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(Communicated by Johnny Henderson)

We study singular discrete third-order boundary value problems with mixed
boundary conditions of the form

—uP B (t0) + [t u(t), u® (ti—y), u™* (1)) =0,
B (1) = u® (ty41) = u(ty42) =0,

over a finite discrete interval {f, t1, ..., ty, t,+1, th2}. We prove the existence
of a positive solution by means of the lower and upper solutions method and
the Brouwer fixed point theorem in conjunction with perturbation methods to
approximate regular problems.

1. Preliminaries

This paper is something of an extension of [Rachiinkova and Rachiinek 2006] and
[Kunkel 2006; 2008]. Rachiinkova and Rachtinek studied a second-order singular
boundary value problem for the discrete p-Laplacian, ¢,(x) = |x|” “2x,p>1.In
particular, they dealt with the discrete boundary value problem

A(qbp(Au(t — 1))) + ft,u®), Au@t—1)=0, re[l, T+1],
Au(0) =u(T +2) =0,

in which f (¢, x1, x) was singular in x;. In [Kunkel 2006] this was extended to the
third-order case, but only for p = 2; that is, boundary value problem treated was

—AAAu(t —=2)+ f(t,u(t), Au(t —1), AAu(t—2))=0, te[2,T+1],
AAu(0) = Au(T +2) =u(T +3) =0.

In [Kunkel 2008], by contrast, the extension was to a second-order singular discrete
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boundary value problem with nonuniform step size:

ut(to) + [t ut), ut(ti-1)) =0, el2,T+1],
u®(to) = u(ty1) = 0.

The analysis in the present paper relies heavily on a lower and upper solutions
method in conjunction with an application of the Brouwer fixed point theorem
[Zeidler 1986]. We consider only the singular third-order boundary value problem,
while letting our function range over a discrete interval with nonuniform step size.
We will provide definitions of appropriate lower and upper solutions. The lower
and upper solutions will be applied to nonsingular perturbations of our nonlinear
problem, ultimately giving rise to our boundary value problem by passing to the
limit.

Various forms of the lower and upper solutions method have been used extensively
in establishing solutions of boundary value problems for finite difference equations.
Examples include [Henderson and Kunkel 2006; Kunkel 2006; Rachinkova and
Rachtinek 2006]; we mention especially [Jiang et al. 2005], which deals with singular
discrete boundary value problems using the method. Other outstanding works
where lower and upper solution methods have been employed to obtain solutions
of boundary value problems for finite difference equations include [Agarwal et al.
1999; 2003; 2004; 2005; Agarwal and Wong 1997; Cabada 2011; Henderson and
Thompson 2002; Kelley and Peterson 2001; O’Regan and El-Gebeily 2008; Pao
1985; Peterson et al. 2004; Zhang et al. 2002].

Singular discrete boundary value problems also have received a good deal of
attention. As representative works, we suggest [Agarwal et al. 1999; 2005; 2008;
Agarwal and Wong 1997; Akin-Bohner et al. 2003; Atici et al. 2003; Jédar 1987;
Jodar et al. 1992; Naidu and Kailasa Rao 1982; Peterson et al. 2004; Rachinkova
and Rachiinek 2009; Yuan et al. 2008; Zheng et al. 2011; Zhang et al. 2002].

We now state the definitions that are used in the remainder of the paper.

Definition 1.1. For 0 <i <n+2,lett; e R, where typ < t; < -+ < ftyy1 < ly42.
Define the discrete intervals
—l]— = [t07 tn+2] = {t07 tl? ) t}’l-‘rl! tn+2},
—[I—O = [tz’ tn+1] = {t27 t37 ceey tn’ tn+1}-

Definition 1.2. For the function u : T — R, define the delta derivative [Bohner and
Peterson 20017, u2, by

u(tiz) —u(t
ut () = M t; € T°U{to, tas1).
tit1— 1

We make note that u®2(t;) = )2 (t;).
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Consider the third-order nonlinear discrete dynamic
BB (G20) + [t ), u® ((-1), u™ (1-2)) =0, 1 € T°, M
with mixed boundary conditions
A (t0) = u® (tn1) = u(tas2) = 0. )
Our goal is to prove the existence of a positive solution of problem (1), (2).

Definition 1.3. By a solution of problem (1), (2), we mean a function u : T° — R
such that u satisfies the discrete dynamic (1) on T° and the boundary conditions (2).
If u(r) > 0 forr € T°, we say u is a positive solution of the problem (1), (2).

Definition 1.4. Let & C R3. We say that f is continuous on T x @ if f(#;, x, y, 2)
isdefined on t; € T° and (x, y, z7) € 9, and if f(¢, x, y, z) is continuous on & for
eachr; e T°.

We make the following assumptions throughout:
(A) @ = (0, 00) x R2.
(B) f is continuous on T° x 9.

(C) f(t,x,y,z) has a singularity at x = 0; i.e., limsup | f(#;, x, y, 2)| = oo for
x—07t
each #; € T° and for some (y, z) € R

2. Lower and upper solutions method for regular problems

Let us first consider the regular difference equation
WA () + Rt ut), u® (1), w2 (6-2) =0, 4 €T, 3)

where  is continuous on T° x R3, along with the boundary conditions (2). We
establish a lower and upper solutions method for the regular problem (3), (2).

