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We prove a Giambelli formula for the Peterson Schubert classes in the S'-
equivariant cohomology ring of a type A Peterson variety. The proof uses the
Monk formula for the equivariant structure constants for the Peterson Schubert
classes derived by Harada and Tymoczko. In addition, we give proofs of two
facts observed by H. Naruse: firstly, that some constants that appear in the
multiplicative structure of the S'-equivariant cohomology of Peterson varieties
are Stirling numbers of the second kind, and secondly, that the Peterson Schubert
classes satisfy a stability property in a sense analogous to the stability of the
classical equivariant Schubert classes in the T-equivariant cohomology of the
flag variety.

1. Introduction

The main result of this note is a formula of Giambelli type in the S'-equivariant
cohomology! of type A Peterson varieties. Specifically, we give an explicit formula
that expresses an arbitrary Peterson Schubert class in terms of the degree-2 Peterson
Schubert classes. We call this a “Giambelli formula” by analogy with the standard
Giambelli formula in classical Schubert calculus [Fulton 1997], which expresses an
arbitrary Schubert class in terms of degree-2 Schubert classes.

We briefly recall the setting of our results. Peterson varieties in type A can be
defined as the following subvariety Y of Flags(C"):

Y:={Vo=0CSVi SV, C--CV,,1 CV,=C") |
NV, C Vi foralli=1,...,n—1}, (1-1)
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where N : C" — C" denotes the principal nilpotent operator. These varieties have
been much studied due to their relation to the quantum cohomology of the flag
variety [Kostant 1996; Rietsch 2003]. Thus it is natural to study their topology,
including the structure of their (equivariant) cohomology rings. We do so through
Schubert calculus techniques. Our results extend techniques initiated and developed
in [Harada and Tymoczko 2010; 2011], to which we refer the reader for further
details and motivation.

There is a natural circle subgroup of U (n, C), recalled in Section 2, that acts
on Y. The inclusion of Y into #€ags(C") induces a natural ring homomorphism

Hy(Flags(C")) — Hg (Y) (1-2)

where T is the subgroup of diagonal matrices of U (n, C) acting in the usual way
on FLags(C"). One of the main results of [Harada and Tymoczko 2011] is that
a certain subset of the equivariant Schubert classes {0, }yes, in Hy (FLags(C"))
maps under the projection (1-2) to a computationally convenient module basis
of H;‘l (Y). We refer to the images via (1-2) of {0, }yes, in H;fl (Y) as Peterson
Schubert classes. Theorem 6.12 of the same reference gives a manifestly positive
Monk formula for the product of a degree-2 Peterson Schubert class with an arbitrary
Peterson Schubert class, expressed as a Hg, (pt)-linear combination of Peterson
Schubert classes. This is an example of equivariant Schubert calculus in the realm
of Hessenberg varieties (of which Peterson varieties are a special case), and we
view the Giambelli formula (Theorem 3.2) as a further development of this theory.
The Giambelli formula for Peterson varieties was also independently observed by
H. Naruse.

Our Giambelli formula also allows us to simplify the presentation of the ring
H ;‘1 (Y) given in [Harada and Tymoczko 2011, Section 6]. This is because the
previous presentation used as its generators all of the elements in the module basis
given by Peterson Schubert classes, although the ring H ;1 (Y) is multiplicatively
generated by only the degree-2 Peterson Schubert classes. Details are explained
starting on page 123 below, where we also give a concrete example in n =4 to
illustrate our results. We also formulate a conjecture (cf. Remark 3.12), suggested
to us by the referee of this manuscript, that the ideal of defining relations is in fact
generated by the quadratic relations only. If true, this would be a significant further
simplification of the presentation of this ring and would lead to interesting further
questions (both combinatorial and geometric).

In Sections 4 and 5, we present proofs of two facts concerning Peterson Schubert
classes, which we learned from H. Naruse. The results are due to Naruse but the
proofs given here are our own. We chose to include these results because they
do not appear elsewhere in the literature. The first fact is that Stirling numbers of
the second kind (see Section 4 for the definition) appear naturally in the product



A GIAMBELLI FORMULA FOR TYPE A PETERSON VARIETIES 117

structure of Hg, (Y). The second is that the Peterson Schubert classes satisfy a
stability condition with respect to the natural inclusions of Peterson varieties induced
from the inclusions Fags(C") — Flags(C"1).

