Geometry &
Topology

Volume 28 (2024)

Algebraic uniqueness of Kihler-Ricci flow limits
and optimal degenerations of Fano varieties

JIYUAN HAN
CHI LI

:'msp



:. Geometry & Topology 28:2 (2024) 539-592
msp DOL: 10.2140/gt.2024.28.539
Published: 13 March 2024

Algebraic uniqueness of Kihler-Ricci flow limits
and optimal degenerations of Fano varieties

JIYUAN HAN
CHI LI

We prove that for any Fano manifold X, the special R—test configuration that minimizes the HNA—
functional is unique and has a K-semistable Q—Fano central fiber (W, £). Moreover there is a unique
K-polystable degeneration of (W, £). As an application, we confirm the conjecture of Chen, Sun and
Wang about the algebraic uniqueness for Kdhler—Ricci flow limits on Fano manifolds, which implies
that the Gromov—Hausdorff limit of the flow does not depend on the choice of initial Kidhler metrics.
The results are achieved by studying algebraic optimal degeneration problems via new functionals for
real valuations over Q—Fano varieties, which are analogous to the minimization problem for normalized
volumes.
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1 Introduction

Let X be a smooth Fano manifold. It is now known that X admits a Kdhler—Einstein metric if and
only if X is K—polystable; see Berman [5], Chen, Donaldson and Sun [25; 26; 27] and Tian [67; 68].
In this paper, we are interested in the case when X is not K—polystable. If X is strictly K-semistable,
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540 Jiyuan Han and Chi Li

then X admits a unique K—polystable degeneration by Li, Wang and Xu [55]. If X is K—unstable
(ie not K—semistable), several kinds of optimal degenerations have been studied which are related to
continuity methods or geometric flows in the analytic study of canonical metrics. For example, related
to Aubin’s continuity method, there is a (not necessarily unique) special degeneration whose associated
valuation minimizes the § invariant; see Blum, Liu and Zhou [16] and Székelyhidi [65]. There is also a
unique destabilizing geodesic ray which arises in the study of inverse Monge—Ampere flow (resp. Calabi
flow) and whose associated non-Archimedean metric minimizes an L2-normalized non-Archimedean
Ding invariant (resp. L?—normalized radial Calabi functional); see Donaldson [33], Hisamoto [42] and
Xia [77]. In this paper we are interested in optimal degenerations that arise in the study of Hamilton-Tian
conjecture about the long time behavior of Kdhler—Ricci flows. The latter conjecture states that starting
from any Kéhler metric w € ¢; (X)), the normalized Kdhler-Ricci converges in the Gromov—Hausdorff
sense to a Kdhler—Ricci soliton on a Q—Fano variety Xo,. The Hamilton-Tian conjecture has been
solved (see Bamler [4], Chen and Wang [29] and Tian and Zhang [70]) and applied to give a proof of the
Yau-Tian—Donaldson conjecture in Chen, Sun and Wang [28].

It is known that X, coincides with X if and only if there is already a Kdhler—Ricci soliton on X'; see
Dervan and Székelyhidi [31] and Tian and Zhu [72]. In general, Chen, Sun and Wang [28] proved the
following phenomenon. The metric degeneration from X to X, induces a finitely generated filtration F
onR=6,, H O(X,—mKy), and there is a two-step degeneration:

(i) The filtration F as an R—test configuration (see Definition 2.8) degenerates X to a normal Fano
variety W with a torus T -action generated by a holomorphic vector field £. For simplicity, we call
this step the semistable degeneration.

(ii) There is a T—equivariant test configuration of (W, £) to (X0, £). We call this step the polystable
degeneration.

As explained in Chen, Sun and Wang [28], this picture is a global analogue of the picture in Donaldson
and Sun’s study [34] of metric tangent cones on Gromov—Hausdorff limits of Fano Kéhler-Einstein
manifolds. In [34], Donaldson and Sun conjectured that metric tangent cones depend only on the algebraic
structure near the singularity. This conjecture has been confirmed in a series of works of the second
author with his collaborators (see Li [51], Li and Xu [58; 57] and Li, Wang and Xu [55]), which depends
on the study of the minimization problem of a normalized volume functional over the space of valuations
centered at the singularity; see Li, Liu and Xu [54] for a survey. Analogous to this conjecture on metric
tangent cones, the following conjecture was proposed in [28]:

Conjecture 1.1 The data F, W and X~ depend only on the algebraic structure of X but not on the
initial metric for the Kidhler—Ricci flow.

In this paper we will confirm Conjecture 1.1. The idea and method to prove this conjecture are in some
sense parallel to the study of minimizing normalized volumes. However, the correct framework for
achieving this goal has not been established until now. So the second purpose of this paper is to study

Geometry & Topology, Volume 28 (2024)



Algebraic uniqueness of Kdhler—Ricci flow limits and optimal degenerations of Fano varieties 541

an analogous minimization problem in the global setting, which can be studied for all Q—Fano varieties
possibly singular, and prove various results about it.

The functional we want to minimize is called the H NA—functional of R—test configurations.! Tian, Zhang,
Zhang and Zhu [69, Proposition 5.1] first introduced the H NA—functional for holomorphic vector fields
in their study of Kéhler—Ricci flow on Fano manifolds. This invariant was generalized to any special
R-test configuration by Dervan and Székelyhidi [31], who then used the results of Chen and Wang [29],
Chen, Sun and Wang [28] and He [40] to prove that the semistable degeneration mentioned above
minimizes the H N*—functional among all special R—test configurations; see Remark 2.44. For general
test configurations, such an H NA—functional is a nonlinear version of the non-Archimedean Berman—Ding
functional, and was first explicitly used by Hisamoto in [43] to reprove Dervan and Székelyhidi’s result
using pluripotential theory. Note that in this paper, for the convenience of our argument and comparison
with the case of the § invariant (or with the § invariant, see equation (107)), we will use the negative of
the sign convention in these previous works.

Conjecture 1.1 follows from two purely algebrogeometric statements for each step of the semistable and
polystable degenerations.

Theorem 1.2 For any Q—Fano variety, the special R—test configuration that minimizes HN* is unique
and its central fiber (W, £) is K—semistable (Definition 2.49).

Theorem 1.3 If (X, &) is K—semistable, then there exists a unique K—polystable degeneration.

Corollary 1.4 Conjecture 1.1 is true for any smooth Fano manifold. In particular, the Gromov—Hausdorff
limit X for the Kidhler—Ricci flow does not depend on the initial metric of the flow.

To prepare for the proof of such results, we will first carry out an algebraic study of the H N*—functional,
which is analogous to the study of the minimization problem for normalized volume or the § invariant.
We will prove a new interesting fact in Theorem 3.5, that the MMP process devised in [56] decreases the
H™A invariant of test configurations. This requires us to derive new intersection formulas (see (121)) and
derivative formulas for the HN* invariant. The proof of such formulas depends on a fibration technique
in the study of equivariant cohomology. This technique is partly motivated by some construction from
our previous work [39], although there are key differences which require more concrete calculations; see
Remark 3.2.

We will then introduce the following E—functional on Val(X) the space of valuations on X: for any
v € Val(X) with Ay (v) < 400, we define

(1) B(v) = Ax (v) + log( / e—)»(—dvol(fg“))).
R

(=Kx)™
Twe will mostly use the notation of non-Archimedean functionals, as advocated in Boucksom, Hisamoto and Jonsson [19].

However, note that H¥ here is not the non-Archimedean entropy functional used in [19]. We will not use the non-Archimedean
entropy in this article.
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See Section 4 for details. If Ay (v) = +o0, then we define B (v) = +o0. The transition from H™ to the
,g—functional is similar to the transition from Ding—Tian’s generalized Futaki invariant to the S—functional
in the literature of K—stability (as first appeared in Li [50], where it was called ®, and in Fujita [37]).
In other words, B is a nonlinear version of B and could also be considered as a global analogue of the
normalized volume. Unlike the case of normalized volume functional, the ,g invariant is not invariant
under rescaling of valuations. Indeed, we find the following new phenomenon: when restricted to the
ray of multiples of a fixed valuation v € Val(X) with A(v) < 400, it is strictly convex and proper and
its derivative at the origin is exactly S(v). As a consequence there is a unique minimizer along the ray,
which is nontrivial if and only if 8(v) < 0 (Proposition 4.6). The above MMP result implies that the
minimum can be approached by a sequence of special divisorial valuations. As a consequence, one can
adapt the method developed in [14] to show that there is minimizing valuation which is quasimonomial;
see Theorem 4.10. On the other hand, the HNA invariant for special test configurations is expressed as
the B invariant; see Lemma 4.2. Combining these discussions, we will prove (see Sections 2.2 and 2.5 for
relevant notation):

Theorem 1.5 For any Q—Fano variety X, we have the identity
2 inf HYA(F)=  inf (H™(X,L,an)= inf B(v).
2) F filtration ) (X,L,an) special ( ( ) veval(X) IB( )

Moreover, the last infimum is achieved by a quasimonomial valuation.

As in the cases of normalized volume, we conjecture that the minimizer is unique and induces a special
R-test configuration (see Conjecture 4.1 1)? whose central fiber (with the induced vector field) must then
be K—semistable by the following result. When X is smooth, by the result of Dervan and Székelyhidi [31]
the existence of such special minimizing valuation is implied by the work of Chen and Wang [29] and
Chen, Sun and Wang [28]. We also note that optimal degenerations (of various kinds) in the toric case
are well studied; see Wang and Zhu [75] for the toric result for Kidhler—Ricci flow.

Theorem 1.6 (Theorem 5.2) A special R—test configuration minimizes H™* if and only if its central
fiber is K—semistable.

The uniqueness in Theorem 1.2 about the semistable degeneration is nothing but the result on the
uniqueness of the minimizer of B among all quasimonomial valuations associated to special R—test
configurations. The proof of this fact uses the technique of initial term degeneration, again motivated
by study of normalized volumes; see Li [50] and Li and Xu [58; 57]. This process essentially reduces
the question to the uniqueness of minimizer of HN* (actually a variant of HNA after the work of Xu
and Zhuang [79]) along an interpolation between a fixed filtration and a weight filtration (induced by a
holomorphic vector field) on the central fiber. The interpolation is constructed by using the rescaling of

2This has recently been confirmed by Blum, Liu, Xu and Zhuang [15].
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twist of the fixed filtration (the twist of filtration is in the sense of Li [52] generalizing Hisamoto [41]),
which we can deal with using the technique of Newton—Okounkov bodies and Boucksom and Jonsson’s
work on the characterization of asymptotically equivalent filtrations. Our valuative formulation is useful
because filtrations associated to valuations are asymptotically equivalent if and only if they are the same
(Corollary 2.28 and Lemma 2.29). Again unlike the case of normalized volumes or the case of the &
invariant in Blum, Liu and Zhou [16], the minimizing valuation in the current global setting is expected
to be absolutely unique, not just up to rescaling or twisting. This is because of a strict convex property of
the HNA—functional, which goes back to Tian and Zhu’s work in [71] on the uniqueness of Kihler—Ricci
vector fields from the Lie algebra of a torus.

To deal with the polystable step, we first introduce the equivariant version of normalized volumes. Most
results about normalized volumes can be generalized for the equivariant version. Finally we complete the
proof of Theorem 1.3 by adapting the argument in Li, Wang and Xu [55] about uniqueness of K—polystable
degeneration of K—semistable Fano varieties.

To end this introduction, the following table summarizes the quantities used in each of the two steps:

degenerations semistable | polystable
valuations Val(X) Valgj;><T
antiderivative HNA B volg
derivative D?A, Futg D?A, Be
derivative formula (172) (191)

Postscript After we finished the paper, we were informed by F Wang and X Zhu that they use analytic
methods to prove related uniqueness results for Kdhler—Ricci flow limits based on their recent work on
the Hamilton—Tian conjecture; see [73; 74].

After this paper appeared, there have been several important developments. In Li and Li [59], based on
the minimization setup and uniqueness results in this paper, the authors calculated nontrivial examples of
limits of Kédhler—Ricci flows on some unstable Fano varieties which are compactifications of homogeneous
varieties under some complex reductive group. Very recently, the paper of Blum, Liu, Xu and Zhuang [15]
continues and completes the algebraic study of minimization problem proposed in this paper, based on
the recent breakthrough on the high-rank finite generation conjecture. In particular, Conjecture 4.11 in
our paper is now confirmed in [15].
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thank a referee for the careful reading and useful suggestions for improving the paper.
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2 Preliminaries

2.1 Some notation

Let X be a Q-Fano variety. In this paper for the simplicity of notation, we assume that — Ky is Cartier.
The modification to the general Q—Cartier case is straightforward; see eg [52]. For any m, £ € N, set

+oo
3) Ry = H°(X,—mKy), R= @ R,
m=0
. n . Nm
4) N, = dim R,,, V=(-Ky)"= lim ——,
m——+o00 m”/n'
+o00
(5) RE) :=HO(X.-mtKy)., RY=HRY.
m=0

We will denote by Val(X') the space of real valuations on C(X), by \;al(X ) the set of real valuations v
with Ax (v) < +o0, and by X, 8" the set of divisorial valuations, ie the valuations of the form a - ordg
with ¢ > 0 and E a prime divisor over X. A valuation v € Val(X) is quasimonomial if there exist a
birational morphism ¥ — X and a simple normal crossing divisors £ = Ufl=1 E; CY suchthatvisa
monomial valuation on Y with respect to the local coordinates defining E;, whose center of v over Y is
an irreducible component of ();c; E;, where J C {1,...,d} is a subset. We denote by QM(Y, E) the
set of such quasimonomial valuations. We refer to [35; 44] for more details about such quasimonomial
(or equivalently the Abhyankar) valuations.

In this paper, T denotes a complex torus (C*)” = ((S1)")¢ that acts effectively on a Q—Fano variety X .
There is a canonical action of T on (any multiple of) —Ky. Set

(6) Nz =Hom(C*,T), Nr=Nz®zR, Myz=Hom(T,C*)), Mr=MzezR.

For any £ € Ng, we have a valuation wtg € Val(X) as follows. For any f € C(X) = EBaGMZ C(X)g,

) wie( ) = minf @.8)| £ = 3 furfo £0).

