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New metrics and distances for linear codes over the ring F,[u]/(u’) are de-
fined, which generalize the Gray map, Lee weight, and Bachoc weight; and
new bounds on distances are given. Two characterizations of self-dual codes
over F,[u]/(u") are determined in terms of linear codes over F,. An algorithm
to produce such self-dual codes is also established.

1. Introduction

Many optimal codes have been obtained by studying codes over general rings rather
than fields. Lately, codes over finite chain rings (of which [F,[u]/(u") is an example)
have been a source of many interesting properties [Norton and Salagean 2000a;
Ozbudak and Sole 2007; Dougherty et al. 2007]. Gulliver and Harada [2001] found
good examples of ternary codes over [F3 using a particular type of Gray map. Siap
and Ray-Chaudhuri [2000] established a relation between codes over [, [u]/ (u? —
a) and codes over [, which was used to obtain new codes over F3 and Fs. In
this paper we present a certain generalization of the method used in [Gulliver and
Harada 2001] and [Siap and Ray-Chaudhuri 2000], defining a family of metrics for
linear codes over F,[u]/(u") and obtaining as particular examples the Gray map,
the Gray weight, the Lee weight and the Bachoc weight. For the latter, we give
a new bound on the distance of those codes. It also shows that the Gray images
of codes over [, + ulF, are more powerful than codes obtained by the so-called
u-(u+v) condition.

With these tools in hand, we study conditions for self-duality of codes over
Fylul/ (u"). Norton and Salagean [2000b] studied the case of self-dual cyclic codes
in terms of the generator polynomials. In this paper we study self-dual codes in
terms of linear codes over [, that are obtained as images under the maps defined on
the first part of the paper. We provide a way to construct many self-dual codes over
F, starting from a self-dual code over Fy[u]/(u"). We also study self-dual codes
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in terms of the torsion codes, and provide a way to construct many self-dual codes
over F,[u]/(u") starting from a self-orthogonal code over F,. Our results contain
many of the properties studied by Bachoc [1997] for self-dual codes over F3 + ulFs.

2. Metric for codes over F,[u]/(u")

We will use R(g, t) to denote the commutative ring F,[u]/(u"). The g’ elements
of this ring can be represented in two different forms, and we will use the most
appropriate in each case. First, we can use the polynomial representation with
indeterminate u of degree less than or equal to (¢ — 1) with coefficients in [F,, using
the notation R(g,t) = F, + ul, + uzl]:q 4+ -+ u’_l[Fq. We also use the u-ary
coefficient representation as an [F,-vector space.

Let B € M;(F,) be an invertible ¢ x ¢ matrix, and let B act as right multipli-
cation on R(g, t) (seen as [F,-vector space). We extend this action linearly to the
F,-module (R(g,1))" by concatenation of the images ¢p : (R(g,1))" — (Fy)"
given by

¢p(x1,x2, ..., xy) = (1B, x2B, ..., x,B)

An easy counting argument shows that ¢ is an [F,-module isomorphism and if
C is a linear code over R(g,t) of length n, then ¢5(C) is a linear g-ary code of
length tn.

Example 1. Consider the ring R(3, 2) = F3 + ulF3 with u> = 0. Choosing

01
o=(11)
we obtain the Gray map ¢p : (F3 +ulF3)" — [F%” with

(@+ub)B = (a b) ((1’ }) — (b a+b)

used by Gulliver and Harada [2001].
Each such matrix B induces a new metric in the code C.

Definition 1. Let C be a linear code over R(q,t). Let B be an invertible matrix
in M;(F,), and let ¢p be the corresponding map. The B-weight of an element
x € R(q, 1), wp(x), is defined as the Hamming weight of xB in (F,)'. Also, the
B-weight of a codeword (x1, - - -, x,,) € C is defined as:

n
wp (X1, -, X)) = D we(x).
i=1
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Similarly, the B-distance between two codewords in C is defined as the B-weight
of their difference, and the B-distance, dg, of the code C is defined as the minimal
B-distance between any two distinct codewords.

