a journal of mathematics

Editorial Board

Kenneth S. Berenhaut, Managing Editor

John V. Baxley
Arthur T. Benjamin
Martin Bohner
Nigel Boston
Amarjit S. Budhiraja
Pietro Cerone
Scott Chapman
Jem N. Corcoran
Michael Dorff
Sever S. Dragomir
Behrouz Emamizadeh
Errin W. Fulp
Joseph Gallian
Stephan R. Garcia
Ron Gould
Andrew Granville
Jerrold Griggs

Sat Gupta

Jim Haglund
Johnny Henderson
Natalia Hritonenko
Charles R. Johnson
Karen Kafadar

K. B. Kulasekera
Gerry Ladas

David Larson
Suzanne Lenhart
Chi-Kwong Li

Robert B. Lund
Gaven J. Martin
Mary Meyer

Emil Minchev
Frank Morgan
Mohammad Sal Moslehian
Zuhair Nashed

Ken Ono

Timothy E. O’Brien
Joseph O’Rourke
Yuval Peres

Y.-F. S. Pétermann
Robert J. Plemmons
Carl B. Pomerance
Bjorn Poonen
James Propp
Jozeph H. Przytycki
Richard Rebarber
Robert W. Robinson
Filip Saidak

James A. Sellers
Andrew J. Sterge
Ann Trenk

Ravi Vakil

Antonia Vecchio
Ram U. Verma
John C. Wierman
Michael E. Zieve

:l mathematical sciences publishers

2011

vol. 4, no. 4



John V. Baxley
Arthur T. Benjamin
Martin Bohner
Nigel Boston
Amarjit S. Budhiraja
Pietro Cerone
Scott Chapman
Jem N. Corcoran
Toka Diagana
Michael Dorff
Sever S. Dragomir
Behrouz Emamizadeh
Errin W. Fulp
Joseph Gallian
Stephan R. Garcia
Ron Gould
Andrew Granville
Jerrold Griggs

Ron Gould

Sat Gupta

Jim Haglund
Johnny Henderson
Natalia Hritonenko
Charles R. Johnson
Karen Kafadar

K. B. Kulasekera
Gerry Ladas

David Larson

Suzanne Lenhart

involve

msp.berkeley.edu/involve

MANAGING EDITOR
Kenneth S. Berenhaut, Wake Forest University, USA, berenhks@wfu.edu

BOARD OF EDITORS

‘Wake Forest University, NC, USA
baxley @wfu.edu

Harvey Mudd College, USA
benjamin@hmc.edu

Missouri U of Science and Technology, USA

bohner@mst.edu

University of Wisconsin, USA
boston@math.wisc.edu

U of North Carolina, Chapel Hill, USA
budhiraj@email.unc.edu

Victoria University, Australia
pietro.cerone @vu.edu.au

Sam Houston State University, USA
scott.chapman @shsu.edu
University of Colorado, USA
corcoran@colorado.edu

Howard University, USA
tdiagana@howard.edu

Brigham Young University, USA
mdorff@math.byu.edu

Victoria University, Australia
sever@matilda.vu.edu.au

The Petroleum Institute, UAE
bemamizadeh @pi.ac.ae

‘Wake Forest University, USA
fulp@wfu.edu

University of Minnesota Duluth, USA
jgallian@d.umn.edu

Pomona College, USA
stephan.garcia@pomona.edu
Emory University, USA
rg@mathcs.emory.edu

Université Montréal, Canada
andrew @dms.umontreal.ca
University of South Carolina, USA
griggs@math.sc.edu

Emory University, USA
rg@mathcs.emory.edu

U of North Carolina, Greensboro, USA
sngupta@uncg.edu

University of Pennsylvania, USA
jhaglund @math.upenn.edu

Baylor University, USA
johnny_henderson@baylor.edu
Prairie View A&M University, USA
nahritonenko @pvamu.edu

College of William and Mary, USA
crjohnso@math.wm.edu
University of Colorado, USA
karen.kafadar @cudenver.edu
Clemson University, USA
kk@ces.clemson.edu

University of Rhode Island, USA
gladas@math.uri.edu

Texas A&M University, USA
larson @math.tamu.edu

University of Tennessee, USA
lenhart@math.utk.edu

Chi-Kwong Li
Robert B. Lund
Gaven J. Martin

Mary Meyer

Emil Minchev

Frank Morgan

Mohammad Sal Moslehian

Zuhair Nashed

Ken Ono

Timothy E. O’Brien
Joseph O’Rourke
Yuval Peres

Y.-E. S. Pétermann
Robert J. Plemmons
Carl B. Pomerance
Vadim Ponomarenko
Bjorn Poonen
James Propp
Jozeph H. Przytycki
Richard Rebarber
Robert W. Robinson
Filip Saidak

James A. Sellers
Andrew J. Sterge
Ann Trenk

Ravi Vakil

Ram U. Verma
John C. Wierman

Michael E. Zieve

College of William and Mary, USA
ckli@math.wm.edu

Clemson University, USA
lund@clemson.edu

Massey University, New Zealand
g.j.martin@massey.ac.nz
Colorado State University, USA
meyer @stat.colostate.edu

Ruse, Bulgaria
eminchev@hotmail.com

Williams College, USA
frank.morgan @williams.edu
Ferdowsi University of Mashhad, Iran
moslehian@ferdowsi.um.ac.ir
University of Central Florida, USA
znashed @mail.ucf.edu

Emory University, USA
ono@mathcs.emory.edu

Loyola University Chicago, USA
tobriel @luc.edu

Smith College, USA

orourke @cs.smith.edu

Microsoft Research, USA

peres @microsoft.com

Université de Genéve, Switzerland
petermann@math.unige.ch

Wake Forest University, USA
plemmons @wfu.edu

Dartmouth College, USA
carl.pomerance @dartmouth.edu
San Diego State University, USA
vadim@sciences.sdsu.edu

UC Berkeley, USA
poonen@math.berkeley.edu

U Mass Lowell, USA
jpropp@cs.uml.edu

George Washington University, USA
przytyck@gwu.edu

University of Nebraska, USA
rrebarbe @math.unl.edu

University of Georgia, USA
rwr@cs.uga.edu

U of North Carolina, Greensboro, USA
f_saidak@uncg.edu

Penn State University, USA
sellersj @math.psu.edu

Honorary Editor

andy @ajsterge.com

Wellesley College, USA

atrenk @wellesley.edu

Stanford University, USA

vakil @math.stanford.edu
University of Toledo, USA
verma99 @msn.com

Johns Hopkins University, USA
wierman@jhu.edu

University of Michigan, USA
zieve@umich.edu

PRODUCTION

Silvio Levy, Scientific Editor Sheila Newbery, Senior Production Editor Cover design: ©2008 Alex Scorpan

See inside back cover or http://msp.berkeley.edu/involve for submission instructions.

The subscription price for 2011 is US $100/year for the electronic version, and $130/year (+$35 shipping outside the US) for print
and electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to
Mathematical Sciences Publishers, Department of Mathematics, University of California, Berkeley, CA 94704-3840, USA.

Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, Department of Mathematics, University of
California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices.

Involve peer review and production are managed by EditFLOW™ from Mathematical Sciences Publishers.
PUBLISHED BY

mathematical sciences publishers
http://msp.org/

A NON-PROFIT CORPORATION
Typeset in IATEX
Copyright ©2011 by Mathematical Sciences Publishers


http://msp.berkeley.edu/involve
mailto:berenhks@wfu.edu
mailto:baxley@wfu.edu
mailto:benjamin@hmc.edu
mailto:bohner@mst.edu
mailto:boston@math.wisc.edu
mailto:budhiraj@email.unc.edu
mailto:pietro.cerone@vu.edu.au
mailto:scott.chapman@shsu.edu
mailto:corcoran@colorado.edu
mailto:tdiagana@howard.edu
mailto:mdorff@math.byu.edu
mailto:sever@matilda.vu.edu.au
mailto:bemamizadeh@pi.ac.ae
mailto:fulp@wfu.edu
mailto:jgallian@d.umn.edu
mailto:stephan.garcia@pomona.edu
mailto:rg@mathcs.emory.edu
mailto:andrew@dms.umontreal.ca
mailto:griggs@math.sc.edu
mailto:rg@mathcs.emory.edu
mailto:sngupta@uncg.edu
mailto:jhaglund@math.upenn.edu
mailto:johnny_henderson@baylor.edu
mailto:nahritonenko@pvamu.edu
mailto:crjohnso@math.wm.edu
mailto:karen.kafadar@cudenver.edu
mailto:kk@ces.clemson.edu
mailto:gladas@math.uri.edu
mailto:larson@math.tamu.edu
mailto:lenhart@math.utk.edu
mailto:ckli@math.wm.edu
mailto:lund@clemson.edu
mailto:g.j.martin@massey.ac.nz
mailto:meyer@stat.colostate.edu
mailto:eminchev@hotmail.com
mailto:frank.morgan@williams.edu
mailto:moslehian@ferdowsi.um.ac.ir
mailto:znashed@mail.ucf.edu
mailto:ono@mathcs.emory.edu
mailto:tobrie1@luc.edu
mailto:orourke@cs.smith.edu
mailto:peres@microsoft.com
mailto:petermann@math.unige.ch
mailto:plemmons@wfu.edu
mailto:carl.pomerance@dartmouth.edu
mailto:vadim@sciences.sdsu.edu
mailto:poonen@math.berkeley.edu
mailto:jpropp@cs.uml.edu
mailto:przytyck@gwu.edu
mailto:rrebarbe@math.unl.edu
mailto:rwr@cs.uga.edu
mailto:f_saidak@uncg.edu
mailto:sellersj@math.psu.edu
mailto:andy@ajsterge.com
mailto:atrenk@wellesley.edu
mailto:vakil@math.stanford.edu
mailto:verma99@msn.com
mailto:wierman@jhu.edu
mailto:zieve@umich.edu
http://msp.berkeley.edu/involve
http://msp.org/
http://msp.org/

INVOLVE 4:4(2011)

Maximality of the Bernstein polynomials

Christopher Frayer and Christopher Shafhauser

(Communicated by Martin Bohner)

For fixed a and b, let Q,, be the family of polynomials g (x) all of whose roots are
real numbers in [a, b] (possibly repeated), and such that g(a) = g(b) = 0. Since
an element of Q, is completely determined by it roots (with multiplicity), we
may ask how the polynomial is sensitive to changes in the location of its roots. It
has been shown that one of the Bernstein polynomials b; (x) = (x —a)"~ (x —b)’,
i=1,...,n—1, is the member of Q, with largest supremum norm in [a, b].
Here we show that for p > 1, b;(x) and b,,_;(x) are the members of Q, that
maximize the L? norm in [a, b]. We then find the associated maximum values.

1. Introduction

A monic polynomial g (x) is completely determined by its roots (with multiplicity),
since it can be written as the product

gx)=]]x—r,
i=1

where the r; are the roots. So it is a fair question to ask how the polynomial g is
sensitive to changes in the location of its roots. Boelkins, Miller and Vugteveen
[Boelkins et al. 2006] have shown that, among degree-n monic polynomials ¢ (x)
all of whose roots are real, belong to [a, b], and include a and b, the value of the
supremum norm, arg?i(b g (x), is maximized by the polynomials

(x—a)""x—=b) and (x—a)(x—b)""L.

So these are in some sense the “largest” polynomials in the class just described.

We will show that these are also the largest polynomials with respect to another
measure of size, namely, the L? norm for p > 1. (For p =1 this is simply the area
enclosed by the graph between a and b.)

MSC2000: 30C15.
Keywords: polynomial root dragging, L? norm, Bernstein polynomial.
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308 CHRISTOPHER FRAYER AND CHRISTOPHER SHAFHAUSER

Throughout this paper we let g(x) be a monic polynomial of degree n all of
whose roots are real and lie in [a, b]; we assume further that g(a) = g(b) =0. We
denote the family of all such polynomials by Q,. We show that given any g € Q,,,

1

n+1
/|q(x>| dr=b-a

and for any p € N

b 1 (pn— p)! p!
P _ pn+1
/a lg()|” dx < (b—a) o1 < o] )

We then use these bounds to verify the results of [Boelkins et al. 2006]. That is,

fora <x <b,
b-—a) (n—1\""!
lg (x)] < ( ) :
n n

2. Preliminary information

We are interested in how “large” a polynomial in Q, can be and therefore need a
way to tell when one polynomial is larger than another. We will use the L” norms
to measure the size of a polynomial. Given a polynomial g we use the notation
llg ”Lf;,b] to denote the L? norm of g:

b 1/p
gl , = (/ Iq(X)I”dX)
’ a

oo = Imax X)|.
Igllziz, = max I (o)

and

In particular, the L' norm of ¢,

b
lalluy, = [ lawlax,
a

measures the area enclosed by g.

Our goal is to understand how the L? norm of ¢ € O, is a function of the
location of its roots. Specifically, we would like to understand how the smallest
root of g which is greater than a will affect the L” norm of ¢g. We let ro = a and
r1 represent the smallest root greater than ry. With this in mind, we study how ry
affects the L? norm of polynomials of the form

g(x) = (x —r)*s(x)
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where s(x) = (x —ro) (x =r2)(x —r3) - -+ (x —Fp_;) and n = [ + k +m — 2. That
is, g is a degree n polynomial with roots

ro=a<ry<rp<ry-- - <rp_1=»n,

which takes into account having possibly repeated roots at ry and ;. To understand
how r; affects the L? norm of g we study the function

r b
Ap@ ) =llallyy =/ (ry —x)kp|s(x>|de+/ (x —r)*|s(x)|” dx,
a0 a r

where we allow r; € [rg, r2].
The following two basic results of calculus will be used later, when we optimize
the L? norm.

Lemma 2.1. If f(x) is twice differentiable and concave up on |a, b], then

max{f(a), f(D)} > f(x)
forall x € (a, b).

Lemma 2.2 (Leibniz’s formula). If F(x, y) and F,(x, y) are continuous in both x
and y in some region of the xy-plane including a <y < x and u(x) is a continuous
function of x, then

d u(x) d u(x)
—f Flx.y)dy = Fx, u()-2u(x) +f Fu(x,y) dy.
dx J, dx a

3. Maximizing the enclosed area

We are now ready to find the member of O, that encloses the largest area. In order
to do so we show that A;(g)(r1) is concave up on [rg, 72].

Theorem 3.1. Ifg(x) = (x —r1) s (x), where s(x) = (x —rg) (x —r2) - - - (X —Fp—1)
andro<ri<rp<r3<---<ryu_1, then

dZ
—Ai(q)(r1) >0 on [ro, r2].
dri
Proof. Let F(ri,x) = (x — r1)¥s(x), and observe that F(r;, r;) = 0. Applying
Leibniz’s formula to each term in dA1(q)(r1)/dr, we have
d [ ri
— / (r1 —x)!|s(x)| dx = kf (r1 — ) s (x)| dx
dl"] a a

and

d b b
—/ (x—rl)k|s(x)|dx=—k/ (x —r)* Vs(x)| dx.
drl r1 r1
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If k£ = 1, the fundamental theorem of Calculus implies that

d2 r d2 b

— | (ri—=x)ls(x)|dx =]s(r1)| and —2/ (x —r)ls()dx = |s(r)l.
dri Ja dri Jr

Since r; is not a root of s(x), it follows that

d2
EAI((])(”'I) =2[s(r1)| > 0.

If £ > 2, then

d2 r ri
p/ (n—x)"|s(x)|dx=k(k—1)/ (r1 —x)*?|s(x)| dx
1 Ja a

and
d2 b b
— / (x —r)¥|s(x)|dx =k(k — 1) / (x —r) 2|5 (x)| dx.
dri Jr, r
Therefore,
d2 b o
WAI(Q)(rl):k(k_l) |(x =r1)" “s(x)|dx >0
1 a
and A;(q)(r1) is concave up on [rg, r2]. O

Corollary 3.2. One of the Bernstein polynomials
bi(x)=(x—a)""(x=b), i=1,...,n—1,
is the member of Q that encloses the largest area on [a, b].

Theorem 3.1, along with Lemma 2.1, tells us that we can always find a polyno-
mial in Q, with a larger L' norm by “dragging” r to either rq or r,. Playing this
game a finite number of times leaves us a polynomial with roots only at @ and b.
So, one of the Bernstein polynomials,

hix)=x—a)""(x=0b), i=1,....,n—1,

will be the member of Q, that encloses the largest area.

4. Other values of p
We now extend the method of the previous section to values of p > 1. Let
q(0) = (x —rp)fs(x),

where
s(x) = (x =) (x =r2) -+ (X — 1)
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withrg <ri <rp <rz3 <---<ry,_1, and consider

r b
Ap(@) ) = f (1 — )5 ()P dx + / G—r)PlsPdx. (1)

If we can show that A ,(g)(r1) is concave up on [rg, 2], then one of the Bernstein
polynomials will be the member of Q, with the largest L? norm. Using the same
argument as the p =1 case, two applications of Leibniz’s formula yields

2

b
T3 A (@) =kp(kp — 1)/ |(x —r)*P 2 [s(x0)]? dx > 0,
1 a

and A,(q)(r1) is concave up on the interval [rg, 2] when p > 1.

In the above calculation, we have to be careful when kp—2 <0. Since kp—1>0
(k > 1 and p > 1) the hypothesis of Leibniz’s formula are satisfied for the first
application with

d r B b B
- A@) ) =kp / (r1 =) s (x)|? dx —kp f —r)*" s ()17 dx. (2)
1 a r
When applying Leibniz’s formula to the first term on the right-hand side, we need

9 _
a_m(rl — ) s ()P

to be continuous in both x and r; in some region including a < x < ry. Although
this may not be true at x = rj, we can still justify the application of Leibniz’s
formula by considering the interval [a, r; — €] and letting € — 0. That is,

a " k d nee kp—1
ﬁ/a (r1 —x)*|s(x)|? dx :615})1+ (d_mkp_/a (ry — )P s (o) |P dx) _

Because the integrand is positive, the result will follow if the limit exists.

The polynomial s(x) does not change sign on the interval (a, ), sO we may
assume without loss of generality that s(x) > 0 on [a, r| — €], with s(x) = 0 only
at x = a. Applying Leibniz’s formula on [a, r| — €] yields

d r —e€
lim (—kp / (rl—x)kp_ls(x)pdx>

e—0t \ dr;

ri—e
= lim kp(kp —1) / (r1 — ) 25(x)? dx + lim (e)"'s(r| —€)?
e—0t a e—~>0t

ri—e
= lirg+ kp(kp — 1) / (r1 — )P 25(x)? dx.
€—> a
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In order to see that this limit exists, we integrate by parts to get

kp(kp—1) lim [ —s(r —e)f’(e)kp_l+ P f”e(r — )P s ()P~ s (x) dx
PP =3 A\ kp—1 kp—1J, !

r
= [ r =07 s s o

a
where equality follows as kp — 1 > 0 and the integrand is a continuous function of

x on [a, r1]. Hence the limit exists and is positive from an earlier observation. A
similar argument applied to the second term on the right in (2) shows that

d2 b d b
— | c—r)"?ls(x)|”dx = lim — (—kp/ (x =) s ()P dx)
dr1 " e—0* dry rlte

2
exists and is positive. Therefore, j—rle p(q)(r1) > 0.
From an argument similar to Theorem 3.1, we have the following result:

Theorem 4.1. If p > 1, one of the Bernstein polynomials is the member of Q,, that
has the largest L? norm on [a, b].

Finally, we consider the case p = co. Since [a, b] has finite measure,

Tim £ @, =170z, ©)

[a,b]
see [Wheeden and Zygmund 1977, p. 126].

Corollary 4.2. One of the Bernstein polynomials is the member of Q,, that has the
largest L°° norm on [a, b].

Proof. Let m(x) € Q,, with m(x) #b;(x) fori =1,...,n— 1. If we restrict p to
the positive integers, it follows from (3) that the sequences

{im @l 1, = I,

and {160z, }, = 16O g

[a,b]

as p — oo. Theorem 4.1 implies that for each p € N
IOl < 1By,
so that
. <1 ‘
Jm {lm ey, = Hm li5i Ol -

Therefore [|m(x)]| L2, =< 1B; (x)]| L2, and we have the desired result. U
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5. Evaluating the maximum

The process of increasing the L? norm lead us to a finite class of polynomials that
must contain the “largest” polynomial in Q). Specifically, we arrived at the class
of Bernstein polynomials

bix)=x—a)"'(x=0b), i=1,...,n—1.

We would like to determine which of these polynomials will maximize the L?
norm. To do so, we recall (from [Dennery and Krzywicki 1996, pp. 94-98], for
example) the beta function, defined by

F@)C(y)

1
B = x=1 1 — y=1 =
(x,y) A (I —1)’ " dt Faty)

where ['(x) = fooo t*~le~!dt satisfies the property I'(n + 1) = n!.
Initially, we answer the question when a = 0 and b = 1, and then translate the
result back to general a and b by the appropriate substitution. We observe that

n—i+DTGE+1)
[(n+2)

1
/ W= ) dx = (<1 B —i 4 1+ 1) = (—1)
0

Since the polynomials b;(x) are either entirely positive or entirely negative on
[0, 1], we have

L . Fn—i+DCGE+1) 1 i'(n—10)!
Il = | [ 2= 10 x| = _

I(n+2) “n+1 nl
il(n—=i)! . ) . . . n .
Note that 18 the reciprocal of the binomial coefficient | . |J. Since n
n i

is fixed, we need to pick the value of i that minimizes this binomial coefficient.
Clearly this happens when i = 1 or i = n — 1. Therefore, the maximum value of
the norm is obtained for by (x) and b,_(x):

1 -1 1
= by ) = (”) — )

b =1 - '
Il l(x)”Ll o1 p41\1 nn+1)

[0.1]

This can be generalized to the interval [a, b] by using the substitution u = (x —
a)/(b — a); for any monic degree-n polynomial g (x) with all real zeros in [a, b]
such that g (x) has roots at a and b, we have

1

||CI(X)||L[1a’b] <b- a)"“m-
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If p € N, the same method can be used to evaluate the L?” norm of the Bernstein
polynomials. We have

['(pn—pi+DI(pi+1) Up_ 1 (pn—pi)!(p"* )
F(pn+2) ] ‘{pwﬂ (pn)! }'

The maximum value is still achieved by b (x) and b,_;(x). Inequality (5) can be
generalized to the interval [a, b] by using the substitution u = (x —a) /(b — a); for
any monic degree-n polynomial g (x) with all real zeros in [a, b] such that g(x)
has roots at a and b,

||bi(x)||iﬁ) V= [

um—pwumﬂT”

» _ \pn+l
llg GOl <[(b a) P (o)

[a,b] —

If p is not a natural number, the first equality in (5) is still valid, though we can
no longer express the result in terms of factorials. Therefore (again passing to the
case of [a, b]) we can write

a)Pr+! I'(pn— pi + DI (pi + 1) v )
'(pn+2)

To find the values of i that maximize this expression, we can differentiate it with
respect to i. (Although only integer values of i make sense in our context, the
quotient in (6) makes sense for all real i in the range of interest, 1 <i <n —1. The
domain of definition and differentiability of the gamma function includes (0, 00).)
The derivative of the gamma function involves another transcendental function,
known as polygamma. The upshot is that the quotient in (6) has only one critical
point in the interval 1 <i <n — 1, and it is a minimum rather than a maximum. It
follows that, once more, the local maxima in this interval must be at the endpoints
of the interval, thatis,i =1andi =n—1.

umuw%M=[w— ©)

6. Recovering the supremum norm

As mentioned in the introduction, it was established in [Boelkins et al. 2006] that
the Bernstein polynomials b;(x) and b,_;(x) are the members of Q, with the
largest L°° norm on [a, b]. In fact, they found that

b—a)y (n—1\""
1oyl gs = — ;

n

a result that we now reproduce as a consequence of the work in the previous section.
We have seen that, for p e N,

@—aV“4<@n—pﬂﬂ>Tm
pn+1 (pn)! ’

b1y, = [



MAXIMALITY OF THE BERNSTEIN POLYNOMIALS 315

n
Applying Sterling’s approximation, lim (n! —+/27n <ﬁ) ) =0, we obtain

n—oo e
11 gz, = Tim 181 (O,
1
_ jim | &= @™ (on = p)tp! v
poel pntl (pn)!
_ _ 1/
_ lim (b —a)P"+ 2mxp(n — D) (22 ”)P(" l)m(g)p p
p—>0o0 pn—+1 \/W( )pn

After simplification, this becomes

b—a) (n—1
51 e, = n“) <” )

n

_(b—a) n—l)
n ( n
_(b—a)" n—1
()

L’Hopital’s rule implies

(b—a)( 2ap(n — )>]1/”
pn+1 Jn

. (b )1/17 . < Arpn —1) ))1/17
p—> 00 p—>00

pn+1

VZmpn—D\'""
pn+1 '

p—>00

i (V2= 1/p

im [ ———
pn—+1

and it follows that

b—a) -1 n—1
G (" ) .

n

We can now reasonably claim that the Bernstein polynomials are the largest monic
polynomials with all real roots in [a, b] in the full sense of all possible L? norms.
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The family of ternary cyclotomic polynomials
with one free prime

Yves Gallot, Pieter Moree and Robert Wilms

(Communicated by Kenneth S. Berenhaut)

A cyclotomic polynomial &, (x) is said to be ternary if n = pqgr, with p, g and
r distinct odd primes. Ternary cyclotomic polynomials are the simplest ones for
which the behavior of the coefficients is not completely understood. Here we
establish some results and formulate some conjectures regarding the coefficients
appearing in the polynomial family ® ., (x) with p < g < r, p and q fixed and
r a free prime.

