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A theorem of Boyle and Handelman gives necessary and sufficient conditions
for an n-tuple of nonzero complex numbers to be the nonzero spectrum of some
matrix with nonnegative entries, but is not constructive and puts no bound on
the necessary dimension of the matrix. Working with polynomial matrices, we
constructively reprove this theorem in a special case, with a bound on the size of
the polynomial matrix required to realize a given polynomial.

1. Introduction

H. R. Suleimanova [1949] posed a question: Given an n-tuple of complex numbers
o := (A1, A2, ..., Ay), when is there an n X n matrix A with nonnegative entries
such that det(/ — Ar) = ]—[?:1 (t — A;)? This problem has come to be known as the
nonnegative inverse eigenvalue problem, or NIEP. (See [Egleston et al. 2004] for a
survey article on the problem.) Although there have been some significant advances,
the general NIEP as stated remains open. One major advance was proven by Boyle
and Handelman [1991]. They characterized the n-tuples that could be appended
with zeros and subsequently realized as the eigenvalues of a nonnegative matrix in
the above sense. Their proof relied heavily on results from symbolic dynamics and
was not constructive (see [Lind and Marcus 1995] for more on symbolic dynamics
and the NIEP). Very recently, Laffey [2012] proved a version of their result by
constructive means, although his result is not in quite as general a setting as Boyle
and Handelman’s. In this paper we provide a construction different from that of
Laffey’s. The result of our construction is a matrix with polynomial entries, as
opposed to real entries, and we describe a simple way to construct a matrix over
the reals based on the polynomial matrix. This construction makes use of weighted
directed graphs and is described further in [Boyle 1993].
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2. Preliminaries

A nonnegative matrix is primitive if it is a square matrix and some power of it is a
matrix with strictly positive entries. The nonnegative inverse eigenvalue problem
is generally studied in terms of primitive matrices, since given conditions for an
n-tuple to be realized by a primitive matrix, one can easily extend to the general
nonnegative case; for example, see [Boyle and Handelman 1991; Friedland 2012].

There are several known necessary conditions for an n-tuple of complex numbers
o to be realizable by a primitive matrix:

(1) o0 =0o. (For every complex number in o, its complex conjugate is also in o'.)
(2) There exists A; € o such that A; € Ry and A; > |A;| for j #1.

(3) For all k € N, the k-th moment of o, s = Zl": | Af, is nonnegative. Moreover,
for all k e N, if s; > 0, then for all n € N, s, > 0.

The first condition simply reflects the fact that for the polynomial []/_, ( —1;) to
have real coefficients, any complex roots must come in conjugate pairs. As a result
of the first condition, the NIEP can be reformulated as follows: Given a polynomial
p(t) € R[z], is there a nonnegative matrix A such that p(¢) is the characteristic
polynomial of A (i.e., p(r) =det(It — A) =[]}, (t — A;))? In this case, o is the
list of the roots of the polynomial with multiplicity.

The second comes as a result of the Perron—Frobenius theorem (e.g., see [Berman
and Plemmons 1979; Minc 1988]). One of the consequences of this theorem is that
a primitive matrix A must have a positive real eigenvalue that exceeds the modulus
of all other eigenvalues. This positive real eigenvalue is often referred to as the
Perron eigenvalue of the primitive matrix A.

The third condition is found by observing that if det(/t — A) = ]_[?:1 (t—A)
then the trace of A is s = Y7 A¥ for all k € N. Thus if A is nonnegative, so too
must be s¢, and if AX has a positive trace, then A% does as well for all n € N.

Boyle and Handelman [1991] proved that the above necessary conditions are suf-
ficient to find a natural number N such that o can be augmented by N zeros and then
realized by a nonnegative primitive matrix. Restating more precisely, they proved
the following, which we’ll hereafter refer to as the Boyle-Handelman theorem:

Theorem 2.1 (spectral theorem). Let o = (A1, Ao, ..., A,) € C". Thereisan N >0
and a nonnegative primitive matrix A such that

det(It — A) =V [t — )
i=1

if and only if:
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(1) o =0.
(2) There exists A; € o such that A; € Ry and A; > |A| for j #1i.

(3) For all k € N, the k-th moment of o, sy = Y i, )\f.‘, is nonnegative, and if
s > 0 then sy, > 0 foralln € N,

Observe that there is an N > 0 such that det(It — A) =tV ]_[l'-z:1 (t —A;) if and
only if det(/ — Ar) = []/_,(1 — A;t), and this will provide us a convenient way
to reformulate the theorem. With this, the Boyle-Handelman theorem character-
izes which polynomials g (¢) € R[¢] can be the reverse characteristic polynomial
det(/ — At) for a nonnegative primitive matrix A over the reals.

3. Graphs and polynomial matrices

Let G be a weighted directed graph on N vertices with weights in R;. Then the
adjacency matrix A of G is the N x N matrix in which the (i, j) element is the
weight of the edge running from vertex i to vertex j. The characteristic polynomial
of this matrix (and of the associated graph G) is the polynomial y4(z) =det(Iz — A).
The reverse characteristic polynomial of the graph is the polynomial Xgl(t) =
det(I — At). Of course, the process is reversible. Given a matrix A over R;, one
can easily construct a weighted directed graph G which has A as its adjacency
matrix. One simply includes an edge with weight A(i, j) between each pair of
vertices i and j.

As we will show, a directed graph G can also be represented by a polynomial
matrix M (t) over tR[t], i.e., a matrix M (¢) whose entries are polynomials with
nonnegative coefficients without constant terms besides 0. This generally allows for
presentations of adjacency matrices of smaller size. This process of constructing
a polynomial matrix from a graph is also reversible. We begin by describing the
reverse process.

Given an N x N polynomial matrix M (¢) over tR,[¢], the construction of the
corresponding weighted digraph G can be carried out as follows. Assign N “primary”
vertices with labels 1, 2, ..., N. Then for each term ¢,#” in the polynomial in the
(i, j) position of A(t), construct a path of length p from vertex i to vertex j in which
the first edge is weighted ¢, and each additional edge (if p > 1) is weighted 1. If
p > 1 then the p—1 additional “secondary” vertices in the new path are disjoint from
the original N primary vertices and from secondary vertices used in any other path.

Example 3.1. Take, for example, the matrix over tR[¢] given by

5034+ 1.5¢ 0
M) = 3.1¢2 0 412
2t 0.3t 41 3.6t
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Note that
det(I — M(t)) = 61" 4+ 48.44:° —29.71° +22.8:* — 913 +5.4¢> —5.11 + 1.

From this matrix, by the method described above, we can construct the graph
G below (large squares denote the primary vertices, diamonds denote secondary
connecting vertices.)

( Ql m,

Having constructed this graph, we can now construct the adjacency matrix for the
graph A, ignoring color and the difference between primary and secondary vertices.

Suppose a directed graph G has m vertices numbered 1, 2, ..., m. Then we
can define the m x m matrix Ag where Ag (i, j) is the weight of the edges from
vertex i to j.