Example 2. In the example above, the corresponding B-weight of an element of
F3; + ulF3 is given by
wp(x) =wp(a+ub) =wy((a+ub)B)

0 if x =0,
=wyb,a+b)=31ifx=1,2,2+u,1+42u,
2 otherwise,

which coincides with the Gray weight given in [Gulliver and Harada 2001].

10
2=(11):

the corresponding B-weight of an element of [, + ulF, is given by

Example 3. Consider the matrix

0 if x =0,
wp(x)=wpla+ub)=wy((a+ub)B)=wy(a+b,b)=4 1 ifx=1,1+u,
2 ifx=u,

which produces the Lee weight w;, for codes over F, + ulF,.

01
7=(10)

the corresponding B-weight of an element of [, + ulF, is given by

Example 4. Consider the matrix

wp(x) =wp(a+ub) =wp((a+ub)B)

0 if x =0,
=wg(b,a) =1 1 if exactly one of a or b is nonzero,
2 if both a and b are nonzero,

which produces the Gray weight for codes in [Siap and Ray-Chaudhuri 2000].

The case B = I, corresponds to the special weight studied in [Ozbudak and Sole
2007] with regards to Gilbert—Varshamov bounds. A theorem similar to [Ozbudak
and Sole 2007, Theorem 3] can be obtained using special families of matrices B.
The definition leads immediately to the fact that ¢ preserves weights and distances
between codewords.

When the generator matrix of a code C is of the form G = (I M), C is called a
free code over R(q,t). In this case, we can establish the correspondence between
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the parameters of the codes; see [Siap and Ray-Chaudhuri 2000, Section 2.2]. The
case of nonfree codes will be considered later in Proposition 4.

Proposition 1. Let B be an invertible matrix over M;(F,), let C be a linear free
code over R(q, t) of length n with B-distance dp, and let ¢ be the corresponding
map. Then ¢pp(C) is a linear [tn, tk, dg]-code over F,. Furthermore, the Hamming
weight enumerator polynomial of the linear code ¢ (C) over [ is the same as the
B-weight enumerator polynomial of the code C over R(q, t).

Proof. Since B is nonsingular, ¢p(C) is a linear code over F,, with the same
number of codewords. A basis for ¢ (C) can be obtained from a (minimal) set of
generators for C, say, yi, y2, ..., yx. The set {uiyj |i =0..(t—1), j =1..k} forms
a set of generators for C as an [,-submodule. Since C is free and B is invertible,
it follows that {¢p(u'y i) 1i=0..(—1), j = 1.k} are linearly independent over
[, and form a basis for the linear code ¢3(C). Hence the dimension of the code

¢5(C) is tk. The equality of distance follows from the definition. U
In matrix form, we can construct a generator matrix for the linear code ¢p(C)
as follows. Let G be a matrix of generators for C. For each row (x1, x2, ..., x,) of
G consider the matrix representation (X, X», ..., X,) of the elements of R(q, t)
given by
ap ay az --- dr
X; = 0 ay ar -+ a—
0 0 0 --- ag
For a free code, the rows of the matrix (X B, X»B, ..., X,,B) produce ¢ linearly

independent generators for the linear code ¢5(C). Repeating this process for each
row of G, we will obtain the rk generators for ¢5(C). We denote this matrix by
¢5(G). For the case of nonfree linear codes, several rows will become zero and
need to be deleted from the matrix. A counting of these rows will be given in
Section 3.

Some choices of B can produce some optimal ternary and quintic codes as we
now illustrate.

Example 5. Consider a linear code C over [F3 4 ulF3 of length 9 with generator

matrix:
1000 u 24u 14+u 1 0
G_OIOOO u 24u 1+u 1
0010 1 0 u 24u l4u
0001 14+u 1 0 u 24u
Let
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The B-weight enumerator polynomial is given by

14+98x" +206x® +412x% +780x !0 + 1032x ' 4 1308x ' + 1224x 13
+828x % +462x" +166x'0 + 40x "7 +4x 18,

The corresponding linear ternary code ¢g(C) is an optimal ternary [18, 8, 7]-

code.
12
5=} 0):

Notice that if we take
we get a linear ternary code ¢ (C) of length 18, dimension 8, but now, with mini-
mal distance 4. The challenge now is to look for matrices B that produce optimal
codes.

