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Under certain conditions, solutions of the boundary value problem

Y = fly, vy,

m

y iV (x)) =y for 1 <i <n—1,and y(x2)—> 1", r;y(1;) = yu, are differentiated
with respect to boundary conditions, where a < x; <51 <--- < 5, < X3 < b,
andri, ..., 7w, Yi,..., Y0 € R.

1. Introduction

In this paper, we will be concerned with differentiating solutions of certain nonlocal
boundary value problems with respect to boundary data for the n-th order ordinary
differential equation

YO =f .y, YY), a<x <b, (1)
satisfying
m
YV =y, 1<i<n—1, y(2)— > ry(m) = yn, )
k=1
wherea <x; <#y <---<#fp <xp <b,and yi,..., ¥V, 71, ...,"n €R, and where
we assume
1) f(x,uq,...,uy): (a,b) x R" — Ris continuous,
(ii) of/ou;(x,uy,...,u,): (a,b) x R* - R are continuous, i = 1,2, ..., n, and

(iii) solutions of initial value problems for (1) extend to (a, b).
MSC2000: primary 34B15, 34B10; secondary 34B08.
Keywords: nonlinear boundary value problem, ordinary differential equation, nonlocal boundary

condition, boundary data smoothness.
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We remark that condition (iii) is not necessary for the spirit of this work’s results,
however, by assuming (iii), we avoid continually making statements in terms of
solutions’ maximal intervals of existence.

Under uniqueness assumptions on solutions of (1) and (2), we will establish
analogues of a result that Hartman [1964] attributes to Peano concerning differen-
tiation of solutions of (1) with respect to initial conditions. For our differentiation
with respect to the boundary conditions results, given a solution y(x) of (1), we
will give much attention to the variational equation for (1) along y(x), which is
defined by

n
20 =3 200, vy @)t 3)
k=1

There has long been interest in multipoint nonlocal boundary value problems
for ordinary differential equations, with much attention given to positive solutions.
To see only a few of these papers, we refer the reader to [Bai and Fang 2003; Gupta
and Trofimchuk 1998; Ma 1997; 2002; Yang 2002].

Likewise, many papers have been devoted to smoothness of solutions of bound-
ary value problems with respect to boundary data. For a view of how this work
has evolved, involving not only boundary value problems for ordinary differential
equations, but also discrete versions, functional differential equations versions and
dynamic equations on time scales versions, we suggest results from among the
many papers [Datta 1998; Ehme 1993; Ehme et al. 1993; Ehme and Henderson
1996; Ehme and Lawrence 2000; Hartman 1964; Henderson 1984; 1987; Hender-
son et al. 2005; Henderson and Lawrence 1996; Lawrence 2002; Peterson 1976;
1978; 1981; 1987; Spencer 1975]. In fact, smoothness results have been given
some consideration for (1) and (2) when n =2 and for specific and general values
of m [Ehrke et al. 2007; Henderson and Tisdell 2004].

The theorem for which we seek an analogue and attributed to Peano by Hartman
can be stated in the context of (1) as follows

Theorem 1.1. [Peano] Assume that, with respect to (1), conditions (i)—(iii) are
satisfied. Let xq € (a, b) and y(x) = y(x, x¢, 1, C2, . . . , Cn) denote the solution of
(1) satisfying the initial conditions y(i_l)(xo) =c;j, 1 <i <n. Then,

(1) Foreach 1 <i <n, dy/dc; exists on (a, b) and a; = 0y/dc; is a solution of
the variational equation (3) along y(x) and satisfies the initial condition,

a,-(j_l)(xo) =d;j, 1=<i,j=<n.

(ii) 0y/dxg exists on (a,b), and f = 0y/0xqg is the solution of the variational
equation (3) along y(x) satisfying the initial conditions,

B0y = —yP(x), 1<i<n
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(iii) 8y/dxo(x) =— D 5_; y® (x0)dy/dck(x).

In addition, our analogue of Theorem 1.1 depends on uniqueness of solutions
of (1) and (2), a condition we list as an assumption.