Example 3.2. Continuing with the above example, we obtain the adjacency matrix
Ag for the graph G:

00100 0 0000
10000 0 0000
05159 0 0 0 000
00000 0 0100

Ag_ |00 2036003001
00100 0 0000
00000 0 0001
00000 0 0001
00001 0 0000
(00000 310040

We compute both the characteristic and reverse characteristic polynomials of
this adjacency matrix and graph, and obtain

det(It — Ag) =10 —5.1¢7 +5.4¢% — 97 +22.81% — 29.7¢° + 48.441* + 617,
det(I — Agt) = 61" +48.441° —29.71> +22.8:* — 913 +5.41> — 5.1t + 1.
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We note that for the above example,
det(I — M (t)) = det(I — Agt),
and this is no coincidence.

Theorem 3.3. Let M(t) be a matrix over tR.[t], and suppose G is the directed
graph constructed from M (t) by the aforementioned construction. Suppose Ag is
the adjacency matrix for G. Then

det(I — Agt) = det(I — M(1)).

Proof. Fix i, j such that M(¢); ; is a polynomial of degree greater than 1. Then
for each term ¢; j ,t", where n > 1 and ¢; j,, > 0, there is a path in the graph from
vertex i to vertex j of length n, and thus n + 1 rows (indexed k1, k2, ... k;41) in
the matrix A corresponding to each of the n 4 1 vertices along this path. (Note
that k| corresponds to primary vertex i and k, | corresponds to primary vertex j)
Each of these rows and columns (except k; and k,4) will have only one nonzero
term, in the (kp, ky+1) position, and ¢; j, = [T (AG) ks kns -

Each of these additional n — 1 rows can be removed from the matrix / — Agt with-
out changing the determinant by the following row operations, working backwards
from h =n to 2:

(1) From row kj_, subtract row kj, scaled by the entry in position (k,_1, kp).

(2) From column k1, subtract column k; multiplied by the entry in position
(kn, k1)

This sequence results in the product of the terms in positions (k;—1, k;) and
(kp, kn+1) appearing in position (kj—_1, k;,+1) and only a 1 remaining in both row
and column kj,. Thus, after repeating this process for all the intermediate vertices,
there will be a term equivalent to the product of their weights times ¢ raised to the
length of the chain added to the (ky, k;+1) position and a 1 in the primary diagonal
for each row/column associated with each intermediate vertex. The determinant
can be expanded by minors at each of these 1s, thus reducing the size of the matrix.

Repeating this process for each such ¢; j , term in I — M (¢) (and switching rows
as necessary at the end) will produce the matrix I — M (¢) from I — Agt without
changing the determinant. U

The process of constructing a polynomial matrix M (¢) from a weighted directed
graph G can be done by simply letting the (i, j) entry of M (¢) be w(i, j)t, where
w(i, j) is the sum of the weights of the edges from i to j. An alternative approach,
which could be more efficient in terms of the size of M (¢), would be to identify
secondary vertices as those which have at most one edge coming in and one out.
Then the coefficient of ¥ in the (i, ) entry of M(t) is the sum of the weights of
the paths of length £ from primary vertex i to primary vertex j.
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4. Our approach

Our approach is to study the nonnegative inverse eigenvalue problem, and specifi-
cally the Boyle—-Handelman theorem, in terms of polynomial matrices rather than
matrices over Ry. We attempt to reprove the Boyle-Handelman theorem in certain
cases by constructing an “efficient” polynomial matrix (in terms of the size of the
matrix, without any bound on the degree of polynomials used in that matrix) that
realizes a given polynomial. If we were able to bound both the size of the matrix
and the degree of the polynomials used then we would be able to bound the size of
the corresponding matrix over R. In this vein, we will make use of polynomials
which are truncations of the power series for p(r)!/V.

We proceed forward assuming that p(¢) is a polynomial over R of the form
p() = ]_[?:1(1 — Ait), where 0 = (A1, Ao, ..., A,) satisfies the conditions of the
Boyle—-Handelman theorem with a strengthened version of the third condition: for all
keN, s; >0. We will say that p(¢), or perhaps o, satisfying these conditions satisfies
BH+. Below we prove that in such a case, the power series expansion for p(¢)!/V
has nonpositive coefficients after the constant term. More recently, this result was
proven using different means by Laffey, Loewy and Smigoc [Laffey et al. 2013].

Theorem 4.1. Assume that p(t) = ]_[;L | (1 = A;t) satisfies BH+. Then there is an
N > 1 such that the power series expansion for p(t)'/VN is of the form

o0

PN =13 " ntt,

k=1

where ry > 0 for all k > 1.

Proof. Recall that the power series expansion for (1 —)!/" is given by

o0

1/N
- =3 (V)

k=0

where (l/kN ) is a generalized binomial coefficient, given by
(1/N> _I/NA/N-1)(1/N—=2)---(1/N —k+1)
k) k(k—1)(k—2)---1 '

Then

p)/N = ﬁ(l — i)'V
i=1
d [ee) d o0
=TI (")) =TI(- I i)

k=0
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The k-th coefficient of this series is given by

rk—'(l/N)‘()\.k+)\.k+ R R I b <1/N> . (lg\’)

where the second sum ranges over all combinations of nonnegative k; such that
ki +ky+---+ ks = k, where [ > 2 is the number of nonzero k;, and where
ki, ki,, ..., ki, are these nonzero values.

Factoring ‘(IGCN ) M out of this expression (and assuming that A; is the Perron
eigenvalue), the first term above becomes

o\ A \F
1 s I
+()»1> - +<M)

which approaches 1 as k — oo and is always positive (by BH+). Therefore, this
term has a uniform lower bound é > 0 (which does not depend on k or N).
The absolute value of the second term is at most

ki o ko kq
Aihiy = hgs

5 Ca)CE) - CED |2 [ 2
el Tl
Now observe that for/ > 2 and N > 2,
() ()
()
B0 at) § Gy —ott) | G- —kat1)
_ 3% k! k!
- 3 —0)-(h k)
k!
_ (l)“ Ko (=) (g=k+D) - ((g—1) (}v—kd+1))‘
N)  kilky!-- kg! (L=1) (L —k+1)
Aral N 3 (kiy — D! (kiy — D!+ (ki, — 1)!
N)  kilky!-- ky! (k—1)!
B (1 ok
I\N) kikiy -k,
I L
N kikiy kg N2

Since k; ki, - - - ki, N2 is minimized when / = 2 and ki, =k — 1, we have
1 k 1 %k 2
— < —
N kilkiz cee kilNl_z

- <.
N k-1 N
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Also note that
Y

Al
by expanding the right-hand side into a product of geometric series. Therefore, there
is a uniform upper bound of the form (2/N)M, where M does not depend on k or N.
Then all we need to do is choose N such that § > (2/N)M. ]

kq ko

ka 1 1 1

< DY
=R =R =]

A2
Al

Ad
A

=M,

Using this result, we pose the following question:

Question 4.2. Let p(¢) be a polynomial which satisfies the condition that there
exists N > 1 such that p(t)l/N =1- Z,fil rit*, where ry > 0 for all k > 1. Then
does there exist an N x N polynomial matrix M (¢) with nonnegative coefficients
such that det(/ — M (¢)) = p(¢)?

