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7. Parshin’s higher local class field theory
In characteristic p

Ivan Fesenko

Parshin’stheory in characteristic p isaremarkably simple and effective approach to all
the main theorems of class field theory by using relatively few ingredients.

Let F=K,, ...,Ko bean n-dimensional local field of characteristic p.

In this section we use the results and definitions of 6.1-6.5; we don’t need the results
of 6.6 —6.8.

7.1

Recall that the group Vi istopologically generated by
1+0tin ., 0€ R pt(in, ..., 01)

(see1.4.2). Note that

i1 {1+ O byt ) = {1 Ot Lt}

= {14080 R it = {140t 0, .. tin} =0,
since 99-1 =1 and Vi is (¢ — 1)-divisible. We deduce that

KR(F)=F};, {0t ...t} — 0, R
Recall that (cf. 6.5)
KP(F) ~Z® (Z/(¢—1D)" & VEXP(F),

where the first group on the RHS is generated by {t,, ..., #1}, and the second by
{6, ...,t, ...} (apply the tame symbol and valuation map of subsection 6.4).
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7.2. Thestructureof VK P(F)

Using the Artin—Schreier—Witt pairing (its explicit formin 6.4.3)
(, 1 KGP(F) /0" x Wo(F)/(F = DW,(F) = Z/p", r > 1

and the method presented in subsection 6.4 we deduce that every element of V K\ >P(F)
is uniquely representable as a convergent series

. i ~
Z a97in,“.,il{l+ et?nn R t117t17 s 7tl7 R 7tn}7 a97in,“.7i1 € Zp7

where 6 runsover abasis of the F,-space Ko, p{gcd(in, ..., i1) and
I=min{k: ptix}. Wealsodeducethat the pairing (, ] isnon-degenerate.

Theorem 1 (Parshin, [P2]). Let J = {j1, ..., jm_1} runover all (m — 1)-elements
subsets of {1,...,n}, m < n+1. Let &; be the subgroups of Vr generated by
1+0the .. ¢, 6 € p,1 suchthat p t ged(ia, ...,3,) and min{l:pte} ¢ J.
Then the homomor phism

x —topology
e I & = VEPRE), e Y {esti ooty )
J J:{jl7“'7j777.*1}

is a homeomor phism.

Proof. Thereisasequentially continuous map f:Vp x F*®m—1 _, [I, €5 suchthat
its composition with h coincides with the restriction of the map ¢: (F*)™ — K}ﬁp(F)
of 6.30n Vp @ F*®m—1,
So the topology of H}‘mpo'ogy & is < \,n, asfollowsfrom the definition of \,,,.
Let U beanopensubsetin VK,,(F). Then h~1(U) isopeninthe %-product of the
topology []; €. Indeed, otherwise for some J there were asequence af}) ¢ h1(U)

which convergesto oy € h~X(U). Then the sequence go(af})) ¢ U converges to
»(ay) € U which contradicts the openness of U'. O

Corollary. KiP(F) hasno nontrivial p-torsion; Np"V KwP(F) = {0}.
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7.3

Put W(F) = I|_r>n W,.(F)/(F — 1)IWV,.(F) with respect to the homomorphism
V:(ao, ...,a,_1) — (0,ao, ...,a,_1). From the pairings (see 6.4.3)

KIP(E) /" % WoF)/ @ = DW,(F) 2 2y — 2272
one obtains a non-degenerate pairing
(, l: K.(F) x W(F) - Q,/Z,
where K,,(F) = KxP(F)/ 0,512 K (F). From7.1and Corollary of 7.2 we deduce
() p"EKIP(F) = Tors, K P(F) = Tors K, P(F),

r>1

where Tors, is prime-to- p-torsion.
Hence

K, (F) = K(F)/ Tors K'°P(F).

7.4. Thenorm map on K'°P-groupsin characteristic p

Following Parshin we present an alternative description (to that one in subsection 6.8)
of the norm map on K'°P-groupsin characteristic p.
If L/F iscyclicof primedegree [, then it ismore or less easy to see that
KP(L) = ({L°) - ipy 1P (F))

where ip,;, isinduced by the embedding F* — L*. Forinstance, if f(L|F) =1 then
L isgenerated over F' by aroot of unity of order primeto p; if e;(L|F) =, thenthere
isasystem of local parameters tq, ...,t,, ..., t, of L suchthat ¢1, ...,t;, ..., iS
asystem of local parametersof F.

For such an extension L/F define[P2]

Npypi KP(L) — KP(F)

as induced by Ny ,p:L* — F*. For a separable extension L/F' find a tower of
subextensions

F=Fp-FHh—--—F,_1—F.=L
suchthat F;/F;_1 isacyclic extension of prime degree and define

NL/F = NFl/Fo 0---0 NFT/Fr,l‘
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To prove correctness use the non-degenerate pairings of subsection 6.4 and the
properties

(Np/rpo, Blpr = (0, ip/L Bl
for p-extensions;

t (Npjra, B) p = Heyip/LB)L
for prime-to- p-extensions (¢ is the tame symbol of 6.4.2).

7.5. Parshin’sreciprocity map

Parshin’s theory [P2], [ P3] deals with three partial reciprocity maps which then can be
glued together.

Proposition ([P3]). Let L/F beacyclic p-extension. Then the sequence

iFp/L

0 — Ko(F) 5 Ko(D) 5% Ko(L) “25 K, (F)
is exact and the cokernel of Ny, isacyclic group of order |L : F|.

Proof. The sequenceisdual (with respect to the pai ring of 7.3) to

W(F) — W(L) W(L) 5 W(F) — 0.
The norm group index is calculated by induction on degree. O

Hencetheclass of p-extensionsof F' and fgn(F) satisfy the classical classforma-
tion axioms. Thus, one gets ahomomorphism K,,(F) — Gal(F®P/F) and

W) KPRy — Gal(F¥P/F)

where FaP js the maximal abelian p-extension of F. In the one-dimensional case
thisis Kawada—Satake'stheory [KS].
The valuation map v of 6.4.1 induces a homomorphism

W: K 1P(F) — Gal(Fur/F),
{t1, ..., t,} — thelifting of the Frobenius automorphism of K™/ Ko;
and thetame symbol ¢ of 6.4.2 together with Kummer theory induces ahomomorphism
WD) K1) — GAl(F (" Vi1, ..., “ i)/ F).

The three homomorphisms LIJS?), LP%"), LIJS?/) agree [ P2], so we get the reciprocity
map
Yp: K(F) — Ga(F®/F)
with all the usual properties.
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Remark. For another rather elementary approach [F1] to class field theory of higher
local fields of positive characteristic see subsection 10.2. For Kato’s approach to higher
classfield theory see section 5 above.
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