(iv) Givena <x; <7 < --- < i < x2 < b, if yi=D(x;) = 20V (x;) for each

1<i<n—1,and y(x2)— DL, rey(m) = 2(x2) — 24 rez (i), where y(x)
and z(x) are solutions of (1), then y(x) = z(x).

We will also make extensive use of a similar uniqueness condition on (3) along
solutions y(x) of (1).

(v) Given a < x; <5 < -+ < i < X < b, and a solution y(x) of (1), if
D) =0, 1 <i <n—1,andu(x) = 33, rau(n) = 0, where u(x) is
a solution of (3) along y(x), then u(x) =0.

2. An analogue of Peano’s Theorem for Equations (1) and (2)

In this section, we derive our analogue of Theorem 1.1 for boundary value prob-
lem (1), (2). For such a differentiation result, we need continuous dependence of
solutions on boundary conditions. The arguments for this continuous dependence
follow much along the lines of those in [Henderson and Tisdell 2004], when (1) is
of second order. For that reason, we omit the details of the proof.

Theorem 2.1. Assume (1)—(iv) are satisfied with respect to (1). Let u(x) be a solu-
tionof (1) on (a,b),and leta <c <x; <y <--- <y <X <d < b be given.
Then, there exists a 6 > 0 such that, for

|xi_ti|<55 i=1521
lni — wil <6 and |ri — pi| <9, 1 <i<m,

D) —yil <o, 1<i<n-—1

|u(x2) = D i) = yu| <6,

k=1

there exists a unique solution us(x) of (1) such that

wS V) =y, l<i<n-—1,

m
us(t2) = D prtts(zi) = Y
k=1

and {u((;j_l)(x)} converges uniformly to u =Y (x), as 5— 0, on [c, d], for 1 < j <n.

We now present the result of the paper.
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Theorem 2.2. Assume conditions ()—(v) are satisfied. Let u(x) be a solution (1)
on(a,b). Leta <x; <ny <--- <1y <x3 <b be given, so that

u(-x)=u(-x,-x1,-x2,ula"'5ul’l, nl,"',nm’rlﬁ"',rm)ﬁ
where u(i_l)(xl) =u;,1<i<n-—1,and u(xy) — Zzlzl reu(ny) = uy. Then,
(i) For each 1 <i < n, du/du; exists on (a,b). Moreover, for each 1 < j <

n—1,y; =0u/ou; solves Equation (3) along u(x) and satisfies the boundary
conditions,

m
WG =d, 1<i<n—1, yj@)—> ryj(m) =0,
k=1

and y, = 0u/duy solves (3) along u(x) and satisfies the boundary conditions,
m
YWD@) =0, 1<i<n—1, yu(x2)— D ryalm) =1.
k=1
(ii) ou/oxy and du/dx, exist on (a, b), and z; = ou/dx;, i = 1,2, are solutions
of (3) along u(x) and satisfy the respective boundary conditions,

m

ey =—uD ), 1<i<n—1,  zi(wn) - Zrkzl(ﬂk) =0,
k=1
m

S Va =0, 1<i<n—1, 22(02) = D rza(m) = —u' (x2).
k=1
(iii) For 1 < j <m, du/on; exists on (a,b), and w; =0ou/on;, j=1,...,m,is
a solution of (3) along u(x) and satisfies
. m
wﬁl_l)(xl) =0,1<i<n—-1, w;jlx)— Zrkwj(ﬂk) =rju'(n;).
k=1
(iv) For 1 < j <m, ou/or; exists on (a,b),andv; =0u/orj, j=1,...,m,isa
solution of (3) along u(x) and satisfies,
m
i—1 .
o) =0, 1<i<n—1, 0j(x2)— D rw;(m) =uly)).
k=1
Proof. For part (i), let 1 < j <n — 1, and consider du/0u ;, since the argument for
O0u/0du, is similar. In this case we designate, for brevity, u(x, x1, x2, Uy, .. ., Uy,

Ny evos s 1y oo F) DY u(x, u ).
Let 6 > 0 be as in Theorem 2.1. Let O < || < J be given and define