As a result of Theorems 3.3 and 4.1, answering in the affirmative would be
(nearly) equivalent to proving the Boyle-Handelman theorem (with the exception
of the strengthening of the third condition in Theorem 4.1.) Such an answer
would further give a constructive proof and would have a bound on the size of the
polynomial matrix required to realize a given polynomial. Without putting a bound
on the degree of the polynomial matrix, however, this conjecture does not establish
any bounds on the size of the regular matrix over R.. If, however, the size of the
polynomial matrix and the degrees of polynomials used in the matrix could both be
bounded, then a bound on the size of the realizing regular matrix could be achieved.

At the moment we are able to prove the above conjecture for the cases N =1, 2, 3.

5. CasesN=1,2

Case N = 1. The case where N =1 is trivial. If p(t)1 = 1—r(t), where r(¢) has
no negative coefficients, then the matrix A(¢) = [r(¢)] suffices, and

det(I — A(1)) = det([1 —r(O]) = 1 —r (1) = p(2).

Case N =2. Suppose p(t)!/> =1 —r(t), where r(t) has no negative coefficients.
Then let g (¢) be the polynomial that results when the power series r(¢) is truncated
to a degree-n polynomial, where 7 is greater than or equal to the degree of p(¢).
Consider the polynomial (1 — q())%.

The first n terms of this polynomial will sumto p(z). Let R(¢) =(1—¢ () —p(1).
Then R(¢) will be a polynomial with lowest-order term of degree n + 1 and highest
degree of 2n, and is described by

2n

R(1) = Z Z qjqit’,

i=n+1 j+k=i
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where ¢; is the coefficient of the ¢/ term in g (¢). Since all the g; are nonnegative,
R(¢) will contain only nonnegative terms.
Then construct the matrix

A(t) = |:

’

q(t) R(t)/t]
t o q(t)

we have
det(I — A(1)) = (1 —q())* — R(t) = p(2).

Example 5.1 (N = 2). Consider the polynomial p(t) = 1 — 3t — 21> + 4¢3.
The power series of p(1)'/? is

3t 1742198 517t 21978

2778 16 128 256
Let g (1) = ¥ + 172 4 19 Then

P2 =1

517¢* | 3231° | 36118
64 64 T 256
ot 2oy 51Tt 3237 361¢°
R()=(1=q0)) = p) = 2+ =5+ .
We can then construct the matrix A(¢) as described above:
3 172 1983 51743 | 323¢% | 3618
A(t) = Tt‘i‘Tt"‘% 64t + 64t + 25é
lq.ﬁ.,.% ’
2 8 16

(1—q@)>=1-3t—2>+48 +

and

and A(r) realizes the original polynomial p(r) = 1 — 3¢ — 212 + 4¢°.

6. Thecase N =3

The N = 3 case extends the ideas used in the N = 2 case, but is much more
complicated since the “left over” terms of the (1 — ¢ ()3 term cannot be assumed
to be all positive. In this case, we work with the matrix

q(1) a) B(1)
ADy=| 0 q@t) t |,

t 0 q@)

where ¢ (t) is a truncation of the power series r(t) =1 — p(¢)
at least as large as the degree of p(z). In this case,

det(I — A1) = (1 —q(1)* — 2a(t) — ) (1 —q(1)).

In what follows, we will denote by b,,, g, and r,, the coefficients of the term ¢"
in the polynomials 8(¢), ¢ (¢) and power series r(¢) respectively, and by [ f ()]
the coefficient of " in a more complicated polynomial expression, f(¢).

173 of some degree n
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Were R(t) = (1 — q(t))l/ 3 p@) strictly positive, then this remainder could be
accommodated by the «(¢) term, as in the N = 2 case, and the 8(¢) term would
not be needed. However, this is in fact never the case. Consider the highest-order
term of R(¢). This term (of degree 3n) will have coefficient (—qn)3. Thus R(?)
will necessarily contain at least one negative coefficient, and in practice usually has
many more.

On the other hand, the lowest-order term of R(¢) will always be positive. Since
this term has degree n + 1, greater than the degree of p(r), the coefficient of the
term of order n + 1 in the polynomial (1 — r())? = p(t) must be 0. The only
“missing” term of degree n + 1 when expanding (1 — q(t))3 is 3(—r,41). Thus the
coefficient of the lowest-order term in R(t), [R(¢)],+1 = 37rn+1, 1S positive.

Since negative terms exist in R(¢), the 8(¢) polynomial term must be used. Any
term b, ™ in B(¢) is multiplied by 7 (1 —g (¢)) in the determinant of / — A(¢) and thus
has the effect of decreasing the (m 4+ 1)-th coefficient of (1 —q(t))3 —tB()(1—q(1))
and increasing the (m + 2)-th through (m + n + 1)-th coefficients. The end goal
is to construct the polynomial S(¢) in such a way that the remainder polynomial
dit)y=(1- q(z‘))3 —tB(t)(1 —q(t)) — p(¢) has all positive coefficients.

Note that before we include any terms in 8(¢), B(f) is zero, so we have d(t) =
R(#). We can take the lowest-order term of d(¢), which we know to be positive,
and include it in B(¢). This is, in a sense, the largest that this coefficient of 8(¢) can
be. If it were any larger then the lowest-order term in the resulting polynomial d ()
would be negative. But it also provides the maximum benefit in terms of increasing
the coefficients of terms with higher powers in d ().

If the next lowest-order term of the resulting d(¢) is also positive then we can
repeat the process, including this term in B8(¢) as well. This process can be continued
either until a negative coefficient is reached or until the entire remaining d(¢) is
positive. (Success!) In the case that a negative coefficient is reached, one can
try again with a larger value of n, meaning that we include more terms in g(t),
truncating the power series r(¢) at a later point.

Example 6.1 (N = 3). Let p(t) = 1 — 5t +7t> — 3t3. Then,

25t 3 9 189t 8915
PO =1= 5+ e T8 T 256

172

We cannot use a 2 x 2 matrix since the power series of p(¢)'/“ is not of the correct

form. The power series of p(t)l/ 3 is of the correct form, however, and

13 _q_ 5t _ 4 7667  508:* 3548
PO =1=3 =5 =% 243 729

We let g () be this power series truncated to 3 terms:

5t 42 7613
=379 TR

q(1)
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Then

(1—q)>=1-5t+7t> =3¢
508¢4 15327 3536:°  32528:7  23104:%  4389761°
81 243 2187 6561 19683 531441 °

Only the first term of R(¢) is positive, and

508:*  1532¢°  3536:% 32528+  23104:%  4389761°
81 243 2187 6561 19683 531441 °

Including this term as the first term in B(¢), we have

4
(1-g@)* =251 —g()

+

R(t) =

L 2 a3, 11265 256065 608077  23104:%  438976¢°
= ST =3 o+ RT T 6561 19683 531441

Thus we now have an additional positive term which can be included in S(¢).
Repeating this process twice more, we eventually get

508t 11285 17680:°
(l_q(”)3_< 81 T 27 T 2187 )(l_q(m
L 2 as, 1065767 | 414085 | 3592064¢°
= =S4T =3t = T 6561 T s31441

which is p(#) plus a polynomial with only positive coefficients, which can then be
chosen to be «/(#) (after dividing out a factor of £?) in the matrix. Bringing all of
these polynomials together, we can construct the matrix

5t 4% | 7663 10657685 | 41408:° | 3592064+ 508:3 | 112¢* | 1768017
3+t o561 T 65g>1 +3531441 g1+ 27 T 2187
_ 5t 412 | 76t
A(t)— 0 ?+T+T t

5t 42 | 7613
t 0 R e

such that A(r) realizes the original polynomial p(t).

