW ZBGW are fundamental to the correlators

consequence is that the tau functions and
produced from topological recursion. Moreover, the topological recursion partition
function Z9 is constructed via (26), using a product of copies of ZXW and copies
of ZBSW as in (29), where R and T are obtained from the spectral curve as described
in Section 5.2.2. The third example, given by Theorem 5.16, brings together ZXW and
Z© and conjecturally ZBSW in the limit. Proposition 5.4, which gives the relationship

between the Givental construction of a semisimple CohFT  and its associated QBOW

’

has an elegant consequence for spectral curves. This is demonstrated explicitly in
the fourth example, which shows the relationship between the spectral curves of a
CohFT Q42 associated to the A, singularity and (©242)BOW,

Examples 5.14 and 5.15 below use the differentials
Em(z) = Qm+ DN z=C@m+D) g,
defined by (34) for x = 422 with respect to a global rational parameter z for the curve

2
C =C.

Example 5.14 Topological recursion applied to the Airy curve

dzdz
O e =)

produces correlators which are proven in [23] to store intersection numbers
A1ry mj L,
> [ TTwmemnn-
mez” Men =
and the coefficient is nonzero only for Y ;_; m; = 3g — 3 + n. Hence,

Z8(hto,t1,...) = Z5 (B, 10, 14, . .. wpy

Em(zi)=tm

=exp Z Gl 1/ H(wm’tml

g.n,m Men j—1

Example 5.15 Topological recursion applied to the Bessel curve

12 1 dzdz’
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produces correlators
a)ng’j: Z be(my,... mn)l_[(Zm,—i—l) +2,
EeZ’_’i_ i=1 %
where bg(my,...,my) # 0 only for > ;_, m; = g — 1. It is proven in [14] that

ZBGW(hvtO’tls-")=ZSBes(hat0’ll’- BCb

Sm zi)=tm

For the next example, define differentials &, (z, ?), using x = %22 —t-logz, by

£, (z,0) =172z 4z,

(38) £ (z,0) = dz,

o ,t
Em(Z ))’ 0:0,1,m=—1,0,1,2,----

frtl—f-l(z’t) = _d( dX(Z)

For m > 0, these are linear combinations of the V,f, (p) defined in (34). The following
theorem uses the Chern polynomial

C(ES ) =1+1-c1(ES,) +12-c(ES )+ € H*(/VIZZ&,Q), G e {0, 1}".

Theorem 5.16 [37] Topological recursion applied to the spectral curve
dzdz'

39 x=1z2—t.logz, =z! B=—"""_

(39) ! gz, y ERE

produces correlators wg , satisfying

40) wgn(t,z1,...,2n)

_Z( 1)r28=24n) 1= g/M p*c( gn’_)nwm' % (z1.1).

G.m g.n i=1

Proof Theorem 5.16 is a specialisation of a theorem in [37] which applies to a
generalisation of the moduli space of spin curves to the moduli space of »—spin curves

MYr=4(C.0,p1.....pn @) | 9107 =5 0%

. . . . —1
For any s € Z, there is a line bundle £ on the universal r—spin curve over M g{ M

with fibres given by the universal " root of (a)(ljog)s . Its derived pushforward R*m,&

defines a virtual bundle over M ;,/ » - For example, when s = 1 and r = 1, —R*m,.&
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is the Hodge bundle, and, when s = —1 and r = 2, —R*nx€ = E g,n coincides
with Deﬁnition 2.1 (Where £V has now become & due to s = —1.) Note that [37]
considers ' roots of (0 log)s ( Yo p,-) for C the underlying coarse curve of C
with forgetful map p: C — C. The r'" roots in [37] coincide with the pushforward
|6]| = ps«B, which is the locally free sheaf of Z,—invariant sections of the pushforward
sheaf of 0, and the isotropy representation at p; determines o; as described in Section 2.
For r =2, ie 62 = a)lco , at any point p; banded by 1 5 the pushforward locally satisfies
101> = wc(2pi) = wcg(p,) hence, (|6]|V)? = (a)log) (—pi), which corresponds to
o; = 1. At any point p; banded by 0, the pushforward does not change local degree
and corresponds to g; = 0.

