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15. On the structure of the Milnor K -groups
of complete discrete valuation fields

Jinya Nakamura

15.0. Introduction

For a discrete valuation field K the unit group K* of K has a natural decreasing
filtration with respect to the valuation, and the graded quotients of this filtration are
written in terms of the residue field. The Milnor K -group K,(K) is ageneralization
of the unit group and it also has a natural decreasing filtration defined in section 4.
However, if K is of mixed characteristic and has absolute ramification index greater
than one, the graded quotients of this filtration are known in some special cases only.
Let K be acomplete discrete valuation field with residue field k = kg ; we keep
the notations of section 4. Put v, = v, .
A description of gr,, K,(K) isknown in the following cases:
(i) (Bassand Tate [BT]) groK,(K) ~ K (k) ® K,—1(k).
(i) (Graham [G]) If the characteristic of K and k is zero, then gr,, K, (K) ~ Qz’l
foral n > 1.
(iii) (Bloch[B], Kato [Kt1]) If the characteristicof K and of % is p > O then

gr, K4 (K) ~ coker (QZ_Z — Qz_l/Bg_1 & QZ_Z/B§‘2>

where w  +— (C*(dw), (—1)?m C*(w) and where n > 1, s = v,(n) and
m=n/p®.
(iv) (Bloch—Kato [BK]) If K isof mixed characteristic (0, p), then

gr, K, (K) ~ coker (QZ’Z — Qi t/Bilg QZ*Z/B§*2>

where w  +— (C*(dw), (—1)?m C~*(w)) andwhere 1 < n < ep/(p — 1) for
e =vk(p), s =uvp(n) and m =n/p*; and

grpeTleq(K)

~ coker (QZ_Z — QI YA+a0)BT e QI 2 /(1 +a C)Bg_2>
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124 J. Nakamura

wherew +— ((1+aC)C *(dw), (—1)9m(1+a C)C *(w)) andwhere a isthe
residue class of p/7¢ for fixed prime element of K, s = v,(ep/(p — 1)) and
m =ep/(p — 1)p°.

(v) (Kurihara[Kul], see also section 13) If K is of mixed characteristic (0, p) and
absolutely unramified (i.e, vix(p) = 1), then gr,K,(K) ~ Q¢ '/Bi~T for
n > 1.

(vi) (Nakamura[N2]) If K isof mixed characteristic (0,p) with p > 2 and pfe =
v (p), then

asin (iv) 1< n<ep/lp—1)
QITY/BIL (> ep/(p - 1))

lntsn

%mm:{

where [,, isthe maximal integer which satisfies n — l,e > e/(p — 1) and s,, =
vp(n — l,e).

(vii) (Kurihara[Ku3]) If Ky isthe fraction field of the completion of the localization
Zy[T](py and K = Ko(/pT) foraprime p 7 2, then

asin(iv)  (I<n<p)

k/kP (n=2p)
grnKZ(K) = -2

kP (n=Ip,1>3)

0 (otherwise).

(viii) (Nakamura[N1]) Let Kq bean absolutely unramified complete discretevaluation
field of mixed characteristic (0, p) with p > 2. If K = Ko((,)(¢/7) where 7 isa
prime element of Ko((,) suchthat dr?~1 =0 in Q} ., then gr, Fy(K) are

Kolp
determined for all » > 1. Thisis complicated, so we omit the details.

(ix) (Kahn [Kh]) Quotients of the Milnor K -groups of a complete discrete valuation

field K with perfect residue field are computed using symbols.

Recall that the group of units Uy ; can be described as atopological Z,-module.
As a generalization of this classical result, there is an appraoch different from (i)-(ix)
for higher local fields K which usestopological convergence and

K®(K) = Ky(K)/ N1 1K y(K)

(see section 6). It provides not only the description of gr,, K,(K) but of the whole
KP(K) in characteristic p (Parshin [P]) and in characteristic 0 (Fesenko [F]). A
complete description of the structure of K >P(K") of some higher local fieldswith small
ramification is given by Zhukov [Z].