2. Peterson varieties and S'-fixed points

In this section we briefly recall the objects under study. For details we refer the
reader to [Harada and Tymoczko 2011]. Since we work exclusively in Lie type A
we henceforth omit it from our terminology.

By the flag variety we mean the homogeneous space GL(n, C)/B, where B is
the standard Borel subgroup of upper-triangular invertible matrices. The flag variety
can also be identified with the space of nested subspaces in C", that is,

Flags(C") = {Va= ({0} S VI S V2 S-S Voo SV, =C | dime(Vy) =i}
>~ GL(n, C)/B.

Let N be the n x n principal nilpotent operator given with respect to the standard
basis of C" as the matrix with one n x n Jordan block of eigenvalue 0, that is,

[0 10 T
001
000
N= ‘ . (2-1)
01
00]

Fix n a positive integer. The main geometric object under study, the Peterson
variety Y, is the subvariety of F£ags(C") defined in (1-1) where N is the standard
principal nilpotent in (2-1). The variety Y is a (singular) projective variety of
complex dimension n — 1.

We recall some facts from [Harada and Tymoczko 2011]. The following circle
subgroup of U (n, C) preserves Y:

t" 0 ... 0

| 0 "! 0 ;

st = , teC, |t|l=1} CT"CU@n,C). (2-2)
0 0 . 0
0 0 t

Here T" is the standard maximal torus of U (n, C) consisting of diagonal unitary
matrices. The S'-fixed points of ¥ are isolated and are a subset of the T"-fixed
points of F€ags(C"). As is standard, we identify the T"-fixed points in FLags(C")
with the permutations S,. In particular since YS' is a subset of %Eags(@”)Tn,
we think of the Peterson fixed points as permutations in S,. There is a natural
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bijective correspondence between the Peterson fixed points Y5 " and subsets of
{1,2,...,n — 1} which we now briefly recall. It is explained in [Harada and
Tymoczko 2011, Section 2.3] that a permutation w € S, is in Y5 I precisely when
the one-line notation of w™! is of the form

wl=jiji=l-Lpjp=1-jitl-onn=1-jutl (23

Jj1 entries Jj2—Jj1 entries n—j,, entries

where 1 < j| < jo <--- < j, < n is any sequence of strictly increasing integers.
For example, forn =9, m =2 and j; =3, j, =7, then the permutation w1 in (2-3)
has one-line notation 321765498. Thus for each permutation w € S, satisfying (2-3)
we define

d={i:wl@)=wli+D+1forl<i<n—1}C{1,2,...,n—1}.

This gives a one-to-one correspondence between the power set of {1,2,...,n—1}
and Y5'. We denote the Peterson fixed point corresponding to a subset o C
{1,2,...,n—1} by wg.

Example 2.1. Letn =35 and suppose o ={1, 2, 4}. Then the associated permutation
is wy =32154.

Indeed, for a fixed n, we can also easily enumerate all the Peterson fixed points
by using this correspondence.

Example 2.2. Let n = 4. Then Y5 " consists of 23 = 8 elements in correspondence
with the subsets of {1, 2, 3}, namely: wg = 1234, w1y = 2134, wipy = 1324, wizy =
1243, w{l,z} = 3214, w{2’3} = 1432, w{1,3} = 2143, w{172,3} =4321.

Given a choice of subset { C {1, 2, ..., n — 1}, there is a natural decomposition
of s as follows. We say that a set of consecutive integers

{a,a+1,...,a+k}CA

is a maximal consecutive (sub)string of o if a and k are such that neither a — 1
nora +k+1isin A. For a; := a and a, := a; + k, we denote the corresponding
maximal consecutive substring by [a1, a;]. It is straightforward to see that any s{
uniquely decomposes into a disjoint union of maximal consecutive substrings

A =lay,alUlasz, as]U---Ula,—_1, aml.

For instance, if & = {1, 2, 3, 5, 6, 8}, then its decomposition into maximal consecu-
tive substrings is {1, 2, 3} U {5, 6} U {8} = [1, 3]U[5, 6] U8, 8].

Suppose s = {j; < j» <--- < jun}. Finally we recall that we can associate to
each wy a permutation vy by the recipe

W F> Vg 1= 5,8), S (2-4)

m
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where an s; denotes the simple transposition (i, i 4+ 1) in S,.

3. The Giambelli formula for Peterson varieties

The Giambelli formula. In this section we prove the main result of this note,
namely, a Giambelli formula for Peterson varieties.