The Chern character of the virtual bundle —R*74& is given by Chiodo’s general-
isation of Mumford’s formula for the Chern character of the Hodge bundle. For
o0e{0,1,...,r—1}, let j,:Sing, — /\/lg/n be the map from the singular set of the
universal spin curve banded by /7, where now the local isotropy is Z. Let By, (x)

be the m™ Bernoulli polynomial. Chiodo [10] proved

(41) ch(R*m4€) = Z (MK”[ _ Z Mwlm
m=0 i=1

(m+1)! (m+1)!
r-1 m m—1,.m

1 Bmyi1(o/r) . = V¥ +(=1) E/f_)

+ 21’02:%) m+ 1) (Jo)x Vet .

The total Chern class of a virtual bundle ¢(E — F) := ¢(E)/c(F) can be calculated
from its Chern character and in this case is given by

o0
c(—R*14€) = exp( > (D" m—1)! chm(R*Jr*E)).
m=1
The components of M 517/ » are given by ./\7;/ 7~ for G € Z}. The pushforward of the
restriction of ¢(— R*m«€) to a component is known as the Chiodo class
an(VS U) —p*c( R N*g| l/r )EH*(Mgn,Q)

gno

The sum of this pushforward over all components of M g/ n is expressed as a weighted

sum over stable graphs in [32] which encodes a twisted loop group action as described
in Section 5, with edge and vertex weights proven in [37, Theorem 4.5] to exactly
match the edge and vertex weights arising from the spectral curve

plts/r dzdz'
z2, B=——.
s (z—2)?

x=z"—logz, J=
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In particular, the term exp (—Zm (Bmy1(s/r)/m(m + 1))Km) which arises from the
Y m(Bm+1(s/r)/(m + 1))kp, terms in Chiodo’s formula exactly matches the local
expansion of dy. More precisely, by [37, Lemma 4.1],

1 P =X (PN /B __ N B (/) m)
42) m/r dy(p)-e P dy(%)exp( ; i ")

where ~ means the asymptotic expansion in the limit # — 0.

Hence, topological recursion applied to this spectral curve produces correlators with

—Xx(z; z

.. . L L
expansion in terms of the local coordinate e ™* = e ) = zije %i around z; = 0,

(43) C/(\)g’n(ZI,...,Zn)

- - k) Ce /7 g o iki Cen(r.s: (—k)r) ’
Z l_[C( )r (e ) Meg.n H?=1(1—(ki/”)¢i)

l;eZ’jr i=1
where ~ means expansion in a local coordinate, (—l;)r €{0,...,r —1}" the residue
class of —k modulo 7, and Lk /7]
clk) = W
We have used £ =z —logz and y = (r'75/7 /5)z" here, rather than ¥ = —z" +log z

and y = z% as used in [37], because the convention for the kernel K(p;, p) used here
differs by sign from [37], and also to remove a factor of (r!+5/7 /§)2728" from the
correlators. Chiodo’s formula and the asymptotic expansion (42) are true for any s € Z;
hence, (43) holds for any s € Z, although it is stated only for s > 0 in [37].

In [37], (—12), e{l,...,r}"; however, replacing k; = r by k; = 0 leaves the Chiodo
class invariant since it does not change the component, but rather it twists the universal
bundle £ over the component, resulting in adding a direct summand of a trivial bundle to
the virtual bundle — R* 7, & which does not affect the total Chern class. The invariance
of the total Chern class, or equivalently the positive-degree terms of the Chern character,
can also be seen in Chiodo’s formula via properties of the Bernoulli polynomials.

We will use (43) in the case r = 2. Define
£0-1(2)
dx(z)

which have local expansion at z = 0 given by
@~ Y kMe(ydEe ™),

k€Z+
k=o(mod 2)

£ =2zdz, E! =dz, ég,(z):—d( ) 0€{0,1}, mef0,1,2,...},
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Each ; in the denominator of the right-hand side of (43) produces monomials
(%ki wi)mi; hence, (43) with r = 2 becomes

Ogn(Zts - 2n) = Z / Con2osid) | [ W g 27/

i=1

Change (X, J) = (x, y) by

A z _ 1. .s/25( Z s
x——tx(—_)——tlo 2t) = z —t-logz, = 58t (—)_Z,
2t g( ) & Y 2 Y \/2_1

The differentials defined in (38) using x are given by

e =R (),

Hence,
wen(t,21,...,2n)
1 241\2—2g—h ~ Z1 Zn
= (ESZS/ + ) Cz)g’n(\/—_,..., \/_)
Sts/2+1 2-2g¢—n [ Con(2,5:5) wml ( )20/2, —m;
( Z g.n lljll \/—
= (Lse5/2+1) 2-2¢ nz/ Con(2,s: 0)ntm1+1/2wmz % (z)2m
i=1
( SZS/2+1)2 2g—n n/ZZ/ Con(2.s: 0)1_[ mzwmz ii(zi)
i=1
:Zt(l—s)(2g—2+n)/221—gs2—2g—n/ an(z 53, )l_[wml i (2, 1),
e M "
o,m
where the last equality uses (1¢ omi _ (1,)3873 e g e degree operator
2 2
degcr(EG ,) =k then (%Z)_deg is absorbed into the Chern polynomial. Set s = —1 to
get the desired result. O