1
yin(x) = E[u(x,uj +h) —u(x, uj)].
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Note that u¥ =Y (xy, u; +h) =u; +h, and u¥=D(x1,u;) = u;, so that, for every
h£0,
-1
th )(xl)_ —[u] +h—u;jl=1.
Also, forevery h #0, 1 <i<n-—1,1# ],

y/h )(xl)— [u(’ Dy, uj +h)—u(’ D (x4, uj)]——[u,—u]zo

and

yin(x2) — Zrkyjh(ﬂk)_ [u(x2auj+h) u(xz, uj)]

k=1 m

r 1
Zf (e, wj+h) —uCne uj)] =  Ln — un] =0.
k=1

Let = u®D(x, uj),and € = €(h) = u® D (xy, uj+h)—p. By Theorem 2.1,
€ =€(h) — 0, as h — 0. Using the notation of Theorem 1.1 for solutions of initial
value problems for Equation (1) and viewing the solutions u as solutions of initial
value problems and denoting y(x, x1, u1, ..., uj, ..., Uup—1, f) by y(x,x1,u;, B),
we have

1
yin(x) = E[Y(X,xl, wj+h, p+€)—y(x,xi,uj, B

Then, by utilizing a telescoping sum, we have

1
yjh(X):Z[{_Y(X,X],Mj+h,ﬁ+6)_y(X,X], Mj,ﬂ+6)}
+{y(-xa-xlaujaﬂ+€)_y(x>xlaujaﬁ)}]‘

By Theorem 1.1 and the Mean Value Theorem, we obtain

yin(x) = la](x y(x, x1,u]+h ﬁ+6))(u]+h uj)

1
+Zan(xa y(xaxlauj’ﬁ+g))(ﬁ+€_ﬁ)a

where a(x, y(-)), k € {j, n}, is the solution of the variational Equation (3) along
y(-) and satisfies, in each case,

V) =0; af D) =dn.  1<izn,

respectively. Furthermore, u; + h is between u jand u;+h, and f + € is between
p and S + €. Now simplifying,

- € -
yjh(x) =0Cj(x, y(xaxlauj +h5ﬁ+6)) +Ean(xa y(xaxlaujalg-i_e))'
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Thus, to show lim y;;(x) exists, it suffices to show lim €/ exists.
h—0 h—0

Now a,(x,y(-)) is a nontrivial solution of Equation (3) along y(-), and
ad DLy() =0, I1<i<n-—1l.

So, by assumption (v), ., (x2, y(-)) — D_j; 7k (i, y()) # 0. However, we ob-
served that y;,(x2) — > j; rxyjn(mk) = 0, from which we obtain

€ Do reaj (me, y(e, xi,uj+h, B+€)) —oj(x2, y(x, xi,uj+h, B +¢))

h an (X2, Yo, x1, 1, B4 €)) — 24y rean (e, y(x, x1,uj, B+ €))

As a consequence of continuous dependence, we can let # — 0, so that
€ _ _(Xj(XQ, J’(X,xl,“jsﬁz)) _zzlzl rk“j(’?ka y(xaxlauj’ﬂ))
h—0 h o (x2, y(x, x1, 1, B)) — 2opy rean (i, y(x, x1, 1, B))

(g, u(x)) — >y e (mie, u(x)) _
an (2, u(x)) = 24 1k (i, u(x))

Let y;j(x) = ;13}) y;n(x), and note by construction of y;;(x) that

ou
yj(x)= ﬁj(%)-
Furthermore,
i () = Jim yja () = a5 (6, Y, X1, 1, ) + Dt x, (),

which is a solution of the variational Equation (3) along u(x). In addition because
of the boundary conditions satisfied by y;;,(x), we also have

m

v ) =6y, 1<i<n—1, yi(x)— > ny;(n) =0.
k=1

This completes the argument for ou/ou ;.
In part (ii) of the theorem, we will produce the details for du/0x;, with the
arguments for du/0x; being similar. This time, we designate

M(X,X],XQ,M],...,M,“ nl"“’nm’rlﬁ“"rm)

by u(x, x1).
So, let 6 > 0 be as in Theorem 2.1, let 0 < || < J be given, and define

