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A linear subspace B of L(H) has the property P; if every element of its pre-
dual B, has the form x 4+ B, with rank(x) < 1. We prove that if dim H < 4
and B is a unital operator subalgebra of L(H) which has the property P;, then
dim B < dim H. We consider whether this is true for arbitrary H.

1. Introduction

The duality between the full algebra L(H ) of bounded linear operators on a Hilbert
space H and its ideal L, of trace class operators plays an important role in invariant
subspace theory. Indeed, it is easy to use rank one operators in the preannihilator
of an operator algebra B to construct nontrivial invariant subspaces for B and con-
versely (see [Larson 1982]). In his proof that subnormal operators are intransitive,
S. Brown [1978] focused attention on a more subtle connection between rank one
operators and invariant subspaces. He showed that certain linear subspaces B of
L(H) have the following property: every element of its predual B, has the form
x 4+ B, with rank(x) <1, where B) = {a € L, : Tr(ba) =0, for all b € B} is the
preannihilator of B. This was called the P; property in [Larson 1982]. D. Hadwin
and E. Nordgren [1982], and independently the third author, observed the connec-
tion between this property and reflexivity. Although neither property implies the
other, if an algebra B has property P; and is also reflexive (B = AlgLat(B)) then
so are all of its ultra-weakly closed subalgebras.

Azoff obtained many results about linear subspaces of L(H) which have the
property P;. Among them, he proved the following simple, but beautiful, result
by using ideas from algebraic geometry. If dim H = n € N and a linear space
S C L(H) = M, (C) has the property P;, then the dimension of S is no larger than
2n — 1. Furthermore, there exists a subspace S C M, (C) which has the property P;
and dim S =2n —1. For an expository account of these and related results, we refer
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to [Azoff 1986], where linear spaces with the property P; are called elementary
spaces. For this article the original term P; seemed more suitable because we want
to work with the more general property Py in the same context.

In this paper we consider the analogue of Azoft’s result for the subcase of unital
operator subalgebras in L(H) = M,,(C) (an operator algebra is unital if it contains
the identity operator of L(H)). If B is the diagonal subalgebra of L(H), it is easy
to show that B has property P; and dim B = n. In Section 5 we show that if n <4
and B C M, (C) is a unital subalgebra which has property Py, then dim B <n. It
is natural to conjecture that this is also true for arbitrary n. We make this formal:

Question 1. Suppose dim H =n e Nand B C L(H) = M, (C) is a unital operator
algebra with property P;. Must dim B < n?

Note that if the above conjecture is true, then we can deduce Azoff’s result as a
corollary. Indeed, if S C L(H) = M,(C) is a linear space with property Py, then

B= {(g i) )eC,s e s} C L(H®) = M,,(C)
is a unital operator algebra with property P; [Kraus and Larson 1986; 1985; Azoff
1986]. So dim B < 2n implies dim § < 2n — 1.

An algebra B C L(H) is called a Py algebra if A has property P;. An algebra
B C L(H) is called a maximal Py algebra if whenever A is a subalgebra of L(H)
having property P; and A D B, then A = B. We consider a subquestion of Question
1.

Question 2. Suppose dim H =n e Nand B C L(H) = M, (C) is a unital operator
algebra. If B has property P and dim B = n, is B a maximal P, algebra?

In Section 3 and Section 4, we prove that if a unital P; subalgebra B € M, (C)
is semisimple or singly generated and dim B = n, then B is a maximal P; algebra.

In [Larson 1982], the third author showed that if a weakly closed operator
algebra B has property Pj, then B is 3-reflexive [Azoff 1973], that is, its three-
fold ampliation B® is reflexive. (This result also holds for linear subspaces with
the same proof). He raised the following problem: Suppose dim H = n € N and
B C L(H)= M, (C) is a unital operator algebra with property P;. Is B 2-reflexive?
Note that this question also makes sense for linear subspaces. Azoff [1986] showed
that the answer to the above question is affirmative for n =3 (for all linear subspaces
of M5(C) with property P;). Very little additional progress has been made on this
problem since the mid 1980’s. The purpose of the research project resulting in this
article was to push further on this problem. In Section 6 of this paper, we will
show that the answer to the above question for unital algebras is also affirmative
for n = 4. The proof requires a detailed analysis of several subcases undertaken in
the preceding sections.
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We would like to pose the following subquestion.

Question 3. Suppose dim H =n eNand B C L(H) = M, (C) is a unital operator
algebra with property P; and dim B = n. Is B 2-reflexive?

Throughout this paper, we will use the following notation. If H is a Hilbert
space and 7 is a positive integer, then H" denotes the direct sum of n copies of
H, that is, the Hilbert space H®- - -@ H. If a is an operator on H, then a™ denotes
the direct sum of n copies of a (regarded as an operator on H™). However, we
will use I, instead of 7™ to denote the identity operator on H™. If B is a set of
operators on H, then B®™ ={p™ : p e B).

This paper focuses on problems concerning operator algebras and linear sub-
spaces of operators in finite dimensions. All of our results and proofs are given for
finite dimensions. However, many of the definitions are given in the mathematics
literature for infinite (as well as finite) dimensions, where the Hilbert space is
assumed to be separable. The Hahn—Banach theorem and the Riesz representation
theorem, the definitions of reflexive algebras and subspaces, the properties P; and
Py, are all given in the literature for infinite dimensions, but we will only use them
here in the context of finite dimensions. In cases where proofs of known results
are given for the sake of exposition, we will usually just give the proofs for finite
dimensions. However, we will adopt the convention that if the statement of a result
or definition in this article does not specify finite dimensions, then the reference
we cite actually gives the infinite dimensional proof, or, if no reference is cited,
then the proof we provide is in fact valid for infinite dimensions.

We will use some standard notation: If A € L(H), it is common to use Alg(A)
to denote the algebra generated by A and / and Alg,(A) to denote the algebra
generated by A alone. If L is a lattice of subspaces, then it is also common to use
Alg(L) to denote the algebra of operators that holds each element of L invariant.
The meaning of the use of Alg(-) will be clear from context so there will be no
ambiguity.

2. Preliminaries

Let H be a Hilbert space with dim H = n. Then L(H) = M,(C). Let {¢;}7_, be
an orthonormal basis of H. If a € L(H) = M,,(C) is an arbitrary operator, then the
trace of a is defined as

Tr(a) = ) _(aci. e;).
i=1
Itis easy to show that Tr(a) does not depend on the choice of {e;}_,. Moreover, the
trace has the important property that Tr(ab) = Tr(ba) foralla, b € L(H) = M, (C).
In this case, the space of trace class operators on H, denoted L., can be identified
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algebraically with M,,(C), and is equipped with the trace class norm
lally = Tr((@*a)'"?).

Recall that the dual of a linear space is the space of all (continuous) linear func-
tionals on the space. In the case of L, = M, (C), every linear functional on L, has
the form a — Tr(ab) for some b € L(H) = M,(C). In this way, L(H) is identified
as the dual space of L, and L, is called the predual of L(H). If S C L(H) is a
linear subspace, then as a linear space itself S can be identified as the dual of the
quotient linear space L./S,, where S| = {a € L,|Tr(ba) = Ofor all b € S} is the
preannihilator of S. Here, as usual, the quotient space L,/S; means the set of all
cosets of L, {x+ S, |x € L,}. We also write x + S, as [x]. We write S, = L,/S.
The duality between S and S, is that if [x] € S, for some x € L, and associate the
linear functional on § given by

b— Tr(bx), forallbes.