The classes ®g 5 arise in the limit
hma’gn(l Zlsen- Zn)—Z/ ®gnnwml$m,(z)
i=1

for &, (z) = Cm + Dz=C@m+2) g2 We explain the relationship of this limit with
Conjecture 1.5 in Proposition 6.1.
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5.2.4 A, singularity In this section we calculate the spectral curves of the CohFT
Q42 and (242)®. We begin with a general result relating the spectral curve of any
semisimple CohFT Q with the spectral curve of QBOW,

Proposition 5.17 Given a semisimple CohFT Q with partition function Zg (h, {17'})
encoded by the spectral curve

S=(C,x,y,B)

via Theorem 5.13, Z gGW (h,{1}'}) is encoded by the spectral curve

~ A dy
(i p)
S (C X =
Proof Note that the spectral curves S and S share the same (C, x, B) and hence

produce the same operator ﬁ(z) used in the construction of both Zg and Z ?ZGW.

Proposition 5.4 shows that a shift in the translation operator 7°(z) — T (z)/z combined
with replacing each copy of ZXW(#, {#;}) in (26) by a copy of Z®(#, {t;}) produces
the partition function of Q®. It relied upon the homogeneity property (15) satisfied
by Z® (1, {t;}). But ZBOY (%, {#;}) also satisfies (15); hence, an identical argument to
that in Proposition 4.3 proves that, for a semisimple CohFT €2, the partition function
Z gGW(h, {7’ }) is obtained by replacing each copy of Z KW (#, {t}) in (26) by a copy
of ZBSY(#, {;}) and replacing the translation operator by 7'(z) — T(z)/z.

Given an irregular spectral curve, it is proven in [9] that its partition function is
obtained from (26) with translation operator given by (36). Given a semisimple CohFT
Q encoded by the regular spectral curve S = (C, x, y, B), define y = dy/dx. Then,
since dy = p dx, the translation operator shifts by 7(z)* — T'(z)*/z, which proves
that 2BSGW is encoded by the spectral curve S = (C, x, § = dy/dx, B). i

Define the spectral curves
dzdz'
— — 3 — -/ —
SAZ—((C,.X—Z —3Z,y—Z —3,B—m),
V=3 B dzdz'
322-3"7  (z—z))2)°

The partition functions associated to § = Sy4, definedin4.1.4 and S = Sf?z are built

(44)

SE’zGW=(C,x=Z3—32,f/=

S
out of correlators wg , by

h8~1
Z35(h g =exp ) T,
g.n

& (2=t}
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using the differentials £ (z) defined on C by

45) &= dz__(CN)7dz S’?ﬂ), well,2), keN.

(1-2)2 (142)2 S"““”):d(dx(p)

These are linear combinations of the Vlg (p) defined in (34) with x = z3 — 3z. The
V,f (p) correspond to normalised canonical coordinates while the £ (p) correspond to
flat coordinates. We have

(©]
Zoay =250, Zgiye =Z 4.
|
The equality Z4, = Z Sz was proven in [17]; hence, Z (g 4,y0 = Z S by Proposition
5.17. We verify this by giving the local expansions of B and J for S4,, which helps to
deal with different normalisations in the references. Choose a local coordinate ¢ around
z=—1="P; sothat x(t) = 11> 4+ 2. Then

- dz _
B”’”)Zﬁmw(r >~ T )
d
B(Py.1) = f( _21)2 = dt(—4; + £k1> + -+ + odd terms).

