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We introduce the study of potentially eventually exponentially positive (PEEP)
sign patterns and establish several results using the connections between these
sign patterns and the potentially eventually positive (PEP) sign patterns. It is
shown that the problem of characterizing PEEP sign patterns is not equivalent to
that of characterizing PEP sign patterns. A characterization of all 2× 2 and 3× 3
PEEP sign patterns is given.

1. Introduction

A matrix A ∈ Rn×n is eventually positive if there exists a k0 ∈ Z+ such that for
all k ≥ k0, Ak > 0 (where the inequality is interpreted entrywise). A matrix A is
eventually exponentially positive if there exists some t0 ≥ 0 such that for all t ≥ t0,

et A
=

∞∑
k=0

tk Ak

k!
> 0.

Eventually exponentially positive matrices have applications to dynamical systems
in situations where it is of interest to determine whether an initial trajectory reaches
positivity at a certain time and remains positive thereafter [Noutsos and Tsatsomeros
2008]. There is a characterization of eventual exponential positivity in terms of
eventual positivity:

Theorem 1.1 [Noutsos and Tsatsomeros 2008, Theorem 3.3]. The matrix A∈Rn×n

is eventually exponentially positive if and only if there exists a ≥ 0 such that A+aI
is eventually positive (where I is the n× n identity matrix).
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A sign pattern is a matrix having entries in {+,−, 0}. For a real matrix A,
sgn(A) is the sign pattern having entries that correspond to the signs of the entries
in A. If A is an n×n sign pattern, the qualitative class of A, denoted Q(A), is the
set of all A ∈ Rn×n such that sgn(A)=A; such a matrix A is called a realization
of A. A sign pattern A is potentially eventually positive (PEP) if there exists some
realization A ∈ Q(A) that is eventually positive. PEP sign patterns were studied
in [Berman et al. 2010], and we adapt several techniques from that paper to study
potentially eventually exponentially positive sign patterns.

Definition 1.2. A sign pattern A is potentially eventually exponentially positive
(PEEP) if there exists some realization A ∈ Q(A) that is eventually exponentially
positive.

Since an eventually positive matrix is eventually exponentially positive, a PEP
sign pattern is PEEP. Theorem 1.1 leads naturally to consideration of a sign pattern
with positive diagonal entries.

Definition 1.3. Given an n×n sign pattern A = [αi j ], we denote by AD(+) =

[α̂i j ] the n×n sign pattern such that α̂i j = αi j for i 6= j and α̂i i = + for i, j ∈
{1, . . . , n}. AD(0) and AD(−) are defined analogously, with zero and negative
diagonal, respectively.

In [Berman et al. 2010] it is noted that if A is PEP then AD(+) is also PEP. This
observation together with Theorem 1.1 leads to the following observation.

Observation 1.4. If A is a PEEP sign pattern, then AD(+) is a PEP sign pattern
(and hence AD(+) is also PEEP).

Given a PEEP sign pattern, we can generate a PEP sign pattern by changing
every diagonal element to + . However, taking a PEP sign pattern and changing +
diagonal entries to 0 or − does not always yield a PEEP sign pattern. For example,

BD(+) =

+ − 0
+ + −

− + +

 (1)

is PEP [Berman et al. 2010], but in Example 2.3 below it is shown that the sign
pattern

BD(0) =

0 − 0
+ 0 −
− + 0

 (2)

is not PEEP. Thus the problem of determining which sign patterns are PEEP is not
equivalent to the problem of determining which sign patterns are PEP.

Section 2 presents general results on PEEP sign patterns, including those obtained
by perturbation analysis and connections with known results on PEP sign patterns.



POTENTIALLY EVENTUALLY EXPONENTIALLY POSITIVE SIGN PATTERNS 263

At the end of Section 2 the open question of the minimum number of positive
entries in an n×n PEEP sign pattern is discussed. In Section 3 small order PEEP
sign patterns are characterized. The remainder of this section contains information
on eventually exponentially positive matrices and terminology on digraphs and sign
patterns.

The spectrum of A, denoted σ(A), is the multiset of the eigenvalues of A. The
spectral radius of A is defined as ρ(A)=max{|λ| : λ ∈ σ(A)} and an eigenvalue
λ ∈ σ(A) is a dominant eigenvalue if |λ| = ρ(A). A nonzero vector w is called
a left eigenvector of A if wTA = λwT for some λ ∈ σ(A) (or equivalently, w is a
(right) eigenvector of AT ). The matrix A is eventually positive if and only if A
has a unique dominant eigenvalue that is positive and simple, and A has positive
right and left eigenvectors for ρ(A) [Handelman 1981] (this is called the strong
Perron–Frobenius test for eventual positivity).

