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We study the function p(S;n) that counts the number of partitions of n with
elements in S, where S is a set of integers. Generalizing previous work of Kro-
nholm, we find that given a positive integer m, the coefficients of the generating
function of p(S; n) are periodic modulo m, and we use this periodicity to obtain
families of S-partition congruences. In particular, we obtain families of congru-
ences between partition functions p(S;; n) and p(Sy; n).

1. Introduction and statement of results

The partition function p(n) is the number of nonincreasing sequences of positive
integers that sum to n. Ramanujan proved the following congruences for p(n):

p(bn+4)=0 (mod5),
p(Tn+5) =0 (mod 7),
p(1ln+6) =0 (mod 11).

Let S be a finite set of positive integers. An S-partition of an integer n is any
nonincreasing sequence of integers in S that sums to n. The S-partition function
p(S; n) counts the number of S-partitions of n. The generating function for p(S; n)
is

= 1
G(S:q):=) pSing"==—"—"=
2. Mol )

Kronholm [2005; 2007] found elegant “Ramanujan-type” congruences for the

partition function

€ Z[q]. -1

pn,m)=p({l,...,m};n—m).

In this paper we reinterpret his idea of periodicity and we generalize it in the context
of sets of positive integers. We first show that the coefficients of the generating
function above are periodic modulo m.
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Theorem 1.1. For a finite set of positive integers S and a positive integer m, there
exists a positive integer v, (S) such that for every integer n and all nonnegative k,
we have

p(S;n) = p(S;n+kyn(S)) (modm). (1-2)

Example. This theorem immediately implies many Ramanujan-type congruences.
For example, if S = {1, 2, 3, 5}, one easily verifies that y;(S) = 210. Therefore,
the fact that p(S; 20) =91 =0 (mod 7) gives the Ramanujan congruence

p(S;210n +20) =0 (mod 7).

Example. This theorem is analogous to Theorem 2 of [Kronholm 2007]. As Kro-
nholm states, let d be a multiple of lem{1, ..., ¢} and for the odd prime m, let m*
be a primary factor of d. Kronholm shows that if we let y,, ({1, ..., t}) :=d, the
congruences (1-2) hold. In particular, he proves that if

S () L) =

then forn > d — Z;;lz j, we have
p{l,....thn—t)y=p{l,...,t};n—t —d) (mod m). (1-4)

Example. Theorem 1.1 extends Theorem 2 of [Kronholm 2007] in that m does
not have to be an odd prime. Let S :={2, 3, 11} and let m := 12. Given this choice
of S, it is clear that p(S; 1) = 0. We find that y2(S) = 792. By our theorem, for
all positive k, p(S; 14792k) =0 (mod 12).

For convenience, for sets S we let

Os(q) =] ]I - (1-5)
seS
Corollary 1.2. Let S| and Sy be finite sets of positive integers and let m be a
positive integer. If O, (q) divides ®s,(q) in (Z/mZ)|q], then for any nonnegative
integer d, let
dym(SD) s, (q)

X(q):=q Bs.(q)

where

®5,(q) -

dym(S1) 2 o— .t

q = E a;q" (mod m).
s (q) = l

For n > ¢ and for any nonnegative ki and k;, we have

p(Si;n+kiyn(S1) = Zaip(Sz; n—i+kyym(S2)) (modm). (1-6)
i=0
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Note that Corollary 1.2 applies for all m when §; C S,.

Example. Let S| := {1, 17} and S, := {17,289} and let m := 17. Let X(q) :=
D, (q)/Ps,(q). Then clearly X (g) = Z?i% g'. For all nonnegative ki and k> and
for all n > 288,

288
p(Siin+289%1) =Y p(Syin—i+4913k) (mod 17).
i=0

2. Proof of Theorem 1.1

For convenience, we let S := {s, 52, ..., s/} and let dg = Z;Zl s;. Let

ds
O5(g) =] J(1—¢") =) b(S; n)g".

sesS n=0

From the identity

dy o9}
1=®5(q)G(S; q) = (Z b(S; n)q") (Z p(S; n)q”),
n=0 n=0

we have
1= "b(S: 0)p(S; )g' +Y _b(S; Dp(S:i)g' 44+ b(S: ds)p(S; i)g' ™.
i>0 i>0 i>0

