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(Communicated by Andrew Granville)

The mosaic of the integer  is the array of prime numbers resulting from iterating
the Fundamental Theorem of Arithmetic on n and on any resulting composite
exponents. In this paper, we generalize several number theoretic functions to
the mosaic of n, first based on the primes of the mosaic, second by examining
several possible definitions of a divisor in terms of mosaics. Having done so, we
examine properties of these functions.

1. Introduction

Mosaics. Mullin, in a series of papers [1964, 1965, 1967a, 1967b], introduced the
number theoretic concept of the mosaic of n and explored several ideas related
to it.

Definition 1.1. The mosaic of the integer n is the array of prime numbers resulting
from iterating the Fundamental Theorem of Arithmetic (FTA) on n and on any
resulting composite exponents.

The following example illustrates this definition.

n =1,024,000,000 <«-- use the FTA to find the prime factorization of n

=216.56 «--apply FTA to composite exponents 16 and 6
=02 523 «-- apply FTA again to composite number 4

2
=22, 5%3, «-- the mosaic of the integer; only primes remain

Mullin introduced several functions on the mosaic, the first of which was w (n),
the product of all of the primes in the mosaic of n. As an example, we have

l//(2173'355)=2'17'3'3'5'5:7650'
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In number theory, a function is multiplicative if and only if f(mn) = f(m) f(n)
whenever m and n are relatively prime. Mullin extended this concept to mosaics
by saying that f is generalized multiplicative if and only if f(mn) = f(m)f(n)
whenever the mosaics of m and n have no primes in common. He showed that y (n)
is generalized multiplicative and that any multiplicative function is also generalized
multiplicative. He also generalized the M&bius function u(n) to the generalized
Mobius function:

1 ifn=1,
0 if the mosaic of n > 1 has any prime number repeated,

sk
n)=
W (—=1)* if the mosaic of n > 1 has no prime repeated, where & is

the number of distinct primes in the mosaic of .

Similarly, Mullin generalized the concept of additivity: a function f is gener-
alized additive if and only if f(mn) = f(m)+ f(n) whenever the mosaics of m
and n have no primes in common. He defined y*(n) as the sum of the primes
in the mosaic of n and showed that this function was generalized additive. As an
example,

p (7 1) =542 434 T+ 11+ 13419 = y* (577) + y# (11177).

Levels of the mosaic of n. Following Mullin’s work, Gillman [1990, 1992] defined
new functions on the mosaic of n. He used the concept of levels of the mosaic to
describe the different tiers of exponentiation.

Suppose

7 19 ~g13!1.89
n =235 1723129

b

then the 2 and 17 are on the first level, the 3, 5, 23 and 29 are on the second level,
the 7, 19, 13, and 89 are on the third level, and the 11 is on the fourth level of the
mosaic.

Using this idea, Gillman generalized the Mobius function as follows:

1 ifn=1,
0 if the mosaic of n has duplicate primes in the first i levels
wi(n) = 1 (including multiplicities at the i-th level),

(—1)* if the mosaic of n consists of k distinct primes in the first

i levels.

With this definition,
Hoo=p" and u;=p.
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Gillman also extended Mullin’s concept of generalized multiplicative to include
the levels of the mosaic.

Definition 1.2. A function f is i-multiplicative if and only if f(mn) = f(m)f(n)
when m and n have no primes in common in the first i levels of their mosaic.

Gillman proved g; is i-multiplicative for all i. He then extended Mullin’s work
on y (n) by generalizing it to depend on the levels of the mosaic.

Definition 1.3. For a fixed i and j such that j > 7, the function v ; (n) is computed
as follows: Expand n through the first j levels of its mosaic; for each prime p on
the i-th level of this expansion, multiply p by the product of the primes in the
(i 4+ 1)-th through j-th levels above p, including multiplicities of the primes at the
j-th level.

The following examples illustrate these computations:
357”'132 2.537 357111325 537

we,3(2 3 =2 -3
Woo,1(n) = product of all primes in the mosaic = y (n).

b

Gillman also introduced the concept of i-relatively prime mosaics. That is, two
integers, m and n, are i-relatively prime when they have no primes in common in
the first i levels of their mosaics. Thus, the integers with mosaics 2% and 7'"” are
2-relatively prime, but not 3-relatively prime.

