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Yet another generalization of frames
and Riesz bases

Reza Joveini and Massoud Amini

(Communicated by David Larson)

A frame is a sequence of vectors in a Hilbert space satisfying certain inequalities
that make it valuable for signal processing and other purposes. There is a formula
giving the reconstruction of a signal (a vector in the space) from its sequence of
inner products (the Fourier coefficients) with the elements of the frame sequence.
A g-frame, or operator-valued frame, is a sequence of operators defined on a
countable ordered index set that has properties analogous to those of a frame
sequence.

We present a new approach to the matter of defining a Hilbert space frame,
indexed by an ordered set, when the set is a measure space which is not necessar-
ily purely atomic. Continuous frames have been widely studied in the literature,
but the measure spaces they are associated with are not necessarily ordered in
any way. Our approach is to make the measure space a directed set, and then
replace the sequence of vectors (or operators) with a net indexed by the directed
set, obtaining a natural generalization of the usual notion of generalized frame.
We show that this definition makes sense mathematically, and proceed to obtain
generalizations of several of the standard results for frame and Bessel sequences,
and also Riesz bases, g-frames and operator-valued frames.

1. Introduction

Frames are generalizations of bases in a Hilbert space. They were introduced
and studied in [Duffin and Schaeffer 1952] and [Daubechies et al. 1986]. They
have been recently of special interest because of their applications in signal pro-
cessing. The interested reader is referred to [Christensen 2003; Daubechies 1992;
Feichtinger and Strohmer 1998; Grochenig 2001; Han and Larson 2000; Heil and
Walnut 1989; Yong 1980] for theory and applications of frames. Throughout this
paper, U and V are two Hilbert spaces and {V,,, : m € M} is a net of subspaces of
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V,B(U, V,) is the collection of all bounded linear operators from U into V,, and
(M, u) is a measure space.

Definition 1.1. We call a net {A,, € B(U, V,,) : m € M} a generalized frame or
simply a g-frame for U with respect to {V,,, : m € M} if

(a) for each f € U, there is a measurable function f : M — V,, such that f(m) =
A f, and

(b) there are positive constants A and B such that
Alfly = WG, = BIflly (f€U). (1-1)
We call A and B the lower and upper frame bounds. We call {A,, : m € M}

(1) atight g-frame if A = B;

(i1) an exact g-frame if it ceases to be a g-frame whenever any of its elements is
removed;

(iii) a g-frame for U whenever the net {V,, : m € M} is clear from the context;

(iv) a g-frame for U with respect to V whenever V,, =V, for eachm € M.

Various generalizations of frames have been proposed [Aldroubi et al. 2004;
Asgari and Khosravi 2005; Casazza and Kutyniok 2004; Christensen and Eldar
2004; Feichtinger and Strohmer 1998; Fornasier 2003; Grochenig 2001]. We take
as our starting point the generalization presented in [Sun 2006]. Our definition
above is just the definition of g-frames in [Sun 2006] when the measure space
M is countable, u is the counting measure and V,, = C for m € M. The case
when M is not countable could be of interest when one deals with nonseparable
Hilbert spaces (such as Hilbert space completions of the space of almost periodic
functions). Thus our present work can be regarded as a nonseparable version of
[Sun 2006]. For instance Examples 3.4 and 3.5 in that reference are outside the
scope of Sun’s definition when the Hilbert space has no countable Riesz basis, but
they fit in our framework.

2. g-frame operators and dual g-frames

Let {A,, : m € M} be a g-frame for U with respect to {V,, : m € M}. Define the
g-frame operator S by

S = [ Ao f dieton, @)
M

where A* is the adjoint operator of A.
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Lemma 2.1. Let (Q, u) be a measure space, X and Y are two Banach spaces,
A1 X — Y be a bounded linear operator and f : Q — X be a measurable function.

Then
z(/gfdu) =/Q(/1f)du-

Next we want to show S is self-adjoint operator. For any f;, f> € U we have
(S 52 = ([ Annsiduny, f)= [ AuAwfi S duion)
M M

=/M(f1,/\:1Amf2)d,u(m)=<f1,/MA:,Amf2d#(m)>=<f1,Sf2)-

Moreover, S is a bounded operator because

131 = sup 1571 = ”f«ﬁEI“/M Ny f du(m)| Snfﬁf&(/M 1A% A f 1l dgeom)