1. Introduction

The n-th cyclotomic polynomial @, (x) is defined by

o,)= [ @=¢hH =) antbxt,
k=0

1<j=n
(m=1

with ¢, a n-th primitive root of unity (one can take ¢, = e?™//™). It has degree
@(n), with ¢ Euler’s totient function. We write A(n) = max{|a, (k)| : k > 0}, and
this quantity is called the height of ®,(x). It is easy to see that A(n) = A(N),
with N =[], ,., p the odd squarefree kernel. In deriving this, one uses the
observation that if n is odd, then A(2n) = A(n). If n has at most two distinct odd
prime factors, then A(n) = 1. If A(n) > 1, then we necessarily must have that n
has at least three distinct odd prime factors. In particular for n < 105=3-5-7 we
have A(n) = 1. It turns out that A(105) = 2 with aj95(7) = —2. Thus the easiest
case where we can expect nontrivial behavior of the coefficients of @, (x) is the
ternary case, where n = pqr, with 2 < p < g <r odd primes. In this paper we are
concerned with the family of ternary cyclotomic polynomials

{q)pqr(x) :r>q}, (D

MSC2000: primary 11C08; secondary 11B83.
Keywords: ternary cyclotomic polynomial, coefficient.
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where 2 < p < g are fixed primes and r is a “free prime”. Up to now in the
literature the above family was considered, but with also g free. The maximum
coefficient (in absolute value) that occurs in that family will be denoted by M (p),
thus M(p) = max{A(pgr) : p < q < r}, with p > 2 fixed. Similarly we define
M (p; g) to be the maximum coefficient (in absolute value) that occurs in the family
(1), thus M (p; g) = max{A(pgqr) :r > q}, with 2 < p < ¢ fixed primes.

Example. Bang [1895] proved that M (p) < p — 1. Since a3.5.7(7) = —2 we infer
that M (3) = 2. Using ajo5(7) = —2 and M (3) =2, we infer that M (3;5) = 2.

Let A(p; q) = {apqr(k) : r > g, k > 0} be the set of coefficients occurring in
the polynomial family (1).

Proposition 1. Ap;q) =[—M(p; q), M(p; ¢)1NZ.

This shows the relevance of understanding M (p; ¢). Let us first recall some
known results concerning the related function M (p). Here we know thanks to
Bachman [2003], who very slightly improved on an earlier result in [Beiter 1971],
that M (p) < 3p/4. It was conjectured by Sister Marion Beiter [1968] (see also
[Beiter 1971]) that M (p) < (p+1)/2. She proved it for p <5. Since Moller [1971]
proved that M (p) > (p+1)/2 for p > 2, her conjecture actually would imply that
M(p) = (p+1)/2 for p > 2. The first to show that Beiter’s conjecture is false
seems to have been Eli Leher (in his PhD thesis), who gave the counterexample
a17.29.41(4801) = —10, showing that M (17) > 10 > 9 = (17 4+ 1)/2. Gallot and
Moree [2009b] provided for each p > 11 infinitely many infinitely many counterex-
amples p - g; - rj with g; strictly increasing with j. Moreover, they have shown
that for every € > 0 and p sufficiently large M (p) > (% —¢)p. They also proposed
the corrected Beiter conjecture: M (p) <2p/3. The implications of their work for
M (p; q) are described in Section 4.

Proposition 1 together with Moller’s result quoted above gives a different proof
of the result, due to Bachman [2004], that {a (k) : p <gq <r}=Z. For references
and further results in this direction (begun by I. Schur) see Fintzen [2011].

Jia Zhao and Xianke Zhang [2010] showed that M (7) = 4, thus establishing the
Beiter conjecture for p = 7. In a later paper they established the corrected Beiter
conjecture:

Theorem 2 [Zhao and Zhang 2009]. M (p) <2p/3.

This result together with some computer computation allows one to extend the
list of exactly known values of M (p) (see Table 1).

It is not known whether there is a finite procedure to determine M (p). On the
other hand, it is not difficult to see that there is such a procedure for M (p; q).

Proposition 3. Given primes 2 < p < q, there is a finite procedure to determine
M(p; q).
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p M(p) smallestn

3 2 3.-5.7
5 3 5-7-11
7 4 7-17-23
11 7 11-19-601
13 8 13-73-307

19 12 19-53-859

Table 1. Values of M (p). By “smallest n” we mean the smallest
integer n satisfying A(n) = M (p) and with p as its smallest prime
divisor.

Recall that a set S of primes is said to have natural density § if

i WP =x:peSH _
1m =

87
X—00 j'[(x)

where 7 (x) is the number of primes p < x. A further question that arises is how
often the maximum value M (p) is assumed. We have:

Theorem 4. Given primes 2 < p < q, there exists a prime qo with gy = g (mod p)
and an integer d such that M(p, q) < M (p, qo) = M (p, q’) for every prime q' > qq
satisfying q' = qo (mod d - p). In particular the set of primes g with M(p; q) =
M (p) has a subset having a positive natural density.

A weaker result in this direction, namely that for a fixed prime p > 11, the set of
primes ¢ such that M (p; g) > (p + 1)/2 has a subset of positive natural density,
follows from [Gallot and Moree 2009b] (recall that M (p) > (p+1)/2 for p > 11).

Unfortunately, the proof of Theorem 4 gives a lower bound for the density that
seems to be far removed from the true value. In this paper we present some con-
structions that allow one to obtain much better bounds for the density for small p.
These results are subsumed in the following main result of the paper.

Theorem 5. Let 2 < p <19 be a prime with p # 17. Then the set of primes q such
that M (p; q) = M (p) has a subset having natural density §(p) as follows:

p= 35 7 11 13 19
111 5

el

Numerical experimentation suggests that the set of primes g such that M (p; g) =
M (p) has a natural density §(p) as given in the above table, except when p = 13
in which case numerical experimentation suggests 6(13) = 1/3.

In order to prove Theorem 5, we will use the following theorem dealing with
2<p<T.
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Theorem 6. For2 < p <7 and q > p we have M (p; q) = (p+1)/2, except in the
case p=",q =13, where M(7; 13) = 3.

The fact that M (7; 13) = 3 can be explained. It turns out that if ap +bg =1 for
integers a and b small in absolute value, then M (p; g) is small. For example:

Theorem 7. If p > 5 and 2p — 1 is a prime, then M (p; 2p — 1) = 3.
This result and similar ones are established in Section 10.

Our main conjecture on M (p; q) is the following one.

Conjecture 8. Given a prime p, there exists an integer d and a function
g:(Z/dD)* — Z-~o

such that for some qo > d we have for every prime q > qo that M(p; q) = g(q),
where 1 < g < d satisfies ¢ = q (mod d). The function g is symmetric, that is we
have g(a) = g(d — ).

The smallest integer d with the above properties, if it exists, we call the ternary
conductor f,. The corresponding smallest choice of gg (obtained on setting d = §,)
we call the ternary minimal prime. For p =7 we obtain, e.g., {7 =1 and gy =17 (by
Theorem 6). Note that once we know g it is a finite computation to determine d
and the function g. Theorem 6 can be used to obtain the p <7 part of the following
observation concerning the ternary conductor.

Proposition 9. If2 < p <7, then the ternary conductor exists and we have f, = 1.
If p > 11 and § exists, then p|f).

While Theorem 4 only says that the set of primes ¢ with M (p; ¢) = M (p) has a
subset having a positive natural density, Conjecture 8 implies that the set actually
has a natural density in Q- which can be easily explicitly computed assuming we
know ¢g. In order to establish this implication one can invoke a quantitative form
of Dirichlet’s prime number theorem to the effect that, for (a, d) = 1, we have, as

x tends to infinity,

oo~ )

e ¢(d)logx

p=a (mod d)
This result implies that asymptotically the primes are equidistributed over the prim-
itive congruence classes modulo d. (Recall that Dirichlet’s prime number theorem,
Dirichlet’s theorem for short, says that each primitive residue class contains infin-
itely many primes.)
The main tool in this paper is Kaplan’s lemma, presented in Section 6. The

material in that section (except for Lemma 22, which is new) is taken from [Gallot
and Moree 2009a]. As a demonstration of working with Kaplan’s lemma two
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examples (with and without table) are given in Section 6.1. In [Gallot et al. 2010],
the full version of this paper, details of further proofs using Kaplan’s lemma can
be found. In the shorter version we have merely written “Apply Kaplan’s lemma”.

The above summary of results makes clear how limited presently our knowledge
of M(p; q) is. For the benefit of the interested reader we present a list of open
problems in Section 11.

2. Proof of two propositions and Theorem 4
Proof of Proposition 1. By the definition of M (p; q) we have

A(p;q) S[-M(p;q), M(p; ¢)INZ.

Let r > g be a prime such that A(pgr) = M(p; q) and suppose, without loss
of generality, that a,,-(k) = M(p; q). Gallot and Moree [2009a] showed that
lan (k) — a,(k — 1)] < 1 for ternary n (see [Bachman 2010; Bzdgga 2010] for
alternative proofs). Since a,,, (k) = 0 for every k large enough, it then follows that
0,1,..., M(p; q) are in A(p; g). By a result of Kaplan [2007] (see [Zhao and
Zhang 2010] for a different proof), we can find a prime s = —r (mod pg) and an
integer ki such that a,,s(k1) = —M(p; g). By a similar arguments as above one
then infers that — M (p; q), —M(p; q) + 1, ..., —1,0 are all in A(p; q). O

Proof of Proposition 3. Let R, be a set of primes, all exceeding ¢ such that every
primitive residue class modulo pgq is represented. By [Kaplan 2007, Theorem 2]
we have A(pgr) = A(pgs) if s =r (mod pq) with s, r both primes exceeding ¢
and hence

M(p; q) =max{A(pqr) :r € R,,}.

Since the computation of R ,, and A(pgr) is a finite one, the computation of
M ((p; q) is also finite. O

The remainder of the section is devoted to the proof of Theorem 4.
For coprime positive (not necessary prime) integers p, g, r we define
(o.¢]
/ k
a, q’r(k)x .
k=0

P =D -DT =D —1)

' (x)=
(x = DxPe =1 (xP" = D" —1)

p.q.r

Here we do not assume p < g < r. Hence we have the symmetry <I>;,’ gr(X) =

<I>;L r.g(X). A routine application of the inclusion-exclusion principle to the roots

of the factors shows that CD;L ¢, (X) is a polynomial. It is referred to as a ternary

inclusion-exclusion polynomial. Inclusion-exclusion polynomials can be defined
in great generality, and the reader is referred to [Bachman 2010] for an introductory
discussion. He shows that such polynomials and thus QD;’ ¢ (%) in particular, can
be written as products of cyclotomic polynomials (see Theorem 2 in that reference).
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Analogously to A(pgr) and M (p; g) we define
A'(p.q.r)=max{la,, (k)] :k >0},

M'(p; q) =max{A'(p,q,r):r > 1},
M'(p) =max{M'(p; q) : q = 1}.

We have @, (x) = CD;,’q’r(x) if p, g, r are distinct primes, so A(pgr)=A"(p, g, r)
in this case.

Lemma 10. For coprime positive (not necessary prime) integers p, q,r we have
A'(p.q,r) < A'(p,q,m2) < A'(p,q,r) + 1ifra=r) (mod pq) and ry > r\.

Proof. Note that r, > max{p, q}. If r; > max{p, g}, then Kaplan [2007, proof
of Theorem 2] showed that A'(p, q,r1) = A'(p,q,r2). In the remaining case
ri < max{p, q}, we have A’'(p,q,r) < A'(p,q,r) < A'(p,q,r1) + 1 by the
Theorem in [Bachman and Moree 2011]. U

In [Bachman and Moree 2011] it is remarked that A’(p, g, ) =A'(p, q, r1)+1
can occur.

Lemma 11. If p is a prime, then M'(p) = M (p). If q is also a prime with g > p
then M'(p; q) = M(p; q).

Proof. Let p < g be primes. Assume M'(p;q) = A'(p, q,r), where r is not
necessary a prime. By Dirichlet’s theorem we can find a prime r’ satisfying

r'=r(mod pg) and r’ > max(q,r).
Therefore we have, by Lemma 10,
M (p;q)=A"(p.q,r) <A (p,q,r")=A(p,q,r") <M(p; q).

Since obviously M (p; g) < M'(p; q), we have M'(p; q) = M (p; q).

Now let only p be a prime. Assume M’'(p) = A’(p, q,r), where g and r are
not necessary primes. Again by Dirichlet’s theorem we find a prime ¢’ with ¢’ =
g (mod pr) and ¢’ > max(p, g). Using Lemma 10 we have

M'(p)y=A"(p,q,r) <A(p,q'.r) <M'(p,q)=M(p,q") < M(p).
Since obviously M (p) < M'(p), we have M'(p) = M (p). O

Proof of Theorem 4. We set q1 := q. Let r; be a positive integer satisfying
M'(p; qi)=A'(p, qi, r;). Using Lemma 10 (note that A’(p, g, r) is invariant under
permutations of p, g and r) we deduce

M'(p;q1)=A'(p,q1,r1) <A'(p,q2,11) <A'(p,q2,12) = M'(p, q2),
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where g = g1 + pri. By the same argument the sequence ¢, ¢2, g3, ... with
gi+1 = q; + pr; satisfies

M'(p;q1) <M'(p; q2) <M'(p;q3) <---

Since M’ (p; q) < M'(p) = M(p) and by, e.g., Lemma 18, M (p) is finite, there are
only finitely many different values for M'(p; q). Hence there is an index k such
that M’ (p; gi) = M'(p; qi4;) for all i > 0. That means

M'(p; qr) = A'(p, g, i) = A/ (P, Gt 1, 1k) = A'(Py Grs1s Trs1) = M (P, qr+1),

and by induction A'(p, gx+i,rx) = A'(P, qk+i, re+i). Therefore we can assume
ry+i =1y for i > 0. Then we have gi; = qr +1i - pry. We set qo := qy and d := ry.
Certainly we have gy =¢ (mod p). Let ¢’ > go be a prime with ¢’ =gy (mod d - p).
There must be an integer m such that ¢’ = gy,,. Since M'(p; q) = M(p; q) by
Lemma 11, we have

M(p; q1) < M(p; q0) = M(p; q').

Applying this to M (p; q1) with M (p; q1) = M (p), where we have chosen ¢; such
that M (p; q1) = M (p), we get infinitely many primes of the form ¢; = ¢ +i - pry
satisfying M (p; g¢;) = M(p). On invoking (2) with a = ¢; and d = pr; the proof
is then completed. ([l

3. The bounds of Bachman and Bzdega

Letg* and r*, 0 < g*, r* < p be the inverses of ¢ and r modulo p respectively. Set
a =min(g*, r*, p—q*, p—r*). Put b = max(min(g*, p — ¢*), min(r*, p —r*)).
In the sequel we will use repeatedly that b > a. Bachman [2003] showed that

A(pqr)fmin(p;l +a,p—b>. 3)
This was more recently improved by Bzdega [Bzdega 2010] who showed that
A(pgr) <min(Ra + b, p — b). @

It is not difficult to show that min(2a + b, p — b) < min(”T_1 +a,p —b) and
thus Bzdegga’s bound is never worse than Bachman’s and in practice often strict
inequality holds.

Note that if g ==£1 (mod p), then (3) implies that A(pgr) < (p+1)/2, aresult
due to Beiter [1968] and, independently, Bloom [1968].

We remark that Bachman and Bzdgga define b as follows:

b =min(by, p—b1), abigr=1 (mod p), 0<b; <p.

It is an easy exercise to see that our definition is equivalent to this one.
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We will show that both (3) and (4) give rise to the same upper bound f(g*) for
M(p; g). Write ¢* = j (mod p), r* =k (mod p) with 1 < j, k < p— 1. Thus
the right-hand sides of both (3) and (4) are functions of j and k, which we denote
respectively by GB(j, k) and BB(Jj, k). We have

BB(j, k) = min(2a + b, p — b) < min (p ta, p—b) =GB(j, k),

with @ = min(j, k, p — j, p — k) and b = max(min(j, p — j), min(k, p — k)).
Lemma 12. Let 1 < j < p — 1. Denote GB(J, j) by f(j). We have

BB(j, k) = GB(j, k) = f(j),
15213_1 (J, k) 15?3_1 U, k)= )

with 1

s(p=D+j ifj<p/4

p—i if p/d<j=<3(p—1D,

and f(p—j)=f())if j > 3(p = D).

Proof. Since the problem is symmetric under replacing j by p — j, without loss of
generality we may assume that j < %( p—1).If j < p/4, then

f(j)={

—1 —1
GB(j, k) < pT+aspT+j=GB<j,j>.

If j > p/4, then
GB(j,k) =p—b=p—j=GB(j, j).

Note that
BB(j, X(p+ 1) —j) ifj<p/4
BB(j, j) if j > p/4.

For example, if j < p/4, then the choice ¢* = j, r* = %(p—i— 1)—jleadstoa =

GB(j, j) ={

and b = %(p + 1) — j and hence

BB(j, 3(p+ 1D —j)=min(3(p+ 1)+, 3(p = D +j) =GB, )).
Since BB(J, k) < GB(J, k) < GB(J, j) we are done. O
Theorem 13. Let2 < p < q. Then M (p; q) < f(q*).

Proof. By (4) and the definition of BB(j, k) we have

M(p;q) < max BB(¢* k) = f(g"),
1<k<p-—1

completing the proof. U
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Lemma 12 shows that using either (3) or (4), we cannot improve on the upper
bound given in Theorem 13. Since

{g(p— 1) if p=1(mod4),

. P
—p—1-|2]=
max S =p [ ] L@p—1) if p=3 (mod 4),

I<j<p- 4
we infer that

M < GB(j. k) = ) .
(p) - lfr}l?[i(—l lfrl?gal))(—l (J ) lfr}l?;(_l f(-]) < 4p

4. Earlier work on M (p; q)

Implicit in the literature are various results on M (p; g) (although we are the first
to explicitly study M (p; g)). Most of these are mentioned in the rest of this paper.
Here we rewrite the main result of [Gallot and Moree 2009b] in terms of M (p; q)
and use it for p = 11, to deal with ¢ = 4 (mod 11), and p = 13, to deal with
g =5 (mod 13).

Theorem 14. Let p > 11 be a prime. Givenany 1 < < p — 1 we let B* be the
unique integer 1 < B* < p — 1 with BB* = 1 (mod p). Let B_(p) be the set of
integers satisfying

pP— 3 * *
l=sp="—— p=p+287+1. B>§".
Let B (p) be the set of integers satisfying

~3
lﬂkﬂfnpswﬁﬁﬂZWﬂ

Let B(p) be the union of these (disjoint) sets. As (p —3)/2 € B(p), it is nonempty.
Let g = B (mod p) be a prime satisfying q > p. Suppose that the inequality

q >q-(p):=pp—pB)(p—B*—2)/2B) holds if p € B_(p) and
pip—1-p)
y(p=1=B—p+1+28
with y =min((p — B*)/(p — B), (B* — B)/B*) if B € B (p). Then
p+1

M(p;q)zp—ﬂ>7

q>q+(p):=

and hence M (p) > p —min{B(p)}.

We have B(11) = {4}, B(13) = {5}, B(17) = {7} and B(19) = {8}. In general one
can show [Cobeli et al. > 2011] using Kloosterman sum techniques that

1B(p)] - 1| < 24p* 10g p.
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The lower bound for M(p) resulting from this theorem, p — min{%R(p)}, never
exceeds 2p/3 and this together with extensive numerical experimentation led in
[Gallot and Moree 2009b] to the proposal of a corrected Beiter conjecture, now
proved by Zhao and Zhang (Theorem 2).

Under the appropriate conditions on p and g, Theorem 14 says that M (p; gq) >
p — B, whereas Theorem 13 yields M (p; q) < f(B%). Thus studying the case
p—pB = f(B*) with 8 € B(p), leads to a small subset of cases where M (p; ¢g) can
be exactly computed using Theorem 14.

Theorem 15. Let p > 13 with p = 1 (mod 4) be a prime. Let xy be the smallest
positive integer such that xg +1=0 (mod p). If xo > p/3, g = xo (mod p) and
q = q+(p) with B = xo), then M(p; q) = p — xo.
Proof. Some easy computations show that if p — 8 = f(8*) and B € B(p), we
must have 8 € B, (p), %(p 1)< p*< %p and hence f(8*) = 8* and so
BeBi(p), 15;35”73, B+8=p. B'=26. g <§p. 5)
Note that 8 + 8* = p, p > 13, has a solution with 8 < p/2 if and only if p =1
(mod 4) and S = x¢ (and hence 8* = p — xg) with x( the smallest solution of
xg +1=0 (mod p). If xg > p/3, then B = xq satisfies (5). Since by assumption
q > q+(p) and g = xg (mod p), we have M (p; g) > p—xo by Theorem 14. On the
other hand, by Theorem 13, we have M (p; q) < f(p —x0) = f(x0) = p —x¢. U

Remark. The set of primes p satisfying p=1 (mod 4) and x¢ > p/3 (which starts
{13,29, 53,73, 89,173, ...}) has natural density ;. This follows on taking o, = §
and o) = % in the result from [Duke et al. 1995] that if f is a quadratic polynomial
with complex roots and 0 < o) < ap < 1 are prescribed real numbers, then as x
tends to infinity,

#(p,v):p=x, f()=0(mod p), a1 <v/p < az} ~ (@2 —a)m(x).

5. Computation of M (3; q)

Note that for all primes g and r with 1 < g < r, there exists some unique 7 <
(g—1)/2and k > O suchthatr = (kg+1)/horr =(kg—1)/h. If n =0 (mod 3)
is ternary, then either A(n) =1 or A(n) =2 as M (3) = 2. The following result due
to Sister Beiter [Beiter 1978] allows one to compute A(n) in this case.
Theorem 16. Let n =0 (mod 3) be ternary.
e Ifh =1, then A(n) =1 if and only if k =0 (mod 3).
e If h > 1, then A(n) =1 if and only if one of the following conditions holds:
(a) k=0 (mod 3) and h + g = 0 (mod 3).
(b) k =0 (mod 3) and h +r =0 (mod 3).
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We have seen that M (3; 5) = 2. The next result extends this.
Theorem 17. Let g > 3 be a prime. We have M (3; q) = 2.

Proof. In case ¢ = 1 (mod 3), then let r be a prime such that »r = 14 ¢ (mod 3¢q).
Since (1 + ¢, 3g) = 1, Dirichlet’s theorem says there are in fact infinitely many
such primes. If ¢ = 2 (mod 3), let r be a prime such that r = 1 4 2¢ (mod 3q).
Since (1 + 2g, 3q) = 1, there are infinitely many such primes. The prime r was
chosen so as to ensure that 2 = 1 and 3 { k. Using Theorem 16 it then follows that
A(3gr) =2 and hence M (3; q) = 2. Ol

6. Kaplan’s lemma reconsidered

Our main tool will be the following result of Kaplan, the proof of which uses the
identity

D pgr (X) = (L+xPT x24I x4 xP 7 =3 — =X, (k7).

Lemma 18 [Kaplan 2007]. Let2 < p < q < r be primes and k > 0 be an integer.
Put
b — {apq(i) ifri <k,

0 otherwise.
We have
p—1
apgr (k) = Z(bf(m) —Dfm+q)) (6)
m=0

where f(m) is the unique integer such that f(m) = r~'(k —m) (mod pq) and
0< f(m) < pq.

(If we need to stress the k-dependence of f(m), we will write f;(m) instead of
f(m), see, e.g., Lemma 22 and its proof.) This lemma reduces the computation
of a,yr (k) to that of ap, (i) for various i. These binary cyclotomic polynomial
coefficients are computed in the following lemma. For a proof see, e.g., [Lam and
Leung 1996; Thangadurai 2000].

Lemma 19. Let p < q be odd primes. Let p and o be the (unique) nonnegative
integers for which 14+ pqg = (p+ 1)p+ (0 + 1)q. Let 0 < m < pq. Then either
m=a1p+ pi1q orm=ca1p+ Pi1q — pq with 0 <oy < g — 1 the unique integer
such that o;p = m (mod q) and 0 < B < p — 1 the unique integer such that
B1g =m (mod p). The cyclotomic coefficient ap,(m) equals

I fm=aip+pigwith0<a; <p, 0<p <o,

=1 ifm=aip+pig—pgwithp+1<o1<qg—1,0+1<p <p—1,
0 otherwise.
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We say that [m], =« is the p-part of m and [m], = By is the g-part of m. It is
easy to see that

[mlpp+Imlyq if [m], < p and [m]; < o;
m =9 [m],p+I[mlgq — pq if [m], > p and [m]; > o;
[mlpp+I[mlyq —8mpg  otherwise,

with §,, € {0, 1}. Using this observation we find that, for i < pq,

I if[i], <p,lily <o and [i],p+[ilgqg <k/r;
bi=1-1 if[il, > p,lily >0 and [i],p+[ilyq — pg <k/r;
0 otherwise.

Thus in order to evaluate ap,-(n) using Kaplan’s lemma it suffices to compute
Lf m)]p. Lf (). and [f (m +q)], (note that [£(m)], = Lf (m +q)],).

For future reference we provide a version of Kaplan’s lemma in which the com-
putation of b; has been made explicit, and thus is self-contained.

Lemma 20. Let 2 < p < g < r be primes and let k > 0 be an integer. We put
p=[(p—1(g—1l,and o =[(p—1)(g — D],. Furthermore, we put

1 iflily <p,lily <oandlil,p+lilyq <k/r;
bi=1-1 iflil, > p,lily > o and [il,p+[ilyq — pq < k/r;
0 otherwise.
We have
p—1
apgr®) =Y (b pam) = brintq)): (7

m=0

where f(m) is the unique integer such that f(m) = r~'(k —m) (mod pq) and
0= f(m) < pq.

Note that if i and j have the same p-part, then b;b; # —1, that is b; and b; cannot
be of opposite sign. From this it follows that |b f4u) — b fm+q)| < 1, and thus we
infer from Kaplan’s lemma that |a,,, (k)| < p and hence M (p) < p.

Using the mutual coprimality of p, g and r we arrive at the following trivial,
but useful, lemma.

Lemma 21. We have {[f(m)], : 0 <m < p—1} =1{0,1,2,...,p — 1} and
HLf(m)],:0<m < p—1}| = p. The same conclusions hold if we replace [ f (m)],
and [ f(m)], by [ f (m +q)]y, respectively [ f (m +q)],.