At this point in our research a computer program was written which ran through
the steps of this “greedy algorithm” to determine whether such a matrix could be
constructed for trial polynomials p(¢) which satisfied the condition that the power
series of p(t)'/3—1 had all negative coefficients. All cubic polynomials with integer
coefficients less than 100 were tested and no counterexamples were found.

The goal of this algorithm can be reformulated as constructing a polynomial

3n
b(t) = Z bit'

i=M+1

such that p(¢) — (1 — q(t))3 + b(t)(1 — g(t)) has coefficient O for all terms with
degree 3n or less. Then if b(¢) has only positive terms, the realizing matrix can be
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easily constructed. In the following propositions, we demonstrate that it is always
possible to construct such a b(¢) with all positive coefficients.
First, we note the following:

Proposition 6.2. Let p(1)'/3 =1—r(t) =1—q(t) —s(t), where q(t) is polynomial
of degree n equal to the power series r(t) truncated to degree n and s(t) is a power
series consisting of the remaining terms in r(t). Then

b =3[s()(1 —q(t) —s(1)],,-
Proof. By the construction of b(t), for all m < 3n,

[p(t) — (1 —q®))’ +bt)(1—q@))], =0,
[b()(1—q@)], =[A—q®)’ - p®)],,.
p)=((1—g®)—s®)*=(1—q(1))* =3s()(1—q()*+3s()* (1 —q () —s(1)°.

Plugging this expression in for p(¢) above, we have
[6() (1 —q@)],, = [3s()(1 —q©)* =3s()* A — q(1) +5(1)°] -
The lowest-order term of s(¢) will have degree 31 + 3, so it can be dropped, giving
[b()(1—q(1)],, = [3s()(1 —q(1))* =3s()*(1 —q(1))],,
=[(1=g@)3s()(1 —q(1) =s()],

=[(1—q@)3s()(1 —q@) —s)], -
Thus,

601 = b =3[s()(1 = (1) = s1))],,. O

Alternatively, we can write this result in terms of r(¢) as

m—n

by = 3[S(t)(1 —q(1) —S(l))]m =3|:rm + Zrirm—i:|-
i=1

Proposition 6.3. Assume p(t) satisfies the conditions of the Boyle—Handelman
theorem as well as our strengthened third condition. Let A1 be the Perron root of
p(t) and suppose p(t)'/?> =1—r(t). A good estimate of the coefficients r, of r (t) is

1/3\|.,
(") r@armmn',
where a(t) is the polynomial
(1)
alt) = lp—)\ll‘

and A is the Perron root of p(t). By a “good estimate” we mean that
I'n

lim =1.
o [(VP) 24 @1 /a3




EFFICIENT REALIZATION OF NONZERO SPECTRA BY POLYNOMIAL MATRICES 13

Proof. We begin with two subclaims.

Subclaim 1. Let € > 0 be given. Then there exists an N > 0 such that for any
n > N and for any j with0 < j < n,

(.55)
(")

n .
<——(1+e).
n—j

Proof. First, note that

(13 3=~ (5=(1=j=D)
n—j’| _ (=)'
('7) G- (o)
_ n! 1
=D (G=m=N)G—=j+D)(3-(n-1)
_nl 1
(n = Y [E= | I E0] [ 13D
n! 1

— =D (|15 [ (=D [T— |- (=D 3|

and

lo ]i[;]/j_li—lo (1— 1 )
s\Ll7z ~j S\ T 3m-0 )

3(n—k)

Since the denominator 1 — 1/(3(n — k)) decreases with k,

1 ]
0<-Y —log(1-
<J,; Og( 3(n—k>)
n—1 n—1
1 1 1
< —tog(1- log (1——
—n—1k§ Og( 3(n—k)) n—1k2:1: Og( )

The last expression above is the average of the first n — 1 terms of the form
—log (1 — 1/3k). Since these terms tend to 0 as k — oo, the average of them does
as well. Thus there exists an N such that for all n > N,

n—1 1
1 —10g< ——) < log(1+e€),
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and for n > N and for any j with 1 < j < n,

J 1 1/j
log (1_[ —1> < log(1+¢€).

k=1 " 3(m—k)
Therefore,
J
]11 — <(+e),
k=1 3(n—k)
and

1/3
(n—j)
1/3
()
Subclaim 2. Let € > 0 be given and fix K > 0. There exists an N > K such that

foranyn > N and forany j with0 < j < K,

1/3
(nij)
()
Proof Let €] = (14+¢)//*+D _ 1. Then by Subclaim 1, there exists an N| > K
such that for all » > N and for every j with0 < j < K < Ny,

(u55)
(")

Since lim, .o n/(n — K) = 1, there exists N, such that for all n > N,

<" _(+e). 0
n—j

1< <1l+e.

n
n—K

(1+e)k.

n .
<——0+¢e) <
n—j

<(1—¢€y).
n—K_( €1)

Let N = max(Ny, Np). Then foralln > N and j with0 < j < K,
1/3
(n—j)
1/3
()
We use these two subclaims to show that given € > 0, there exists an N such that

foralln > N,

< ——(+e)f <(+ea)l+ea) =(1+e) ' =(+e. O

n
1
() ihal /) ‘“

Let a(t) = 1 + Y 72, a;t" denote the power series expansion for a(t)!/? =

(p(t)/(1 —x11)'/? at 1 =0. Then
P =1=r0 = (=0 Paw = (1= | (') ir) (14 Lr ).
i=1 i=1
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We can then write 7, as

-1
1/3 . 1/3 _
rn:|< ’é )A?—an+2‘(nik>|akk7 k

It

Letd = %ea(l/kl)m. If A, is the root of a(¢) = p(¢)/(1 — A1t) with the greatest
modulus (i.e., for all A; roots of a(¢), |12| > |A;|) then the power series «(¢) = a(t)'’?
has radius of convergence 1/ |A,|, which is greater than 1/A;. Now, for some K >0
and n > K, we can write

1+Z

1/%

1/3

”k - =a(1/a)"3 (6-1)

e
+ (1 + Zakx;k —a(l/x1)1/3) (6-2)

K 1/3

+Z< 1/3 —1>ak,\1k (6-3)
k=1
n—1 1/3

+ Z kk;" (6-4)
k=K+1

_L);n_ (6-5)

651
We can now make each of the terms (6-2) through (6-5) small as follows:
(6-2): Since 1/A; lies in the radius of convergence of «/(7), 1 + Zf:ll ozk)\l_k con-
verges to a(1/x1)'3. So for some K; > 0,

K
‘1 +> aat —a1/a)'? <5

k=1
(6-4): This term is less than
n—1 |(1/3
> (m) etk | A}
oretl ()

Fix €; such that (1 4+ €3)/A; < 1/|12|. Then by Subclaim 1, there exists a K, such
that for all n > K and j < n,

(.55)