= sup / (Amfs A )" dpe(m) = sup / |7l due(m) < B.
I fll=1JM Ifl=1JM

Since All fII* < (Sf, ) < ISFI I fIl, we have

ISFIF = AlFI,

which implies that S is injective and SU is closed in U. Let f; € U be such that
(f1, Sf2) =0, for each f; € U. This implies that Sf, = 0 and therefore f, = 0.
Hence SU = U. Consequently S is invertible and ||S~!| < %. For any f € U we
have

p=ss7y=ssr = [ AAST dun = [ ST AT dun),
M M
Let A, = A, S™'. Then the above equalities become
7= [ Nuhasduon = [ Rydns dutm. 22)
M M

We now prove that {A,, : m € M} is also a g-frame for U with respect to the set
{V,, :m € M}; in fact for any f € U we have

/M||Amf||2du=/M||AmS—1f||2du=/<Ams—1f,AmS—1f>dﬂ
_ / (A5 ARS™ . 571 F) du
M

1
=(SST'A ST =(f57f) < lefllz-
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On the other hand, since

||f||2=/ (A% Awf, f) du =/ (Amfy A f) dt
M M

< ([ i8nsan) ([ Whasian) "< 82100 [ 1R s P i)

we have

A 2 1 2
1Am fIFdp = Z I
M

Hence, {1~\m :m € M} is a g-frame for U with frame bounds A~! and B~'. We
call it the (canonical) dual g-frame of {V,,, : m € M}.
Let S be the g-frame operator associated with {A,, :m € M}. Then, for f € U,

ng:/ Si\j;,i\mfdﬂ:/ SSTIAX AWST fdu
M M

=/ NoAW S fdu =S5 f = f
M

Hence S = S~! and 1~\m§_1 = A, S7'S = A,,. In other words, {A,, : m € M} and
{/~\m :m € M} are dual g-frames with respect to each other.

Remark 2.2. We can always get a tight g-frame from any g-frame {A,, : m € M}.
In fact if we put {Q,, = A, S"/? : m € M}, it is easy to check that {Q,, : m € M}
is a tight g-frame with the frame bound 1.

Lemma 2.3. Let {A,, : m € M} be a g-frame for U with respect to {V,, : m € M}
and A, = A, S~'. For any g,, € V,, satisfying f = fM Ay, gmdp, we have

/ngmuzdu:/ ||Amf||2dﬂ+/ lgm — An £12d.
M M M

Proof. 1t is easy to check that for every f € U,
/ IAm 17 du =/ (A fs AnS™' f)du =/ (Ao Anf, S7' f)du
M M M
= [ WS 1= [ Lo AnS™ )
M M
:/ (gm> A f) dut,
M
and the conclusion follows. O

3. Generalized Bessel nets, Riesz bases and orthonormal bases

Similar to generalized frames, we can define generalized Bessel nets, Riesz bases,
and orthonormal bases.
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Definition 3.1. Let A,, € B(U, V,,), form € M.
(1) If the right hand inequality of (1-1) holds, then we say that {A,, : m € M} is
a g-Bessel net for U with respect to {V,,, : m € M}.
@Gi) If{f: A f=0(me M)} ={0} then we say that {A,, : m € M} is g-complete.
(iii) If {A,;, : m € M} is g-complete and there are two positive constant A and

B such that for any measurable subset M| C M of finite measure, and g, €
Vm; me Ml!

2
T Y R P
M, M, M,

then we say {A,, : m € M} is a g-Riesz bases for U with respect to the set
(Vi :m e M}.

(iv) We say {A,, : m € M} is a g-orthonormal basis for U with respect to the set
{Vin : m € M} if it satisfies the following equalities:

<A:<n|gmp Azlzgtnz):émlmg(gmla gmg) (mla myeM, 8m, € lea 8m, € sz) (3'1)

/MllAmf||2d,u(m)=||f2||, (f e ). (3-2)

Characterization of g-frames, g-Riesz bases and g-orthonormal bases. Consider
A €B(U, V,); we do not have other assumptions on A, at the moment. Suppose
that {e;; »,n € Ny} is an orthonormal basis for V,,, where N,, is an index set of
arbitrary cardinality. Then

f = <A’71f) em,n)
defines a bounded linear functional on U, so we can find u,, , € U such that

(fa um,n) = (Amfa em,n>; (3'3)
hence
Anf =D {fsttmndemn. (3-4)
neN,,

Since 3, oy 1 fs tmn)IF = 1Am fII < AR 11112, the family {ty, , : 7 € Ny} is
a Bessel net for U, and it follows that for any f € U and g € V,,,,

(fs Ajng> =(Anf, 8 = Z (f, Mm,n)(em,n: g) = <fa Z (g, em,n)”m,n>-

neENy, nenN,,
Hence
A;;g = Z (8, em,n)“m,n (g € Vm) (3-5)
neN,

In particular,
Unn=Npemn (meM,neNy). (3-6)
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We call {u,, : m € M,n € Ny} the net induced by {A,, : m € M} with respect
to {em,n : n € Ny, m € M}. With these representations for A’ and A,,, we get
characterizations of generalized frames, Riesz bases and orthonormal bases.