Motivation. In this paper, we will introduce new families of functions on the mo-
saic of n and determine which of these are i-multiplicative or i-additive. In Section
2, the functions will depend only on the primes present in the first i levels and
their multiplicities. In Section 3, we evaluate previous attempts to generalize the
concept of a divisor to the mosaic, and in Section 4 we introduce a new definition
of a mosaic divisor that we believe will be more useful.

2. Mosaic functions

The functions Q, w, and 1 are number theoretic functions that can be easily gen-
eralized to the mosaic of n. We discuss their generalizations because they are
either i/-multiplicative or i-additive. We also introduce a new function, y*, which
is interesting since it is either i-multiplicative or i-additive depending on the value
of i.

The functions ; and w;. C(n) is the total number of primes in the factorization of
n, including repetitions. We generalize this idea with the function Q; (n), the total
number of primes in the first i levels of the mosaic of n, including multiplicities
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on the i-th level. Thus, as an example,
92(237 .5116) — (23333333 SILILILILILL _ g5

5 113 1111
Q3(757 .19.1913711 ) 293(7577777,19.19137111111) — 14,

Gillman [1990] proved that if f is i-multiplicative then f is j-multiplicative for
all j > i. This is because if there are no primes in common in the first j levels of
m and n, then there will clearly be no primes in common in the first i levels of m
and n when j > i. This property is used to prove the following theorem.

Theorem 2.1. For alli, Q; is j-additive for all j.

Proof. Let m and n be 1-relatively prime. Then Q; (mn) is summing the number of
prime divisors of the product mn and the number of primes in levels two though i
of the mosaic of mn, including multiplicities at the i-th level. Since m and n are
1-relatively prime, the first term of this sum can be written as the number of prime
divisors of m plus the number of prime divisors of n. Similarly, the second term
can be written as the number of primes in levels two through i of the mosaic of
m plus the number of primes in levels two through i of the mosaic of n, including
multiplicities at the i-th level in each of these sums. Rearranging these sums results
in Q;(m) + Q;(n). Thus Q; is 1-additive and therefore j-additive for all j. O

The following two examples illustrate that it is necessary and sufficient that the
first level of the mosaics have distinct primes in order that €; be i-additive, as
suggested by the previous proof:

Q27 3%) =8=64+2=0,(2%) + (3,
Q37 3) =R ) =4 £8=6+2=0(3") + (3.

Similarly, w(n), the number of distinct primes in the prime factorization of n,
can be generalized as w;(n), the number of distinct primes in the first i levels of
the mosaic of n.

Since

2 2
oy(T1157.207) 29 = 5 14 =y (7115 ) 4 0y (207
and
7 7
C()4(115.11 . 7193.535 ) -6 # 245= w4(115-11) +a)4(7193.535 )

as counterexamples, w; is not 1-additive and therefore not j-additive for all j.
Rather, as the following theorem demonstrates, it is j-additive for j > i.

Theorem 2.2. Foralli, w; is j-additive for j > i.
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Proof. Let m and n be i-relatively prime. Then w; (mn) is summing the number of
prime divisors of the product mn and the distinct primes in levels two though i of
the mosaic of mn (which must also be distinct from the prime divisors). Since m
and n are relatively prime, the first term of this sum can be written as the prime
divisors of m plus the prime divisors of n. Similarly, the second term can be written
as the number of distinct primes in levels two through i of the mosaic of m plus
the number of distinct primes in levels two through i of the mosaic of n. Thus
w;(mn) = w;(m) + w;(n) and therefore w; is i-additive. This implies that w; is
j-additive for j > 1. (I

The function \;. The Liouville function, A(n) = (—1)?®, also generalizes easily
in the obvious way as 4;(n) = (—1)%®™_ This leads to the following theorem,
again recalling that i-multiplicative implies j-multiplicative for j > i.

Theorem 2.3. Foralli, A; is j-multiplicative for all j > i.
Proof. Assume m and n are 1-relatively prime. It follows that
Ai(mn) = (=10 = (1))
= (=DH=D)HO =7 (m)2i ().
Ai is 1-multiplicative and therefore j-multiplicative for all j. U

The function 1/}}‘.‘,’.. Mullin defined the function y as the product of all primes in
a mosaic. Gillman later extended this to the levels of the mosaic by introducing
the function y/; ;. Mullin also defined the function y* as the sum of the primes in
a mosaic. To generalize this idea to the levels of the mosaic as well, we define the
function w;"i.

