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We develop theorems to compute the p-colorability of the families of T (m, n, r, s)
twisted torus knots for n = +1 (mod m) by finding their determinants. Instead
of the usual method of reducing crossing matrices to find the determinant, we
describe a new method that is applicable for braid representations with full cycles
and twists.

1. Introduction

In an undergraduate research project, Breiland, Oesper and Taalman [Breiland et al.
2009] used determinants to completely characterize the p-colorability of torus knots.
Conceptually, twisted torus knots, a recent addition to the field first described by
Dean [1996], are derived from torus knots. Thus, studying the determinants and
p-colorability of twisted torus knots is a natural extension of [Breiland et al. 2009].

In our paper, we develop theorems for calculating the determinant of certain fam-
ilies of twisted torus knots T (m, n, r, s), namely, when n = =1 (mod m). Table 1
presents a summary of our results. The columns for m, r, and s give the parity of
those parameters (if the column for s is left blank, that means the parity of s has no
effect on the formula for the determinant). The second column relates »n to m, and
the final column gives the determinant.

The organization of the paper is as follows. Section 2 provides background
information and previously known results. Section 3 introduces a new method of
finding the determinant of twisted torus knots and proves some preliminary results.
In Section 4 we prove our main results. Finally, in Section 5, we conclude with
suggestions for further research.

2. Background

2A. Torus knots and twisted torus knots. For m, n relatively prime, let T (m, n)
represent the torus knot that circles the meridian of a torus m times and the longitude
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m n r s det(T(m,n,r,s))
even mq 1 even lmg=x1+4+rsE(m—r)qrs|
even mq £1 odd | odd lr & (mr —r* 4+ 1)q|
even mqg 1 odd | even |mg £ 1|
odd 2mq £1 even |rs 1]
odd 2mq £ 1 odd | odd r
odd 2mqg £ 1 odd | even 1
odd | 2g+1)m=*1 | even |mF (m —r)rs|
odd | 2g+1)m=+x1 | odd | odd lmr —r? 41|
odd | 2g+1)m=+1 | odd | even m

Table 1. Summary of determinants of T (m, n, r, s) twisted torus
knots with n = &1 (mod m).

of a torus n times [Adams 2004]. T (m, n) is the closure of the braid with m strands
and n cycles, where we define a cycle on m strands as the passing of the right-most
strand over the remaining m — 1 strands.

A twisted torus knot can be constructed by beginning with the braid representation
of a T (m, n) torus knot and then performing s full twists on r parallel strands
[Champanerkar et al. 2004]. We denote a twisted torus knot by T (m, n,r,s),
where m is the total number of strands in the braid representation, n is the number of
cycles on the m strands, 7 is the number of strands to be twisted, and s is the number
of full twists on the r strands, as in Figure 1. Obviously, m and r must be positive
and r <m. Both n and s can be positive or negative; hence there are four possibilities
for the signs of the parameters. However, the determinant and p-colorability are the
same for a knot and its mirror image, so we assume that n is positive throughout.

An important equivalence that we will use several times is described in the
following theorem, which was shown by Dean [1996] for s = £1. His arguments
can be extended to any value for s.
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Figure 1. The T'(5,4) torus knot changed into a 7'(5,4,3,1)
twisted torus knot.
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Theorem 2.1. The T (m, n, r, s) twisted torus knot is equivalent to the T (n, m, r, s)
twisted torus knot.

2B. Colorability and determinants. A knot is p-colorable if the strands in a pro-
jection of the knot can be labeled according to the following three conditions
[Livingston 1993]. The first is that each strand must be labeled with an integer
from O to p — 1. The second requires that at least two labels are distinct. The third
requires that

x+y—2z=0 (mod p) (D

at each crossing, where z is the label of the overstrand and x and y are the labels of
the two understrands [loc. cit.]. Note that if a knot is colorable for some prime p,
then it is colorable for any multiple of p.

A knot is p-colorable if and only if p divides the determinant of the knot. The
determinant of a knot is the absolute value of the determinant of a minor crossing
matrix constructed by removing a row and a column from the crossing matrix of
a projection of the knot. A crossing matrix is a matrix representing the system of
equations determined by requirement (1) at each crossing of a projection of the
knot [loc. cit.].