1
2 (x) = Z[M(x, x1+h) —u(x, x1)].
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Note that, for 1 <i <n—1,

(i—1

21 Y1) = — [V ey, 1 +2) — a0 (x, x1)]

[ D (xp, xp A1) — w0 (xg 4 b, xy 4 h)]

S = S

1 .
= = 11 (eap x1+ 1) ]
= _u(i)(cxl,ha X1 +h),
where c,, , lies between x; and x; 4 4. In addition, we note that, for every /1 # 0,

m m

1
2 (¥2) = D rezun () = [, x4+ h) — > e, x1 4 h)
k=1 k=1
c 1
— {uxa, x1) = D meun, XY =  [un —un] =0.
k=1

Next, let

B=u""V(x, xy),
€j zéj(h) :u(j_l)(xl,xl + h) —uj,
ep=ep(h) =u""D(x1, x1 +h)— B,

Let us note at this point that
€; i—1 .
L= ) = —u e nx ),

By Theorem 2.1, both €; — 0 and €4 — 0, as h — 0. As in part (i), we employ the
notation of Theorem 1.1 for solutions of initial value problems for (1). Viewing
the solutions u as solutions of initial value problems, and denoting

v, xp,ur, g, iy — 1, )
by y(x, x1,u;, ), we have
1
zin(x) = E[y(X,Xb uj+e€j, Bt+eg) —yx, xi,uj, Bl

1
= E[)’(xaxlauj +e€j, f+ep) —y(x,xi,uj, f+ep)
+)’(X:X1,”ja,g‘i‘fﬁ)—)’(%xl,uj:ﬁ)]-

By the Mean Value Theorem,

1
Zin(x) = Z[fjaj(xs y(x,x1,uj +&;, B+ep)) +epon(x, y(x, x1,uj, B+Ep))],
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where u; +€; lies between u; and u; +¢€;, p +€p lies between £ and f + €4, and
a;(x, y(-)) and a, (x, y(-)) are the solutions of Equation (3) along y(-) and satisfy,
respectively,

aj-i_l)(xl):éij, 1 <i=<n,

ar(liil)(xl)zéina 1 <i=<n.

As before, to show that %in}) z14(x) exists, it suffices to show that
e

. € . €p
Iim — and lim —
h—0 h h—0 h
exist. Now, from above,
Y im 29D ) = Lim &) )
}}l_f)f(l) P —AI_I)%ZM (x1) —}}1_13)“ (Cxpn> X1 +h) = —u' (x1).

Since a,(x,y(-)) is a nontrivial solution of (3) along y(-) and
al™ V() =0, 1<i<n-1,

it follows from assumption (v) that

m

an (x2,()) = D10t (11, y (1) #0.
k=1
Since
m
21 (x2) = D ez () =0,
k=1
we have
€ (—ej) A
h h ) ay(x2, y(x, xi,uj, B+Ep)) — Dpey rkon (i, y(x, x1,uj, B+Ep))’
where
m
A= aj(xz, y(x, x1,u; +Ej,ﬁ+6/g)) —Zrkaj(nk, y(x, xi, u; —I—éj,,B—l—eﬂ)).
k=1
And so,
lim € — uD o) [a (x2, yOe, xi,uj, B)) = 2imy ria (mis y(x, x1, w5, )]
h—0 h an (x2, y(x, X1, u, B)) — 200 rion (mis y(x, x1,uj, B))

_ u(j)(xl)[aj (xz, u(x)) — DL ria; (171-, u(x))] _
an(XZ:M(x))_Z;'nzl rian(;/]ia u(x)) ‘
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From the above expression,

Zlh(x)—_a](x y(x X1, Uj +E],ﬂ+65)) fan(x )’(X xl:uj,ﬁ"i_fﬂ))

and we can evaluate the limit as & — 0. If we let z;(x) = limy,_0z15(x), then
z1(x) = ou/0oxy, and

71(x) = }{i_%zlh(x)

= —uD(x))a;(x, y(x, x1,uj, B)) + Eo (x, y(x, x1,uj, B))
= —u(j)(xl)aj (x, u(x)) + Ean(x, u(x)),

which is a solution of Equation (3) along u(x). In addition, from above observa-
tions, z;(x) satisfies the boundary conditions,