Definition 2.1. We call o : T — R a lower solution of (3), (2) if
a8 () +h(t, a (), @t (-1, @2 (3-2) 20, €T (4)
and « satisfies boundary conditions

a2 (ty) <0,
a®(tyy1) >0,

a(tpy2) = 0. &)
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Definition 2.2. We call 8 : T — R an upper solution of (3), (2) if

BAAR(ti2) + hity, B), B2 (6i-1), B2 (6-2) <0, 1€ T° 6)
and B satisfies boundary conditions

BA% (1) = 0,

B2 (tns1) <0,
B(tn42) = 0. (7
Theorem 2.1 (lower and upper solutions method). Let o and B be lower and upper
solutions of (3), (2), respectively, with o < B on T°. Let h(t;, x, y, 7) be continuous
on T° x R? and nonincreasing in its z variable. Then (3), (2) has a solution u

satisfying
a(t) <u(t) <p@), teT.

Proof. We proceed through a sequence of steps involving modifications of the
function 4.

Step 1. For t; € T°, (x, y, z) € R?, define

~ y—z
h t‘,x,y, —)
(l li—1—li—2

ﬁA(ti—l)_O'(ti—laZ)> BA(ti—1)—y
h i i)s A i—1)» y A i—1)s
(t pl), Bt li1—ti—2 +,3A(l‘i—1)—Y+1 PRy
- h(ti,x, v, M) BA(ti—) <y<a®(ti-1),
ti—1—ti—2
A A
A N (li—l)—G(fi—l,Z)) y—a~(ti—1) A
h(tt’a(tl)va (tlfl)7 [l'_l—[i_z y—aA(tl_1)+]’ y>a (tlfl)’

where
a®(tis), z>a’(ti_),

o(ti—2,2) = Z, BA(ti—2) <z <a’(ti2),

BAi—2), z<pA(ti-2).
By its construction, 4 is continuous on T° x R? and there exists M > 0 so that
A, x,y, )| <M, ;€T (x,y,2) R
We now study the auxiliary equation
Bt (t-2) + (e, (), ut (6o, 02 (1-2)) =0, 1 €T°, ®)

with boundary conditions (2). Our immediate goal is to prove the existence of a
solution of (8), (2).
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Step 2. The Brouwer fixed point theorem states that, for
K={x1),...,xp):ci<x; <d;,i=1,...,n},

if T : K — K is continuous, then 7 has a fixed point in K. To this end, define
={u:T— R:ub (1) = u® (tur1) = u(tn42) = 0)

and also define
lull = max{|u(z)|:#; € T}.

This makes E into a Banach space. We define an operator 7 : E — E by

(Tu) (t) =
n+1
—Z(tkﬂ—rk)Z(r,H—tj)Z(r,—rl DRt utig), u® @), u** (G -1)). (9)

Jj=k

J is a continuous operator.
From the bounds placed on h in Step 1 and from (9), if r > (¢,,41 — 10)° M, then
J(B(r)) C B(r), where B(r) ={u € E : |lu| < r} Therefore, by the Brouwer fixed
point theorem [Zeidler 1986], there exists u € B (r) such that u = Ju.

Step 3. We now show that u is a fixed point of J if and only if u is a solution
of (8), (2).

First assume u = Ju. Then u € E and thus satisfies (2).

Further,

u® (tn—2)
_ u(tm—l)_u([m—Z)

In—1—tm—2
n+1

> (tk+1—tk)2(t,+1 t,)Z(t, tim DR (tipr, u(tivn), u® @), u®® (ti-1))

kml j=k i=

Im—tm—1
n+1

> (tky1— tk)Z(t]+1 t])Z(t, tim DR (tigr, u(tign), u™ (1), u2(121))

k=m—2 i=

Im—1—Im—2

(tm—1—tm—2) Z (t]+1—t])2(tl tim DR (tig, u(tign), u™ (1), u2(121))

Jj=m—=2

Im—1—tm—2

= Z (t41— g)Z(n - DR (tip1, u (i), u (@), WS 4-1).

j=m-2
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We also have
MA(tm—l) - uA(tm—Z)

Im—1 —Im—2

n J -
> W — 1) 2t — ti— DA (ti, u (i), u® @), ut (5i-1))
il i=1

AA
u="(ty—2) =

j 1

B In—1—tm—2
n J y
> @ — 1) Xt — DAt u(tig), u @), w2 (t-1))
i=1

j=m—-2

Im—1 —Im—2
n? 7 A AA
(tmet — tm—2) 2 (ti = ti—D R (tig1, u(tipr), u™ (1), u2(5i-1))
i=1

Im—1 —Im—2
m—2

== (i — i Dh(tipr, ulti), u @), w6 ))

i=1
and

AA AA
AAA u(ty—1) —u="(ty—2)
u (tm—2) =

Im—1 —tm—2

m—1 ~
— 2 Wi — timDh(tipr, u(tipr), u™ (@), u®2(421))
i=1

tn—1 —tin—2
i—1
S — tim DRt utign), u™(5), u2(1-1))
4=
Im—1—1In—2
=t = b2 Aty ut), u™ (1), 4> (1 -2))
B Im—1—tm—2

= —h(tmy ultm), u™ tm—1), U™ (tn—2)).

This implies that 422 (ty,_2)+h(ty, u(ty), u™ (tp_1), u** (tn—2)) =0 and, thus,
u(t) solves problem (8), (2).

On the other hand, let u(¢) solve (8), (2).