Theorem 3.2. Let A,, € B(U, V,,) and u,, ,, be defined as in (3-3).
(1) {Ay :me M} is a g-frame (alternatively a g-Bessel net, tight g-frame, g-Riesz
basis, or g-orthonormal basis) for U if and only if {u;, , :m € M,n € Ny} is
a frame (Bessel net, tight frame, Riesz basis, orthonormal basis) for U.

(1) If {Am :m € M} is a g-frame, then
> dimV,, > dimU
meM
and the equality holds whenever {A,, : m € M} is a g-Riesz basis.
(iii) The g-frame operator for { A\, : m € M} coincides with the frame operator for
{umn:meM,ne Ny}
(iv) {Ap :m € M} and {A,, : m € M} are a pair of (canonical) dual g-frames if
and only if the induced net are a pair of (canonical) dual frames.

Proof. (i) We see from (3-4) that

2 _ 2
[ WAn R dun = [ 1P dutm. (7 <0,

nenN,,

Hence {A,, : m € M} is a g-frame (respectively g-Bessel net, tight-frame) for U if
and only if {u,, , :m € M,n € N,,} is a frame (respectively Bessel net, tight frame)
for U.

Next assume that {A,, : m € M} is a g-Riesz bases for U. Since {e,, , : n € Ny}
is an orthonormal basis for V,,,, every g, € V},, has an expansion of the form g, =
ZneNm Cm.n€m.n> Where {c,, , :n € Ny} € I2(Ny,). Tt follows that

A/ llgmll*dpe < || A,’;gmdﬂusz/ Il gmI* die
M, M, M,

is equivalent to

af (Ztensf)an=| [ (32 o) ['=5 [ (X tensl)an

neN, nenN,

On the other hand, we see from A, f = ZneNm (f, Um,n)em,n that

{f:Anf=0meM)}={f:(fiuma)=0(meM,neNy,)}

Hence {A,, :m € M} is g-complete if and only if {u, , :m € M, n € N,,} is complete.
Therefor {A,, :m € M} is a g-Riesz basis if and only if {u;, , :m € M, n € Ny} is
a Riesz basis.
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Now assume that {A,, : m € M} is a g-orthonormal basis. It follows from (3-1)
and (3-3) that

<”m1,n1a umg,n;) = <Am2”m1,n1: emg,ng) = (Ajnzemz,nzs Mml,n1>

— * _ * * _
= <Am1Amzemz,nz’ €my,ny) = <Amlem1,n1’Amzem,nz> = Omy,my0ny,ny

for mi,mp, € M, ny € Ny,, no € Ny,. Hence {u,, ,,m € M,n € N,} is an or-
thonormal net. Moreover, observe that

||f||2=/M||Amf||2dﬂ=/M(z|(f,um,n)|)dﬂ (f €.

neN,,

Therefore {u,, , : m € M,n € N,} is an orthonormal basis.
For the converse, we need only to show that (3-2) holds. In fact, we see from
(3-5) that for any my #ma € M, gm, € Vi, 8my € Vin,»

<A:118m|aA:128m2>=< Z (8my1> €my,n ) tbmy > Z (8mz>em2,nz>”mz,nz>:0>

n1E€Np, 12€Np,

and form e M, g1, g2 € Vp,
<A:<ngla A:,gﬁ = < Z (gl: em,m)”m,nla z <g27 em,n2>um,n2> == (gl: g2>
ni1eENy, n2€Ny
Now the conclusion follows.

(i1) Since the cardinality of a frame is no less than that of the basis, we have
#um, :meM,n e Ny} >dimU. Moreover, we see from (i) that the equality
holds whenever {A,, : m € M} is a g-Riesz basis.