Moreover, for any m € N, we have a weight decomposition induced by the canonical T—action on
(X5 —m KX)

®) Rm= (D (Rm)a = (Rm)yom & (Rm)

Nm
aeEMy

Moreover, we will use the following notation for any Q—Fano variety. Let e~ be an (S')”—invariant
smooth positively curved Hermitian metric on —Kx (eg as the restriction of a Fubini—Study metric under
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an equivariant embedding of X into projective space). We identify any € Nr with the corresponding
holomorphic vector field on X. Because T—action canonically lifts to an action on —Kx, we can set

-¢
Lpe

©) O) = —="——.

Then 65 (n) is a Hamiltonian function of n with respect to dd°¢ = (v —1/ 27)99§ > 0:

c~ \/—_1—
(10) 1y dd°G = =5 —065).

Moreover, (z, 1) = 05(n)(z) is equivalent to the moment map mg: X — Mg whose image is the moment
polytope P of T-action on (X, —Kyx) which does not depend on the choice of ¢. It is known that the

measure
n! i
(1 1) W Z dlm(Rm)ai(m) . (Sa;m)/m
l

converges weakly to the Duistermaat-Heckman measure (mg)«(dd°®)"; see [23] or [8, Proposition 4.1].

For any subset S € R”, we will use dyg or just dy to denote the Lebesgue measure of S.

2.2 R-test configuration and filtrations

We will use extensively the language of filtrations:

Definition 2.1 [17] A filtration F := FR, of the graded C—algebra R = @;C:O Ry, consists of a
family of subspaces {F * Rm}x of Ry, for each m > 0 with the following properties:

o Decreasing F*R,, CFM R, if A > ).
o Left continuous F* R, = (;,—; F* Rm.
o Multiplicative F*R,,-F* R,y € F**Y R,y forany A, ) € R and m, m’ € Zy.

¢ Linearly bounded There exist e_, e+ € Z such that 7"~ R,, = R,, and F"¢t R,,, = 0 for all
m e Zz().

Similarly one defines filtration on R® for any { > 1€ N.

Example 2.2 Given any valuation v € Voal(X ), we have an associated filtration 7 = Fy:
(12) F Ry i= {5 € Ry | v(s) = A}

In particular, if there is a T—action on X, for any £ € Nr, we have a filtration Fwte associated to the

valuation wtg in (7).

The trivial filtration Fiy 1s the filtration associated to the trivial valuation: }'t’fiva is equal to Ry, if

x <0, and is equal to 0 if x > 0.
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Example 2.3 For any filtration 7, we will denote by F7 the filtration defined by }'% Ry, =F M R;,.

Definition 2.4 [45; 46; 49] We say a valuation v: C(X) — Z" (where Z" is ordered lexicographically)
is a faithful valuation if v(C (X)) = Z". Note that such a valuation always has at most one-dimensional
leaves (in the sense of [45]): if v(f) = v(g) for f,g € C(X), then there exists ¢ € C* satisfying

o(f +cg) > v(f).

Fix such a faithful valuation v. For any 7 € R, define the Newton—Okounkov body of the graded linear

series
(13) FO = FOR, := {F"™ Ry}
as the closed convex hull of unions of rescaled values of elements from F®):
+o0 1
(14) AFD) = —0(F"™ Ry).
m=1
By the theory of Newton—Okounkov bodies [62; 49; 46], we know that
di FMER
(15) n Vol(A(FD)) = vol(FOR,) = lim —mC”” Jm
m—>+00 m'"/n!
When ¢t < 0,
(16) AFD) =: Ag(X,—Kx) = A(X)

is associated to the complete graded linear series { R, }. Following [17], define the concave transform
(17) GT:AX) >R, G7(y)=sup{t|ye AFD)).

Given any filtration 7 = {F* R, }5cr and m € Z >, the successive minima on R,, is the decreasing
sequence

_ 4 (m) (m) _ 4 (m)

)\r(nn;))(_)kl 2'.'z)th_)‘min

defined by
A = max{A € R | dimg F* Ry > j}.

Theorem 2.5 [17] (i) The function x > vol(F™) R,)!/" is concave on (—o0, Amax) and vanishes
on ()\vmaX1 +OO)

(i) Asm — +o00, the Dirac-type measure

n! d dimg F™" HO(Z,mlyL)
1

converges weakly to a measure with total mass V = (—Kx)":
(19) DH(F) :=n!- (G7)s dy = —dvol(F©),
where dy is the Lebesgue measure on A(X).
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(iii) The support of the measure DH(F) is given by supp(DH(F)) = [Amin, Amax], With

(20) Amin: = Amin(F) := inf{r € R | vol(F®) < ¥},
)\(’1,1) )L(""l)

(1) Amax: = Amax(F) 1= lim =7 = sup ——=
m—>+o0 m m>1 m

Moreover, DH(F) is absolutely continuous with respect to the Lebesgue measure, except perhaps
for a point mass at Amax.

Example 2.6 If v € Val(X) is quasimonomial, it is shown in [22] that DH is absolutely continuous with
respect to the Lebesgue measure on R, ie there is no Dirac mass at Amax (Fy).

Definition 2.7 Let F be any filtration. For any a > 0 the a-rescaling of F is given by
(22) (@F)* R = F* Ry,

For any b € R, the b—shift is given by

3) F(b) Ry = F*70" Ry
Set
(24) aF(b) = (aF)(b) = a(F(b/a)), ie aF(b) R, =Fx-bmiag

We have the easy identities

25)  A@F®B) D)= AFEDD) Gy =aGr+b, vol(aF(h) D) = vol(F—0a)),
For any f,;, € Ry, set

(26) VF(fm) = sup{ | fin € F* Rip} = max{d; fyn € F* Ry},

and forany f =), fm € R=@D,, Rm with f; € Ry, set

@7 e (X /i ) = min{Tr i) | fin #0€ Rl

Then v is a semivaluation on R = €, Ry, satisfying

(28) vr(f + &)z min{vr(f), vr(g)} and Vr(fg) Zvr(f)-vr(g).
Set

(29) THF) =A™ | m=0,1<i < Np}.

Denote by I'(F) the group of R generated by I' T (F).
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Definition 2.8 e The extended Rees algebra and associated graded algebra of a filtration F are
defined as
(30) RF=EP P 7 Rnm.
m>0 LeT (F)
31) Gr(FH) =P P *F Run/F*Rn.
m=>0 el (F)

where F7*R,, = {f € Ry | v£(f) > A}

e If R(F) is finitely generated, we say that F is finitely generated and call F an R—test configuration.
In this case, I'(F) is a finitely generated free Abelian group: T'(F) = Z™*) for some positive
integer tk(F) € Z~¢, and we will call rk(F) the rank of F. Moreover, Gr(F) is also finitely
generated, and we call the projective scheme Proj(Gr(F)) =: X o the central fiber of F.

There is an induced filtration F|y, , := F'R’ = {F'R;,} on R’ := Gr(F), the homogeneous
coordinate ring of the central fiber:

(m) (m)
(32) F*Ry,y= € F4 Ru/F Rm.
A=)

The I'(F) grading of Gr(F) corresponds to a holomorphic vector field 7 = nx on the central fiber,
which generates an action by a complex torus of dimension rk(F).

e We say an R—test configuration F is special if its central fiber Xr o is a Q—Fano variety and there
is an isomorphism Gr(F) = R(Xr,0, —Kx, ,) =: R’. In this case, there is a 0 € R such that

(33) F'R =F,, R(-0).

Remark 2.9 We can naturally extend the above definition to filtrations on R® for any £ € N> . Indeed
we will actually identify two filtrations if they induce the same non-Archimedean metric on (XN, LNA)
with L = — K. See Definition 2.17.

There are two equivalent geometric descriptions of R—test configurations, which we now explain.

(I) Geometric R-TCI Let(: X — Pt be a Kodaira embedding by a basis of Ry = H%(X,{(—Kx))
for some £ > 0, and let  be a holomorphic vector field on PVe—! = P(HO(X, £(—Kx)*) that generates
an effective holomorphic action on PN¢~! by a torus T of rank r. Then we get a weight decomposition
Ry = @yezr Reo and a filtration on Ry by setting

(34) FRi= P Rea
(a,n)=A

The filtration F R, generates a filtration on FR® which is an R—test configuration . The following
lemma generalizes the well-known fact for test configurations; see [33; 76; 64].
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Lemma 2.10 Any R—test configuration, which by definition is a finitely generated filtration, is obtained
in this way.

Proof To see this, we assume again that F is generated by F R,. For simplicity of notation, set V' = Ry
and A; = )\l@. By shifting the filtration, we can normalize A, = 0 and assume that we have the relation

A=-=Ajp =W > A4 == Aj, =1 W2
> )‘ilc—2+1 == )‘ik—l =1 Wk—1
>)‘ik—1+1 =--- =)\'NK =:wi =0.
In other words, {wy,...,wy} is the set of distinct values of successive minima and we have a usual
filtration,
(35) {0} S FYV C FR2V C ... C FPk =V,

In other words, we can equivalently describe an R—filtration by the language of weighted flags. Fixing a
reference Hermitian inner product Hy on V = Ry, we can assign to the flag (35) a decomposition

(36) V=1V, - &,

where V; = FY1V and Vj is the Hp—orthogonal complement of F*/—1V inside 7%/ V, which has
dimension i; —i;_ =:d;.

Fix a maximal Q-linearly independent subset of {w, ..., wg} to be
(37) 0>wy=:{1 > >wp, =:§.
So for each w; we can find a vector of rational numbers 7; = (rj1, ..., 7j,) €Q such that w; = er,:l Fiplp.

Finding a common multiple D of the denominators of {rj, |1 < j <k,1 =< p <r}, wesetn=¢/D and
oj = D7}, so that

,
(38) wj = Z @jpCp = (. 7).
pr=1
In this way we get a (C*)" representation V', whose weight decomposition is given by (36), where V;
consists of elements of weight «;, and
k

Fry = @ Vj:{v:Zvj‘min{(aj,nij 7&0}2)}_ O
(aj.n)za ji=1
From another point of view, let Zy C C[Zy,..., Zx,] = S be the homogeneous ideal of X. For each

d € N, the T —action induces a representation of T on Sy, the set of degree-d homogeneous polynomials.
The holomorphic vector field n induces an order on the weights of these T —representations. Choosing
a set of homogeneous generators of Zy, the initial term with respect to this order generates the ideal
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of Xr . If 0y denotes the one-parameter R—group generated by 7, we have the convergence of algebraic
cycles (or schemes)

(39) lim_0y(s) o [X] = [Xx,o.
§—>+00
So we say that the R—action generated by 7 degenerates X into a projective scheme Xr g.

By perturbing n € N, we can find a sequence of rational vector 1, € Ng converging to 1. For k > 1,
Nk induces an R—test configuration of rank one with the same central fiber Xr q.

(II) Geometric R-TC II This description is essentially contained in [66, Section 2]. For any R—test
configuration, we set B = Spec(C ('™ (F)) = C”. Then there is a flat family

(40) X =Projcr (R(F)) — B
such that the generic fiber is isomorphic to X" and a special fiber isomorphic to Xz o. Set £ to be the relative

ample line bundle Oy ,cr(1). Fix m > 0. For any A € R, we set [A] = min{kgm) | kl(m) > A= (o, nF)
for & € Myz. Then for any t = (t1,...,7,) € C", we set [ = [Ti= r;x", to get

(41) F Ry ={s € Rn | =I5 extends to a holomorphic section of mL — X'},

where 5 is the meromorphic section of m.£L defined as the pullback of s via the projection (X, £)x g (C*)" =~
(X,—Kx) x (C*)" - X.

Lemma 2.11 If Gr(F) is an integral domain, then the semivaluation vr in (26) defines a valuation on the
quotient field of R. Denote by vr the restriction of vr to C(X): for f =s1/s, € C(X) with sy, s3 € Ry,
set

(42) vr(f) = vF(s1) —vF(s2).

Then there exists o > 0 such that F = F . (—o). In particular, this statement applies to any special R—test
configuration.

Proof Fix any two homogeneous elements s; € R,,; for i = 1,2. Assume that v£(f;) = s;. Then

/ / o S ! o/ !/
s; € Ry, ;- Because Gr(F) is integral, 555 #0€ R}, L, Ly,

X1+ x2 = vr(s1) + vr(s2). From this, we easily see that vVr is a real valuation.

which implies that vr(s15,) =

Assume f = Sl/Sz = E] /32 Then S1 '52 =352 'E] and hence U]:(Sl) — 6]:(52) = 5;(31) — E]:(Ez) So
vr in (42) is well defined.

For any s; # 0 € R, with i = 1,2, by construction vr(s1) — vr(s;) = Vr(s2) — V(s2). This means
bm :=vy—Ur is constant on R, \ {0}. It is easy to see that 6, 01, = Om,+m,. SO We can set 0 = 0y, /M
to get the conclusion. O

An R—test configuration with rk(F) = 1 is, up to rescaling, associated to the usual test configuration, a
notion that plays a basic role in the subject of K—stability.
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Definition 2.12 [67; 32; 56] A test configuration of (X, L) is a triple (X, £, n), sometimes just denoted
by (X, £), that consists of

e avariety X’ admitting a C*~action generated by a holomorphic vector field 1 and a C*—equivariant
morphism 7 : ¥ — C, where the action of C* on C is given by the standard multiplication generated
by —td;, and

e a C*—equivariant r—semiample Q—Cartier Q—divisor £ on X" such that there is an C*—equivariant
isomorphism iy : (X, £)| -1 (c\qoy = (X, L) x C*.

We denote by (X, £) the natural compactification of (X, £) obtained by adding a trivial fiber at infinity
using the isomorphism i,,.

(Xc, (—Kx)c, nuiv) := (X xC,—Kx x C, —t0;) is called the trivial test configuration. (X, £, ) is a
normal test configuration if A" is a normal variety.