Then, fori =1,2,...,n,

utt () —utt (o) = (4 — ti)u 2 (4-y),
which means, foreachi =1,2,...,n,
utB () —utt (= 1) = (6 — ti)ut 2 (1)

= —(t; — ti—)h(tip1, ultiv), u® @), u® G21)).
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By u®%(ty) = 0 and summing the above equations from i = 1 to i = j, where
j=1,2,...,n, we have

J
Wt () = =Y (G — i DAt (i), w @), ut Go). (10)

i=1
Also, for j =0,1,...,n,
U (i) —ud(t)) = (tjp1 — 1)) u™> (1)),

Taking the sum of the above equations from j =k to j =n, where k=0, 1, ..., n,
and by u® (t,41) =0 and (10), we have

n J
u®(ty) = Z(thrl —1tj) Z(ti —timDh(tigr, u(tip), u™ (1), MAA(tifl))- (11)

=k i=1

Similarly, for k =0,1,...,n+1,

u(terr) — uty) = (1 — t)u™ ().

Add the above equations fromk=m tok=n+1, where m =0, 1,...,n+2,
and by (11) and u(#,42) = 0, we have

n+1 n

J
— Z(tk+1 — (&) Z(tj+1 —1j) Z(ti — ti—Dh(tier, u(tipr), u™(6), u2 (@G21)).

k=m j=k i=1
Thus, u = Tu and the claim holds.

Step 4. We now show that solutions u(¢) of (8), (2) satisfy
a(t) <u(t) <p@), tel.

Consider the case of obtaining u(t) < B(t). Let v2(t) = B2(t) — u®(t). For the
sake of establishing a contradiction, assume that

max{vA(t) teT}:= v2() > 0.

From the boundary conditions (2) and (7), we see that [ = /; € T°. Thus,
v2 (i) <v2(;) and v2 (1) < v2(l;). Therefore, v22(l;) <0and v22(l;_;) > 0.
This in turn implies that v222(1;_;) < 0. Consequently,

ubBA (1) = BAAA(Uiy). (12)
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On the other hand, since 4 is nonincreasing in its fourth variable, we have from (3)
that

BAAAUi—1) — utB A (1)

= h(lis1, ullis), u® (O, u®* =) + B2 Uiz1)
BAI) —o(i—), uliz) | v2(D)

= h(lis1, BUiv1), B2 ), o T +B54% (i)
A AA vA () AAA

> h(lit1, BUiv1), B~ D), B (li—l))+m+ﬁ (li-1)

_ aAAA g v2(0) AAA 7
e (l’_lH——vA(l)—i-l—Hg (li-1)

A

__vD

VA +1

Hence, u®22(l;_1) < B222(1;_1), but this contradicts (12). Therefore, v (I) < 0.
This implies that u®(I) > B (l), and hence

Iny2 Iny2

Y =t DB <Y (i —ti)ut D).
1=t 1=t

This, in turn, yields
Btny2) — B(t) Sultyi2) —u(t), u(t) < B(t) — Btat2),
Btnt2) — B(t) < —u(1), u(t) < B(1).

A similar argument shows that «(t) < u(t),t € T.
Thus, the conclusion of the theorem holds and our proof is complete. (]

3. Existence result

In this section, we make use of Theorem 2.1 to obtain positive solutions of the
singular problem (1), (2). In particular, in applying Theorem 2.1, we deal with a
sequence of regular perturbations of (1), (2). Ultimately, we obtain a desired solution
of (1), (2) by passing to the limit on a sequence of solutions for the perturbations.

Theorem 3.1. Assume conditions (A), (B), and (C) hold, along with the following:

(D) there exists ¢ € (0, 00) so that f(t;,c,0,0) <0 forallt € T°;
(E) f(t,x,y, z) is nonincreasing in its 7 variable for t; € T° and x € (0, c];

(F) 1jm+ fti,x,y,z2) =00 fort; eT°, y € (—f, f), where r is sufficiently large.
x—0
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Then (1), (2) has a solution u satisfying
O<u(@®)<c, teTe.

Proof. Again, for the proof, we proceed through a sequence of steps.

Step 1. Forl e N, t; e T°, (x, y, z) € R?, define

[, xl,y,2), |x|>

fz(t-,x,y,z)={
l f(ti,%,y,z), x| <

Then f; is continuous on T° x R3 and nonincreasing for t; € T°, x € [—c, c].
Assumption (F) implies that there exists /o such that, for all / > [y,

filti,c,0,0)= f(t;,c,0,00>0, 1 eT".
Consider, for each [ > [,
utS (i) + fiti, u(t), ut (G2, ut®(ti2) =0, feT°.  (13)

Define «(#) = 0 and B(¢) = c. Then « and B are lower and upper solutions for
(13), (2) and () < B(¢) on T°. Thus, by Theorem 2.1, there exists u; a solution
of (13), (2) satisfying 0 < u;(t) <c, t; € T, [ > ly. Consequently,

C
lup ()] < iy T (14)
-

ti—1)

Step 2. Letl e N, [ > ly. Since u;(t) solves (13), we get, from work similar to that
exhibited in Theorem 2.1,

n J
upf (ty) = Z(thrl —1j) Z(li —tio) it wi (), up (i), uf 2 (ti-2)) - (15)

j=1 i=1

for t,, € T°. By assumption (F), there exists &; € (0, 1/ly) such that, if [ > 1/¢y,

c
filta, x, y,2) > n_n € 0, &1], y € (=¢, 0). (16)
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For the sake of establishing a contradiction, assume that u;(#;) < &1 for [ > 1/¢;.
Then, by (15) and (16),

n

J
up () = — Z(thrl —1j) Z(li — ti-1) fi(ti, w8, ug (ti-1), MIAA(tifz))

j=1 i=1

> filti, wi(t), uf (ti1), uf® (ti-2))

n J
D W =) > (= ti) fi(te wi(t), up ), up (t-2))

j=2 i=1
A AA
> filte, wi(t), up (ti21), up® (ti-2))
C C
> =—-
h—n r

But this contradicts (14). Hence u;(t;) > ¢ forall [ > 1/¢;.
Define ap = max{| f;(t2, x, ¥, 2)| : x € [e1, c], y € (—c, ¢)}. By assumption (F),
there exists &5 € (0, €] such that, if [ > 1/e, and u; < &5, then