Around z = 1 = P, the local expansions of B(Py, z) are the same as those above, up
to sign. The odd terms are annihilated by the Laplace transform, and we get

_ z 2
R I(Z)gz—\/% - B(Py,1)- /D2 =1 (— D g7 — s+
. Jz —12/2 35i 2
R (Z)‘s)‘l—a =- e o B(PS—a’[)'e( /D7 = ] Z+( 1)0:3451 +oee

Hence, R (z) =1 = Riz+ (R} = Ry)z>+---=1—RTz+ RTz2 + ... gives

1 -1 —6i 35 —1 12§
Rl_m(—w 1)’ R2_41472(—12i ~1 )

which determines all other Ry via (21) and agrees with (23) for QA2

The topological field theory is defined by {dy(Py)} for i = 1,2. The translation
operator T'(z) is determined by the (Laplace transform of the) local expansion of y
given by (36). Moreover, 242 has flat unit, so in this case the odd expansions of dy is
determined by R~!(z)1 via (37), and hence uniquely determined by the terms dy(Py)
for « = 1, 2. This is visible on the spectral curve by the fact that the poles of dy are
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dominated by the poles of dx, ie dy/dx has poles only at the zeros Py and P, of dx,
and hence, by the Cauchy formula, dy satisfies

N
(46) 4(2 () ==Y Resp=p, L)BY. p).
a=1

which is proven in [17] to imply (37). Thus, it remains to show that y defines the correct
topological field theory, representing 1 in normalised canonical coordinates. The local
expansion of dy = ~/—3 dz around P; = —1 in the local coordinate x(¢) = %tz +2is

1 5 2 385 4
d =«/—3d2:(—— 24 ‘ +---+oddterms)dz
4 V2 1442 124416 /2

and around P, = 1 replace ¢ by i¢. Hence, the Laplace transform is

1 ((x(Pr)—x(p)))/z
- d .e e
{m/r v(p)
=R '(2)1

1 (1 5 -1 385 1) »
=—\. )J+—= . )z+———=. )"+ .
ﬁ(l) 144\/5( z)Z 41472«/5(1)2

Note that dy(P;) = \% =1l and dy(P;) = ~1—6 = /12 gives the unit 1, and hence
the TFT. Thus, S4, — (R(z), T (z), 1) for Q42 a5 required.

6 Progress towards a proof of Conjecture 1.5

A consequence of the homogeneity property (15) satisfied by both partition functions
Z®(h, to.t1,...)and ZBSV(h, 19,1, ...) is that, for g > 1, the coefficient of #8~! of
the logarithm of the partition function, ie its genus g part, is a finite sum of rational
functions. They are both of the form

o0
—_1 _ g—1 . Cwln
log Z(h,19,11,...) = —g log(l Z0)+Zh Z (0102621
g=2 ukg—1

where ¢, := []t,, for a partition ;t = (u1,....n). Hence, for each g, one needs
only match the finite set of coefficients c,,, parametrised by partitions p of g — 1, of
log Z® (h, 1o, 11, . ..) with those of log ZBSW (A, 19,1, ...), to determine equality.

The initial value of | Mg O11 = % together with (15) produces all genus 1 terms

of log Z®, and the calculation / Mot Or1-Y1 = % from Example 3.5 together
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with (15) produces all genus 2 terms, giving

I
log Z® = —%log(l — 1) —l—h-%-m + O(h?).

Further calculations, such as the genus 3 calculation in the appendix and calculations
up to g = 7 and n = 6 using admcycles [12], prove

(47) log Z® (h, 19,11, ...) =1og ZBWV(h, 19, 11....) + O(H®).

Conjecture 1.5 is reduced to a purely combinatorial or analytic problem in the following
proposition. Recall the spectral curve (39) given by

dzdz'
1.2 -1
X=5z"—t-logz, =z, B=—"_
2 ) y (z—2)?
with correlators wg (2, 21, . . ., Zn).
Proposition 6.1 Conjecture 1.5 is equivalent to
(48) lim wg n(t,21,....20) = a)Beg(zl, e Zn).
t—0

Proof By Theorem 5.16,
wen(t. 21, ... z) = Y _(=1)"12872Ha178 / p*c( o —) H Y e (20 1),
o Me.n o
o.,m i=1
which is regular in ¢ since
rank Eg , =2g¢ -2+ %(n +lal),
so the Chern polynomial has degree at most 2g —2 + 7 in t~!. Hence, for |G| = n,

lim (—1)"72¢ 241217 p e (B2, 2) = (—1)"25 4 pcsg o 4n(ES,) = O,

t—0 &.n’

while, for |6| < n, rank Eg’n <2g—2+n,s0

lim (—1)”:2g—2+”21—gp*c(Egn, 3) —0.
t—0 t

Thus, the ¢t — 0 limit exists to give

2g—24+n~1— mi
}g})Z/ iyt (£2 . 2) [Tues

Me.n i=1

—Z/ ®gn1_[1/f Sm,(z)

i=1
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for
Em(z) = lim £} (2, 1) = @m 4+ DN z=Cm D) 47,
t—0