(")

n .
<——(+e).
n—j
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Then for all n > K>,

n—1 (1/3)
> (” k) e lAT* < Z n—(1+€2) e |27
k=K,+1 k=K>+1
= k 1+e\f
= 2 ()l
k=K>+1
+ +
< Z |ak|< 62) Z k|ak|< 62)
k=K>+1 k=K>+1

Since () converges absolutely, (1 4+ €)/A; lies within the radius of convergence
of both of these series. Thus there exists a K3 > K> such that for all n > k3, both

n—1

1
Z |O{k|( +€2> <
A
k=K3+1
and
n—1 k
1
3 klock|< 162) <.
k:K3+l 1
Thus,
n—1 1/3)
Yo i flewlrt <28,
k=K3+1 (n
(6-5): For sufficiently large n,
oy n! _
_Tn < ot
a1 = |11 1 nlAg
(&) ;G- (G-@-D)
1 2 L = D@)lanla”
= 11/1 1 [ T n—1n)\e A,
;G-1DG-2)|[5-3 3= (=D

< 2 — D)y A"

The series ) (n — 1)(n)a,t" has radius of convergence greater than 1/1; and
converges absolutely, so the sequence (n — 1)(n)a,t" is Cauchy. Thus there exists
K5 such that for all n > K35,

(o47]
1/3
[e¥]
At this point we fix K in the equation above so that K =max (K, K>, K3, K4, K5)
and look at the remaining term.

A< Hn— DM A" < 8.
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(6-3): This term is less than

Let

Q=K &

pOARTS

Then by Subclaim 2, since K is fixed, there exists an N > K such that for all n > N
and j withO < j <K,

(1/3
n—j

(")

1<

<1+e.

Thus, forall n > N,

K, (1/3)
Z( —1)|a AT "<Z<(1+ez)—1)|ak|x —ezDakM =

k=1 (1/3) k=1 k=1

Combining the above, for K = max(K, K, K3, K4, K5) andn > N,

1+Z

So,

(11
(" k) i — A <a(1 /AP 458 =a(1/a)' P (1 +e).

\(‘f)\

In
‘K?HwaUMﬂ“ '
_IED 4 S GE) ) e = e/ | (B
Wﬁxwamow

1/3\|4n 1/3
_ G (e u+@)_4:6 -
("2 a1 /a3

Proposition 6.4. Let 1 — c(t) = ( p(t))z/ 3. Then there exists an N such that for
k > N, we have ¢, > 0.

Proof. By the same method as above, a good approximation for ¢, is

)

Note that g (1/A1) must be positive since g(0) =1 and g () has no root between 0
and 1/A;. O

Mg (1/a))*?.
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We can now return to our polynomial b(¢), which was constructed such that
pt)—(1— q(t))3 4+ b(t)(1 — q(¢)) has coefficient O for all terms with degree 3n
or less (n is the degree of ¢ (t)).

From Proposition 6.2,

(b)) = bw =3[s()(1 —q(t) —s(1))],,.
where p(1)!/3 =1—r(t) =1—¢q(t) — s(t). We can write
PP =1—ct) =1 —q@)—s®)’
=1-2q(t) —25(1) +29(1)s (1) + q(1)* + s (1)*.
Thus forn <m < 2n,
b =3[s(1 —q(1) —s@))], =3(ca+1g1)*1n).
and for 2n <m < 3n,
b =3[s()(1—q(t) —s(®)],, = 3(cn —[s()*1n).
So if n is large enough that c,, > 0 for m > n, we have
b =3[s()(1 —q(0) —s@)],, = 3 (m +[q()*1n) = 0.
Then it remains to show that
b =3[s()(1 —q(1) —s@)],, = 3(m — [s()*1n) = 0

for 2n < m < 3n.
From Propositions 6.3 and 6.4 above, we can use the approximations

s |(7)

Note that for 2n < m < 3n,

b2 (G [y S wi Py [ |

i,m—i>n i,m—i>n

= (m— 2”—”\(1/3)(,71_1({3“))\-

Proposition 6.5. For 2n < m < 3n, there exists d with 0 < d < 1 such that

(m—2n— l)i(nlf‘l) (11171(2’11))| <1-—d.
1))

Proof. We first prove a couple of subclaims.

M@ and e |(2) M@/,
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Subclaim 3. For a fixed value of n, the expression
1/3 1/3
(n-H) (m—(n+1)) ‘
2/3
[65]

is strictly increasing in the range 2n < m < 3n.

(m—2n—1)

Proof. First note that the denominator of this term, |(2r2 3) , s strictly decreasing for
increasing m. We can now show that the numerator of this term is strictly increasing
by looking at the ratio of consecutive terms. We have

(m —2n — 1)‘(111-{-31)(m—1({z3+1))‘ _ (m—2n—1)(m—n)
(m—2m)| (1) ()] (m—2n)(1/3—(m—n—1))

- '(l_m—12n>4/3’f(—mn—n)
1

- m—2n
1 - m—n

Then we can compare 1/(m — 2n) to (4/3)/(m — n) by looking at their ratio,

4/3
m—n _ 4(m—2n)

— = —.
— 3(m —n)

This term is strictly increasing in the range 2n < m < 3n. It is equal to 0 when
m =2n and equal to 2/3 when m = 3n. Thus for 2n <m < 3n, we have 1/(m—2n) >
4/3)/(m—n)and 1 —1/(m —2n) < 1—(4/3)/(m —n). So the ratio in (6-6) is
less than 1, demonstrating that for 2n < m < 3n,

(m —2n— 1)‘(111-{—31)<m—1({13+1)>‘ = _2”)’<n1{r31)(ml/—3n>)' -

Thus it suffices to consider the largest possible value of m, 3n, which gives us

(n—1) | (nlfl) (22/—31)|

G

Subclaim 4. Foralln > 1,

Gl () [ | Bl (G IEN |
(€8] (€8]
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Proof. Again, by looking at their ratio, the denominators cancel, leaving

(n— 1)|(nlfl)(2ll1/—31)| (= 1)|(nl-{-31)(2il/—3])|
A (D)
n—11/3—n 2n
T n a4+l 1/3-2n—1
_n—ln(l—i) 2n

mn—-Den)  (1-3)

S+ D=1 (1-5515)
Now, we can observe that
1
it TR
1——1
32n—1)
and
-1 2n> -2
(n—1)(2n) _ 2n n <1 (=1
m+1DR2n—-1) 2n?2+4+n-1
and thus their product is less than 1. O

Subclaim 5. The terms
1| ()Gl
(€8]
are strictly decreasing for increasing values of n.