ﬁ(t3’x’ Y, Z) > - T(CIZ), X € (07 82]7 y € (_Cv C). (17)

B—0n

For the sake of establishing a contradiction, assume that, for / > 1/¢,, we have
ui(t) < &. Then, by (15) and (17), we have

n J
() =Y (i — 1) >t — tio) filte wi (), up (6o0), uf™ (6 -2))

j=1 i=1

n J
=Y (i —1) Y (G — 1) filte wi (@), uf G- D)uf™ (t-2)
j=2 i=2
+ Tfi(t2, wi(t2), up (1), up ™ (to))

n J
= Z(tj+l —1tj) Z(Ii —tim) filts, (), up (tim1), up® (t-2))
=3 i=2

+ fits, wi(t3), u (1), uf™ (1)) + Tfi(t2, wi(12), uf (11), uf (1))

=

J
> > (tjiy1—t)) Z(li —ti—) fi(ti, uk (87), uf (ti—1), ulAA(ti—z))
j=3 i=2
+ fi(t2, uk(t2), ug (1) fi (13, wi(3), up (02), up ™ (11)) + Tar

n J
C
> =) Yt —ti) fi(te wie (), uf (), uf (t-2)) +
=3 i=2 R
C

>

t3—t2.
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But this contradicts (14). Hence u;(t;) > & for all [ > 1/¢;.

Continuing similarly fort =3,4,...,nT,we get0 <er <--- <& < & such
that u;(t;) > er fort; € T.

For2 <i<n-—1,set

m; :max{lﬁ(t,-,x, y,2)|:x €lei, cl,y € (—c, c)}.

By assumption (F), there exists ¢, € (0, ¢,—1] such that, if / > 1/¢, and u;(t,,) < &,
then

. _
fl(fn,X,y,Z)>m—§mi- (18)

For the sake of establishing a contradiction, assume that, for / > 1/¢,, we have
ui(t,) < €&,. Then, by (15) and (18), we have

n+1
ut )= Y (tjg —t,)Z(r,—t, DSt (), u (1), u™> (6 -2))
j=n+1 i=2
n+l1
= (tar2 — ta1) Dt — ti)) filte ut), u (ti-1), uS (6 22))
i=2

= (tar2 — ta1) Yt — ti) filte, ut), u (6i-1), S (6 -2))

i=2
+ﬁ(rn+1,u<tn+1) u%n) Ut (ty-1))

>Z<m>+ —Z<m>

Cc

I —Ih—1

But this contradicts (14). Hence u;(t,) > ¢, for all [ > 1/¢,. Therefore, by letting
& =¢,, we get

™ | =

O<e<u(tp)<c, teT° 1l> (19)

Since u;(t;) satisfies (19) and (2), we can choose a subsequence {u;, (1)} C {u;(#;)}
such that limy_, o 1y, (1) = u(t;), t € T°, u(t;) € E, where E is as defined in Step 2
of Theorem 2.1. Moreover, (15) yields, for each sufficiently large &,

n

J
up (t;) = Z (tj+1— 1)) Z(fi — ti-0) f (tis g (8), ) (G-1), u) ® (1-2))),

j=ti+1 i=2
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and so, letting [ — oo and from the continuity of f, we get

n J
ut(t;) = Z(fj+1 —1j) Z(fi — ti) f (ti, u @), u™ (ti1), w2 (t-)).

fit1 i=2
Consequently,
J
WAt (to) =Y (= tio) f (b ), u ), ut (4-2).
i=2
Thus,
uttB(ti o) = — f (i, u (), u® (i), u® (1)),
Therefore, u solves (1), and, by (19), our theorem holds. O

References

[Agarwal and Wong 1997] R. P. Agarwal and P. J. Y. Wong, Advanced topics in difference equations,
Mathematics and its Applications 404, Kluwer Academic Publishers Group, Dordrecht, 1997.
MR 98i:39001 Zbl 0878.39001

[Agarwal et al. 1999] R. P. Agarwal, D. O’Regan, and P. J. Y. Wong, Positive solutions of differential,
difference and integral equations, Dordrecht: Kluwer Academic Publishers, 1999. MR 2000a:34046
Zbl 1157.34301

[Agarwal et al. 2003] R. P. Agarwal, A. Cabada, and V. Otero-Espinar, “Existence and uniqueness
results for n-th order nonlinear difference equations in presence of lower and upper solutions”, Arch.
Inequal. Appl. 1:3-4 (2003), 421-431. MR 2004i:39011 Zbl 1049.39001

[Agarwal et al. 2004] R. P. Agarwal, A. Cabada, V. Otero-Espinar, and S. Dontha, “Existence and
uniqueness of solutions for anti-periodic difference equations”, Arch. Inequal. Appl. 2:4 (2004),
397-411. MR 2005h:39005 Zbl 1087.39001

[Agarwal et al. 2005] R. P. Agarwal, D. O’Regan, and P. J. Y. Wong, “Existence of constant-sign
solutions to a system of difference equations: The semipositone and singular case”, J. Difference
Equ. Appl. 11:2 (2005), 151-171. MR 2005i:65217 Zbl 1066.39001