This is well defined by the definition of S, . In order to obtain S as exactly the
dual of the space S, one needs to apply a version of the Hahn—Banach theorem
[Han et al. 2007]. We say a linear subspace S of L(H) = M,,(C) has property P;
if every element of its predual B, has the form x + B, with rank(x) < 1.

Let B C L(H) = M,(C) be a unital operator subalgebra. If z € L(H) is
an invertible operator, elementary computations yield (zBz~')| = z7'B,z and
(zBz™ "), = z7!B,z, where the multiplication action of z on the quotient space B,
is given by

1

'+ Bz=z""xz+z'Biz=z""xz+ @Bz Y.

From this it is easy to see that if B has property Py, then so does zBz~!. It is also
true that B has property P, if and only if its adjoint algebra B* = {b*|b € B} has
property P;.

Lemma 2.1 [Larson 1982]. An algebra B has property P, if and only if every
element b* € B* has the form x + B} with rank(x) < 1.

Proof. Only ifis trivial. Suppose every element b* € B* has the form x + B with
rank(x) < 1. Note that for each b € B and each b, € B, Tr(bb ) =0. This implies
that L(H) = B* @ B, with respect to the inner product (x, y) = Tr(y*x). So for
eachae L(H),a=b*+b, forsome b* € B*and b, € B, . Therefore,a=x+ B
with rank(x) < 1 by the assumption of the lemma. ([

Lemma 2.2. Let B be a subalgebra of L(H). If B has property Py and p € B is a
projection, then pBp C L(pH) also has property P;.

Proof. Suppose z € By and b € B. Then Tr(pbppzp) = Tr(pbpz) = 0. So
pzp € (pBp).. For each a € L(H), there exists a b; € B, such that the rank of
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a—+ b, is at most 1. So the rank of pap + pb, p = p(a+ b )p is at most 1. This
proves the lemma. O

Recall that a vector £ € 9€ is a separating vector of B if b& = 0 for some b € B
then b = 0. We say that B has the separating vector property if it has a separating
vector. A direct sum of subspaces with the separating vector property has the
separating vector property (take the direct sum of the separating vectors). If B is
similar to a subspace with a separating vector, then B has a separating vector. (If
B=TCT™', and x separates C, then Tx separates B).

Lemma 2.3. If Alg(A, I) is a singly generated unital subalgebra of L(H) with H
finite dimensional, then B has a separating vector.

Consider a Jordan block B. The vector

0

0

1
separates B. Since any matrix is similar to a finite direct sum of Jordan blocks,
and each Jordan block has a separating vector, the result follows.

The following result is the finite-dimensional special case of Proposition 1.2 of
[Herrero et al. 1991].

Theorem 2.4. If B is a subalgebra of L(H), with H finite dimensional, such that
either B or B* has a separating vector, then B has property P;.

Property Py, a generalization of property P;, was also introduced by the third
author in [Larson 1982]. Recall that an algebra B has property Py if every element
of its predual B, has the form x + B, with rank(x) < k.

Lemma 2.5 [Larson 1982]. Let B be a subalgebra of L(H). Then B has property
P, if and only if B® = (b®|b e B} c L(H®) has property Py.

Proof. “=". By Lemma 2.1, we need to show that each operator (b*)(k), beB,
can be written as f 4+ B with rank(f) < 1. Note that

k
BV = {Gipixklxin + -+ +x € BL} D {(xijkxklxi -+, Xee € BL} .

By the assumption, B has property P;. So there exists a b € B, such that the
rank of b* + b, is at most k. We can write b* +b; =& Q@n + -+ & Q i,
where & ® n; is the rank one operator defined by & ® n;(§) = (&, n;)&;. Let
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Zii = k& ®ni — Zlfrsk & ®n,,1<i<k,and let

zin k& ®ny - k& Qi
k&1®@m oz - k& @mi

k&1 ®@m k&E®mn2 -+ Zik
Then 7 € B(f) and

E1®m £2@m -+ &®m

§1®@m L®m - & Qnk

is a rank 1 matrix.

“=". By the assumption, for each a € L(H) there exists z € ijl) such that the
rank of a™ + 7 is at most 1. Write z = (Zij)kxk- Then zy; +- -+ +zx € B and
the rank of a + z;; is at most 1. So the rank of

1 1
at @uAt- )= @ta) 4+ @t m))

is at most k. O

Corollary 2.6. If B is a subalgebra of L(H) and dim H = k, then B® ¢ L(H®)
has property Pj.

3. Semi-simple maximal P; algebras

Suppose B is a subalgebra of M, (C) which has property P;. Recall that B is
a maximal Py algebra of M, (C) if whenever A is a subalgebra of M, (C) having
property P; and A © B, then A = B. The main result of this section is the following
theorem.

Theorem 3.1. Let B € M, (C) be a unital semisimple algebra. If B has property
Py, then dim B < n. Furthermore, if dim B = n, then B is a maximal Py algebra.

To prove this theorem, we will need the following lemmas:

Lemma 3.2. Let B C L(H) = M,,(C) be a semisimple algebra. If B has property
Pi, then dim B < n.

Proof. We will use induction on n. The case n = 1 is clear. Suppose this is
true for n < k and let B C M;1(C) be a semisimple algebra. We need to show
dim B < k+1. Suppose B has a nontrivial central projection, p, 0 < p < 1. Then,
B=pBp®(1—p)B(1—p). By Lemma 2.1,

pBp CL(pH) and (1-p)B(1—p)CL((1-p)H),
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are both semisimple algebras with property P;. By the assumption of induction
dim pBp < dim(pH) and dim(1 — p) B(1 — p) < dim(1 — p)H. Therefore,

dim B = dim(pBp) +dim((1 — p) B(1 — p))
<dimpH +dim(1 — p)H
=dimH =k+1.

Suppose B does not have a nontrivial central projection. Then, B = M, (C). Since
B has property Py, r> <n+1by Lemma 2.5. Sor <n+ 1. ([

Lemma 3.3. Suppose 0 # a € M,,(C). Then there exists a finite set of operators
bi,...,by,ci1,...,ck, suchthat Zle biac; = 1I,.

Proof. Note that M,,(C)aM,(C) is a two sided ideal of M, (C) and
M, (C)aM,(C) # 0.

Since M, (C) is a simple algebra, M,(C)aM,(C) = M,(C), which implies the
lemma. [l

The following well known lemma will be very helpful.

Lemma 3.4. There are finitely many unitary matrices uy, u, . . ., ux € M, (C) such
that % Zle uiau® = (Tr(a)/n)1, for all a € M,,(C).

The following lemma is a special case of Lemma 3.6. However, we include its
proof to illustrate our idea.

Lemma 3.5. Suppose B is a unital subalgebra of M4(C) and B = M»(C), then B
is a maximal Py algebra.