Example 6. Consider a linear code C over Fs 4 ulFs5 of length 5 with a generator

matrix:
G— 10 2u 343u 4
“\01 4 2u 343u)’

(23,

The linear Fs-code ¢p(C) is an optimal [10, 4, 6]-code, with generator matrix
given by

Let

1000232203
0100233121
0010032322
0001212331

¢5(G) =

Example 7. Consider a linear code C over R(5, 3) =Fs+ulFs+ u?Fs of length 14
with generator matrix obtained by cyclic shifts of the first 5 components and cyclic
shift of the last 9 components of the vector:

(10000 u3+3u 244u 4u 04 3+u® 2+u+u* utu?).

Let
033

B=1004
332

The B-weight enumerator polynomial is given by
1424x 0432517 +80x "8 +150x 12+ 158x20+140x %' +82x 2 +-44x B +14x%4 +-4xP

and the linear [Fs-code ¢g(C) is an optimal [42, 15, 16]-code over Fs.
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3. Metrics using the torsion codes

A generalization of the residue and torsion codes for [, + ulF; has been studied in
[Norton and Salagean 2000b] where a generator matrix for a code C over R(g, 1)
is defined as a matrix G over R(q, t) whose rows span C and none of them can be
written as a linear combination of the other rows of G. Recalling that two codes
over R(q, t) are equivalent if one can be obtained from the other by permuting the
coordinates or by multiplying all entries in a specified coordinate by an invertible
element of R(q, t), and performing Gauss elimination (remembering not to multi-
ply by nonunits) we can always obtain a generator matrix for a code (or equivalent
code) which is in standard form, that is, in the form

Iy, Bip Bi3 Bis --- By, B 1+1
0 uly, uBy3 uByy4 --- uBy;, uBy;i|

G = 0 O uzlk3 u233,4 u2B3,, uzB3,,+1 ,
0 0 0 0 e ut_llkr I/lt_lBt’t+1

where B; ; is a matrix of polynomials in F,[u]/(u") of degrees at most j —i — 1.
In fact, we can think of B; ; as a matrix of the form

j—i—1
Bij=Aijo+Aijut-+ A i

where the matrices A; ; , are matrices over the field [,.
We define the following torsion codes over [ :

Ci={Xe(F,)" | 3Y e ((u')" with Xu'"'+Y e C},
fori =1...r. Itis then easy to see that these are linear g-ary codes, and we have:

Proposition 2. Let C be a linear R(q,t) code of length n, and let C;, i =1...t
be the torsion codes defined above. Then

1 GG C---CCp
(2) a generator matrix for the code C is given by
Gi=(Ir, Ai20 A130 ~++ ALi10):

3) if G; is a generator matrix for the code C;, then a generator matrix Gy for
the code C; is given by
G.
Giy1= ( ' ) .
0 -+ 0 Iy Aig1,i42,0 -+ Aig1,i41,0

Proof. Let X € C;, then there exists ¥ € ((u’))" | z := Xu'~' +Y € C. Then
uz € C. But uz = Xu' +uY e C. Hence X € Ci;1. Now, let X € C;. Then there
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exist vectors Y;,i = 1..t — 1 over (F,)" such that X 4+ Yiu +-- -+ Y,_ 7! ecC.
Thus, the coefficients of X must come from independent coefficients of elements
on the first row-group of the generator matrix G. A similar reasoning indicates that
at each stage, the remaining generators come from the independent coefficients of
elements in the next row-group of the matrix G. g

Note that the code C; has dimension k; + - - - + k;. The code C then contains
all products [0, v2, ..., v;]G where the components of the vectors v; € (R(q, t))k"
have degree at most 7 —i. The number of codewords in C is then g k1 =Dkat-+k
which can also be seen as g¥1g*1 %2 | ghitketk For the case Fo +ulF, the code
C, is called the residue code, and the code C; = C, is called the torsion code.