Below we discuss (vi).
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Part . Section 15. On the structure of the Milnor K -groups of cdv fields 125

15.1. Syntomic complex and Kurihara’'sexponential homomor phism

15.1.1. Syntomic complex. Let A =0x andlet Ag be the subring of A such that
Ap isacomplete discrete valuation ring with respect to the restriction of the valuation
of K, theresiduefield of Ag coincideswith k = kx and Ag isabsolutely unramified.
Let 7 beafixed primeof K. Let B = Ap[[X]]. Define

g =ker[B 225 4]
7 =ker[B X727 A4 ™2 4/p] =g+ pB.

Let D and J C D be the PD-envelope and the PD-ideal with respectto B — A,
respectively. Let I C D bethe PD-ideal with respectto B — A/p. Namely,

J
D:B[g% : j>o,xea], J=ker(D — A), I=ker(D— A/p).
J]:

Let JI"1 (resp. I1"1) bethe r-th divided power, which istheideal of D generated by

J N
{?—,;j>r,x63}, (rﬁp-{f—,%;i+j>nxeﬂ}>-

Notice that I1% = JI9 = p. Let 11"l = jI"l = D for a negative n. We define the
complexes JI4 and 114 as

Jld = jtdl 4, gl g ﬁ]B 4, gl g ﬁ% — ]

1ld = ld Ny (O Qi 4 pla-2 o Q% — -]
where QY isthe p-adic completion of Q. We define D = 110 = J°l,

Let T be afixed set of elements of Af such that the residue classesof all 7' € T
in k& forms a p-base of k. Let f be the Frobenius endomorphism of Ag such that
f()y=TP forany T € T and f(z) = 2z mod p forany = € Ag. Weextend f to
B by f(X)=XP, andto D naturally. For 0 < r < p and 0 < s, weget

fUMY cp'D, FQ%) C ',
since
Faty = @+ py)ltd = @ral?! + )l = pl (@ — D)t + )7,
dTy dT,, _ dI7 drr _ dTy dT,
f(ZTl/\ /\TS)_ZT—]I-) /\Tf —ZpTl/\ /\Ts,

where = € J, y is an element which satisfies f(x) = 2 + py, and Ty, ..., T, €
T U {X}. Thuswe can define

P

E .

S 8 QLT s Do oL
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126 J. Nakamura

for 0 < r < p. Let F(q) and #'(q) be the mapping fiber complexes (cf. Appendix)
of
Jldl i} D and 14 i) D

respectively, for ¢ < p. For simplicity, from now to the end, we assume p is large
enough to treat #(q) and #’'(q). #(q) is caled the syntomic complex of A with
respect to B, and .#/(¢) is aso called the syntomic complex of A/p with respect to
B (cf.[Kt2]).

Theorem 1 (Kurihara [Ku2]). There exists a subgroup S? of HY(.(q)) such that
Ux H1(S(q)) ~ U1K ,(A) where K,(A) = LiLan(A)/p" isthe p-adic completion of
K,(A) (seesubsection 9.1).

Outline of the proof. Let Ux (D ® ﬁqBﬂ) be the subgroup of D ® ﬁ‘gl generated by
XDeQ% !, DoQ%L?AdX and I ® Q4! and let

S9=Ux(D® QLN /(D ® QL2+ (1 - f,)] © QL Y)Y nUx (D ® Q% h).

Theinfinitesum 3, -4 f2(dz) convergesin D ® Q% for = € Ux(D ® Q% 1). Thus
we get amap

Ux(D® Q% — HI(F(q))

— (z,)  f(dw))
n=0
and we may assume S¢ isasubgroup of H4(#(q)). Let E, bethe map
E,: Ux(D® Q%Y — K, (A)

AT} T,
A E — {E]_(l'), Ty, ... aTq—l}a

rT—— N -
T Ty-1

where E1(x) = exp 0(2@0 J1)(x) is Artin-Hasse's exponential homomorphism. In
[Ku2] it was shown that E, vanisheson

@D ® QL2+ — f)J @ QL HnUx (D ® Q%™Y),
hence we get the map
E,: 81— K (A).

Theimage of E, coincideswith UlfA(q(A) by definition.
On the other hand, define s,: K,(4) — S by

sq({al, csGq))
— Z( l)z 1- l f(at)) Ciil A daz 1 f]_ (daz+1) AR fl (@)

az—l ai+1 Qq
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Part . Section 15. On the structure of the Milnor K -groups of cdv fields 127

(cf. [Kt2], compare with the series ® in subsection 8.3), where a is alifting of a

to D. One can check that s, o £, = —id. Hence S¢ ~ UlfA(q(A). Note that if
¢ € K, then one can show U1IA(q(A) ~ Ulf(q(K) (see[Ku4] or [N2]), thus we have
57 ~ U1K ,(K). O

Example. We shall prove the equality s, o E, = —id in the following simple case.
Let ¢ = 2. Takean element adT/T € Ux(D ® Q%) for T € TU{X}. Then

dT
540 F, (a?)