Working with Kaplan’s lemma one first computes a ,, ( f (m)) and then b (). As
a check on the correctness of the computations we note that the following identity
should be satisfied.
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Lemma 22. We have

p—1 p—1
D apg(fim) =" apg(fi(m+q)).
m=0

m=0

Proof. Choose an integer k; =k (mod pgq) such that k; > pgr. Then apy, (k1) =0.
By Lemma 18 we find that

p—1
0=apgr(ki) =Y _ (apg(fi, M) — apg(fi, (m +q))).

m=0

Since fi (m) only depends on the congruence class of k modulo pq, fi, (m)= fi(m)
and the result follows. [l

6.1. Working with Kaplan’s lemma: examples. In this section we carry out some
sample computations using Kaplan’s lemma. For more involved examples the
reader is referred to [Gallot and Moree 2009b].

We remark that the result that a,, (k) = (p+1)/2 in Lemma 23 is due to Herbert
Moller [1971]. The proof we give here of this is rather different. The foundation
for Moller’s result is due to Emma Lehmer, who showed [1936] that

an(3(p=3)(gr + 1)) =3(p—1)
with p, g, r and n satisfying the conditions of Lemma 23.

Lemma 23. Let p < g < r be primes satisfying
p—1 qg—1
p>3, g=2(modp), rET(modp), rET(modq).

Fork = (p —1)(qr +1)/2 we have a,q, (k) = (p+1)/2.

Proof (taken from [Gallot and Moree 2009a]). Using that ¢ =2 (mod p), we infer
from 14+ pg = (p+1)p+(c+1)g thato =1(p—1) and (p+1)p=143(p—1)g
(and hence p = (p — 1)(¢ —2)/(2p)). Invoking the Chinese remainder theorem
one checks that

—rl=2=— (qT> p+g (mod pgq). ®)

Furthermore, writing f(0) as a linear combination of p and g we see that

k ~1 —1 —1
f(O)E_E(p )q+p z(p )q—l—l—pzpp(modpq). 9)
r 2 2r 2

Since f(m) = f(0) — % (mod pg) we find using (8), (9) and the observation that
p—m(g—=2)/p=0for0O<m=(p—1)/2, that[f(m)],=p—m(g—2)/p<p
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and [f(m)]; =m <o for 0 <m < (p —1)/2. Since [f(m)],p + [f(m)]yq =
pp +2m < pp + p — 1 = [k/r], we deduce that a,,(f(m)) = by =1 in this
range; see also the following table:

Lf(m)]p Lf(m)], f(m) apg(f(m) byrum
0 P 0 op 1 1
1 —(q—-2)/p 1 op+2 1 1
: : : : 1 1
J p—Jjlg—2)/p J pp+12j 1 1
: : : : 1 1
(p—1)/2 0 (p—1)/2 (p—1)q/2 1 1

Note that f(m) = f(0) —m/r = pp +2m (mod pq), from which one easily
infers that f(m)=pp+2mforO0<m <p—1(as pp+2m <pp+2(p—1) < pg). In
the range 3 (p+1) <m < p—1we have f(m) > pp+p+1=(p—1)g/2+2>k/r,
and hence b () =0.

On noting that f(m+q)= f(m)—q/r= f(m)+2qg = pp+2m+2qg (mod pq),
one easily finds, for 0 <m < p — 1, that f(m +q) = pp +2m + 2q > k/r and
hence b ¢ (m4q) = 0.

Invoking Kaplan’s lemma one finds

p+1 p+1
apgr (k) = Z brom) — Z brmtq = —F——-0= T' O

Lemma 24. Let 3 < p < g < r be primes satisfying

g =1 (mod p), rl = % (mod pq).

Fork:(p_1)qr/2_pr+zwehaveapqr(k):—min(%‘i‘l,_p—21_1>.

Proof. Let 0 <m < p — 1. We have
_(p-DE@-D
p
k=1 (mod p), k=0 (modg), k=2 (modr),

and 0 =0,

so that we can compute

[fm)]y=q 'r ' (k—m)=(1-m)/2 (mod p),
[fm+@ly=q""'r '(k—m—gq)=—m/2 (mod p),
[fm)], =[fm+@]l,=p 'r ' (k—m)=—-m/2 (mod q).
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This leads to
(p+1—m)/2 form even,
[f(m)]l,=1Q2p+1—m)/2 form odd and m # 1,
0 form =1,
(p—m)/2  for m odd,
[f(m+qg)ly=1@2p—m)/2 form even and m # 0,
0 for m =0,
(g—m)/2 form odd,
[fm)],=[fm+q)],=1{2g—m)/2 form even and m # 0,
0 form = 0.
We consider four cases:
Case 1: [f(m)], <pand[f(m)], <o. In this case m = 1. Therefore
plg—1 _k
= > -,
2 r
Case 2: [f(m)], > p and [ f(m)], > o. This case only arises if m is even and
m > 2. Then we have

Lfm)]pp +1f (m)]yq

2g —m p+1—m
fm)],p+1f(m)lyq — pg = 7 P+ 5 4—Pd
+1—m)—m —1 2k
_ap ) piq(p )_p+_=_.
2 2 r r

However, not all even m > 2 satisfy [ f(m)], > p. For this it is necessary that

2g—m - (p—D@-1
2 p ’

That means
m_a-l,
— < —_—
2 P

and since 0 < % < pT—l we have exactly min(q 1_7 I , pT—l) different values of m.

Case 3: [f(m+q)]p < p and [f(m + q)]; < o. In this case we have m = 0.
Therefore

k
Lfm+@]pp+1fm+@lgg=0=—.

Case 4: [f(m+q)], > p and [ f(m +q)], > 0. We must have 2|m and m > 2.
We find
2g —m 2p—m k

[fim+)])pyp+[fm+q)lyqg — pg = 5 p+ p2 9=prq> -
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This case analysis shows that (respectively)

r—1 p—1 g—1 p—1 p—1 p—1
Z 1 0, ZO 1= mln( D . T), ZO 1= l, ZO 1=0.
m= m= m= m=

byum=1 brm=—1 brontqy=1 bfun+q)=—1

Kaplan’s lemma then yields

pgr (k) = (O—min(qul, pT_l» —(1-0)=— min(%—i— 1, pT“) O

The next two lemmas are proved by application of Kaplan’s lemma; see [Gallot
et al. 2010] for details.

Lemma 25. Let 3 < p < g < r be primes satisfying

g=-2(mod p), r~'=p—2(@mod pq)andq > p*/2.
For k = pTH(l +r2Q—p+q))+r+q—rqwehave ap, (k) =—(p+1)/2.

Remark. Numerical experimentation suggests that with this choice of k, a condi-
tion of the form g > p2c1 , with ¢; some absolute positive constant, is unavoidable.

Lemma 26. Let 3 < p < g < r be primes satisfying

g = —1 (mod p), rl= % (mod pq) and g > P2 —2p.

Fork = p(q—1r/2—rq+ p—1wehave a,y (k) =—(p+1)/2.

Proof of Proposition 9. The first assertion follows by Theorem 6, so assume p > 11.
We will argue by contradiction. So suppose that p { f,. Put § = (p —3)/2. By
the Chinese remainder theorem and Dirichlet’s theorem there are infinitely many
primes g such that g = 2 (mod p) and g = 1 (mod f,). Further, there are
infinitely many primes g, such that g, = 8 (mod p) and g = 1 (mod f,). By the
definition of f, there exists an integer ¢ such that M (p; g) =cforallg =1 (mod §,)
that are large enough. However, by Lemma 23 we have M (p; ¢1) = (p+1)/2 and
by Theorem 14 (note that 8 € B(p)) we have M (p; q2) > (p+1)/2 for all g, large
enough. This contradiction shows that p { f,. (]

The results from this section together with those from Section 3 allow one to
establish the following theorem. In Section 10 we will discuss the sharpness of the
lower bounds for ¢.

Theorem 27. Let 2 < p < g be primes.

(@) If g =2 (mod p), then M(p; q) = (p+1)/2.

(b) If g = =2 (mod p) and g > p*/2, then M(p; q) = (p+1)/2.
(©Ifg=1(mod p)and g > (p—1)p/2+1,then M(p; q) = (p+1)/2.
(d) If g =—1 (mod p) and g > p* —2p, then M(p; q) = (p+1)/2.
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Proof. By Theorem 17 we have M (3; q) =2 = (34 1)/2, so assume p > 3.

(a) We have M (p; q) > (p+1)/2 by Lemma 23, and M(p; q) < f(2*) = f((p+
1)/2) = (p+1)/2 by Theorem 13.

(b)+(c)+(d) Similar to that of part (a). Note that f((—2)*) = f((p — 1)/2) =
(p+1D/2and f(1)=f(p—D=(@+1D/2 g
Theorem 28. Let g > 5 be a prime. Then M(5; g) = 3.

Proof. The proof is most compactly given in a table:

q qo M(;q) result

1 11 3 Theorem 27(c)
2 7 3 Theorem 27(a)
3 13 3 Theorem 27(b)
4 19 3 Theorem 27(d)

Interpretation: the third row, for example, says that for g =3 (mod 5), g > 13, we
have M (5; g) = 3 by Theorem 27(b). O

7. Computation of M (7; q)

Theorem 27, together with the next two lemmas (again proved by application of
Kaplan’s lemma), allows one to compute M (7; q). These lemmas concern the
computation of M (p; q) withg = (p+1)/2 (mod p).

Lemma 29. Let p > 5 be a prime. Let ¢ > max(3p, p(p + 1)/4) be a prime
satisfying g = (p — 1)/2 (mod p). Let r > q be a prime satisfying

1 p+1
r = —
2

Fork=p—1+r(14+q(p—1)/2—p(p+1)/2) we have apq, (k) = (p+1)/2.

Lemma 30. Let p > 5 be a prime. Let ¢ > max(3p, p(p —1)/4+ 1) be a prime
satisfying g = (p+1)/2 (mod p). Let r > q be a prime satisfying

(mod p), rl = p (mod q).

—1
P pT (mod p), rl = p (mod q).

Fork=qg+p—1+r(q(p—1)/2— p(p+1)/2) we have apy-(k) = (p+1)/2.
Theorem 31.
(a) If g = max3p, p(p+1)/4) is a prime satisfying g = (p—1)/2 (mod p), then
(p+1)/2=<=M(p;q) <(p+3)/2

) If g = max(3p, p(p—1)/4+1) is a prime satisfying g = (p+1)/2 (mod p),
then (p+1)/2<M(p;q) < (p+3)/2.
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Proof. This follows on noting that
() = 125202 o((251)

and combining Lemmas 29 and 30 with Theorem 13. ([

Theorem 32. We have M(7;11) = 4, M(7;13) = 3 and for q > 17 a prime,
M(7;q)=4.

Proof. Again we encode the proof in a table:

q qo0 M(;q) result

1 29 4 Theorem 27(c)
2 23 4 Theorem 27(a)
3 31 4 Theorem 31(a)*
4 53 4 Theorem 31(b)*
5 47 4 Theorem 27(b)
6 41 4 Theorem 27(d)

For the entries marked with asterisks we also need the fact that M (7) <4 (see just
before Theorem 2). Since M(7;11)=M(7;17) =M (7;19) =4 and M(7; 13) =3
(the only cases not covered in the table), the proof is completed. (]

Proof of Theorem 6. Combine Theorems 17, 28 and 32. U

8. Computation of M (11; q)
We have M (11; g) < M(11) =7 (by Theorem 2 and Table 1). Moreover:

Theorem 33 [Gallot and Moree 2009b]. Let g < r be primes with ¢ =4 (mod 11)
andr = -3 (mod 11). Let 1 <a < g — 1 be the unique integer such that 11ra =1
(mod q). Suppose that q /33 <a < (3q—1)/77. Then ay14-(10+(6g—T7a)r)=—1.

Lemma 34. Let g be a prime such that g =4 (mod 11). Forq > 37, M(11;q) =17,
and M(11; 37) =6.

Proof. By computation one finds that M (11; 37) = 6. Now assume g > 37. Notice
that it is enough to show that M(11; g) > 7. For g > 191 the interval I(q) :=
(¢/33, (3g — 1)/77] has length exceeding 1 and so contains at least one integer
«. Then by the Chinese remainder theorem and Dirichlet’s theorem we can find
a prime r; such that both r; = —3 (mod 11) and 11rj; = 1 (mod ¢g). Then we
invoke Theorem 33 with r = r| and o = «;. It remains to deal with the primes 59
and 103. One checks that both intervals 7(59) and 7 (103) contain an integer and
so we can proceed as in the case g > 191 to conclude the proof. U
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Lemma 35. Let p =11.

(a) For > 133, g =3 (mod 11), r ' = q (mod pq) andk =q+7r
we have apq, (k) =7.

(g—19)
2

(b) Forg=7 (mod 11), r ' = M(rnod pq) and k=6qr+4 we have a (k) =17.

(c) Forg=8 (mod 11), =4 = (mod pq) and k =6qr+4 we have a,,, (k) =17.
pq

N‘
U-)

The proof is an application of Kaplan’s lemma.

Theorem 36. For g > 13 we have

gmodll) 1 2 3 4 5 6 7 8 9 10
M(l;q) 6 6 77 67 67 7 7 6 6

except when g € {17,23,37,43,47}. We have M(11;17) =5, M(11;23) = 3,
M(11;37)=6,M(11;43) =5and M(11; 47) =

Remarks. (1) If g=-+£5 (mod 11) and g > 61, then M (p, q) € {6, 7}. We believe
that M(p; q) =6
(2) By Corollary 41 and 42 following Theorem 40, one infers that M (11; 17) <5,
M(11;23) <3 and M(11;43) <5.

Proof of 36.

qo M(11;q) result

q

1 67 6 Theorem 27(c)
2 13 6 Theorem 27(a)
3 157 7 Lemma 35(a)*
4 59 7 Lemma 34

5 71 6,7 Theorem 31(a)*
6
7
8
9
0

61 6,7 Theorem 31(b)*

29 7 Lemma 35(b)*

19 7 Lemma 35(c)*

97 6 Theorem 27(b)
6

109

Theorem 27(d)

Here the asterisks indicate that we need the fact that M(11) = 7. The proof is
completed by directly computing the values of M (p; ¢) not covered by the table.

O
9. Computation for p =19

By Theorem 2 we have M (19) <2-19/3 and hence M (19) < 12. By Theorem 14
we find that M(19; g) > 11 for every ¢ = 8 (mod 19) and ¢ > 179 and hence
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M(19) > 11. Since A(19 - 53 -859) = 12, it follows that M (19) = 12. The next
result even shows that M (19; g) = M (19) for a positive fraction of the primes.

Theorem 37. We have M (19) =12. Moreover, M (19, g) =12 if g =+4 (mod 19),
with g > 23. Furthermore, M (19; 23) = 11.

The proof is an almost direct consequence of the following lemma, itself proved
by applying Kaplan’s lemma.

Lemma 38. Put p =19 and let ¢ = £4 (mod 19) be a prime. Suppose there exists
an integer a satysifying

5g — 18
qaz—l(mod3)andi<a§ el .
6p 6p

Letr > q be a prime satisfying r (q—ap) =3 (mod pq). Then apq-(Tqr+q) =—12,
ifq=—4 (mod 19), and ay9y,(Tqr +r) = —12if g =4 (mod 19).

(10)

Proof of Theorem 37. For g > 90 the interval in (10) is of length > 3 and so contains
an integer a satisfying ga = —1 (mod 3). It remains to deal with g € {23, 53, 61}.
Computation shows that M (19; 23) = 11. For ¢ = 53 and ¢ = 61 one finds an
integer a satisfying condition (10). O

Proof of Theorem 5. By Theorem 14 and Dirichlet’s theorem the claim follows for
p = 13. Using Lemmas 34 and 35 the result follows for p = 11. On invoking
Theorems 6 and 37, the proof is then completed. O

10. Small values of M (p; q)

Typically if M (p; g) is constant for all g large enough with ¢ = a (mod d), then
M (p; q) assumes a smaller value for some small g in this progression. A (partial)
explanation of this phenomenon is provided in this section. We will show that if
ap + bg =1 with a and b small in absolute value, then M (p; g) is small. On the
other hand we will show that M (p; ¢) cannot be truly small.

Proposition 39. Let 2 < p < g be odd primes. Then M (p; q) > 2.

Proof. We say @, (x) is flat if A(n) = 1. ChunGang Ji [2010] proved that if
p < q <r are odd prime and 2r = &1 (mod pg), then ® ,,,(x) is flat if and only
if p=3and g =1 (mod 3). It follows that M (p; q) > 2 for p > 3. Now invoke
Theorem 17 to deal with the case p = 3. U

Theorem 40. Let 2 < p < g be odd primes and p and o be the (unique) nonnega-
tive integers for which 1 + pq = (p+ 1)p + (0 + 1)q. Then

p+p—o ifp=o,

M(;)S{ .
p-q q+o—p ifp>o.
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Corollary 41. Let h, k be integers with k > h and q = (kp — 1)/ h a prime. If
p>=k+h,then M(p; q) <k+h.

Corollary 42. Let h, k be integers withk > h and g = (kp+1)/h a prime. If p > h
and q > k+h, then M(p; q) <k+ h.

Proof of Theorem 40. Let us assume that p < o, the other case being similar. Using
Lemma 21 and Lemma 19 we infer that the number of 0 <m < p—1 with b,y =1
is at most p+1. Likewise the number of m with b f(;,14) = —1isatmost p—1—o.
By Kaplan’s lemma it then follows that @, (k) < p+14+(p—1—0)=p+p—o.
Since the number of 0 <m < p — 1 with b¢(,) = —1 is at most p — 1 — o and the
number of m with b ¢, 14) = 11s at most p+1, we infer that a4, (k) > —(p+p—0)
and hence the result is proved. (I

Theorem 43. Let g =1 (mod p). Then

oy (g—1 p+1
M(p; q) = min (T +1, T)
Proof. For p = 3 the result follows by Theorem 17, so assume p > 5. Sis-
ter Beiter [Beiter 1968], and independently Bloom [Bloom 1968], proved that
M(p;q) <(p+1)/2if g = %1 (mod p) (alternatively we invoke Theorem 13).
By Corollary 42 we have M(p;q) < (¢ —1)/p+ 1. By Lemma 24 the proof is
then completed. (I

Numerical experiments suggest that in Theorem 27(b) the condition g > p?/2
can perhaps be dropped. By Theorem 43 the condition ¢ > (p — 1)p/2+ 1 in part
(c) is optimal. In (d) we need ¢ > (p —1)p/2 — 1; otherwise M (p; q) < (p+1)/2
by Corollary 41.

Lemma 44. Let p > 7 be a prime such that g = 2p — 1 is also a prime. Letr > q
be a prime such that (p + q)r = —2 (mod pq). Putk =rq(p —1)/2+2p — pq.
Then apqr (k) = 3.

The proof is an application of Kaplan’s lemma.
Proof of Theorem 7. On combining Lemma 44 with Corollary 41, one deduces that
M(p;2p—1)=3if p>5and 2p — 1 is a prime. ([l
11. Conjectures, questions, problems

The open problem that we think is the most interesting is Conjecture 8. If one
could prove it and obtain an effective upper bound for the ternary conductor f,
(say 16p) and an effective upper bound for the minimal ternary prime (say p?),
one would have a finite procedure to compute M (p).
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Problem 45. Bachman [2010] introduced inclusion-exclusion polynomials. These
polynomials generalize the ternary cyclotomic polynomials. Study M (p; ¢) in this
setting (here p and ¢ can be any coprime natural numbers), cf. Section 2 where we
denoted this function by M’(p; ¢). For example, using [Bachman 2010, Theorem
3] by an argument similar to that given in Proposition 3 it is easily seen that there
is a finite procedure to compute M'(p; q).

Problem 46. The analogue of M (p; g) for inverse cyclotomic polynomials can be
defined [Moree 2009]. Study it.

Question 47. Can one compute the average value of M (p; g), that is does the limit

> M(pig)

P<q=x

lim
X—00 n(x)

exist and if yes, what is its value?

Question 48. Is Theorem 5 still true if we put §(13) = 1/3 and cross out the words
“a subset having”?

Question 49. If g > p is prime and ¢ = —2 (mod p), then do we have M (p; q) =
(p+1)/2?

Question 50. Suppose that p > 11 is a prime.

If 6p — 1 is prime, then do we have M(p,6p —1) =77

If (5p —1)/2 is prime, then do we have M(p, Sp—1)/2) =77
If 5p+1)/2 is prime then do we have M (p, 5p+1)/2) =77
Find more similar results.

Question 51. Given an integer k > 1, does there exist po(k) and a function g (p)
such that if ¢ = 2/(2k 4+ 1)(mod p), g > qix(p) and p > po(k), then M(p; q) =
(p+2k+1)/27

Question 52. Is it true that M (11; g) = 6 for all large enough ¢ satisfying g =
45 (mod 6)? If so one can finish the computation of M (11; g).

Question 53. Is it true that for ¢ sufficiently large the values of M (13; ¢), M (17; q),
M(19; g) and M (23; q) are given by Table 2 on the next page?

The next question was raised by the referee of this paper.

Question 54. Suppose that for all sufficiently large primes ¢ = go (mod f,) we
have M(p; q) < M(p). Is it possible to prove that M(p; g) < M(p) for every
prime g = go (mod f,)?

Question 55. For a given prime p, let m(p) denote liminf M (p; q), with g > p.
Determine m(p). Is it true that lim,_, o m(p)/p = c for some constant ¢ > 0?
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gq(mod13) 1 2 3 4 5 6 7 8 910 11 12
7 & 8

M@A3;q) 7 7 7T 7 8 8 7 7 7
gq(modl17) 1 2 3 4 5 6 7 8 910 11 12 13 14 15 16
Md7;,¢9 9 9 91010 910 9 910 91010 9 9 9

g(mod19) 1 2 3 4 5 6 7 8 910 11 12 13 14 15 16

M(19;¢q) 10 10 10 12 11 9 11 11 10 10 11 11 9 11 12 10
g (mod 19) . 17 18
M(19: g) (continued) 10 10

g(mod23) 1 2 3 4 5 6 7 8 910 11 12 13 14 15 16
MQ23;q) 12 12 12 14 14 11 13 11 14 13 12 12 13 14 11 13

g (mod 23) (continued) 17 18 19 20 21 22
M(23;q) “ 11 14 14 12 12 12

Table 2. Conjectural values of M (13;¢q), M(17;q), M(19; q)
and M (23; q) (for g large). See Question 53.

By Proposition 39 we have m(p) > 2 for p > 2. Note that the results in this
paper imply that m(p) = (p+1)/2 for 2 < p < 11. If the answer to Question 53 is
yes, then m(p) =(p+1)/2for2 < p <17and m(p)=(p—1)/2 for 19 < p <23.
(The issue of lower bounds for M (p; q) was raised by the referee.)
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Preimages of quadratic dynamical systems

Benjamin Hutz, Trevor Hyde and Benjamin Krause

(Communicated by Bjorn Poonen)

For a quadratic polynomial with rational coefficients, we consider the problem
of bounding the number of rational points that eventually land at a given constant
after iteration, called preimages of the constant. It was shown by Faber, Hutz,
Ingram, Jones, Manes, Tucker, and Zieve (2009) that the number of rational
preimages is bounded as one varies the polynomial. Explicit bounds on the
number of preimages of zero and —1 were addressed in subsequent articles. This
article addresses explicit bounds on the number of preimages of any algebraic
number for quadratic dynamical systems and provides insight into the geometric
surfaces parameterizing such preimages.

1. Introduction

Fix an algebraic number field K and a number ¢ € K and define an endomorphism
of the affine line by

foiAk = AL f) =x*+c

If we define £ to be the N-fold composition of the morphism f., and £,V to be
the inverse image of a in AL under f, then for a € A!(K), the set of rational
iterated preimages of a is given by

U £V @) (K) = {xo e AY(K) : £ (x0) = a for some N > 1}.
N>1

Heuristically, finding iterated preimages amounts to solving progressively more
complicated polynomial equations, so K -rational solutions should be a rarity. The
situation becomes more interesting as we vary ¢, which has the effect of varying
the morphism f.

MSC2010: primary 37P05, 14G05; secondary 37F10.

Keywords: quadratic dynamical systems, arithmetic geometry, preimage, rational points, uniform
bound.
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Definition 1.1. Define

ic(a) = sup #{ U f;N(axK)}.
cek N>1

A special case of the main theorem in [Faber et al. 2009] shows that « (@) is finite,
but does not give an explicit bound. Note that it is easy to construct a pair (a, ¢) with
arbitrarily many rational preimages simply by fixing ¢ and taking a = f.(N)(0).
The fact that « (a) is finite shows that, for a given a, such c values are rarely defined
over the same field.

When needed for clarity, we include the field K in the notation as «(a, K). In
this article, we focus on a weaker notion « (a) that bounds the “typical” number of
rational preimages.

Definition 1.2. Define

<(a, K) =lim sup#{ U f;N(a)(K)}.
ceK N>1
In essence « (a) differs from « (a) by excluding at most finitely many ¢ values from
consideration, thus, k(a) < k(a).
The cases of a = 0 and @ = —1 were studied in [Faber et al. 2011; Hyde 2010],
respectively, and it was shown that

k(0,Q)=k(—1,Q)=6.

In the first of these papers, a significant amount of effort went into the more difficult
task of showing that « (0, @) = 6, assuming some standard conjectures. This article
addresses the situation from the more general setting of allowing a to vary and
examining the “preimage surfaces” instead of “preimage curves.” We also allow
arbitrary number fields K. Our main result is the following theorem.

Theorem 1.3. For a € Q and for any fixed algebraic number field K we have

10 if a=—1,

6 or 8 if a is one of the three third critical values,
4 ifaeSNK,

6 otherwise.