Definition 1.5. A real eigenvalue γ ∈ σ(A) is called the rightmost eigenvalue if it
is simple and for all λ ∈ σ(A), λ 6= γ implies Re(λ) < γ , where Re(α) denotes the
real part of a complex number α.

Not every matrix has a rightmost eigenvalue. Definition 1.5 was motivated by
the following test for eventual exponential positivity, which is implicit in the proof
of Theorem 3.3 in [Noutsos and Tsatsomeros 2008] (and also follows immediately
from that theorem, which is Theorem 1.1 above).

Proposition 1.6. Let A ∈ Rn×n . Then A is eventually exponentially positive if and
only if A has a rightmost eigenvalue having positive left and right eigenvectors.

An eventually positive matrix must have a positive entry in each row and column.
This need not be the case for an eventually exponentially positive matrix (for
example, an eventually exponentially positive matrix that realizes BD(−) in (3) will
not have a positive entry in each row and column). However, certain conditions
on the eigenvalues require an eventually exponentially positive matrix to have a
positive entry in each row and column.

Proposition 1.7. Let A be an eventually exponentially positive matrix.

1. If A has an eigenvalue with nonnegative real part, then each row and column of
A has a positive entry.

2. If A does not have an eigenvalue with positive real part, then each row and
column of A has a negative entry.

Proof. If A has an eigenvalue with nonnegative real part, then the rightmost
eigenvalue γ of A is nonnegative. By Proposition 1.6, A has positive right and left
eigenvectors corresponding to γ . Suppose that row k of A has no positive entry.
Since A is an eventually exponentially positive matrix, A is irreducible, so row k
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has a negative entry. But then if x > 0, (Ax)k < 0 and (γ x)k ≥ 0, so x is not a
(right) eigenvector. Thus every row of A has a positive entry. The result for column
k of A is established with the left eigenvector. Similarly, if A has no eigenvalue
with positive real part, then γ ≤ 0 and every row and every column of A has a
negative entry. �

A square sign pattern A (or matrix) is reducible if there exists a permutation
matrix P such that

PAPT
=

[
A11 0
A21 A22

]
,

where A11 and A22 are nonempty square sign patterns (or matrices) and 0 is a
(possibly rectangular) block consisting entirely of zero entries. If A is not reducible,
then A is called irreducible (note any 1×1 matrix is irreducible). Since an eventually
exponentially positive matrix must be irreducible, a PEEP sign pattern must be
irreducible.

For an n×n sign pattern A= [αi j ], the digraph of A, denoted 0(A), has vertex
set {1, . . . , n} and arc set {(i, j) :αi j 6= 0}. A nonnegative sign pattern A is primitive
if A is irreducible and the greatest common divisor of the lengths of the cycles of
0(A) is one; for a nonnegative matrix the definition of primitive is analogous. It is
well known that a primitive (necessarily nonnegative) matrix is eventually positive.

Let A= [αi j ], Â= [α̂i j ] be sign patterns. If αi j 6= 0 implies αi j = α̂i j , then A

is a subpattern of Â and Â is a superpattern of A. Define the positive part of A to
be A+ = [α+i j ], where

α+i j =

{
+ if αi j =+,

0 if αi j = 0 or αi j =−.

Note A+ is a subpattern of A.

2. PEEP sign patterns

In this section we establish general properties of PEEP sign patterns. Some of these
results will be used in Section 3 to determine which sign patterns of order at most 3
are PEEP.

Remark 2.1. If AD(+) is a PEP sign pattern, then AD(−) is a PEEP sign pattern,
because if A ∈Q(AD(+)) is eventually positive, there exists t > 0 such that A− t I ∈
Q(AD(−)).
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A PEP sign pattern must have a positive entry in each row and column. This need
not be the case for an eventually exponentially positive matrix. The sign pattern

BD(−) =

− − 0
+ − −

− + −

 (3)

is PEEP because the sign pattern BD(+) in (1) is PEP. But BD(−) does not have
a + entry in row 1 nor in column 3. If A ∈ Rn×n is an eventually exponentially
positive matrix with nonnegative trace, then A has an eigenvalue with nonnegative
real part. As a consequence of Proposition 1.7, we have the following observation.

Observation 2.2. If A is a PEEP sign pattern with no − on the diagonal, then A

has a + in each row and column.