Proof. We again compute the ratio of consecutive terms, and find

<m+DWﬁMfM)/CMTMfM)

(€8] (€8]

3n 3n
_ n+11/3—n (1/3-2n)(1/3—(2n+1))
T on n+l n+1)2n+2)

5 (Bn+1)(3n+2)(3n+3)
(2/3=3n)(2/3—(3n+1))(2/3—(3n+2))
(1-3) (1= 5) (1 = 5is)

(- (- 5n) (- 5k)
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We now define

(1-59) (1 -5) (1 - &)

fo)=
(1= 50) (1 = 53) (1 = 57%55)
_33Bx—=1(6x = DHBx+DHBx+ 13 +2)
T xQx+1)O9x —D(9x —2)(9x +4)

We can compute the derivative of this function,

') = d (3(3x—1)(6x—1)(3x+1)(3x+1)(3+2))
=0 x2x+1D)Ox-1)Ox —=2)(9x +4)

dx
_ 6(104976x7+130491x°+49167x°—1485x* —4239x° —258x?+140x+8)
Bl x2(1458x441215x34135x2—70x —8)2 '

The numerator of this function factors as
6(3x + 1)(8 + 116x — 606x% — 2421x> 4 5778x* + 31833x° 4 34992x°).
Thus, the only roots of f’(x) can be at x = —1/3 or where
8+ 116x — 606x* — 2421x% +5778x* 4 31833x° + 34992x° = 0.
This has no solutions in [1, 00), since

8+ 116x — 606x2 — 2421x> + 5778x* + 31833x> + 34992
= (34992x% — 2421x3) 4 (31833x> — 606x2) +5778x* + 116x + 8

and each term above is strictly positive for n > 1. By a similar argument, the
denominator of f/(x) has no roots in [1, c0). We can calculate f'(1) = %ggggg ~
0.2244 > 0, and thus f’(x) > 0 for all x € [1, 00). Thus f(x) is strictly increasing

on [1, oo0) and

=1.

1— (1 =2L1)(1 =
lim f(x)= lim ( 23x)( 62)5)( 6x+23)
X—00 X—00 (1—97)(1—9x+3)(1—m)
So f(x) < 1forall x € [1, c0). The terms
(€51

are strictly decreasing for increasing values of n. ([

We can then evaluate this expression at n = 1 and find

(D] _3

IG5 ]I
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Thus for all n, m with 2n < m < 3n,

(m—2n— 1)|(nl—{—31)(m—1({l3-‘rl))| - 3 1— 1
(681 a4
So, we can choose d = 1/4 and the proposition is valid. (]

Now, write

- [S(t)z]m =Cm — Z SiSm—i-

i,m—i>n

For convenience we define A = \(2413)| and B = (m —2n — l)i(iﬁ) (mil(fﬂ)ﬂ.
Choose 6 > 0 such that Ad > §(A —2B —§6B).
By the propositions above, we can choose n such that for all m > n,

en> (1-9)|(3) gy
and
S < (1+5)‘<1/3)‘AT(q(l/M))IB.

So,
em =[5 (1) In
> 1-9)| (P2 pr@asm”

- Z (a+9)('7)

K@) (9] (7)) @ ?)

=<1—5>((2,f){A’r(q(l/xl))zﬁf > | ()] aasan”
e R A Y R A

i,m—i>n

> (1) (-] () |Faterem-20-0| () (0

In terms of A and B defined above, the term in parentheses in the last line can be
expanded to
A—8A—B—25B—8B

Then since B/A <1—d, we have A — B > Ad, and the expression above is greater
than or equal to

Ad —8A—28B—8°B=Bd—8(A—2B—5B).

By our choice of § above, this is strictly greater than or equal to 0, so we are done.
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Namely, this demonstrates that we can construct a polynomial b(¢) of degree at
most 3n with positive coefficients such that p(¢) — (1 — q(t))3 +b(t)(1 —q(t)) has
coefficient O for all terms with degree 3n or less.

Letd(t) =(1— q(t))3 —b()(1 —q(t)) — p(t). Since n is the degree of ¢(¢),
q(t)3 will have degree 3n as well, so any remaining terms in d(t) will be the
result of trailing terms in the product of b(¢) and g(z). Since both of these
polynomials contain only positive coefficients, d(¢) will as well. As a result,
p(t)=(1—q@)>—bt)(1 —q(t)) —d(t) and we can construct the matrix

q(t) d@®)/t* b(t)/t
AD=| 0 q@® t
t 0 q(1)

such that I — A(t) has determinant p(t).

7. Further work

The obvious next step in this research would be to continue to study this problem
for larger values of N and to develop constructions for correspondingly larger
polynomial matrices. Already for the case N =4 at least a slightly new method
will be required. The logical progression to a 4 x 4 matrix would be to construct

q@) a() B@) y@)
0 git) t 0
0 0 q@) ¢
t 0 0 q@

M(t) =

In this case I — M (¢) has determinant

(1—g)* —a@®)* = BOA —q)t* —y )1 —q@))*t.

Ignoring the y (¢) term (i.e., letting y (¢) = 0) results in a problem identical to the
N =3 case; however, it does not appear that this method will suffice for all polyno-
mials which satisfy the condition that p(¢)!/# has all negative coefficients. Thus it
is likely that a solution will require use of the y (¢) polynomial; however, the same
“greedy” algorithm cannot be used. Whereas 1 — ¢ (¢) had all negative coefficients
except for the leading 1, meaning that each coefficient of 8(¢) “helped” all of the
coefficients of higher order by making them more positive, (1 — g(¢))* will not in
general have that property. So coefficients of A(#) would correct some terms while
“hindering” others by making them more negative. It is also possible that a different
matrix configuration, utilizing more of the positions occupied by ¢ or 0 is required.

Clearly, the ideal result would be a general proof that demonstrated this result
for all V.
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Another interesting possibility for research would be to look at the degrees of poly-
nomials required in this construction and to attempt to constrain them. As mentioned
before, if a given construction could control the size of both the polynomial matrix
and the degrees of the polynomials used in the matrix, then it would put a constraint
on the required size of the matrix over Ry described in the original problem.

Interestingly, the results given here for N =1 and 2 already constrain the degree
of the polynomials used. (For a polynomial of degree d, the N = 1 requires only
a polynomial of degree d and the N = 2 case requires a matrix with polynomials
of degree at most 2d.) However, the polynomials required in the N = 3 case may
currently have arbitrarily high degree.

References

[Berman and Plemmons 1979] A. Berman and R. J. Plemmons, Nonnegative matrices in the mathe-
matical sciences, Academic Press, New York, 1979. MR 82b:15013 Zbl 0484.15016

[Boyle 1993] M. Boyle, “Symbolic dynamics and matrices”, pp. 1-38 in Combinatorial and graph-
theoretical problems in linear algebra (Minneapolis, MN, 1991), edited by R. A. Brualdi et al., IMA
Vol. Math. Appl. 50, Springer, New York, 1993. MR 94g:58062 Zbl 0844.58023

[Boyle and Handelman 1991] M. Boyle and D. Handelman, “The spectra of nonnegative matrices via
symbolic dynamics”, Ann. of Math. (2) 133:2 (1991), 249-316. MR 92d:58057 Zbl 0735.15005

[Egleston et al. 2004] P. D. Egleston, T. D. Lenker, and S. K. Narayan, “The nonnegative inverse
eigenvalue problem”, Linear Algebra Appl. 379 (2004), 475-490. MR 2005b:15040 Zbl 1040.15009

[Friedland 2012] S. Friedland, “A note on the nonzero spectra of irreducible matrices”, Linear
Multilinear Algebra 60:11-12 (2012), 1235-1238. MR 2989758 Zbl 1257.15006

[Laffey 2012] T. J. Laffey, “A constructive version of the Boyle-Handelman theorem on the spec-
tra of nonnegative matrices”, Linear Algebra Appl. 436:6 (2012), 1701-1709. MR 2890950
Zbl 1241.15007