= 5,({F1@.T))
sl i) (T)

1 d
= (1090f oepo Y- fi(0) - plogoepe 3 @)

n>0 n>0
dT
- (fl NAOEDS ff(a)) A
n>0 n>0
_ar
- —a?.

15.1.2. Exponential Homomorphism. The usua exponential homomorphism

exp,: A — A"
x'ﬂ
e eplyr) = Y

n>0

is defined for n € A suchthat va(n) > e/(p —1). Thismap isinjective. Section 9
contains a definition of the map

exp,,: ﬁ‘j{l — IA(q(A)

d dy,_
mﬂ A oo A Yg-1
1 Yg—1

— {eXp(WU)v Y1, .- ayqfl}

for n € A suchthat v4(n) > 2¢/(p — 1). Thismap isnot injectivein general. Hereis
adescription of the kernel of exp, .

Theorem 2. The following sequenceis exact:

exp,

(*) H Y7 (q)) -5 Q7 /pdQ% % =5 K, (A).
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Sketch of the proof. There is an exact sequence of complexes
Jldl 1ldl
0 —-MF 1_fql —MF 1_fql _>]I[q]/q]][q] -0,

D D
| I
() 7" (q)
where MF means the mapping fiber complex. Thus, taking cohomologies we have the
following diagram with the exact top row

H Y (q) —2— He-Y(1ld /)y — s H9((g))

(l)T Thm.lT

04t pdT2 e U1K (4),
where the map (1) isinduced by
Qiltswr—pu e I QL7 0 QLt = (Il /gldyi-1,

We denoted the |eft horizontal arrow of the top row by «» and the right horizontal arrow
of thetop row by §. Theright vertical arrow isinjective, thus the claims are
(1) isanisomorphism,
(2) thisdiagramis commutative.
First we shall show (1). Recall that

2 ~g—2 ~q—2

=, > — =~ 5
From the exact sequence
0—J—D—A—0,
weget D® Q%419 Q4! = A9 Q%L anditssubgroup T © Q%4 72/J © Q42 is

pA® Q%L in A@ Q4! Theimageof 114 © Q%42 in pA ® Q%' isequal to the
image of

12 & ﬁfoz -2 ﬁfoz +p3§q372 +pzﬁfoz‘
On the other hand, from the exact sequence
0—J—B—A—0(,
we get an exact sequence

/2052 L a0t — ot —o.

Geometry & Topology Monographs, Volume 3 (2000) — Invitation to higher local fields



Part . Section 15. On the structure of the Milnor K -groups of cdv fields 129

Thus dg2 © Q% 2 vanisheson pA © Q% %, hence

pAR QLY AeQLT

HeYld /gty = £ _ ~ _
/ pddQ% 2+ p2dQ% % T dIQL % + pdQY

~q—1 ~Nqg—2

which completes the proof of (1).

Next, we shall demonstrate the commutativity of the diagram on a simple example.
Consider the case where ¢ = 2 and teke adT /T € ﬁi for T'e TU{r}. Wewant to
show that the composite of

QL /paa B grad gy 2, ga F ()

coincideswith exp,. By (1), thelifting of adZ/T in (I /J13) = 10 QL /J 0 QY is
pa @ dT /T, where a isalifting of a to D. Chasing the connecting homomorphism
d,

0 —  @edt)ep ——  (eQL)yep «—— (e0L)/(JeQL) — 0

| | |

0 — (De0%)a(DeY) — (D203)e(DeY) — 0 — 0

| d |
(the left columnis .#(2), the middleis #/(2) and therightis 112 /J12): padT /T in

the upper right goesto (pda A dT/T, (1 — f2)(pa ® dT'/T)) inthe lower left. By Eb,
this element goes

P~ (7 1)) = Ea((1— F)07) @ )
={Ei((1 - f)pa), T} = {expo(D_ f1) o (1 — f1)(pa), T}

n>0

= {exp(pa), T}.