The next example shows that the problem of determining which sign patterns
are PEEP is not equivalent to the problem of determining which sign patterns are
PEP, because the fact that AD(+) is PEP does not guarantee that A is PEEP.

Example 2.3. The sign pattern

BD(0) =

0 − 0
+ 0 −
− + 0


is not PEEP by Observation 2.2, because BD(0) has no − on the diagonal and no +
in row 1. Note that (BD(0))D(+) =BD(+) from (1) is PEP.

Related sign patterns are discussed in Corollary 3.4 and Theorem 3.5 below.
Matrix perturbations are used extensively in the study of potential eventual

positivity. It is well known that for any matrix A ∈ Rn×n , the eigenvalues of A
are continuous functions of the entries of A. For a simple eigenvalue, the same
is true of the eigenvector [Golub and Van Loan 1996, p. 323]. Because a matrix
is eventually positive if and only if it passes the strong Perron–Frobenius test,
eventual positivity is inherited by matrices that are small perturbations of eventually
positive matrices. That is, if A ∈ Rn×n is eventually positive and C ∈ Rn×n is any
matrix, then for ε sufficiently small, A(ε)= A+ εC is eventually positive (see, for
example, [Ellison et al. 2010] for applications of this technique). The analogous
result for eventually exponentially positive matrices follows from Proposition 1.6
and perturbation theory.

Theorem 2.4. If A ∈ Rn×n is eventually exponentially positive and C ∈ Rn×n is
any matrix, then for ε sufficiently small, A(ε)= A+ εC is eventually exponentially
positive.
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If Â is a superpattern of a PEEP sign pattern A, and A ∈ Q(A) is eventually
exponentially positive, then a matrix Â realizing Â can be obtained by a small
perturbation of A.

Corollary 2.5. If A is a PEEP sign pattern, then every superpattern of A is PEEP.
If Â is a sign pattern that is not PEEP, then no subpattern of Â is a PEEP sign
pattern.

If a sign pattern A has a primitive positive part, it is PEP. There is an analogous
result for PEEP sign patterns.

Theorem 2.6. Let A be a sign pattern such that A+ is irreducible. Then A is PEEP.

Proof. Let B be the matrix obtained from A+ by replacing + by 1. Since B+ I ≥ 0,
has positive entries on its diagonal, and is irreducible, B+ I is primitive and thus
eventually positive. So B is eventually exponentially positive and A+ is PEEP.
Since A is a superpattern of A+ , A is PEEP. �

The converse of Theorem 2.6 is false because the sign pattern BD(+) (1) is a
PEP sign pattern with reducible positive part.

Several necessary or sufficient conditions for PEP sign patterns were established
in [Berman et al. 2010]. The sign patterns

B1 =

− − ++ − −

− + −

 , B2 =

− − −+ − −

− + −


are PEEP and demonstrate that the following statements about PEP sign patterns
do not necessarily hold for PEEP sign patterns:

1. For n ≥ 2, an n×n sign pattern that has exactly one positive entry in each row
and each column is not PEP.

2. If n ≥ 2, the minimum number of + entries in an n×n PEP sign pattern is n+1.

3. If A is PEP, then 0(A) has a cycle (of length one or more) consisting entirely
of + entries.

Certain conditions that prevent a sign pattern from being PEP also prevent a sign
pattern from being PEEP:

Theorem 2.7 [Berman et al. 2010]. Let A = [αi j ] be an n×n sign pattern with
n ≥ 2 such that for every k = 1, . . . , n,

1. αkk =+ , and

2. (a) no off-diagonal entry in row k is + , or
(b) no off-diagonal entry in column k is + .

Then A is not PEP.
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Corollary 2.8. Let A= [αi j ] be an n×n sign pattern with n≥ 2 such that for every
k = 1, . . . , n,

(a) no off-diagonal entry in row k is + , or

(b) no off-diagonal entry in column k is + .

Then A is not PEEP.

Proof. By Theorem 2.7, AD(+) is not PEP, so A is not PEEP. �

Corollary 2.9. If A is a PEEP sign pattern, then there exists k such that both row
and column k have an off-diagonal + . Hence, a PEEP sign pattern must have at
least 2 positive off-diagonal entries.

A square sign pattern A is a Z sign pattern if αi j 6= + for all i 6= j .

Corollary 2.10. If A is an n×n Z sign pattern with n ≥ 2, then A is not PEEP.

Proposition 2.11 [Berman et al. 2010]. Let

K=


[+] [−] [+] . . .

[−] [+] [−] . . .