2 = Jim, V) =—uP(x), 1<i<n—1,

and
m m

21(x) = D mzi () = Jim (215 (x2) — > nzin(m) =0

k=1 k=1
This completes the proof for du/dx;.
The proofs of (iii) and (iv) are in very much the same spirit. For (iii), we fix
1<j<m, and this time we designate

u('x"xl"xzﬁul" . '5””5’71" . '3’7mar],' .. ,rm)

by u(x, nj). Let 6 > 0 be as in Theorem 2.1 and 0 < |h| < 6 be given. Define

() = 4, 0y +h) — (e, ny))
Note that for every i # 0,
(L 1)(xl)—O I1<i<n-1.
Next, let f = u®=D(x;, n;), and
e=e(m)=u""Dxr,n;+h) - B.

By Theorem 2.1, € — 0, as 7 — 0. Again, we use the notation of Theorem 1.1 for
solutions of initial value problems for (1); viewing the solutions u as solutions of
initial value problems and denoting

y(x,xlyulz "'7ul’l—laﬂ)
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by y(x, x1, B), we have

wr(e) = T1y(0x, 1, B +6) = ¥, 31, AL
By the Mean Value Theorem,
w1 () = 2 (2, y(x, 31, B+ E)),
where a; (x, y(+)) is the solution of Equation (3) along y(-) and satisfies
al™D(x)) =6, 1<i<n-—1,

and S + € lies between f and S 4 €. Once again, to show limj,_.o w j;, (x) exists, it
suffices to show limy,_,¢ €/ h exists.
Since a, (x,y(-)) is a nontrivial solution of (3) along y(-) and

al™D(x,y() =0, 1<i<n-—1,

it follows from assumption (v) that

m

an(x2,7()) = D rettn (e, y(-)) # 0.

k=1
Hence,
€_ wn(xX2) = 25y kW (i)
R an(x2, y(x, x1, B2+ ) — D reon (ni, y(x, x1, B+ €))

We look in more detail at the numerator of this quotient. Consider

m
wjn(x2) = D rew (i)
k=1

1 m m
= E[u(xz, nj+h) =D el i +h) =[x, ) = reulme, 17)]]
k=1 k=1

1
= uCe,nj+m) = > reulnenj+h)
ke{l,...mN\{j}
—rju(nj+h,n;+h)+rju(n;+h,n;+h)

Up
_rju(ﬂjaﬂj‘i‘h)]_;

<

_n_u_n+rj”(77j+h,77j+h)_rj”(’7j>’7j+h)
h h h

,.
= Zj[u(ﬂj +h,nj+h)—u(n;,nj+h]
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. rnjth
:r_f/ W/ (s, ; +h)ds
h nj

o

= Zju/(cj,ha ’1] +h)(]7j +h - ’7]) = rju/(cj,ha ’7] +h’)a
where c; ;, is between #; and 5; +h. So, as h — 0 we obtain
riu'(cn, nj+h) — rju'(ng, n;) =riu' (7))

When we return to the quotient defining €/, we compute the limit,

5 rju' (1)
im— = -
h—0 h aVl(xZ, y(xaxla ui, ﬂ)) - Zk:] rkaVl(r]k, y(x’xla ui, ﬁ))
_ rju/(ﬂj) —E.
o (x2, w(x)) = D0y o (mic, u(x)) ’
From

w1 () = T (x. (e, x1, 11, f+0)),
if we let w;(x) = lim;_.o w;j,(x), then w;(x) = 0u/0yn;, and
wj(x) = ]}12% wjn(x) = Ejo, (x, y(x, x1, u1, f)) = Ejo,(x, u(x)),
which is a solution of Equation (3) along u(x). In addition, from above observa-
tions, w;(x) satisfies the boundary conditions,

u)y*l)(xl) = lim wﬁ."h*l)(xl) =0, I<i<n-—1,
h—0

w;(x2) — Zrkwj(ﬂk) = "j”/(nj)-

k=1

This concludes the proof of (iii). It remains to verify part (iv).
Fix 1 < j <m as before and consider 0u/0r;. Again, let 6 > 0 be as in Theorem
2.1 and 0 < |k| < 4. Define