in U1IA(2(A). Thisis none other than the map exp,,. O

By Theorem 2 we can calculate the kernel of exp,,. On the other hand, even though
exp, is not surjective, the image of exp, includes U.+1K,(A) and we already know
gri Ky(K) for 0 <i < ep/(p—1). Thusitisenough to calculate the kernel of exp,
in order to know al gr; K (/). Note that to know gr; K,(K), we may assume that
¢, € K, and hence K,(A) = UpK ,(K).
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15.2. Computation of the kernel of the exponential homomor phism

15.2.1. Modified syntomic complex. We introduce a modification of .#'(¢) and
caculateit instead of #'(q). Let S, be the mapping fiber complex of

1—fy: (J[q])>q—2 _ . p=1-2
Here, for acomplex C", we put

By definition, we have a natural surjection H7~1(S,) — HIY(#'(¢)), hence
Y(HITYS,)) = v(H~1(S"(¢))), whichisthe kernel of exp, .

Tocaculate H7~1(S,), weintroducean X -filtration. Let 0 < r < 2 and s = g—-.
Recall that B = Ag[[X]]. Fori > 0, let fil,(II"l @ 5Q3,) bethesubgroupof 1"l Q3
generated by the elements

Xej l =
{X"( ) Qaw:mey’>i,n>0,j+l>na€Daw€QSB}
[T

Xey pt dX -~
U{X”( j!) %av/\y:n+ej>i,n>1,j+l>r,a€D,U€QsBl}.

Themap 1 — f,: 11" ® Q3, — D ® Q3, preservesthe filtrations. By using the latter
we get the following

Proposition 3. H~1(fil;S,); forma finite decreasing filtration of H9-1(S,). Denote

fil, H7=Y(S,) = HT(fil;S,),
or H17Y(S,) = fil, HI7Y(S,) /fil+a HI~L(S,).

Geometry & Topology Monographs, Volume 3 (2000) — Invitation to higher local fields



Part |. Section 15. On the structure of the Milnor K -groups of cdv fields 131

Then gr; H71(S,)

0 (if i > 2e)
x2-1ax A (Q4%/p) (if i = 2¢)
X Q52 /p) @ XX A Q5%/p) (ife<i<2e)
Xe (ﬁg;z/p) ® X 14X A (316333 /p2§g;3) (ifi=e,ple)
o Sa-3/ 2834-3 .
_ ) X ldx A (319?40 /ng?‘lo ) (ifi=e,pte)
max(n! —vp(i),0)a—2 0a-2 2692
X G o Mg i
207 2
) 3, Q% 3+p2Q7 3 .
@ | Xi-tax A 2o T e (if1<i<e)
P2
L 0 (if i = 0).

Here n; and 7 are the integers which satisfy p" 1 < e < p”i and p%—1i — 1 <
e < pi— 1 for each i,

3,09, = ker (@5, -5 Q%4 /p")
for positive n, and 3,Q% =Qf for n <O0.

Outline of the proof. From the definition of the filtration we have the exact sequence
of complexes:

0 — fil;1S, — fil;S; — ogr;iS, — 0
and this sequence induce a long exact sequence
= HT7(gr;S,) — HY(fil41S,) — HIY(ilS,) — HI " Y(gr:S,) — - --
The group H=2(gr;S,) is

~o o .
Hq—2(griSq) = ker <gri1[2] QL — (gl @ QL )@ (gD ® QF ))

x +— (dz,(1— fy)x)

Themap 1— f, isequalto 1if ¢ > 1and 1— f,: pzﬁgz — ﬁj{l’oz if 4 =0, thusthey
are al injective. Hence H92(gr;S,) = 0 for al i and we deduce that H~1(fil;S,);
form a decreasing filtration on H q—l(Sq).