As recalled above, the Peterson variety Y is an S!-space for a subtorus S' of
T" and it can be checked that ¥S' = (FLags(C"))T" NY. There is a forgetful map
from T"-equivariant cohomology to S'-equivariant cohomology obtained by the
inclusion S' < T, so there is a commutative diagram

H7, (FLags(C")) — H, ((Flags(C")™)

|

Hg, (FLags(C") — H (Flags(C')™) (3-1)
H, (Y) H (rs).

The equivariant Schubert classes {0} in H}, (FLags(C")) are well-known to form
a HJ,(pt)-module basis for H7, (FLags(C")). We call the image of o, under the
projection map H7,(%#lags(C")) - H ;, (Y) the Peterson Schubert class corre-
sponding to w. For the permutations vy defined in (2-4), we denote by py the
corresponding Peterson Schubert class, that is the image of o,,,. (This is slightly
different notation from that used in [Harada and Tymoczko 2011].) We denote by
pa(w) € H ;‘1 (pt) = C[¢] the restriction of the Peterson Schubert class py to the
fixed point w € ys'

One of the main results of [Harada and Tymoczko 2011] is that the set of
2"~1 Peterson Schubert classes { Datsc(,2,...n—1) forma H ;1 (pt)-module basis for
H ;l (Y) where vy is defined in (2-4). (The fact that H;, (Y) is a free module of
rank 2"~ over H 1 (pt) fits nicely with the result [Sommers and Tymoczko 2006,
Theorem 10.2] that the Poincaré polynomial of Y is given by (g% + 1)"~1) It
is also shown in [Harada and Tymoczko 2011] that the n — 1 degree-2 classes
{pi == ps };’:—11 form a multiplicative set of generators for H ;, (Y). These classes p;
are also (equivariant) Chern classes of certain line bundles over Y. Moreover, there
is a Monk formula [Harada and Tymoczko 2011, Theorem 6.12] which expresses a
product

PiD+4

forany i € {1,2,...,n—1}and any o4 € {1,2,...,n— 1} as a H;fl(pt)—linear
combination of the additive module basis {py}. Since the p; multiplicatively
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generate the ring, this Monk formula completely determines the ring structure of
Hg, (Y). Furthermore it is in principle possible to express any p in terms of the p;.
Our Giambelli formula is an explicit formula which achieves this (cf. for example
[Fulton 1997] for the version in classical Schubert calculus).

We begin by recalling the Monk formula, for which we need some terminology.
Fix o € {1,2,...,n—1}. We define # 4 : 4 — o by

#5(j) = the maximal element in the maximal consecutive substring of o
containing j.

Similarly, we define 7y : i — o by

T 4 (j) = the minimal element in the maximal consecutive substring of
containing j.

We say that the maps #4 and J 4 give the “head” and “tail” of each maximal
consecutive substring of «. For an example see [Harada and Tymoczko 2011,
Example 5.6]. We recall the following.

Theorem 3.1 (Monk formula for Peterson varieties [Harada and Tymoczko 2011,
Theorem 6.12]). Fix a positive integer n. Let Y be the Peterson variety in #€ags(C")
with the natural S'-action defined by (2-2). For 54 € {1,2,...,n—1}, let vy € S,
be the permutation in (2-4), and let py be the corresponding Peterson Schubert
class in H ;1 (Y). Then

pi - P = pi(wa) - pa + > ¢’y Py (3-2)
ACH and |B|=|t|+1
where, for a subset B C {1, 2, ..., n — 1} which is a disjoint union B = A U {k},
e ifi &R thenc?&g =0,
o ifi e Bandi ¢ [Tg(k), Ha k)], then ¢ =0,
o ifk <i <Hg(k), then

. Hapy (k) —Tap(k) +1
B B B
2= (Ha k) — 1)- -
s ifTpk)<i<k-—1,
, Hap (k) — T (k) + 1
PB or B B
Ca=0=Igk) +1)- . 3-4
=i~ Tak) +1) ( T4 1 ) (3-4)
We also recall that [Harada and Tymoczko 2011, Lemma 6.7] implies that if
B, B’ are two disjoint subsets of {1, 2, ..., n — 1} such that there is no i in & and

J in B’ with |i — j| = 1, then pgugy = pg pay. It follows that for any ¢ we have

PsA = Plai,ar] * Plasz,as] " ° * Plam—1,a,] (3'5)
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where o = [a1, ax] U [a3, a4] U --- U [ay—1, a,] is the decomposition of & into

maximal consecutive substrings. In particular, in order to give an expression for py

in terms of the elements p;, from (3-5) we see that it suffices to give a formula only

for the special case in which & consists of a single maximal consecutive string.
We now state and prove our Giambelli formula.