A normal test configuration (X', £, n) is a special test configuration (resp. weakly special) if (X', Xp) is plt
(resp. if (X, Xp) is log canonical) and £ = —Ky + cX, for some ¢ € Q. By inversion of adjunction,
(X, L, n) being special is equivalent to the condition that (X, —K ;) is Q—Fano.

Two test configurations (X;, £;) for i = 1, 2 are equivalent if there exists a test configuration (X’, £’) and
two C*—equivariant birational morphisms p; : X’ — X; such that p7 £y = L = p3 L.

Assume that G is a reductive complex Lie group acting on (X, L). A G—equivariant test configuration of
(X, L) is a test configuration (X, £, n) with the following property:

* There is a G—action on (X, £) that commutes with the C*—action generated by 1 and the action

of G on (X, L) xc C* 1=:’“ (X, L) x C* coincides with the fiberwise action of G on (the first factor
of) (X, L) x C*.

As mentioned above, by the work of [76; 65; 19], for any R—test configuration F with rk(F) = 1, there
exists a test configuration (X', £, n) and a > 0, such that I'(F) = aZ and F = aF(x 1 ). In this case, we
will also denote the R—test configuration F by (X, £, an) and set

(43) Fx,can) = aF(x,cn)-

The identity (40) becomes

(44) X = Projcm( DD Rm)-
m=>0jeZ

Conversely, assume (X, £) is a test configuration of (X, L := —Ky). Then we associate to it a filtration
F =F(x,) asin (41);s0 5 € F* Ry, if and only if =15 extends to a holomorphic section of mL. In
particular, such a construction sets up a one-to-one correspondence between test configurations (X, £)
with ample £, and R—test configurations F with I'(F) C Z; see [19, Proposition 2.15].
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Now assume that (X', £) is normal and there is a C *—equivariant birational morphism p: X — X¢ := X xC.
Write £ = p*Lc + D, where Lc = pL. Then by [19, Lemma 5.17], the filtration F has the more
explicit description

(45) F* R =(\is € H*(X.mL) | r(ordg)(s) + mlo ordg (D) > xb},
E

where E runs over the irreducible components of the central fiber Xy, and bg = ordg(Xy) = ordg(¢)
while r (ord g) denotes the restriction of ord g to C(Z) under the inclusion C(Z) C C(X x C*) = C(X).

When F = Fx,_ k.5 18 associated to a special test configuration, Lemma 2.11 applies. In fact, by [19],
Vr = vy, = r(ordy,) and by [50], 0 = Ax (vx,), 50 F(x,—Kr,p) = Foxg (—A(vx,)). As a consequence,
for any a > 0, by (24) we have the identity

(46) Fx—Knsam) = Favy, (—Alaviy)).

Note that following Definition 2.8, for any a > 0 we say that (X, £, an) is a special (resp. normal) R—test

configuration if (X, £, n) is a special (resp. normal) test configuration.

Note that we use the negative sign —td; in our Definition 2.12. This sign convention will be convenient
for our subsequent computations, as illustrated in the following simple example.

Example 2.13 Consider the product test configuration (X, £) of (P!, Op1(1)) induced by the C*-action
to[Zo, Z1]=1[Zo.1Z,].

Let s; for i = 0,1 be two holomorphic sections of H°(IP!, O(1)) corresponding to the homogeneous
coordinates Z; for i = 0, 1. Then ¢ acts on the holomorphic sections by 7 - sy = 59 and  os5; = t~1lsy.
The corresponding filtration is given by

(47) F* Ry = Span{sm st | 0> —i > A};

cf (34). The natural compactification X' can be identified with the Hirzebruch surface P(Op1(1) & Op1),
and £ is given by O%(Dwo), Where Dy is the divisor at infinity; see [56, Example 3]. The successive
minima are given by {)\gm) }={-m,—m+1,...,0}. In particular, we have
(48) Yoo = —dm?—tm=L12%m? + (LK -L—1)m.

i
Moreover, = —z 3/dz, whose Hamiltonian function is given by 8(n) = —|Z|>/(1Z1|?> +|Z»|?). Note
that 0(n)«wrs = dy[—1,0) = DH(F).

Example 2.14 If F is an R—test configuration, then aF(b) is an R—test configurations for any (a, b) €
R>0 x R.

Assume F = F(y . p) for a test configuration (X, £,n). Then as mentioned above, for simplicity of
notation we will identify aF(b) with the data (X, £ + bXy, an).
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For any d > 0 € N, we can consider the normalization of the base change,

(49) (X L) D 1= (X L) X gy ©F =2 (XD, LD (D),

On the other hand, Z; = (e?" v-1/d ) <> C* naturally acts on the (X, £) and we can take a quotient
(50) X.Lon)/z, = (XD LUD 51D,

to get a test configuration with a nonreduced central fiber in general.

With this notation, for any @ > 0 € Q we then have the natural identification
D F,copy@ =a-Fcm = Fx,can-
For a filtration F R,, choose e_ and ey as in Definition 2.1. For convenience, we can choose e =
[Amax(FR)] € Z. Set e = e+ — e and define (fractional) ideals
(52) Iy =13, :=Image(F* Ry ®Ox (—mL) - Ox).
(53) Im:=T0 =1 eyt " L e 1yt T A Ly eyt Ox T,
(54)  Tmi=Tp ) =Tt = A o AT et e G e ™ (7€) € O
Definition—Proposition 2.15 [36, Lemma 4.6] With the above notation, for m sufficiently divisible,
define the m™ approximating test configuration (i’,ﬁ , Z; ) as follows:

@) anf is the normalization of blowup of X x C along the ideal sheaf I,],,:(e+).

(i) The semiample Q—divisor is given by
(55) Ly =n*(—Kx) X C) = L Ep + ¢4 Jo,

where E, is the exceptional divisor of the normalized blowup.

For simplicity of notation, we also denote the data by (i’m, Zm) if the filtration is clear.

It is easy to see that the filtration F & L) O R is induced by Fz Ry, under the canonical map
S*Ryy — Rim. By [20, Proof of Theorem 4.13], we have the following approximation result.

Proposition 2.16 [20, Proof of Theorem 4.13] With notation as in Definition—Proposition 2.15, the
Duistermaat—Heckmann measures DH(F(m, Zm) converge weakly to DH(F) as m — +o0.

Following Boucksom and Jonsson, it is very convenient to use the non-Archimedean metric defined
by filtrations. Any filtration (in the sense of Definition 2.1) defines a non-Archimedean metric on
LNA — XNA If we denote by ¢, the non-Archimedean metric associated to the trivial filtration, then
any non-Archimedean metric ¢ on LN is represented by the real valued function ¢ — ¢y on X, (‘éiv.
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Definition 2.17 Let 7 = F R, be a filtration. For any w € Voal(X ), define the non-Archimedean metric
associated to F by

1 = 1 - 1
(56)  (9m—dur) (W) = —-GW)E;) = = GW) T ) =~ Gw) (T ) + e

57 (@7 —pu)(w) = ~Gw)T)) = lim ¢y (w).
m——+o00
In particular, if v € Voal(Z ) and F = F,, then we write ¢, = ¢”v.

Note that ¢, = ¢ F (T L) SODVEIZES tO ¢ as m — +o00. Moreover, if (for simplicity) we assume that
S* Ry — Ry is surjective for all k, m > 1, then it is an increasing sequence in the sense that if n1{ | m,,
then ¢;, L= o ,- 1f ¢” is continuous, then ¢,, converges to ¢ uniformly by Dini’s theorem.

The following transformation rule can be easily verified.
Lemma 2.18 For any filtration F and any (a,b) € R~o xR and v € X4V,
(58) (Bart) — i) (V) = a(@r = dun) (1) +2.

2.3 Twist of filtrations

Let F = FR, be a T—equivariant filtration, which means that 7 A R}, is a T—invariant subspace of Ry,
for any x € R. For ¢ € Mz = Ni/ , denote the weight space by

(39) (Rm)a ={s€ Ry |Tos=1% forall T € (C*)"}.
Then we have

(60) (F*Rp)a :={s € F*Rpu | 105 = 1%} = F* Ry 0 (Rym) s
and the decomposition

(61) F*Rn= @ (F*Rum)a-

aeMy
Definition 2.19 [52] For any £ € Ng, the é—twist of F is the filtration F¢ R, defined by
(62) FiRm= P (F}Rm)a. where (F} Rm)a := (F*"*4)R,),.

a€EMy

Example 2.20 If 7 is a T—equivariant R—test configuration, then F is also an R—test configuration.

If = F(x,z,an) for a test configuration, then we can identify the data F; with the data (X, £,an +§);
see [41]. If & € Nz, then (X, L,an + &) is equivalent to the birational image of the (X, £) via the
birational transform og: X --> X, (2.1) — (0g(?) - z, 1); see [52].

Moreover, if we start with the trivial filtration Fiiv = F(xc,(—Kx)c,—19,)» then (Fuiv)g is equal to Fuwtg -
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Definition 2.21 We say that a faithful valuation v in the sense of Definition 2.4 is adapted to the torus
action if for any f € C(X)q we have v(f) = (a, 0" T1(f),... . 0"(f)) € Z" x Z"".

There always exists a faithful valuation that is adapted to the torus action. This can be constructed as
follows. First we choose a T —invariant Zariski-open set U of X as in [3]. Then by the theory of affine
T—varieties as developed in [2], there exists a variety ¥ of dimension # — r and a polyhedral divisor ©
such that

(63) U = Specyenr, H (Y, O(D(a))).

We can choose a faithful valuation vy on Y (for example via a flag of varieties as in [49]) and define, for
any f € HO(Y, 0O(D(a)),

(64) o(f) = (a. oy (f)).

Let v be such a valuation and A = A, (X, —Kx) C R” be the associated Newton—Okounkov body. If
p:R"=R" x R"™" — R’ denotes the natural projection, then we have

(65) p(A) = P = moment map of the T—action on (X, —Kx).

The following lemma was already observed in [81], in which a faithful valuation adapted to the torus
action was constructed using equivariant infinitesimal flags in the sense of [49]. Here we give a different
and direct proof for the reader’s convenience.

For simplicity of notation, we write y = (y1,..., yn) = (3/, ") € R” x R"™" and set
r
(66) (V&) =) yiE =:(y.6).

i=1

In the last identity, we identify £ € Ng = R” with (&, 0) € R”.
Lemma 2.22 [81] If v is a Z"—valued valuation adapted to the torus action, then for any y € A(—Kx),
(67) Gre () =Gr(») +(y.§).

Proof For any ¢ > G7 () = A, there exists € > 0 such that y & A(F¢9). Let §; = dist(y, A(FC~9)).

Choose any [ € ]-'E(H(y/’g))m Rpo = ]—'(t+(y/’5))m_(“’$>Rm,a. Consider two cases:

() (a/m.E)—(y'".E) <e. Theno(f) € AU"9) so [o(f)/m—y| = 6.
(i) (a/m.&)—(y'.§) z €. Then [o(f)/m—y| = |a/m—y'| = €/[E].
The two cases together imply that y ¢ A(]_—E(t-k(y’,f))). So we get the inequality Gz, < Gz + (). §).

On the other hand, since F = (F¢)_¢, we also get Gr < Gr, — (). &). So we get the desired identity. O
2.4 Asymptotically equivalent filtrations

In this section we recall Boucksom and Jonsson’s characterization in [20; 21] of asymptotically equivalent
filtrations; see also [1].
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For a filtration F R, of R,,, we say that a basis B = {s;,...,sn,,} of Ry, is compatible with F R, if
for any A € R there exists a subset of /3 that spans F* R,y,.

Let F; = {FiRm} fori = 0,1 be two filtrations. For each m, we can find a basis B := {sy,...,Sn,,}
of R, that is compatible with both F; R, withi =0, 1. We refer to [1; 18] and the discussion in Section 5
for more details. Assume that for each i = 0, 1, we have s, € ]—"Z.M"’i \ F~Hk.i Then B is an orthogonal
basis for the non-Archimedean norm || - ||,,,,; corresponding to F;: for any s = ) ; axsx € Ry,

(68) ||S||m,l — e—max{MsE]—‘)‘Rm} — m]?X |ak|oe_/"k.i,

where | - |o is the trivial norm on C.

Following [24; 20], we define the set of successive minima of F; with respect to Fy to be the set
{Mk.1 — Ik ,0)- The following result was proved in [18; 24].

Theorem 2.23 [18; 24] Asm — 400, the measures

n N
(69) W S(U«k.l_l‘«k.O)/m

k=1

converge weakly as m — 400 to a relative limit measure, denoted by dv := dv(Fy, F1).

Corollary 2.24 For any p € [1, 00), the limit

N 1/p
. . n! -1 p
(70) dp(Fo. F1) := mﬂlﬂw(ﬁg’” 1kt =t ol )

exists and is given by
1/p
an o5 = ([ 1P o)
Definition 2.25 [20, Section 3.6] JFy and F; are asymptotically equivalent if d(Fg, F1) = 0.

In fact, by [20] the d), are comparable to each other for all p € [1, 00), and the above equivalence can be
defined by using any p € [1, +00).

Theorem 2.26 [20, Theorem 4.16] Assume that X is smooth. Let Fy and F; be two filtrations on R.
Then Fy and F, are asymptotically equivalent if and only if ¢, = ¢r,.

We also need:

Proposition 2.27 If 7, fori = 0,1 are two R—test configurations associated to two valuations v; €
Val(X) fori = 0,1, then ¢, = ¢r,, + ¢ for a constant ¢ € R if and only if vi = vy (and hence
.Fvl - .sz).
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Proof Recall that ¢r, = limp— 400 ¢;vi is an increasing limit along the subsequence m = 2k where
for any w € Val(X),

]:Ui _ 1 ‘/—-Ui -\
(72) bm”" (w) = —%G(w)( Y oL )
AeN
where I;")’; is the base ideal of the sublinear system ]-"3‘1. R;,. Note that it is easy to see that v{ = v; if
and only if ay (vy) = ay (v,) for any A € N, where a) (v;) ={f € Ox | vi(f) = A}.
For any d € N, by choosing m >> 1 we can assume that mL ® a,;(v) is globally generated. Then we get

I:'jal, = ay(vq). From this it is also clear that ¢r,, (vi) = 0. So we get

Foy

v 1 v — 1 1
—c ==, (12) < —¢ (v2) = 2—kG(vz>(Z Iy A) < g (0213 =d) = 35 (va(ag (1) —d).
A

Since k can be arbitrarily large, we get —c < 0, ie ¢ = 0. Switching v; and v, in the above argument,
we get ¢ < 0. So ¢ = 0. We then have the inequality v;(az(vq)) > d for any d € N. This easily implies
vy > vy. Switching vy and v;, we get v; < v,. Hence v; = v,, as required. O

Corollary 2.28 Assume that X is smooth. With the same notation as above, if Fy, is asymptotically
equivalent to Fy,, then vy = v;.