Proof. We may write M4(C) as M>(C) ® M,(C) and assume B = M»(C)® I,. Note
that with respect to the matrix units of I, ® M, (C), each element of B=M>(C)® I
has the following form (‘6 2) ,a € M»(C). By Corollary 2.6, B has property P;.
Assume B C R € M4(C) and R is an algebra with property P;. We can write
R = R; 4+ J, where Ry D B is the semisimple part and J is the radical of R.
Since R has property P;, Ry has property P;. By Lemma 3.2, dim R; < 4. Since
dim B =4, we have R; = B.

Suppose 0 # x = (x;;)1<i,j<2 € J with respect to the matrix units I, ® M>(C).
Without loss of generality, we may assume x;; %= 0. By Lemma 3.3, there are sets
of operators by, ..., by, cy, ..., cr € Ma(C), such that

k
Zbixllci =Dh. (D
i=1
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Let y = (ij)1=ij<2 = Yi_i (b ® D)x(c; ® L) € J. By (1), we have yj; = L.
Choose unitary matrices u1, ..., u; as in Lemma 3.4. Let

k
=) =Y Wi ®L)yu;®h)eJ.

i=1

Then, z11 = I, and z;; = A;; > forsome A;; € C,1 <i, j <2. So, z € I, ® M>(C).
Since z € J, z2 =0, as elements in the radical are nilpotent. By the Jordan canonical
theorem, there exists an invertible matrix w € I ® M;(C) such that

01
-1

=1 .
wzw 2®(O O)

Replacing R by wRw ™', we may assume that R contains B and I, ® (§})-
Furthermore, we may assume that R is the algebra generated by M,(C) ® I and

12®(8(1)). Then
R:{(“b)xubechﬁ.
0a

Simple computation shows that R does not have property P;. This is a contradic-
tion. Therefore J =0 and R = B. ([

Lemma 3.6. Let B be a unital subalgebra of M, (C) such that B = M, (C). Then
B is a maximal Py algebra.

Proof. We may write M, »(C) as M,,(C)®@M,,(C) and assume B =M,(C)®1I,. Note
that with respect to the matrix units of 7, ® M, (C), each element of B= M, (C)Q I,
has the form

Oa --- 0
, aeM,QC).
00 a

By Corollary 2.6, B has property P;. Assume B C R € M,2(C) and R is an algebra
with property P;. We can write R = Ry + J, where R; D B is the semisimple part
and J is the radical of R. Since R has property P;, R; has property P;. By
Lemma 3.2, dim R; < n?. Since dim B = n2, we have R| = B.

Suppose 0 # x = (x;j)1<i,j<n € J with respect to the matrix units /,, ® M, (C).
Without loss of generality, we may assume x1; 7= 0. By Lemma 3.3, there are finite
sets of operators by, ..., by, cy, ..., cx € M, (C), such that

k
Zbixllci =1, (2)
i=1
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Let y = (yij)1=i,j=n = Yoiey (bi ® I)x(c; ® I,) € J. By (2), we have yy; = I,
Choose unitary matrices u1, ..., u; as in Lemma 3.4. Let

k
=@ =) Wi ®L)yu; 1) € J.

i=I
Then, z11 =1, and z;; = A;; I, for some A;; € C, 1 <1i, j <n. So,z € I, ® M,,(C).
Since z € J, z" = 0, as elements in the radical are nilpotent. By the Jordan
Canonical theorem, there exists an invertible matrix w € I,, ® M, (C) such that
0#£ wzw = @le z; € I, ® M,(C) and each z; is a Jordan block with diagonal 0.
Replacing R by wRw ™!, we may assume R contains B and wzw ™! € I, ® M,,(C).
Suppose r = max{rankz; : 1 <i, <k}. We may assume rankz; =--- =rankz; =r
andrank z; <r foralls <i <k. Thenz" ' =1,® ((@le Z’_l) EBO). Note that

0---01

0---0
77 =

0---00

We may assume R is the algebra generated by M,,(C) ® I,, and z"~!.
Without loss of generality, we assume r =2, and s = n/2. The general case can
be proved similarly. Then

(P

R = ta,be M,(C)

ab
o ()

Simple computations show that

G 2)
*
1 ox2 n s
R = :x,-,yieMn(C),ZXi=Z)’i=0
i=1

i=l1
% (xnl *)
Vs  Xn $xs
m— 0, 0,
o I, 0,)°

Let
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Since R has property Py, we can write m®> = x + R, such that the rank of x is
at most 1. This implies that I, + yi, I, + y2, ..., I, + y, are all rank-1 matrices

for some y,...,y; € M,(C) with y; 4+ --- 4+ y; = 0. Therefore, the rank of
Li+y+Li+y+- -+ 1,4y, =51, is at most s = % < n. This is a contradiction.
SoJ =0and R = B. O

The following is a key lemma to prove Theorem 3.1, which has an independent
interest.

Lemma 3.7. Let A # 0 be a complex number, and let yi, y2, ..., y, € M, (C)
satisfy y1 +y2 4+ - -+ yn = 0. Suppose ni, n2, ..., n, € C" are linearly dependent
vectors, and

A * * k oo *
n In+y1 * ¥ e *
t=1m * ILi4+yy % - *
Nn * * * oo L4y,
Then rankt > 1.
Proof. We may assume that 1y, ..., nx—1, kK < n, are linearly independent vectors,
and each 7n;, kK < j < n, can be written as a linear combination of 1y, ..., nx_1.
Write
Oi1
ni =
Oin

We may assume that the (k — 1) x (k — 1) matrix (0; j)k—1)xx—1) is invertible.
Using row reduction, we can transform ¢ to a new matrix

A * * * e *
ny In+y; * % .- *
5 * Li+y, % - *
m, * * x oo I+,

such that the k-th row of each 77;. isOfor1 <j<n,and y{+---+y, =0. So the
(jk 41, 1)-th entry of ¢’ is zero for all 1 < j <n.

Suppose ¢ is a rank 1 matrix. Then ¢’ is also a rank 1 matrix. By the assumption,
A # 0. This implies that each entry of the (jk + 1)-th row of ¢ is zero for all
1 < j < n. In particular, the (k, k)-th entry of I, + y} isOforalll <j <n.
Therefore, the (k, k)-th of I, +y{ + I, + y,+-- -+ I, +y, = nl, is zero. This is
a contradiction. So rank ¢ > 1. O
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The following lemma is a special case of Lemma 3.10. However, we include its
proof to illustrate our idea.

Lemma 3.8. Suppose dim H =5 and

B= 0a0):2eC,ae Mx(C)y CL(H)=M;5(C).

Then, B is a maximal Py algebra.

Proof. Since B has a separating vector, B has property P; by Theorem 2.4. Suppose
B C R € M5(C) and R has property P;. We can write R = R| + J, where R} D B
is the semisimple part and J is the radical part. By Lemma 3.2, B = R;.