Theorem 3.2. Fix n a positive integer. Let Y be the Peterson variety in FLags(C")
with the S'-action defined by (2-2). Suppose A ={a,a+1,a+2,...,a+k} where
l<a<n—1and0 <k <n—1—a. Let vyg be the permutation corresponding to
A defined in (2-4) and let py be the associated Peterson Schubert class. Then

1
pa= [1e
(k+1)!j€&ﬁ

We use the following lemma.

Lemma 3.3. Supposei € {1,2,...,n—1}and 4 C {1,2,...,n — 1}. Suppose
further that i & A. Then the Monk relation

Pi* P = pi(Wg) - pst + Z i pa
ACH and |B|=|sd|+1
simplifies to
Ul
Pi-Ps = Cl-,;{l} * DU} (3-6)

Proof. First observe that the Monk relation simplifies to

pi- pa = Yoo i (3-7)
ACR and |B|=|A|+1

if i & o, since in that case p;(wy) = 0 by [Harada and Tymoczko 2011, Lemma
6.4]. Moreover, from Theorem 3.1 we also know that C?&Q =0if i € %B. Hence the
summands appearing in (3-7) correspond to B satisfying 4 C B, |B| = |A| + 1,
and i € &B. On the other hand, since i € ${ by assumption, this means that there
is only one nonzero summand in the right hand side of (3-7), namely, the term
corresponding to B = o4 U {i}. Then (3-6) follows. ([

Proof of Theorem 3.2. We proceed by induction on k. First consider the base
case where k = 0. Then A = {a}, so p,, = p,. On the right hand side, we have
m Hje&a pj = pa- This verifies the base case.

By induction, suppose the claim holds for k — 1. We now show that the claim
holds for k. Consider o4’ :={a,a+1,...,a+ k — 1} and consider the product
Pa+k - Pst- From the Monk formula in Theorem 3.1 we know that

Patk * Pstt = Pa+k(Wg') - Py + E C?—s—k,w'l’%- (3-8)
AR
|B|=|s4"]+1
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On the other hand since by definition a + k ¢ ', by Lemma 3.3 the equality (3-8)
further simplifies to

Pa+k * Pt/ = Cﬁk,w * P
Moreover, since o = o’ U {a +k}, we have #y(a+k) =a+k and T y(a +k) =a.
Hence, by Theorem 3.1,

¢y = Oala+k) — @+ +1) (gf&“((‘;f,?) _‘;Z((‘;i’;* 1)
a+k—a+1

(a+k)—a )
=k+1. (3-9)

=((a+k)—(a+k)+1)<

Therefore
Patk - Psi = (k+1) - py.

By the inductive hypothesis we have for the set ' ={a,a+1,...,a+k — 1}
1
P =14 1_[ Dj-
jesd

Substituting into the above equation yields
: l_[
Pa=_——Ty 112
(k+1)! jesd

as desired. This completes the proof. O

Remark 3.4. We thank the referee for the following observation. The formula in
Theorem 3.2 suggests that the classes p; behave like a normal crossings divisor (up
to quotient singularities), with all other classes arising (up to rational coefficients) as
intersections of the components. It would certainly be of interest to understand more
precisely the underlying geometry which gives rise not only to the Giambelli relation
in Theorem 3.2 but also to the original Monk formula [Harada and Tymoczko 2011,
Theorem 6.12].

From Theorem 3.2 it immediately follows that for any subset
A =lar, a2]Ulaz, a]VU---Ulap—1, an]

with its decomposition into maximal consecutive substrings, we have

1 1 1

T @—a+ D! (a—as+ D (am_am—]‘i‘l)!jl;[ﬁpj'

Ps (3-10)
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For the purposes of the next section we introduce the notation
1 1 1
(@—ar+ D! (@a—a3+ D! (an—ap—1+1)!

for the rational coefficient appearing in (3-10). The following is an immediate
corollary of this discussion.

Corollary 3.5. Let

o(d):= (3-11)

A =lay,alUlasz, as]U---Ula,—_1, aml.