[+] [−] [+] . . .
...

...
...

. . .


be a square checkerboard block sign pattern where the block [+] (respectively,
[−]) consists of entirely positive (respectively, entirely negative) entries, and the
diagonal blocks are square. Then −K is not PEP, and if K has a negative entry,
then K is not PEP.

Corollary 2.12. No subpattern of a checkerboard pattern K that contains a negative
entry is PEEP.

Remark 2.13. Provided the sign pattern K contains a negative entry,

−K=


[−] [+] [−] . . .

[+] [−] [+] . . .

[−] [+] [−] . . .
...

...
...

. . .


is PEEP because the positive part of (−K)D(+) is primitive.

For a PEP sign pattern A, Lemma 4.3 in [Berman et al. 2010] establishes the
existence of a standard form of a matrix C ∈ Q(A) with ρ(C)= 1 and C1= 1. We
have a related result for PEEP sign patterns.

Proposition 2.14. Let A be a PEEP sign pattern. There is an eventually exponen-
tially positive matrix C ∈ Q(A) such that the rightmost eigenvalue γ (C) lies in
{−1, 0, 1} and C1= γ (C)1.
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Proof. There exists A ∈ Q(A) that is eventually exponentially positive. Let γ (A) be
the rightmost eigenvalue of A and v = [v1, . . . , vn]

T be the corresponding positive
eigenvector. If γ (A) 6= 0, let B = (1/|γ (A)|)A; otherwise, B = A. Then B ∈Q(A),
B is eventually exponentially positive, γ (B) ∈ {−1, 0, 1}, and Bv = γ (B)v. Let
C = D−1 B D for D= diag(v1, . . . , vn). Then C ∈Q(A) is eventually exponentially
positive and γ (C) ∈ {−1, 0, 1} with C1= γ (C)1. �

We have only started the study of PEEP sign patterns and there are many open
questions. Here we highlight one particular question.

Question 2.15. What is the minimum number of positive entries in an n×n PEEP
sign pattern, or equivalently, what is the minimum number of positive entries in an
eventually exponentially positive n×n matrix?

This question is motivated by Corollary 4.5 in [Berman et al. 2010], which states
that the minimum number of positive entries in an n×n PEP sign pattern is n+ 1
(for n ≥ 2). An upper bound for the minimum number of + entries in a PEEP sign
pattern is given by the following example.

Example 2.16. Let Cn be the n×n sign pattern

Cn =


0 + 0 · · · 0
0 0 + · · · 0
...
...
...
. . .

...

0 0 0 · · · +
+ 0 0 · · · 0

 .

Since Cn is nonnegative and irreducible, it is PEEP; note that Cn has n positive
entries.

Corollary 2.17. The minimum number of positive entries in an n×n PEEP sign
pattern is at most n.

The sign pattern BD(−) in (3) is a 3×3 pattern that has only 2 positive entries,
and from Theorem 3.5 in the next section it follows that the minimum number
of positive entries in a 3×3 PEEP sign pattern is exactly 2. But we do not have
examples of PEEP sign patterns having fewer than n positive entries for n > 3.

3. Classification of small order PEEP sign patterns

In this section we classify all 2×2 and 3×3 sign patterns as to whether the pattern
is PEEP.

Two n×n sign patterns A and A′ are equivalent if A′= PT AP or A′= PT AT P
(where P is a permutation matrix). Throughout this section: ? is one of 0,+,−;
⊕ is one of 0,+; 	 is one of 0,−.



POTENTIALLY EVENTUALLY EXPONENTIALLY POSITIVE SIGN PATTERNS 269

It is clear that every 1×1 sign pattern is PEEP. The classification of 2×2 sign
patterns as to whether they are PEEP is immediate from the classification as to
whether they are PEP.

Proposition 3.1. A 2×2 sign pattern is PEEP if and only if it is of the form[
? +
+ ?

]
. (4)

Proof. Sign patterns of the form (4) have A+ irreducible and so by Theorem 2.6,
they are PEEP. For the converse, let A be a 2×2 PEEP sign pattern. Then AD(+)

is PEP. In [Berman et al. 2010] it was shown that any 2×2 PEP sign pattern has
both off-diagonal entries equal to + , so A must also have both off-diagonal entries
equal to + . �

The classification of 3×3 sign patterns as to whether they are PEEP makes use
of the following classification as to whether they are PEP.