Definition 2.4. For fixed i and j, such that j > i, compute l//}-k’i(l’l) as follows:
Expand n through the first j levels of its mosaic; for each prime p on the i-th level
of this expansion, add p to the sum of the primes in the (i + 1)-th through j-th
levels above p, including the multiplicities of the primes at the j-th level, then
convert multiplication on the i-th level to addition.

Again, two examples help to illustrate this computation:
‘/’Iz(”“ﬂ'lg . 23235) _ UH3HTHIY 9324345
3
wi (3% ) =3+5+2+3+7=20.
Similar to the previous functions, l//;il is 1-additive, and therefore:

Theorem 2.5. l//;il (n) is k-additive for all j and k.
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Proof. Let m and n be integers which are 1-relatively prime. z//j’l (mn) is the sum
of primes in the first j levels of the mosaic of mn, including multiplicities on the
j-th level. This is equivalent to the sum of prime divisors of mn plus the sum of
the primes in levels two through j of the mosaic of mn including multiplicities at
the j-th level. Since m and n are relatively prime, the sum of prime divisors of mn
can be written as the sum of prime divisors of m plus the sum of prime divisors
of n. Similarly, the second term can be written as the sum of primes in levels two
through j of the mosaic of m plus the number of primes in levels two through j of
the mosaic of n including multiplicities at the j-th level in each. Rearranging these
sums results in l//}k’l (m)+ ‘/’;,1 (n). Thus 1//;.‘,1 is 1-additive and therefore k-additive
for all . (]

Interestingly, while l//;ii is k-additive for all j and &k when i =1, for any i > 1,
‘/’7,1' is 1-multiplicative and therefore k-multiplicative for all j and k.

Theorem 2.6. Foralli > 1and j > i, l//]’f"l-(n) is k-multiplicative for all k.

Proof. Let m and n be 1-relatively prime integers with prime factorizations

plps. . ph and 'l P,

respectively. Because m and n are 1-relatively prime,

mn :p(lxlpgz pg'qlﬂlqzﬂz . qsﬁs

Further, because i > 1, l//]’f‘,l.(mn) has the same first (i — 1) levels as the mosaic
of mn and the i-th level is equal to the i-th level of v ; (mn) with multiplication
converted to addition. Thus the unchanged first level can be partitioned into the
parts that have the same first (i — 1) levels as m and n and with the i-th levels equal
to the i-th levels of y; ;(m) and y; ; (n) respectively with multiplication converted
to addition. That is,

by b
wii(mn) = pi'ps - plray'ay - ql

ay _a b

) b )
=(p{' P p¥)g)" gy - q)
= l//;kz(m) l//;ii(n):

where a, and b, are the second through i-th levels of the mosaic, with the (i + 1)-
th to j-th levels brought down to the i-th level with multiplication converted to
addition. Thus W;" ;(mn) is 1-multiplicative and therefore k-multiplicative for all k.

(|
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3. Early attempts at mosaic divisors

Many number theoretic functions are defined in terms of the divisors of n, so an
analogous concept is needed for the mosaic. In this section, we examine two early
attempts at this.

Submosaics. A mosaic can be viewed as a connected graph where the primes in
the mosaic are the vertices and there is an edge between vertices if one prime is
multiplied by the other or one is an exponent of the other. Mullin [1965] introduced
the concept of submosaics as the mosaic corresponding to a connected subgraph of
the graph of the full mosaic. Therefore, submosaics seems like a natural candidate
for a mosaic divisor.

Mullin tried to show that functions of the form

F(n)=) f(d),

where the sum is over the set of submosaics of n, are generalized multiplicative
when f is generalized multiplicative. Unfortunately, this is not true. If we let C(n)
be the set of all submosaics of 7, Mullin assumed that C (mn) = C(m) x C(n), but
this is not true as shown in the example:

2€C(13%), 17eCU7), 2-17¢C13%-17).