The set S is the finite set of a values (in Q) where the elliptic surface with two
rational first preimages and four rational second preimages and the elliptic surface
with two rational first preimages, (at least) two rational second preimages, and (at
least) two rational third preimages both have specialization with rank zero at a.

The elliptic surface parameterizing values of a and ¢ with two rational first
preimages, (at least) two rational second preimages, and (at least) two rational
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third preimages has generic rank two (Theorem 3.3). Thus, finding the set of a
values where the corresponding specialization is an elliptic curve of rank zero is
a generalization of the problem studied by Masser and Zannier [2008]. The same
authors have shown that such sets are finite [Masser and Zannier 2012], implying
the set S is finite. The critical values are defined in Definition 2.1.

The organization of the article is as follows. In Section 3 we examine the lower
bound for «(a) by finding the generic rank over Q of the elliptic surfaces cor-
responding to arrangements of 6 preimages. In Section 4 we examine the upper
bound on «(a) by showing that all arrangements of 2N preimages for some N
correspond to curves of genus greater than 1. In Section 5 we prove Theorem 1.3.
In Section 6 we prove some additional properties of the preimage surfaces that are
tangential to the proof of Theorem 1.3, yet still of interest. First we parameterize
the possible torsion subgroups of the elliptic surface corresponding to two rational
first preimages and four rational second preimages. Then, starting on page 362,
we examine exceptional pairs (a, c¢) that are excluded by considering « (a) instead
of k(a).

We present these results for two reasons. First, by working with the “moduli
surfaces” parameterizing arrangements of preimages, our problem can be reduced
to the classical Diophantine problem of finding rational points on curves and sur-
faces. Second, our setting provides a nice example in which elliptic surfaces natu-
rally arise and we apply specialization theorems, rank arguments, height functions,
and use explicitly that the geometry of a curve has implications for its arithmetic
through the use of Falting’s theorem.

We make heavy use of the algebra and number theory systems Magma and
PARI/gp version 2.3.2.

A similar analysis would almost certainly be possible for the families of maps
of the form x? + ¢, where d > 2 is a positive integer. In fact, for any family of
polynomial maps of fixed degree it seems likely that the same methods would apply.
For more general rational maps, at the very least, there would be additional com-
plications for the genus calculations. This problem poses an interesting direction
for further study.

2. Preimage curves and surfaces

In this section we summarize the necessary geometric theory of preimage curves
developed in [Faber et al. 2011; 2009], and then introduce the preimage surfaces
we consider in this article. Let K be a number field. As in the introduction, we
define a morphism f, : A}( — A}( for any ¢ € K by the formula f.(x) = x* +c.
We could view f. as an endomorphism of PL, but the point at infinity is totally
invariant for this type of morphism and, thus, dynamically uninteresting. Fix a
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point @ € K and a positive integer N. Define an algebraic set
YP(N,a) = V(fN(x) —a) Cc A% = Spec K[x, c].

If YP'®(N, a) is geometrically irreducible, we define the N-th preimage curve, de-
noted XP*(N, a), to be the unique complete curve birational to YP*(N, a).

Definition 2.1. We say a is an N-th critical value of f, if

df (0)

N

fey 0)=a and ;’—c et =0.

Theorem 2.2 [Faber et al. 2009, Corollary 2.4 and Theorem 3.2]. Suppose N is a
positive integer and a € K is not a critical value of f for any 2 < j < N. Then
YP®(N, a) is nonsingular, geometrically irreducible, and the genus of XP"(N, a)
is (N =32V 2+ 1.

For a € K, define a morphism  : YP®(N, a) — AN by
Y o) = (x, fol), f2@), £, 7).

We recall the following theorem.
Theorem 2.3 [Faber et al. 2011, Proposition 4.2].

(a) The projective closure of the image of \ is a complete intersection of quadrics
with homogenous ideal

J=Z% |\ +ZiZy -7} —aZ%:i=1,2,3,...,N—1).
(b) The points of V (J) on the hyperplane Z y = 0 have homogeneous coordinates

(€g:+--:1eny_1:0), € ==*I1.

In particular, there are 2V~1

points of V (J).

(c) If YP™(N, a) is nonsingular, then XP**(N, a) = V(J) and the complement of
the affine part XP®(N, a) ~. YP®(N, a) consists of 2V~ points.

Definition 2.4. We define the N-th preimage surface XP*(N) as the surface fibered
over IP}( by a. The fiber over a is given by XP*(N, a) if YP*(N, a) is geometrically
irreducible and V (J) otherwise. In particular, for each a € K not a critical value
of f., we get a nonsingular curve in I]J’II}'.

of them. Moreover, they are all nonsingular

XP(N) XP(N, a)

1
Py a
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Note that for a fixed ag, the affine points (xg, cg, 1) on the curve XP*(N, ag) are
in bijection with the N-th preimages xo € f;, " (ao).

We will consider the N-th preimage surfaces in the language of function fields.
In particular, consider the function field K (a) which is comprised of all rational
functions in a with K -rational coefficients. We consider the surfaces defined as

YPE(N) = V(Y (x) —a) C AL,

and
XP(N) = \/(212\,_1 +ZiZn — Zl.z_1 —aZIZv i=1,2,3,..., N—1)C IP%(“).

The genus formula (Theorem 2.2) applies to each fiber for which YP(N, a) is
nonsingular and geometrically irreducible. In particular, XP*(1) and XP™(2) have
fibers of genus 0, XP®(3) has fibers of genus 1, and XP*(N) for N >4 has fibers of
genus > 1 (with finitely many exceptional fibers for each N). Therefore, for N > 3
and all but finitely many a € K, it follows from Falting’s theorem that there are
only finitely many points (x, ¢) € XP(N, a). Thus, except for the finitely many a
values, the N-th preimages for N > 3 have no contribution to i (a). This premise
is the content of Corollary 4.2 and the rest of Section 4 addresses the exceptional
a values.

Throughout this article we discuss arrangements of preimages. For example, by
a 222 arrangement we mean that there are two rational first preimages, (at least) two
rational second preimages, and (at least) two rational third preimages. Similarly, a
2424 arrangement has two rational first preimages, four rational second preimages,
(at least) 2 rational third preimages, and (at least) four rational fourth preimages.
Note that any 226 arrangement would have to be part of a 246 arrangement since
the forward image of a rational point is still a rational point.

3. Arrangements of six preimages

By examining the arrangements of six preimages we are able to prove the following
lower bound for « (a).

Theorem 3.1. Let K be a number field. There is a finite set S such that

{/E(a)z6 ifae K\(SNK),
k(a)=4 ifaeSNK.

Proof. The 22 curve over the function field K (a) is the curve whose points corre-
spond to two rational first preimages and (at least) two rational second preimages.
It has fibers of genus O [Faber et al. 2009] and at least one (D-rational section for
each choice of a, (1, 1, 0). Thus, each fiber has infinitely many rational points and
k(a) = 4.
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Theorem 3.3 shows that the 222 surface has generic rank at least 2 (exactly 2
over Q). Theorem 3.2 shows that the 24 surface has generic rank 0 over Q. Let
S be the (possibly empty) set of a values for which both the 222 and 24 surface
specialize to rank 0. By [Masser and Zannier 2012] the set of a values where the
222 surface has rank O is finite and thus, S is finite. If a € SN K, k(a) = 4,
otherwise « (a) > 6. O

Second preimages. We consider the situation where the preimage tree is full to the
second level; that is, there are two rational first preimages and four rational second
preimages:

a
2N
t —t
N TN
s —S u —Uu.

We can define this curve over the function field K (a) as
Xou=V(sZ—tz— (2 —az?), u’+tz— (> —az?) C P%(a).

The fibers (when nonsingular) have genus one with at least one rational section
(1,1, 1, 0) so we can produce a minimal Weierstrass model (using Magma) as an
elliptic curve over the function field K (a) as

Eos(a) : viw = u’ + (da — Du*w + 16auw?® + (64a* — 16a)w’

with j-invariant
(16a* — 56a + 1)°
a(4a +1)%

Jja) =
and discriminant
Aa) = a(da + D).

The only fibers which are not elliptic curves are a =0 and a = —}L. This is in fact
a rational elliptic surface since it has a Weierstrass model satisfying deg(a;) < i
for a; the coefficients of an elliptic curve in Weierstrass form [Shioda 1990, page
237].

Theorem 3.2. Ey4(a)(Q(a)) has rank 0 and torsion subgroup 7 /47 generated by

T@) =(2,8a+2,1).
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Proof. We use the main theorem of [Oguiso and Shioda 1991] to see that the rank
over ((a) is zero. We compute the Kodaira symbols in Magma to get

(<14, 1), 1%, 1), I 1) ]

From row 72 in the table [Oguiso and Shioda 1991] we have that the rank of
E>4(a)(Q(a)) is zero. Examining the torsion, we see that the point

2,8a+2,1)

has order 4 and the specialization E»4(1)(Q) has torsion subgroup Z/47Z. Since
the specialization map is injective on torsion on all nonsingular fibers, E»4(a) has
torsion subgroup exactly Z/47. ]

Third preimages. From Theorem 2.3 we see that the elliptic surface parameteriz-
ing third preimages of a over the function field K (a) is given by

Xom = V(23 + 2123 — 25 — az3, 25 + 2223 — 21 — az3) C I]:D?((a)'
Using the cuspidal point (—1, 1, 1, 0) from Theorem 2.3 as the section at infinity
we can find a minimal model in Magma as

E>n(a): V2w =u’ + (16a + %)uzw + (—1010348a + —291360984)1411)2

2 1620800 30250696 3
+ (1024a” + 15550 a + 2250w

with j-invariant

(16a> +3)?
(4a + 1)2(256a3 + 368a% + 104a + 23)

Jj(a)=
and discriminant

A(a) = (4a +1)>(256a° + 3684 4 104a + 23).

As expected, the only fibers which are not elliptic curves are the fibers over a = —%
and the three third critical values. This is in fact a rational elliptic surface since it
has a Weierstrass model satisfying deg(a;) < i for @; the coefficients of an elliptic

curve in Weierstrass form [Shioda 1990, page 237].

Theorem 3.3. Ej(a)(Q(a)) has rank 2 generated by the two independent sec-
tions

P@) =(—-22,32a+8,1) and Q(a)=(-3%,32a+8,1).

Proof. We use the main theorem of [Oguiso and Shioda 1991] to see that the rank
over (D(a) is exactly two. We compute the Kodaira symbols in Magma to get

[<11,3), 12,15, 1%, 1) ].
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From row 30 in the table [Oguiso and Shioda 1991] we have that the rank of
Exn(a)(Q(a)) = 2. Since the specialization map is injective on torsion on all
fibers where E»j, is nonsingular, and the specialization E»>(0) has no torsion,
there are no rational torsion sections. We can see P(a) and Q(a) are actually the
generators by finding a specialization E»»;(ap) which is rank 2 with generators
P(ap) and Q(ag). For a = 4 we have

L2 3, 17742 815580 .. 2 |, 150527944 3
Expn@):vvw=u +Fuw+ S uwT + 55w

and from Magma the generators are

(—22,136,1) and (—13°, 136, 1).

In terms of P(4) and Q(4) these are
P@) and P@)+ Q4.

Thus, P(4) and Q(4) generate the Mordell-Weil group E»»;(4) and, hence, P(a)
and Q(a) generate the Mordell-Weil group of Eyy;(a). O

4. Arrangements of eight or more preimages

We examine when the genus of the fibers of preimage surfaces of various arrange-
ments of 2N preimages is greater than 1 and, thus, by Falting’s theorem have a
finite number of rational points over an algebraic number field. In particular, if
every 2N arrangement has genus greater than 1 for some N, then k (a) < 2N. The
difficulty lies in determining the genus when the fiber is singular. We treat the
nonsingular case in the following theorem.

Theorem 4.1. If the curve (fiber) defining an arrangement of 2N rational preim-
ages of a is nonsingular, then it has genus (N — 3N2N2 4 1.

Proof. A complete intersection in P is defined as a subscheme Y of P™ whose
homogeneous ideal / can be generated by r = codim(Y, P™) elements [Hartshorne
1977, Exercise 11.8.4]. Each surface arranging 2N points can be described by the
equations

fe)=a and fo(z))=(=Dz;for2<i <N

where 1 < j < N and € = +£1 depending on the arrangment of points. After
homogenization and elimination of ¢ from this system of equations we obtain a
description of each fiber as a curve defined by N —1 degree two hypersurfaces in PV
and, hence, a complete intersection. From [Hirzebruch 1966, §22] or [Arslan and
Sertdz 1998, Corollary 2] we get a formula for the arithmetic genus of a complete
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intersection of N — 1 degree two hypersurfaces in PV as
N—1
N-—1
= —1)m+l -2
Pa ,,;1( ) ( . )¢N( m)

where ¢y (z) comes from the Hilbert polynomial of the 2N curve and is given by

z+1D)(@z+2)---(z+N) _(z—i—N)
N! AN )

Since the arithmetic genus is equal to the geometric genus for nonsingular curves
[Hartshorne 1977, Proposition IV.1.1], the genus is independent of the arrangement
of the preimages and from [Faber et al. 2009, Theorem 1.5] we get the simpler
formula

on(2) =

g=(N—=32""241. O

Corollary 4.2. If the curve (fiber) defining an arrangement of 2N rational preim-
ages of a is nonsingular, then the genus is greater than 1 for 2N > 8.

We have thus reduced the computation of k(a, K) to checking a values where
the fiber is singular for arrangements with 8 (or more) rational preimages (224,
242, 2222). The method is as follows.

(a) Using the Jacobian criterion, determine all of the singular fibers (a values).

(b) Determine the §-invariants of each singular point to determine the genus of
each singular fiber.

Recall that the §-invariant of a singularity P is defined as
Sp=) tmo(mg—1),
Q

where the sum ranges over the infinitely near points of P and m ¢ are their multi-
plicities. See [Sendra et al. 2008, Section 3.2] for the basic definitions and the case
of plane curves and [Brieskorn and Knorrer 1986, Section 9.2, Theorem 7] for a
more general discussion. As the singularity analysis computations are identical in
form for all of the singularities, we outline the method, include the first such com-
putation, and omit the details for the other singularities. The singularity analysis
proceeds as follows.

(a) Let C € PV be a singular curve with singular point P. We move P to
0, ...,0,1) and dehomogenize.

(b) Project onto a singular plane curve with isomorphic tangent space at the sin-
gular point.

(c) Analyze the singularity of the plane curve with blow-ups and compute the
d-invariant.
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Examining the 224 surface. One possible 224 arrangement of 8 preimages is this:

e
2N
NS

—-q

N
Va N

Every other 224 arrangement differs only by renaming, so this is the only distinct
224 arrangement. The curve is defined by three degree two equations in P* as

Cos=V(az? —t*—(tz—s7), az* —t* — (sz—q*), az> —t* — (—sz—r ))CPK(a)

Theorem 4.3. The a values for which the fiber of the 224 surface is singular are
given by

ac {_%7 05 ay, ap, a3}7
where ay, ay, as are the three third critical values of f,

Proof. We apply the Jacobian criterion to determine the singular points. For each
singular point, we can determine the associated a value(s). Examining the hyper-
plane at infinity z = 0 we have the 8 cuspidal points (1, +1, %1, 1,0) € P*. To
check the singularity of these points, we use the Jacobian criterion on the affine
chart Ag £0 with generators

{az> —1* — (tz —s%),az> —1* — (sz— 1), az* — 1> — (—sz — %)}

to have the Jacobian matrix at z =0

0 2s =2t —t
0 0 =2t —s
2r 0 =2t s

The determinant of one such maximal minor is —8rst, and since r, s, t # 0, this is
nonzero, so the cuspidal points are all nonsingular.
Now we consider the points in the affine chart Ai’ £0 which has generators

{a—tz—(t—sz),a—tz—(s—qz),a—tz—(—s—rz)}.
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The Jacobian matrix is given by

0 0 25 —2r—1
2 0 —1 -2t
02 1 -2

and the determinants of the maximal minors are
{8qrs,4qr(—2t — 1), 2q(4st —2t — 1), —2r(4st + 2t + 1)}.
The combinations that result in all 4 determinants vanishing are the following.

(a) If g =r =0, then we have ¢ = 4s and so c =0 and so a = 0.

(b) If g =0 and (4st 4+ 2t + 1) = 0, then we must have s # —% SO we can solve

_ 1 _ 1 2 _ 2 _
l=—%3 = i Then we have s“ + ¢ = ¢“ + ¢ = t and the roots of

4¢3 +6¢2 +2c+ 1= 2O combined with a = £.(f.(£(0))) to get the three
third critical values.

(c) If g #0,r =0, and (4st —2¢t — 1) = 0, then we must have ¢ # 0 and we can

solve s = % = —c. Then we have s2 — s = ¢ and the roots of 167> + 472 — 1

which give the three third critical values.

(d Ifg,r#0,s=0,and t = —%,then we have ¢ = —% and so a = —%.

We will treat a = —3—1 on page 358.

Theorem 4.4. The genus of Cyyq is
_ 4 ifa=0,
=l if a €{ay, az, az},
where ay, ay, as are the three third critical values of f..

Proof. There is one singular point for a = 0 and four singular points for each a;.
In all cases p = 1 so the genus drops by 1 for each singular point.

We now compute the §-invariant of one of the singular points for a;. The 224
curve for a; is defined as

Vi —1>—(tz—s2), az> =12 = (sz2— g%, a12> — 1> — (—=sz — r?))

and if « is a root of
4x3 +6x2+2x + 1

then

a1=a4+2a3+a2+a=—%a2+%a—%.
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We label the coordinates as (g, r, s, t, z) and the singular point is
P=(0,-B o a’+al)

where 2 = —2a. We move P to (0,0, 0, 0, 1) with a translation

(g.r. s, t,2) > (g, r — Bz, s +az, t + (@* +a)z)

to get a new curve C and singular point P = (0,0,0,0,1). We dehomogenize
to affine coordinates (Q, R, S, T) = (q/z,r/z,s/z, t/z) and compute the tangent
space at P as

—2Ta? —2Ta —T +2Sa =0,

—2Ta? —2Ta—S =0, (1)

—2Ta?—2Ta+S—2BR=0.

Notice that the second equation of (1) implies the first using the degree 4 polyno-
mial satisfied by «. Thus, the tangent space is given by

—2Ta? —2Ta—S§=0, —2Ta’>—-2Ta+S—2BR=0.

Since we want to project Ctoa plane curve preserving the tangent space at P we
define

u=-2Ta*>—2Ta—S, v=-2Ta?>—-2Ta+S—28BR,
with inverse

R S . —
N 2 2 202 —20 —4a’—4a —4a?—4a’
and make the change of variables (Q, R, S, T) — (Q, R, u, v) to get a new curve
C’ and point P’. The tangent space at P’ is given by u = v = 0. We now project

C’ onto a plane curve in the Q R-plane. To project we eliminate the variables u, v
from the three defining equations of C’ to get the single equation

Qo+ 1) 0% + ((—8a —4)R* + (16Ba + 8B) R + (16a* — 4)) 0°
+ ((120 + 6)R* + (—48Ba — 248) R* + (— 1440 — 64a + 4)R?
+ (96Ba* +32Ba — 8B) R + (—64a” — 24a — 8)) 0*
+ ((—8c — 4)R® + (48P +248) R® + (2400 + 1280 + 4) R*
+ (=320Ba® — 192Ba — 168) R + (384a> + 208« + 128) R?
+ (—128Ba* — 96Ba — 64B) R — 32a) Q*
+Qa+ 1R+ (—16Ba —8B)R” + (—112a> — 64 — 4)R®
+ (224B0% 4+ 160Ba + 24B)R> + (=320 — 152c0 — 136) R*
+ (128Ba% 4 32Ba + 968) R + (—64a® + 64a) R* = 0,
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defining a plane curve in A? with variables (Q, R). Notice that the only points of
the form (0, 0, u, v) on C’ is the point (0, 0, 0, 0) (in the other words, the singular
point is the only point that projects onto (0, 0)), so we proceed with analyzing the
plane curve singularity (0, 0). Blowing-up once resolves the singularity and we
see that it has multiplicity 2. So we compute

1
bp=5@2- D=1

A similar analysis is done on all of the other singularities to get p = 1 for all
P for all a € {0, a;, a», a3}. Hence, we have

g=5—-1=4 if a =0,
g=5—-(+14+1+1)=1 if a=ay,as,as. O

Examining the 242 surface. One possible 242 arrangement of 8 preimages is this:

N
N N

/\

Every other 242 arrangement differs only by renaming, so this is the only distinct
242 arrangement. The surface is defined by 3 degree two equations in P* as

Coaun=V(az*—1* = (tz—s%),az" —1* — (—tz—u?), az’ — 1> = (s2— q%)) € Pk -
Theorem 4.5. The a values for which the fiber of the 242 surface is singular are

given by
ae {_%7 0’ 27 a, as, (13}

where ay, ay, as are the three third critical values of f,.

Proof. We apply the Jacobian criterion to determine the singular points. For each
singular point, we can determine the associated a value(s). Examining the hyper-
plane at infinity, z = 0, we have the 8 cuspidal points (£1, £1, +1,1,0) P*. To
check the singularity of these points, we use the Jacobian criterion on the affine
chart A £0 with generators

laz? —1* — (tz —s%),az” = 1> — (—tz —u?), az* —t* — (sz— D }.
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The Jacobian matrix at z = 0 is given by

2s 0 =2t —t
0 2u —2r ¢t
0 0 =2t —s

The determinant of one maximal minor is —8su#, and since s, u, ¢t # 0, this is
nonzero, so the cuspidal points are all nonsingular.
Now we consider the points in the affine chart Aﬁ o Which has generators

la—1>—@t—sD,a—1>—(—t—u?),a—1>— (s —g?)).
The Jacobian matrix is given by

0 2s =2t—1 0
0 0 —2t+1 2u
2g -1 =2t O

The determinants of the maximal minors are
{2u(4st +21 + 1), 4qu(=21 — 1), 8qus, 4gs(—21 + 1) }.
The combinations that result in all 4 vanishing are as follows:

(a) If g =0 and u = 0, then £2(0) = a and f(0) = a which is the polynomial
equation

fc(fc(fc(o))) - fc(fc(o)) = C4 +2€3 = C3(C+2) =0
soc=0orc=—-2. Sowehavea =0o0ra=2.

(b) If g =0 and (4st + 2t + 1) = 0, then we must have s £ —% so we can solve
t=—1/(4s +2) = —1/(4c +2). Then we have s> + ¢ = c> +c = ¢ and the
roots of

dc

combined with a = f.(f.(f:(0))) to get the three third critical values.

4¢3 +6c24+2c+1=

(c) Ifu=0and s =0,thenc==4randsot =c=0and soa =0.

(d) Ifu=0andt=%,thenc=—% andsoa:—%.

ENE

(e) Ifs=Oandt=—%,thenc=—% and soa = —
We will treat a = —Alf on page 358.
3 ifa=0,
Theorem 4.6. The genus of Coanisg =14 ifa=2,
3 ifaelal, a, a3}
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Proof. We proceed as in the proof of Theorem 4.4 for analyzing the singularities.
For a = 0 there is one singularity that required two blow-ups to resolve and we
get multiplicity 2 for both of the infinitely near points and, hence, §p = %(2- 1)+
12-1)=2andg=5-2=3.
For a = 2 there is one singular point with §p =1 and, hence, g =5—-1=4.
For a € {ay, a», a3} each curve has two singular points both with §p = 1 and,
hence, g=5—(1+1)=3. Il

Examining the 2222 surface. One possible 2222 arrangement of 8 preimages is
this:

a
N
t —t
2
N —S
N
q —q
N
u —Uu

Every other 2222 arrangement differs only by renaming, so this is the only distinct
2222 arrangement. The surface is defined by 4 degree two equations in P> as

Cron = V(az2 —P— (tz —sz), az? —t*— (sz— qz), az?—t*— (gz— u2)) - P%(a).

From [Faber et al. 2009, Theorem 1.3] the only singular fibers are for a the N-th
critical values for 2 < N < 4. For N =2 we geta = —%, which will be treated
on page 358. For N = 3 we get the three third critical values which we label
as.1, asp, az 3. For N =4 we get the seven 4-th critical values, which we label a4 ;
for 1 <i <7, and which satisfy

a= f.(fo(fo(f.(0))) for 8¢’ +28¢® +36¢° +30c* +20c> +6¢* +2¢ +1=0.
Theorem 4.7. The genus of Cyyy; is

|3 ifaelas1,a32,a33},
4 ifaecfas;:1<i<T}.

Proof. A fiber of the 2222 surface is isomorphic [Faber et al. 2011, Proposition
4.2] to the degree 16 plain curve defined by the equation

ff(x) =a.
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For a € {a3 ;} there are three singular points, one of which is (0, 1, 0) and the other
two depend on a. The (0, 1, 0) point requires several blow-ups and has §p = 100
and each of the other two points have §p = 1 for a final genus of g = %(15 -14) —
102 =105 —-102 =3.

For a € {a4;} there are two singular points, one of which is (0, 1, 0) and the
other depends on a. The (0, 1, 0) point has § p = 100 and the point has §p =1 for
a final genus of g = %(15- 14) — 101 =105 — 101 =4. U

Corollary 4.8. For any a € @\{_}L} and any algebraic number field K there are
only finitely many c € K for which there are at least two K -rational 4-th preimages

of a.

The bound i —%). For a = —‘l‘ the preimages curves are in fact reducible since
we have an equation in the generators of the form

P (=) = (= (= ) + (- )

where s is a second preimage of a for which s> 4+ ¢ =t and t*> 4+ ¢ = a, and an
equation of the form

WP (t+32) = (u— (e +32) (u — (1 + 32)).

where u is a second preimage of a for which u?> + ¢ = —t. After splitting the
preimage curves into their distinct irreducible components we can again proceed
with genus calculations.

Theorem 4.9. For any fixed number field K , k (—%) = 10.

Proof. Using the Jacobian criterion we compute that the following curves are all
nonsingular, and we apply the genus formula from [Hirzebruch 1966, §22] or [Ar-
slan and Sertdz 1998, Corollary 2] to compute the following genera.