Also, lim;—0 &2 (z,7) = 0 for m > 0. The ¢ — 0 limit of the spectral curve (39) gives
the Bessel spectral curve of Example 5.15 with correlators proven in [14] to be given
by

PG [ )

Bes(z _
15 7Zf'l) -
N atml ce a[mn

m

Hence, the conjectured limit (48) yields

m BGWh n
Z/M @gnl_[W’ém,()—Z T _(_at;{ntk})ném,-(Z),

i=1 i=1

which is equivalent to Conjecture 1.5. |

The subtlety of the limit (48), which is known up to g = 7 for all n by the verification
of Conjecture 1.5 in these cases, can be seen as follows. The correlators are regular
in ¢; for example,

wo3(t,21,22,23) = O(t) = 111%600,3@,21,22,23) =0.
t—

However, the coefficients in the recursion can be irregular in 7, ie blow up as t — 0.
For example, we next introduce the parameter a to keep track of the contribution of
wo,3(t, 21,22, z3) and can set ¢ = 1 at the end in this calculation of w; »(?, z1, z2):
w1,2(t,21,22)

Y Res;=q K(z1.2)[a-w0,3(1.2.00(2). 22) + 00,2 (2. 22)w1,1 (1, 04 (2))

dx()=0 + w0,2(0(2), 22)w1,1 (. 2) ]
dzydz
. 1 1 2
tlgl})a)l,z(l,zl,zz) = Togo(74a +61) 12 % .

This gives the expected limit of a)B“(zl ,Z2) when a = 1, and shows the dependence of
lim; 0 w1 ,2(7, 21, 22) on wo 3(t, 21, 22, z3) due to coefficients in the recursion which
are irregular in 7.

6.1 Pixton relations

A collection of relations in the tautological ring RH* (Mg ,) was conjectured by Pixton
and proven in [47] using the CohFT 42, Such tautological relations can be used to
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produce topological recursion relations for CohFTs such as Gromov—Witten invariants.
Similarly, the intersections of ® , with Pixton’s relations produce topological recursion
relations satisfied by the intersection numbers | Me.n Ogn 17 wlm n

The key idea behind the proof of Pixton’s relations in [47] is a degree bound on the
cohomology classes

degQA2 < 3(g—1+n)<3g—3—|—n

combined with Givental’s construction of Qf;j in Definition 5.2 from the triple
(R(z), T(z),1) € LAGL(N, C) x z2CN[z] x CN obtained from the Frobenius man-
ifold structure on the versal deformation space of the 4, singularity; see Section 4.1.4.
Givental’s construction produces ng, although it does not know about the degree
bound and produces classes in the degrees where Qﬁ%, vanishes. This leads to sums
of tautological classes representing the zero class, ie relations given by the degree
d> %( g — 1 4 n) part of the sum over stable graphs in (24) of the form

Ar _ R.T,1
= 2 Gy ner ™

I'eGg

Since 242 has flat unit, the pushforward classes in (24) produce k polynomials; hence,
only graphs without dilaton leaves in the sum are required and the classes a)I{e Tl
consist of products of ¢ and x classes associated to each vertex of I'. The main
result of [47] is the construction of elements RY 7.4 € Sgnfor A= (ay,...,a,) with
aq € {0, 1} satisfying q(Rd A) = 0 which push forward to tautologlcal relations in
HZd(Mg n, Q). They are deﬁned by R4 g4 the degree d part of Qg 2.(vy4) for a basis

{vg, v1}. The element R1 € H?*(M,, Q) is given in Example 3.5.

Whenn <g—1landg > I, wehaved =g —1 > 3(g— 1 + n); hence, there exist
nontrivial relations Rg . This produces the sum over graphs

g—1 _
®g’n‘Rg,A — 0,

which defines a relation for each 4 between intersection numbers of ¥ classes with ® 4 5,
ie coefficients of Z® (%, {t;}). This uses Og.n - (¢r)+ = (¢r)«Or together with
Remark 3.4 to replace « classes by y classes. We saw this in Example 3.5, arising
from the genus two Pixton relation

(49) / ©2,1-V1 —1—70'/ ®1,1'/ O1,1 —11—0'/ ©12=0,
Ma g Mi Mi Mi2
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which determines fﬂqu ©; - ¥? from f/\71.1 ®, and f/\71,2 1. Similarly, the
appendix uses genus three relations to deduce [ s, @32 Y and [ s, @32 V12
from lower-genus coefficients of Z ®(h, to 1, ... ).