Theorem 3.2 [Berman et al. 2010]. A 3×3 sign pattern A is PEP if and only if
A+ is primitive or A is equivalent to a sign pattern of the form

B=

+ − 	+ ? −
− + +

 . (5)

Theorem 3.3. Let

B =

 x1 −b12 −b13

b21 x2 −b23

−b31 b32 x3

 , with bi j > 0 for all i, j = 1, 2, 3,

be an eventually exponentially positive matrix (note there is no restriction on the
signs of xi , i = 1, 2, 3). Then x2 <min{x1, x3}.

Proof. Let γ be the rightmost eigenvalue of B. Observe that B− γ I is eventually
exponentially positive with rightmost eigenvalue 0. By Proposition 1.7, B−γ I must
have a positive entry in each row and column, so x1, x3 > γ . Since the rightmost
eigenvalue of B− γ I is simple, 0> tr(B− γ I )= (x1− γ )+ (x2− γ )+ (x3− γ ).
The first and third term in this sum are positive, so tr(B − γ I ) < 0 implies that
x2 < γ . �

Corollary 3.4. A sign pattern equivalent to one of the forms

M1 =

− − −+ + −

− + −

 or M2 =

− − −+ + −

− + +


is not PEEP.
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Theorem 3.5. A 3×3 sign pattern is PEEP if and only if it is equivalent to one of
the following four forms:

A1 =

 ? + ?
? ? +
+ ? ?

 , A2 =

 ? + +
+ ? 	
+ 	 ?

 ,
A3 =

 ? − 	
+ − −

− + ?

 , A4 =

+ − 	+ ⊕ −

− + +

 .
Proof. The sign patterns A1 and A2 are PEEP by Theorem 2.6. Note that A4 is of
the form B from Theorem 3.2; therefore A4 is PEP and hence is PEEP. Let

A =

 0 −10 0
22 −33 −8
−16 22 0

 .
Since the spectrum of A is {−5,−14 + 2i

√
15,−14 − 2i

√
15}, γ = −5 is the

rightmost eigenvalue of A, and γ has the right and left eigenvectors [2, 1, 2]T

and [18, 25, 40]T respectively. Thus A is eventually exponentially positive by
Proposition 1.6. Note that A ∈ Q(A3(0)) where A3(0) is the form of A3 with all
flexible entries set to zero. Therefore A3(0) is PEEP, and by Corollary 2.5 every
superpattern of A3(0) is PEEP. Hence every sign pattern of the form A3 is PEEP.

Let A be a 3×3 PEEP sign pattern. Then by Observation 1.4, AD(+) is PEP.
By Theorem 3.2 either (AD(+))

+ is primitive or AD(+) is of the form B in (5). If
(AD(+))

+ is primitive, then A is of the form A1 or A2. Now suppose that (AD(+))
+

is not primitive. Then we must consider all possible sign patterns A such that

AD(+) =

+ − 	+ + −

− + +

 .
The sign patterns M1 and M2 in Corollary 3.4 and their subpatterns rule out all of
the sign patterns that could possibly have this AD(+) except for those of the form
A3 and A4. Therefore if A is a 3×3 PEEP sign pattern, it must be of one of the
forms A1,A2,A3 or A4. �

The symbols 	 and ⊕ are used in Theorem 3.5 so that the listed patterns are
disjoint classes. For example, if the (2, 2)-entry of A4 were changed to ?, then one
sign pattern of that form would be equivalent to one sign pattern of the form of A3.



POTENTIALLY EVENTUALLY EXPONENTIALLY POSITIVE SIGN PATTERNS 271

References

[Berman et al. 2010] A. Berman, M. Catral, L. M. DeAlba, A. Elhashash, F. J. Hall, L. Hogben,
I.-J. Kim, D. D. Olesky, P. Tarazaga, M. J. Tsatsomeros, and P. van den Driessche, “Sign patterns
that allow eventual positivity”, Electron. J. Linear Algebra 19 (2010), 108–120. MR 2011c:15089
Zbl 1190.15031

[Ellison et al. 2010] E. M. Ellison, L. Hogben, and M. J. Tsatsomeros, “Sign patterns that require
eventual positivity or require eventual nonnegativity”, Electron. J. Linear Algebra 19 (2010), 98–107.
MR 2011a:15048 Zbl 1193.15031

[Golub and Van Loan 1996] G. H. Golub and C. F. Van Loan, Matrix computations, 3rd ed., Johns
Hopkins University Press, Baltimore, MD, 1996. MR 97g:65006 Zbl 0865.65009