_ 1 in the cases 224, 2222, 244 2422
§= 5 in the cases 22222, 2224, 2242, 246, 2442, 2424, 24222.

Using Magma, we see that the 244 curve is a rank 1 elliptic curve over (2 isomor-
phic to

v’w =u® +utw — Juw? + Tw?
so has infinitely many rational points. Therefore, there are infinitely many ¢ with
10 rational preimages of —}‘ and only finitely many c values with 12 (or more)
rational preimages of —%. U
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5. Proof of Theorem 1.3

Proof. The case a = —% was covered in Theorem 4.9.

For a a third critical value we have genus 1 for the 224 curve and, hence, for
a large enough extension of Q it has positive rank and infinitely many rational
points. Also, it has no Q-rational points. The 242 curve has genus greater than 1
and, hence, has only finitely many rational points. Thus, for x(a, K) to be at least
10 there must be infinitely many rational points on a curve corresponding to an
arrangement with rational 4-th preimages, which is not possible by Corollary 4.8.
So it is possible for k (a, K) to be either 6 or 8 depending on the field.

For all other values of @ we have the genus of the 224 and 242 curves are
greater than 1 and, hence, have only finitely many rational points. Any arrangement
with more points must contain one of these two arrangements, hence « (a, K) < 6.
Theorem 3.3 shows that the 222 surface has generic rank 2 and [Masser and Zannier
2012] shows that the set of a where the rank is O is finite. Every a value for which

both E»y; and Ey4 specialize to rank 0 has «(a) = 4, otherwise x(a) = 6. U

6. Other properties of preimage surfaces

In this section we collect some additional properties of the preimages surfaces that
are tangential to the proof of Theorem 1.3, yet still of interest.

Parametrization of torsion subgroups of E»4. Recall that Mazur’s theorem [1977]
gives a description of the possible torsion subgroups of elliptic curves over @ and
that the specialization map is injective on nonsingular fibers. These facts combined
with Theorem 3.2 implies that the possible torsion subgroups for a nonsingular
specialization of E»4(a) must be isomorphic to one of the following groups:

(Z)2Z x Z)AZ, 7)2Z x Z/8Z, Z/AZ, 7/8Z, Z/12Z).

We characterize the a values giving rise to a specialization with each of these
possible torsion subgroups in the following theorem.

Theorem 6.1. (a) E»4(a)(Q) contains a subgroup isomorphic to 7 /27 x 7 /47 if
and only if
a=—t> for te @\{O, :I:%}

(b) E»4(a)(Q) contains a subgroup isomorphic to Z /87 if and only if
a=32(t*=2) for te@\{0, %1}
(c) Ez(a)(Q) contains a subgroup isomorphic to Z /27 x Z/8Z if and only if

(41> — 4t — 1)% (4% + 41 — 1)?
4(412 4+ 1)

for te @\{0, :l:%}

a =
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(d) Ez4(a)(Q) contains a subgroup isomorphic to Z /127 if and only if

(136914701441% — 2353761 + 1)(139034637441> — 235376t + 1)°
a =
952726510125029785600000076 (117688t — 1)2

fort e @\{O, m}

Proof. (a) First suppose a = —t> for some ¢ € @\{O, :I:%} Then

{0, (4> + 1,0, 1), (4,0, 1), (=41, 0, 1)}

is a subgroup of E4(—1%)(Q) isomorphic to Z/27Z x Z/2Z. Since there is also a
generic torsion point of order 4 (Theorem 3.2), E»4(—12)(Q) contains a subgroup
isomorphic to Z/27 x Z/4Z. Next, suppose Er4(a)(Q) contains a subgroup iso-
morphic to Z/27 x Z /27 and, hence, also a subgroup isomorphic to Z/27Z x Z/4Z.
Thus, E»4(a)(Q) has three points of order two. Points of order two must be rational
roots of the Weierstrass equation

X2+ (da — Dx?+ (16a)x +16a(da — 1) = (x +4a — D (x> + 16a).  (2)

So, x2416a must have 2 rational roots, or equivalently, a = — (x /4)?> = —t2. Hence,
there are three rational roots of (2) if and only if a = —12 for t € Q. However, if
t= j:% then the roots will not be distinct, so we must have a = —> for t € @\{j:%}.
For t = 0 we get a = 0 which is a degenerate case (a singular fiber of XP(2)).

(b) Suppose a = t*(t> —2)/4 for some ¢t € Q\{0, £1}. Then it can be verified
directly that the point P = (2¢ > +1—1),20—Dt(t+1)3, 1) isin Ex(a)(Q) and
[2]P = (2,2(4a + 1), 1) is the generator of the cyclic subgroup of order four. So,
P generates a cyclic group of order eight.

Now suppose that E»4(a)(Q) has a cyclic subgroup of order eight. If we let
P = (x, y, 1) be the generator of the subgroup, then [2] P generates a cyclic group
of order four (the generic torsion subgroup). So, we must have x ([2]P) = 2. This
gives us the equation

x* — 8x3 — 64ax? + 8x2 — 512a%x — 1024a° +256a% + 64a = 0.

Then using the solution to the quartic we have the solutions

512 +4096a> +256(8a — 1)

1
x:2:|:2\/4a+1+5\/24+(8a—1):|:

16+/4a +1
1 512 + 409642 4 256(8a — 1)
x=2+2Vda+1—~ |24+ Ba—1)+ .
2\/ ( ) 16+/4a + 1
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In order to have x € Q, and since x is clearly not 2, we must have +/4a + 1 € Q.
2
Soa= % for some b € (O. The above roots become

x=2(1£b+bJ1£b)
x=2(1+£b—bJ/1Lb)

from which it follows that b = £(t> — 1). Thus, a = tz(th*z). Note that for r = +1
we geta = —}l and for t = 0 we get a = 0 which are all singular fibers.

(c) Clearly, E»4(a)(Q) has a subgroup isomorphic to Z/27 x 7 /87 if and only if
E>(a) has a subgroup isomorphic to Z/27 x Z/4Z and a subgroup isomorphic to
Z/8Z. From the two previous parts, it follows that a = —tl2 and a = }‘tzz(tz2 —2).
These two equations define a curve of genus zero which can be parameterized with
Magma and substituted into a = —tlz to get the stated form. For r =0, j:% we get
a= —%, which is a singular fiber.

(d) Since specialization is injective on torsion for nonsingular fibers , Ey4(a)(Q)
has a subgroup isomorphic to Z/127 if and only if there is a point Q = [x, y] €
E»4(a)(Q) for which [3]Q generates the generic Z/4Z torsion subgroup. In par-
ticular, we must have x([3]Q) = 2. So we need to find solutions to

x([3]10) -2
x—2 o

0

where we divide out by x —2 since we only wish to exclude the a values which have
purely Z /47 torsion. From the algcurve package in Maple we get the parametriza-
tion given. The two excluded ¢ values correspond to the two singular fibers a =0
and a = — ]

Bl—

Corollary 6.2. The a € Q for which E24(a)(Q) has torsion subgroup exactly 7 /47,
in other words, the a € Q) for which the specialization map is an isomorphism on
torsion, is a Zariski dense set.

Proof. From Mazur’s theorem and the injectivity of the specialization map, the
possible torsion groups of Er4(a)(Q) are

[(Z)2Z x Z)AZ, 727 x Z/8Z, Z/AZ, Z/8Z, Z/12Z).

The condition on a for Ey4(a)(Q)s to not be Z/47 is a closed condition from
Theorem 6.1 and the j-invariant. Therefore, every a € Q outside of this Zariski
closed set satisfies Ey4(a)(Q)ors = Z/47Z and there is at least one such a,

EZS(I)(@)tors = Z/4Z ]
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Exceptional (c, a) values over Q.

Rank zero. The methods of [Masser and Zannier 2008; 2012], in principle, can
compute the full set S, but in practice such computations are difficult. However,
computing the set S N K for [K : Q] < 2 from Theorem 1.3 is feasible since we
have an explicit (small) bound on the order of a torsion point.

We must have both P(a) and Q(a) are torsion on the 222 surface. We have
a bound of 18 for the order of a torsion point over a quadratic number field K
[Kamienny 1992; Kenku and Momose 1988]. Finding the a for which P(a) or
Q(a) is torsion of a given order is solving polynomials equation in a. If there are
any a values for which they are both torsion, we compute the rank of E»4(a).

Theorem 6.3. Let S be the set of a values from Theorem 1.3 for which k(a) = 4.
Let K be a quadratic number field. Then, SN K = &.

Proof. Direction computation. U

Full trees of preimages. We can find an a value with arbitrarily many Q-rational
preimages by taking a to be the n-th forward image of any wandering Q-rational
point. This gives a very deep but potentially sparse preimage tree. Consequently,
one may ask if you can find an @ and ¢ which gives a full tree to some level.
Clearly, if you allow K/Q to be of large degree, the answer is any level, so we
address this question over Q. For example, here is a list of (¢, a) with a 246
preimage arrangement.

( 5248 726745984)’ ( 17536 878382976)’ ( 9153 437896611)’ ( 24361 42)’

" 2025° 284765625 T 75625 ° 244140625 T 6400° ~ 400000000 T 14400° T 25
(_ 20817 1078371711) (_ 180625 2845625 ) (_ 158848 20844352384)

25600 6400000000 97344 ° 5483712 99225 * 683722265625

Remark 6.4. We were unable to find any pairs (c, a) over Q@ with the full 248
arrangement, but it seems reasonable to expect that such an arrangement exists. We
searched by choosing the smallest third preimage having height at most log 30,000,
since choosing two third preimages which map to same second preimage (up to
sign) fixes a unique ¢ value and, hence, a unique a value.
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The Steiner problem on the regular tetrahedron

Kyra Moon, Gina Shero and Denise Halverson

(Communicated by Frank Morgan)

The Steiner problem involves finding a shortest path network connecting a spec-
ified set of points. In this paper, we examine the Steiner problem for three points
on the surface of a regular tetrahedron. We prove several important properties
about Steiner minimal trees on a regular tetrahedron. There are infinitely many
ways to connect three points on a tetrahedron, so we present a way to eliminate
all but a finite number of possible solutions. We provide an algorithm for finding
a shortest network connecting three given points on a regular tetrahedron. The
solution can be found by direct measurement of the remaining possible Steiner
trees.

1. Introduction

The Steiner problem asks to find a shortest path network to connect a given set of
points on a surface. In this paper we will study the three point Steiner problem on
aregular tetrahedron. We will provide an algorithm in Section 10, Algorithm 10.1,
that determines a solution to the three point Steiner problem on the regular tetra-
hedron.

On the Euclidean plane, the Steiner problem has been studied extensively; see
[Gilbert and Pollak 1968; Hwang et al. 1992; Ivanov and Tuzhilin 1994, Chapter 9;
Melzak 1961; Zacharias 1914-1921]. The Steiner problem for three points on the
Euclidean plane was formally introduced in the seventeenth century by Fermat;
see [Hwang et al. 1992; Kuhn 1974; Zacharias 1914-1921]. A general algorithm
to find the solution to the Steiner problem for n points on the Euclidean plane was
first developed by Melzak [1961] (see also [Hwang et al. 1992]).

The Steiner problem on the surface of the tetrahedron is not as straightforward
as on the plane. In particular, a geodesic segment connecting any two points on
the surface of the tetrahedron is not unique (see top part of Figure 1 on next page).
Consequently, there are infinitely many locally stable shortest-length trees connect-
ing any three points on the surface of the tetrahedron (see Figure 1, bottom). In this

MSC2010: primary 05C05; secondary SIM15.
Keywords: Steiner problem, length minimization, regular tetrahedron, piecewise-linear surface.
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BB
B &
5

Figure 1. Candidates for a shortest path (top) and for a shortest
tree (bottom).

paper, we provide an algorithm that eliminates all but a small number of path net-
works that need be considered as possible minimizers. Amongst these remaining
candidates, a shortest path network can be found using direct measurement.

This research contributes to the growing set of strategies for solving Steiner
problems on surfaces in general. Algorithms exist to find the solution for the
Steiner problem on certain surfaces of constant curvature. The problem was studied
in [Weng 2001; Litwhiler and Aly 1980; Brazil et al. 1998] for on curved surfaces,
including spheres. March and Halverson [2005] studied Steiner trees in hyperbolic
space. Lee et al. [2011] studied the Steiner problem on wide and narrow cones.
Penrod [2007] and May and Mitchell [2007] developed algorithms to solve Steiner
problems on the flat torus. Caffarelli et al. [2010] studied the Steiner problem on
surfaces of revolution. Brune and Sipe [2009] developed an algorithm to find a
shortest path between two points on the surface of the regular tetrahedron. This
research about the Steiner problem on the regular tetrahedron may provide further
insight into the Steiner problem on more general piecewise linear surfaces.

2. Preliminaries

We begin by setting up the basic framework for the Steiner problem on a regular
tetrahedron J. Let o = {aj,as,...,a,} be a set of given points on J called
terminal points, and let L be a path network (also on J) connecting the points
in A. A path network connects a collection of arcs, only possibly meeting at the
endpoints such that the network contains a path connecting any two points of .
If L is a shortest path network, the edges must be geodesics. L must also be a tree
since if L contained a cycle, one of the edges could be removed. The goal of the
Steiner problem is to find a shortest path network L connecting the points of .
A shortest path network may have additional vertices called Steiner points. The
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solution to the Steiner problem is called the Steiner minimal tree, which will be
denoted by SMT ().

As defined in [Hwang and Weng 1986], a tree with n fixed points is called a
Steiner tree on n fixed points if it satisfies the following conditions:

(1) There are at most n — 2 Steiner points.
(2) Each Steiner point has exactly three incident edges.

(3) Any pair of edges meeting at any vertex of the tree form an angle with measure
at least 120°.

Note that for a tree with no degree-two Steiner points, the number of edges
minus the number of vertices is 1, which in fact implies condition 1. A tree that
has exactly n — 2 Steiner points is called a full Steiner tree. A tree that has fewer
than n — 2 Steiner points is called a degenerate Steiner tree.

The Steiner problem for #n fixed points on the plane can be solved in finite time
using Melzak’s algorithm [1961]. We will utilize these results for the regular tetra-
hedron since the plane can be viewed as a branched cover of the regular tetrahedron.
The Steiner problem on J is more complex than on the plane because there are
infinitely many geodesics that could connect two points. Thus, the process of solv-
ing the Steiner problem on J is initially a problem of narrowing down potential
path networks.

The algorithm used to solve the 3-point Steiner problem in Euclidean space was
developed by Torricelli, Cavalieri, Simpson, Heinen, and Bertrand (see [Hwang
et al. 1992]). For convenience, we repeat it here.

Algorithm 2.1. This algorithm provides a shortest network connecting three given
points in Euclidean space.

(1) Let A, B, and C be given. Label A, B, and C so that m/ABC > m/ACB
and m/ABC >m/BAC.

(2) Determine whether Case 1 or 2 applies.

Case 1. If m/ABC > 120°, the Steiner minimal tree is degenerate and it is
AB U BC . The algorithm is complete (see figure for example).

A

m«£ABC = 121.52°

Cc

Case 2. If m/ABC < 120°, proceed to Steps (3)—(6).
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(3) Create an equilateral triangle ABC E where E is on the opposite side of BC

from A.
B
s E

Cc

(4) Construct EA. This line segment is called the Simpson line. (The length of
the Simpson Line is known to have the same length as the SMT(A, B, C)
[Hwang et al. 1992].)

(5) Next, circumscribe a circle about ABCE. The point of intersection of that
circle and EA is the Steiner point S.

(6) Connect each of A, B, and C to S to form SMT(A, B, C). By construction,
every two edges of the tree which meet at the Steiner point have angle 120°
[Gilbert and Pollak 1968]. The algorithm is complete.

mZ£ASB = 120°

A m~BSC = 120°

m«£ASC = 120°

Another observation relevant to our discussion of the Steiner problem on the
regular tetrahedron is that no geodesic passes through the vertices of a narrow
cone [Lee et al. 2011]. Since a small neighborhood of a vertex is a narrow cone,
no shortest path network will pass through any vertices of J. Hence, a shortest
path network can only meet a vertex of 7 if a fixed point is placed on that vertex
[Ivanov and Tuzhilin 1994, Chapter 9].

3. Tiling the plane

In this section we will show how to construct a branched covering of the plane
onto the regular tetrahedron. For further reference, see [Ivanov and Tuzhilin 1994,
Chapter 9].

Consider a regular tetrahedron with faces labeled 1, 2, 3, and 4. Cut along the
edges common to faces 1 and 2, 1 and 4, and 2 and 4 and lay it on the plane, as
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shown in the figure. We will use this configuration to tile the plane.

Notice that face 1 is adjacent to face 2 on the tetrahedron. Thus, in order to
represent that on the plane, we must place a tile corresponding to face 2 so it
becomes adjacent to a tile corresponding to face 1. This is accomplished by placing
a tile corresponding to face 2 that is an 180° rotation about a common vertex.
Similarly, we must place a tile corresponding to face 4 so that the tile corresponding
to face 1 and a tile corresponding to face 4 have a common edge in the plane as
they do on the tetrahedron. Since each face on the tetrahedron is adjacent to the
other three faces, then each face should be adjacent to all of the other faces on
the plane. If copies of each face are placed at 180° rotations about each of their
respective vertices, this results in a comprehensive tiling of the Euclidean plane.

Points on J will be represented by lower case letters. The corresponding points
in the tiling will be represented by corresponding capital letters. Assume a is on
face 1 on J. Then for each tile corresponding to face 1, there is a copy of A on
the tile. Two adjacent tiles contain copies of A which are 180° rotations about the
common vertex of the tile containing A. A small section of the tiling can be seen
here:

We introduce a coordinate system to notate the different faces of the tiling. In
the tiling, the horizontal lines that separate the triangles will be known as m;, for
i=...,—2,—-1,0,1,2,.... Similarly define n; as the lines with the slope equal
to —+/3. Finally define p; as the lines with slope +/3. We thus obtain the following
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mo
2 / N3/ \N1/ \3
\/1\/2\/1\/2\1/1\

arrangement:

P-2 m.4

4 4 4
1 2 3 1 2 3
P-1 m.p

Using this coordinate system, we can identify individual tiles. For any tile that is
bounded by m,, ny, and p,, we will denote it as T(, , ). Without loss of generality,
we will assume that T(g 0,0y corresponds to face 1, T(1,_1,0) corresponds to face 2,
T(0,—1,1y corresponds to face 3, and T(j,0,1) corresponds to face 4. Though each
face of the tetrahedron is replicated infinitely many times, each tile in the tiling has
a unique labeling according to the lines that bound it.

We now show that this tiling is a branched covering of the plane onto the regular
tetrahedron. Let IT: R> — J be the natural continuous map that takes each tile of
the plane to its corresponding face in & homeomorphically. Let V" be the vertex set
of J. Note that IT is a branched covering map with branch set V. Then the map

JT:IRZ—H*I(V)—> J -

(which is a restriction of IT) is a covering map of J — V. Since & is a covering
map, it has the following lifting property: Suppose a € T —% and A € I1"!(a).
Then any path « : [0, 1] = I — V" so that «(0) = a has a unique lift to a path
@ :[0,1] = R — I~ (V) with @(a) = A. The map & is a lift in the sense that
7w oa = «. It follows that any embedded path network in 9 — %" containing a can
be uniquely lifted to a path network containing A.

Note that in the case that a € V" and I1(A) = a, for any embedded path network
containing a in J, there are two lifts of the path network containing A. These lifts
are 180° rotations of each other about A.

4. The two point problem

This section will briefly describe an algorithm used to construct a shortest path
between any two points on a regular tetrahedron. For further details on this process,
refer to [Brune and Sipe 2009]. The algorithm detailed here will depend heavily
on the following basic geometric property:
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Property 4.1. Given any two points A and B on the plane, construct the perpen-
dicular bisector of AB and call it Pyp. If X is on the A side of Pap, then X is
closerto A. If X is on the B side of Pap, then X is closer to B.

Definition 4.2. Given two points P and Q on the plane, define H po to be the
half-plane cut by the perpendicular bisector of P and Q on the P side; that is,

Hpo ={X|PX < 0X}.

P P b P /P

The algorithm: a brief synopsis. Suppose there are two points p and g on distinct
faces of the tetrahedron. Suppose R? is tiled as in Section 3. Recall that IT :
R?> — J is the covering map and R? is tiled as in Section 3. Then IT~!(p) and
I1~'(¢) contain infinitely many points. Let P € TT~!(p). We want to find a point
Q € I17!(g) that realizes a shortest path from p to g. The points of I~ '(g) that
could realize a shortest path to P can be restricted to a star-shaped region. The
region consists of an interior hexagon which contains the point P, outlined by six
tiles which contains points of IT~!(¢). This region is called an i-star fori =1, 2, 3,
or 4, where i is the face of the tetrahedron containing ¢. We illustrate a 4-star when
p is on face 1 and ¢ is on face 4:

/5
NAVAV
AV%‘VA

It was proved in [Brune and Sipe 2009] that this i-star always contains a shortest
path between two points.
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4

Figure 2. Reducing the number of possible points of IT~!(¢) that
can realize a shortest path.

There is a cutting technique that has been shown to reduce the number of possi-
ble points of TT~!(g) that could realize a shortest path. Begin by constructing the
line segment from point P to the point P’ € IT~!(p), also located within the 4-star.
Then, construct the perpendicular bisector of PP’, denoted Ppp: (see Figure 2,
left). Every point of T1~!(g) within the star that falls on the same side of / as
P will now be the only copies of I1~!(g) considered for the shortest path. The
portion of the star-shaped region which is on the P side of Ppp: is called T (see
Figure 2, right).

There are three points of n! (¢) in T which we will label as Q, 0>, and Q3, as
shown in Figure 2, right. (If Ppp/ contains a point of ! (g) in 7, then it contains
another point of IT~!(g) and either point in IT~!(¢) in 7 can be discarded.) To find
min{P Q;} where i =1, 2, 3, we construct FIQ,.QI. fori =1,2,3and j #i.

Note that the boundary of FIQ 0; 18 Pg,g;. If Q; is closest to P, then P must
lie in HQ 0; N HQ 0,- Note that if P is equally close to Q; and Q, then P lies in
both HQ 0;N HQ o, and HQ 0N HQ 0,- In the figure below, a shortest path is
realized by P Q3. Hence, P lies in HQ3Q1 N HQng In particular, TTI(P Q3) is the
minimal geodesic connecting p and g and will traverse faces 1, 2, and 4.
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5. Overview

Suppose {x,y,z} € J. Recall that I1 is the branched covering map described
in Section 3. Thus [T~ (x), [T~ (y), and IT~'(z) contain infinitely many points.
Hence, there are also infinitely many distinct Steiner trees connecting points x, y
and z. Our goal in this paper is to narrow down the number of combinations in the
tiled plane which may realize the solution.

As stated earlier, we will divide our discussion of this problem into three cases:

Case 1: Three points that can be considered to be on one face of J.
Case 2: Three points that can be considered to be on three distinct faces of 7.

Case 3: Any configuration of three points that does not fit into the first two cases
(i.e., three points that can only be considered to be on two distinct faces).

Section 6 will address the simplest case where all three points are on a common
face of the tetrahedron. Section 7 will introduce the strategies needed for Sections
8 and 9. In Section 8, we will discuss case 2, and in Section 9 we will discuss case
3. We will discuss how to solve the problem for any specific positioning of the
points in Section 10.

6. Case 1: Three points on one face

We know by a theorem proved in [Brune and Sipe 2009] that a shortest path network
connecting n points contained on the same face of a regular tetrahedron is contained
within that face. Thus, the Steiner minimal tree for three points on the same face
of a tetrahedron can be constructed in that face using the algorithm described in
Algorithm 2.1.

7. Geometric properties of Steiner minimal trees

Given a, b, c € J and the corresponding point sets on the tiled plane, there are
many ways that points can be selected, each corresponding to a Steiner tree on J.
However, only certain of the combinations realize the Steiner minimal tree on the
tetrahedron. The next several results represent strategies that help eliminate fruit-
less combinations. At this point the reader is encouraged to reread Property 4.1,
describing the situation illustrated here:




374 KYRA MOON, GINA SHERO AND DENISE HALVERSON

Lemma 7.1 (perpendicular bisector rule I). Suppose A, A’ € I (a) such that A
isontile T and A’ is on tile T'. Then for any point B on T, AB < A’'B. If neither
A nor B are a common vertex of T and T', then AB < A'B.

Proof. Let b = I1(B). Note that @ and b are on the same face. We know from a
theorem proved in [Brune and Sipe 2009] that a shortest path network connecting
n points on the same face is in that same face and here is ab, which is realized by
AB in T. Since AB is a minimum of all paths A’ B where A’ € [T~ (), then for all
A'#A, AB <A'B.If Aisnotacommon vertex of T and T’, then A # A’, s0 Paa
is defined. If B is not a common vertex of 7', then B € P44. Thus AB < A’B. [J

Next, let A, B, and C be points in the tiled plane such that
I[TI(SMT(A, B, C)) =SMT(a, b, ¢).

We will show that the convex hull of the triangular region formed from A, B, and C
cannot contain a vertex of the tiled plane unless that vertex is one of A, B, or
C. However, before we prove this, we introduce a definition and a property of
triangular regions in general.

Definition 7.2. Given two points X and V, let I'xy be the line perpendicular to
XV through V.

Lemma 7.3. Suppose there is a triangular region with vertices A, B, and C that
contains the point V in the interior. Then there is an X € {A, B, C} such that I'xy
separates X from {A, B, C} — {X}.

Proof. If T 4y separates A from BC, the proof is done (left figure):

A

>

A

Cc C

Otherwise, one of B or C is on the same side of I"4y as A.

Without loss of generality, suppose B is on the same side of "4y as A (right
figure). Then mZAV B <90°. Then if I'cy separates C from A and B, the proof
is done.