Suppose 0 £ x € J. Let

100 000
p= 000 and q = 01202
000 00, I

Then gBg CqRq C B(PH) = M4(C). By Lemma 3.5, g Bq = g Rq. This implies
that we may assume
0&" "
0£x=[0 0, 0, ]|, whereé&, neC>
0 0, 0y

Case 1. & and 7 are linearly independent vectors. Note that

000 0 &Ta nTa
x-{[0aO0O)={0 0O O |]eR.
00a 0 0 O

Since & and n are linearly independent, and a € M,(C) is arbitrary, this implies
that

A ET T
R2110 a 0 ]:12eC,& neC?ae M)
00 a

Simple computation shows that

0 % =%
RiC{l0y *]|:y1,2€M(C),y1+y2=0
0 % »
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Since R has property P;, we can write /s = x + R, such that the rank of x is at
most 1. This gives us a rank 1 matrix x of the form

1 * *
R =|0yw+1h * ,  where y; 4+ y, =0.
0 *x wm+h

This contradicts Lemma 3.7.

Case 2. & and n are linearly dependent. Without loss of generality, assume n =t&.
So

0 g7 r£T 000 0 £Ta teTa
x=10 0, 0 and x|0aO0]={0 O 0
00, 0y 00a 0 0 0
Since & # 0, and a € M, (C) is arbitrary, this implies that
A ET gET
R>{|0 a 0 |:1eC EeC?aecM(C)
0 0 a

Simple computation shows that

0 % %
R C {(g; n y*2>)’1,)72 € My(©C):y1 4y, =0, n1.m € C*, my +1m =0} E))
Since R has property P;, we can write /s = x + R, such that the rank of x is at
most 1. This gives us a rank 1 matrix x of the form

1 * *

Ri=|m n+hL =* ,

m  *x nth
where 11 +tn, =0 and y; + y, = 0. This contradicts Lemma 3.7. O
Lemma 3.9. Suppose {z;j}1<i<s,1<j<r € M (C) and {cji}1<i<s,1<j<r € M,s(C)
such that

==, 1=/ =

S r
> > zijaciib=0, foralla € M,(C), forall b € M,(C).

i=1 j=I
Ifcji #0 for some 1 <i <s,1 < j <r,then z;; are linearly dependent.
Proof. We may assume cy1 # 0 and the (1, 1) entry of ¢y is 1. Replacing c;; by

00---0 00---0
cji I
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W€ may assume

10---0
0---0

le'z)\,ij A E wherek11=1.
00 ---0

Let zfj be the k-th column of z;;. Simple computation shows that

) r
Z Z ZijCji = 0

i=1 j=1

is equivalent to 3 °0_; 37", Aijz}j =0. Let

e 0
a =

Simple computation shows that ) ;_, Z;:l zijacj; =0 is equivalent to

S r
D RICE

i=1 j=1

225

Choosing a appropriately, we have > }_; > _, )»,-jzf‘j =0 forall 1 <k <n. This

implies 37y 3"y Aijzij =0.

Lemma 3.10. Suppose dim H = (r> + s?) and

B=1{a" @b :ae M, (C),be My(C)} CL(H) = M,2,2(C).

Then B is a maximal Py algebra.

O

Proof. Since B has a separating vector, B has property P; by Theorem 2.4. Suppose
B C R C M;2,,)(C) and R has property P;. We can write R = Ry + J, where
R D B is the semisimple part and J is the radical part. By Lemma 3.2, B = R;.

Suppose 0% x € J. Let p=1"" @0 and g =0&1,". Then, pBp < pRp C B(pH)
and pRp has property P;. By Lemma 3.6, pRp = pBp. Similarly, g Rqg = g Bgq.

So we may assume

Oﬁr) c

Write ¢ = (Cij)lgigr,lgjgs- Note that ¢ # 0.
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Suppose
X1 ok .- ok ok %
* X2
* ok X, ok ok
7= : €R,
211 212 20 Z1r Y1o0%
221 222 -+ Z2r kK Y2
sl Ts2 ++ Zer ¥ Kk oo Y

Since Ry C By, x1+x2+---+x, =0, and y; + y, +- - - + y;, = 0. Note that

, 0 cb®
() )y — [V
x(@"”’ eby) = .
( 0 0§“)

Since x € R and x(a”) @ b)) € R, we have

211 --- Z1r C11 ... Cilg b
Tr : : =0.

Zsl .. Zsr Crl ... Crg b

Simple computation shows that Tr(3_;_; > _; zijc;ib) = 0. Since b € M;(C)
is an arbitrary matrix, Y°}_; >, zijcji =0.
Note that

@” ®0)x0® b)) = (05” “md’“)) _ (oﬁ” (“"ff'b”fff“fffS) .

0o oY 0 oy

By similar arguments as above, we have ) ;_, Z;Zl zijacj;b=0foralla € M,(C)
and b € M;(C). By Lemma 3.9, this implies that {z;;}1<;<s,1<j<, are linearly
dependent matrices.

Since R has property Py, I,2, > = x + R, for some x such that the rank of x is
at most 1. So x is a matrix of the form

(I,+x1 * * *
* I +x --- * *
* * R * *
211 Ziz 2y Ig+yr %
221 22 o 2o x Lty - *

Zs1 252 tet Zsr * * o Ity
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E1,...,5€C,m,...,n€C" suchthatz;; =§;®njforl <i<sand 1 < j <r.
Since {z;j}1<i<s,1<j<r are linearly dependent matrices, either {&;};_, are linearly
dependent or {n j};: , are linearly dependent. Without loss of generality, assume
{&};_, are linearly dependent. Now, x is a matrix of the form

Ir+-x] * e *

* I +x --- *

k % .o I,_+x,_ k k k
§1®9m §1®@m -+ §1®n, Li+y1  x *
ERm LQm - L®n  x Lty o0 %
K5s®771 §s®771 §s®7]r * * Is+ys

Since x; + - - - + x, = 0, one entry of I, 4 x; is not zero for some 1 <i <r. We
may assume the (1, 1) entry of I, + xj is A % 0. Let

o]
(%)
n =
(073
Then the matrix
ai§y Ii+yr -+ %
Ollg"s * SRR P Vs

has rank 1 since it is a submatrix of x. This contradicts Lemma 3.7. So R=B. U

Proof of Theorem 3.1. By Lemma 3.2, if B has Py, then dim B <n. Assume B has
property Py, and dim B =n. We claim B =@!_; M,,(C)") andn=Y)"_, n?. We
will proceed by induction on n. If n = 1, this is clear. Assume our claim is true for
n <k. Let BC M;,1(C) be a semisimple P; algebra and dim B =k-+1. Suppose B
has a nontrivial central projection p, 0 < p < 1. Then, B=pBp®(1—p)B(1—p).
By Lemma 2.1, pBp € B(pH) and (1 — p)B(1 — p) € B((1 — p)H) are both
semisimple algebras with property P;. By Lemma 3.2, dim(p Bp) =dim(p H) and
dim((1 — p)B(1 — p)) =dim((1 — p)H). By induction, pBp = P, M,, (C)),
(1= p)B(L—p) = @, My, (O, and 377 nf + 3072 m? =k + 1. Suppose
B does not have a nontrivial central projection. Then B = M, (C) € M, (C) and
dim B =r>=n+ 1 by Lemma 2.5.
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Suppose B C R € M;(C) € L(H) and R is an algebra with property P;. Let
0#x € R\ B. Note that B =P;_, My, (C)™). Let p; be the projection of B that
corresponds to the summand M,,, (C)"*). Then, we have p; Bp; C p;Rp; € L(p; H)
and p; Rp; has property P;. By Lemma 3.6, p; Rp; = p; Bp;. So we may assume

0 X1y xi3 c- Xin,
05;22) X3 o X,
0#x= .
02’::1) Xr—1r
0 (e

We may assume that x5 7 0. Then
(p1+p2)x(p1+ p2) € (p1+ p2)R(p1+ p2) \ (p1 + p2) B(p1 + p2).
By Lemma 2.1, (p; + p2) R(p1 + p2) has property P;. By Lemma 3.10,
(p1+ P2 B(p1+ p2) = My, (O @ My, (O
is a maximal P; algebra. This is a contradiction. So B is a maximal P algebra. [J
4. Singly generated maximal P; algebras
In this section, we prove the following result.