[Handelman 1981] D. Handelman, “Positive matrices and dimension groups affiliated to C∗-algebras
and topological Markov chains”, J. Operator Theory 6:1 (1981), 55–74. MR 84i:46058 Zbl 0495.
06011

[Noutsos and Tsatsomeros 2008] D. Noutsos and M. J. Tsatsomeros, “Reachability and holdability
of nonnegative states”, SIAM J. Matrix Anal. Appl. 30:2 (2008), 700–712. MR 2009e:93006
Zbl 1159.93004

Received: 2011-07-11 Accepted: 2013-05-25

mariemtz@iastate.edu Mathematics and Computing, Columbia College, 1301
Columbia College Drive, Columbia, SC 29203, United States

catralm@xavier.edu Department of Mathematics and Computer Science,
Xavier University, 3800 Victory Parkway,
Cincinnati, OH 45207, United States

craig@iastate.edu Department of Mathematics,
Iowa State University of Science and Technology,
396 Carver Hall, Ames, IA 50011-2064, United States

rhaber2010@my.fit.edu Department of Mathematics and Statistics,
California State Polytechnic University, Pomona,
3801 West Temple Avenue, Pomona, CA 91768, United States

Department of Mathematical Sciences,
Florida Institute of Technology, 3366 Mazur Drive,
Melbourne, FL 32901, United States

hogben@aimath.org Department of Mathematics, Iowa State University,
Ames, IA 50011, United States

American Institute of Mathematics, 360 Portage Avenue,
Palo Alto, CA 94306, United States

xaviermr@iastate.edu Department of Mathematical Sciences,
University of Puerto Rico, Highway no. 2, Post 259 North,
Mayagüez, Puerto Rico 00681, United States

adjochoa@gmail.com Department of Mathematics and Statistics,
California State Polytechnic University, Pomona,
3801 West Temple Avenue, Pomona, CA 91768, United States

mathematical sciences publishers msp

http://msp.org/idx/mr/2011c:15089
http://msp.org/idx/zbl/1190.15031
https://eudml.org/doc/230552
https://eudml.org/doc/230552
http://msp.org/idx/mr/2011a:15048
http://msp.org/idx/zbl/1193.15031
http://msp.org/idx/mr/97g:65006
http://msp.org/idx/zbl/0865.65009
http://jot.theta.ro/jot/archive/1981-006-001/1981-006-001-006.pdf
http://jot.theta.ro/jot/archive/1981-006-001/1981-006-001-006.pdf
http://msp.org/idx/mr/84i:46058
http://msp.org/idx/zbl/0495.06011
http://msp.org/idx/zbl/0495.06011
http://dx.doi.org/10.1137/070693850
http://dx.doi.org/10.1137/070693850
http://msp.org/idx/mr/2009e:93006
http://msp.org/idx/zbl/1159.93004
mailto:mariemtz@iastate.edu
mailto:catralm@xavier.edu
mailto:craig@iastate.edu
mailto:rhaber2010@my.fit.edu
mailto:hogben@aimath.org
mailto:xaviermr@iastate.edu
mailto:adjochoa@gmail.com
http://msp.org