Givisors. The givisor, from Gillman’s divisor, was Gillman’s attempt to generalize
the concept of a divisor for mosaics. We examine this concept and its implications
in this subsection and the next.

Definition 3.1. Letn = p{' p5 - -- p;*. Each p" is a prime givisor. Then a givisor
of nis

(@) 1,
(b) a prime givisor, or
(c) a product of 1-relatively prime givisors from part (b).
We denote the set of all givisors of n by G(n) and, as an example, consider
n=2%.3%".5
The givisors of n are
G(2¥-3%".5) ={1, 2%, 397, 5, 27.397, 2¥.5, 3575, 2%.35".5).

Gillman selected this structure because the mosaic above each prime in the first
level is fixed, and the structure of the remaining mosaic does not change when a
mosaic is divided by a givisor; we are simply splitting the mosaic into two parts.



72 KRISTEN BILDHAUSER, JARED ERICKSON, CARA TACOMA AND RICK GILLMAN

In particular, givisors solve the fundamental problem that submosaics have, as we
see in the following lemma.

Lemma 3.2. For all i, G(mn) = G(m) x G(n) when m and n are i-relatively
prime.

Proof. Let the prime-power factorizations of m and n be

ap  a by by

s b
pypy - pe and gy'qy gy
respectively. Since m and n are i-relatively prime, the set of primes in the first
level of m and the set of primes in the first level of n have no common elements.
Therefore, the prime-power factorization of mn is
s b1 b b

mn=pi'py’ - Py g

If d € G(mn), then

d=p{'py - peal'qd - qf
where ¢; is either 0 or g; for i = 1,2,...,s and f; is either O or b; for j =

1,2,...,t. Now let
dy =gcd(d,m) and dp, =gcd(d, n).
Then

di=p{'py---pe and dr= q1 q2 -q,f’.
It follows that d; € G(m) and d; € G(n). Since d = d d», d € G(m) x G(n)
Similarly, if d; € G(m) and d € G(n), then didy € G(m) x G(n) and d\d> €
G (mn). Thus the sets are the same. O

Theorem 3.3. If f is an i-multiplicative function, then
Finy= > f(d)
deG(n)
is also i-multiplicative.

Proof. To show that F is an i-multiplicative function, we must show that when m
and n are i-relatively prime, F(mn) = F(m)F(n). So assume that m and n are
i-relatively prime. We know

Fmmy= > f().
deG(mn)
By the lemma, each givisor of mn can be written as the product d = d1d, where

d) € G(m) and d» € G(n), and d; and d; are i-relatively prime. So
Fmny= > f(didy).

d1eG(m),dr,eG(n)
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Because f is i-multiplicative, and d; and d; are i-relatively prime, we see that

Fmny= > D fld)f(d)= D f(d) D fld)=Fm)F(). O

d]EG(m) dQEG(n) d]EG(m) dzEG(n)

Functions defined by givisors. Givisors provide a mechanism for generalizing
functions dependent on the concept of a divisor, and in this subsection we gener-
alize three of these: 7 — the number of divisors of n, ¢ — the sum of the positive
divisors of n, and ¢ — the number of integers less than n relatively prime to n.
The function 47 (n) counts the number of givisors of 7, and hence can be com-

puted by the formula
¢T(n) = z 1.

deG(n)
The value of ,7 will always be a power of two with the exponent equal to
the number of prime divisors of n. Using Theorem 3.3 with f(d) = 1, which is
obviously i-multiplicative, we obtain:

Corollary 3.4. .t is i-multiplicative for all i.

Similarly, we define ;o (n) as the sum of the givisors of n, and compute it using

the formula
g0 (n) = Z d.
deG(n)
Again using Theorem 3.3, except with f(d) = d, which is also i-multiplicative,
we have:

Corollary 3.5. .o is i-multiplicative for all i.