Then
psa =0 () ]_[ pj-

jed
Simplification of the Monk relations. In this section we explain how to use the
Giambelli formula to simplify the ring presentation of H¢, (Y) given in [Harada
and Tymoczko 2011, Section 6]. Recall that the Peterson Schubert classes {py}
form an additive module basis for H ;‘1 (Y) and the degree-2 classes {p;}/_
multiplicative basis, so the Monk relations give a presentation of the ring H¢, (Y)
via generators and relations as follows.

11 form a

Theorem 3.6 [Harada and Tymoczko 2011, Corollary 6.14]. Fix n a positive integer.
Let Y be the Peterson variety in F£ags(C") with the S'-action defined by (2-2). For
AC{1,2,...,n—1}, let vy € S, be the permutation given in (2-4), and let py be
the corresponding Peterson Schubert class in H ;‘] (Y). Lette H ;‘] (pt) = C[t] denote
both the generator of H ;, (pt) and its image t € H ;‘1 (Y). Then the S'-equivariant
cohomology H;‘l (Y) is given by

Hg (Y) =CIt, {paacii 2...n-11/ 3

where $ is the ideal generated by the relations (3-2).

In order to state the main result of this section we introduce some notation. For
iwithl<i<mn—1land s C{l,2,...,n— 1} define

Mt = pi - Pt — pi(Wa) - pa— Y ¢y pa
ACH
|BI=1sd|+1
thought of as an element in C[¢, {py}uc(1,2,...n—1)], Wwhere the cl% € C[z] are the
coefficients computed in Theorem 3.1. Motivated by the Giambelli formula we also

define the following elements in C[z, p1, p2, ..., pPr—1]:
qi,&qzzpi-rr(w)-(]_[ m)—m(w»o(ﬂ)-(]‘[ pj)— > c%-a(%)(]‘[ pk>,
jed jesd ACHR ke®B

|B|=]sd]+1
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where o () € Q is the constant defined in (3-11).
Example 3.7. Letn =4 and i = 1 and & = {1, 2}. Consider

mi (1,2} = P1Pvuay — 2tpv{1,2) + Duogy-

Expanding in terms of the Giambelli formula, we obtain

qui2 = ptpa—2t-(3pip2) + tpipaps =t pipa+ Lpipaps.

The main theorem of this section gives a ring presentation of Hg, (Y) using fewer
generators and fewer relations than that in Theorem 3.6. More specifically let K
denote the ideal in C[¢, py, ..., py,—1] generated by the g; 4 for which i ¢ s, that
is,

He=(gia|l<i<n—1,4C{1,2,....n—1},i &)

cClt, pr, .-y o1l (3-12)
Theorem 3.8. Fix n a positive integer. Let Y be the Peterson variety in FLags(C")

equipped with the action of the S' in (2-2). Then the S'-equivariant cohomology
H;l (Y) is isomorphic to the ring

G:[t, Pl, p29 L] pn—l]/fj{
where K is the ideal in (3-12).
To prove the theorem we need the following lemma.
Lemma 3.9. Leti €{1,2,...,n—1}and A C {1,2,...,n—1}. Suppose i & A.
Then g; 4 =0in C[t, p1, P2, ..., Pn—-1]-
Proof. Since i ¢ s by assumption, Lemma 3.3 implies that
My = pi- Pt — pi(Wa) pa— Y ¢y pa
ACH
|B]=|sd]|+1
simplifies to
AUl
mi g = Pi+ Pl — Ci,;i{l} * DAV} - (3-13)
Thus in order to compute the corresponding g; o it remains to compute cf;){i} and
apply the Giambelli formula.
Let A = [a1, ax] U [az, ag] U - - - U [ay,—1, a,y] be the decomposition of & into
maximal consecutive substrings. Consider the decomposition of {U{i} into maximal
consecutive substrings. There are several cases to consider:

(1) The singleton set {i} is a maximal consecutive substring of & U {i}, that is,
i—l¢gdandi+1¢&dd.
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(2) The inclusion of i extends a maximal consecutive substring to its right by 1
element, that is, there exists a maximal consecutive string [a,, ag+1] € « such
that i = ay41 + 1 and that [ag, i] is a maximal consecutive substring of & U {i}.

(3) The inclusion of i extends a maximal consecutive substring to its left by 1
element, that is, there exists a maximal consecutive string [a;, ag+1] € A such
that i = a, — 1 and that [i, ap] is a maximal consecutive substring of o U {i}.

