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13. Abelian extensions of
absolutely unramified complete discrete valuation fields

Masato Kurihara

Inthis section we discussresultsof [K]. Weassumethat p isanodd primeand K isan
absolutely unramified complete discrete valuation field of mixed characteristics (0, p),
so p isaprime element of thevaluationring O . Wedenoteby F' theresiduefield of
K.

13.1. The Milnor K-groupsand differential forms

For ¢ > 0 weconsider the Milnor K -group K,(K), andits p-adic completion I?q(K)

asinsection 9. Let U1K, (K) bethe subgroup generated by {1+pOg, K*, ..., K*}.
Then we have:

Theorem. Let K be as above. Then the exponential map exp, for the element p,
defined in section 9, induces an isomor phism

exp,: Q% 1 /pdQY 2 = UK (K).

The group IA(q(K) carries arithmetic information of K, and the essential part
of K,(K) is UiK,(K). Since the left hand side Q% /pdQ% 2 can be described
explicitly (for example, if F has a finite p-base I, ﬁ}{)K is a free Ox-module
generated by {dt;} where {t;} arealifting of elements of I'), we know the structure

of U1K ,(K) completely from the theorem.
In particular, for subquotients of K ,(K) we have:

Corollary. The map p,,: Q‘I{Tl @ Q‘},‘Z — Orp,, K, (K) defined in section 4 induces
an isomor phism

Q4 /B, 1047 = gr,, K, (K)
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where Bm,lQ‘};l is the subgroup of QqF_1 generated by the elements a}’jdloga A
dlogby A --- Adlogb,—o with0< j <m—1anda, b; € F*.

13.2. Cyclic p-extensionsof K

Asinsection 12, using some classfield theoretic argument we get arithmetic information
from the structure of the Milnor K -groups.

Theorem. Let W,,(F) be the ring of Witt vectors of length n over F. Then there
exists a homomorphism
@, HY(K,Z/p™) = Homeont(Gal(K / K), Z/p") — W, (F)
for any n > 1 such that:
(1) The sequence

0 — HYKu/K,Z/p") — HYK,Z/p") 2= W,(F) — 0

is exact where K\ isthe maximal unramified extension of K.
(2) Thediagram
HYK,Z/p™*Y) —2— HYK,Z/p")

lq)n“'l lq)ﬂ

Woaa(F)  ———  W,(F)

is commutative where F isthe Frobenius map.
(3) Thediagram
HYK,Z/p") —— HNK,Z/p"")

l P, l ¢n+l

Wo(F) —— w+1(F)

iscommutative where V((ag, ..., an,—1)) =(0,aq, ..., a,_1) istheVerschiebung
map.
(4) Let E bethefraction field of the completion of the localization O[T, (sothe
residuefieldof E is F(T)). Let
AW, (F) x W (F(D) 2 pn BIF(T)) ® HY(F(T), Z/p")

be the map defined by A(w, w’) = (i2(p" ~twdw’), i1 (ww’)) where ,» Br(F(T)) is
the p"-torsion of the Brauer group of F(T'), and we consider p"lwdw’ asan
element of W, Q%) (WnQjpy isthe de Rham Witt complex). Let

i1: W (F(T)) — HNYF(T),Z/p")
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be the map defined by Artin—Schreier—Witt theory, and let
i2: Wn Q) — e BI(F(T))
be the map obtained by taking Galois cohomol ogy from an exact sequence
0 — (F(D™)* [(FDT) V" — WoQbryes — W Qb ryep — 0.

Then we have a commutative diagram

HY K, Z/p")x E* J(B* )" —— Br(E)

S [
Wa(F) X Wy(F(T)) —>— ,n BI(E(T)) & HYF(T), Z/p")
where i isthe map in subsection 5.1, and

n—1n—i

Unlao, - an-D) =e(3 D par )

i=0 j=1

(a; isalifting of a; to Ok ).
(5) Supposethat n =1 and F' is separably closed. Then we have an isomor phism

®: HY(K,Z/p) ~ F.

Suppose that ®1(x) = a. Then the extension L/K which corresponds to the
character x can be described as follows. Let a be a lifting of a to Ox. Then
L = K(x) where z isasolution of the equation

XP—X=a/p.
The property (4) characterizes @,,.

Corollary (Miki). Let L = K(x) where 2? — z = a/p with some a € Ok. L is
contained in a cyclic extension of K of degree p” if and only if

a mod pe FP" "
Thisfollows from parts (2) and (5) of the theorem. More generally:

Corollary. Let x be a character corresponding to the extension L/K of degree p",
and ®,(x) = (ag, ---,a,-1). Thenfor m > n, L iscontained in a cyclic extension

of K of degree p™ if andonlyif a; € FP" " for all i suchthat 0 <i < n — 1.

Remarks.

(1) Fesenko gave a new and simple proof of this theorem from his general theory on
totally ramified extensions (cf. subsection 16.4).
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(2) Forany ¢ > 0 we can construct a homomorphism
®,: H(K,Z/p"(q — 1)) — W, Q%

by the same method. By using this homomorphism, we can study the Brauer group
of K, for example.

Problems.
(1) Let x,;. bethecharacter of the extension constructedin 14.1. Calculate ®,,(x.; ).
(2) Assumethat F' isseparably closed. Then we have an isomorphism

D, HY(K,Z/p") ~ W, (F).

Thisisomorphismisreminiscent of theisomorphism of Artin—Schreier—Witt theory.
For w = (ag, ...,a,-1) € W,(F), can one give an explicit equation of the
corresponding extension L/K using ag, ...,a,—1 for n > 2 (where L/K
correspondsto the character x such that ®,,(x) = w)?
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