We can generalize the concept of the number theoretic function ¢ (), the num-
ber of integers less than n relatively prime to n, but the canonical formula for
computing this,

b= nd)7.
d

does not generalize with it. Thus, while we can define ¢;(n) as the number of
integers less than n that are i -relatively prime to n, it is not computed by the obvious
generalization of the ¢ function, as given here:

n
ghit) = D wid)7.
deG(n)

By letting n = 23, we can compute ¢h2(n) =9, but also determine, by listing the
integers, that the number of integers 2-relatively prime to 8 is only 3. In spite of
this significant disappointment, we have:

Theorem 3.6. ,h; is i-multiplicative for all i.
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Proof.  chimm)= D wd) = 3w
deG(mn) deG(m)xG(n)
= Z Z #i(dl)ﬂi(dZ)dﬂdi
di1€G(m) dreG (n) 162
m n
= 2 wild) - D pild) - = ghilm)ghi(n). D
d1€G(m) U heGn) 2
It is worth noticing that givisors are defined independently of the levels of the
mosaic; that is, each positive integer n has the same set of givisors no matter which
level i that we consider. Thus, the values of ¢7 and o do not change as i varies,
and ¢h; only varies with i because x; changes as i varies.
To make these functions more dependent on the level i of the mosaic being
considered, we might compose them with y; 1, and examine functions of the form

gfz(n) = gf ° ll/i,l(n)-

These functions are also i-multiplicative if ¢ f is, and do vary in value with the
choice of i.
If the integer n is squarefree, then

ghioyi1(n) =ghi(n) =¢n).
Further, the function
gt o '//i,l(”)

will always result in a power of two, but in this case the exponent is equal to the
number of distinct primes in the first i levels of n. Hence, another formula is

gToyii(n)= 20i ()

4. Mivisors

Neither submosaics nor givisors capture the properties of divisors that are desired.
Submosaics do not effectively partition mosaics, and givisors are not sensitive to
the parameter i representing the levels of the mosaic. With these two concerns in
mind, we turn our investigation to a more promising generalization.

Definition of a mivisor. We define prime i-mivisors, mosaic divisor, as follows.

Definition 4.1. Let n = p{' p5?--- pi*. For each p;, a prime i-mivisor of n is

pj.‘j expanded through i levels with multiplicities above the i-th level truncated,
denoted P; ;.

Let
P(aj,l,aj,Za"' Ajs;)
Joi
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denote p?j expanded through i levels including the multiplicities a; 1,a; 2, . . ,dj.s;
on the (i + 1)-th level. For example, if

427

n =225

then

5 Eh s 437

Pio= 223 and Pl(azl 141,257 501,s1) _ P1(42’7) _ 2%

With this notation, we obtain the following definition.

Definition 4.2. If n = Hk P(a]l ) ), then an i-mivisor of n is
(a) 1,

bj1sbj2s i,
(b) P(]] S Wherel<b <aj,or

(c) a product of 1-relatively prime i-mivisors from part (b).
We denote the set of all i-mivisors of n by M;(n) and, as an example, consider

n— 23537.5 '37112

The prime 3-mivisors of n are 2375 and 37", and the set M3 (n) is
5.7 52.7 53.7 11 112 5.7 11 52.7 11
{1’ 23 ~5, 23 -5’ 23 -5, 37 , 37 , 23 -5 . 37 , 23 -5 . 37 ,

2353-7.5 . 37|1 235-7.5 '37112 2352-7_5 . 37|12 2353.7_5 '37112}
2 b b M

We immediately have the following lemma.
Lemma 4.3. Forall i, M;(mn) = M;(m) x M;(n).

Proof. Let m and n be i-relatively prime integers such that m = p{' p3® - - - p;" and

n= qf ! qu -qf “. After applying the FTA to generate i levels of the mosaics of

m and n, let

t

m— HP(a,la,2 d_/',rj) and n_HQ(bII,b,z J).

j=

Since m and n are i-relatively prime,
u
o B (ajl aj2s ;) (bj1,bj2:5bjs ;)
mn=p; p, - pt 'q] 92 ﬁ“ H HQj,i )

If d is an i-mivisor of mn, then

v
1(Ck,15Ck,25% 5Chry.) 1(ek,1€k,25" »€k,s5p.)
d:HPkt H Q ’
k=
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where for each k, P, ; = P;; for some j and 1 < ¢, <aj,and Q) ;, = Q;,; for
some j and 1 < ey, < b;,. Let d; be an i-mivisor of m such that

v
(€, 15Ck,25" 5 Chyrg)
d =[P :
k=1
Let d> be an i-mivisor of n such that
St )
/(€k,1,€k, 2, »€k,s;,
=[] e v
k=1

It follows that d; € M;(m) and d» € M;(n). Then d; and d, are i-relatively prime
and d = did>, so d € M;(m) x M;(n).