More recently, this result has been proved for any Q—Fano variety:

Lemma 2.29 [15, Lemma 3.16; 21, Theorem C] For any Q—Fano variety, if v; fori = 1,2 are two
valuations in Val(X') such that F,, is asymptotically equivalent to F,, then vy = v;.

Remark 2.30 In the first version of this paper, Corollary 2.28 was stated for any Q—Fano variety.
However, it has been pointed out by experts that the validity of Theorem 2.26 from [20] for singular
Q-Fano varieties depends on a still conjectural property called continuity of envelopes. Fortunately,
recently, in [15; 21], the result in Lemma 2.29 has been given a direct proof without using the continuity
of envelopes.

2.5 Non-Archimedean invariants of filtrations

For any filtration 7 on R = R(X,—Ky), we set

73) L@ =L =LY () = inf, (Ax (V) + (@7 = dun) ().
ve Q

74 SN (¢ = SN(F) = SPAF) = —log(% /R e DH(f)) = —1og(”7! /A e Gr ) dy),

1 n!
75 EMNGT) = BN = BN = [ nepH@) = [ 6o a.

(76)  HY(¢7) = HY(F) = HYA(F) = L™ F) - §¥().
(77 D™(¢”7) = DYN(F) = DY*(F) = LY(F) - EM(F).
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The above functionals are by now well known, and we use notation following that in [19; 43]. The
formula involving G r follows from Theorem 2.5(ii).

Proposition 2.31 (see [37; 20; 52]) For a filtration F, with the notation from Definition 2.17, we have
the following convergence: the sequence from Definition—Proposition 2.15 satisfies, for any F € {§ ,E},

(78) lim FNA(¢7) = FN(¢7).
m—+00

Moreover, we have

(79) lim L™(¢;,) < L™ (7).
m——+0o0

Proof By Proposition 2.16 we know that DH(F(x,,, ,,..n,.)) converges weakly to DH(F) as m — +o0,
from this we easily get the convergence of SNA and ENA,

The inequality (79) follows easily from the inequality ¢;, < ¢ a
For our later argument, we will use a different formulation of the LN4—functional studied in [80; 15]. For

any filtration F, denote by I/ @ = {1 ,,“fm .+ the graded sequence of base ideals defined in (52). In [79],
Xu and Zhuang introduced the functional

(80) ENA(F) = sup{x e R | let(X; I7) > 13,

and proved that LNA (F) > LNA(F). More recently it has been shown that in fact the two functionals are
identical to each other. More specifically, we will need the following comparison results.

Proposition 2.32 [79, Proposition 4.2 and Theorem 4.3; 15, Lemma 3.8] For any filtration F, we have:

(i) Ax(E) > LNA (Fordg) for any prime divisor E over X, with equality holding if ordg induces a
weakly special test configuration.

(i) LNA(F) = LNA(F) for any filtration F.

For later purposes, we also introduce, for any a > 0,

NA( 7y — | k r ~ 1 )‘z(m) ‘
e B ):V/Rx P =, Bl Wy 2 ( m )
( L[ - LR D,
(82) 0P = fR e DH(f):VkE Oj BN,

(83) Q(F):= V().
Note that EFA(]-') = ENA(F) and §NA(f) = —log Q(F).

For any v € Val(X) (resp. test configuration (X, £, an)), we will often write FNA(v) (resp. FNA(X, £, an))
for the above various functionals F NA(F) with F being the corresponding filtration.
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Example 2.33 If (X, £, an) is a normal R—test configuration, then we have

NA rn+1
84 ENMNX, L,an)=a- ————,
(84) ( an) =a TESNG
(85) L™ (X, Lan) =a-(let(X, —Kx — L; Xp) — 1).

If (X, Xp) has log canonical singularities and Ky + £ =) ; ¢; E; (which is centered at Xj), then
(86) LNA(X.L,an)=a- mine;.
1
Example 2.34 Let F be a special R—test configuration and let (X, n) = (X£,0, nr) be the corresponding

central fiber. Assume that F|y, = .Févtn R'(—0); see (33). Let @ be any (S!)"—invariant smooth positively
curved Hermitian metric on —Ky. Then with the notation as in the paragraph containing (9), we have

0~ —¢
(87) LYANF) = LA (Flx,) = M —0=—o0,
? fXOe ¢
(88) YN = EN L) = 4 [ G0 @) o
Xo
(89) SYAMF) = SRA(Flx) = —log(% / e~ (ddca)") —o.
Xo

The above identity is well known if F comes from a special test configuration. For more general F, one
can use a sequence of special test configuration to approximate and get the above formula.

Corresponding to (58), we have the following simple transformation rule, which can be checked easily
from the defining expressions of the functionals.

Lemma 2.35 For any (a,b) € R-¢ xR, we have

(90) LN (aF (b)) = LN (aF (b)) = aLNN(F) + b,
1) SNA(F (b)) = SNA(F) + b,
(92) HYA(F (b)) = HN(F).

We also note:
Lemma 2.36 The function a — HNA(aF) is a convex function on R>.

Proof Since LN(aF) is linear in a by (90), we just need to show that f(a) := —SNA (aF) is convex
ina € R>o. By (25) and (74), we get

r@=tog( [ e ay).
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where G = G(y) = Gx(y). So we can calculate
JaG?e™Cdy  (fpGe™®¢ dy)”

Ja e Cdy (e ay)?
by Holder’s inequality. |

>0

fa)=

Note the first identity in (90) comes from Proposition 2.32. Moreover, combining [52, Lemma 3.10] and
Proposition 2.32, we have the following invariance property under the twisting.

Lemma 2.37 Let F be a T —equivariant filtration. For any £ € N, we have
(93) LNA(Fe) = LNA(F) = LNA ().
As a consequence, we have

(94) LN (Fy) = LN (Fye) = 0.

The following lemma is a prototype uniqueness result in this paper, and can be seen as a generalization
of the uniqueness of K&hler—Ricci soliton vector fields shown by Tian and Zhu [71] (the case when
F = Fuiv). See Section 2.6 for more discussion.

Lemma 2.38 Let F be a T —equivariant filtration. Then the function & — H NA(]-'S) on NR admits a
unique minimizer.

Proof By (93), LNA(]-"E) is constant in £. Using the identity (67) and (74),

~ | _ !
_SNA(]_—S):IOg(% /A oG ) dy) zlog(% /A o~Gr=(r.4) dy),

It is easy to use this expression to show that f(§) := -8 NA(]—'E) is strictly convex in & € Nr, which
implies the uniqueness of minimizer. To prove the existence of minimizer, we need to show that f(§) is
proper, ie limg|_, 4 o f(§) = +o00. To see this, recall that we have the vanishing

(95) / O5(£)e™? = — / Lae % =0.
X X
This implies that 0 > infy 05(§) = infa(y, &) if & # 0, which indeed implies the properness. |

Definition 2.39 We say that a filtration F is normalized if
(96) LNA(F) = 0.

A test configuration (X', £, an) is normalized if F(x r 4y) is normalized.

With the above discussion, the following lemma is easy to prove.
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Lemma 2.40 (i) Any special test configuration (X, — K y) is normalized. More generally, a special
R—test configuration F (see Definition 2.8) if and only if o = 0 in (33).

(ii) For any filtration F, the shift F(—LNA(F)) is normalized. If F is normalized, then so are aF for
any a > 0, and any twist Fg.

As a consequence of this approximation result in Proposition 2.31, it is convenient for us to introduce:

Definition—Proposition 2.41 For any Q—Fano variety X, we define

97) h(X)= inf HYA(X,L an) =inf HN(F),
(x,L,an) F

where (X, L, an) ranges over all test configurations, and F ranges over all filtrations or R—test configura-
tions.

The following lemma is similar to [31, Lemma 2.5].

Lemma 2.42 For any filtration F, we have
(98) SNAF) < ENMNF) and HNA(F) = DNA(F).

The identities hold true if and only if F(c) is asymptotically equivalent to the trivial filtration for some
¢ € R; see Definition 2.25.

Proof The first inequality, which implies the second, follows from the concavity of the logarithmic func-
tion. When the identity holds, the DH measure DH(F) is a Dirac measure V -§.. Then d,(F(¢), Fuiv) =0,
which by Definition 2.25 means that F(c) is asymptotically equivalent to the trivial filtration. |

Based on the work in [29; 28; 40], Dervan and Székelyhidi proved:

Theorem 2.43 [31] Assume that X is a smooth Fano manifold. There is an identity
(99) h(X):= inf HNA(X, L,an) = — inf / hee o™,
(X,L,an) special wec1(X) Jx

where w ranges over smooth Kahler metrics from ¢1(X') and h,, is the normalized Ricci potential of .
Moreover, the infimum is achieved by a special test configuration constructed via the Gromov—Hausdorff
limit Kdhler—Ricci soliton from [29; 28].

More recently, Hisamoto [43] gave a different proof of (99) based on the destabilizing geodesic rays
constructed from [30].

Remark 2.44 Our sign convention differs from that of Dervan—Székelyhidi and Hisamoto by a minus.
Dervan and Székelyhidi defined a non-Archimedean functional for general R—test configuration by
mimicking Tian’s CM weight (or the so-called Donaldson—Futaki invariant). But in such generality, their
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normalization seems imprecise. Differently from their definition, for any test configuration (X', £, an)
one could define

(100) HNA X, L, an) = %(K)?/Pl L LY SN £ an).
By the same argument as [19, Proposition 7.32], we have

(101) HNNx, L.n) < HN (X, L, 1),

with strict inequality if (X, £, n) is anticanonical. Moreover, by (98) we also get

(102) HYA(X,L,n) > CM(X, L, ) = (KX/PI M4 c”“),

n+1

with the identity being true only if (X, £, n) is trivial. One advantage of HNA over HNA is that the
former can be defined for any filtration, not necessarily finitely generated. Due to this reason, we will not
use HNA in this paper.

2.6 g-Ding-stability and Kihler—Ricci solitons

Let F be a T—equivariant filtration. For any A € R, we have a (finite) decomposition

(103) F*Rn= P F*Rma-

axeEMy
Let P be the moment polytope of (X, — Ky ) with respect to the T—action. Let g be a smooth positive
function on P. Fix a faithful Z"-valuation that is adapted to the torus action (see Definition 2.21) and let
A C R”" be the Okounkov body that satisfies (65): p(A) = P, where p: R” — R” is the natural projection.
Still denote by g the function p*g on A. Define the g—volume of graded linear series {F ) R,,,} as

dim F™' R
vol (]-"(f)) = hm Z ( ) mn/n!ma :n!,/A(fm) 2(») dyies ::n!-volg(A(]-“(’))).

Then, as in the g = 1 case, we have the convergence

DHg (F) := hm Z ( )X(ina)/ —dvolg(]-'(’)):n!~(G;)*(g(y)dyLeb).
We also set
(104) Vg :=n!-volg(A) :n!-/ g(y)dyLeb:/ DHg (F),
A R
(105) BN = [ Gr0)e0) divs = 3 [ 1-DH()
g JA g JR
(106) DA(F) := LNA(F) — E;MNF).

If (X, L, n) is a test configuration, then we set D?A(X, L) = DgNA (F(x,,m)-
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Definition 2.45 (X, &) is g—Ding-semistable if D?A(X , L, 1) >0 for any T—equivariant test configuration
(X, L,n) of (X,—Ky).

(X, &) is g-Ding-polystable if it is g—Ding-semistable, and D?A(X , L,n) =0 for a T—equivariant weakly
special test configuration (see Definition 2.12) only if (X, £, n) is a product test configuration.

The following result was proved by adapting the techniques of MMP from [56; 37; 7].

Theorem 2.46 (see [39]) To test the g—Ding-semistability, or the g—Ding-polystability, of (X, &), it
suffices to test over all special test configurations.

We have the following valuative criterion:

Theorem 2.47 [39] X is g—Ding-semistable if and only if for any v € (X, SV)T, we have
1 +o00

(107) Be(w) = Ax(v) = 3 / volg (F\) drt > 0.
g Jo

Now we use our notation to reformulate the holomorphic invariants of Tian and Zhu [71] in the study of
Kaihler—Ricci solitons. We refer to [71; 8; 39] for more details and references. Let X be a Q—Fano variety
with an effective T—action. We use the same notation, such as an (S!)”—invariant smooth Hermitian
metric ¢ on —Ky, a moment polytope P C MR, a function 65(n) = Sne_a/ e~ %, etc. We identify any
n € Nr with the corresponding holomorphic vector field on X.

A Kihler—Ricci soliton on (X, &) is a positively curved bounded Hermitian metric e~% on — Ky that
satisfies the equation

(108) e?(ddp)" = % ®,
where 0,(§) = 05(5) +£(¢ —@). Over X™¢, ¢ is smooth [6; 39] and satisfies the identity

(109) Ric(dd¢) —dd°¢p = —dd 6, (&).
As a consequence, the family of metrics ¢(s) := 0g(s)* ¢ satisfies the normalized Kahler-Ricci flow,
(110) %ddcgo(s) = —Ric(dd¢(s)) + dd ¢(s).

For any & € Ng, we set gg(x) = e~ xE) = o= X six", which is a smooth positive function on P, and
write Fg, as Fg for F € {L, D} etc, and Vg := V¢, Tian and Zhu [71] defined a modified Futaki invariant
as an obstruction to the existence of Kdhler—Ricci solitons on (X, £): for any n € Ng,

1 —0- ~
(111) Futg (1) := —- / 05 (e (dd°G)" = DF* (wey).
Ve Jx

where V; = [ e~ 95() (dd°@)". The second identity follows by noting that D?A(th) =—E é\IA(wt,,)
because of the vanishing LNA(wt,)) = 0.