Looking at coefficients of qN for N > 1, we observe that

ds
> b(S;m)p(S; N —n) =0. -1
n=0

This defines a linear recurrence relation. Noting that b(S; 0) = 1, we have

ds
p(S; N) ==Y b(S; m)p(S; N —n).

n=1

We consider consecutive ds-tuples of consecutive partition values. Arranging
these tuples in order, we have

(P(S;0), p(S; 1), ..., p(S;ds — 1)),
(p(S;ds), p(S;ds+1), ..., p(S; 2ds — 1)),

and so on. By reducing modulo m, we will find a first pair of ds-tuples that agrees
modulo m. Indeed, the maximal possible number of different tuples is ms. Sup-
pose that the first tuple of this pair starts at p(S; ng), and the second tuple starts
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at p(S; n1). Since by the linear recurrence relation, each tuple determines the next
tuple, we have inductively that for all nonnegative i,

p(S;no+i)=p(S;n; +i) (mod m).

We will first show that the residue classes of each tuple after the first determines
the preceding tuple’s residue classes. For any ag = vds, with v > 1, we consider
the tuple

(p(S:ap), ..., p(S;ap+ds—1)).

By (2-1), and noting that b(S; ds) = (—1)", we have

ds—1
(=D p(S; N —ds) = Y b(S; n)p(S; N —n).
n=0
It follows immediately that
ds—1
(=)' p(S;a0—1) = Z b(S; )p(S;ap+ds—1—i) (modm),
i=0

ds—2
(_I)H_IP(S; ap—2) = ( Z b(S;i)p(S;ap+ds —2—i)>
i=0
+b(S;ds— 1) p(S;ap—1) (modm),

ds—1
(=D p(S; a0 — ds) = b(S; 0)p(S; ao) + Y b(S; i)p(S; ap— i) (mod m).

i=1

Therefore, the residue classes of ( p(S;ap), ..., p(S; ap+ds— 1)) reduced modulo
m uniquely determine the residue classes of (p(S;ag —ds), ..., p(S;ap — 1))
reduced modulo m.

To complete the proof, we must show that ng = 0. By hypothesis,

(p(S:no), ..., p(S;ds— 1) = (p(S;n1), ..., p(S;n1 +ds—1)) (mod m).

Suppose ng = vds where v > 1, (i.e., ng # 0). Then, by the argument above, we
have

(p(S;ng—ds), ..., p(S;ng—1)) = (p(S;ny —ds), ..., p(S;n; — 1)) (mod m).

This result contradicts our hypothesis that the first-repeated tuple started for the
first time at p(S; ng). Therefore, we can conclude that ng = 0, and so we let
Vm (S) :=ny. In particular, for any nonnegative k, we have (1-2).
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3. Proof of Corollary 1.2

By Theorem 1.1, for any nonnegative k|, we have
p(S1;n+kiyn(S1)) = p(Si; n) (mod m).

Clearly, for any nonnegative k,, we have

c C
D aip(Syin—i+kaym($2) =Y aip(Sy;n—i) (modm).
i=0 i=0

Thus, subtracting two congruences, we have (1-6):

P(Si A kiym (1) = Y aip(Sai n— i + kv (S2))
i=0 .
= p(Si;n)— Y _aip(Sy;n—i) (modm). (3-1)
i=0

. D (q)
Since —2-22G(S2; 9) = G(S;; q), we know
s, () (8525 9) (15 9)

G(S1;9) — X(@)G(S2; ) = G(S1; ) — ¢SV G(S15 ) (modm).  (3-2)

By comparing coefficients in (3-2), we have, for n > dy,,(S1),

p(Stin) =Y aip(Syin—i)=0 (modm). (3-3)
i=0

Thus by (3-1), if n > ¢, then for any nonnegative k; and &, since ¢ > dy,,(S1), we

have

p(Si;n+kiyn(S1) = Zaip(52§ n—i+kyyn($2)) (modm).
i=0
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