Similarly, if dy € M;(m) and d, € M;(n), then did, € M;(m) x M;(n) and
didr € M;(mn). Therefore the sets are the same. O

Theorem 4.4. If f is an i-multiplicative function, then

Fimy= > f@)
dEM,‘(n)
is also i-multiplicative.

Proof. Similar to Theorem 3.3. ([

The functions ,,7; and ,,0;. Similar to previous section, we let ,,, 7; count the num-
ber of i-mivisors of n, and it is therefore computed as

wtim= 2 1.

deM;(n)
By Theorem 4.4, we find
Corollary 4.5. Foralli, ,t; is i-multiplicative.
mTi(n) can be computed easily, as we see in the following lemma and theorem.

Lemma 4.6. Let p be a prime and o. be a positive integer. Then
wti(p®) =1+]]a;,
where a; is an element of the unfactored (i + 1) level of p”

>
P(Lll le,..‘,dk)
o .
>

Proof. 1 is an i-mivisor of p* and so is P.(i.”’bz"“’bk) where 1 < b; < a; for all
Jj. Since there are [ [ a; ways to select the set {b1, by, ..., b;}, there are 1 +[]a;
i-mivisors of p“. ([
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Theorem 4.7. Let n have the prime factorization n = p{' p3* - - - p{*. Then

s

wii) =TT (1+] ).

k=1
where a; is an element of the unfactored (i + 1) level of p;*.

Proof. Because ,,7; is i-multiplicative for all i, we see that

mTi(n) =t (p]' P52+ p%) = i (PY )t (P32 -+ - mTi (P2).

Inserting the values from Lemma 4.6, we see that

N

mr,-(n):H(l-i—Haj). O

k=1
Moving forward, we let the function ,,0;(n) sums the i-mivisors of n,
o= > d.
dEM[ (n)
By using Theorem 4.4 again, we obtain:

Corollary 4.8. ,,0; is i-multiplicative.

The function ,,¢;. Using i-mivisors, we can generalize the concept of a common
i-mivisor of two integers in the obvious way and more importantly, generalize the
notion of a greatest common divisor.

Definition 4.9. A mosaic d is the greatest common i-mivisor of m and n, when at
least one of them is not O, if all of these conditions are satisfied:

(a) d is positive;

(b) d is an i-mivisor of a and b;

(¢) if ¢ is an i-mivisor of a and b, then ¢ is an i-mivisor of d.

We write the greatest common i-mivisor of m and n as GCM; (m, n), and have
the following examples:

20 10 10
GCM; (2%, 2.5%) =1,  GeMs(2¥ 37", 2% 7) =28

Finally, we say that two integers m and n are GCM,; relatively prime if and only
it GCM; (m, n) = 1.

We can now generalize the ¢ function in a natural way, by letting ,,¢; (n) be
the number of integers GCM,; relatively prime to n that are less than or equal to 7.
Notice that this is very different from the function ¢;, which counts the number of
integers less than n that are i -relatively prime to n. The latter function only detects



78 KRISTEN BILDHAUSER, JARED ERICKSON, CARA TACOMA AND RICK GILLMAN

and responds to the presence of primes in the mosaic, whereas the former function
is sensitive to both the presence and configuration of the primes in the array. Thus,
23 is not 2-relatively prime to 32, but they are GCM, relatively prime.

Unfortunately, the obvious generalization of the summation formula for ¢ does
not compute ,,¢; and, worse still, ,,,¢; (rn) is not an i-multiplicative function, as we
see in this final example:

m$2Q2)=1, wp23)=2, n¢2(2-3) =3 # n¢2(2) - mh2(3).

5. Conclusion

In conclusion, we have generalized several number theoretic functions in terms
of the levels of the mosaic and explored their properties, building on the work
of Mullin and Gillman. Further, we refined the notion of a divisor for mosaics
so that we could begin to look at a broader class of number theoretic functions
and to develop an arithmetic for mosaics. However, there are still significant open
problems, and the first among these is to look for ways to compute ¢; and ,,¢;.
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