The following result of Breiland et al. [2009] completely characterizes the
colorability of torus knots. Recall that 7'(m, n) and T (n, m) are the same knot, so
only two cases need to be considered.

Theorem 2.2. Let T (m, n) be a torus knot and p a prime:
(1) If m and n are both odd, then T (m, n) is not p-colorable.
(i1) If m is odd and n is even, then T (m, n) is p-colorable if and only if p | m.

Their proof was a direct consequence of the following lemma, which they proved
by evaluating Alexander polynomials at t = —1 [Livingston 1993].

Lemma 2.3. For any torus knot T (m, n),

(1) if m and n are odd, then det(T (m, n)) = 1;

(11) if m is odd and n is even, then det(T (m, n)) = m.

3. Methods

3A. Computer experimentation. We wrote a program in Matlab that input the four
parameters of a twisted torus knot and output the determinant of a minor crossing
matrix of the knot, which is equal to the determinant of the knot up to sign. Table 2
is a sample of the program’s output. The boldface lines identify the beginning of a
new “family”, where we fix m, n, and r, and let s vary.
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mi|n|r|s|det(C) m|n|r|s|det(C)
4 13|2]|1 1 5/3(3|1| -3
4131212 -1 51332 -1
413(2|3| -3 513(3(3| -3
413|214 -5 513|134 -1
4 13(2|5| -7 513|135 -3
4 (3(3|1 1 5/3(4|1] -1
413(3|2 3 5131412 -1
413133 1 5131413 -1
413(3|4 3 513(4(4| -1
41313|5 1 513|145 -1
513(2]1 1 51421 11
51312(2 3 5141212 17
5131213 5 5141213 23
513|124 7 514124 29
5131215 9 5141215 35

Table 2. Experimental data on the determinants of twisted torus
knot minor crossing matrices.

When r is even, the computed determinants of the 7 (m, n, r, s) twisted torus
knots form an arithmetic progression in s. When r is odd, the computed deter-
minants oscillate between two values as s varies. Two questions naturally arise:
what determines the starting values and differences in the progressions and what
determines the values in the oscillations? In trying to answer these questions, we
were able to make conjectures for several families of twisted torus knots. The next
two subsections develop the techniques that we used to prove our conjectures.

3B. Definitions and notation. We define a coloring vector as a vector
X =(X1,X2, ..., Xp)

that lists the colors of m strands of a twisted torus knot from right to left between
two consecutive cycles (for example, see the top of Figure 2). We also define a
coloring matrix as a matrix that operates on a coloring vector according to the
coloring relation (1). A coloring matrix represents the changes that occur to the
colors on the m strands after a specified number of cycles and/or twists.

We define I';, to be the coloring matrix that represents the change after one cycle
of m strands. Therefore, for a twisted torus knot with m strands and n cycles, the
coloring matrix that represents the changes through the torus part (the part above
the twists) of the knot is I'}} . The I',, matrix representing one cycle of an arbitrary
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Xm Xm—1 X3 X2 X1

\
X1 2X1—Xp 2X1—Xpm—1 2X1—X3 2X1—X
Figure 2. One cycle of an arbitrary knot.

knot is an m x m matrix of the form

2-1 0---0 O
20 -1---0 O
0 O

20 0 ---
Co=1. . : ’ ©

20 0---0-1
10 0---0 O
as can be seen from Figure 2 (see also [Breiland et al. 2009]).

We define y, as a coloring matrix that represents the change that occurs after
one full twist of r strands in the lower part of a twisted torus knot projection. By
definition, x, = I/ since there will be r cycles on r strands in one full twist. Later
in this section we will explore special properties of some powers of x, matrices.
Some of these properties have previously been stated by Przytycki [1998], using
n-moves and half-twists.