The following theorem proves that the coefficients of Z BGW(# 19,11, ...) also sat-
isfy (49), and more generally an infinite set of relations satisfied by coefficients of
Z ®(h, to,11,...) arising from Pixton relations:

Theorem 6.2 Pixton relations produce infinitely many nontrivial relations satisfied by
the coefficients of both Z®(h, to.t1,...)and ZBV (h 1,11, ...).

Proof Foreach g > 1,7 and | 3(n+ 1) possible 4 € {0, 1}" (due to symmetry and
vanishing of half for parity reasons), R;_Al = 0 defines a nontrivial Pixton relation.
For each of these choices of g, n and A, due to the restriction and pullback properties
of ®g » as explained above, Og ; - Rg,_Al = 0 defines a relation between coefficients of
Z®(#, {tx}), such as (49).

The main goal is to prove that the corresponding coefficients of ZBSW (%, {1;}) also
satisfy this infinite set of relations. To do this, we study the partition function Z gﬁ‘;’,
defined in Definition 5.6 via the spectral curve SESW defined in (44). The relations
between coefficients of ZBSW (A, {#;}) will be stored in the spectral curve. This
will produce identical relations satisfied by both the coefficients of ZBSW and Z©.
To summarise, we have vanishing of certain coefficients of Z/(?Z (h,{1}'}) due to the

cohomological viewpoint shown in the upper row in Figure 1, and vanishing of corre-
BGW
Q42
by topological recursion shown in the lower row in Figure 1.

sponding coefficients of Z (h,{t¢'}) due to Givental’s construction neatly encoded

Pixton relations induce relations between intersection numbers of ¥ and x classes
or ¥ classes alone, ie coefficients of ZXW (%, {#;}). These relations are realised by
unexpected vanishing of coefficients of the partition function Z 4, (%, {#7'}). Similarly,
unexpected vanishing of coefficients of the partition function Z ESW (h,{t}'}) correspond
to relations between coefficients of ZBSWY (%, {1 }).

The coefficients of log ZﬁzGW(h, {17}) are obtained from the correlators wg,(,},W’AZ

of S IE’SW by
n

0
(50) W(Fgfw)g({tg 1)
ki " %k ;=0
n
=Res;; =00 - *ReSz, =00 l_[ Da; ki (zi)wggW’Az(zl, eesZn)
i=1
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for polynomials p, s (2) = V=3((=1)% Ja) 23, 4 Jower-order terms for o € {1,2}
and k € N chosen so that the residues are dual to the differentials §]‘: defined in (45).
The lower-order terms (and the top coefficient) will not be important here because
we will only consider vanishing of (50) arising from high-enough-order vanishing of
a)é 2(z1,...,zp) at z; = 00, so that the integrand in (50) is holomorphic at z; = oo.
Equation (50) is a special case of the more general phenomena, proven in [16], that
periods of wg , are dual to insertions of vectors in a CohFT. Thus, we have shown
that relations between coefficients of ZBSY (h, {;}) induced from Pixton relations are

detected by high-order vanishing ofwgf,},w’Az (z1....,zpn) at zi = 00. The same is true
for high-order vanishing a)ﬁ 7(z1,...,zp) at z; = 0o, which is shown by
4 2
Ay, 35 z(11z" +14z°+2)
®1(2) = 233 (22— 1)10 .
= Resy—oo zma)f%(z) =0, me{0,1,...,12}.

Hence, (50) vanishes for k; =0, 1,2, 3 and oy = k; mod 2, which gives the relations
between intersection numbers, or coefficients of ZXV (#, {1, }),
(51) / R yi™@ =0, d=12,34,

M2 1 ’
where R? - is a nontrivial Pixton relation, for d = d mod 2, between cohomology
classes in ’H2d(/W2’1 , Q) proven in [47], such as R%,o = wlz + boundary terms = 0.

Lemma 6.3 We have

n

BGW, 4
Zord2i=oo g 2(z1,...,2p) =22 —2,
i=1

where ord,; = 1(2) is the order of vanishing of the differential at z = co.

Proof We can make the rational differential

Pen(z1, ..., 2n)
[Timi G2 -1
homogeneous by applying topological recursion to x(z) = z3 —3Q%z and y =
v/=3/x’(z) which are homogeneous in z and Q. Then a);},(Q,z], ...,Zn) is ho-
mogeneous in z and Q of degree 2 —2g —n:

A 2—2g— A
a)g’,z,(Q,zl,...,zn):)» g”a)g},(kQ,kzl,...,kzn).