[Laffey et al. 2013] T. J. Laffey, R. Loewy, and H. Smigoc, “Power series with positive coefficients
arising from the characteristic polynomials of positive matrices”, preprint, 2013. arXiv 1205.1933

[Lind and Marcus 1995] D. Lind and B. Marcus, An introduction to symbolic dynamics and coding,
Cambridge University Press, 1995. MR 97a:58050 Zbl 1106.37301

[Minc 1988] H. Minc, Nonnegative matrices, Wiley, New York, 1988. MR 89i:15001 Zbl 0638.15008
[Suleimanova 1949] H. R. Suleimanova, “Stochastic matrices with real characteristic numbers”,
Doklady Akad. Nauk SSSR (N.S.) 66 (1949), 343-345. In Russian. MR 11,4d Zbl 0035.20903

Received: 2011-09-05 Revised: 2014-02-01 Accepted: 2014-03-05

nathan.g.mcnew@dartmouth.edu
Department of Mathematics, Dartmouth College,
6188 Kemeny Hall, Hanover, NH 03755, United States

normes@du.edu Department of Mathematics, University of Denver,
2280 South Vine Street, Denver, CO 80208, United States

mathematical sciences publishers :'msp


http://msp.org/idx/mr/82b:15013
http://msp.org/idx/zbl/0484.15016
http://dx.doi.org/10.1007/978-1-4613-8354-3_1
http://msp.org/idx/mr/94g:58062
http://msp.org/idx/zbl/0844.58023
http://dx.doi.org/10.2307/2944339
http://dx.doi.org/10.2307/2944339
http://msp.org/idx/mr/92d:58057
http://msp.org/idx/zbl/0735.15005
http://dx.doi.org/10.1016/j.laa.2003.10.019
http://dx.doi.org/10.1016/j.laa.2003.10.019
http://msp.org/idx/mr/2005b:15040
http://msp.org/idx/zbl/1040.15009
http://dx.doi.org/10.1080/03081087.2011.616203
http://msp.org/idx/mr/2989758
http://msp.org/idx/zbl/1257.15006
http://dx.doi.org/10.1016/j.laa.2011.09.023
http://dx.doi.org/10.1016/j.laa.2011.09.023
http://msp.org/idx/mr/2890950
http://msp.org/idx/zbl/1241.15007
http://msp.org/idx/arx/1205.1933
http://dx.doi.org/10.1017/CBO9780511626302
http://msp.org/idx/mr/97a:58050
http://msp.org/idx/zbl/1106.37301
http://msp.org/idx/mr/89i:15001
http://msp.org/idx/zbl/0638.15008
http://msp.org/idx/mr/11,4d
http://msp.org/idx/zbl/0035.20903
mailto:nathan.g.mcnew@dartmouth.edu
mailto:normes@du.edu
http://msp.org

Colin Adams

John V. Baxley
Arthur T. Benjamin
Martin Bohner
Nigel Boston
Amarjit S. Budhiraja
Pietro Cerone
Scott Chapman
Joshua N. Cooper
Jem N. Corcoran
Toka Diagana
Michael Dorff
Sever S. Dragomir
Behrouz Emamizadeh
Joel Foisy

Errin W. Fulp
Joseph Gallian
Stephan R. Garcia
Anant Godbole
Ron Gould
Andrew Granville
Jerrold Griggs

Sat Gupta

Jim Haglund
Johnny Henderson
Jim Hoste

Natalia Hritonenko
Glenn H. Hurlbert
Charles R. Johnson
K. B. Kulasekera

Gerry Ladas

involve

msp.org/involve

EDITORS
MANAGING EDITOR
Kenneth S. Berenhaut, Wake Forest University, USA, berenhks@wfu.edu

BOARD OF EDITORS

Williams College, USA
colin.c.adams @williams.edu

‘Wake Forest University, NC, USA
baxley @wfu.edu

Harvey Mudd College, USA
benjamin@hmc.edu

Missouri U of Science and Technology, USA
bohner@mst.edu

University of Wisconsin, USA
boston @math.wisc.edu

U of North Carolina, Chapel Hill, USA
budhiraj@email.unc.edu

La Trobe University, Australia
P.Cerone@latrobe.edu.au

Sam Houston State University, USA
scott.chapman @shsu.edu
University of South Carolina, USA
cooper@math.sc.edu

University of Colorado, USA
corcoran@colorado.edu

Howard University, USA
tdiagana@howard.edu

Brigham Young University, USA
mdorff@math.byu.edu

Victoria University, Australia
sever@matilda.vu.edu.au

The Petroleum Institute, UAE
bemamizadeh @pi.ac.ae

SUNY Potsdam

foisyjs @potsdam.edu

Wake Forest University, USA
fulp@wfu.edu

University of Minnesota Duluth, USA
jgallian@d.umn.edu

Pomona College, USA
stephan.garcia@pomona.edu

East Tennessee State University, USA
godbole @etsu.edu

Emory University, USA
rg@mathcs.emory.edu

Université Montréal, Canada
andrew @dms.umontreal.ca
University of South Carolina, USA
griggs @math.sc.edu

U of North Carolina, Greensboro, USA
sngupta@uncg.edu

University of Pennsylvania, USA
jhaglund @math.upenn.edu

Baylor University, USA
johnny_henderson@baylor.edu
Pitzer College

jhoste @pitzer.edu

Prairie View A&M University, USA
nahritonenko @pvamu.edu

Arizona State University,USA
hurlbert@asu.edu

College of William and Mary, USA
crjohnso@math.wm.edu

Clemson University, USA
kk@ces.clemson.edu

University of Rhode Island, USA
gladas @math.uri.edu

David Larson
Suzanne Lenhart
Chi-Kwong Li
Robert B. Lund
Gaven J. Martin
Mary Meyer

Emil Minchev
Frank Morgan
Mohammad Sal Moslehian
Zuhair Nashed

Ken Ono

Timothy E. O’Brien
Joseph O’Rourke
Yuval Peres

Y.-E. S. Pétermann
Robert J. Plemmons
Carl B. Pomerance
Vadim Ponomarenko
Bjorn Poonen
James Propp
Jozeph H. Przytycki
Richard Rebarber
Robert W. Robinson
Filip Saidak

James A. Sellers
Andrew J. Sterge
Ann Trenk

Ravi Vakil

Antonia Vecchio
Ram U. Verma
John C. Wierman

Michael E. Zieve

PRODUCTION
Silvio Levy, Scientific Editor

Texas A&M University, USA
larson @math.tamu.edu

University of Tennessee, USA
lenhart@math.utk.edu

College of William and Mary, USA
ckli@math.wm.edu

Clemson University, USA
lund@clemson.edu

Massey University, New Zealand
g.j.martin@massey.ac.nz
Colorado State University, USA
meyer @stat.colostate.edu

Ruse, Bulgaria

eminchev @hotmail.com

Williams College, USA
frank.morgan @williams.edu
Ferdowsi University of Mashhad, Iran
moslehian@ferdowsi.um.ac.ir
University of Central Florida, USA
znashed @mail.ucf.edu