Throughout, we will use x, to symbolize the r x r matrix that represents the
changes occurring on only the r strands that are being twisted and also to symbolize
the m x m matrix that represents the changes on all m strands in the lower part of
the diagram. In this case, the rightmost m — r strands are left unchanged, so this
matrix will contain the original x, matrix in the lower right, while also having 1s
in the main diagonal from the upper left corner down to the start of the original y,
matrix. We hope that the distinction will be clear from the context.

If Ay, Ay, ..., A; are coloring matrices that represent all of the changes that occur
to the coloring vectors, in order, from the top of a projection of a twisted torus knot
to the bottom, then we can form an overall coloring matrix for the twisted torus knot
A=A;A;_1...A;. Then, if x is the coloring vector at the top of the projection, the
coloring vector x’ at the bottom of the projection can be found using Ax = x” mod p.
Thus, the twisted torus knot can be colored if and only if there exists a nonconstant
vector x such that Ax =x mod p. In our calculations, A is generally equal to xI"),
for the twisted torus knot T (m, n, r, s). For an example, see Figure 3.

3C. Determinants. The usual method of assessing p-colorability of a knot depends
on the fact that the system of equations obtained from the coloring relation (1)



366 MATT DELONG, MATTHEW RUSSELL AND JONATHAN SCHROCK

NS
is\ o
X

<6x§

-
e

Figure 3. Coloring matrices for the 7(5, 4, 3, 1) twisted torus knot.

at each crossing has a nontrivial solution mod p if and only if any minor of the
crossing matrix of the knot has determinant divisible by p [Livingston 1993]. Here
we describe a slightly different method for finding the determinant of a twisted
torus knot that utilizes coloring matrices rather than crossing matrices. This method
has the advantage of dealing with much smaller matrices, which have some very
nice forms and useful properties.

Recall that a knot has a nontrivial p-coloring if and only if there is a nonconstant
vector x such that x = Ax mod p for the coloring matrix A. So, we analyze the
system of equations Bx = 0 mod p, where B = A — I. Our treatment below of the
matrix B mimics the usual treatment of a crossing matrix to find the determinant of
a knot, as explained, for example, in [Livingston 1993].

First note that any constant vector x satisfies Ax = x, and so the system Bx =0
has nontrivial solutions. However, when considering colorability, we are only
looking for nonconstant solutions. By linearity, any two solutions to Bx = 0 can
be added to yield another solution. Hence, if there were a nonconstant solution to
Bx =0 mod p, then there must be one with x; = 0 for any choice of i.

Second, since the system Bx = 0 has nontrivial solutions, the rows of B are
linearly dependent. Moreover, as can be seen from the forms of the coloring matrices
given in the sequel, and remembering that B = A — I, the matrix B has the property
that multiplying every other row in the matrix by —1 results in a matrix whose rows
sum to the zero vector. This yields a dependence relation involving all the rows of B,
and so any one of the equations represented by the matrix B is a result of the others.

Taking the two previous observations together, we note that in looking for noncon-
stant solutions, we can delete any row and any column from B, forming a minor that
we denote as B’. Then, the knot has a nontrivial p-coloring if and only if p divides
the determinant of B’. Moreover, since the matrix obtained from B by multiplying
every other row by —1 has the property that any row and any column sums to 0, the
mod p rank is independent of which row and column are deleted [Livingston 1993].
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This construction is the same as the “black-box approach” used by Kauffman
and Lopes [2009] to find determinants of rational knots. There they argue that the
absolute value of the determinant of what we are calling B’ is equal to the classical
determinant of the knot. We also note that the details of Oesper’s calculation [2005]
of determinants of weaving knots show concretely, in a similar setting to ours, how
the classical determinant is obtained from the determinant of a minor of what we
are calling a coloring matrix.

3D. Forms of matrices. Recall that the coloring matrix x; corresponds to a full
twist on k strands. The form of y; is

1 22 ...2 =22
-3 2 =22
2 212 =22
S Do 3)
2 =22 ..-1-22
2 =22 ...2-32
2 =22 ...2 =21
when k is odd, and
3 -22...2-=22=2
2 —-12 ... 2 =22 =2
2 -23...2-22 =2
2 =22 ...3 =22 =2 “)
2 =22 ...2—-12 =2
2 -22...2-23 =2
2 =22 ...2 =22 -1

when £ is even, as can be shown by induction.