1
vjn(x) = E[M(x, ri+h) —u(x,rjl,
where, for brevity, we designate
WX, X1, X25 ULy oy Uy MLy e ey s Ty <+ o5 i)

by u(x, r;). Note that

. |
Uﬁ'h D)) = 5, (i —ui) =0,
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forevery h #0and 1 <i <n — 1. Also, we see that

m

vjn(x2) — Z k0 5 (1k)

k=1
1 m
= E[u(xz, ri+h) —uxa, ) = > rc(ulne r+h) —uCne, rj)]
k=1
1 m m
= e, rj ) — oo, ) = 3 reu e, rj + ) + e, 1))
k=1 k=1

1 1 < u
=EM(XZ,Fj+h)—ZkZ_;rku(ﬂk,rj +h)—7n

1
:E[M(XZ,FJ‘-F/”I)— Z rk”(”/karj—i_h)
kefl,....m\{j} Un

—rju(nj,rj+h)—hu(nj,rj+h)+hu(n;,r; +h)] T

1
= E[M(xz, rj+h)— Z riu(ne, rj+h)

kefl,emI\{(j) u,
—(rj+hulnj,ri+h)]|+ulyj,ri+h)— "

Up Un

= tulnjrp+h) ===

=u(nj,rj+h).
And so by Theorem 2.1,
m

;}i_rf(l)”jh(XZ) - ;”kvjh(’?k) =u(n;j,rj).

Now recall that =2 (x;, ;) =u,—1, and define
B=u""D(x1,rj), and e=e(h)=u"""(x1,r;+h)—p.

As usual, € — 0 as & — 0. Once again, using the notation for solutions of initial
value problems for (1) and denoting y(x, x1, Uy, ..., un—1, ) by y(x, x1, ), we
have

1
vjh(x) = l_l[y(xaxlaﬁ+€) _y(xaxla ﬁ)]
By the Mean Value Theorem,

o) = (e, Y05, 01, B4 ) B+ e )

=%0‘n(x,y(x,x1=ﬁ+g))’
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where a, (x, y(-)) is the solution of Equation (3) along y(-) and satisfies
ol V(x,y()=0, 1<i<n-—1,
"D (x, y() =1,

and f+¢€ lies between f and f+¢. As in previous cases, it follows from assumption
(v) that

an(x2, Y()) = D 140 (11, y()) # 0.
k=1
Hence,
€ vin(x2) = 270 kv (i)

h an(x2, y(e, x1, B+6) — Shy rean (e, y(x, x1, B+6))

and so from above,

lim ~ = riu;)

h=0h  ay(x2, y(x, x1, B)) — 24—y reon (e, y(x, x1, B))
riu(n;)

= =:FE;.
an (2, u(x)) = D0, ren (ni, u(x)) ’

From
€ .
vjp(x) = Zan (x, y(x,x1, f+ E)),
if we set v;(x) =limj,_ v, (x), we obtain v ;(x) = 0u/0r;. In particular,

vj(x)= }}ii%vjh(x) = Ejo,(x, y(x,x1, B)) = Ejon(x, u(x)),

which is a solution of (3) along u(x). In addition, v;(x) satisfies the boundary
conditions,

vj(r) = lim oy V() =0, 1<i<n-1,

m

0;(x2) = D v () = u(n).
k=1
This completes case (iv), which in turn completes the proof of the theorem. (I

We conclude the paper with a corollary to Theorem 2.2, whose verification is
a consequence of the n-dimensionality of the solution space for the variational
Equation (3). In addition, this corollary establishes an analogue of part (iii) of
Theorem 1.1.
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Corollary 2.2.1. Assume the conditions of Theorem 2.2. Then,

-1
0 ~ 0 0 0
R Il L B A K
0x1 o= ou; 0x> ouy

andfor1 < j<m,
ou u'(n;) ou
—=r; —.
817]- J u(ryj) 81”]'
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