involve
msp.org/involve

EDITORS
MANAGING EDITOR

Kenneth S. Berenhaut, Wake Forest University, USA, berenhks@wfu.edu

BOARD OF EDITORS
Colin Adams Williams College, USA

colin.c.adams@williams.edu
John V. Baxley Wake Forest University, NC, USA

baxley@wfu.edu
Arthur T. Benjamin Harvey Mudd College, USA

benjamin@hmc.edu
Martin Bohner Missouri U of Science and Technology, USA

bohner@mst.edu
Nigel Boston University of Wisconsin, USA

boston@math.wisc.edu
Amarjit S. Budhiraja U of North Carolina, Chapel Hill, USA

budhiraj@email.unc.edu
Pietro Cerone Victoria University, Australia

pietro.cerone@vu.edu.au
Scott Chapman Sam Houston State University, USA

scott.chapman@shsu.edu
Joshua N. Cooper University of South Carolina, USA

cooper@math.sc.edu
Jem N. Corcoran University of Colorado, USA

corcoran@colorado.edu
Toka Diagana Howard University, USA

tdiagana@howard.edu
Michael Dorff Brigham Young University, USA

mdorff@math.byu.edu
Sever S. Dragomir Victoria University, Australia

sever@matilda.vu.edu.au
Behrouz Emamizadeh The Petroleum Institute, UAE

bemamizadeh@pi.ac.ae
Joel Foisy SUNY Potsdam

foisyjs@potsdam.edu
Errin W. Fulp Wake Forest University, USA

fulp@wfu.edu
Joseph Gallian University of Minnesota Duluth, USA

jgallian@d.umn.edu
Stephan R. Garcia Pomona College, USA

stephan.garcia@pomona.edu
Anant Godbole East Tennessee State University, USA

godbole@etsu.edu
Ron Gould Emory University, USA

rg@mathcs.emory.edu
Andrew Granville Université Montréal, Canada

andrew@dms.umontreal.ca
Jerrold Griggs University of South Carolina, USA

griggs@math.sc.edu
Sat Gupta U of North Carolina, Greensboro, USA

sngupta@uncg.edu
Jim Haglund University of Pennsylvania, USA

jhaglund@math.upenn.edu
Johnny Henderson Baylor University, USA

johnny_henderson@baylor.edu
Jim Hoste Pitzer College

jhoste@pitzer.edu
Natalia Hritonenko Prairie View A&M University, USA

nahritonenko@pvamu.edu
Glenn H. Hurlbert Arizona State University,USA

hurlbert@asu.edu
Charles R. Johnson College of William and Mary, USA

crjohnso@math.wm.edu
K. B. Kulasekera Clemson University, USA

kk@ces.clemson.edu
Gerry Ladas University of Rhode Island, USA

gladas@math.uri.edu

David Larson Texas A&M University, USA
larson@math.tamu.edu

Suzanne Lenhart University of Tennessee, USA
lenhart@math.utk.edu

Chi-Kwong Li College of William and Mary, USA
ckli@math.wm.edu

Robert B. Lund Clemson University, USA
lund@clemson.edu

Gaven J. Martin Massey University, New Zealand
g.j.martin@massey.ac.nz

Mary Meyer Colorado State University, USA
meyer@stat.colostate.edu

Emil Minchev Ruse, Bulgaria
eminchev@hotmail.com

Frank Morgan Williams College, USA
frank.morgan@williams.edu

Mohammad Sal Moslehian Ferdowsi University of Mashhad, Iran
moslehian@ferdowsi.um.ac.ir

Zuhair Nashed University of Central Florida, USA
znashed@mail.ucf.edu

Ken Ono Emory University, USA
ono@mathcs.emory.edu

Timothy E. O’Brien Loyola University Chicago, USA
tobrie1@luc.edu

Joseph O’Rourke Smith College, USA
orourke@cs.smith.edu

Yuval Peres Microsoft Research, USA
peres@microsoft.com

Y.-F. S. Pétermann Université de Genève, Switzerland
petermann@math.unige.ch

Robert J. Plemmons Wake Forest University, USA
plemmons@wfu.edu

Carl B. Pomerance Dartmouth College, USA
carl.pomerance@dartmouth.edu

Vadim Ponomarenko San Diego State University, USA
vadim@sciences.sdsu.edu

Bjorn Poonen UC Berkeley, USA
poonen@math.berkeley.edu

James Propp U Mass Lowell, USA
jpropp@cs.uml.edu

Józeph H. Przytycki George Washington University, USA
przytyck@gwu.edu

Richard Rebarber University of Nebraska, USA
rrebarbe@math.unl.edu

Robert W. Robinson University of Georgia, USA
rwr@cs.uga.edu

Filip Saidak U of North Carolina, Greensboro, USA
f_saidak@uncg.edu

James A. Sellers Penn State University, USA
sellersj@math.psu.edu

Andrew J. Sterge Honorary Editor
andy@ajsterge.com

Ann Trenk Wellesley College, USA
atrenk@wellesley.edu

Ravi Vakil Stanford University, USA
vakil@math.stanford.edu

Antonia Vecchio Consiglio Nazionale delle Ricerche, Italy
antonia.vecchio@cnr.it

Ram U. Verma University of Toledo, USA
verma99@msn.com

John C. Wierman Johns Hopkins University, USA
wierman@jhu.edu

Michael E. Zieve University of Michigan, USA
zieve@umich.edu

PRODUCTION
Silvio Levy, Scientific Editor

See inside back cover or msp.org/involve for submission instructions. The subscription price for 2013 is US $105/year for the electronic version, and
$145/year (+$35, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues from the last three years and changes
of subscribers address should be sent to MSP.

Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University of California,
Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

Involve peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2013 Mathematical Sciences Publishers

http://msp.berkeley.edu/involve
mailto:berenhks@wfu.edu
mailto:colin.c.adams@williams.edu
mailto:baxley@wfu.edu
mailto:benjamin@hmc.edu
mailto:bohner@mst.edu
mailto:boston@math.wisc.edu
mailto:budhiraj@email.unc.edu
mailto:pietro.cerone@vu.edu.au
mailto:scott.chapman@shsu.edu
mailto:cooper@math.sc.edu
mailto:corcoran@colorado.edu
mailto:tdiagana@howard.edu
mailto:mdorff@math.byu.edu
mailto:sever@matilda.vu.edu.au
mailto:bemamizadeh@pi.ac.ae
mailto:foisyjs@potsdam.edu
mailto:fulp@wfu.edu
mailto:jgallian@d.umn.edu
mailto:stephan.garcia@pomona.edu
mailto:godbole@etsu.edu
mailto:rg@mathcs.emory.edu
mailto:andrew@dms.umontreal.ca
mailto:griggs@math.sc.edu
mailto:sngupta@uncg.edu
mailto:jhaglund@math.upenn.edu
mailto:johnny_henderson@baylor.edu
mailto:jhoste@pitzer.edu
mailto:nahritonenko@pvamu.edu
mailto:hurlbert@asu.edu
mailto:crjohnso@math.wm.edu
mailto:kk@ces.clemson.edu
mailto:gladas@math.uri.edu
mailto:larson@math.tamu.edu
mailto:lenhart@math.utk.edu
mailto:ckli@math.wm.edu
mailto:lund@clemson.edu
mailto:g.j.martin@massey.ac.nz
mailto:meyer@stat.colostate.edu
mailto:eminchev@hotmail.com
mailto:frank.morgan@williams.edu
mailto:moslehian@ferdowsi.um.ac.ir
mailto:znashed@mail.ucf.edu
mailto:ono@mathcs.emory.edu
mailto:tobrie1@luc.edu
mailto:orourke@cs.smith.edu
mailto:peres@microsoft.com
mailto:petermann@math.unige.ch
mailto:plemmons@wfu.edu
mailto:carl.pomerance@dartmouth.edu
mailto:vadim@sciences.sdsu.edu
mailto:poonen@math.berkeley.edu
mailto:jpropp@cs.uml.edu
mailto:przytyck@gwu.edu
mailto:rrebarbe@math.unl.edu
mailto:rwr@cs.uga.edu
mailto:f_saidak@uncg.edu
mailto:sellersj@math.psu.edu
mailto:andy@ajsterge.com
mailto:atrenk@wellesley.edu
mailto:vakil@math.stanford.edu
mailto:antonia.vecchio@cnr.it
mailto:verma99@msn.com
mailto:wierman@jhu.edu
mailto:zieve@umich.edu
http://msp.berkeley.edu/involve
http://msp.org/
http://msp.org/


inv lve
a journal of mathematics

involve
2013 vol. 6 no. 3

261Potentially eventually exponentially positive sign patterns
MARIE ARCHER, MINERVA CATRAL, CRAIG ERICKSON, RANA HABER, LESLIE
HOGBEN, XAVIER MARTINEZ-RIVERA AND ANTONIO OCHOA

273The surgery unknotting number of Legendrian links
BIANCA BORANDA, LISA TRAYNOR AND SHUNING YAN

301On duals of p-frames
ALI AKBAR AREFIJAMAAL AND LEILI MOHAMMADKHANI

311Shock profile for gas dynamics in thermal nonequilibrium
WANG XIE

323Expected conflicts in pairs of rooted binary trees
TIMOTHY CHU AND SEAN CLEARY

333Hyperbolic construction of Cantor sets
ZAIR IBRAGIMOV AND JOHN SIMANYI

345Extensions of the Euler–Satake characteristic for nonorientable 3-orbifolds and
indistinguishable examples

RYAN CARROLL AND CHRISTOPHER SEATON

369Rank numbers of graphs that are combinations of paths and cycles
BRIANNA BLAKE, ELIZABETH FIELD AND JOBBY JACOB

involve
2013

vol.6,
no.3

http://dx.doi.org/10.2140/involve.2013.6.273
http://dx.doi.org/10.2140/involve.2013.6.301
http://dx.doi.org/10.2140/involve.2013.6.311
http://dx.doi.org/10.2140/involve.2013.6.323
http://dx.doi.org/10.2140/involve.2013.6.333
http://dx.doi.org/10.2140/involve.2013.6.345
http://dx.doi.org/10.2140/involve.2013.6.345
http://dx.doi.org/10.2140/involve.2013.6.369

	1. Introduction
	2. PEEP sign patterns
	3. Classification of small order PEEP sign patterns
	References
	
	