For X e C;, we know there exists Y € ((u'))" such that Xu'~! +Y € C. Y can
be written as

Y =u'Y +hot, withY eF},

where ‘hot’ designates higher order terms. With this notation, define the map
Fi:Ci = F,/Cin
by F;(X) = Y + Ciy1. If two such vectors Y1, Y5 € ((ui))" exist, we have
Yi=u'Y;+hot and Y»=u'Y,+hot.

Then,
Y,—-Y; =ui(72 —?1)+h0t€ C.

Therefore Y, — Y| € Ci4y and F; is well defined. It is easy to see that the maps
F; are [F,-morphisms. By its very definition, it can be seen that the image of these
maps consist of direct sums of the matrices A; ; , in a generator matrix G for C in
standard form. We then have:

Theorem 1. Let C be a code over R(q, t) with a generator matrix G in standard
form. C is determined uniquely by a chain of linear codes C; over [, and T,-
module homomorphisms F; : C; — [FZ/C,-H.

Example 8. If G = (I;;A)then C1 =C, =--- = C;. Alsok; =0 forall i > 2
and hence the code C has (¢")*' elements. These are called free codes since they
are free R(g, t)-modules. Furthermore, if A = Ag4+uB; +u’Br+---+u'"'B,_,
where B; is a matrix over [, then C; determines Ag and F;(C;) determines B;.

Example 9. Let

102 24u l4utu®
011 142u u+u?
00u 2u u+u’®
000 u? 2u?
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be a generator matrix for a code C over R(3,3). The corresponding generator
matrices for the linear codes are:

C,= (l 022 1) , a [5, 2, 3]-code over [F3,

01110
10221

C,=101110]}, a[5, 3, 2]-code over 3,
00121
10221
01110

Cz = oo121l a[5, 4, 1]-code over [3,
\00012

and the code C has (3%)2(3%)!(3)! =273 codewords.

Utilizing the torsion codes of C we can define a new weight on C and obtain a
bound for their minimum distance.

Definition 2. Let x € R(q,t) and let p be the characteristic of the field F,. Let
io = max{i | x € (u')}. Define the p-weight of x as wtp(x) = pl,ifx #0 and
wt,(0) = 0. For an element of (R(q,t))" define the p-weight as the sum of the
p-weights of its coordinates.

Note. For the case R(2,2) =F,+ul,, the p-weight coincides with the Lee weight,
and for R(p, 2) =F,+uF,, the p-weight coincides with the Bachoc weight defined
in [Bachoc 1997].

Theorem 2. Let C be a linear code over R(q,t), and let C1,C,, ..., C; be the
associated torsion codes over . Let d; be the Hamming distance of the codes C;,
then the minimum weight d of the code C with respect to the p-weight satisfies

min{p~'d; |i=1,..,t}<d < p'~d,.

Proof. Let W = (y1, ¥2,...,yn) € C with minimum weight. Then for some i,
W=u'X+Y with Y € (u'*!). Thus X € C; 1 and wt,(W) > p'- wty (X) > p'di 1.
Now take X € C; to be a word of minimum weight d,, then u'~'X, € C, and, by
the minimality of W, we have wt,(W) < wtp(u’_le) = p'~l4,. Il

It is well known [Bonnecaze and Udaya 1999; Ling and Sole 2001], that the
Lee weight for a cyclic code C over F, + ulF; is the lower bound above. Here we
show an example over [, + ulF; that attains the upper bound.

Example 10. Let C be the linear code over [, 4+ ulF,, with generator matrix

10 u 1
G_(Ol I4u u)'
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The codeword (u, u, u, u) has Lee (or 2-) weight 8, while all the other nonzero
codewords have weight 4. On the other hand C; and C; are equal with generator
matrix

Hence d| = d; =2, and min{d;, 2d,} =2 #d.