Theorem 4.1. Suppose B is a singly generated unital subalgebra of M,,(C) and
dim B = n. Then B is a maximal Py algebra.

To prove Theorem 4.1, we need several lemmas. Let J, be the n x n Jordan
block.

Lemma 4.2. Let B be the unital subalgebra of M,(C) generated by the Jordan
block J,. If N D B is a subalgebra of the upper-triangular algebra of M,,(C) and
N has property Py, then N = B.

Proof. Suppose N D B is a subalgebra of the upper-triangular algebra and N has
property P;. Note that

n—1
B = Z,\k(Jn)":AO,...,An_leC .
k=0
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A special case. Suppose N contains an operator x of the following form

0--- 0 20
0 --- 0 7

x= 0 - 07, “)
0

where A # 1. Then N contains the algebra generated by B and x. Therefore,

Al A« 12

ND Al A2 AL e 0,0, B,y eC

Simple computation shows that

It is easy to see that the operator (J,,)"~2 can not be written as a sum of a rank
one operator and an operator in N, . This contradicts the assumption that N has
property P;.

The general case. Suppose z € N \ B. By the assumption of the lemma, z =
(2i,j)nxn 18 an upper-triangular matrix. Since z ¢ B, we may assume that

Zj,jtk—1 7 Zj+r, j+r+k—1

for some positive integers j, k, r, and z;; = 0 for t < s +k — 1. Without loss of
generality, we assume that z;  # z2,14x and 1 <k <n —1. If k =n — 1, then this
implies that N contains an x as in (4). If k < n — 2, then (J)¥*1z (or consider
2(J)Vif 2,1 a1 # Zn.p) is @ matrix in N. If we write

)z = ij)nxn-

Then yi r+1 # Y2442 and y; ; = 0 for t < s + k. Repeating the above arguments,
we can see that N contains an x as in (4). This completes the proof. U

Lemma 4.3. Let B be the unital subalgebra of M,(C) generated by the Jordan
block J,,. Then B is a maximal Py algebra.
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Proof. Suppose N D B is a subalgebra of M,,(C) and N has property P;. By
Wedderburn’s theorem,

N=Mn1(C)@"'MnS(C)@Ja
where J is the radical of N.

Case 1. ny = --- = ng = 1. Then N is triangularizable, that is, there exists a
unitary matrix u € M, (C) such that u Nu* is contained in the algebra of upper-
triangular matrices (see [Christensen 1999, Proposition 2.5]). Since J, € B C N,
uJ,u* is a strictly upper-triangular matrix. Simple computation shows that u has
to be a diagonal matrix. Therefore, N = u*(u Nu*)u is contained in the algebra of
upper-triangular matrices. Since N has property P;, N = B by Lemma 4.2.

Case 2. Suppose n; > 2 for some i, 1 <i <s. Choose a nonzero partial isometry
v e M, (C) such that v? =0. Then either v ¢ B or v* ¢ B since B does not contain
any nontrivial projections. We may assume that v ¢ B. Consider the subalgebra N
generated by v and B. An element of N can be written as byvbyv - - - vb,, where
bijeJfor2<i<n-—-1,by=1orbyeJ,b,=1o0rb, € J. By Lemma 2.1
of [Christensen 1999], N=CloJ , where J is the radical part of N such that
v € J. Note that N also has property P;. By Case 1, N = B. So v € B. This is a
contradiction. U

Lemma 4.4. Let B; C M,,(C) be the unital subalgebra generated by the Jordan
block J,, fori =1, 2. Then B = B1® B, is a maximal Py subalgebra of M, 4, (C).

Proof. Suppose B C N C My, 4+4,(C) and N has property P;. Let p; be the central
projections of B corresponding to B;. Then By C piNp; C M,,(C) and pNp
has property P;. By Lemma 4.3, py Np; = B;. Similarly, poNp, = B;. Suppose
x € N\ B. Then we may assume that 0 # x = p;xp,. With respect to matrix units
of M,,(C) and M,,(C), we can write x as

. 0 (xij)n1><nz
= (0 o )

where (X;;)n,xn, 18 @ nonzero matrix. Multiplying on the left by a suitable matrix
of B, we may assume that x;; = 0 for all i > 2 (which can be easily seen for the
case np = 1, other cases are similar). Multiplying on the right by another suitable
matrix of B, we may further assume that x; ,, =l and x| ; =0for1 < j <np,—1.
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So we may assume that

0
0
0n1><n1
X =
0
0

nyxny

On2 Xnjp

Let N be the algebra generated by B and x above. Then

Ao A 0
. 0
K| 0 M 0
m
0
0

Simple computation shows that

NLC< k k
ES
Let
y:
0

0/ ixns (A nj,aeC

N,y
ni
0
*
* -k !
* -+ 0
* *
Onlxnz
0o --- 1
0O --- 0
0O --- 0

It is easy to see that the operator y cannot be written as a sum of a rank one operator
and an operator in N, . This contradicts the fact that N has property P;. (]

Proof of Theorem 4.1. Suppose B is generated by a matrix 7. By the Jordan
canonical form theorem, we may assume that 7 =@D;_,(A; + J,,) and Y _, n; =
n. Note that dim(B) = n if and only if A; # A; for i # j, and if and only if
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B =@D;_, B;, where each B; is the subalgebra of M, (C) generated by the Jordan
block Jy,.

Suppose BC N C M, (C) and N has property P;. Let p; be the central projection
of B corresponding to B;. Then B; C p;Np; C M,,(C) and p; Np; has property
P;. By Lemma 4.3, B; = p;Np;. Since B # N, there is an element 0 # x € N
such that x = p;xp; for some i # j. Without loss of generality, we may assume
that 0 # x = p1xp>. Now we have B1 @ B> C (p1 + p2)N(p1+ p2) € My, 44,(0)
and (p1 + p2)N(p1 + p2) also has property P;. On the other hand, by Lemma 4.4,
B ® B, = (p1 + p2)N(p1 + p2). This is a contradiction. U

5. P; algebrasin M,(C),n <4

Let B be a subalgebra of M, (C). Then B=M,, (C)®---& M, (C)® J, where J
is the radical part of B. If ny, ..., ny =1, then B is upper-triangularizable, that is,
there exists a unitary matrix u such that u Bu™ is a subalgebra of the upper-triangular
algebra of M, (C) (see [Christensen 1999, Proposition 2.5] or [Humphreys 1972,
Corollary A, page 17]). The following lemma will be useful.

