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The singly periodic Scherk surfaces with higher dihedral symmetry have 2n-ends
that come together based upon the value of ¢. These surfaces are embedded
provided that 7 — % < %(p < 7. Previously, this inequality has been proved
by turning the problem into a Plateau problem and solving, and by using the
Jenkins—Serrin solution and Krust’s theorem. In this paper we provide a proof of
the embeddedness of these surfaces by using some results about univalent planar
harmonic mappings from geometric function theory. This approach is more direct
and explicit, and it may provide an alternate way to prove embeddedness for some
complicated minimal surfaces.

1. Introduction

A minimal surface in R? is a surface whose mean curvature vanishes at each
point on the surface. One area of minimal surface theory that has seen a lot of
interest and results recently is the study of complete embedded minimal surfaces.
Minimal surfaces can be parametrized by the classical Weierstrass representation.
However, these surfaces are not guaranteed to be complete and embedded. In this
paper we will consider the family of singly periodic Scherk surfaces with higher
dihedral symmetry that were first described in the seminal paper [Karcher 1988].
They belong to the larger class of embedded singly periodic minimal surfaces with
Scherk ends and genus O in the quotient that have been completely classified in
[Pérez and Traizet 2007]. The singly periodic Scherk surfaces with higher dihedral
symmetry have 2n-ends that come together based upon the value of ¢. In particular,
it was shown in [Weber 2005] that these surfaces are embedded provided that

¢ <. (H
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Previously, this inequality has been established by turning the problem into a Plateau
problem and solving, and by using the Jenkins—Serrin solution and Krust’s theorem.
In this paper, we will provide a proof of the embeddedness of these surfaces by
using some results about univalent planar harmonic mappings from geometric
function theory. This approach is more direct and explicit, and it may provide
an alternate way to prove embeddedness for some complicated minimal surfaces.
In the interesting paper [McDougall and Schaubroeck 2008], the authors discuss
similar harmonic mappings and the corresponding minimal surfaces. They also
work to prove an inequality similar to (1). While their approach is sound, there
are unfortunately several small mistakes and errors, and the inequality they give
is incorrect and different from the result in [Weber 2005]. In our paper, we start
with planar harmonic mappings but then approach the proof of the inequality in a
different way and derive the correct inequality given by (1).

This approach involves the following steps. First, we will construct a ¢-variable
family of planar harmonic functions that map the unit disk univalently onto a 2n-gon
region. Next, we will compute the value of ¢ for which these functions are convex.
Then, we will use a simple convolution theorem to construct a “conjugate” family
of planar harmonic functions that are also univalent. Finally, using a Weierstrass
representation we will lift this last family to minimal graphs that turn out to be
the singly periodic Scherk surfaces with higher dihedral symmetry. Because of
the harmonic functions are univalent, the embeddedness of the Scherk surfaces is
guaranteed.

2. A family of univalent planar harmonic mappings

Definition 2.1. A continuous function f(x, y) = u(x, y) +iv(x, y) defined in a
domain G C C is a complex-valued harmonic function in G if u and v are real
harmonic functions in G.

Complex-valued harmonic functions defined on D, the unit disk, are related to
analytic functions, as the following theorem shows.

Theorem 2.2 [Clunie and Sheil-Small 1984]. If f = u+iv is harmonic in a simply
connected domain G, then f can be written as f = h + g, where h and g are
analytic.

We are interested in univalent (one-to-one) harmonic mappings. While it is often
difficult to establish the univalency of a planar harmonic function, we do have the
following nice result about local univalency.

Lemma 2.3 [Lewy 1936]. The harmonic function f = h+ g is locally univalent
and sense-preserving in D if and only if |g'(z)/ W' (z)| < 1 for all z € D.
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The function w(z) = g’(z)/ h’(z) is known as the dilatation and plays an impor-
tant role in the theory of univalent harmonic mappings.

We will now consider a specific family of planar harmonic mappings that are
related to Scherk surfaces. Let f;(z) = /hn(z) + g,(z) be the family of planar
harmonic mappings from D into C, where
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Theorem 2.4. The harmonic function f, maps D onto a 2n-gon.