Since the p-weight coincides with the Lee weight for codes over F, + ulF»,
we obtain the general version for the Lee weight of those codes as a corollary of
Theorem 2.

Corollary 1. The minimum Lee weight of a code C over [y + ul,, satisfies
min{d, 2d,} <d <2d,

where dy, dy are respectively the Hamming distance of the residue code C\ and the
torsion code C».

Example 11. Return to Example 9 over R(3, 3) withd; =3, d» =2, d3 = 1. Hence
3 <d <9. The first and second generators combine to form a codeword of p-weight
3. Hence d = 3, and in this example the minimum weight attains the lower bound.

Example 12. Let C be the linear code over F3; + ulF3, with generator matrix

10 u 2
G= (0 1 14u u) '
There are only 4 codewords with 2 zero entries, and they have Bachoc weight (and

hence p-weight) 6. There are no codewords with Bachoc weight 3, and the Bachoc
distance d of the code is 4. On the other hand the associated ternary codes are

1002
Q=Q=Q11Q'

Thus di = d> = 2 and the Bachoc weight d lies strictly between the bounds given
above.

Corollary 2. For free codes the p-weight d satisfies: di <d < p'~'d,.

We can also use the torsion codes to study the Hamming weight of the code C.
The results given here use a straightforward proof in comparison with the proof
given in [Norton and Salagean 2000a].

For a code C over R(q,t) and w € C, we denote wy (w) the usual Hamming
weight of w. Accordingly, the minimum Hamming distance of the code will be
denoted by dy (C).
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Proposition 3. Let C be a linear code over R(q, t), and let Cy, Ca, ..., C; be the
associated torsion codes over . Let d; be the Hamming distance of the codes C;,
then the minimal Hamming weight dy of the code C satisfies

ddg =d; <di—1 <--- <dj.

Proof. Since C; C Cj41, it follows that d; 11 < d;, for i = 1..t Now let X € C;.
Then Xu'~! € C and hence dy < d,. Conversely, let w* be a codeword in C
with minimum Hamming weight dy. Let j be the maximum integer such that
u’ divides w*. Then w* = u/v and z = u' 7" 'w* = u'~'v € C. Thus b € C,,
where 0 denotes the canonical projection from R(g, )" into F,- We then have
wy(W*) > wy (D) > d;, and therefore dy > d;. O

From the above proof, the Singleton bound for C;, and the comment after Propo-
sition 2, we have:

Corollary 3. Let C be a linear code over R(q,t), and let Cy, Cs, ..., C; be the
associated torsion codes. Then:

dy <n—(ki+ky+---k)+1.
Proposition 4. ¢5(C) is a [ nt, Zle ki(t —i+1) ,d*] linear code over [, with
d* <td,.

Proof. Since u'~! divides y; for each y; in the i-th row-block of G, u*y; = 0 for
s >t —1i+ 1. Furthermore, the generators u®y; # 0 for s <t —i + 1 are linearly
independent. Since there are k; such y;, we have

dim($5(C)) =D kit — (i — 1)). O
i=1

4. Self-dual codes over [, [u]/ (u") using torsion codes

Duality for codes over [F,[u]/(u") is understood with respect to the inner product
x-y=> x;y;, where x;, y; € R(q, t). As usual, a code is called self-dual if C =C*,
and is called self-orthogonal is C € C*.

First, we give an examples of self-dual codes over R(q, t) of length n when ¢ is
even and n is a multiple of p (the characteristic of the field [F,.) The construction
mimics the C,, codes studied by Bachoc [1997] for the case t = 2.