Lemma 5.1. [Azoff] Let S be a subspace of L(H) and consider the subalgebras
of L(H®) defined by

re a re a
B_{<O Ae).)»e@,aeS}, C_{(O Me).A,MeC,aES}.

(1) B has property Py if and only if S has property Py.
(2) C has property Py if and only if S has property P and is intransitive.

Proposition 5.2. Let B be a unital subalgebra of M,(C) with property Py. Then B
is unitarily equivalent to one of the following three subalgebras:

(G2)2=c {63 mreef {G2)70ee]

Proof. 1t is easy to verify that the above algebras have property P;. Suppose B
has property P;. Then the semisimple part of B must be abelian. Conjugating by
a unitary matrix, we may assume that B is a subalgebra of the algebra of upper-
triangluar matrices. Note that the algebra of upper-triangular matrices does not
have property P;. So B must be one of the algebras listed in the lemma. O

Proposition 5.3. Let B be a unital subalgebra of M3(C) with property Py. Then
either B or B* has a separating vector. Therefore, dim B < 3. Furthermore, if



Py SUBALGEBRAS OF M, (C) 233

dim B = 3, then B is similarly conjugate to one of the following algebras

Al 0 0 M 0 )»3

Al =4 0 X O :)\.],)\.2,)\.360:: , Ay = 3 0 x O :)\.],)\.2,)\.3€C s
0 0 A3 0 0 A
A )\,3 0 Al A )\3

Az =4 0 x4 O Z)u],)»z,)qé@ , Ay = 3 0 X M :kl,kz,k3e<£? s
0 0 A 0 0
Al A2 A3 A0 A

A5: 0 M 0 :)\.],)\.2,)\.3€C , A6: 0 MM )\3 Z)u],)»z,)gEC
0 0 A 0 0 A

Proof. Suppose B has property P;. Then the semisimple part of B must be abelian.
Conjugating by a unitary matrix, we may assume that B is a subalgebra of the
algebra of upper-triangluar matrices. We consider the following cases.

Case 1. Suppose the semisimple part of B is C® C @ C. Then B = A; by
Theorem 3.1.

Case 2. Suppose the semisimple part of B is C & C. We may assume that the
semisimple part of B consists of matrices

A1 0 0
0 A2 O
0 0 X

‘We consider two subcases.

Subcase 2.1. Suppose B is contained in the following algebra

A 0 A3
B, = 0 )\1 )»4 ZK],...,K4EC
0 0 x

Simple computation shows that B; does not have property P; (the identity matrix
can not be written as x + (B1), such that the rank of x is at most 1). So B is a
proper subalgebra of B;. This implies that there exist ¢, 8 such that

)\,1 0 )»30[
B]I 0 A )»3/3 :)\.1,)\.2,)\.3€C
0 0 A

Ifa #0, let

5%
Il
O™ R
S = O
- O O
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Simple computation shows that s A>s~! = B, thatis, s !Bs = A». If a =0, 8 #0,
let

010
s=|p00
001
Then sAys~' = B, thatis, s 'Bs = Ay. If a = B = 0, then clearly B has a

separating vector.

Subcase 2.2. Suppose B is not contained in By. Since B is an algebra, B contains
As. It is easy to see that A3 is the algebra generated by the matrix

010
000
001

and dim A3 = 3. So B = A3 by Theorem 4.1.

Case 3. Suppose the semisimple part of B is C. Then B is contained in the fol-
lowing algebra
A A2 A3
B3= 0 M Ag Z)»l,...,)»4€@
0 0 &
It is easy to see that B3 does not have property P;. So B is a proper subalgebra of
Bj3. We consider the following subcases.

Subcase 3.1. Suppose B contains an element

0oy
b=100 8],
000

such that o # 0 and B # 0. Conjugating by an invertible upper-triangular matrix,
we may assume that » = J3 is the Jordan block. So B contains A4. By Theorem 4.1,
B = Ay.

Subcase 3.2. Suppose B does not contain an element b as in subcase 3.2. Then
B C As or B C Ag. Note that A has a separating vector and Ag has a separating

vector. So both A5 and Ag have property P;. U
Lemma 5.4. Let
Al A2 A3 Ag
0 A A2 O
B = TALs s A M .
00 a 0 Iy As €C ¢ C My(C)

0 0 0 A
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Then B is a maximal P algebra.

Proof. Note that B* has a separating vector. So B has property P;. Suppose A D B
is a Py algebra. Suppose A contains a matrix

a; =
Y
Al

coc oo
oo oR
o 2™ %

such that y # 0. Since B C A, we may assume that o # 0 and 8 # 0. Conjugating
by an upper-triangular invertible matrix, we may assume that A contains the matrix

o o = O
o = O O

1
0
0
0

[N el el

So A is the algebra generated by the Jordan block by Theorem 4.1 and dim A = 4.
However, dim B =4 and B C A. This is a contradiction.
Therefore, A is contained in

Al ox %

0 )L] % .
00 0f*eEt
0 0 0 A

Since A is an algebra containing B and A # B, we may assume that A contains a
matrix of the following form

000 O0
00s ¢
000 0])°
000 A

a) =

where either s % 0 or ¢ # 0. Furthermore, we can assume that s =1 and ¢ # 0. Let
A1 be the algebra generated by B and a,. Then

Al A A3 A
A A+ A5 tAs
0 0 Al 0
0 0 0 Al

=)

A= ‘A, ..., h5€C
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Simple computation shows that the predual space of A is

N ok % %
Ims m  *x x*
0 —itns n3 O
0 ns 0 ng

N, eCm+m4+nz+n=0

It is easy to show that the matrix

0 000
0 00O
-+ 000
1 100

cannot be written as x + (A1) such that the rank of x is at most 1. This is a
contradiction. So B is a maximal P, algebra. O

Proposition 5.5. Let B be a unital subalgebra of M4(C) with property Py. Then B
satisfies one of the following conditions:

(1) B has a separating vector.
(i) B* has a separating vector.

(iii) B is similarly conjugate to an algebra of the form

)\IQ N .
{(0 nlz).k,neC,SES},

where S is a subspace of M, (C) with dimension 2.
In particular, dim B < 4.

Proof. Suppose B has property P;. Then the semisimple part of B must be
M;(C) or abelian. If the semisimple part of B is M,(C), then B = M,(C)®
by Theorem 3.1. So B has a separating vector. Suppose the semisimple part of B
is abelian. Conjugating by a unitary matrix, we may assume that B is a subalgebra
of the algebra of upper triangluar matrices. We consider the following cases.

Case 1. Suppose the semisimple part of B is C®C @ C @ C. Then

A0 0 O

Jlox o o],

B = 0 0 A3 0 .)»1,...,)&46@
0 0 0 Ay

by Theorem 3.1. So B has a separating vector.
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Case 2. Suppose the semisimple part of B is C® C & C. We may assume that the
semisimple part of B consists of matrices

A 0 0 0

04 0 0

00 x 0

0 0 0 A

Let

1000 0000 0000
0100 0000 0000
“““loooofl” “Tloo10o]” ®Tloooo
0000 0000 0001

By Lemma 2.1, (e; 4+ e3)B(ez + e3) C M»(C) has property P;. By Theorem 3.1
and the assumption of Case 2,

A O
(€2+€3)B(€2+6’3)={( . )3)»2,)»366}-
0 A3

We consider two subcases.