[Agarwal et al. 2008] R. P. Agarwal, D. O’Regan, and S. Stanék, “An existence principle for nonlocal
difference boundary value problems with ¢-Laplacian and its application to singular problems”, Adv.
Difference Equ. 2008 (2008), 14 p. MR 2009h:39004 Zbl 1146.39026

[Akin-Bohner et al. 2003] E. Akin-Bohner, F. M. Atici, and B. Kaymakgalan, “Lower and upper
solutions of boundary value problems”, pp. 165-188 in Advances in dynamic equations on time
scales, edited by M. Bohner and A. C. Peterson, Birkhduser, Boston, MA, 2003. MR 1962548

[Atici et al. 2003] F. M. Atici, A. Cabada, and V. Otero-Espinar, “Criteria for existence and nonexis-
tence of positive solutions to a discrete periodic boundary value problem”, J. Difference Equ. Appl.
9:9 (2003), 765-775. MR 2004£:39010 Zbl 1056.39016

[Bohner and Peterson 2001] M. Bohner and A. Peterson, Dynamic equations on time scales: An
introduction with applications, Birkhduser, Boston, MA, 2001. MR 2002¢:34002 Zbl 0978.39001

[Cabada 2011] A. Cabada, “An overview of the lower and upper solutions method with nonlin-
ear boundary value conditions”, Bound. Value Probl. (2011), Art. ID 893753, 18. MR 2719294
Zbl 1230.34001


http://msp.org/idx/mr/98i:39001
http://msp.org/idx/zbl/0878.39001
http://msp.org/idx/mr/2000a:34046
http://msp.org/idx/zbl/1157.34301
http://msp.org/idx/mr/2004i:39011
http://msp.org/idx/zbl/1049.39001
http://msp.org/idx/mr/2005h:39005
http://msp.org/idx/zbl/1087.39001
http://dx.doi.org/10.1080/10236190512331328361
http://dx.doi.org/10.1080/10236190512331328361
http://msp.org/idx/mr/2005i:65217
http://msp.org/idx/zbl/1066.39001
http://dx.doi.org/10.1155/2008/154302
http://dx.doi.org/10.1155/2008/154302
http://msp.org/idx/mr/2009h:39004
http://msp.org/idx/zbl/1146.39026
http://dx.doi.org/10.1007/978-0-8176-8230-9_6
http://dx.doi.org/10.1007/978-0-8176-8230-9_6
http://msp.org/idx/mr/1962548
http://dx.doi.org/10.1080/1023619021000053566
http://dx.doi.org/10.1080/1023619021000053566
http://msp.org/idx/mr/2004f:39010
http://msp.org/idx/zbl/1056.39016
http://dx.doi.org/10.1007/978-1-4612-0201-1
http://dx.doi.org/10.1007/978-1-4612-0201-1
http://msp.org/idx/mr/2002c:34002
http://msp.org/idx/zbl/0978.39001
http://dx.doi.org/10.1155/2011/893753
http://dx.doi.org/10.1155/2011/893753
http://msp.org/idx/mr/2719294
http://msp.org/idx/zbl/1230.34001

SINGULAR THIRD-ORDER BVPS ON PURELY DISCRETE TIME SCALES 125

[Henderson and Kunkel 2006] J. Henderson and C. J. Kunkel, “Singular discrete higher order bound-
ary value problems”, Int. J. Difference Equ. 1:1 (2006), 119-133. MR 2008b:39014 Zbl 1128.39011

[Henderson and Thompson 2002] J. Henderson and H. B. Thompson, “Existence of multiple solutions
for second-order discrete boundary value problems”, Comput. Math. Appl. 43:10-11 (2002), 1239-
1248. MR 2003£:39004 Zbl 1005.39014

[Jiang et al. 2005] D. Q. Jiang, D. O’Regan, and R. P. Agarwal, “A generalized upper and lower
solution method for singular discrete boundary value problems for the one-dimensional p-Laplacian”,
J. Appl. Anal. 11:1 (2005), 35-47. MR 2006¢:39005 Zbl 1086.39022

[Jodar 1987] L. Jédar, “Singular bilateral boundary value problems for discrete generalized Lyapunov
matrix equations”, Stochastica 11:1 (1987), 45-52. MR 89m:15010 Zbl 0659.15010

[Jodar et al. 1992] L. Jédar, E. Navarro, and J. L. Morera, “A closed-form solution of singular regular
higher-order difference initial and boundary value problems”, Appl. Math. Comput. 48:2-3 (1992),
153-166. MR 93a:39011 Zbl 0768.39002

[Kelley and Peterson 2001] W. G. Kelley and A. C. Peterson, Difference equations: An introduction
with applications, 2nd ed., Harcourt/Academic Press, San Diego, CA, 2001. MR 2001i:39001
Zbl 0970.39001

[Kunkel 2006] C.J. Kunkel, “Singular discrete third order boundary value problems”, Comm. Appl.
Nonlinear Anal. 13:3 (2006), 27-38. MR 2007b:39004 Zbl 1109.39008

[Kunkel 2008] C. J. Kunkel, “Singular second order boundary value problems on purely discrete time
scales”, J. Difference Equ. Appl. 14:4 (2008), 411-420. MR 2009f:39002 Zbl 1138.39019

[Naidu and Kailasa Rao 1982] D. S. Naidu and A. Kailasa Rao, “Singular perturbation methods for a
class of initial- and boundary-value problems in discrete systems”, Internat. J. Control 36:1 (1982),
77-94. MR 84e:39003 Zbl 0484.93051