Example 13. For ¢ even, let I = (u'/?) C R(g, t). Define the set:

n
D, = {(x1,x2,...,x,) € R(g, )" | Zx,- =0and x; —x; € I foralli # j}.

i=1
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Let X,Y € D,

n n n n
XY= inyi = Z(Xi —x1)(yi _yl)+zxi)’1 +Zx1yi —nxXiyi.
i=1 im1 im1 im1

The first term is in /% = 0, the next two terms are zero by definition and the third
term is zero since p|n. Thus D, C Dnl. Now, for eachi = 1...n, we can write
x;i = a+ b; where a is a common polynomial of degree less than ¢/2, and b; € 1
with > b; = 0. There are ¢'/? choices for a, and (¢"~')"/? choices for the b;’s,
thus

Dl = ¢'2(g""1)? = g2,

and hence D, is self-dual.

The torsion g-ary codes are as follows: fori =1, ...¢/2, C; is the code gener-
ated by the 1 word, with d; =n; and fori =¢/2+41...t, C; is the parity check
code of length n and dimension n — 1, thus d; = 2. Applying Theorem 2, we obtain

min {n, 2p'?} <d <2p'~".
But 1 and (0,0, ...,0,u'/?, —u'/?,0,...,0) € D,, hence d = min {n, 2p'/?}.

We study self-orthogonal and self-dual codes over R(q, t) taking two different
approaches. We look at the linear codes ¢5(C), and also look at the torsion codes
corresponding to C.

To study the latter we need some results on the parity check matrix of these
codes, which can be defined in terms of block matrices using the recurrence relation

t4+2—j

Dij= D —BiiDy,
k=i+1

for blocks, such that i+ j <7+1. For blocks such thati+j =7+2, D; j = u"jHij
fori =2,...,t and D11 = In—(k;+ky+..k,)- All remaining blocks are 0. From
here a generator matrix for the dual code can be obtained and we easily observe
the following relations: k1 (C1) =n— (ki +...+k;) and k;(C1) = k;_42(C) for
h=2,...,t.

A different recurrence relation for the definition of the parity check matrix is
given in [Norton and Salagean 2000a].

Proposition 5. Let C be an R(q, t) code, and let C;’s be its corresponding torsion
codes. Then

(CH)i = (Criz) ™, i = L.t

Proof. Let w € (CH)iand v € C,_i11. Then there exists z € ((u'))" with a :=
wu' ' +zeCt and y e (u' =1 withb:=ovu'""+yeC.Sincea-b=0, we
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have
0= (wu' ' +2)-u' " +y)=(w-v)u'"",

which implies w -0 =0, and w € (Ci—iz1)*. So (Ch); < (C,,iH)l. Looking at
dimensions

i i
dim((C1)) =D ki(CH) =n—(ki+...+k) + D ki_j42(C)
j=1 j=2
t—i+1
=n— > kj(€)=n—dim(Crit1) =dim(Cr—is)). O
j=1

Using the generator in standard form of a code C and forming the inner products

of its row-blocks we obtain:

Proposition 6. Let C be an R(q, t) code with a generator matrix in standard form.
C is self-orthogonal if and only if

141

Z > AijaAln=0, foreach k=0,....1—(i+1-2)~1.
h=0 j=max{i,k}

This gives us the first characterization of self-dual codes:

Theorem 3. Let C be an R(q,t) code; and let C;’s be its corresponding torsion

codes. The code C is self-orthogonal and C; = C:- i—iv1 if and only if C is self-dual.

Proof. By Proposition 5 we have (C1); = CtJ;iJrl =C; foralli =1...t. Further-
more, rk(C) = dim(C;) = dim((C1),) = rk(C™); but C is self-orthogonal, hence
C = C*. Similarly, the converse follows immediately from Proposition 5. 0

As an immediate consequence we have:
Corollary 4. If C is self-dual, then C; is self-orthogonal for all i < (t +1)/2.