Emory University, USA
ono@mathcs.emory.edu

Loyola University Chicago, USA
tobriel @luc.edu

Smith College, USA

orourke @cs.smith.edu

Microsoft Research, USA

peres @microsoft.com

Université de Geneéve, Switzerland
petermann @math.unige.ch

Wake Forest University, USA
plemmons @wfu.edu

Dartmouth College, USA
carl.pomerance @dartmouth.edu
San Diego State University, USA
vadim@sciences.sdsu.edu

UC Berkeley, USA
poonen@math.berkeley.edu

U Mass Lowell, USA
jpropp@cs.uml.edu

George Washington University, USA
przytyck@gwu.edu

University of Nebraska, USA
rrebarbe @math.unl.edu
University of Georgia, USA
rwr@cs.uga.edu

U of North Carolina, Greensboro, USA
f_saidak @uncg.edu

Penn State University, USA
sellersj @math.psu.edu

Honorary Editor

andy @ajsterge.com

Wellesley College, USA

atrenk @wellesley.edu

Stanford University, USA
vakil@math.stanford.edu
Consiglio Nazionale delle Ricerche, Italy
antonia.vecchio@cnr.it

University of Toledo, USA
verma99 @msn.com

Johns Hopkins University, USA
wierman @jhu.edu

University of Michigan, USA
zieve @umich.edu

See inside back cover or msp.org/involve for submission instructions. The subscription price for 2015 is US $140/year for the electronic version, and
$190/year (+$35, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues from the last three years and changes
of subscribers address should be sent to MSP.

Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University of California,
Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

Involve peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2015 Mathematical Sciences Publishers


http://msp.org/involve
mailto:berenhks@wfu.edu
mailto:colin.c.adams@williams.edu
mailto:baxley@wfu.edu
mailto:benjamin@hmc.edu
mailto:bohner@mst.edu
mailto:boston@math.wisc.edu
mailto:budhiraj@email.unc.edu
mailto:P.Cerone@latrobe.edu.au
mailto:scott.chapman@shsu.edu
mailto:cooper@math.sc.edu
mailto:corcoran@colorado.edu
mailto:tdiagana@howard.edu
mailto:mdorff@math.byu.edu
mailto:sever@matilda.vu.edu.au
mailto:bemamizadeh@pi.ac.ae
mailto:foisyjs@potsdam.edu
mailto:fulp@wfu.edu
mailto:jgallian@d.umn.edu
mailto:stephan.garcia@pomona.edu
mailto:godbole@etsu.edu
mailto:rg@mathcs.emory.edu
mailto:andrew@dms.umontreal.ca
mailto:griggs@math.sc.edu
mailto:sngupta@uncg.edu
mailto:jhaglund@math.upenn.edu
mailto:johnny_henderson@baylor.edu
mailto:jhoste@pitzer.edu
mailto:nahritonenko@pvamu.edu
mailto:hurlbert@asu.edu
mailto:crjohnso@math.wm.edu
mailto:kk@ces.clemson.edu
mailto:gladas@math.uri.edu
mailto:larson@math.tamu.edu
mailto:lenhart@math.utk.edu
mailto:ckli@math.wm.edu
mailto:lund@clemson.edu
mailto:g.j.martin@massey.ac.nz
mailto:meyer@stat.colostate.edu
mailto:eminchev@hotmail.com
mailto:frank.morgan@williams.edu
mailto:moslehian@ferdowsi.um.ac.ir
mailto:znashed@mail.ucf.edu
mailto:ono@mathcs.emory.edu
mailto:tobrie1@luc.edu
mailto:orourke@cs.smith.edu
mailto:peres@microsoft.com
mailto:petermann@math.unige.ch
mailto:plemmons@wfu.edu
mailto:carl.pomerance@dartmouth.edu
mailto:vadim@sciences.sdsu.edu
mailto:poonen@math.berkeley.edu
mailto:jpropp@cs.uml.edu
mailto:przytyck@gwu.edu
mailto:rrebarbe@math.unl.edu
mailto:rwr@cs.uga.edu
mailto:f_saidak@uncg.edu
mailto:sellersj@math.psu.edu
mailto:andy@ajsterge.com
mailto:atrenk@wellesley.edu
mailto:vakil@math.stanford.edu
mailto:antonia.vecchio@cnr.it
mailto:verma99@msn.com
mailto:wierman@jhu.edu
mailto:zieve@umich.edu
http://msp.org/involve
http://msp.org/
http://msp.org/

Involve

2015 vol. 8 no. 1

Efficient realization of nonzero spectra by polynomial matrices 1
NATHAN MCNEW AND NICHOLAS ORMES

The number of convex topologies on a finite totally ordered set 25
TYLER CLARK AND TOM RICHMOND

Nonultrametric triangles in diametral additive metric spaces 33

TIMOTHY FAVER, KATELYNN KOCHALSKI, MATHAV KISHORE
MURUGAN, HEIDI VERHEGGEN, ELIZABETH WESSON AND ANTHONY
WESTON
An elementary approach to characterizing Sheffer A-type 0 orthogonal polynomial 39
sequences
DANIEL J. GALIFFA AND TANYA N. RISTON
Average reductions between random tree pairs 63
SEAN CLEARY, JOHN PASSARO AND YASSER TORUNO
Growth functions of finitely generated algebras 71
ERIC FREDETTE, DAN KUBALA, ERIC NELSON, KELSEY WELLS AND
HAROLD W. ELLINGSEN, JR.

A note on triangulations of sumsets 75
KAROLY J. BOROCZKY AND BENJAMIN HOFFMAN
An exploration of ideal-divisor graphs 87

MICHAEL AXTELL, JOE STICKLES, LANE BLOOME, ROB DONOVAN, PAUL
MILNER, HAILEE PECK, ABIGAIL RICHARD AND TRISTAN WILLIAMS

The failed zero forcing number of a graph 99
KATHERINE FETCIE, BONNIE JACOB AND DANIEL SAAVEDRA

An Erdés—Ko—Rado theorem for subset partitions 119
ADAM DYCK AND KAREN MEAGHER

Nonreal zero decreasing operators related to orthogonal polynomials 129

ANDRE BUNTON, NICOLE JACOBS, SAMANTHA JENKINS, CHARLES
MCKENRY JR., ANDRZEJ PIOTROWSKI AND LOUIS SCOTT
Path cover number, maximum nullity, and zero forcing number of oriented graphs 147
and other simple digraphs
ADAM BERLINER, CORA BROWN, JOSHUA CARLSON, NATHANAEL COX,
LESLIE HOGBEN, JASON HU, KATRINA JACOBS, KATHRYN
MANTERNACH, TRAVIS PETERS, NATHAN WARNBERG AND MICHAEL
YOUNG
Braid computations for the crossing number of Klein links 169
MICHAEL BUSH, DANIELLE SHEPHERD, JOSEPH SMITH, SARAH
SMITH-POLDERMAN, JENNIFER BOWEN AND JOHN RAMSAY

1944-4176(201501)8:1;1-5



	1. Introduction
	2. Preliminaries
	3. Graphs and polynomial matrices
	4. Our approach
	5. Cases N = 1, 2
	6. The case N=3
	7. Further work
	References
	
	