Remark 2.48 Again, here we have used the negative sign convention compared to [71].
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Futg does not depend on the choice of ¢ and (X,&) admits a KR soliton only if Futg = 0 on Ng.
Moreover, by [71, Lemma 2.2] the soliton vector field is a priori uniquely determined by minimizing the
strictly convex functional (Tian and Zhu didn’t use the logarithm) on N (see Lemma 2.38), which is the
antiderivative of n — Futg (),

(112) £ log(% / e—f’@@)(dd"(z)”) = log(% / et DH(}‘W)) = — SN (wte).
X R

Recall also that LNA(wt,) = LNA(wt,) = 0 on Ng; see (94). Combining these discussions we get the
derivative identity

d d
(113) HNA(wtéﬂn)_ HNA(WtSJrs,,)—D (wty) = Futg ().

ds

For simplicity of notation, we introduce:

Definition 2.49 We say that (X, §) is K—semistable (resp. K—polystable) if X is gge—Ding-semistable
(resp. gg—Ding-polystable).

Remark 2.50 Since by Theorem 2.46 it is enough to test the stability on special test configurations,
this definition coincides with the original modified K—(poly)stability adopted by Tian as well as Berman,
Witt and Nystrom, and others. To respect the original notation, we will just call (X, §) K—(poly)stable,
although we will also freely use the notion of Ding-(poly)stability.

By [8; 31], when X is smooth, the Yau-Tian—Donaldson conjecture is true, ie K—polystability is equivalent
to the existence of Kéhler—Ricci solitons. For singular X', we proved in [39] a version of the Yau—Tian—
Donaldson conjecture involving Aut(X, £)o—uniform Ding-stability.

3 H™M invariant and MMP

3.1 An intersection formula for higher moments

Let (X, £, n) be any normal ample test configuration. Choose a smooth (semipositive) curvature form @
in ¢1 (L] x,). Let 6 be the Hamiltonian function for n with respect to o, so ty0 = (vV—1/2m) 96. By the
equivariant Riemann—Roch formula, we get

(m)
1 A
EXMNX, L) = ER™(Fx.py) = lim Z( ) /9" n
i

m——+0o0 Nm

To motivate our calculations, we will first give a direct proof of two identities which can already be
derived from the above discussion.

Lemma 3.1 We have

(114) EMNX, L) = %/ ¥ DH(FW)),
R
(115) ENMNX, L) = EYANX, L) = L ’CHI.
Vv n+1
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Proof When we change L to £ + d Xy, F is changed to F(d), and both sides of the above identities
have d added to them. So we can assume that £ is very ample over X. Then we have

+o0
(116) )?:Proj(@ @z—fﬂRm)

m=>0 j=0
and L4 = Oz(1).
For simplicity of notation, we write
Nm . .
11D filmy=> A =" K (dim F Ry — dim FH1 R,y
i=1 j=0
=Y (% =G -5 dimF Ry =) (kj* + 0(*7)) dim F/ Ry,
j=1 j=1
We easily get the identity
a1s) EM =L gim ™ =L [T ke vol PO Ry dx = L [k (—avol(F9)).
k V m—>+too mntk V 0 * V Ir
Moreover, we have the dimension formula
_ _ +o00 ) mn+1 +00
Non :=h"(X.mL) = " dim F/ Ry, = o / VOl(F® R,) dx + O(m™),
j=0 -
which, by the Riemann—Roch formula, gives the identity
1 Lntl 1 +o00 ) 1 400
119 - = x = )
(119) Vsl V/o vol(F** R,) dx V/o x DH(F) O

The formula (115) goes back to Mumford’s study of GIT [61], and has also been used in the study of
K-—stability. The following result is a generalization of it to higher moments. We will use the following
notation as in [39]. Let C* — C**1\ {0} — P¥ be the principal C*—bundle and set

(120) (XU, 2Ry .= (X, ) x (CFF1\ {o}))/C™.

Remark 3.2 Since the C*—action on X moves the fiber ¥ — P!, the situation here is different from the
situation in [19, Corollary 3.4] or [39], where a similar fiber construction with respect to a vertical torus
action is used.

Proposition 3.3 Let (X, £) be a normal ample test configuration. For any k > 1, we have the intersection

formula

1 k'n! o
121 EN(x.0)= —~ —— (ck-1lyntk
(121) (X, L) V(n-l—l)!( )
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Proof We use the notation from the above proof and without loss of generality assume that £ is very
ample over X

The weights {{tq | = 1,..., N} and multiplicities of C*—action on H°(X, £) are given according to
the isomorphism (44). By the identity (117), the weight of C* on det H(X',mL) is given by

m +o0
(122) Sk =3 R dim F Ry = k7 fie(m) + O(m" TR,
= =

Choose a smooth Kihler metric Q € ¢;(£) on X and let ® be the Hamiltonian function for 1. Then by
the equivariant Riemann—Roch formula, we get

k—1
(123)  lim (”H)!Z(&) =/ k-1t ZW/ (Q + @yt
p X Xlk—1]

m—+oo mnt1 m (k +n)!
_ (k=D + 1)'(—[k 1yntk
(k +n)!
Combining (118), (122) and (123), we get

n! 1 k (k=D!n+1)!
ENA_ n+kaM](; B ( [k 1])n+k

1 ..
=1
Vs m “Vatl (k+n)

1 klnl o i ntk
= L .
Vicrm s D)

Recall from (82) that SNA(X, £, an) = —log @@, where
k
0= %/ e " = Z( Dhak Z( D E}jA.
Xo

Proposition 3.4 Let (X, L), an)e(—e,e) be a family of normal test configurations of (X, —Kx), with a
fixed total space and varying polarization. Assume that Xy = ) _; b; E; for irreducible components E;,
and that L), is differentiable with respect to A. Then we have the derivative formula

(@)
d S NA Zi eiQi

(124) d)\S (X, L,an) = T o
where Ql@ =(1/V) fE,- e~ pn
Proof We use the intersection formula (121) to get

d paa_ d _KInt cg e KU Gy ket k-

V.- SE" = ——r — (L -L
di dA (k—|—n)'( ) ~(k+n 1)'( )

k!n! n+k—1 k=1,
(k+n_1),2 /[A L(@+00 kZe,/ 0
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where E[k _ = (E; x Ck=1\ {0})/C*. So we get the desired formula
L ow = G e gy - Lt - R
d\ k! d\ — (k — 1)'

— . =D7 1 e~ 9 ) — (@)
_—aXi:e,V/ JX(:) (a@)J —aXi:e,V/Ei On = aZQ

The termwise differentiation and the change of summation are valid because of absolute convergence. O

3.2 Decreasing of HN* along MMP

Theorem 3.5 Let G be a reductive group and (X, L, an) be a G—equivariant normal test configuration.
There exists a G—equivariant special test configuration (X*, L£°, a*n®) such that

(125) HNA(Xx, £, an) > HNAXS, 25, a*n®).

Moreover, if Xy is reduced, then the identity holds true if X is already a special test configuration.

Proof For simplicity of notation, we assume G is trivial. The general case is obtained by running the
G—equivariant MMP in the following arguments.

Step 1 Choose a semistable reduction of X — C. By this, we mean that there is an integer d and a
G-equivariant log resolution of singularities X — x(@) = (x Xe rordr €)™ (see (49)) such that
(X, Xp) is simple normal crossing. In particular, X (@) is reduced. By using the identity (51) and
Lemma 2.35 we easily get

(126) HNA XD @) @) gy = HNMx, £, an).

Step 2 In this step, we show that there exist d; € Z~g, a projective birational C*—equivariant morphism
7: X' — x@0) and a normal, ample test configuration (X'¢, £!¢)/C for (X, L), such that

(127) HNAX@) 2@ @D gy > HNAN XS, £ an'®/d,).

Moreover, if the equality holds, then (X@1), £(@1) is jsomorphic to (X', £¢), and hence (X, Xp) is
already log canonical.

We run a C*—equivariant MMP to get a log canonical modification 7'°: X!¢ — x (@) sych that (X', X(l)c)
is log canonical and Ky« is relatively ample over XY@, Set E = K yic + (7)*L = Zle ej Xp,; with
e1 ey <---<epand El)f = (7'%)*£@) L AE. Then since E is relatively ample over x| r, s
ample over X'° for 0 < A <« 1. So

LNA(XIC Clc,anlc/d ) _ LNA(XIC E 77lC) — dil(l +)\)61.

By definition (76), we have

a(l +A)ey

+1og Q@i ),
dy

SNA@E, L an' fdy) = —log Q4T HNAXY, LY, an/dy) =
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We then use (124) to calculate

(adih) (adi")
iHNA(ch ke 4 1C/d):ael _iZieiQi ' :_iZi(ei_el)Qi 1 <0
dx A U= @ih  d (ad ) =

1 1y 0. 1 0
1

1

The last identity holds if and only if ¢; = ey, and hence (¥@V, £@)) >~ (x' £¢). In this case,
(x| Xédl)) is log canonical, which implies that (X, Xy) is already log canonical, by the pullback
formula for the log differential; see [56, page 210].

Step 3 With the (X', £I°) obtained from the first step, we run a relative MMP with scaling to get a
normal, ample test configuration (X2, £2) /P! for (X, —Ky) with (X2, A5°) log canonical such that
— Ky ~q,c L*. More concretely, we take ¢ > 1 such that H° = £ — (g + 1)71(L!C + K1) is
relatively ample. Set X0 = x'°, £° = £, HO = H!® and Ay = ¢ + 1. Then Ko + AoH® = ¢L£°. We
run a sequence of K ;0o—MMP over C with scaling of #°. Then we obtain a sequence of models

X0l oo XK
and a sequence of critical values
Aiv1 =min{A | K i + A is nef over C}

withg +1 =219 >A; >+ > A > Agq4q = 1. Forany A; > A > 4,41, we let ' be the pushforward
of H to X’ and set

G S iy _ | i i_. 1 i
(128) EA—X_l(KX,—i—k?—[)—)\_l(KXz—i-’H,)%—H —.)\_lE—i-H.

Write E = Zj;l eré j with e; < e, <--- <eg. Then we have (d/dA)Li = —(1/(A—1)?)E and

LW L arf fdy) = S

161.
So we can again use (124) to calculate
i (ad")
d_pgNa X",ﬁi,a—nl =% o+ 10 ZietQi_ll
di dy di(A—1)2 di(A—1)2 Q(adl )

a  Yilei—enQf _

= 0.
ao-12 QW T

The last identity holds only if ¢; = ey, which implies (X', £I¢) =~ (X%, £* + ¢, A5°).

Step4 With the test configuration (X'*¢, £*°) obtained from Step 2, there exists a d; € Z~( and a projective
birational T¢ x C*—equivariant birational map (X*)@2) —_> xS over P! such that (X, —Kxs) is a
special test configuration and

S
129 HNA(yee, oo, AT )>HNA(XS,L‘,S, o )
(129 ( didy )~ dyd,
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As in [56], this is achieved by doing a base change and running an MMP. Let E = —K ys jp1 — (=K 3/ /p1).
Then E > 0 by the negativity lemma. So E;\ =—Ky/p1 +AE, and

/

Ui a
130 let{ &7, L), =—A
(130) c( *dldz) e
So, as before, we get
(adh) (adi")

A pgNa P an’ a a Y0 ___a Yilei—e) Q" <0

da Mdy) T ddy T didy gladh dd,  gladih -
The last identity holds only if e; = e; which implies (X2, £%) = (X%, L5). ad

Corollary 3.6 We have the identity

(131) h(X) = inf HNA(x, L, an).
(X,L,an) special

Lemma 3.7 For any normal test configuration (X, £, ), there exists a unique ax > 0 such that
(132) HNA(X, L, asn) = inf HN(X, L,an) =: HNY(x, £).

c>0
As a consequence, we have

(133) h(X) = inf HM\(x,r).
(X,—K x) special

Proof By taking normalization of a fiber product, without loss of generality we can assume that X’
dominates X¢ := X x C by a C*—equivariant birational morphism p: X — Xc.

Choose a C*—equivariant resolution of singularities 1 : X — X such that the pair (X, /?56‘1) has simple
normal crossing singularities. Set p = p o . Then we can write

Kz = 7" Kxc + Za,E, + Za Ej, n*Xo=)Y biE. p'L=p"(Kx)+Y ek,
i i
where { E;} are irreducible components of X, and {E j/.} are horizontal exceptional divisors. Then we
have the identity (see [19, Proposition 7.29])
LN (x, L) =let(X, —(Kx + £); Xy) — 1
1+a;+c¢

= mjn(bi_lA(XX@,XX{O})(Ei) +bl~_10rdE1. (Z ckEk)) = min — 1.
i T i i

Because H™A is translation-invariant, by adding a multiple of X to £ we can normalize ¢ = ¢r to
satisfy LNA(¢) = 0. So we get

(134) ¢;>bj—1—a;
and, without loss of generality, c; =b; — 1 —ay. So
¢ C a;+1
(135) Amin = mlnb—ll < ﬁ —1- lbl — Ax. (b7 'ordg,) = —Ax (vg,) <
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where vg, (= r(bl_1 ordg, ) is the restriction of the valuation ord g, to the function field C(X). Here we
used the identity between log discrepancies from [19, Proposition 4.11] and the assumption that X has
log terminal singularities.

Set F = F(x,z,y)- Then according to (43), we have F(x £ 4y = aF(x,c,n)- Moreover, by (74), (76)
and (90), we get the expression
+o0
f(a) == HN(aF) = aL™(F) +10g(% / e DH(]—")).
By Lemma 2.36, f(a) is convex in a € [0, +00). If Apmin < 0, then f(a) diverges to +00 as a — +00 by
the above expression. So f(a) admits a unique minimum over [0, +00).
If Amin = 0, then by (135) Ax (vg,) = 0, which implies that vg, is trivial so that

)\max = OI’dE'1 (Z CkEk) =C = 0= )\min-
k

See [19, Theorem 5.16]. This implies that the normal test configuration (X, £) is equivalent to a trivial
test configuration and hence HNA(X, £, an) = 0. m|

4 A minimization problem for real valuations

In this section, we will introduce a minimization problem for valuations analogous to the normalized
volume functional in the local setting [51].
Definition 4.1 For any v € Val(X), define

_ CNA .
(136) () = {Ax(v) SNAF) i Ax () < +oo,
+0o0 otherwise.