Next, we haveto calculate H ‘I—Z(griSq). The calculation is easy but there are many
cases which depend on 7, so we omit them. For more detail, see [N2].
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Finally, we have to compute the image of the last arrow of the exact sequence
0 — HIY(fil;+1S,) — HIY(fil;S,) — HIY(gr:S,)

becauseit is not surjective in general. Write down the complex gr;S,:

= @l @ QS @ (gD ® Q%5 S (gD ® QL) @ (gD QL) — -

wherethefirst termisthe degree g — 1 part and the second termisthe degree ¢ part. An
element (z,y) inthefirst termwhich is mapped to zero by d comesfrom H~1(fil;S,)

if and only if there exists z € fil,D ® Q%2 suchthat z = y modulo fil;+1D ® Q% 2
and

> frdz) il @ Q4

n>0

From here one deduces Proposition 3. O

15.2.2. Differential modules. Takeaprime element = of K suchthat 7¢~1dr = 0.
We assumethat p 1 e in this subsection. Then we have

~ dT; dT;
Q4 ~ AL A oo p e
A < D A Aﬂ»)

11 <ip<- - <igqg

dT; dT;
@( &P A/(we‘l)ﬁ/\ C A qu/\d7r>,

i1 <ip<-<i, 1 tq-1

where {T;} = T. Weintroduce afiltration on ﬁqA as
fil, QY = { ﬁ?‘i o (if:=0)
Q% + 7~ ldr A QY (ifi>1).
The subquotients are
gr, Q% = fil, Q% /fil,+1Q%
Q% (ifi=0ori>e)
{ QL et (ifli<i<e),

wherethe map is
Q% Swr— Tw e Trif\)?4
Q(Fl Swr— 7 Ydr Aw e tdr A ﬁqul.
Here & isthelifting of w. Let fil,(Q% /pdQ% ") betheimage of fil, QY in

QY% /pdQ% . Thenwe have the following:
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Proposition 4. For j > 0,

Qf (=0
or; (Q4/pd05 ) =8 Qb e Qi (1<j<o)
Q%/ By} (e < J),

where [ be the maximal integer which satisfies j — le > 0.

Proof. If 1< j <e, o QA grj(Q /de ) because pdﬁj{fl C fileﬁ‘j‘. As
sumethat j > e and let [ be as above. Since 7¢~1dr = 0, ﬁ‘j{l is generated by
elements pridw for 0 < i < e and w € ﬁi{‘;l. By [I] (Cor. 2.3.14), pridw €
file(1+n)+zﬁ‘j‘ if and only if the residue class of p~"dw belongs to B,+1. Thus
grg(Q /PdQ ) ~ Q% /By O

By definition of thefiltrations, exp, preservesthefiltrations on ﬁ‘j{l /pdﬁ‘j(z and
K ¢(K). Furthermore, exp,:gr; (ﬁq_l/pdﬁi(z) — O+ K4 (K) is surjective and its
kernel istheimageof ¢/(H~1(S,))Nfil; Q%Y /pdQ%7?) in gri(Q% 1 /pdQ%?). Now
we know both Q‘jx 1/deq’ and H1~ 1(Sq) explicitly, thus we shall get the structure
of K,(K) by caculating v. But ¢ does not preserve the filtration of H7~1(S,), so

it is not easy to compute it. For more details, see [N2], especially sections 4-8 of that
paper. After completing these calculations, we get the result in (vi) in the introduction.

Remark. Notethatif p | e, thestructureof Q% /pdQ% 2 ismuch more complicated.
For example, if e = p(p— 1), andif 7¢ = p, then pr¢~1dr = 0. Thismeansthetorsion
part of Q%™ islarger than in the the case where p f e. Furthermore, if 7?®~1 = T
for some T € T, then pr¢~ldn = pdT, this meansthat dr isnot atorsion element.
This complexity makesit difficult to describe the structure of K ,(kK) in the case where
ple.

Appendix. The mapping fiber complex.

This subsection is only a note on homological algebra to introduce the mapping
fiber complex. The mapping fiber complex isthe degree —1 shift of the mapping cone
complex.

Let ¢ L D bea morphism of non-negative cochain complexes. We denote the
degree i termof C* by C".
Then the mapping fiber complex MF(f) is defined as follows.
MF(f)' = C* @ D',
differential  d: C* @ D' — C™* @ D’
(2, y) — (dz, f(z) — dy).
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By definition, we get an exact sequence of complexes:
0— D[-1] — MF(f) — C" — 0,

where D[—1] = (0 — D% — D! — ...) (degree —1 shiftof D".)
Taking cohomology, we get along exact sequence

- — H'(MF(f)) — H'(C") — H"H(D'[-1]) — H"HMF(f)) — -+,
which is the same as the following exact sequence

. — HY(MF(f)) — HI(C") L H(D) — H*Y(MF(f)) — --- .
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