(iii) We see from (3-4) and (3-5) that, for f € U,

| Mt du= [ (3 At emnlitn)

nenN,,

=/M( Z< Dt emn em,n>um,n) du

neN, n'eN,

- /M (3 4ttt ) d

neN,,

Hence the g-frame operator for {A,, : m € M} coincides with the frame operator
for {uyn:meM,ne Ny}

(iv) This is the content of (i) and (iii). O
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Corollary 3.3. {A,, : m € M} is a g-Bessel net with an upper bound B if and only
if for any measurable subset M| C M of finite measure,

2
|| Andul <5 [ tgnl?an
M, M,

Corollary 3.4. A g-Riesz basis {A,, : m € M} is an exact g-frame. Moreover, it is
g-biorthonormal with respect to its dual {A\,, : m € M} in the sense that

(A;k,,lgml, A,Zzgmz) = a‘ml,m2<gm17 gm2> (mla my e M, 8m, € lea 8my € sz)

Corollary 3.5. A net {A,, : m € M} is a g-Riesz basis for U with respect to the set
{Vin : m € M} if and only if there is a g-orthonormal basis {Q,, : m € M} for U
and a bounded invertible linear operator T on U such that Ay, = Q,, T, m € M.

Proof. Let {e;, , : n € Ny} be an orthonormal basis for V,,, m € M. First, we
assume that {A,, : m € M} is a g-Riesz basis for U. By Theorem 3.2, we can find
some Riesz basis {u,, , : m € M,n € Ny} for U such that

Amf: z(fv Mm,n)em,n-

neN,,
Take an orthonormal basis {”%,n} for U and define the operator T on U by
T*u?n’n =Upn.

Obviously, T is a bounded invertible operator. Let Q,,, € B(U, V,;,) be such that

Onf = ZnENm<f’ u%’n)em,n. Again by Theorem 3.2, {Q,, : m € M} is a g-
orthonormal basis for any f € U, and

OuTf =D (Tfiul Nemn= D (f.T ud Yemn

neN,, neN,,
= Z (Tf, ”m,n)em,n =Anf.
neN,,

Hence A,, = 0,,T, foreachm € M.

Next we assume that {Q,, : m € M} is a g-orthonormal basis and A,, = Q,,T
for some bounded invertible operator 7. Then {A,, : m € M} is g-complete in
U and we can find orthonormal basis {u?n,n :m € M,n € Ny} for U such that

me = ZneNm<f5 ugl’n>em’n- HCHCC

Anf =D (Tful emn= D (f,T*ul), )emn,

neNy, neN,,

and we see from Theorem 3.2 that {A,, : m € M} is a g-Riesz basis. U
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Excess of g-frames. By Theorem 3.2, g-frames, g-Riesz basis and g-orthonormal
bases have properties similar to those of frame, Riesz bases and orthonormal bases,
respectively. However, not all the properties are similar. For example, Riesz bases
are equivalent to exact frames, but this is not the case for g-Riesz bases and exact
g-frames.

In fact, we see from Theorem 3.2 that a g-Riesz basis is also a g-frame, while
the converse is not true. This is not surprising, since one element of a g-frame
might correspond to several elements of the induced frame.

A natural problem arises: given a measurable subset M| C M with u(M;) > 0,
when is {A,, :m € M — M} a g-frame?

Theorem 3.6. Let {A,, : m € M} be a g-frame for U with respect to {V,,, : m € M}
and {A,, : m € M} be the canonical dual g-frame. Suppose that M| C M and
#(My) > 0.

(1) If there is some gy € V,,y — {0} such that /~\m/A;"n,go = go, for any m’ € My,
then {A\,;, : m € M — M} is not g-complete in U.

(i1) Ifthere is some fo € U — {0} such that A;:l,;\m/fo = fo,for any m’ € My, then
{Ay :m e M — M} is not g-complete in U.

@ii) If I — A;"n,]\;"n, orl — /~\m/A;"n, is bounded invertible on V,,, for any m' € My,
then {A,, :m € M — M} is a g-frame for U.

Proof. (i) Since Afn,go € U, we have from (2-2)

A:l,goz/MA;;]\mA;/gody.

Put v, = O’ m80. We have

A} 80 :/ N Oy m .
M
It follows from Lemma 2.3 that

/ 0momll* dp = / IAm A goll* du + / I Am AL 80 = Omo,m 1%
M M M

and so
lgoll* = llgoll* +2 / 1Am Ay goll* dut.
M—M,
Hence /~\mA:§1, go =0, for each m’ € My and almost all m € M — M;. This means
that Am[\;,go = AmS_lA;‘;,go = AmAfn,go = 0, for almost all m # m’. But
(s, 80, Asygo) = (A A% 80, 80) = llgoll* > 0, which implies that A%, go # 0.
Hence {A,, : m € M — M} is not g-complete in U.
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*, fo= A fo. Now

m

(ii) Since A%, A, fo = fo # 0, we have A, fo # 0 and A,y A
the conclusion follows from (i).