Note that when 7 is odd, C|(;+1)/2; is self-dual and hence n must be even. For
the case ¢ even, we can contruct self-dual codes of even or odd length.
Proposition 6 and Theorem 3 provide us with an algorithm to produce self-dual
codes over R(q, t) starting from self-orthogonal codes over .
(1) Take a self-orthogonal code Cy over [,.
(2) Define C, := Ci-.
(3) Choose a set of self-orthogonal words {R;, R», ..., R;} in C; that are linearly
independent from Cj. Define

Cy:=(CiU{R|,Rs,...,R}) and C,_=C5.
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(4) Repeat, if possible, the step above defining C; and C,_; ;| = Cl.L until you
pI‘OdUCC CL(,_H)/QJ .
(5) For each i = 1..r, multiply the generators of {C;1; — C;} by u'. This will
produce a self-dual code.
Additional self-dual codes are obtained as follows:

(6) Form a generator matrix G in standard form, adding, where appropriate, vari-
ables to represent higher powers of u.

(7) Now we find the system of equations on the defined variables arising from
Proposition 6. Note that for fixed i,/ = 1...¢ each k will produce a matrix
equation, which in turn produces several nonlinear equations.

(8) Write this system of equations in terms of the independent variables. There
will be

I

I
~

i

equations on

t—1 t+1

Z Z (j —i — L)kik; total variables.

i=1 j=i+2

(9) By Theorem 3 every solution to this system of equations will produce a self-
dual code (some may be equivalent).

We now provide an example of this construction.
Example 14. Self-dual codes in R(3,4) :

Consider the self-orthogonal code
100012
Q_(010011)

100012
010011
001000
000100

Define

Cy:=Ci =

Since there are no more self-orthogonal words in Cy4 to append to Cy, we let C; :=
C{, and since C2l = C4 we let C3 := C4. Multiplying the rows in C3 — C, by u?
we obtain a generator matrix for a self-dual code over R(3, 4):
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0
0
u>

000 w200

1 012
0 011
0 000

S = O

Now we can form a generator matrix using variables to represent higher powers
of u obtaining

1 0 au bu l4+cu+du*+eu’ 2+ fu+gu*+hu’
01 iu ju l+kut+lu’>+mu’ 14+nu+pu’+qu’

00 u?2 0 rul sul
00 0 u? tul ou’
The equation
k t+1
Z Z Ai,J'JlA;,j,k—h =0
h=0 j=max{i,k}

produces a system of equations over F,. For example, fori =1,/ =2,k =3 we
obtain the equation

a+r+2s=0,
b+t+20=0,
i+r+s=0,
j+t+o=0.

Likewise, the remaining equations can be obtained, and we solve in terms of a
set of independent variables {a, b, h, i, j, n, p}:

c=n,
d =ai+bj +i*+ j> 4 p+2a* +2b°,
e=n(ai +bj+i*+ j>+2n* +p)+h,

f=n,
g=a*+b*+ai+bj+i*+j>+n’*+p,
k=2n,

[=i*+ j+2p+2n%,
m =n(i*+ j> +2a* +2b* 4+ ai + bj) + 2h,
g =n(a®+b*+ p+2ai+2bj +2n*) +h,

r=a-—2i,
s=1i—a,
t=b—-12j,

vo=j—>b.
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These equations allow us to generate up to 37 self-dual codes over R(3, 4). As an
example, letting all the independent variables take the value 1 except for b =0, we
obtain the self-dual code

10 u O l+utu’ 24uu’
01 u u 14+2u+u’ 1+u+u’+u’
00u> 0 24° 0

00 0 u? u’ u’

5. Self-dual codes over [, [u]/ (u") using linear images

As discussed in Section 2, given a code C over R(q, t) of length n and a nonsingular
t x t matrix B over F,, we can define a linear code ¢p(C) over F, of length
nt. In this section, we will consider an element x € R(g,?) in its polynomial
representation, and will use x for its vector representation.

Let w = (w1, wy, ..., w,) be a codeword in C. Recall that

¢3(u)) = (wlB,sz, e ,wnB).

Let E denote the square matrix

11 -1
b over .
1 0

Theorem 4. If C is self-orthogonal and BB = cE where c #0 € Fy. then ¢p(C)
is self-orthogonal.