Subcase 2.1. Suppose B is contained in the following algebra

A0 A X
0 A1 A5 A7
0 0 x&% O
0 0 0 A3

:kl,...,k7eC

By Lemma 2.1, (e; 4+ e¢2) B(e1 + ¢2) C M3(C) has property P;. Note that

A 0 Ay
(€1+€2)B(61+€2)§ 0 M )\.5 Z)»l,...,)xSEC
0 0 A

By the proof of Subcase 2.1 of Proposition 5.3, there exists an invertible matrix

* %k %
s= 1% *x x|,

001
such that

A0 A3
s '(e1 + e2)Ble; +e2)]s € 0 & O0]:A;, 00, 03eC
0 0 X
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Conjugating by (s @ 1)~' € M4(C), we may assume that B is contained in the
algebra
A1 0 g As
0 A 0 Ag
0 0 A O
0 0 0 A3

By = AL, ..., A6 €C

It is easy to see that B is similarly conjugate to the algebra

A0 A5 O
0 A1 X6 A4
0 0 23 O
0 0 0 A

Z)»],...,)%E(D

So we may assume that

A 0 X O
0 A1 As Ag
0 0 A, O
0 0 0 A3

B = A, ..., A€ C

Repeating the above arguments, we may assume that B is contained in the algebra

A1 0 A4 O
0 A1 0 As
0 0 A3 O
0 0 0 A

B, = Z)»],...,)»sEC

Simple computation shows that B, does not have property P; (the identity matrix
can not be written as x + (B>) such that the rank of x is at most 1). So B is a
proper subalgebra of B,. Therefore, there exist «, 8 such that

)\.1 0 )»40[ 0
0 A 0 ip
B :
00 2 0o |toMeC
00 0 i

If « = B =0, then clearly B has a separating vector.
Ifa£0and g #0, let

a0 00
. 0 g'oo
“lo o 10

0 0 01
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Simple computation shows that

A0 2 O
0 A1 0 Ay
0 0 A, O
0 0 0 A3

tBt~' = A, ..., eC

So B has a separating vector.
Ifa#0,=00ra =0, #0, then B is similarly conjugate to the algebra

A 0 X4 O
0 x 0 0
0 0 A&, O
0 0 0 A3

Ay ..., e€C

So B has a separating vector.

Subcase 2.2. Suppose B is not contained in B;. Since B is an algebra, B contains
the algebra

A Ag OO
0 A 0 O]
B3— 00 A 0 .)»1,...,)»46@
0 0 0 Az
It is easy to see that Bj is the algebra generated by the matrix
0100
0000
0010
0002

and dim B3 =4. So B = B3 by Theorem 4.1 and B has a separating vector.
Case 3. Suppose the semisimple part of B is C & C.

Subcase 3.1. Suppose B contains the following subalgebra

A0 0 O
04 0 0]
OO)QO .)\,],)\,ZEC
0 0 0 Ap

Let
1000 0000
0100 0000

"=looool” #=loo10
0000 0001
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By Lemma 2.1, f; Bf; C M,(C) has property P;. By Proposition 5.2,

f,-Bﬁ:{(g g):AeC} or f,-Bf,-:{(g Z):)»,ne@}.

We consider the following subsubcases.

Subsubcase 3.1.1. Suppose

fiBfi = f2Bfa= {(g 2) ZKEC}-

AL x|
pe{(i *)innec).
(A S\
B_{(O nk).k,ne@},

where S has property P and is intransitive. By [Azoff 1973, Table 5A, page 34],
S is equivalent to one of the following spaces: zero space, or

(o) e=c] 1(62) el {00 eeee]
(o) esec] {Ge)esec] {(G0)eeec]

Note that in the last four cases, neither B nor B* has a separating vector.

This implies that

By Lemma 5.1,

Subsubcase 3.1.2. Suppose

SiBfi= f[2Bf = {(g Z) :A,neC}.

This implies that B contains the following subalgebra

A A2 OO
0 x 0 0],
By = 00 A Ag .)\.1,...,)\.46@
0 0 0 A3
It is easy to see that By is the algebra generated by the matrix
0100
0000
0011
0001

and dim B4 = 4. So B = B4 by Theorem 4.1, and B has a separating vector.
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Subsubcase 3.1.3. Suppose

_J(* 0. _ (Y.
f]Bf]-i(O )L).)LE(C} and szfz—{(O A).)\,TIEC}.
If dim B > 3, then B contains a nonzero matrix
_ (02 a
- (08

Let Bs be the subalgebra generated by f; Bf1, f> Bf; and b. Then dim Bs = 4 and
Bs is the algebra generated by the matrix

0, a
11
o (o1)
So B = Bs by Theorem 4.1 and
M Aaa
B = 0 )\.2 )»3 I)»],...,)»4€(D ,
2o n
where a is a 2 x 2 matrix. Let
b 0
t= .
0, I
Then
M Mba
Bt~ = M Y| iAL ..., aeC
0>
0 A

So we can choose b appropriately such that ba = 0,, or ba = I», or

10 01 11 10
ba_<00), or ba_(oo), or ba_(oo), or ba_(1 0).

In each case, B has a separating vector.

Subcase 3.2. Suppose B contains the following subalgebra

:AI,AZEC
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Let
0000
lo1oo0
P=loo10
0001

By Lemma 2.1, pBp C M3(C) has property P;. By Proposition 5.2,

Al A2 A3
po= 0 A Ao :)\.1,)\.2,)\.366
0 0 A

or

A 0 Az
po: 0 A 0 2)»1,)»26@
0 0 A

We consider the following subsubcases.
Subsubcase 3.2.1. Suppose

A A3 A4
po: 0 ) )\.3 :)»2,)»3,)»46(]:
0 0 A

Then B contains the following subalgebra

A0 0 0
0 A Az As
0 0 A A3
00 0 A

36: 2)»1,...,)»46@

It is easy to see that Bg is the algebra generated by the matrix

0000
0110
0011
0001

and dim Bg = 4. So B = Bg by Theorem 4.1, and B has a separating vector.
Subsubcase 3.2.2. Suppose

A0 A
po: 0 Al 0 :kl,kzeC
0 0 A
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If dim B > 3, then B contains a nonzero matrix
0 a
b= .
0 03

Let B; be the subalgebra generated by (1 — p)B(1 — p), pBp and b. Then
dim B7 = 4 and By is the algebra generated the matrix

0 a
101
01010
001
So B = B; by Theorem 4.1 and
)\.l A4a
_ A2 0 A3 )
B = 0o lo o ‘AL, ..., eC
0 0 x

Conjugating by an appropriate invertible matrix

1000
. 0 X % %
oo x|’
000 X
we have
A A 0O O
0 X 0 A
_1—4 2 3 N >
tBt™ = 00 A 0 A, ..., eCy,
0 0 0 A
A 0 A O
_ 0 A 0 A3
Bt~ ' = i ST
tBt 00 0 ooy i €C
0 0 0 A
or
M 0 0 X
0 X 0 A
-1 _ 2 3].
tBt™ = 00 i 0 AM,..., A eC
0 0 0 &

In each case, B* has a separating vector.
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Case 4. Suppose the semisimple part of B is C. Consider matrices in B with the
form

[l e Ne)
S O O R
S O™ *
O R ¥ ¥

Subcase 4.1. B contains a matrix b with o # 0, 8 # 0, y # 0. Conjugating by an
upper-triangular invertible matrix, we may assume that B contains the matrix

el eleNe)
o o = O
o = O O

1
0
0
0

So B is the algebra generated by the Jordan block by Theorem 4.1. Note that B
has a separating vector.