Note that by integration by parts we have

-SMr) 1
(137) e 7 /R

¢~ DH(F,) = - / T e Cdvol(FO))
v) — V 0 v

1 400
=1- —/ Vol(]-'lgx)R.)e_x dx <1,
V-Jo
with identity if and only if v is trivial. So we can rewrite B (v) as

- 400
(138) B(v) = Ax(v) + log(l — % / e X vol(FR,) dx).
0

Lemma 4.2 For any v € X3V, we have the inequality
(139) HYA(Fy) < B(v).

Moreover, if (X, —Kx,an) is a special test configuration, then equality holds for v = avx, = a-r(ordy,).
(See Definition 2.12.)
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Proof The inequality follows immediately from

(140) inf(A(w) + ¢v(w)) = AV) + ¢ (v) = A(V).

When (X, —Kx, an) is a special test configuration and v = avy,, then

(141) LN (X, =Ky, an) = aL™ (X, =K, 1) = a(lct(X; Xp) — 1) = 0.
On the other hand, by (46),

(142) LN X, —Kx,an) = LN (Fy(—A(v)) = LN (F)) — A(v).
So we get
(143) HNA(Fy) = LNA(F,) — SMA(F) = A(v) - SN (v) = B(v). O

Lemma 4.3 Forany ¢ =¢r and v € X, 8V, we have the inequality
(144) S ) +¢(v) = SN ().

Proof We use the same argument as in [52, Section 4.1]. Set ¥ = ¢(v). Then by the argument there, we
have Amin = Amin(F) < y and we can then estimate

e—§NA(¢) =Q(¢) = %/ e_x(—dvol(]:(x))) — o Mmin _ %/ e Vol(]:(X)R.) dx
R A

min

+o00 +oo
>e V- % / e Vol(FP R, dx > e7 — % / e Vol (F&) dx
14 1

400 +o0
=e V- e"’% / e vol(FD) dr = e"’% / e™* (—dvol(F1y)
0 0

— o9 ,=5M ) O

Proposition 4.4 For any Q—Fano variety, we have the identity

(145) h(X)= inf B(v).
veX(SV

Proof For any test configuration (X, £, an), by Theorem 3.5 there exists a special test configuration
(X%, L%, a’n®) such that

(146) HY (X Loan) = HNX® £°.a°0°) = B(avyy).
The last identity is from Lemma 4.2. This together with Corollary 3.6 implies identity (145).

Alternatively, recall that LNA(¢) = inf, xg (Ax (v) + ¢ (v)). So for any € > 0 we can choose v such
that Ay (v) + ¢ (v) < LNA(¢) + €. We can then use v in (144) to get

LN (9) — SN (¢) = Ax (v) + ¢ (v) —e — (p(v) + S () = B(v) —€.

Since € is arbitrary, we can use (97) to get the identity (145). O

Geometry & Topology, Volume 28 (2024)



572 Jiyuan Han and Chi Li

With the identity (145) and Proposition 2.32, we get:

Corollary 4.5 For any Q—Fano variety, we have the equality
(147) h(X)= inf HNA(F).

The next result should be compared to Lemma 3.7.

Proposition 4.6 For any v € Voal(X), there exists a unique ax = ax(v) > 0 such that
(148) ,g(a*v) = inf ,g(av) =: ,g*(v).
a>0

When f(v) > 0, then ax = 0, so that ayv is the trivial valuation and E* (v) = 0. Otherwise, ax(v) >0
and B+« (v) <0.

Proof Consider the function defined on R>( by

+o00
(149) f(a) = A(av) — SN (av) = ad(v) + log(% / e DH(]-'av))
0

400
=aAv) + log(% / e DH(]—'U)).
0

We will show that a — f(a) is convex and goes to 400 as ¢ — +00. Now

+oo . —ax
) = Acp) 10 xe DH(]—"U)’
flar=A4w) T e=ax DH(F,)

2
[x2e7**DH ([ xe ¥ DH) _
() = T DH ([ ¢-ov i) = llx =%72(4) = 0.

where

—ax DH
(150) dy = =

~ [eeXDH
So f”(a) = 0 if and only if av is trivial. Moreover, f/(0) = A(v) —(1/V) f0+°° x DH(F,) = B(v).

and f:[xdv.

On the other hand, f(0) = 0 and we claim that lim,— 4 5 f(a) = +00, which then implies the statement.
To prove this divergence, we set g(x) = V=1 vol(F®) R,)!/"_ Then g(x) is decreasing, and concave
on [0, Amax] by Theorem 2.5. As a consequence, the subset {x € R>q | g’(x) exists} is dense in R,
by Aleksandrov’s differentiability theorem for concave functions. Fix 0 < € < Apax such that g’(e) exists
and g(e) < g(0) = 1. Setting C = —g’(¢) >0and T = (1 + Ce)/C, define a function

1 if x €0, €],
(151) g(x)=11+Ce—Cx ifxe(eT],
0 if x € (T, +00).

Then g(x) > g(x) over [0, +00), by concavity. Then we calculate to get
+o0
(152) a/ g'"x)e ™ dx =1-—nCmy_q,
0
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where my, = fET(l + Ce — Cx)ke=a* dx satisfies

mk — le_ae — Emk—l — le_ae — k_c<

1 _qe (k=1)C
a a a a ¢ mk_z)'

a a

Using induction we get m,_; =a~ e @€(1 4+ O(a™')). So

§Na +o00
e (Fa) = 1—61/
0

+o00
g (x)e ™ dx>1 —a/ g"(x)e * dx
0

=nCmy_; =nCa e ™1+ 0@@™)).
So we get —ENA(}",U) > —loga —ae + O(1), giving
(153) /(@) = B(av) = (A(v) ~ €)a—loga + O(1).
which approaches +oo as a — +oo if we choose 0 < € < A(v). m|

Remark 4.7 By the above proof, we get an estimate: for any Cy > 0, there exists a C; = C,(C;,v) >0
such that for any w € Val(X) with w < C;v, we have

(&)
(154) ax(w) < A0

Corollary 4.8 We always have h(X) < 0, with equality holding if and only if h(X) = 0.

Proof By [37; 50], X is K-semistable if and only if 8(v) > 0, which implies ,g* (v) =0. If X is not
K—semistable then there exists v’ such that 8(v’) < 0. By Proposition 4.6, we then have S« (v’) < 0, which
implies 2(X) < 0. m|

Lemma 4.9 If v computes h(X), then v is the unique valuation, up to rescaling, that computes Ict(a,(v)).

Proof Recall that Ict(a,) = infy, A(w)/w(a,(w)). For any w € Val(X), assume that w(a,(v)) =a > 0.
Then a~'w > v. By Proposition A.1, the function

w > §NA(w) = —log % / e DH(Fy)
R

is strictly increasing on Val(X). So we use the assumption to get

Lw) =A(a 'w) =A@ 'w) — §NA(a_1w) + ENA(a_lw)
w(a.(v))
> A(v) — SN () + SN (v) = A(v)
_ A()
~ v(a(v)’
When the equality holds, then a lw=v. O

We now observe that the method developed in [14] can be used to prove:

Theorem 4.10 For any Q—Fano variety, there exists a minimizing valuation of B which is quasi-
monomial.
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Since the argument is almost verbatim to [14] except for the continuity property of E , We just give a
sketch of key points and explain the required continuity of B in Section 8. Without the properties of E (S)
explained in Section 8, the existence of a valuation calculating /4 (X') (but without the quasimonomial
property) can also be obtained using the argument in [11, Section 6].

Proof By Corollary 3.6, #(X) = infg B*(E ), where E ranges over prime divisors over X that induce
special test configurations of (X, —Ky). By [14, Theorem A.2], we know that such an E is an Ic place of
an N—complement D of X, where N depends only on the dimension 7 (this depends on the deep result
of Birkar about the boundedness of QQ—complements). So we have

(155) h(X) = inf B (v),

where v ranges over all divisorial valuations that are Ic places of an N —complement. For such a valuation v,
there exists a D € (1/N)|—N Kx/| such that (X, D) is Ic and Ay, p)(v) = 0. We then parametrize such
Q-divisors as in [14, Proof of Theorem 4.5]. Set W = P(H°(X, Ox(—NKy)) and denote by H the
universal divisor on X x W parametrizing divisors in |-N Ky| and set D := (1/N)H. By the lower
semicontinuity of log canonical thresholds, the locus Z = {w € W | Ict(Xy; Dy ) = 1} is locally closed
in W. For each z € Z, set b, := inf, E(v), where v ranges over all v € Val(X) with Ay p.)(v) = 0.

Let g: Y, — X be a log resolution of (X, D,). Write Ky + Dy, = g*(Kx + D). Consider the section
of the simplicial cone, S := QM(Yz, Dy,) [ {v € Val(X) | A(v) = 1}. By Proposition 4.6, we know that
for each v € S there exists a(v) such that inf,~ ¢ g(av) = g(a*(v)v) =: B* (v). By Izumi’s estimate
(see [48, Example 11.3.9; 44, Proposition 5.10] for the smooth case, and [51, Section 3] in the klt case),
we know that there exists C; > 0 such that for any v € S we have v < Cy - ordp, where F =("); Dy, ;.
Now by the proof of Proposition 4.6 (see Remark 4.7), we know that a,(v) is uniformly bounded for
any v € S. By Proposition A.2, we know that v — ,g (v) is continuous on QM(Y;, Dy,) and hence is
uniformly continuous over compact subsets. We then get the continuity of v — E* (v) over the compact
set S. So we know that there exists v} € S such that B (v}) = minyes B+ (v) and ax(vy)-vj is then a
minimizer of ,3~ over QM(Y;, Dy,).

Then as [14, Proof of Theorem 4.5], choose a locally closed decomposition Z = | Ji_, Z; so that Z; is
smooth and there is an étale map Z; — Z; such that (X’ z! D Zf) admits fiberwise log resolutions. By the
same arguments as [ 14, Proof of Propositions 4.1 and 4.2], which depend on the deformation invariance of
log plurigenera in the work of Hacon, McKernan and Xu, we know that b, is independent of z € Z;. So b,
takes finitely many values and there is a zo € Z such that #(X) = min,c z b, = b, is computed by vz‘o. |

As in the case of normalized volume, we expect the following:

Conjecture 4.11 The minimizer vy is unique, and is special, which means that F,, is a special R—test
configuration.

Remark 4.12 As [11, Proposition 4.11], using Lemma 4.9 one can show that any divisorial (ie rational
rank one) minimizing valuation is primitive and plt.
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Besides the case of stability threshold treated in [14], in the local setting of normalized volumes, the
existence of quasimonomial minimizers is also known thanks to the work of Blum [10] and Xu [78].
Moreover, one might also be able to adapt the techniques in Xu and Zhuang [80] to the current global
setting to prove the uniqueness of minimizing valuations.> We will prove in Section 6 the uniqueness of
special minimizers (in a similar spirit to the work in [58; 57; 55]).

5 Initial term degeneration of filtrations

Let Fy be a special R—test configuration of (X, —Ky ) with central fiber (W := Proj(Gr(Fy)). &0 :=£x,).
Let F; be another filtration of R. We define a filtration on

(156) R:=RW.-Kp)= P *FRn/Fs"Rm=P R,
m=>0 Ael'(Fp) m=0

in the following way. Recall that we can write

(157) R, = @ t_<“’$°)f(§°"€°>Rm/fg(“’&)Rm.
aEMyz

For any f € Ry, set

(158)  ingy(f) = (@ F)(0) =: 1’ € F O Ry ) Fy O Ry, where (@, 80) = v7y ().
For any A € R, take the Grobner base-type degeneration

(159) F*R!, = Spanc{ing,(f) | f € F}Rm} C R,,.

Note that because R’ is integral, ing, (fg) = ing,(f)-ing (g) if f € Ry, and g € Ry,. So in this way,
we get a To—equivariant filtration
(160) FIR, = B FI'R,,,

a€eZ'o
There is an equivalent way to describe ]-'{)‘ R}, as follows. For any f’ € R}, ,, we choose f € Ry, such
that f/ = t~{%£0) £(0). Then we have
(161) ]—"{}‘R;n’a ={f'eR, 4| f+he F Ry for some h € f;(a’é‘))Rm}.

This is well defined since f is determined up to addition by elements from ]—'0> (a.fo) Ryy,.

Note that this construction allows us to find a basis B = {5, ..., sn,,} of Ry, that is compatible with
both Fo R, and F; R;,. Recall that this means that for any A € R and i = 0, 1, there exists a subset of B
which depends on A and i and is a basis of ]-'l.’\ R;,. To find such a basis, we can first find a basis B, of
R}, o, Which is compatible with ] Ry o. Then B =J, By =:{f]...., f](,m} is a basis compatible with

3This has indeed been recently achieved in [15].
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both 7| Ry, and ]:‘/Vtéo R},. Foreach f; € R, , , there exists A; € R such that f/ € ]-'ikk R, \]—"i>)~k R,
Then by (161), there exists /iy € ]-'0>(“’“$)Rm such that s; := fr + hy € ]-'f”" R;,. Moreover, we have
Sk §Z]—"1>)”" Ry since otherwise in(s;) = in(f;) = f; € F>hR! Tt is easy to verify that {s;} is the
desired basis. So the relative successive minima of F; with respect to Fy (see [20]) is given by the set
{Ak — (k. &o)}, which is the same as the relative successive minima of F] := F| R’ with respect to

Fy = féVtS() R’. This immediately proves a useful fact:

Lemma 5.1 With the above constructions and notation, we have the identity

(162) d¥X (Fo, F1) = dY (F), F}).