A
wgn(Z1,. . 2n) = dzy---dzy

The degree of homogeneity uses the fact that

(z, Q)= (Az,AQ) = ydx—>Aydx = wgu+> Az_zg_”wg,n
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because y dx appears in the kernel K(py, p) with homogeneous degree —1, which
easily leads to degree 2 —2g —n for wg,,. The degree 2 —2g —n homogeneity of

Pgn(Q, 21, ..., 2n)
[Tici (7 — 0%
implies that deg pg n(Q,z1,...,2p) = 4gn —n + 2 —2g —n. But we also know
that a);,‘l},(Q, Z1,...,zp) is well defined as Q — 0—the limit becomes wg , of the

dzy---dzy

A
a)g,%l(Q,Zl,...,Zn)=

spectral curve x(z) = z3 and y = +/—3/x’(z) using the topological recursion defined
by Bouchard and Eynard [5]—so deg pg.n(z1,...,24) <4gn—n+2—2g —n. Note
that dz; is homogeneous of degree 1 but has a pole of order 2 at z; = co; hence,

Zordzl c>oa)BGW‘12(21,...,2,,) =4gn—deg pgu(z1,....,2n)—2n>2g—2. O

i=1

Primary invariants of a partition function are those coefficients of []7_; t;:l_" with all
ki = 0. They correspond to intersections in My , with no ¥ classes. The primary
invariants of Z® (R, {t,‘: }) vanish for n < 2g — 2. This uses deg Q < %(g —1+n),
SO degQg,, ®g,, < 3(g—1+n)—|—2g 24+n<3g— 3+n whenn < 2g—2. These
vanishing coefficients correspond to the relations Og 5 ‘R% A = 0, which, as discussed
above, give relations between coefficients of Z© (%, {tk})

The primary coefficients of ZESW (h,{t¢'}) correspond to

n
i A
ReS;z, =00 - - ReSz, =00 l_[ zi g2 (21, 2n)
i=1
for ¢; = 1 or 2. Different choices of ¢; give different relations (except half which vanish

for parity reasons). By Lemma 6.3, >/, ordz, oo Wg.n . Zp) =28 —2, 50,

for n < 2g — 2, there exists an i such that ord,; —oo a)g(,},w A2 (z15...,2zn) = 2. Hence,
a)g ,,(zl, ..., Zp) is holomorphic at z; = 0o, so
€ A
Resz; =00 zi’a)g’fl(zl, ceyzn) =0

and we have

n
(52) n<2g—2 = Resz;=co---Resz,=0 l_[ Zl.e"wé‘,‘lj(zl, ..., zn) =0.
i=1
Hence, the primary coefficients of Zﬁ?w(h, {17}) vanish for n < 2g —2, yielding a
common set of relations satisfied by both the coefficients of Z ®(h, to,t1,...) and
ZBGW(h,Z(),ll,...). 0
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An example of a genus 2 relation produced by Theorem 6.2 is

BV AZ(z) _ —5z2—1
2,1 16+/=3 (z—1)4(z+1)4

It immediately follows that Res;—qo ‘/sz -w3,1(z) = 0, which signifies a relation
between coefficients of ZBOW (#, 19,11, ...). We will write the relations using Og z;
however, the relations are between coefficients of ZB6W (A, 19,11, ...) and what we are
showing here is that these coefficients satisfy the same relations as intersection num-
bers involving ®g ,, or, equivalently, coefficients of Z ®(h, to,1,...). The graphical

expansion encoded by both Givental’s construction and topological recursion is given by

® & 00 @ )

(plus graphs containing genus 0 vertices on which ®, ; vanishes), which contributes

2 60 2 =60
2% 1733 '/M O21Y1+2" 1755 | O210k1
2.1

Moz 1

2 84 2 8460
+2% 1735 / ®1,2'/ O1,1+ 5 733 / 01,3,
Mi2 Mi 1 Mi3

which agrees with the expansion in weighted graphs of Res;—qo */Tzz cwy,1(2) =0

given by
5 1 _
1536 — 1536 1 2304 T 288 — 0.