[O’Regan and El-Gebeily 2008] D. O’Regan and M. El-Gebeily, “Existence, upper and lower
solutions and quasilinearization for singular differential equations”, IMA J. Appl. Math. 73:2 (2008),
323-344. MR 2009d:34035 Zbl 1202.34053

[Pao 1985] C. V. Pao, “Monotone iterative methods for finite difference system of reaction-diffusion
equations”, Numer. Math. 46:4 (1985), 571-586. MR 86h:65156 Zbl 0589.65072

[Peterson et al. 2004] A. C. Peterson, Y. N. Raffoul, and C. C. Tisdell, “Three point boundary
value problems on time scales”, J. Difference Equ. Appl. 10:9 (2004), 843-849. MR 2005g:34036
Zbl 1078.39016

[Rachtiinkova and Rachinek 2006] I. Rachlinkova and L. Rachinek, “Singular discrete second
order BVPs with p-Laplacian”, J. Difference Equ. Appl. 12:8 (2006), 811-819. MR 2007¢:39027
Zbl 1106.39021

[Rachtiinkova and Rachtiinek 2009] I. Rachinkova and L. Rachtinek, “Singular discrete and con-
tinuous mixed boundary value problems”, Math. Comput. Modelling 49:3-4 (2009), 413-422.
MR 2009k:34039 Zbl 1173.34010

[Yuan et al. 2008] C. Yuan, D. Jiang, and Y. Zhang, “Existence and uniqueness of solutions for
singular higher order continuous and discrete boundary value problems”, Bound. Value Probl. (2008),
Art. ID 123823, 11. MR 2008m:34048 Zbl 1154.34315

[Zeidler 1986] E. Zeidler, Nonlinear functional analysis and its applications, I: Fixed-point theorems,
Springer, New York, 1986. MR 87f:47083 Zbl 0583.47050

[Zhang et al. 2002] B. Zhang, L. Kong, Y. Sun, and X. Deng, “Existence of positive solutions
for BVPs of fourth-order difference equations”, Appl. Math. Comput. 131:2-3 (2002), 583-591.
MR 2004c¢:39034 Zbl 1025.39006


http://campus.mst.edu/ijde/contents/v1n1p6.pdf
http://campus.mst.edu/ijde/contents/v1n1p6.pdf
http://msp.org/idx/mr/2008b:39014
http://msp.org/idx/zbl/1128.39011
http://dx.doi.org/10.1016/S0898-1221(02)00095-0
http://dx.doi.org/10.1016/S0898-1221(02)00095-0
http://msp.org/idx/mr/2003f:39004
http://msp.org/idx/zbl/1005.39014
http://dx.doi.org/10.1515/JAA.2005.35
http://dx.doi.org/10.1515/JAA.2005.35
http://msp.org/idx/mr/2006c:39005
http://msp.org/idx/zbl/1086.39022
http://msp.org/idx/mr/89m:15010
http://msp.org/idx/zbl/0659.15010
http://dx.doi.org/10.1016/0096-3003(92)90035-Y
http://dx.doi.org/10.1016/0096-3003(92)90035-Y
http://msp.org/idx/mr/93a:39011
http://msp.org/idx/zbl/0768.39002
http://msp.org/idx/mr/2001i:39001
http://msp.org/idx/zbl/0970.39001
http://msp.org/idx/mr/2007b:39004
http://msp.org/idx/zbl/1109.39008
http://dx.doi.org/10.1080/10236190701671657
http://dx.doi.org/10.1080/10236190701671657
http://msp.org/idx/mr/2009f:39002
http://msp.org/idx/zbl/1138.39019
http://dx.doi.org/10.1080/00207178208932876
http://dx.doi.org/10.1080/00207178208932876
http://msp.org/idx/mr/84e:39003
http://msp.org/idx/zbl/0484.93051
http://dx.doi.org/10.1093/imamat/hxn001
http://dx.doi.org/10.1093/imamat/hxn001
http://msp.org/idx/mr/2009d:34035
http://msp.org/idx/zbl/1202.34053
http://dx.doi.org/10.1007/BF01389659
http://dx.doi.org/10.1007/BF01389659
http://msp.org/idx/mr/86h:65156
http://msp.org/idx/zbl/0589.65072
http://dx.doi.org/10.1080/10236190410001702481
http://dx.doi.org/10.1080/10236190410001702481
http://msp.org/idx/mr/2005g:34036
http://msp.org/idx/zbl/1078.39016
http://dx.doi.org/10.1080/10236190600734200
http://dx.doi.org/10.1080/10236190600734200
http://msp.org/idx/mr/2007c:39027
http://msp.org/idx/zbl/1106.39021
http://dx.doi.org/10.1016/j.mcm.2008.09.004
http://dx.doi.org/10.1016/j.mcm.2008.09.004
http://msp.org/idx/mr/2009k:34039
http://msp.org/idx/zbl/1173.34010
http://dx.doi.org/10.1155/2008/123823
http://dx.doi.org/10.1155/2008/123823
http://msp.org/idx/mr/2008m:34048
http://msp.org/idx/zbl/1154.34315
http://dx.doi.org/10.1007/978-1-4612-4838-5
http://msp.org/idx/mr/87f:47083
http://msp.org/idx/zbl/0583.47050
http://dx.doi.org/10.1016/S0096-3003(01)00171-0
http://dx.doi.org/10.1016/S0096-3003(01)00171-0
http://msp.org/idx/mr/2004c:39034
http://msp.org/idx/zbl/1025.39006

126 COURTNEY DEHOET, CURTIS KUNKEL AND ASHLEY MARTIN

[Zheng et al. 2011] B. Zheng, H. Xiao, and H. Shi, “Existence of positive, negative, and sign-changing
solutions to discrete boundary value problems”, Boundary Value Problems 2011 (2011), Art. ID
172818, 19. MR 2011m:39005 Zbl 1216.39011