(4) The inclusion of i glues together two maximal consecutive substrings of <4, that
is, there exist two maximal consecutive substrings [ag, a¢+1], [@¢+2, ar+3] such
thati =ayy+1=aei2—1and hence [ay, apy3] =[ae, a1 11U{i}U[ae12, agy3]
is a maximal consecutive substring of &{ U {i}.

We consider each case separately.

Case (1): Suppose {i} is a maximal consecutive substring in &{ U {i}. In this case,
the coefficient c;ﬁgj{l} is 1. Hence we have

mi,&ﬂ = PiPsa — pv,ﬂu(,’y

Since {i} is a maximal consecutive substring in LU {i}, we have o (A) = o (AU {i}).
We conclude that

Gict = Pi - (a(s@) : (H pj)) —o (AU {i))- (
jed

as desired.

1_[ Pj) =0,

jesduli}

Cases (2) and (3) are very similar, so we only present the argument for Case (2).
Suppose i extends a maximal consecutive substring [ay, ag+1] of s to its right.
Then

mi g = pi- P — ({ —ar+ 1) Poyiys

AU{i}

since k =i = #g5 (i) and T3 (i) = ay so Civl =i —ay+ 1. We compute
1
e (11 e} (11)
1§s§mfl(as+l_ab‘+1)! jed
s odd
it T1 o) () (I 1)
— (1 — ¢ . . - * j )
lisim_l(aerl—as—i-l)! (i—ae+1)! jestugi)
s odd, s#L

where one of the factors in the product in the second expression has changed because
the maximal consecutive string [ag, ag+1] has been extended in & U {i}. Since

1
(i —ag+ 1)!) (@1 —ag+ !

(i—ag—i-l)(
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by assumption on i, we conclude g; 4 = 0 as desired.

Case (4). Here the inclusion of i glues together two maximal consecutive substrings

lae, ag+1], [ae+2, ars3] in ,Sﬁ We then have k =i, H5() = apy3, Tg(i) = ag.
Hence the coefficient cf‘(lz{’} is

; ) apyz—ayp+1 agyz —ag+1)!
Cf;{l}:(a£+3—l+1)([+3 ¢ )_ (agy3 —aeg+1)

[ —ag (i—ap)! (a3 — D)
The expansion of p; - py is the same as in the previous cases. The term corresponding

AU{i}

toc; 4 - Paufiy is

(agy3—ag+1)!
(i—ap)! (ags3—1)!

1 1
( 1_[ (a‘v+1—as+1)!>'<(a€+3_a£+1)!>'( l_[ pj).

I<s<m-—1 JjedU{i}
s odd and s#£,0+2

Since by assumption on i we have i = a1+ 1 = ae42 — 1, we obtain the simplifi-
cation

(agy3 —ap +1)! < 1 ): 1
(@ —ap)!(ap43 — i)'\ (ap43 —ae+ 1! (@ —ap)!(ag43 —1i)!
1 1

T (a1 —ar+ 1) (agps—aga+1)!

from which it follows that g; 4 = O also in this case. The result follows. O

Example 3.10. Letn =5, =4 and let s = {1, 2}. Consider

_ {1,2,4}
M4.(1,2) = P4~ Popgy — C4(1,2)  Popnoag-

From (3-3) it follows that cé{tlfgi = 1. The corresponding g4 (1,2} can be computed

to be
qa.1.2) = P4 (3P172) — (3,P1P2) pa=0.

Proof of Theorem 3.8. By Theorem 3.6 we know that
a(Y) =Clt, {patacia..ni-1/ 3,
where ¢ is the ideal generated by the relations (3-2) so we wish to prove
Clt, p1s .o Paa1l/H =Clt, {patsci2,..ni-131/ 3.