Subcase 4.2. B does not contain a matrix b as in Subcase 4.1 and B contains a
matrix b with two elements of o, 8, y nonzero. We may assume that o # 0 and
B # 0. Conjugating by an upper-triangular invertible matrix, we may assume that
B contains the matrix

0100 M A2 A3 O
0010 0 A 2 O
D .
0000 and therefore B D 00 A 0 A, A, A3€C
0000 0 0 0 A

By the assumption of Subcase 4.2, we have

)\.1 *
0 )»1 * .

BC 00 A 0 A eCyp. 5)
00 0 A

Subsubcase 4.2.1. Suppose the (2, 4)-entry of every matrix in B is zero. Then B
is contained in the algebra

A A2 Ag As
0 A A3 O
0 0 A 0
0 0 0 A

Bs C ‘A, ..., A5€C
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Simple computation shows that Bg does not have property P;. So B is a proper
subalgebra of Bg. By (5), there exist «, B8 such that

A A2 A3 Ao
0 X AM4+28 O
0 0 Al 0
0 0 0 M

B = 2)»1,...,%46(]:

If « =0 and B # 0, then B does not have property P;. So we may assume that
a # 0. It is easy to see that B* has a separating vector.

Subsubcase 4.2.2. Suppose the (2, 4)-entry of a matrix in B is not zero. By (5),
B contains an element

000 «o

0048y

0000}

0000

where y # 0. Since B is an algebra, B contains

0100 008y
0010 b 0000
0000 |0000O
0000 0000
By (5), B contains
000 vy
0000
0000
0000
Since B is an algebra, B contains the subalgebra
Al A2 A3 Agq
0 A X O
c :
By C 0 0 Al 0 M, ,)»46@
0 0 0 A

By Lemma 5.4, By is a maximal Py algebra. Hence, B = By and B* has a separating
vector.

Subcase 4.3. B does not contain a matrix b as in subcase 4.1, subcase 4.2, and
B contains a matrix b with one element of «, 8, ¥ nonzero. We may assume that
o # 0. Conjugating by an upper-triangular invertible matrix, we may assume that
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B contains the matrix

0100
0000
0000
0000

By the assumption of subcase 4.3, B is contained in the algebra

Al A2 A3 A4
0 A1 0 A5
0 0 2 O
00 0 x

B]0= Z)\.],...,)\,5€(C

Simple computation shows that Bjg does not have property P;. So B is a proper
subalgebra of Bjg. We consider the following subsubcases.

Subsubcase 4.3.1. . If the (1, 3) entry of each element of B is zero, then B is
contained in the algebra

M A 0 A3
0 A1 0 A4
0 0 A& O
0 0 0 A

B“: I)»l,...,)»4EG:

Simple computation shows that B;; does not have property P;. So there exist o, 8
such that

)\1 )»2 0 )\301
0 X1 0 A38
0 0x O

00 0 N

B = 2)\.1,)\2,)\36@

If B =0, then B* has a separating vector. If 8 £ 0, then B has a separating vector.

Subsubcase 4.3.2. If the (2, 4) entry of each element of B is zero, then B is con-
tained in the algebra

Al A2 A3 A4
0x 0 O
0 0 2 O
0 0 0 X

B, = :)»1,...,)\460:

Note that B}, has a separating vector and hence B* has a separating vector.
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Subsubcase 4.3.3. Suppose B contains an element

where « #£ 0 and y # 0. Let

Then

Conjugating by ¢! if necessary, we may assume that « =y = 1 and 8 = 0. Since
B is a proper subalgebra of Bjg, B is the algebra,

A A2 A3 Mg
0 A1 0 A3
0 0 x O
00 0 X

B = 2)»1,...,)»46@

It is easy to see that B* has a separating vector.

Subcase 4.4. B does not contain a matrix B as in subcase 4.1, subcase 4.2, and
subcase 4.3. Then

A0 Ay A3
0 A 0 A4
0 0 x O
0 0 0 X

B C 2)\1,...,)\4603

Combining Lemma 5.1 [Azoff 1973, Table 5A, page 34], and similar arguments
as in Subsubcase 3.1.1,

A A Az O
0 A4 0 0
0 0 A& O
0 0 0 A

B: )\.1,)\.2,)\.36@ 3
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or

tA1, A2, A3€Cy

oS O O
[e]
>
(e)

0 0 X

or

>
()
>

N

A3
A 0 Ay
0
0 0 N

Z)\],Kz,)x_zECP,

o O O
(@)
>

or

Zkl,kz,)ge([:

It is easy to show that in each case either B or B* has a separating vector. ]

6. 2-reflexivity and property P;

Let H be a Hilbert space. The usual notation Lat(B) will denote the lattice of
invariant subspaces (or projections) for a subset B € L(H), and Alg(L) will denote
the algebra of bounded linear operators leaving invariant every member of a family
L of subspaces (or projections). An algebra B is called reflexive if B = AlgLat(B).
An algebra B is called n-reflexive if the n-fold inflation B™ = {h"™ : b € B}, acting
on %™ is reflexive [Azoff 1986]. In [Larson 1982], the third author proved the
following result: An algebra B is n-reflexive if and only if B, the preannihilator
of B, is the trace class norm closed linear span of operators of rank< n. In [Larson
1982], the third author also showed the following connection between n-reflexivity
and the P property: If an algebra B has property Py, then B is 3-fold reflexive.
(This result also holds for linear subspaces with the same proof). He raised the
following problem: Suppose dim H =n € N and B C L(H) = M,(C) is a unital
operator algebra with property P;. Is B 2-reflexive? Note that this question also
makes sense for linear subspaces. Azoff [1986] showed that the answer to the
above question is affirmative for n = 3 (for all linear subspaces of M3(C) with
property Pp). In this section, we prove the following result.

Proposition 6.1. Ifdim H =4 and B C L(H)= M4(C) is a unital operator algebra
with property Py, then B is 2-reflexive.
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Proof. By Proposition 5.5, either B or B* has a separating vector or B is similarly
conjugate to an algebra of the form

Al s\
{(O nlz).)»,neC,seS},

where S is a subspace of M,(C) with dimension two. If B has a separating vector
or B* has a separating vector, then the fact that B is 2-reflexive follows from the
proofs of Corollary 7 of [Larson 1982] and Proposition 1.2 of [Herrero et al. 1991].
If B is similarly conjugate to an algebra of the form

Al s\
{(O nlz).k,neC,seS},

where S is a subspace of M,(C) with dimension two, then the fact that B is 2-
reflexive follows from Proposition 1 of [Kraus and Larson 1985]. O
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