Received: 2012-06-13 Revised: 2012-07-23 Accepted: 2012-07-23

coundeho®@ut.utm.edu Department of Mathematics and Statistics, University
of Tennessee at Martin, Martin, TN 38238, United States

ckunkel@utm.edu Department of Mathematics and Statistics, University
of Tennessee at Martin, Martin, TN 38238, United States

ashnpoor@ut.utm.edu Department of Mathematics and Statistics, University
of Tennessee at Martin, Martin, TN 38238, United States

:'msp

mathematical sciences publishers


http://dx.doi.org/10.1155/2011/172818
http://dx.doi.org/10.1155/2011/172818
http://msp.org/idx/mr/2011m:39005
http://msp.org/idx/zbl/1216.39011
mailto:coundeho@ut.utm.edu
mailto:ckunkel@utm.edu
mailto:ashnpoor@ut.utm.edu
http://msp.org

Colin Adams

John V. Baxley
Arthur T. Benjamin
Martin Bohner
Nigel Boston
Amarjit S. Budhiraja
Pietro Cerone
Scott Chapman
Joshua N. Cooper
Jem N. Corcoran
Toka Diagana
Michael Dorff
Sever S. Dragomir
Behrouz Emamizadeh
Joel Foisy

Errin W. Fulp
Joseph Gallian
Stephan R. Garcia
Anant Godbole
Ron Gould
Andrew Granville
Jerrold Griggs

Sat Gupta

Jim Haglund
Johnny Henderson
Jim Hoste

Natalia Hritonenko
Glenn H. Hurlbert
Charles R. Johnson
K. B. Kulasekera

Gerry Ladas

involve

msp.org/involve

EDITORS
MANAGING EDITOR
Kenneth S. Berenhaut, Wake Forest University, USA, berenhks@wfu.edu

BOARD OF EDITORS

Williams College, USA
colin.c.adams @williams.edu

‘Wake Forest University, NC, USA
baxley @wfu.edu

Harvey Mudd College, USA
benjamin@hmc.edu

Missouri U of Science and Technology, USA
bohner@mst.edu

University of Wisconsin, USA
boston @math.wisc.edu

U of North Carolina, Chapel Hill, USA
budhiraj@email.unc.edu

Victoria University, Australia
pietro.cerone @vu.edu.au

Sam Houston State University, USA
scott.chapman @shsu.edu
University of South Carolina, USA
cooper@math.sc.edu

University of Colorado, USA
corcoran@colorado.edu

Howard University, USA
tdiagana@howard.edu

Brigham Young University, USA
mdorff@math.byu.edu

Victoria University, Australia
sever@matilda.vu.edu.au

The Petroleum Institute, UAE
bemamizadeh @pi.ac.ae

SUNY Potsdam

foisyjs @potsdam.edu

Wake Forest University, USA
fulp@wfu.edu

University of Minnesota Duluth, USA
jgallian@d.umn.edu

Pomona College, USA
stephan.garcia@pomona.edu

East Tennessee State University, USA
godbole @etsu.edu

Emory University, USA
rg@mathcs.emory.edu

Université Montréal, Canada
andrew @dms.umontreal.ca
University of South Carolina, USA
griggs @math.sc.edu

U of North Carolina, Greensboro, USA
sngupta@uncg.edu

University of Pennsylvania, USA
jhaglund @math.upenn.edu

Baylor University, USA
johnny_henderson@baylor.edu
Pitzer College

jhoste @pitzer.edu

Prairie View A&M University, USA
nahritonenko @pvamu.edu

Arizona State University,USA
hurlbert@asu.edu

College of William and Mary, USA
crjohnso@math.wm.edu

Clemson University, USA
kk@ces.clemson.edu

University of Rhode Island, USA
gladas @math.uri.edu

David Larson
Suzanne Lenhart
Chi-Kwong Li
Robert B. Lund
Gaven J. Martin
Mary Meyer

Emil Minchev
Frank Morgan
Mohammad Sal Moslehian
Zuhair Nashed

Ken Ono

Timothy E. O’Brien
Joseph O’Rourke
Yuval Peres

Y.-E. S. Pétermann
Robert J. Plemmons
Carl B. Pomerance
Vadim Ponomarenko
Bjorn Poonen
James Propp
Jozeph H. Przytycki
Richard Rebarber
Robert W. Robinson
Filip Saidak

James A. Sellers
Andrew J. Sterge
Ann Trenk

Ravi Vakil

Antonia Vecchio
Ram U. Verma
John C. Wierman

Michael E. Zieve

PRODUCTION
Silvio Levy, Scientific Editor

Texas A&M University, USA
larson @math.tamu.edu

University of Tennessee, USA
lenhart@math.utk.edu

College of William and Mary, USA
ckli@math.wm.edu

Clemson University, USA
lund@clemson.edu

Massey University, New Zealand
g.j.martin@massey.ac.nz
Colorado State University, USA
meyer @stat.colostate.edu

Ruse, Bulgaria

eminchev @hotmail.com

Williams College, USA
frank.morgan @williams.edu
Ferdowsi University of Mashhad, Iran
moslehian@ferdowsi.um.ac.ir
University of Central Florida, USA
znashed @mail.ucf.edu