The content of the Giambelli formula (Theorem 3.2) is that the expressions

pa—o () [ ] pj

jesd
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are elements of $. Hence

$=(mia|l<i<n—1,4<({1,2,...,n—1})
+(pa—o() [ pj|1<i<n—1,4S({1,2,...,n—1})
jed

= (g |l <i<n—1,4C(1,2,....n—1))

+(pa—o@) [[ pj|l<i<n—1,4C{1,2,....,n—1}).
jed
We therefore have

Clt, {psa}sacii2,..n—13] o Clt, p1, ..y Pn—1l

g (gial<isn—LAC{l.2,. . ..n—1))

but since g; y =0if i ¢ o by Lemma 3.9 we conclude that

(gia|l<i<n—1,4<(1,2,....,n—1})
=(gia|l<i<n—1,4C{l,2,...,n—1}andi ¢ o),

from which the result follows. O

Example 3.11. Let n =4 and Y the Peterson variety in F£ags(C*). The degree-2
multiplicative generators are pi, pa, and p3. Then the statement of Theorem 3.8
yields a presentation of the equivariant cohomology ring of Y as

where J{ is the ideal generated by the following 12 elements:

2pt =2t pr— pip2,
2p5 —2t po— p1p2— P2ps3.
2p3 —2t p3— p2ps,
3 pip2— 6t p1p2 — p1p2ps3,
3p1p3 — 6t p1p2 —2p1p2ps3,
2p}ps — 2t p1ps — pipaps,
2p1p3 —2t p1p3 — p1p2p3,
3 p3ps —6t paps — 2 p1p2ps,
3 pap3 — 6t p2p3 — p1pap3,s
pipap3 — 3t p1paps,
P1P3P3 — 4t p1paps,
p1p2p3 — 3t p1paps.
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This list is not minimal: for instance, one can immediately see the sixth and seventh
expressions in this list are multiples of the first and third ones, so evidently they are
unnecessary for defining the ideal . In fact, more is true: a Macaulay 2 computation
shows that the ideal J{ is in fact generated by just the quadratic relations, that is,
the first three elements in the above list. (We thank the referee for pointing this
out.) Note that the original presentation given in Theorem 3.6 uses 8 generators
and 24 relations, so this discussion shows that our presentation indeed gives a
simplification of the description of the ring.

Remark 3.12. We thank the referee for the following comment. Based on our
Giambelli formula, Theorem 3.8, and the example of n = 4 discussed above, it
seems natural to conjecture that for any value of n, the corresponding ideal X
is generated by just the quadratic relations. Using Macaulay 2, we have verified
that the conjecture holds for a range of small values of n, but we were unable to
give a proof for the general case. If the conjecture is true, then it would be a very
significant simplification of the presentation of this ring and would lead to many
interesting geometric and combinatorial questions.

4. Stirling numbers of the second kind

In this section we prove that Stirling numbers of the second kind appear in the
multiplicative structure of the ring H, (Y). We learned this result from H. Naruse
and do not claim originality, though the proof given is our own. The Stirling number
of the second kind, which we denote S(n, k), counts the number of ways to partition
a set of n elements into k nonempty subsets (see, e.g., [Knuth 1975, Section 1.2.6]).
For example, S(3, 2) is the number of ways to put balls labeled 1, 2, and 3 into two
identical boxes such that each box contains at least one ball. It is then easily seen
that S(3,2) =3.

Theorem 4.1. Fix a positive integern. Let Y be the Peterson variety in #£ags(C")
equipped with the action of the Stin (2-2). For4 C{1,2,...,n—1}, let vy, py
be as in Theorem 3.6. The following equality holds in Hg,(Y) for any k with
1<k<n-—1:

k
ph= Z Sk, Nt py - (4-1)
j=1

Proof. We proceed by induction on k. Consider the base case k = 1. Then (4-1)
becomes the equality

p1=5S(, Dpr.

Here S(1, 1) is the number of ways to put 1 ball into 1 box, so S(1, 1) =1 and the
claim follows.
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Now assume that (4-1) holds for k. We need to show that it also holds for k + 1,

that is,
k+1

Pt =" Sk + 1, it py
j=1

By the inductive hypothesis this is equivalent to showing that

k k+1
D St DT pipy =Y S+ 1, T py 4-2)
i=1 =1

We now expand the left-hand side using the Monk formula. For each i it can be
computed that