If not, one of A or B is on the same side of I'cy as C. In the former case we have
m/CV A <90°, while in the latter we have m/CV B <90°. Here is an illustration
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of the second possibility:

Thus, either m/AVC +m/AVB < 180° or m/CVB+m/AVB < 180°. In
either case, we are in contradiction with the hypothesis that V is in the interior
of AABC. Thus, there exists an X € {A, B, C} such that I'yy separates X from
{A, B,C}—{X}. O

Theorem 7.4 (vertex rule). Suppose a, b, and c € J and
[T(SMT(A, B, C)) = SMT(a, b, ¢).

Then the image of the convex hull of AABC under I1 cannot contain a vertex v,
unless v is one of a, b, or c.

Proof. By way of contradiction, suppose a vertex V of the tiling is contained in
the interior of the convex hull of AABC . Construct SMT(A, B, C), and label the
Steiner point S (the Steiner tree may possibly be degenerate). Using Lemma 7.3,
we may assume without loss of generality that I'cy separates C from both A and
B. Reflect the part of the path on the C side of I'cy across I'cy. Let C’ be the
reflection of C across I'cy. Note that the partially reflected path connects A, B,
and C’ and is equal in length to SMT(A, B, C). Thus, there is an alternate choice of
points in I~ (a), T~ (b), and TT~!(c) which is at least as short as SMT(A, B, C).
If S is on the opposite side of I'cy as C, we can shorten the tree by replacing SC
with SC’ (see figure on the left). If S is on the same side of I'cy as C, we can

4 4
4 5 4 L
1 3 m AS+m SB+m SC = 2.01
3 //\4 mAC'+m CB = 1.04
C* 2
4 . 4
4 4

shorten the tree by replacing SA with SA” and SB with SB’, where A" and B’
are the reflections of A and B across I'cy, respectively. If S is on I'cy, then
SC = SC’, so either tree is the same length. However, the tree containing A, B,
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and C’ will no longer meet the 120° condition for Steiner trees, and will not be
SMT(A, B, C’). Thus L(SMT(A, B, C’)) < £(SMT(A, B, C)), which implies
that I[T(SMT(A, B, C)) # SMT(a, b, ¢). O

Theorem 7.5 (perpendicular bisector rule II). Let A, A’ € 1! (a) on the tiled
plane be distinct. If Paar separates {B, C} from A, then

L(SMT(A’, B, C)) < £(SMT(A, B, C)).
Hence, I1(SMT(A, B, C)) # SMT(a, b, c¢).

Proof. Let A be the reflection of the part of SMT(A, B, C) on the A side of P4a/
across Paar:

Note that A uses the point A’ as a terminal, thus it is a path network connecting
A’, B, and C. By a similar argument as in Theorem 7.4, we obtain

P(SMT(A, B, C)) = (1) > L(SMT(A, B, C')). U

Sectors and half-planes.

Definition 7.6. Fix a vertex V of the tiled plane, and let 77 and 75 be tiles (not
necessarily adjacent to V') that are mapped to one another with respect to 180°
rotation about V. Define the sector St,7, as the intersection of all half-planes
H X,x,>» where X runs over all points in 77 and X> is it image under a 180° rotation
about V. Clearly H X,x, 1s fully determined by the direction of the vector V X;;
thus by considering two extreme cases for this direction, as here:

Psas1

Hss1

Pxax1

—
HX2X
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we conclude that the Sz,7, is the intersection of the half-planes Hy,y, obtained in
these two cases:

Sta11

T2

Ty

Next, if Y and Z are arbitrary points belonging to tiles 77 and 7, respectively, we
set Syz = STle .

Definition 7.7. Let 77, T, be tiles that are translates of each other on the tiled plane,
satisfying IT(7y) = I1(T2). Then the intersection of all half-planes Hy,x, where
X; € T; and I1(X) =T1(X»), is denoted by Hr,7,.

T, T,

If Y and Z are arbitrary points belonging to tiles 77 and 75, respectively, we set
Syz =Snm-
Theorem 7.8 (Steiner point rule). Let A, B, and C be points in the tiled plane such
that TIISMT(A, B, C)) is a Steiner minimal tree on the tetrahedron. Suppose that
S is the Steiner point of SMT(A, B, C). If ' is any other point of T1~'(I1(s)), then
XS<XS forX=A,B, andC.
Proof. Without loss of generality, assume that X = C. By way of contradiction,
suppose CS’ < CS. Then there exists a point C' € TI™!(c) such that CS’ = C’S.
This implies that

P(SMT(A, B,C))=AS+BS+CS>AS+BS+C'S

> L(SMT(A, B, C")),

as needed. (See Figure 3 on next page.) U
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_my

_ Mg

ma

Figure 3. Toward the proof of Theorem 7.8.

8. Case 2: Three points on three distinct faces

When the three points can be viewed to lie on three distinct faces, we use the
following procedure to determine the possible configurations of the points on the
tiled plane which may realize the Steiner minimal tree. Our arguments apply also
when the three points can be viewed to lie on two or one face, as may be the case
if one or more of the points lie on vertices or edges. For example, if one point is in
the interior of a face, another point is in the interior of another face, and the third
point is on a vertex shared by both faces, then we can assign the third point to the
third face which shares that vertex, and the configuration is in the realm of Case 2.

Triple ribbon region. Recall the labeling system introduced in Section 3, in which
m;, n;, and p; represent the horizontal, negative slope, and positive slope lines,
respectively. Also recall that the triangle that is bounded by m, n,, and p, will be
denoted as Ty y ;).

Let a, b, and c be points on the tetrahedron such that s is the Steiner point for
SMT¢(a, b, c). Let 1o be the shaded region in Figure 4. Since 7( contains copies of
the tiles corresponding to all four faces, a copy of S € IT~!(s) must lie within .

nO\L ¢p0
/4 3 2\ 1/ 4 3 > 1
2 4 /1\ 2 4
3 3 1
mo
2 1 4 8 2 1 4 3

Figure 4. The region ty.
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Let 9* = I~ (I1(s)) — {S}. We will determine a region % such that given a
point P € R, PS < PS’ for any S' € ¥*. It follows from Theorem 7.8 that any
points not in R cannot be the fixed points of the Steiner minimal tree that contains
S and realizes SMT(a, b, ¢).

In order to simplify the process, we will first determine the region R; that con-
tains all points closer to 7; than to any other tile corresponding to face 1. Then
R =JR;. We will call R = | JR; the triple ribbon region.

Reductions. Let i = 1. Let S’ be the 180° rotation of S about the vertex V =
Ty N T2,0.0)- Then any point X € Sz, ,, 7 is closer to §” than S. Thus no fixed
point is in 87, 07

Po P1 P2 (-] Ps

Likewise, no fixed points will be found in Sz, , 7, OF S740,7;:

4 1/4\8/,\ 1
my m
-3 4 /1\ 2 4 -3 2 4 /1\ 2
1 T 3 1 1 3 T 1
1 my 1 my
J 0.2, . 1 J0.0:
P- 3 /o\% 3 /N 1/ \3 P. 3/, A\3 AN
m.y m.y
4 4 2 4 2
n. 3 1 3 1 3 n. 3 1\2 3 1 3
m.; m.p
1 1 3 1
1/\3 1/\3 /5 M a\%/2 2
-1 ma -1 m.3
Po (J] b2 (1) Pa Po P1 P2 (1] Pa

There are also no fixed points to be found in S7,, _, _, 1y, S1_, 5, 77> a0d S75, 5,74

- k no & k \KJ n2 K‘ ) \Q k \xa oz Ned N\ Ny 2 \os
my my my
1
2 a\3/2 o ANTANZ! 2

(22
1

1 1/4\8/2\1

1432

1

0\ 2 4
T 3 1

1 mg
3 /\1/\3
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R, is the closure of the region remaining when the shaded regions in the six
figures of the previous page are cut away. It is shown in white here:

s s
my

3 Ti2.2,

1

V(22,48 T,
1/ 4 1 2

Po P1 P2 P3 Pa

Regions R,, R3, and R4 are found similarly. The union of all these regions,
R= U?:l R;, is the triple ribbon region (Figure 5).

my

Figure 5. The triple ribbon region (in white).

Regardless of the location of s on the tetrahedron, a copy of [T~!(SMT(a, b, ¢))
is contained within the triple ribbon region. Thus, it is sufficient to check only the
combinations of fixed points in the triple ribbon region.

Although the number of potential path networks needed to be checked to find
SMT(a, b, c) is a finite number, it is still a significant number. Note that there are
six tiles meeting the triple ribbon region corresponding to face i for i = 2, 3, 4.
Thus there are 6 x 6 x 6 =216 combinations to consider given the specification of
points in certain faces of 7. Hence, we continue to make further reductions.

Horn removal. We subdivide the triple ribbon region as follows. The closure of
the bounded white region in Figure 6 (on the next page) is called the badge region.
The small black triangles, which make up the difference between the triple ribbon
region and the badge region, are called the horns.
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m.p

P-1 Po P1 P2 P3

Figure 6. The badge region (closure of the polygon in white) and
the horns (in black).

Proposition 8.1. Suppose a, b, and c are three points on distinct faces of T, none
of which are chosen to be face 1. Then there is a copy of

SMT(A, B, C) € 1" {(SMT(a, b, c))

on the tiled plane which is contained in the badge region centered about a tile
corresponding to face 1 with Steiner point S contained in the triangular region Tty
(see Figure 4).

Proof. Without loss of generality, assume that a is contained on face 3, b is con-
tained on face 4, and ¢ is contained on face 2. Let A € 1" '(a), B € I (}),
and C € TT7!(¢) lie in the triple ribbon region such that IT(SMT(A, B, C)) =
SMT(a, b, c¢). Note that no portion of the horns contains any points of ' (a),
I1-!(b), or [T (¢) and therefore cannot contain A, B, or C. Let H; be the horn
bounded by m, ng, and p_; that is outside the badge region.

Suppose an edge of SMT(A, B, C) meets H; outside the badge region. If the
interior of an edge passes through either side of the horn not on m5, the edge must
meet the shaded region. But by hypothesis, SMT(A, B, C) must lie entirely within
the triple ribbon region. Thus the edge may only pass through the boundary of the
horn on my. If so, the only possibility is that one of the endpoints of the edges is
contained in H;. Thus a fixed point is contained in the interior of the horn, and
hence contained in the interior of face 1. But by hypothesis, face 1 was not selected
as one of the faces containing fixed points. Therefore, an edge of SMT(A, B, C)
does not meet H;. By a similar argument, SMT(A, B, C) cannot meet any horn.

O

Reduction to the piping region. Using Theorem 7.4 and Theorem 7.5, we will
now demonstrate that a lift of the Steiner minimal tree can be contained in a subset
of the badge region called the piping region (Figure 7). What is left over of the
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P-1 Po P1 P2 P3

Figure 7. The piping region (closure of the polygon in white) and
the flaps (in black).

badge region is called the (fop) flaps. We will show that if SMT(A, B, C) realizes
SMT(a, b, ¢) and is contained in the badge region, then SMT(A, B, C) does not
meet the flaps outside the piping region.

Theorem 8.2. Suppose a, b, and c are three points on distinct faces of T, none
of which chosen to be face 1. Suppose SMT(A, B, C) € 1™ '(a, b, ¢) is contained
in the badge region. Then SMT(A, B, C) € T1"(a, b, ¢) is also contained in the
piping region centered about a tile corresponding to face 1.

Proof. Assume the setup given in the proof of Proposition 8.1. We will show that
the Steiner minimal tree need not meet any of the flaps. By way of contradiction,
suppose that SMT(A, B, C) meets the top flap, the flap contained in 7(2 1, 1), out-
side the piping region. If SMT(A, B, C) meets the top flap, then at least one fixed
point or vertex of SMT(A, B, C) must lie above m;. Note that by construction, §
is contained in 7T and cannot be this point. Since the only tile in the badge region
which lies above m is a tile corresponding to face 3, the fixed point must lie in the
interior of face 3. Thus, A must lie in the top flap outside the piping region. For the
remainder of the argument, we will denote A by A; and label the other copies of
[T~ (a), 17 '(b), and [T~ ! (¢) contained in tiles meeting the badge region as shown
in the figure on the top of the next page. We will show either that any Steiner tree
SMT(A4, B;, C;) with § in 1y contained within the badge region cannot realize
SMT¢(a, b, c) or that there exists another copy of the tree within the piping region.

We will first determine which combinations cannot realize SMT(a, b, ¢).Once
those combinations are determined, we will show that the remaining combinations
have an equivalent copy contained in the piping region.

Construct the sector Sy, 4,. If any points B; and C; are both contained in S4, 4,,
they must both be separated from A by Pa,4,. Thus, by Theorem 7.5, we know
that [T(SMT(A1, B;, C;)) #SMT(a, b, c¢) for B; and C; contained in these sectors.
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By this argument, the combinations (B;, C;), fori =4,5 and j =4, 5, 6, cannot
be used with A to realize SMT(a, b, ¢).

Construct the half-plane Hy, 4,. If any points B; and C; are both contained in
Hay,4,, they must be separated from A by P4, 4,. Thus, by Theorem 7.5, we know
that [TI(SMT(Ay, B;, C;)) #SMT(a, b, c¢) for B; and C; contained in these sectors.
By this argument, the combinations (B;, C;), fori =4, 6 and j =3, 4,5, 6, cannot
be used with A to realize SMT(a, b, ¢).

Construct the half-plane Hy,4,. If any points B; and C; are both contained in
Hy,4,, they must be separated from A by Pa,4,. Thus, by Theorem 7.5, we know
that [T(SMT(A1, B;, C;)) #SMT(a, b, c¢) for B; and C; contained in these sectors.
By this argument, the combinations (B;, C;), fori =3,4,5, 6 and j =4, 6, cannot
be used with A; to realize SMT(a, b, ¢).

Consider SMT(A{, By, C3). Note that both A; and B; must be contained in
Sc,c;- Thus, A; and B; must be separated from C3 by Pc,c,. By Theorem 7.5,
I[T(SMT(Aq, By, C3)) #SMT(a, b, ¢).

Consider SMT(Aq, B, C4). Note that both A; and B; must be contained in
Sc,c,- Thus, A; and B; must be separated from C4 by Pc,c,. By Theorem 7.5,
[I(SMT(Ay, B, C4)) # SMT(a, b, ¢).

Consider SMT(Aq, B, Cs). Note that both A; and By must be contained in
Hc,cs. Thus, Ay and B; must be separated from Cs by Pc,c;. By Theorem 7.5,
[1(SMT(Ay, By, Cs)) # SMT(a, b, ¢).

Consider SMT(A{, By, Cg). Note that both A; and B; must be contained in
Sc,cs- Thus, A; and B; must be separated from C3 by Pc,c,. By Theorem 7.5,
I[T(SMT(Ay, By, Cs)) #SMT(a, b, ¢).
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Consider SMT(A1, By, C>). Let V be the intersection of m and ngy. Note that
V and A, are on the same side of <BZ—C; V and B, are on the same side of m
and V and C, are on the same side of m Thus V is contained in AA{B>Cs.
By Theorem 7.4, IT(SMT(a, b, ¢)) # SMT(a, b, ¢).

Consider SMT(A1, Bz, C3). Note that Cs lies in Hy, 4, and that A; lies in S¢,¢;.
B> must lie in at least one of Sa,4, and Hc,c,. Suppose B, lies in Sa,4,. Then
both B, and C3 must be separated from A by Pg,4,. If By does not lie in Sa,4,,
then B, must lie in Hc¢,¢,. But then both B, and A; must be separated from C3 by
Pc,c,. By Theorem 7.5, ITI(SMT(A1, B2, C3)) # SMT(a, b, ¢).

Consider SMT(A1, B,, C4). Note that C4 lies in Hy, 4, and that Aj lies in Sc, ¢, .
B> must lie in at least one of Hy,4, and Sc,c,. Suppose B; lies in H,4,. Then
both B, and C4 must be separated from A by Pa,4,. If By does not lie in Ha, 4,,
then B, must lie in S¢,c,. But then both B; and A; must be separated from Cy4 by
Pc,c,. By Theorem 7.5, ITI(SMT(A1, B2, Cs)) # SMT(a, b, ¢).

Consider SMT(A1, By, Cs). Note that Cs lies in Ha, 4, and that A lies in Hc,c;.
B> must lie in at least one of Ha,4, and Hc,c,. Suppose B lies in Hy,4,. Then
both B, and Cs must be separated from A by Pa,4,. If By does not lie in Ha, 4,,
then B, must lie in Hc¢,¢,. But then both B, and A; must be separated from Cs by
Pc,cs. By Theorem 7.5, ITI(SMT(A1, B2, Cs)) # SMT(a, b, ¢).

Consider SMT(Aq, B, Cg). Note that both A and B, must be contained in
Sc,cs- Thus, A1 and B, must be separated from Cg by Pc,c,. By Theorem 7.5,
[T(SMT(Ay, By, C¢)) # SMT(a, b, c).

We now consider the combinations (Ay, B;, C;) fori =4,5,6 and j =1, 2. By
arguments of symmetry, II(SMT(A1, B;, C;)) # SMT(a, b, ¢) fori =4, 5, 6 and
j=12.

Consider SMT(Aq, B3, C3). Let V be the intersection of m; and ngy. Note that
V and A, are on the same side of m, V and Bj are on the same side of m,
and V and C3 are on the same side of 1(41—3; Thus V is contained in AA; B3Cs.
By Theorem 7.4, IT(SMT(A1, By, C1)) # SMT(a, b, ¢).

The only remaining cases are (A1, By, C1), (A1, By, C2), and (A, B, C1). We
will show that copies of these trees exist within the piping region. However, we
will not claim that the Steiner point S must remain in 7.

For (A, By, C1), note that IT(SMT(A1, B, Cy)) =II(SMT(A,, B>, C;)) since
SMT(A;, B, C») is a rotation of SMT(A1, By, Cy) about V. SMT(A5, B>, Cp) is
contained within the piping region.

For (A1, By, C3), note that IT(SMT (A1, B, Cy)) =II(SMT(A,, By, Cy)) since
SMT(A,, B, C1) is a rotation of SMT(A1, By, Cp) about V. SMT(A», By, C}) is
contained within the piping region.

For (A1, B3, Cy), note that [T(SMT(A, By, C1)) =II(SMT(A,, By, C3)) since
SMT(A,,B,C,) is arotation of SMT(A1,B>,Cy) about V. Also, SMT(A,,B1,C»)



THE STEINER PROBLEM ON THE REGULAR TETRAHEDRON 385

is contained within the piping region.

Thus, each possible combination (Ay, B;, C;) does not realize SMT(a, b, ¢) or
has a copy within the piping region. Likewise, each possible combination involving
Bs or Cs does not realize SMT(a, b, ¢) or has a copy within the piping region.
Therefore, there is a solution contained in the piping region. ]

The region resulting from Theorem 8.2 is the piping region, which we illustrated

in Figure 7.

Reduction to the truncated triangle region. We further subdivide the piping re-
gion into the truncated triangle region and the side flaps (Figure 8).

n.q No ny n2 n3

Figure 8. The truncated triangle region (closure of white polygon)
and the side flaps (in black).

Theorem 8.3. Suppose a, b, and c are three points on distinct faces of I, none
of which are in the interior of face 1. Suppose SMT(A, B, C) € 1" (a, b, ¢) is
contained in the piping region. Then either SMT(A, B, C) € I1 "' (a, b, ¢) is also
contained in the truncated triangle region centered about a tile corresponding to
face 1 or there is a copy of SMT(A, B, C) contained within the truncated triangle
region that is a rotation of SMT(A, B, C).

Proof. Assume the setup in the proof of Proposition 8.1. Without loss of generality,
suppose that SMT(A, B, C) is in the piping region. We will show that the Steiner
minimal tree need not meet any of the side flaps. Although the final cases of
the proof of Theorem 8.2 did not guarantee that § was contained in 7, S must be
contained in the truncated triangle region. This is because all the trees which could
be rotated to lie within the piping region contained fixed points contained within
the truncated triangle region. Because S must be contained in the convex hull of
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the triangular region formed from the fixed points, S must be contained within the
truncated triangle region.

By way of contradiction, suppose the Steiner minimal tree meets the flap con-
tained in T2, —1 —1). If SMT(A, B, C) meets this side flap, then at least one fixed
point or vertex of SMT(A, B, C) must lie above to the left of p_; and above m;.
Since S is contained in the truncated triangle region (Figure 8), S cannot be this
point. Since the only tile in the piping region which lies to the left of p_; and
above m is a tile corresponding to face 3, the fixed point must lie in the interior
of face 3. Thus, A must lie in the specified side flap outside the truncated triangle
region. For the remainder of the proof we will denote A by A; and number the
other points within the piping region as follows:

n.q no ny n2 n3

Construct the sector Sy, 4,. If any points B; and C; are both contained in S4,4,,
they must both be separated from A; by Pa,4,. Thus, by Theorem 7.5, we know
that [T(SMT(A, B;, C;)) #SMT(a, b, c¢) for B; and C; contained in these sectors.
By this argument, the combinations (B;, C;), fori =4,5 and j = 2,4, 5, cannot
be used with A to realize SMT(a, b, ¢).

Construct the half-plane Hya,4,. If any points B; and C; are both contained in
Hay,a,, they must both be separated from A by Pa,4,. Thus, by Theorem 7.5, we
know that TI(SMT (A4, B;, C;)) #SMT(a, b, ¢) for B; and C; contained in these
sectors. By this argument, the combinations (B;, C;), fori =2,4,5 and j =4, 5,
cannot be used with A; to realize SMT(a, b, ¢).

Construct the sector S4,4,. If any points B; and C; are both contained in S4, 4,,
they must both be separated from A; by Pa,4,. Thus, by Theorem 7.5, we know
that [T(SMT(A, B;, C;)) #SMT(a, b, c¢) for B; and C; contained in these sectors.
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By this argument, the combinations (B;, C;), fori =2,5 and j = 3, 4, cannot be
used with A; to realize SMT(a, b, c¢).

For SMT(A1, B, C2), note that A; and B; are contained in Sc,c,, so they
are both separated from C, by Pc,c,. By Theorem 7.5, I[I(SMT(A1, B1, C2)) #
SMT¢(a, b, c).

For SMT(A1, By, Cs), note that A; and B; are contained in Sc,c,, so they
are both separated from C4 by Pc,c,. By Theorem 7.5, II(SMT(Ay, By, C4)) #
SMT(a, b, ¢).

For SMT(A1, B1, Cs), note that Ay and B are contained in Sc,cs, so they
are both separated from Cs by Pc,cs. By Theorem 7.5, TI(SMT(A, By, Cs)) #
SMT¢(a, b, c).

Consider SMT (A1, Bz, C»). Let V; be the intersection of m and n_;. Note that
A1 and V) are on the same side of (Bg—C;, B3 and V are on the same side of fﬁll—CE,
and C, and V are on the same side of jﬁ\l—B; Thus, V; is contained in AABC. By
Theorem 7.4, II(SMT(A1, Bz, C2)) # SMT(a, b, c).

Consider SMT(A1, B3, C4). Note that A; lies in Sc,c, and Cy4 lies in Sg4,4,.
Note that B3 must lie in at least one of Sc,c, and Sa,4,. If B3 lies in Sc,¢,, both
B3 and A must be separated from C4 by Pc,c,. If B3 liesin S4,4,, both Bz and Cy4
must be separated from A; by Pa,4,. By Theorem 7.5, II(SMT (A1, B3, C4)) #
SMT¢(a, b, c).

Consider SMT(A|, B3, Cs). Note that both A; and B3 lie in S¢,¢,, so they
are both separated from Cs by Pc,cs. By Theorem 7.5, II(SMT(A1, B3, Cs)) #
SMT¢(a, b, c).

Consider SMT(A1, B,, C1). Note that both A; and C; lie in Sp,p,, so they
are both separated from B, by Pg,p,. By Theorem 7.5, I[I(SMT (A1, Bz, C1)) #
SMT¢(a, b, c).

Consider SMT(A|, B,, C7). Note that both A; and C; lie in Sp,p,, so they
are both separated from B, by Pg,p,. By Theorem 7.5, I[I(SMT (A1, Ba, C2)) #
SMT(a, b, ¢).

Consider SMT(A1, By, C1). Note that both Ay and C; lie in Sp,p,, so they
are both separated from B4 by Pg,p,. By Theorem 7.5, I[I(SMT(A1, Bs, C1)) #
SMT¢(a, b, c).

Consider SMT(A1, B4, C3). Note that A; lies in Sp,p, and By lies in Ha,4,.
Note that C3 must lie in at least one of Sp,p, and Hyx,4,. If C3 lies in Sg,p,,
both A and C3 are separated from By by Pg,p,. If C3 lies in Hy, 4,, both B4 and
C3 are separated from Aj by Ps,4,. By Theorem 7.5, TI(SMT(A1, By, C3)) #
SMT¢(a, b, c).

Consider SMT(A1, Bs, C1). Note that both A; and C; lie in Spyp,, so they
are both separated from Bs by Pp,p;. By Theorem 7.5, II(SMT(A1, Bs, C1)) #
SMT(a, b, ¢).



388 KYRA MOON, GINA SHERO AND DENISE HALVERSON

The only remaining cases are (A1, By, C1), (A1, By, C3), and (A, B3, C3). We
will show that copies of these trees exist within the truncated triangle region.

For SMT(A1, By, C1), we have ITI(SMT (A1, B;, C1)) = II(SMT (A4, B3, C3))
and SMT(A4, B3, C3) is contained within the truncated triangle region.

For SMT(A,, By, C3), we have IT(SMT(A{, By, C3)) = I[1(SMT (A4, B3, C1))
and SMT(A4, B3, Cy) is contained within the truncated triangle region.

For (A], Bg, C3), we have H(SMT(Al, B3, C3)) = H(SMT(A4, Bl, Cl)) and
SMT(A4, By, C1) is contained within the truncated triangle region.