3E. Properties of coloring matrices. Let y; be a coloring matrix, with k odd.
Then, x; has the form (3). Squaring this immediately yields the following lemma.
Its corollary is similar to a result of Przytycki [1998].

Lemma 3.1. For k odd, we have sz = I.

Corollary 3.2. An even twist of an odd number of strands applied to a p-colorable
torus knot or twisted torus knot will result in a new knot that is also p-colorable.

Proof. Since sz = I} for k odd, it follows that any even twist of an odd number of
strands will have the same colors at the top and bottom. (]
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By induction, one can see that the coloring matrix x ,f for k even will have the form

2g+1 —2¢ 2g -+ 2q —2q
2q —2g+4+1 2q --- 2q —2q
2 -2 2g4+1 --- 2 —2
oA A )
2q —2q 2g - 2g+1 —2¢
2q —2q 2g -+ 2q —2q+1

Given this result, we can immediately prove another lemma. Again, a result
similar to its corollary was also demonstrated by Przytycki [1998].

Lemma 3.3. For k even, we have qu = [} mod g.

Obviously, we could have stated that for k even, X/? = [; mod 2¢g. However, in
this paper, we will only utilize the result as given in the lemma.

Corollary 3.4. If the original torus knot was p-colorable, twisting an even number
of strands s times, where p | s, will result in another p-colorable knot.

Proof. We have x;/ =X,fj for some j. Then, X,fj =ij =1I; (mod p). Therefore, when
coloring mod p, the same colors will appear at the top and bottom of the twist. [J

In our proofs, we will use a few special powers of the '), matrices, which we
now calculate. First, we find I’ for m even. This is equal to T2, = x .

This is (5) times (2), which is

2g+2 —2g—-1 2¢ —2qg - —2q 2q —2q
2g4+2 —-2qg 2q—-1 =-2q --- =2q 2q —2q
2g4+2 —2q 2g —2g—-1.--- =2q 2q —2q
2g4+2 —2q 2q —2qg -+ —2q 2q —2q ©)
2g+2 —2¢ 2q —2qg - =2 2q—1 —2q
2g+2 —2¢ 2¢q —2qg - —2q 29 —2q-—1
2g4+1 —2q 2q —2qg -+ =2q 2q —2q
Here, we exhibit the form of F,’:,lq_l for m even, which is
2q —2qg 2 -+ 2qg —2q+1
2g—1 =29 2 --- 2q —2q—+2
2 —2g—12q --- 2 —2g+2
e @
2q —2qg 2 -+ 2q —2q+2
2¢q —2qg 2q --- 2g—1 =2q+2
When we multiply (7) by (2), we obtain (5). Therefore, the matrix (7) has been

1. —1 .. .
shown to be I, since we have I';,? " T, = ;! = x4 and T, is invertible.
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Finally, we calculate I'2"%! for m odd. Since x2! = I,,,

rzmatl —p2mip — T =T,.

Also,
0 00--- 01
-1 00-..- 02
0-10--- 02
0 00--- 02
0 00--- =12

times (2) is equal to 7,,. Thus (9) is equal to 2"~

4. Results

. 2mg—1 2
since T 1, =Ty =1

369

(®)

€))

m*

We now calculate the determinants of 7 (m, n, r, s), for some families of the parame-
ters. We find A= xI') and then use the process from Section 3C to find the determi-
nant of the knot by finding the determinant of a minor of A—1/, which we do by row
reduction. We use the second definition of y, matrices given in Section 3B — that
is, a x, matrix is an m xm matrix that contains m—r 1s along the main diagonal and
the rest of the nonzero entries in the lower right of the matrix. For r even, we have

10---0 0 o -.- 0 0
01---0 O o --- 0 0
00---1 0 o --- 0 0

x»=100.---02s+1 25 --- 2s —2s
00---0 2 —2s41--- 2s —2s
00---0 2s —2s - 2541 —2s
00---0 25 —2s -0 25 2541