P1 pv[l,,-] = ltpv[l,,-] + pv[l,,-ﬂ]

where we have used [Harada and Tymoczko 2011, Lemma 6.4] to compute p(wyy.i7)-
Therefore

k
> Sk, i) prpy
i=1
k

=Y S, DTt puyy + Do)

i=1

k k
= Zi S(k, l-)tk+1—ipvwJ + ZS(k, i)tk—ipU“H”

i=1 i=1
k k—1
=Sk, De*pr+ > i SU, Y py Y ST pyy oy + SKK) Payy
i=2 i=l1
k k
=Sk, D pr+ Y i SG, ) T py 4D Sk, i— DI T py 8K K puy g
i=2 i=2

k
=S(k+1, Dt pr+ Y G Sk, i)+ Sk, i = D) py o+ S+ 1k + D pyy, iy
i=2
k

=S+ 1D pr+ > Sk+1, N T py + Sk + Lk + 1) py )
i=2
k+1

= Zs(k +1, j)fk+l_jpv[1,j]
j=1

where we have used the recurrence relation

Stk+1,j)=jSk, j)+ Sk, j—1)
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for Stirling numbers and the fact that
Stk,1)=Sk,k)=Sk+1,1)=Sk+1,k+1)=1

for any k. The result follows. ([

5. Stability of Peterson Schubert classes

We now observe that the Peterson Schubert classes {py} for the Peterson varieties
satisfy a stability property for varying n, similar to that satisfied by the classical
equivariant Schubert classes. This is an observation we learned from H. Naruse;
we do not claim originality. For this section only, for a fixed positive integer n we
denote by Y, the Peterson variety in F£ags(C").

Let Xy.n € FLags(C") denote the Schubert variety corresponding to w € §, in
FLags(C™). By the standard inclusion of groups S, < S,+1, we may also consider
w to be an element in S,,. Furthermore there is a natural 7"-equivariant inclusion
Ly : Flags(C") — FlLags(C"1) induced by the inclusion of the coordinate subspace
C" into C"*!. Then with respect to ¢, the Schubert variety X, ,, maps isomorphically
onto the corresponding Schubert variety X, ,+1. Since the equivariant Schubert
classes are cohomology classes corresponding to the Schubert varieties, this implies
that for any w € S, there exists an infinite sequence of Schubert classes {0y},
which lift the classes oy, , € HF, (FLags(C")), that is,

- — H}, (Flags(C"t?)) — H}, (Flags(C'T1)) — Hi.(Flags(C"))
(5-1)
> Oy 2 ————————> Oyl ——> Oy

and furthermore for any v € S, and any m > n, the restriction oy, 5, (v) is equal
to oy, (v). The theorem below asserts that a similar statement holds for Peterson
Schubert classes. Observe that the inclusion ¢, : Fags(C") — Flags(C"t!)
mentioned above also induces a natural inclusion j, : ¥;, < Y, since the principal
nilpotent operator on C"*! preserves the coordinate subspace C". Moreover, since
the central circle subgroup of U (n, C) acts trivially on %#€ags(C") for any n, the
inclusion j, is equivariant with respect to the S!-actions on ¥, and Y, 1| given by
the two circle subgroups defined by (2-2) in U (n, C) and U (n + 1, C) respectively.
Thus there is a pullback homomorphism j; : H ;‘1 Yps1) > H ;‘1 (Y,,) analogous to
the map ¢, : H},(Flags(C"1)) — HE,(Flags(C")) above.

Theorem 5.1. Fix a positive integer n. Let Y, denote the Peterson variety in
Flags(C") equipped with the natural S'-action defined by (2-2). For w € S, let
Pwn € H ;1 (Y,) denote the Peterson Schubert class corresponding to w. Then
the natural inclusions j, : Yy, < Y11 for m > n induce a sequence of homo-
morphisms j : H;‘I(YmH) — H;‘I(Ym) such that j*(py m+1) = Pw.m, that is,
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there exists a infinite sequence of Peterson Schubert classes {pw m}y,—, that lift
DPw.n € HF (Flags(Ch)):

(5-2)
coob—> Pw.n+2 —> Pw.n+1 —— Pw,n

1 . .
Moreover, for any v € Y,f and any m > n, the restriction py, , (v) equals py, ,(v).

Proof. By naturality and the definition of Peterson Schubert classes py, , € H ;‘, Y
as the images of oy, 5, it is immediate that (5-1) can be expanded to a commutative
diagram

I *
- HZ, (Flags(C™2)) 25 HE, (Flags(C™1)) ~= Hi, (Flags(C"))

| | e

H;1(Yn+2) " H§1(Yn+1) ” H;l(Yn)

Jnt1 Jn

where the vertical arrows are the projection maps obtained by the composition
of Hr,(Flags(C™)) — Hg, (Flags(C™)) with Hg, (Flags(C™)) — Hg, (Yy), for
m = n+2, n+1, n. In particular, for any w € §,, and m > n, the vertical maps send
Ow.m O Py m. The result follows. O
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