Thus, each possible combination (Ay, B;, C;) does not realize SMT(a, b, ¢) or
has a copy within the truncated triangle region. Likewise, each possible combi-
nation involving As, B,, Bs, Cs, or C, cannot realize SMT(a, b, c¢) or has a copy
within the truncated triangle region. Therefore, there is a solution contained in the
truncated triangle region. ([

Final reductions. Within the truncated triangle region, there are three copies of
every face that contains a terminal point (the center of each region does not contain
any points; in this scenario, face 1). That means that there are three copies of each
point:

P-1 Po P1 P2 P3

If all combinations of three points were considered possible configurations for
the Steiner minimal tree, there would be 27 different Steiner trees that could be
considered. However, some of these possibilities may still be eliminated.

There are three remaining combinations that can be eliminated within the trun-
cated triangle region. Let V| be the intersection of mg and n_,, V, be the intersec-
tion of mg and ng, and V3 be the intersection of m and ny.
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Consider SMT(A, B3, C3). Since A; and V; are on the same side of 1(33—C£, B3
and V| are on the same side of Al—C;, and C; and V] are on the same <A1—B§, then V;
is contained in the interior of AA| B3C,. By Theorem 7.4, II(SMT (A1, B3z, C»)) #
SMT¢(a, b, c).

Consider SMT(A5, By, C3). Since A, and V, are on the same side of m, B
and V, are on the same side of m, and Csz and V; are on the same 1(42_81 , then V,
is contained in the interior of AA; B1C3. By Theorem 7.4, II(SMT (A3, By, C3)) #
SMT(a, b, ¢).

Consider SMT(A3, By, Cy). Since Az and V3 are on the same side of m, B>
and V3 are on the same side of j43,—C; ,and C; and V3 are on the same 1(43—3;, then V3
is contained in the interior of AA3B,C. By Theorem 7.4, IT(SMT (A3, B>, C1)) #
SMT(a, b, c¢).

List of potential combinations in case 2. The remaining possibilities are

(A1, By, Cy), (A2, By, Cy), (A3, B1, Cy),
(Ay, By, C2), (A, By, (1), (As, By, (),
(Ay, By, C3), (A, By, C1), (As, By, C3),
(A1, Bz, C1), (A2, By, (2), (A3, By, (),
(Ay, B2, C2), (Az, By, C3), (As, Bz, C3),
(A1, By, C3), (A2, B3, Cy), (A3, B3, Cy),
(A1, B3, C1), (A2, B3, (2), (As, B3, (),
(A1, B3, C3), (A, B3, C3), (A3, B3, C3).

Thus, the Steiner tree which realizes SMT(a, b, ¢) will be formed from one of
the 24 combinations in this list.

9. Case 3: Three points on two faces

In this section, we consider the cases that haven’t been addressed in the other
sections, namely where three points lie on two faces and cannot be considered to
lie on three faces or a single face. The two remaining possibilities are:

(1) Two of the points are contained in the interior of one face with the third point
anywhere not meeting that face.

(2) One point is contained in the interior of a face f, a second point is contained in
the interior of an edge adjacent to f, and the final point is in the complement

of f.

The arguments for both are the same.

We will assume a and b are on the same face and that at least a is in the interior
of the face. Thus either b is in the interior of the face or in the interior of an edge
of the face.
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On the tiled plane, there are infinitely many copies of A € TT"'(a) and B €
-1 (b). Suppose SMT(A, B, C) realizes SMT(a, b, ¢). Then either A and B
reside on the same tile, or they don’t. We will discuss each case separately. We
will discuss the former case here and the latter starting on page 392.

A and B on the same tile. In this case, the following theorem provides a region
containing the fixed points that can realize SMT(a, b, c¢):

Theorem 9.1. Leta, b, c € T and assume
Aell™ @), Bell '), Cell ()

are the points that determine SMT(a, b, c). If A and B are on the same tile, the
Steiner minimal tree must be contained in the ten-triangle region shown here in
white and light gray:

Proof. We can assume without loss of generality that suppose c is on face 1, while
a and b are on face 3. We suppose that C is contained in the light gray tile in the
figure above.

Case 1: Suppose C is not on a vertex of a tile. The other copies of C; € TI"!(c)
are located on the other tiles corresponding to face 1. We number them as in the
figure above. We will now determine the tiles on which A and B could possibly
reside.

Construct Sc,c. The points A; and B; which lie in S¢, c must be separated from
C by Pc,c. By Theorem 7.5, SMT(A;, B;, C) cannot realize SMT(a, b, c). Thus,
we can eliminate from consideration as a candidate for containing A and B any
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tiles whose interior overlaps the region Sc,c, which we show in dark gray (left):

2

S CiC P-1 Po P1 P2 P3 S C,C

Construct Sc,c. Again, using Theorem 7.5, we can eliminate any tile contained
in Sc,c, which is the reason shown in dark gray in the figure above and to the right.

Continue the process by constructing the sectors Sc,c, wherei =3, ..., 9. Three
of these are shown below, while the other four are obtainable by reflection in a
vertical line (through the central triangle) from others already illustrated: Sc,c
from SC]C, SC6C from Scsc, Sc7c from Sc4c, and SCgC from Scsc.

The only copies of tile 3 not completely covered by the union of the shaded
regions are those contained in the white region in the statement of Theorem 9.1.
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By hypothesis, A and B are contained on the same tile. The convex hull of AABC
contains the tree realizing SMT(a, b, ¢). The white region is the minimal collec-
tion of tiles containing all such possible convex hulls. Since there are five tiles
containing copies of A and B in this region, there are five potential Steiner trees
which must be tested within this region.

Case 2: Suppose C is a vertex of a tile. It can only be the vertex at the intersection
of m; and ng, because the other vertices are adjacent to tiles containing A and B,
and this case has already been addressed in Section 6.

Construct HC,,C fori =1,3,4,5,6,7. The union of the added “union of the”
shaded regions ﬁc,—c is shown here:

If both A; and By lie in any FICiC, they must both be separated from C by Pc,c.
By Theorem 7.5, A; and B; cannot be used with C to realize SMT(a, b, c). Note
that at least one of A and B must lie in the unshaded region, and A and B are on
the same tile by hypothesis. Thus, there are six possible path networks that connect
C with a pair of points A; and By which are contained on the same tile where at
least one is not in the shaded region. Since each path has one identical path by
reflection across C, there are only three distinct paths, and there exists a copy of
each in the region stated in Theorem 9.1. O

A and B not on the same tile. We now study the case that A and B are not on
the same tile. This will occupy us through page 399. We will determine the faces
where the Steiner point can reside in Theorem 9.2. We will then find the region
that must contains the fixed points. We will eliminate possibilities for fixed points
in Theorems 9.3-9.6. We will then make final reductions and list the combinations
that could realize SMT(a, b, ¢).

Theorem 9.2. Assume the setup in Theorem 9.1. Suppose that s is the Steiner point
for SMT(a, b, c¢). If A and B are not found on the same tile, then s can not be on
the face containing a and b, including the interior of its edges.
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Proof. By way of contradiction, suppose s is on the same face as a and b. Suppose
S € I~ (s) is contained in the region bounded by n_;, m;, and p,. Without loss
of generality, ¢ is on face 4, and a and b are on face 3.

Case 1: Suppose S is not on the same tile as B. Then there exists a distinct point
S" e 17! (s) on the same tile as B. By Lemma 7.1, ’B < SB. Then Psg separates
B from S. By Theorem 7.8, S cannot be the Steiner point.

Case 2: Suppose S is on the same tile as B, but § is not a vertex. Then there exists
an S’ € TI~!(s) on the same tile as A. Since S is not a vertex, S’ # S. Then Psg
separates A from S. By Theorem 7.8, S cannot be the Steiner point. (I

It follows from Theorem 9.2 that s must be contained on at least one of faces 1,
2, or 4. Since S cannot be on any tile corresponding to face 3, we can fix § in the
shaded region bounded by m, mg, n_1, and p;, which we call the key trapezoid:

N \No N \n2 0
n 4
2/3 1\%/3\*/1\?/3
_ My
3
T/aN\3 /2 \1/ 4 2\
m
\\n 2 4 o
-3 4
\ /1 \2/ 3 /i 3 1
A _mg_
p;/ 3 /4 3 1 3
2 2 4 m.q
4 2 2
3 1 s\, 3
_ M2
P-1 Po P1 P2 P3

By a similar procedure to that discussed on pages 378 and following, we can
eliminate all points lying in the sectors Sg'g or half-planes Hgg for all §' # S,
where S’ € TT~!(s). The resulting region is this:
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Because no terminals are located on faces 1 or 2, the Steiner tree will never
cross the copies of face 1 or 2 whose interior meets the edge of this region. We can
eliminate these to obtain the region shaded in the figure below. Within this region,
there are a maximum of four copies of A, four copies of B, and five copies of C,
resulting in a maximum of 80 possible Steiner trees. However, we can reduce the
region even further.

Theorem 9.3. Suppose S is contained in the key trapezoid (page 393). Let Cy and
A;, Bj (withi, j =1, ...,5) lie in the triangles specified in this diagram:

nq No N4 N2 n3

Then TI(SMT(A;, Bj, C1)) # SMT(a, b, ¢) for all i, j with i # j. Hence, the tile
containing Cy can be removed from the region of interest.

Proof. The last assertion follows immediately once we show that no combination
(A, Bj, C1) which can be used to realize SMT(a, b, ¢). We analyze each case:

Consider SMT(A, B,, C;). Both By and C; are contained in S4,4,. Thus B,
and C; are separated from A by P4,4,. By Theorem 7.5, [I(SMT(A{, Bz, C1)) #
SMT¢(a, b, ¢). Similarly, [T(SMT(A,, By, C1)) # SMT(a, b, c).

Consider SMT(A1, B3, C1). Both B3 and C; are contained in Hy,4,. Thus Bj
and C; are separated from A by P4,4,. By Theorem 7.5, [I(SMT(Ay, B3, C1)) #
SMT(a, b, ¢). Similarly, IT(SMT(A3, By, C1)) # SMT(a, b, c).

Consider SMT(A1, Bs, C1). Both B4 and C; are contained in Hy,4,. Thus By
and C; are separated from A by P4,4,. By Theorem 7.5, I[I(SMT(A{, B4, C1)) #
SMT(a, b, ¢). Similarly, IT(SMT(A4, B, C1)) # SMT(a, b, ¢).

Consider SMT (A1, Bs, C1). Both A and Bs are contained in Scyc,. Thus A
and Bs are separated from C; by Pc,c,. By Theorem 7.5, [I(SMT(A1, Bs, C1)) #
SMT¢(a, b, ¢). Similarly, IT(SMT(As, By, C1)) # SMT(a, b, c).

Consider SMT(A;, B3, C1). Both B3 and C; are contained in S4,4,. Thus Bj
and C; are separated from A by P4,4,. By Theorem 7.5, I[I(SMT(A», B3, C1)) #
SMT(a, b, ¢). Similarly, IT(SMT(A3, B, C1)) # SMT(a, b, ¢).
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Consider SMT(A,, B4, C1). We claim that V3 is contained in the interior of
AA,B4C;. Note that V3 and C; are on the same side of m, V3 and By are
on the same side of m , and V3 and A, are on the same side of m. Thus
AA;B4Cy contains V3. By Theorem 7.4, TT(SMT(A», B4, C1)) # SMT(a, b, ¢).
Similarly, [T(SMT(A4, By, C1)) # SMT(a, b, ¢).

Consider SMT(A», Bs, C1). Both A, and C; are contained in Hp,ps. Thus A,
and C are separated from Bs by Pp,p,. By Theorem 7.5, [1(SMT (A2, Bs, C1)) #
SMT¢(a, b, ¢). Similarly, IT(SMT(As, By, C1)) # SMT(a, b, c).

Consider SMT(A3, By, C1). Both A3 and C; are contained in Sp,p,. Thus Aj
and C| are separated from By by Pp,p,. By Theorem 7.5, I[1(SMT (A3, B4, C1)) #
SMT¢(a, b, ¢). Similarly, ITT(SMT(A3, B4, C1)) # SMT(a, b, c).

Consider SMT(A3, Bs, C1). Both A3 and C; are contained in Hp,p,. Thus A3
and C; are separated from Bs by Pp, ;. By Theorem 7.5, IT(SMT (A3, Bs, C1)) #
SMT¢(a, b, ¢). Similarly, IT(SMT(As, By, C1)) # SMT(a, b, c).

Consider SMT(A4, Bs, C1). Both A4 and C; are contained in Sp,p;. Thus A4
and C are separated from Bs by Pp, .. By Theorem 7.5, I[1(SMT (A4, Bs, C1)) #
SMT¢(a, b, ¢). Similarly, IT(SMT(As, B4, C1)) # SMT(a, b, c). [l

Theorem 9.4. Suppose S is contained in the key trapezoid (page 393). Let C»
and A;, B; (with i, j =1,...,5) lie in the triangles specified in the diagram of
Theorem 9.3. Then TI(SMT(A;, B;, C2)) # SMT(a, b, ¢) for all i, j with i # j.
That is, the tile containing C, can be removed from the region of interest.

Proof. Again we apply a case-by-case analysis.

Consider SMT(A1, By, C2). Both B; and C, are contained in S4,4,. Thus, B,
and C; are separated from A| by P4, 4,. By Theorem 7.5, I[I(SMT(A, B>, C2)) #
(SMT¢(a, b, c¢)). By a similar argument, IT(SMT(A,, By, C2)) # SMT(a, b, ¢).

Consider SMT (A1, B3, C2). Both B3 and C; are contained in Ha,4,. Thus, B3
and C; are separated from A1 by P4, 4,. By Theorem 7.5, IT(SMT(A1, B3, C2)) #
SMT(a, b, ¢). By a similar argument, [T(SMT(A3, By, C»)) # SMT(a, b, c).

Consider SMT (A1, Bs, C2). Both B4 and C; are contained in Hy,4,. Thus, By
and C; are separated from A| by P4, 4,. By Theorem 7.5, [I(SMT(A, Bs, C2)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(A4, B, C2)) # SMT(a, b, c).

Consider SMT(Aq, B5, C). We claim that V; is contained in the interior of
AA1B5C,. Both Cy and V; lie on the same side of m, Bs and V; lie on the
same side of m, and A; and V] lie on the same side of m Thus V| must be
contained in the interior of AA|BsC,. By Theorem 7.4, II(SMT(A, Bs, C2)) #
SMT(a, b, ¢). By a similar argument, [T1(SMT(As, By, C»)) # SMT(a, b, c).

Consider SMT(A», Bz, C»). Recall that S are contained in the convex hull of
AA,B3C;. By hypothesis, S is contained in the key trapezoid (page 393). These
two conditions are satisfied only if A, Bs lies above the vertex V,. Thus, C, and
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V5 lie on the same side of 1(42—3; B3 and V; lie on the same side of f(lz—C;, and
A, and V; lie on the same side of l(33—C; Thus V, are contained in the interior of
AA>B3C;. By Theorem 7.4, ITI(SMT(A,, B3z, C2)) # SMT(a, b, ¢). By a similar
argument, [T(SMT(A3, B, C)) # SMT(a, b, ¢).

Consider SMT (A3, Bs, C2). Both A, and C; are contained in Sp,p,. Thus, A,
and C; are separated from By by Pp,p,. By Theorem 7.5, II(SMT(A2, By, C2)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(A4, By, C2)) # SMT(a, b, c).

Consider SMT(A», Bs, C>). Both A> and C; are contained in Hp,p,. Thus, A,
and C; are separated from Bs by Pp,p. By Theorem 7.5, I[I(SMT(A,, Bs, C3)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(As, B, C>)) # SMT(a, b, c).

Consider SMT(A3, Bs, C2). Both A3 and C, are contained in Sp,p,. Thus, A3
and C; are separated from B4 by Pg,p,. By Theorem 7.5, [I(SMT(A3, By, C2)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(A4, B3, C2)) # SMT(a, b, c).

Consider SMT (A3, Bs, C2). Both A3 and C; are contained in Hp,ps. Thus, Aj
and C; are separated from Bs by Pp,p;. By Theorem 7.5, [I(SMT(A3, Bs, C2)) #
SMT(a, b, ¢). By a similar argument,[T1(SMT(As, Bz, C»)) # SMT(a, b, ¢).

Consider SMT(A4, Bs, C2). Both A4 and C; are contained in S, p,. Thus, A4
and C; are separated from Bs by Pp,p;. By Theorem 7.5, I[I(SMT(A4, Bs, C3)) #
SMT¢(a, b, ¢). By a similar argument,I[1(SMT(As, B4, C>)) # SMT(a, b,c). U

Theorem 9.5. Suppose S is contained in the key trapezoid (page 393). Let C4
and A;, B; (with i, j = 1,...,5) lie in the triangles specified in the diagram of
Theorem 9.3. Then II(SMT(A;, B;, C4)) # SMT(a, b, c) for all i, j with i # j.
That is, the tile containing C4 can be removed from the region of interest.

Proof. Consider SMT(A|, By, C4). Both B, and Cy4 are contained in S4,4,, S0 B2
and Cy are separated from A by P4, 4,. By Theorem 7.5, [I(SMT(A{, Bz, C4)) #
SMT(a, b, c)). By a similar argument, [T(SMT(A,, By, C4)) # SMT(a, b, c).

Consider SMT (A1, B3, C4). Let V4 be the intersection of m and p;. Note that
C4 and V4 lie on the same side of 1(41—83, B3 and V4 lie on the same side of m,
and A; and V4 lie on the same side of m. Thus V4 are contained in the interior of
AA|B3Cy4. By Theorem 7.4, II(SMT(A{, B3, C4)) # SMT(a, b, ¢). By a similar
argument, [1(SMT(As3, By, C4)) #SMT(a, b, ¢).

Consider SMT(A{, Ba, C4). Both A and C4 are contained in Hp, p,. Thus, A
and Cy are separated from B4 by Pg, p,. By Theorem 7.5, [I(SMT(A1, B4, Ca)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(A4, By, C4)) # SMT(a, b, c).

Consider SMT (A1, Bs, C4). Both A and C4 are contained in Hp, 5. Thus, A;
and Cy are separated from Bs by Pp, ps. By Theorem 7.5, [I(SMT(A1, Bs, Cs)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(As, By, C4)) # SMT(a, b, c).

Consider SMT(A», B3, C4). Both A, and C4 are contained in Sp,p,. Thus, A,
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and Cy4 are separated from B3 by Pp,p,. By Theorem 7.5, I[1(SMT (A2, B3, C4)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(A3, B, C4)) # SMT(a, b, c).
Consider SMT (A3, Ba, C4). Both A, and Cy4 are contained in Hp,p,. Thus, A,
and Cy are separated from By by Pp,p,. By Theorem 7.5, I[1(SMT (A2, Bs, C4)) #
SMT(a, b, ¢). By a similar argument, [T(SMT (A4, B>, C4)) # SMT(a, b, c).
Consider SMT (A3, Bs, C4). Both A, and C4 are contained in Hp,ps. Thus, A,
and Cy4 are separated from Bs by Pp,p,. By Theorem 7.5, I[1(SMT (A2, Bs, C4)) #
SMT(a, b, ¢). By a similar argument, [T(SMT(As, B, C4)) # SMT(a, b, c).
Consider SMT (A3, Bs, C4). Both A3 and C4 are contained in Sp,p,. Thus, Aj
and Cy4 are separated from By by Pp,p,. By Theorem 7.5, I1(SMT (A3, Bs, C4)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(A4, B3, C4)) # SMT(a, b, c).
Consider SMT(A3, Bs, C4). Both A3 and Cy4 are contained in Hp, p,. Thus, A3
and Cy4 are separated from Bs by Pp, ;. By Theorem 7.5, IT(SMT (A3, Bs, Cs)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(As, B3, C4)) # SMT(a, b, c).
Consider SMT (A4, Bs, C4). Both A4 and Bs are contained in Hcyc,. Thus, A4
and Bs are separated from C4 by Pc,c,. By Theorem 7.5, I1(SMT (A4, Bs, C4)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(As, B4, C4)) # SMT(a, b,c). U

Theorem 9.6. Suppose S is contained in the key trapezoid (page 393). Let Cs3
and A;, B; (with i, j =1,...,5) lie in the triangles specified in the diagram of
Theorem 9.3. Then TI(SMT(A;, B;, C3)) # SMT(a, b, ¢) for all i, j with i # j.
That is, the tile containing C4 can be removed from the region of interest.

Proof. Consider SMT(A1, By, C3). Both B; and Cs are contained in S4,4,, S0 B>
and Cs are separated from A| by P4, 4,. By Theorem 7.5, I[1(SMT(A1, B,, C3)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(A;, B, C3)) # SMT(a, b, ¢).

Consider SMT(A, B3, C3). Assume Bj is not a vertex. We claim that V, is
contained in AA;B3C,. Let V, be the intersection of mq and p;. Note that V,
and C3 are on the same side of 1(41—B5, V, and B3 are on the same side of m,
and V, and A; are on the same side of l(TC; Thus AAB3C3; must contain V5.
By Theorem 7.4, [I(SMT(A1, B3, C3)) # SMT(a, b, c). By a similar argument,
I[T(SMT (A3, By, C3)) # SMT(a, b, ¢).

Consider SMT (A1, Ba, C3). Both A and By are contained in Hc,c,. Thus, A
and By are separated from C3 by Pc,c,. By Theorem 7.5, II(SMT (A1, Bs, C3)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(A4, B, C3)) # SMT(a, b, ¢).

Consider SMT(A1, Bs, C3). Both A and C3 are contained in Hp, p;. Thus, A;
and Cj are separated from Bs by Pp, p,. By Theorem 7.5, I[1(SMT (A1, Bs, C3)) #
SMT(a, b, ¢). By a similar argument, [I(SMT(A{, Bs, C3)) # SMT(a, b, c).

Consider SMT(A», Bz, C3). Recall that S are contained in the convex hull of
AA,B3Cs. By hypothesis, S is contained in the key trapezoid (page 393). These
two conditions are satisfied only if A, Bs lies above the vertex V5, the intersection
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of mg and p;. Thus, C3 and V; lie on the same side of A(Z—)B3, B3 and V; lie on
the same side of m, and A, and V; lie on the same side of <Bg—C; Thus V, are
contained in the interior of AA;B3C3. By Theorem 7.4, II(SMT(A;3, B3, C3)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(A3, B;, C3)) # SMT(a, b, c).
Consider SMT (A3, B4, C3). Both A, and C3 are contained in Hp,p,. Thus, A,
and Cj are separated from By by Pp,p,. By Theorem 7.5, II(SMT(A2, Bs, C3)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(A4, B;, C3)) # SMT(a, b, c).
Consider SMT(A5, Bs, C3). Both A, and C3 are contained in Hp,p;. Thus A,
and Cj5 are separated from Bs by Pp,p. By Theorem 7.5, I[I(SMT(A», Bs, C3)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(As, B, C3)) # SMT(a, b, c).
Consider SMT(A3, B4, C3). Both A3 and C3 are contained in Sp,,. thus, A3
and C3 are separated from B4 by Pg,p,. By Theorem 7.5, II(SMT(A3, By, C3)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(A4, B3, C3)) # SMT(a, b, c).
Consider SMT (A3, Bs, C1). Both A3 and C5 are contained in Hp,ps. Thus, Aj
and Cj3 are separated from Bs by Pp, ;. By Theorem 7.5, [I(SMT(A3, Bs, C3)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(As, Bz, C3)) # SMT(a, b, c).
Consider SMT(A4, Bs, C3). Both A4 and Bs are contained in Hc¢,c,. Thus A4
and Bs are separated from C3 by Pc,c,. By Theorem 7.5, ITI(SMT(A4, Bs, C3)) #
SMT¢(a, b, ¢). By a similar argument, [T(SMT(A4, B3, C3)) # SMT(a, b,c). U

The final region of interest, after the removal of the tiles containing C1, C,, C3
and Cy, is shown in Figure 9. This region also contains each of the five Steiner
trees that can be considered when A and B are on the same tile (see Theorem 9.1).

Final reductions. The region shown in Figure 9 must contain at least one copy
of the tree SMT(A, B, C) that realizes SMT(a, b, ¢) where A and B come from
different tiles. Within this region, there are still combinations that can never realize

Figure 9. The final region of interest.
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SMT(a, b, ¢) and thus do not need to be considered. In this section we will elim-
inate these combinations and then provide a list of all the trees SMT(A;, B;, Cy)
that must be considered to determine the SMT(A, B, C) realizing SMT(a, b, c).

Consider SMT(A1, Bs, Cg). Both Bs and Cg lie in Hy, 45. Thus, Bs and Ce
must be separated from As by P, 4. By Theorem 7.5, TI(SMT(A, Bs, Cs)) #
SMT(a, b, ¢). By a similar argument, [T1(SMT(As, By, C¢)) # SMT(a, b, c).

Consider SMT(A», Bs, Cs). Both A, and Cg lie in Sp,p,. Thus, A and Cs
must be separated from Bs by Pp,p;. By Theorem 7.5, [I(SMT(A», Bs, Cs)) #
SMT(a, b, c). By a similar argument, [1(SMT(As, B;, C¢)) # SMT(a, b, c).

Consider SMT (A3, Bs, Cg), and let Vi = m Nngy. Then Az and V| are on the
same side of <Bs—Cé, Bs and Vj on the same side of jﬁ\3—Cé, and Cg¢ and V; on the same
side of A3Bs. Thus, Vi C AA3BsCs. By Theorem 7.4, TI(SMT(As, Bs, Cg)) #
SMT(a, b, ¢). Similarly, IT(SMT(As, B3, C¢)) = SMT(a, b, c).

Consider SMT(A4, Bs, Cg). Note that if Bs is within the shaded region (which
is required for it to even be considered), then both Bs and A4 lie in Sc,¢,. Thus, Bs
and A4 are separated from Cg by Pcyc,. By Theorem 7.5, IT1(SMT (A4, Bs, C¢)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(As, By, C¢)) # SMT(a, b, c).