Since the initial term degeneration does not change the dimension of vector spaces, it is clear that the
successive minima of F; and | coincide. As a consequence, we get

(163) SNAF) = SEAF).

On the other hand, consider the Ty—equivariant graded filtration of the Rees algebra R’ := R(Fy)
(see (30)) given by

(164) FrMRppa =5 =178 fer), 117 [ eR(F)}.

Then F'R’ coincides with F R on the generic fiber and coincides with 7' R’ on the central fiber. By the
lower semicontinuity of Ict for a family, it is easy to see that LNA in (80) is also lower semicontinuous for
a family. This is standard if Fy has rank one, which corresponds to a special test configuration; see [47,
Lemma 8.1; 13, Proof of Lemma 6.5]. In general, one can restrict to a generic curve passing through 0 in
the family in Teissier’s construction in the paragraph above Lemma 2.11; alternatively, see Remark 6.2.

So we can get

(165) LN (F) = LYAF) 2 LRAF) = LY (7).

where the first and the last identity come from Proposition 2.32. Combining the above discussion, we get
the inequality

(166) HRM(Fy) = Hph (7).

Theorem 5.2 Assume v induces a special R—test configuration F,, of X. Then v is a minimizer of E
over Val(X) if and only if v is Ding-semistable (or equivalently K—semistable).

Proof For simplicity of notation, set 7o = Fy and (W, &) := (X £, 0.&7,) and let Ty be the torus
generated by &.

We first prove that minimizer is Ding-semistable. Suppose (W, &) is not Ding-semistable. Then by
Theorem 2.46 from [39], there exists a T —equivariant special test configuration (W, —Kyy) of (W, —Ky)
with central fiber Y := W such that

(167) DAW, —Kw) = Futyg(n) < 0.
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We can now construct a family of valuations {v.} such that v induces special test configurations with
central fiber Y and corresponds to a vector field & = &y + €n on Y. This can be done by using the cone
construction to reduce to the situation in [58, Section 6] or [57, Proof of Theorem 2.64]. Alternatively,
one can use an argument involving the Hilbert scheme as in [55, Proof of Lemma 3.1].

Here we will use the Chow variety to explain this construction. Recall that the Chow point of a cycle
Z c PN=1 of degree d and dimension 7 corresponds to a divisor in the Grassmannian Gr(N —n—1, C)
which is the zero scheme of a section:

CH(Z) € H*(Gr(N —n—1,CN), 0(d)) =: M.

CH(Z) is determined up to rescaling and we call it the Chow coordinate of Z. Let CH(X), CH(W) and
CH(Y) be the Chow coordinates of X', W and Y, respectively. Denote by [CH(.X)] the Chow point of X
in the projectivization P (M), and similarly for ¥ and W. Since the T—action on PY~! induces a weight
decomposition M = B, My, we have

(168) s_l)irfoo 0g(s) o[CH(X)] = [CH(W)] and s—1>iI—‘,l-loo oy(s) o [CH(W)] = [CH(Y)].

If we set

(169) CW¢(X) = min{(r, &) | CH(X)q # 0} and CW,(W) = min{(e, &) | CH(W )y # 0},
then

[CH(W)] =[ > CH(X>a], where Ty = {o | CH(X)q # 0, (@, £) = CW¢ (X)},

acly

[CH(Y)] = [ > CH(W)ai|, where Iy = {a | CH(W)g # 0, (a0, ) = CW,(W)}.
aecly
Note that Iy C Iy . For any @ € Mz with CH(X )y # 0, we have that (a, §) > CWg(X), with equality
if and only if o € I'yy. Similarly, for any o € Mz with CH(W )4 # 0 (and hence CH(X )y # 0), we have
that (o, n) > CW, (W), with equality if and only if @ € Iy. So when 0 < € < 1 and for any CH(X )y # 0,
we have that (a, & +€n) > CW¢(X) + eCW, (W), with equality if and only if « € Iy. So we get

lim 0 4 ¢ (£) o [CH(X)] = lim [Zt(“’“en)CH(X)a] = [CH(Y)].

t—0 t—0 p
So for 0 < € < 1, £ + €n induces an R—test configuration that degenerates X to Y. By Lemma 2.11, we
get the corresponding valuations ve.

Now we use the identity (113) to get

d

(170) delzo

7 d
B(ve) = - Hy* (Fuie,..,) = Futye () < 0.
But this contradicts the assumption that vy = v is the minimizer of E .
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Conversely, we need to show that a Ding-semistable valuation is a minimizer. Let (X, £, an) be any

special test configuration of (X, —Kx) and Fi| = F(x,r,an) be the associated filtration. We consider the

initial term degeneration of F; with respect to F( defined as above. Then we can use (166) to get
HYNFy) = HRMNF) = HYN(Fug,) = HY(Fo) = B(v).

where the second inequality follows from the results in Lemma 6.1 in the next section and the assumption
that (W, &y) is Ding-semistable. |

6 Uniqueness of minimizing special R—test configurations

We prove Theorem 1.2 in this section. We first generalize the formula (113). Let (X, —Kx, T, &) be the
data as before and F be a T—equivariant filtration. We consider a family of T —equivariant filtrations
(171) Fs = 5sF((1-s)/s)e for s € (0,1], with Fo = Fy, and Fy = F,

which interpolates Fy, and F.

Lemma 6.1 For the family of filtrations (171), the following statements hold true:
(i) The map s — HNA(Fy) is smooth and convex. It is affine if and only if Gz is a multiple of (x, £).

(i1) We have the derivative formula
d

(172) T5 |y HY(Fs) = Be(Fe).

To get (113) from (172), we just need to set F = Fyy, S0 that Fy = Fgy¢y. Moreover, we fix a

faithful valuation that is adapted to the torus action (see Definition 2.21) and will freely use the associated
Newton—Okounkov body A = A(—Ky) of (X,—Kx).

Proof By Lemma 2.22 and (25), as functions on A = A(—Ky ), we have

(173) G(s,y):=Gr () =1—=5)(y.5) +5Gx(y).

So, by using Lemma 2.35, we get

(174) LNA(Fy) = sLN(F),

(175) —SNA(Fy) = log(n—! [ e=G(s:) dy).
VJa

LNA(F,) is linear in s and —S NA(Fy) is smooth in 5. By Holder’s inequality, —S NA(Fy) is strictly convex
in s unless G is a multiple of (x, £). This implies that HNA(Fy) = LN — §NA is convex in s € [0, 1].

To see (172), we calculate

d NA _ rNA
75 S=0H (Fs)=L""(F)+

JA(p. &) = Gr(y)e 9ON dx
Sa e=G0.) gy

| _
= LMNFe) - Z_g /A Gr_ (e V8 dy = Be(F_g). .
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Assume that there are two special R—test configurations F; = {F; Ry} fori = 0,1 of (X, —Kx) that
minimize HN*. By Theorem 5.2, the central fibers (W@ := Proj(Grr,;),& = &) are both Ding-
semistable. Now consider the initial term degeneration of F; with respect to F as in the above section.
We get a To—equivariant filtration 7] on R’ = RW©, _K ) and by (166), H )I(VA(]-]) > H%, (F)).

W
Now, as at the beginning of this section, consider the family of filtrations that interpolates .7-"{ and
‘FWté'O R/ =. f\;/téo’

(176) Fo = sF - R

Applying Lemma 6.1 to (W &, F1), we know that D (s) := HNA(F!) is convex in s € [0, 1]. Moreover
we have the relation

(177) D(0) = Hyloy (Fu,) = HyM(Fo) = Hy*(F1) = HYA(F)) = D(1).

The 3" identity is by Theorem 5.2, that the F; for i = 0, 1 both obtain the minimum of HNA.

On the other hand, by (172),

% s=0 HNA(]:;) = /3&'0(»7:,_50) > 0.

The last inequality is because (W (?, &) is Ding-semistable.

By convexity of D (s), we conclude that D (s) is constant in s and by Lemma 6.1 that G 7 )= (y.&)
forany y € A’ = A(W©®, —Ky,©) (the Okounkov body of (W ©®, —Kp,w)).

By the discussion in previous section, we know that the relative successive minima of F; with respect to

Fo is the same as the relative successive minima of ] with respect to ]:v/vtso

successive minima of F~ £ and is given by the difference Ay — (g, &) with the notation there. So we

, which is the same as the

get by Lemma 5.1 that

(m) - 2
dy(Fo, F1)? = da(F), F) = lim O el G510 S )
m—+00 T m?2 m—+00 m?2

l

= [ 2oncL = [ 6% ay= [ (Gr () dy=0.
R 0 N T N
By [20], we know that Fy is asymptotically equivalent to F;. By Lemmas 2.11 and 2.29 (see also

Proposition 2.27), we get Fo = Fi.

Remark 6.2 Although here we are dealing with filtration of arbitrary ranks, the unique result in this
section (and minimization result in previous section) can also be proved by using r := rk(Fp)-step
degenerations to reduce to the rank-one case. To see this, we first choose {1, ...,7n,} € Ng = Q" (where
N = Hom(C*, Ty) as before) such that:

° SpanR{rIl? L) nr} = NR
o Forany |1 <k <r, n induces a special test configuration whose central fiber is the same as W (®).
This is achieved by choosing 1y satisfying |n; —&o| < 1.
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By abuse of notation, we denote by ]-" [ (resp. Fa ! ,) the filtration on R = R(X, —Kx) corresponding
to the R—test configuration induced by éo (resp. 771) and also the filtration on R’ = R(W(O) - W(O))
corresponding to the weight filtration induced by &q (resp. ng for 2 < k < r). Set F, O _ F 1 and
]-"l(k) k=D Gith respect to F, for 1 <k <r.

inductively define to be the initial term degeneration of F,

By (166) for the rank-one case, we have

(178)  HYAF) = o8, (7 and  HY (FED) = B, (F®) for 2<k <.

Soif /i = F ;( ) obtains the minimum of Hy NA then ') for any 1 < k <r also obtains the minimum

of H}/t,- Now because F’ (") is To—invariant and Fey = .7-"‘@%

can use Lemma 2.38 to conclude that F/(") = ]—'éo

also obtains the minimum of HNA  we

w©0)>

On the other hand, by Lemma 5.1, we get for 2 < k < r that
dX (FO 7y =a¥ " FO F ) and al ' FED Fy=aV " FR F ).
So for any 1 < k <r, we get, by omitting the superscripts and using the triangle inequality,
dy(FED FL) < do(FETD FL) + do(F, L F)
O 7))+ do(F, FL)

= dy(F,
< dy(F\O. F ) + 2dy(F,  FL).
§o nik> &o
So we can inductively estimate

d>(F1, Fo) = do(F\V, Fl) < do(F{D F ) +2d5(F  FLy)
< dz(]:/m ]:E ) +2(dx( nz’féo)+d2( ”l’fé"))

<dy(F\". F, )+2Zd2( e Flo)
k=1

_2Zd2( ﬂk’féo

Now we can choose 7y so that dy(F), ]-"éo) is arbitrarily small for all 1 <k <r. So we indeed get

dy(Fy, Fo) = 0, as desired.

Nk’

7 Cone construction and g—normalized volume

Let X be an n—dimensional Q—Fano variety and for simplicity of notation, assume that — Ky is Cartier.
Recall that R = @,, Rm = @ H®(X,m(—Kx)). We define the cone

(179) C =C(X,—Kx) = SpeccR, 0=m=@Rm-

m>0

Then (C, o) is a klt cone singularity.
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Since X admits a C* x T -action, we have a decomposition of the coordinate ring of R,
(180) R=EP P R
m=0a€eZ’”

For any T—invariant homogeneous primary ideal a = @,,, @, dm,o C R, define the g—colength and
g—multiplicity of a by

(181) coleng (a) = Z Zg(%) dim Ry o/ 0ma,
m=0 o
1 k
(182) multg(a) = lim ——¥ (@)

k—+o00 k"1 /(n+ 1)1
See [63] for the study of such equivariant multiplicity. More generally, let a, = {a }ren be a graded
sequence of C*xT—invariant ideals. We define
(183) multg(a.) = lim %
One can use the techniques of Newton—Okounkov bodies to show that the limit exists. To see this, we
can adapt the argument in the work in [46] as follows. First choose a valuation v adapted to the T —action
on X (in the sense of Definition 2.21). We can construct a C*xT—invariant Z”!—valuation on C by

(184) UB(f)=(m,o(f)) forany f € Ry.

Denote by € the strongly convex cone which is the closure of the convex hull of the value semigroup U(R).
To each graded sequence of C*x T —invariant ideals a,, one can associate a convex region P := P(a,) C €
such that P¢ := &\ P is bounded. If we still denote by g () the pullback of function g by the projection
R”T1 = R x R” — R", then mult, is given by the weighted volume of the co-convex set P¢,

(185) multg (a,) = (n + 1)! /_ g(y)dy.
Pc

Let Valc , be the space of real valuations that are centered at o, and by Val(g:koXT the subset of C*xT—

invariant real valuations in Valc ,. If C — C is the blowup of the vertex o € X, then the exceptional
divisor on C is isomorphic to X, and we will denote by ordy the associated divisorial valuation contained
: C*xT
in Valg .
Letv e Val(g;XT be any C*xT—invariant valuation. Then for any A € R, a3 (v) ={f € R | v(f) > m}
is a T—invariant homogeneous primary ideal. Set a,(v) = a,,(v) and define (see [35] for the g = 1 case)
— L coleng (ay (v))

VOlg (U) = multg (Cl. (U)) = mll)l'_l{'_loo m
We define the following equivariant version of normalized volume [51]:
Ac(@®)"t!.volg(v) when A¢ (D) < +o0,

voly: Val& T L R_, U {400, vol, (V) =
& Co >0 U{+o0} g@) 400 otherwise.
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By using the same argument as in the study of normalized volumes, one can generalize almost all the
results about normalized volume to work for the g—normalized volume functional. Here we just write
down a few results that we need in the next section. We have the following equivariant version of an
identity from [60].

Lemma 7.1 With the above notation, we have the identity
(186) igf\To\lg (v) = inflct(a)” - multy (a) = inflct(a,)” - multg (a,),
v a de

where v ranges over C*xT —invariant valuations, and a (resp. a,) ranges over C*xT —invariant ideals
(resp. graded sequences of C*xT —invariant ideals).