Proof. Let R; denote the j-th row of B. Then RJ-R,(T =c, forall j+k <t+2and
RJ-RkT =0, forall j+k>t+4+2. If w,v € C, then

¢ (w)Pp(v)
n n
=> w;B®;B)" =) w;BB"D;
i=1 i=1
n t—1 n t—1 n  2t=2
=z Z wi,jRj+1RkT+1vi,k=Cz z wi,jvi,k+oz z Wi, jVi ks
i=1 j,k=0 i=1 j+k<t i=1 j+k=>t

but since C is self-orthogonal, the sum in the first term is 0. Therefore,

¢p(w)Pp(v) =0,
and thus ¢5(C) is self-orthogonal. O
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Corollary 5. If C is self-dual, BBT = cE , and
t
> kit —2i+2)=0,
i=2

then ¢g(C) is self-dual.
Proof. Splitting the equation from the hypothesis we have

t t
D kit—i+)=> k-1,
1?2 1?2 t t
2> kit =i+ D)= k-1 + D kt—i+1)=> tk,
i=2 i=2 i=2 i=2

t t
2> kit —i+ 1) =2kt + > th;.

i=1 i=2
Since C is self-dual, we know
Ct=C, and dim(C,) = rk(C).
Thus,

t
dim(C{) =rk(C) and n—ki = k.
i=1

Therefore,
t
2> ki(t—i+1)=nt,
i=l1

making the length of ¢ (C) twice its dimension. By Theorem 4, ¢p(C) is self-
orthogonal and hence ¢5(C) is self-dual. U

Let M, N be two matrices over [,. We say they are root-equivalent (M ~ N) if
M can be obtained from N by a column permutation, or a column multiplication
by an element a € [, such that a? = 1. This implies MM = NNT, and by the
definition of ¢p, we obtain the following

Corollary 6. If B ~ D in the hypothesis of Corollary 5 then ¢p(C) and ¢p(C) are
equivalent self-dual codes.

Example 15. For R(3,3), all matrices B that satisfy BB’ = cE are root-equivalent,
and therefore produce equivalent codes. Hence we can restrict ourselves to just one
such matrix, for example,

1
B={10
1

—_— N =

0
1
1
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The cases of R(2,2) and R(3, 3) are singular. For R(3,4) we have 6 different
classes of root-equivalent matrices.

In general, note that there exist self-dual codes A and matrices B with BBT #
cE whose image ¢ (A) is self-dual. For example, consider the self-dual code A
over R(3, 4) with a generator matrix

1 1 1 1 1 1

142u+u? 142u 142u+u? 142u 14+2u+u’ 142u
G = 1+u?  1+u?  14u? 1 1 1
u+u2 u u u+u2 u+u2 u

0 0 0 0 u? 2u?

Passing to standard form,

Q

Il
coco oo~
oo o 8§, =
oo §, o=
o S,o 0 =

Consider the matrix

N O ==
—_—= N O
—_— N = O
S = = O

for which BBT # cE for any c. The image code ¢5(A) is a self-dual code:

=
=
=
=
=
[\
[\
)
)
[\
[\
[\
[\
[\
[\
)

¢p(A) =

S OO OO OO OO oo
S OO OO OO OO o
ol eoBoBeoReololeoNelh =
S OO OO OO o~ OO
S OO OO OO~ O O 0o
S OO O OO = O O OO
S O OO OO NN~ O ==
S OO O OO = == O
S OO OO = OO O OO
SO OO = OO OO OO
SO ODO NN —= OO O =
S OO O = = OO~ O NN
S OO = O OO OO OO
SO = O OO OO Oo o oo
SO N — OO O OO =
SO = = OO OO~ O
SR OO OO OO Oo o oo
—_— O OO OO oo oo oo
N — O OO OO OO = -
—_—_ 0 O O O OO~ ON
(=3 S el S el Vel S el eNel
N O O OO OO
— N RN RN =R DNDO =N
[NSTNN ST (O N NS I (S I (S S R e i
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