Consider SMT(A, By, Cs). Both B4 and Cs lie in S4,4,. Thus, both B4 and Cs
must be separated from A; by Pa,4,. By Theorem 7.5, II(SMT(A{, B4, Cs)) #
SMT(a, b, ¢). By a similar argument, [1(SMT(A4, B;, C¢)) # SMT(a, b, ¢).

Consider SMT(A», Bs, Cs). Both Bs and Cs lie in SAsAz- Thus, both Bs and Cs
must be separated from A, by Paja,. By Theorem 7.5, TI(SMT(A, Bs, Cs)) #
SMT(a, b, ¢). By a similar argument, [T(SMT(As, B>, C¢)) # SMT(a, b, c).

Consider SMT(A1, Bs, Cs). Note that if Bs is within the shaded region, then
both Bs and Cs are contained in S4,4,. Thus, Bs and Cs are separated from A
by Pa,a,. By Theorem 7.5, II(SMT(A1, Bs, Cs)) # SMT(a, b, ¢). By a similar
argument, [1(SMT(As, By, Cg)) # SMT(a, b, c).

List of potential combinations in Case 3. The remaining combinations (A;, B;,Cx)
for both A and B on the same tile and A and B not on the same tile are

(A1, By, Cs) = (A4, B5, Cs5),  (Az, B1, Cs) = (As, B4, Cs5),  (Ay, B3, Ce),

(A3, By, Co), (A1, By, Co), (A4, By, Co),
(A2, B3, Cp), (A3, Bz, Co), (A2, By, Cg),
(A4, B, Cg), (A3, By, Ce), (A4, B3, Cs),
(A2, By, Cs), (A1, By, Cs), (A1, B3, Cs),
(A3, By, Cs), (A2, B3, Cs), (A3, By, Cs),
(A2, By, Cs), (A4, B, Cs), (A3, By, Cs),
(A4, B3, Cs), (A3, Bs, Cs), (As, B3, Cs),
(A2, By, Cs), (A3, B3,Cs), (A4, By, C5) = (A1, By, Ce),

(As, Bs, Cs5) = (Az, B2, Cs), (A3, Bz, Co).
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Thus, the Steiner tree which realizes SMT(a, b, ¢) will be formed from one of
the 29 combinations included in this list.

10. An algorithm for finding a shortest network on three points

At the end of Sections 8 and 9 we provided lists of combinations which could
realize SMT(a, b, c¢) for the different cases. In this section we discuss how these
lists can be further reduced by considerations of the specific positioning of the
points within the faces. We provide two principles upon which the reductions are
based. We also provide an algorithm that uses these principles. When the algorithm
is applied, we have found that most point combinations can be eliminated.

Two principles allow us to eliminate potential combinations of points from
consideration:

o We demonstrated that for Case 2 a solution must reside in the truncated tri-
angle region (Figure 8) and for Case 3 it must resided in the shaded region in
Figure 9. In either case, if a point lies outside the corresponding region, no
combinations involving that particular point need to be considered.

o If any two points of a combination are separated from the third point by
the perpendicular bisector of the third point and a rotation and/or transla-
tion of the third point, that combination does not need to be considered (see
Theorem 7.5). Recall from Definition 4.2 that for any points P and Q, H PO =
{X | PX < QX}. Thus, equivalently, if A and B are contained in Hee for
some C, C’ € 1™ (¢), then (A, B, C) does not need to be considered.

Using these principles, point combinations within the list can be eliminated
from consideration. A systematic approach to the elimination is introduced in the
following algorithm.

Algorithm 10.1. The following algorithm provides a shortest network connecting
three given points on a regular tetrahedron J.

(1) Determine whether Case 1, 2, or 3 applies.

Case 1: If all three points can be considered to lie on a common face, the
Steiner tree is just a shortest network on that face (Section 6), and the Steiner
tree can be constructed using Algorithm 2.1. The algorithm is complete.

Case 2: If the three points can be considered to lie on distinct faces of 7,
define the region of interest to be the truncated triangle region (Figure 8).
Define the list of potential combinations to be the list on page 389. Label the
faces so that the face not considered to contain any points is face 1. Proceed
to Steps (2)—(4).
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Case 3: Otherwise, define the shaded region to be that shown in Figure 9.
Define the list of potential combinations to be the list on page 399. Label the
faces so that the face considered to contain two points is face 3, and the face
considered to contain one point is face 4. Proceed to Steps (2)—(4).

(2) Eliminate any combinations within the list of potential combinations that con-
tain points which are not contained within the shaded region.
(3) For all C,, contained in the shaded region:
(a) For all C; # C,, in the shaded region, construct FIC,»Cm- Eliminate any
combinations (Ax, By, C;,) where Ay and By are both contained in Hc,c,,.

(b) For the remaining B, that appear in combinations which have not yet been
eliminated:

(1) For all B; # B; in the shaded region, construct FIBl. - 1f both C,,
and Aj are contained in H g, B, for any By, eliminate the combination
(Ak, Br, Cp).

(i) For the Ay that appear in a remaining combination with B; and C,,:
For all A; # Ay in the shaded region construct H A4, If both C,,, and
B; are contained in H A, 4, > €liminate the combination (Ag, B, Cy,).

(4) Measure the lengths of the Steiner minimal trees formed from the remaining
combinations using Algorithm 2.1. The Steiner minimal tree with shortest
length realizes SMT(a, b, ¢). The algorithm is complete.

We will now demonstrate how to apply the algorithm for the configuration shown
in Figure 9, which clearly corresponds to Case 3.

Bs, A and As are not contained within the shaded region, so none of (A1, B2,Cs),
(A1, B3,Cs), (A1, B4,Cs), (As, B4, Cs), (As, B3, Cs), (A3, Bs,Cs) and (A4, Bs, Cs)
need to be considered.

Construct I:IC6CS:

P-1 Po P1 P2 P3
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Since both A, and B, are contained in I:IC6CS, the combination (A, By, Cs) can
be eliminated.

Construct H BB, forall i # 1 (left diagram). Since Cs and A3 are contained in
H B, B, the combination (A3, By, Cs) can be eliminated. There are no remaining
combinations which use both By and Cs.

n4 \No ny \ny n3 n.q \No N \n2 n3

Construct H BB, for all i # 2 (right diagram above). Since both Cs and A3 are
contained in H B3 B,, the combination (A3, B, Cs) can be eliminated. Since both
Cs and Ay are contained in H B, B,» the combination (A4, By, Cs) can be eliminated.
There are no remaining combinations which use both B, and Cs.

Construct ﬁB,. B, for all i # 3 (left diagram below). Since both Cs5 and A4
are contained in H B, B;» the combination (A4, B3, Cs) can be eliminated. The only
remaining combinations the list are (A,, B3, Cs) and (A3, Bz, Cs5). However, since
both C5 and B3 are contained in H AsAys (A2, B3, Cs) can be eliminated.

nq \No ny \ny n n.q \No N \n2 n3

P Po b1 P2 Ps P-1 Po P1 P2 P3

Construct H B; B, for all i #4. Since Cs is not contained in any H BB, With i #4,
the remaining possibilities from the above list are (A», B4, Cs), (A3, By, Cs), and
(Ay4, By, Cs). Since both Cs and B4 are contained in FIA4A2, (A, By, Cs) can be
eliminated (right diagram immediately above). Since both Cs5 and B, are contained
in ﬁA4A3, (A3, By, C5) can be eliminated.
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We have shown that the only remaining combinations in the list containing Cs
are (As, B3, Cs) and (A4, B4, Cs). Using a similar procedure, we can show that the
only remaining combination containing Cg is (A3, By, C¢). Assuming J has edge-
length 1, we construct the Steiner trees associated with each of these combinations,
with the following results:

\n.q \Np \ny \n2 \ng \N.q \ng \nq \nz \ng

P e i 2 /P3

L(SMT(A,, By, Ce)) = 1.43

Hence, SMT (A4, B4, Cs) realizes SMT(a, b, c¢) with length 0.87, and the algo-
rithm is complete with only three actual measurements.
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Potentially eventually positive (PEP) sign patterns were introduced by Berman
et al. (Electron. J. Linear Algebra 19 (2010), 108—120), where it was noted that
a matrix is PEP if its positive part is primitive, and an example was given of a
3 x 3 PEP sign pattern with reducible positive part. We extend these results by
constructing n x n PEP sign patterns with reducible positive part, for every n > 3.

1. Introduction

A sign pattern matrix (or sign pattern) is a matrix having entries in {4+, —, 0}. For
a real matrix A, sgn(A) is the sign pattern having entries that correspond to the
signs of the entries in A. If o is an n x n sign pattern, the qualitative class of i,
denoted Q(s4), is the set of all A € R™" such that sgn(A) = o, where sgn(A) =
[sgn(a;;)]; such a matrix A is called a realization of . Qualitative matrix problems
were introduced by Samuelson [1947] in the mathematical modeling of problems
from economics. Sign pattern matrices have useful applications in economics,
population biology, chemistry and sociology. If P is a property of a real matrix,
then a sign pattern o is potentially P (or allows P) if there is some A € Q(s{) that
has property P.

The spectrum of a square matrix A, denoted o (A), is the multiset of the eigen-
values of A, and the spectral radius of A is defined as p(A) =max{|A|: L € a (A)}.
Matrix A has the strong Perron—Frobenius property if p(A) > 0 is a simple strictly
dominant eigenvalue of A that has a positive eigenvector. A matrix A € R"*" is
eventually positive if there exists a ko € Z1 such that for all k > kg, A* > 0, where
the inequality is entrywise. Handelman developed the following test for eventual
positivity in [Handelman 1981]: a matrix A is eventually positive if and only if both
A and AT satisfy the strong Perron—Frobenius property. If there exists a k such

MSC2010: 15B35, 15B48, 05C50, 15A18.
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that A > 0 and AT! > 0, then A is eventually positive [Johnson and Tarazaga
2004]. A sign pattern o is potentially eventually positive (PEP) if there exists an
eventually positive realization A € Q ().

For a sign pattern & = [oz,- j], define the positive part of s to be AT = [a;;. ] and

the negative part of si to be A~ = [al. j], where

n {+ if ajj =+, - {— if ojj =—,

o ) o, = )
& 0 if OtijZOOI‘OtijZ—, K 0 if al'j:OOI‘Olij:-i-.

Clearly o = ™ + /~. For a matrix A € R"*", the positive part A* of A and
negative part A~ of A are defined analogously, and A = AT + A™.

A digraph I = (V, E) consists of a finite, nonempty set V of vertices, together
with aset E C V x V of arcs. Note that a digraph allows loops (arcs of the form
(v, v)) and may have both arcs (v, w) and (w, v) but not multiple copies of the
same arc. Let A = [a;;] € R™". The digraph of A, denoted I'(A), has vertex set
{1,...,n} and arc set {(i, J)aij # 0}. If o is a sign pattern, then I'(d) =T"(A)
where A € Q(s4). A digraph I is strongly connected if for any two distinct vertices
v and w of I, there is a path in I from v to w.

A square matrix A is reducible if there exists a permutation matrix P such that

PAPT =
[AZI A

where A1 and Ay, are nonempty square matrices and 0O is a (possibly rectangular)
block consisting entirely of zero entries, or A is the 1 x 1 zero matrix. If A is not
reducible, then A is called irreducible. It is well known that for n > 2, A is irre-
ducible if and only if I'(A) is strongly connected. For a strongly connected digraph
I, the index of imprimitivity is the greatest common divisor of the lengths of the
cycles in I'. A strongly connected digraph is primitive if its index of imprimitivity
is one; otherwise it is imprimitive. The index of imprimitivity of a nonnegative sign
pattern & is the index of imprimitivity of I'(sd) and & > 0 is primitive if I' () is
primitive, or equivalently, if the index of imprimitivity of s{ is one.

The study of PEP sign patterns was introduced in [Berman et al. 2010], where
it was shown that if & is primitive, then s{ is PEP, and where the first example of
a PEP sign pattern with reducible positive part was given: the 3 x 3 pattern

+ -0
B=|+ 0 —
-+ +
In Section 2 we extend the results of [Berman et al. 2010] by generalizing the 3 x 3

pattern 9B given there to a family of PEP sign patterns having reducible positive
part for every order n > 3.
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In Section 3 we examine the effect of the Kronecker product on PEP sign pat-
terns and obtain another method of constructing PEP sign patterns with reducible
positive part.

2. A family of sign patterns generalizing %

The sign pattern 9B from [Berman et al. 2010] was the first PEP sign pattern with a
reducible positive part. This sign pattern may be generalized by defining the n x n
sign pattern

[+ — ... — 0
+ 0 --- 0 —
Bo=|: 1o i
+ 0 --- 0 —
|-+ - + + ]

The following result, which is a special case of the Schur—Cohn criterion (see,
e.g., [Marden 1949]), will be used in the proof that &,, is PEP.

Lemma 2.1. If the polynomial f(x)=x*— Bx +« satisfies |f| < 1+ <2, then
all zeros of f(x) lie strictly inside the unit circle.

It is well known that if the characteristic polynomial of A is p(x) = x" +
ap_1x"" V4 aix 4+ ag then a,_xr = (—1)FEr(A), where E;(A) is the sum
of the k x k principal minors of A (see, e.g., [Horn and Johnson 1985]).

Theorem 2.2. For n > 3 the n x n sign pattern B, is PEP.

Proof. For t > 0, let B,(t) be the n x n matrix

l+0—=2)t —t - —t 0
1+1¢ 0 --- 0 —t
By (1) = : S
141 0 --- 0 —t

| —(n—=2t =12 ¢t ot 1417

Then B, (¢) € Q(®,), and 1 is an eigenvalue of B, (¢) with positive right eigenvector
1 (the all ones vector) and positive left eigenvector

_ _ AT
w:[Zn 5 1 Znt 4] .

We show that for some choice of ¢ > 0, 1 is a simple strictly dominant eigenvalue
of B,(t) and hence B,(t) is eventually positive. Since 1 € o(B,(¢)) and rank
B, (t) < 3, the characteristic polynomial pp () (x) of B,(t) is of the form

PB, () =x"(x =D (x* = Bx+a)=x"—(1+)x" '+ (@+p)x" 2 —ax" .
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Computing « and g using the sums of principal minors to evaluate the characteristic
polynomial gives 8 = 11>+ (n—2)t+1 and @ = (n —2)t (1+2¢ + 1?). Forn > 3,
setting t = 1/(2(n—2)) gives | 8| < 14+« < 2, which, using Lemma 2.1, guarantees
that the two nonzero eigenvalues of B, other than 1 have modulus strictly less than 1
(recall that a 3 x 3 eventually positive matrix Bz € Q(%3) was given in [Berman
et al. 2010] so we have not been concerned with this case in choosing ¢). (]

We illustrate this theorem with an example.

Example 2.3. Let n = 5. Following the proof of Theorem 2.2, we choose ¢t = %
and define

-1-1-1 0

0 0 0-1

0 0 0-1

0 0 0-
111

1

O

—_

IR NN RN
I3

(3]

Moreover, we have

o(Bs) = {1, 17 (109 +i+/2087), 147 (109 — i~/2087), 0, 0}
~ {1, 0.7569 4 0.3172i, 0.7569 — 0.3172i, 0, 0},

and [1 1 1 1 I]T and [2 3¢ % % I]T are right and left eigenvectors, respec-
tively, corresponding to p(Bs) = 1. Therefore Bs and BST have the strong Perron—
Frobenius property, so Bs is eventually positive by Handelman’s criterion.

In [Berman et al. 2010] it was shown that if the sign pattern & is PEP, then any
sign pattern achieved by changing one or more zero entries of & to be nonzero
is also PEP. Applying this to %, yields a variety of additional PEP sign patterns
having reducible positive part.

3. Kronecker products

The Kronecker product (sometimes called the tensor product) is a useful tool for
generating larger eventually positive matrices and thus PEP sign patterns. The
Kronecker product of A =[a;;] and B = [b;;] is defined as

auB cee alnB

A®B = :
anlB s a,mB

It is clear that if A > 0 and B > 0, then A ® B > 0. The following facts can be

found in many linear algebra books; see [Reams 2006], for example. For A € R**"
and B € R™™ (A ® B)* = Ak ® B*. For A, C, B, D of appropriate dimensions,
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we have (A ® B)(C ® D) = (AC) ® (BD). There exists a permutation matrix P
such that B A = P(A® B)PT.

Proposition 3.1. If A and B are eventually positive matrices, then A @ B is even-
tually positive.

Proof. Assume that A and B are eventually positive matrices. Since A and B are
eventually positive, there exists some sg, fo € Z, with s, fy > 0, such that for all
s >spand t > 19, A* > 0 and B" > 0. Set kg = max{sg, tp}. Then for all k > ko,
(A® B)* = AF® B* > 0. O

Corollary 3.2. If A and B are PEP sign patterns, then i @ B is PEP.

If either A or B is a reducible matrix, then A ® B is reducible since, without
loss of generality, if

PAPT = [A” 0 ]

Az Axp
then

(P®1><A®B>(P®1>T=[A“®B 0 ]

A1 ®B An®B

Thus Corollary 3.2 provides another way to construct PEP sign patterns having
reducible positive part.

Example 3.3. Let

! 130 -30 O
B=—1130 0 -30
100 =31 30 101

In [Berman et al. 2010] it was shown that B is eventually positive, and in fact
B* > 0 for k > 10.
Let A= [7]. Then AF > 0 for k > 2, hence A is eventually positive.

Then _ _
260 390 60-90 0 O

130 0 30 0 0 O
1 260390 0 0 -60 -90
~100[130 0 0 0 30 0
~62 -93 60 90 202 303
31 0 30 0 101 0O

B®A

Moreover (B® A)'® > 0and (BQ A)!' >0,s0 B A is eventually positive and
sgn(B ® A) is a PEP sign pattern with reducible positive part.

Any 0 in sgn(B ® A) from Example 3.3 may be changed to — to get yet another
PEP sign pattern with reducible positive part.
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Congruence properties of S-partition functions

Andrew Gruet, Linzhi Wang, Katherine Yu and Jiangang Zeng

(Communicated by Ken Ono)

We study the function p(S;n) that counts the number of partitions of n with
elements in S, where S is a set of integers. Generalizing previous work of Kro-
nholm, we find that given a positive integer m, the coefficients of the generating
function of p(S; n) are periodic modulo m, and we use this periodicity to obtain
families of S-partition congruences. In particular, we obtain families of congru-
ences between partition functions p(Sy; n) and p(Sz; n).

1. Introduction and statement of results

The partition function p(n) is the number of nonincreasing sequences of positive
integers that sum to n. Ramanujan proved the following congruences for p(n):

p(Gn+4) =0 (mod 5),
p(In+5)=0 (mod7),
p(1ln+6) =0 (mod 11).

Let S be a finite set of positive integers. An S-partition of an integer n is any
nonincreasing sequence of integers in S that sums to n. The S-partition function
p(S; n) counts the number of S-partitions of n. The generating function for p(S; n)
is

> 1
G(S:q):=) pSing"==—"—=
2. Moesl 4

Kronholm [2005; 2007] found elegant “Ramanujan-type” congruences for the

partition function

€ Z[q]. 1-1)

pn,m)=p{l,...,m};n—m).

In this paper we reinterpret his idea of periodicity and we generalize it in the context
of sets of positive integers. We first show that the coefficients of the generating
function above are periodic modulo 1.

MSC2010: 11P83.
Keywords: Brandt Kronholm, Ramanujan-type congruences, S-partition functions.
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Theorem 1.1. For a finite set of positive integers S and a positive integer m, there
exists a positive integer v, (S) such that for every integer n and all nonnegative k,
we have

p(S;n) = p(S;n+kyu(S)) (modm). (1-2)

Example. This theorem immediately implies many Ramanujan-type congruences.
For example, if S = {1, 2, 3, 5}, one easily verifies that y;(S) = 210. Therefore,
the fact that p(S; 20) =91 =0 (mod 7) gives the Ramanujan congruence

p(S;210n +20) =0 (mod 7).

Example. This theorem is analogous to Theorem 2 of [Kronholm 2007]. As Kro-
nholm states, let d be a multiple of lem{1, ..., ¢} and for the odd prime m, let m*
be a primary factor of d. Kronholm shows that if we let y,,({1, ..., t}) :=d, the
congruences (1-2) hold. In particular, he proves that if

S () L) e

then forn > d — 23;12 j, we have
p{l,....thn—t)y=p{l,...,t};n—t —d) (mod m). (1-4)

Example. Theorem 1.1 extends Theorem 2 of [Kronholm 2007] in that m does
not have to be an odd prime. Let S :={2, 3, 11} and let m := 12. Given this choice
of S, it is clear that p(S; 1) = 0. We find that y2(S) = 792. By our theorem, for
all positive k, p(S; 14792k) =0 (mod 12).

For convenience, for sets S we let

Os(q) =[] —¢. (1-5)
seS
Corollary 1.2. Let S| and Sy be finite sets of positive integers and let m be a
positive integer. If &g, (q) divides ®s,(q) in (Z/mZ)|q], then for any nonnegative
integer d, let
dym(SD) s, (q)

X(q):=q Bs.(q)

where

®s,(q) -

dym(S1) —>2 — .t

q = E a;q" (mod m).
s (q) = l

For n > ¢ and for any nonnegative ki and k, we have

p(Si;n+kiyn(S1) = Zaip(Sz; n—i+kyym(S2)) (modm). (1-6)
i=0
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Note that Corollary 1.2 applies for all m when S; C S,.

Example. Let S| := {1, 17} and S, := {17,289} and let m := 17. Let X(q) :=
D, (q)/Ps,(q). Then clearly X(g) = Zizi% g'. For all nonnegative ki and k, and
for all n > 288,

288
p(Siin+289%1) =Y p(Sain—i+4913ky) (mod 17).
i=0

2. Proof of Theorem 1.1

For convenience, we let S :={s, 52, ..., s/} and let dg = Z§=1 s;. Let

ds
Os(g) =] (1 —¢") =) b(S; n)g".

seS n=0

From the identity

dy &)
1=®5(q)G(S; q) = (Z b(S; n)q") ( > p(s; n)q"),
n=0 n=0

we have
1= "b(S: 0)p(S; )g' +Y _b(S; Dp(S:i)g' '+ -4+ b(S: ds)p(S; i)g' ™.
i>0 i=0 i>0

Looking at coefficients of qN for N > 1, we observe that

ds
> b(S;m)p(S; N —n) =0. (2-1)
n=0

This defines a linear recurrence relation. Noting that b(S; 0) = 1, we have

ds
p(S; N) ==Y b(S; m)p(S; N —n).

n=1

We consider consecutive ds-tuples of consecutive partition values. Arranging
these tuples in order, we have

(P(S:0), p(S; ), ..., p(S;ds —1)),
(p(S:ds), p(S:ds+1), ..., p(S; 2ds — 1)),

and so on. By reducing modulo m, we will find a first pair of ds-tuples that agrees
modulo m. Indeed, the maximal possible number of different tuples is ms. Sup-
pose that the first tuple of this pair starts at p(S; ng), and the second tuple starts
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at p(S; n1). Since by the linear recurrence relation, each tuple determines the next
tuple, we have inductively that for all nonnegative i,

p(S;no+i)= p(S;n; +i) (mod m).

We will first show that the residue classes of each tuple after the first determines
the preceding tuple’s residue classes. For any ag = vds, with v > 1, we consider
the tuple

(p(S:ap), ..., p(S;ap+ds—1)).

By (2-1), and noting that b(S; ds) = (—1)", we have

ds—1
(=D p(S; N —ds) = D b(S;m)p(S; N —n).
n=0
It follows immediately that
ds—1
(=) p(Siap—1) =Y b(S:i)p(S; ag+ds —1—1i) (modm),

i=0

ds—2
(_l)t—Hp(S; ap—2) = ( Z b(S;i)p(S;ap+ds —2—i))
i=0
+b(S;ds — 1) p(S; ap—1) (mod m),

ds—1
(—=D)* p(S; a0 — ds) = b(S; 0)p(S; ao) + Y b(S; i) p(S; ag— i) (mod m).

i=1

Therefore, the residue classes of (p(S; ap), - .., p(S; ap+ds— 1)) reduced modulo
m uniquely determine the residue classes of (p(S;ag — ds), ..., p(S;ap — 1))
reduced modulo m.

To complete the proof, we must show that ng = 0. By hypothesis,

(p(S:no), ..., p(S;ds—1) = (p(S;n1), ..., p(S;ny +ds—1)) (mod m).

Suppose ng = vds where v > 1, (i.e., ng # 0). Then, by the argument above, we
have

(p(S;ng—ds), ..., p(S;ng—1)) = (p(S;ny —ds), ..., p(S;n; — 1)) (mod m).

This result contradicts our hypothesis that the first-repeated tuple started for the
first time at p(S; ng). Therefore, we can conclude that ng = 0, and so we let
Vm (S) := ny. In particular, for any nonnegative k, we have (1-2).
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3. Proof of Corollary 1.2
By Theorem 1.1, for any nonnegative k|, we have
p(Si;n+kiyn(S1)) = p(Si; n) (mod m).

Clearly, for any nonnegative k,, we have

c C
D aip(Syin—i+kaym($2)) =Y aip(Sa;n—i) (modm).
i=0 i=0

Thus, subtracting two congruences, we have (1-6):

P(Si A kv (1) = Y aip(Sai n— i + kv (S2))
i=0

= p(S1;n) — Zaip(Sz; n—1i) (modm).

i=0

cDSz_(LI)
CDSI (q)

G(S1; q) — X(@)G(S2: q) = G(S1; ) — g5V G(Sy; ) (mod m).

Since G($2;9) = G(S1; q), we know

By comparing coefficients in (3-2), we have, for n > dy,,(S1),

p(S1;n) — ZaiP(Sz; n—i)=0 (modm).
i=0

415

(3-1)

(3-2)

(3-3)

Thus by (3-1), if n > ¢, then for any nonnegative k; and k3, since ¢ > dvy,,(S1), we

have

p(Si;n+kiyn(S1) = Zaip(52§ n—i+kyyn(S$2)) (modm).
i=0
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