This is proved by using exactly the same argument. For the reader’s convenience, we give the short proof.
_ o
Proof For any v € Valc ,, we have

Ac(v)
v(a,)

(187) let(ae (V)" - multg (a, (V) < ( )" volg (V) = Ac (V)" volg (V).

Conversely, for any graded sequence of ideals a,, let w € VoaIC,o be the valuation that calculates Ict(a,),
which exists by [44]. By multiplying by a constant, we can assume 1 = w(a,) = inf,, w(a,,)/m. So
am < am(w), which implies multg (a,) > multg (a.(w)) = volg (w). Then we get

Ac(w)
w(a,)

(188)  Ict(a,)" - multy(a,) = ( )n -multy(a,) > Ac ()" - volg () = volg (iD). O

For any v € X, (SV and t > 0, we denote by v; the C*—invariant valuation on C given by
(189) Uz (Z ﬁ-z") = min(v(f;) + ti).

i 1
By using the same calculation as in [50], we get:

Theorem 7.2 The g—volume of v; is given by the formula

dx

(190) VOlg(U-[) = m

1 +o0
Ve 1+ 1)/0 volg (Fy R™)

We have the following criterion for g—Ding-semistability, which generalizes the results in [50; 53; 58]
about normalized volumes.

Theorem 7.3 The pair (X, n) is g—Ding-semistable if and only if ordy obtains the minimum of \70\1g
over Val(g ZXT .
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Proof For any v € (XSV)T, consider wy := (sv)(1 —)Ax () € Val(C *T  Then wy = Ay (v)To and
w1 = v. We also have A¢(ws) = Ay (v). Set

£(5) = vol(wy) = Ac (ws)" ! volg (wy)

- " Vg B +o00 () sdx )

_AX(U) ((l—s)”+1AX(v)n+l (I’l+1)/0 VOlg(]:vR )(Sx+(1_S)AX(v))n+2
too _dvoly(FyR™)

_ n+l1 g

= x| (3 + (1 =) Ax (o)1

Then f(s) is a convex function in s € [0, 1]. TIts derivative at s = 0 is given by

+o0
(191) f,(O) AX(U)n+1 ((n + DW (n + 1)/(; Vo]g(f-'vR(x)) dx

= lg(Fy R™
XV, ( x(v)— Vg / volg (F; )dx)

n+1
A (v)Vg

With this and Theorem 2.47, we can easily derive the conclusion as in [50]. a

1
AX(U)”+2)
Bg(v).

Remark 7.4 By the same argument as in the case of normalized volume [12; 78], one shows that
g-Ding-semistability is Zariski-open for a T—equivariant family of Fano varieties.

8 Uniqueness of polystable degeneration

In this section, we prove Theorem 1.3. The proof is verbatim the same as the proof of the existence and
uniqueness of K—polystable degenerations for any K—semistable Q—Fano varieties, as proved in [55];
see also [16]. Indeed, we just need to carry out the same argument by using the equivariant version of
normalized volume and the modified Futaki invariant Futg, etc. To avoid redundancy, we only sketch the
key steps and refer to [55; 16] for more details.

Assume that (X, £) is semistable and admits two polystable degenerations via two special test configura-
tions (XY@, —K y) fori =0, 1. Take cones fiberwise to get a special test configuration of Fano cones
(D), ¢9D), where ¢ is the radial vector field.

Let Ey be the Kolldr component (see [58] for the definition) obtained by blowing up the vertex of C ©)
with weight (k, 1). Then we have

volg (Ex) = volg (ordy) + O(k™2).
Set a, = {ag(Ex)}. Then

Iet(a,) = % = A(Ey) =: ¢ = O(k), lct(X,a,)" -multg(a,) = \7(;1g(Ek).
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Consider the initial degeneration of a, with respect to C(!),
(192) in(a¢) = spanc{in(f). /' € ag(Ex)}.
Using the preservation of co-length under initial term degeneration, we get

Do) ¥

neA(1) &
let"(Cy 7, in(a,)) > multg (in(a,))  multg (a.)

Vg Vg
= ———lct(a.)" = ——————lct(a.)"
volg (Eg) Ve +O(k—2) (a.)

=(1+ 0k )k =cx + Ok™).
Let Z; — C© be the extraction of Ej, and let Zj x C* be the product along c® \C(()l) ~(CxC*

with exceptional divisor &. Let B, = {&5,} be ideal on the total space ¢ obtained by the above
degenerating ay. Then we have

(193) ACY 1 (1 —ek™MB., &) = AC, i (1 — ek Vae, Ex) = ek ' cx = €0(1),
(194)  1et@V, ex (1 — ek Hin(a,) = i (1 — ek (e + O ™)) = 1—ek ™ + 0(k2).
By inversion of adjunction,

(195) let(CV, e (1 —ek™H)B) > 1 —ek ™ + O(k™2).

When 0 < € < 1, by [9], we can extract the divisor & over CV). By the same argument as [55], we get
the commutative diagram

), ezl —gl
K
C MV\ANVV\AANVV\,\,C<_Zk <« Ek
0 s

x M ¥

x{V X
(196) o' /(D 20 Oz, & =E; xAl
X[ x 0
A X/(O) X
J/ N
N
Cl e CO 7y o« E
0 C,(()) 0 s

By the same argument as in [55], we know that both test configurations X’ @ fori = 0,1 are weakly
special and have vanishing Futg invariant. By [39], we know that both of them are special and hence
X = x¢ = x (9 by the polystability of X\

The existence part can again be proved by the similar arguments as in [55], which deals with the case
when & = 0. We just sketch the arguments. If (X, &) is K—polystable, then we are done. Otherwise, we
can find a nontrivial T—equivariant special test configuration such that the central fiber (with the vector
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field &) has a vanishing Futg invariant. By [55, Proof of Lemma 3.1], we know that the central fiber is
K—semistable, and has an effective action by a larger torus. If the central fiber is K—polystable, then we
are done again. Otherwise, we can continue this process, which must stop since the dimension of the
torus is bounded by the dimension of X.

Proof of Corollary 1.4 By the work of Chen, Sun and Wang in [28], which is based on the resolution of
the Hamilton-Tian conjecture [29], we get a special R—test configuration 7% with central fiber (W, £),
and a special test configuration of (W, £) with central fiber (X, £), which admits a Kihler—Ricci soliton
and hence is K—polystable. By the work of Dervan and Székelyhidi [31], 7** obtains the minimum /(X).
The statement follows directly from Theorems 1.2 and 1.3. O

Remark 8.1 The fact that F** obtains the minimum also follows from the K—semistability of (W, &)
and Theorem 5.2. The K—semistability of (W, &) follows from the same degeneration argument as used
in [58], or the Zariski-openness of K—semistability as pointed out in Remark 7.4.

Remark 8.2 As in the more general setting of [55] or [52], the algebraic results in this paper can be

generalized to the log Fano case in a straightforward way.

Appendix Properties of S (v)

Recall that by (137), for any valuation v € Voal(X ) we have

~ T (v)
19 QW)= QF) =S =11 / ¢ VOI(FXIR,) dx =2 1—W(v),
0

where, for simplicity of notation, we have written

T (v)
(198) T(V) = Amax(Fy) and W(v) = % [ e X vol(F¥R,) dx.
0
Proposition A.1 The function v — W (v) is strictly increasing on Voal(X ). In other words, if v < w, then
W(v) < W(w), with the identity true only if v = w. As a consequence, v > §(v) is strictly increasing on
Val(X).

This is proved as in [11, Proof of Proposition 3.15] (which is based on an argument in the local case
from [58]). We sketch the argument for the reader’s convenience.

Proof First, by using Theorem 2.5, we can show that

— 1 —ilm gim FJ
(199) V() = mgr—li—loo N Z e dim F; Rp,.
jz1
Suppose that v < w but v # w. Then by rescaling v, w and L = — Ky, we can assume that there exists

se HO(X, L) with w(s) = p € N* and v(s) < p— 1. Then, arguing as in [11, Proof of Proposition 3.15],
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we have

(200) dim(F) R/ Fi Rp) > > dim(F} 7P Ry / FI7 PR, ).
1<i<min{j/p,m}
One the other hand, with C = max{T (v), T (w)}, we get
> dim e/ " (F) Ry — F Rm) = €€ Y (Fly R — FJ Rm)
j=1 j=1
>e™C Y > (dimF TP Ry — F TP Ripi)

1<i<m j=pi

=e¢ > dim Ry

1<i<m
So we conclude |
V) —¥(w)>e € lim —— dim Ry—; > 0. o
©) (w)=e m—1>r-‘,r-loo mNy, 1; 1 Bm—i =
sI=m

Let 7: Y — X be a proper birational morphism with Y a regular and £ = )_; E; a reduced simple
normal crossing divisor.

Proposition A.2 The function v — Q(v) is continuous on QM(Y, E).

We use the same strategy as [14, Proposition 2.4]. As noted in [38], for any v € Val(X), we have
A()/T(v) > a(X) > 0, which implies, with C = a(X)7!,

(201) T(v) < CA(®v).

Lemma A.3 For any v € Val(X), we have the inequality
(202) Y(v) < CA(v).

Proof Since vol(F® R,) <V, we immediately get
T (v)
Y(v) < / e Xdx=1-¢TW <T() <CA(v),
0
where we used the inequality 1 —e™ < x for any x € R>¢, and the inequality (201). a

Similarly to [38; 11], we introduce the approximation

1 =29 1 /+OO —x/m . X

203 F)= — e M = — e d(—dim F*R
(203) On(F) =3 Z N, ( m)

| A @E)/m
(204) =1 —N—/ e* dim F¥" R,y dx =: 1 — Wy, (F),

m Jo
where we set

| [ | (T®
(205) W (v) = —[ e *dimF*R,, dx = —/ e X dim F¥" R, dx.
Nm 0 Nm 0
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Similarly to [38; 11], for any valuation v € Val(X) we have the identity

Nm
.1 —v(s;
206 V) = F,) = min — e U(SJ)/m,
(206) Qn(v) = Q(Fy) = mir Nm;
where the minimum is taken over all bases s1,...,sy,, of H O(X,—mKy).
For any s := {s1,...,sn,,} € H(X, —mKy)™Mm, define a function
N

(207) Ps(v) 1= Y " e7vBIIm,

j=1

By the same argument as in [14, Proof of Lemma 2.5], the set of functions {¢s(v)|s € R,IZ’"} is finite. So
QO is continuous on QM(Y, E).

As in [14, Proof of Proposition 2.4], the continuity of W and hence Q follows easily from the following
proposition, which we prove by using the techniques developed in [11; 13].

Lemma A4 (i) Forany v € Val(X) with A(v) < 400, we have the convergence
(208) lim W,,(v) = ¥(v).
m—+00

(ii) For any € > 0 and any C; > 0, there exists C, > 0 and my > 0 such that if v € Val(X) satisfies
A(v) < Cy, we have

(209) |Wim (Fo) =W (Fy)| <€

for all m divisible by my.

Proof The first statement follows from Theorem 2.5(ii). We focus on the second statement.

Note that e =€ is convex and 0 < e~% < 1. By [11, Lemma 2.2], for any €’ > 0 there exists 714 (€’) such

that for any m > my,
(210) / e~ % dpm Z[ e Cdy—¢.
A A

By the same argument as [11, Proof of Lemma 2.9], we get

211) On(F) > ]”é—fAe—G dom.

m

Note that limy,— 40 m" /Ny = V. So for any € > 0 there exists mq such that for any m > my,

! -
We need to prove the other direction of inequality. Following [11], define a graded linear series
(213) F Ryp := HO(X.mpL ® b(|JF™ Ryy[)?),
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where b(|F™! R,,|) is the base ideal of the sublinear system F'™ R,,. Set
~ T(v) ~
(214) Uy (F) = / e~ vol(F{1),) dt.
0

By [11, Proposition 5.13], there exists @ = a(X, —Kyx) > 0 such that for all € Q- with mt > A(v),
we have, with ¢/ =t —m~!(at + A(v)),

_g\nt+1 ,
(215) (mm“) Vol(}'(’))< vol(f(’j).

So we can estimate as in [11, Proof of Proposition 5.15] to get

\‘i’,m(v) > (m—a)n-H (\IJ(U) _ @T)+A4@)/m /
m

0
- (mn;a)”"'l (\IJ(U) oCAW)/m AQ) )

- m—a

A@)/(m=a) o (F®)
O erar)

From this it is easy to get

W(v) — Wy (v) < C%.
To compare with W, we further set
(216) FO = Im(SPF™* Ry — HO(X. pmL)).

By [13, Propositions 5.14 and 3.2], there exists a positive constant C > 0 independent of v such that for
all x < T (v) — CA(v)/m, we have Vol(f,gffz) = Vol(J%,SZZ). So as in [13, Proof of Proposition 5.15], we
get

TO) yo(FX)
() < T (v) + CA(”) / VoltFma) —x gy CAQ)
V 0 mn m
T(v)—CA (x)
_1 / WA vol(Fia) —x L CA@)
= v .
T ()
1 / ©) vol(Fnsa) oy 4. CAW)
-V mn" m
For the second inequality we used the estimate that, as m — 400,
T(v)
/- v e dx = e~ TW=CA®/m) _ ,~T@) < ,CAW/m _ | _ O(A(v)).
T(w)—CA(v)/m m

Fixing any € > 0, by choosing m >> 1 and p > 1 we have (see [13, equation (5.6)]):

vol(FS))  dim 750, 5
— €
mnv Nmp
Finally we can estimate as in [13, Proof of Theorem 5.13]: for m > 1,

T (v) 1 .F(x) +o00 di JT_'(X)
W) < L / VOlFms) o g 4 CAQ) / 0D o iy 47 () + CAQ)
4 0 m" m 0 Nmp

(217)

+o00 dim FP™* R
< / S M=% x4 2eA(v) = W(v) + 2€A(v).
0 Nmp
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In the third inequality, we used again the inequality 1 —e~T®) < T'(v). Since € > 0 is arbitrary, we get

the conclusion. O
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