(iii) Since A, = A S~! where S is the g-frame operator for {A,, : m € M}, we
have
I = Ay =1—ApwST'AY, =1~ ApwAL,.

Let A and B be the lower and upper frame bounds for {A,, : m € M}. For any
f € U, we have

f =/M[\;;Amfdﬂ.

Hence, for each m’ € M,

M

Therefore
= A AN A f = A NS A, f du. (3-7)
M—M,
Note that
- 2 - 2
|| swRisnsan| = sw [/ Awkinardu)
M—-M, gEVm/)Hg”=l M—M,

- 2
= sup ‘/ (A f, AmA;;,g)d,u|
lgll=1"J M—M,

< / | AwfI2du sup / 1R AL g1 di
M—M, llgll=1JM

1 2 2
= 1A [ Am fII"dp.
M—M,

We see from (3-7) that
2 Sl L 2 2 /
A fII7 < I = A Ay) ™l 1 1Al IAm fII7dp (m" € My).
M—M,
Hence
[ iansPdu=c [ AP dn
M M—M,

Therefore, for f € U,

A 2 2 2
Ellfll < | Am fNI"du < Bl fI°
M—M,

This completes the proof. (]
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4. Applications of g-frames

Atomic resolution of bounded linear operators. Here we give an application of
g-frames. Let {A,, : m € M} be a g-frame for U with respect to {V,, : m € M}.
Suppose that {A,, : m € M} is the canonical dual g-frame. Then for any f € U,
we have f = [\, A5 A, fdu= [, As Ay f du. Tt follows that

1U=/ Aj‘n[\md,u:/ AF Apdu. “-1)
M M

Let T be a bounded linear operator on U. We see from (4-1) that
T=/ TAS Ay d,u=/ TAS Ay dy:/ AX A, T d,u=/ AXApTdu. (4-2)
M M M M

Construction of frames via g-frames. Let {A,, :m € M} be a g-frame for U with
respect to {V,,, : m € M}. We see from Theorem 3.2 that

{mpn:meM,ne Ny} ={A,enn:meM,neN,}

is a frame for U, where {e,, , : n € Ny, } is an orthonormal basis for V,,. However,
it might be difficult to find an orthonormal basis for V,, in practice. Fortunately,
orthonormality is not necessary to get a frame. In fact:

Theorem 4.1. Let {A,, : m € M} and {A,, : m € M} be a pair of dual g-frames for
U with respect to {V,, : m € M}, and {gmn n : n € Ny} and {gm,n 1 n € Ny} be the
corresponding pair of dual frames for V,,, respectively. Then

{AXgmn:meM,neN,} and {Angnn:meM,ne Ny,

are a pair of dual frames for U, provided that the frame bounds for {gn » :n € Ny}
satisfy C1 < A, < By, < Ca, for some constants Cy, Co > 0.

Moreover, suppose that {\,, : m € M} and (A : m € M} are canonical dual
g-frames for U, {gn.n :n € Ny} and {gm,, : n € Ny} are canonical dual frames
for Vi, and {gy , : n € Ny} is a tight g-frame with frame bounds A,, = B, = A,
m e M. Then {A),gnn:m e M,n € Ny} and {]\;;gmn :m € M,n € Ny} are
canonical dual frames for U.

Proof. Note that (f, A} gm.n) = (Amf, 8m.n). It is easy to see that {A} gy :

m

meM, neN,}and {[\;;gm,n :m € M,n € Ny} are frames for U. On the other
hand, for any f € U, we have

/ (Z (fs A;gm,nm;gm,n) du = / Ay D (A ks gman)gmn di
M M

neN,, neN,

:/M[\;;Amf:f.
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Similarly we can get

/M( > A ) Aygmn ) die = .

neN,

Hence {A},gmn:meM,n € Ny} and {]\;;gm,n :m e M,n € N,} are dual frames
for U.

Next we assume that {A,, : m € M} and {A,, : m € M} are canonical dual g-
frames and {g;, , : n € N,,} is a tight frame with frames bounds A,, = B,, = A.
Then g, = Al gmnn- Let Sp and Sp o be the frame operators associated with
{Ap,:m e M} and {A}, gn.n:m e M,n € Ny}, respectively. Then, for f € U,

Snef = /M (D0 Apgmn) A ) di

neN,,
=/ (A;v: Z (Am f, gm,n>gm,n) d,ll = A/ A;Amf d,u =AS\ f.
M neN, M
Hence
_ I ~
SA,lgA;;gm,n = ZSAIA;gm,n = A;;gm,n (meM,neNy).
This completes the proof. (]
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