Emory University, USA
ono@mathcs.emory.edu

Loyola University Chicago, USA
tobriel @luc.edu

Smith College, USA

orourke @cs.smith.edu

Microsoft Research, USA

peres @microsoft.com

Université de Geneéve, Switzerland
petermann @math.unige.ch

Wake Forest University, USA
plemmons @wfu.edu

Dartmouth College, USA
carl.pomerance @dartmouth.edu
San Diego State University, USA
vadim@sciences.sdsu.edu

UC Berkeley, USA
poonen@math.berkeley.edu

U Mass Lowell, USA
jpropp@cs.uml.edu

George Washington University, USA
przytyck@gwu.edu

University of Nebraska, USA
rrebarbe @math.unl.edu
University of Georgia, USA
rwr@cs.uga.edu

U of North Carolina, Greensboro, USA
f_saidak @uncg.edu

Penn State University, USA
sellersj @math.psu.edu

Honorary Editor

andy @ajsterge.com

Wellesley College, USA

atrenk @wellesley.edu

Stanford University, USA
vakil@math.stanford.edu
Consiglio Nazionale delle Ricerche, Italy
antonia.vecchio@cnr.it

University of Toledo, USA
verma99 @msn.com

Johns Hopkins University, USA
wierman @jhu.edu

University of Michigan, USA
zieve @umich.edu

See inside back cover or msp.org/involve for submission instructions. The subscription price for 2013 is US $105/year for the electronic version, and
$145/year (+$35, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues from the last three years and changes
of subscribers address should be sent to MSP.

Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University of California,
Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

Involve peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2013 Mathematical Sciences Publishers


http://msp.berkeley.edu/involve
mailto:berenhks@wfu.edu
mailto:colin.c.adams@williams.edu
mailto:baxley@wfu.edu
mailto:benjamin@hmc.edu
mailto:bohner@mst.edu
mailto:boston@math.wisc.edu
mailto:budhiraj@email.unc.edu
mailto:pietro.cerone@vu.edu.au
mailto:scott.chapman@shsu.edu
mailto:cooper@math.sc.edu
mailto:corcoran@colorado.edu
mailto:tdiagana@howard.edu
mailto:mdorff@math.byu.edu
mailto:sever@matilda.vu.edu.au
mailto:bemamizadeh@pi.ac.ae
mailto:foisyjs@potsdam.edu
mailto:fulp@wfu.edu
mailto:jgallian@d.umn.edu
mailto:stephan.garcia@pomona.edu
mailto:godbole@etsu.edu
mailto:rg@mathcs.emory.edu
mailto:andrew@dms.umontreal.ca
mailto:griggs@math.sc.edu
mailto:sngupta@uncg.edu
mailto:jhaglund@math.upenn.edu
mailto:johnny_henderson@baylor.edu
mailto:jhoste@pitzer.edu
mailto:nahritonenko@pvamu.edu
mailto:hurlbert@asu.edu
mailto:crjohnso@math.wm.edu
mailto:kk@ces.clemson.edu
mailto:gladas@math.uri.edu
mailto:larson@math.tamu.edu
mailto:lenhart@math.utk.edu
mailto:ckli@math.wm.edu
mailto:lund@clemson.edu
mailto:g.j.martin@massey.ac.nz
mailto:meyer@stat.colostate.edu
mailto:eminchev@hotmail.com
mailto:frank.morgan@williams.edu
mailto:moslehian@ferdowsi.um.ac.ir
mailto:znashed@mail.ucf.edu
mailto:ono@mathcs.emory.edu
mailto:tobrie1@luc.edu
mailto:orourke@cs.smith.edu
mailto:peres@microsoft.com
mailto:petermann@math.unige.ch
mailto:plemmons@wfu.edu
mailto:carl.pomerance@dartmouth.edu
mailto:vadim@sciences.sdsu.edu
mailto:poonen@math.berkeley.edu
mailto:jpropp@cs.uml.edu
mailto:przytyck@gwu.edu
mailto:rrebarbe@math.unl.edu
mailto:rwr@cs.uga.edu
mailto:f_saidak@uncg.edu
mailto:sellersj@math.psu.edu
mailto:andy@ajsterge.com
mailto:atrenk@wellesley.edu
mailto:vakil@math.stanford.edu
mailto:antonia.vecchio@cnr.it
mailto:verma99@msn.com
mailto:wierman@jhu.edu
mailto:zieve@umich.edu
http://msp.berkeley.edu/involve
http://msp.org/
http://msp.org/

Involve

2013 vol. 6 no. 1

Refined inertias of tree sign patterns of orders 2 and 3 1
D. D. OLESKY, MICHAEL F. REMPEL AND P. VAN DEN DRIESSCHE

The group of primitive almost pythagorean triples 13
NIKOLAI A. KRYLOV AND LINDSAY M. KULZER

Properties of generalized derangement graphs 25
HANNAH JACKSON, KATHRYN NYMAN AND LES REID

Rook polynomials in three and higher dimensions 35
FERYAL ALAYONT AND NICHOLAS KRZYWONOS

New confidence intervals for the AR(1) parameter 53
FEREBEE TUNNO AND ASHTON ERWIN

Knots in the canonical book representation of complete graphs 65
DANA ROWLAND AND ANDREA POLITANO

On closed modular colorings of rooted trees 83
BRYAN PHINEZY AND PING ZHANG

Iterations of quadratic polynomials over finite fields 99
WILLIAM WORDEN

Positive solutions to singular third-order boundary value problems on purely discrete 113
time scales
COURTNEY DEHOET, CURTIS KUNKEL AND ASHLEY MARTIN

1944-4176(2013)6:1;1-A



	1. Preliminaries
	2. Lower and upper solutions method for regular problems
	3. Existence result
	References
	
	