Because the dilatation wy, (2) equals gJ,(z)/ h),(z) = z2"~2

, we know that f;, maps

arcs of dD to either concave arcs or to stationary points [Bshouty and Hengartner
1997; Bshouty et al. 2008]. Letting z = el? ¢ 0D, we see that the latter situation
occurs. In particular, f; maps dD to vertices, vy, (m = 1,...,2n), of a 2n-gon

such that

iG=Dn |vi| if vy, is odd,
argvy, =e = and |vy| =

where it can be computed that

n n n

|va| if vy, is even,

-1 -1
v = d (cos (2= Do —I—Cotzsin (n—)(p) + 01,

nsing

—1
vy = n sin (n )w(cotz—i—i).
nsing n n

Example 2.5. For n = 4, we have

J4(z) = Re(h4(2) + g4(2)) + i Im(h4(z) — g4(2)),

where

Re(he(:)+24() =
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Figure 1. Images under f4 of concentric circles in D for various

values of ¢.
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and

Im(/14(2) — g4(2)) = (sin %p [—arg(z—ei%) + arg(z+e"%)

4sing - )
- arg(z_e—lz) + arg(z-i—e_lz)]
+eos 2 [arg(z—e/ D) Jarg (- (5+3)
- arg(z—e_i(%_%)) + arg(z+e—i((ﬁ—’§))]).
Letting
M= ” COS3_¢ and N = n sin3—(p,
4sing 4 4sing 4

we see that f4 maps dD to the vertices of an octagon as follows (see Figure 1):

nu=M+N) if-2<0<¥?,

v, =N+iN if #<60<%-9%,
vy=i(M+N) ifZ-9<0<Z+%
vu=-N+iN ifZ+2<0<n—-9%

i0y _ R
S =N = — ) ifr—%<f<m+2
vs=—-N—-iN ifr+%<f<3-9%
v;=—i(M+N) if Z-2<g<3Z 42
vs=N—iN if 3L +2<0<-9%

Theorem 2.6. Forn > 2, fy is univalent for all z € D and ¢ € (0, 5]

Proof. This follows from a result by Duren, McDougall and Schaubroeck [Duren
et al. 2005] that states if a harmonic function f is of the form (2) constructed with
a piecewise constant boundary function and with values on the m vertices of a
polygonal region © and with w = g’(z)/h’(z) being a Blaschke product with at
most m — 2 factors, then

f(z) is univalent in D <= all the zeros of w lie in D. O

Remark 2.7. For n = 3, 4, one can simply employ the shearing technique of Clunie
and Sheil-Small [1984] to prove univalency with even less background. However,
for n > 5 the shearing technique cannot be applied to f;.

Theorem 2.8. The image f,(D) is convex for every ¢ € (27 (5 —

)-5]

X[
INIE

Proof. Note that f;, will be convex for every ¢ if

Re v, > %Re(vl 4+wv3) and Imuv, > %Im(vl + v3).
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From (3), it is clear that

Revy = vy, Imv; =0,
7 cos =De 7 sin #=De
Rev2:v1—.—”, Imsz.—”
7 sin @ n sin @
Revs = Re(eiz?nvl) = cos 2771 vy, Imvs = Im(eiz?ﬁvl) = sin 2% V1.
Setting Re v, = %Re(vl + v3) and solving for v; yields
(n—Dg
2 cos “——+
v = — c &)

— —.
n sing (1—cos 2X)
Likewise, setting Im(v,) = %Im(vl + v3) and again solving for v yields

2 Sinw
Vg = o (0)
n smesin <~

Equating (5) and (6) and solving for ¢ we obtain

in 27

n sin =~ n

Q= arctan = (E—E). O
n—1 I—COSZTJT n—1\2 n

There is a convolution theorem for planar harmonic mappings that takes univalent
convex maps and transforms them into new harmonic maps while preserving univa-
lency. We will apply this convolution theorem to those functions f;, that map D
onto a convex domain. But first, we need some background. For analytic functions

o o
f(z)= Z apz" and F(z) = Z Apz",

n=0 n=0

their convolution is defined as
o0
S@*F() =) anAnz".
n=0

Note that the right half-plane mapping, f(z) = z/(1 — z), acts as the convolution

identity; that is, if F' is an analytic function, then

z

*x F(z) = F(2).

1—z

Now let’s consider the case of harmonic convolutions.
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Definition 2.9. Given harmonic univalent functions

[ =hE)+8E) =2+ anz"+ ) bpZ",

n=2 n=1

o0 o0
F@)=H@)+G() =z+) A"+ ByZ"
n=2 n=1

define the harmonic convolution as

o0 o0
S@*F@) =h(z)« HZ) +g()*G(2) =2+ ) anAnz"+ Y _ byBuZ".
n=2 n=1
Lemma 2.10 [Clunie and Sheil-Small 1984]. Let f = h+g be a harmonic univalent
mapping from D onto a convex domain and normalized so that f(0) = 0 and
f2(0) = 1. Also, let ¢ be a normalized univalent analytic function from D onto a
convex domain. Then for (|a| < 1),

S (p+¢)=hxp+agxd
is a univalent harmonic map D onto a close-to-convex domain.