Appendix Calculations

Here we show explicitly the equality ZBSY = Z® up to genus 3. The coefficients of the
Brézin—Gross—Witten tau function are calculated recursively since it is a tau function
of the KdV hierarchy. It has low genus g (= coefficient of #8~!) terms given by

t t
BGW _ _ 1 1 2, _15 2
log Z g log(1—10) +%- 28 TERTAE +h% 1557 T=10)3
2
+h2 — =+ 0"

1024 (1 _ 0)6
_ 1 1.2 3 9 2 63
slo+ 160 +"'+h(m’1 + 138000 +"')+h (102412"' 1024t1 +- )
The intersection numbers of O , stored in

log Z0hto.11...)= 3 1o 1/ O’ Hw"fl‘[zk]

gnk
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are calculated recursively via relations among tautological classes in H* (M g Q).
The calculation of these intersection numbers up to genus 2 can be found throughout the
text. We assemble them here for convenience, then present the genus 3 calculations.

g =0 Theorem 1.3(I) gives ®¢ , = 0, which agrees with the vanishing of all genus 0
terms in ZBGV,

g =1 Proposition 2.9 gives © 1 = 3v; hence, f/\7l1 ) O1,1= %. We use this together
with the dilaton equation to get [ M O = %(n —1)!. This agrees with —% log(1—1¢p)
in log ZBSV,

g =2 Using Mumford’s relation [41], «; is the sum of boundary terms in M, which
coincides with a genus 2 Pixton relation; Example 3.5 produced the genus 2 intersection

numbers from the genus 1 intersection numbers:

1 1
O -k :Z./ ® / ® .—+l./ Oy —
/M2 2T e P Iy P awm)] S ey, P A

5°8°8°2 8

Note that f/ﬁz,l O2,1-¥1 = f/\7lz,1 T*Oy- Y] =f/\72 ©,-k1. Using the dilaton equation,
we then get fﬂz,n Os,- Y1 = %(n + 1)!, which agrees with the 7 - %Zl/(l —10)3
term in log ZBGW,

g =3 There are two independent genus 3 Pixton relations expressing «, and K12 as
sums of boundary terms in M3. The relations correspond to sums over stable graphs
in M3; hence, they contain many terms. In place of these, we use the equivalent
relations discovered earlier in [34; 35], which push forward to relations in Msj. In
M 3,1, We can write w13 as a sum of boundary terms, which yields

/ O3,1 -y}
M3

41 5
—1'/ ®2,1'W1'/ O1,1 +E'/ OV
,/\/12’1 ./\/11,1 MZ,Z
1 1
_ 1. O - @ ,-— + 1L, O ,- Oy ——
105 / 1,1 / 1,3 +70 / 1,2 / 1,2
Mi,1 Mi,3 |Am| Mi2 Mi.2 |Aut|
1
4 1
—ﬁ'/ ®1,1'[ ®1,2'/ ®1,1—m'/ ®1,1'/ O1,3- x
Mi.1 Mi.2 Mi.1 Mia Mi.3 |Aut|
1 / ® 1
T 1260 [ _ |
Mi 4 |Aut|
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—41._._+ o1 121, 11111 4 111 1 121 _1_6.1
21 128 42°128° 105°8°'8°2770°8°'8°27 35'8°8°8 105°8'8°2 1260 8 4
=15
— 1024

In M 3,2, We can write wlzwz — Y wzz as a sum of boundary terms, which yields
7 / O3+ (Y —V1V2)
M3z
=7 [ 7en- (i)
M3z
=—IT6'/ ®2,2'W2'/ ®1,1—5/ 92,2'%'/ O1,1
M2z M Mz 2 M
40 1 1
=3 OV |  Oip—g- | OazYi— [ O3y
Mz Mi.2 M3 3 M> 3 |Aut|
—L'/ ®11'/ @14'—1 —i'/ ®13'/ O1,2
1 /\71,1 ' ./\71,4 ’ |Aut| 10 M1,3 ’ Ml,z ’
J.

1 1
@1,1'/ ®1,4'—+i'/ @1,2'/ O3 ———
1.1 /\71,4 |Aut| 1 MI,Z /\71.3 |Aut|

— 773 °128°38 128°8° 3 "128°8 6 128 128 2
1,161 9 .21 1.161,4121 4121,161.11_ _1 241
15'8°8°2710°8°8 15'8' 821715882  58°8°87753°'8'8°8 180 8 4
_ 357
— T 1024°
Hence,

_ 1357 _ -
/ O3, Y1V = / @s2- V] + 7750 = 1052 + Tod = 3
M3z M3z

where fM O3, Yi = 1024 is obtained from fM O3, Yf = 1024 via the dilaton
equation. The dilaton equation then yields

/ O3 Vi = 1533 5i(n +3)! and [ O3 Y1V =55 - 3(n+3),
M3.n M3,
which agree with the terms A2 - 35215 /(1 —19)° + h* - 133242 /(1 — 19)® in log ZBOW.
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