Theorem 2.11. The function Fy is univalent on D for ¢ € (-2 (3 —Z). 5.

2
Proof. From Theorem 2.8, we know the f;, are convex maps for -+ (5 —%) <¢ < .
Hence for these values of ¢ we can apply Lemma 2.10 Wlth q§ =z/(1 —z) and
o = —1 to create the planar harmonic maps
Fu(z) =Re (hn(2) — gn(2)) + i Im (hn(2) + gn(2))
which are univalent in D. O

Example 2.12. From Theorem 2.11, we conclude that the harmonic maps F4(z)
are univalent in D (see Figure 2).

3. Singly periodic Scherk surfaces with higher dihedral symmetry
The connection between planar harmonic mappings and minimal surfaces can be
seen in the following Weierstrass representation (see [Duren 2004], for example):

Theorem 3.1. Let [ = h + g be an orientation-preserving harmonic univalent
mapping of D onto some domain Q with dilatation @ = q*, where q is an analytic
function in D. Then

X() = (Re(h (2) + 2(2)). Im(h() — g(2)). 2Im /0 JEORQ) dz)

gives an isothermal parametrization of a minimal graph whose projection in the
xy-plane is f.
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2

¢¥7T/2 p=m/3

Figure 2. Images under F4 of concentric circles in D for various
values of ¢.

Thus, univalent planar harmonic mappings with a dilatation that is the square of
an analytic function lift to minimal graphs in R®>. We have shown that both families
fn and F, of harmonic mappings satisfy the hypotheses of Theorem 3.1 for a given
range of ¢ values and will thus lift to embedded minimal graphs. To identify these
surfaces, we use the following standard Weierstrass representation.

Theorem 3.2 (Weierstrass representation (G, dh) [Weber 2005]). Every regular
minimal surface has a local isothermal parametric representation of the form

rer=re [ (L4 -6). £ (4 +6) 1)

where G is the Gauss map, dh is the height differential, and a € D is a constant.

Proving the embeddedness of singly periodic Scherk surfaces with higher dihedral
symmetry is not easy. However, with the material we have developed it follows
naturally.

Theorem 3.3. F, lifts to a family of embedded singly periodic Scherk surfaces with
higher dihedral symmetry for ¢ satisfying (1).

Proof. Scalings and reflections across planes containing two axes do not alter the
geometry of minimal surfaces. So we can use the coordinate functions from the
two Weierstrass representations to get

Zl z
h=/ —dh, g=/ G dh. %)
0 G 0

In [Weber 2005] the Gauss map and height differential for a family of minimal
surfaces ranging from Scherk’s singly periodic surface with 2 ends when ¢ = %
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$p=m/2 ¢ =mn/3

Figure 3. Singly periodic Scherk surfaces.

to the n-noid when ¢ = 0 is given by

Zn—l

= "1 h= - —
e S Cra)

Using the formulas in (7) we see

b /z dé’ g* _ _/z §2n—2dé-
o ((r—e?)(n—e7i?)’ o (("—e?)(g"—e7?)
It is clear that F, = h* 4+ g*. Hence, we see that F}, lifts to this family of singly

periodic Scherk’s surfaces for all ¢ € (25 (5 — %), 3 ]. O

Remark 3.4. We could have used Krust’s theorem [Dierkes et al. 1992] instead of
Lemma 2.10. But this convolution theorem is not well known and is a generalization
of Krust’s Theorem applied to planar harmonic mappings.

Remark 3.5. The harmonic maps, f;, lift to a family of minimal surfaces that
continuously transform from Scherk’s first surface with 2n-ends to a minimal surface
with n-helicoidal ends. Because the harmonic maps are univalent, the resulting
minimal surfaces are graphs. However, they are graphs only over the domain D.
This does not contradict the fact that the minimal surface with » helicoidal ends is
not embedded since the surface is defined on a domain larger than D.

Area for further investigation. Apply the approach used in this paper to prove the
embeddedness for less symmetric Scherk-like surfaces and for the twist deformation
of Scherk’s singly periodic surfaces (see [Weber 2005, pp. 39-40]).
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