Recall from Lemma 3.1 that sz = [, for r odd. For r, s odd we have

10---00 0--- 00
01.---00 O0--- 060
00.--10 O0--- 00
xX=100---01-2... =22
00.--02-3... =22
00--02-2... =32

00.--- 02 -2..- =21

(10)

(11)
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4A. T (m, mq + 1, r, s) family with m even. By Theorem 2.1, the T (4, 5,2, 5)
family of twisted torus knots is the same as the 7'(5, 4, 2, s) family of twisted
torus knots. By Table 2, we see that this family has determinants in an arithmetic
progression with starting value 5 (the determinant of 7 (4, 5)) and difference 6.
This is a special case of the following theorem, which states that related families of
twisted torus knots will have determinants in arithmetic progressions with starting
values at the determinant of the (untwisted) torus knot and a difference that depends
onm,n,r,ands.

Theorem 4.1. A T (m, mq + 1, r, s) twisted torus knot, with m, r even and m > r,
has determinant A = \mq +1+rs+ (m —r)qrs)|.

Proof. Multiply the x? matrix (10) on the right by F,’qu (6), yielding

2g+2 —2g—1--- =2q 2q —2q 2q - 2q —2q

242 —2q --- =2q 2q —2q 2q - 2q —2q

2g+2 —2qg --- —2q 2q-1 —2q 2q cee 2q —2q
2g42s+2 —2¢q --- =2q 29 —2q-—2s—1 2g+42s --- 2q+2s —2g-—2s
2g42s+2 —2¢q --- =2q 29 —2q—2s 2g+42s—1--- 2q+2s —2g-—2s
2g+2s+2 —2q --- =29 29 —2q—2s 2q+2s --- 2q+2s —2g—25—1
2g+2s+1 —2q --- =2q 29 —2q—2s 2q+2s --- 2q+2s —2g-—2s

Here, R,;,—,41 is the first row with entries that contain an s. We subtract /,, and
remove the first row and column:

—2q—12g—1--- —=2q 2q —2q 2q 2q —2q
—2q 2q—-1--- —2q 2q —2q 2q 2q —2q
—2q9 2q --- —2g—12g—1 —2q 2q 2q —2q
—2q 2q -+ —2q 2q—1 —-2q—2s—1 2q+2s --- 2q+2s —2g-—2s
—2q9 2q --- —-2q 29 -—2q-2s—12g+42s—1--- 2g+42s —2g—2s
—2q9 29 --- —-2q 29 —2q—2s 2q+2s --- 2g4+2s—1 —2g—2s5—1
—2q9 2q --- —2q 29 —2q—2s 2q+2s --- 2g+2s —2g—2s—1

To find the determinant of this matrix, we use elementary row operations to con-
vert the matrix into an upper triangular matrix, whose determinant we can then easily
compute by taking the product of the diagonal entries. Using the row operations
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Ri— R —Ry, Ry—> R,—R3, ..., Ry_2 —> R, _»— Ry,_ yields the matrix

-1 0 1 0 0 0 0 0 - 0 0 0

0 -1 0 1 0 0 0 0 - 0 0 0

0 0 -1 0 0 0 0 0 - 0 0 0

0 0 -1 0 0 0 0 - 0 0 0

0 0 0 o - — 0 1+2s —2s 2s —2s 2s

0 0 0 o - —1 0 1 0 ,

0 0 0 0o - 0 0 -1 0 0 0 0

0 0 0 0 - 0 0 0 -1 0 0 0

0 0 0 o --- 0 0 0 0o .-.- -1 0 1

0 0 0 o .- 0 0 0 o -.--- 0 -1 0
29 29 -2q 2 --- —2q 29 -« a - —o o —ao-—1

where o = 2q + 2s. (Note that the entries £2s occur in row R,,_,_1.) We now
reduce the last row using
(m—r)/2
Ru—1— Ry_1+ Z 2iq(Roi — Rai—1),
i=1
(r=2)/2
Ru—1 = Ru—i+ ) (m=r)(142i5)q+2i(q+9)) (Rm—r+2i = Ru—r42i-1)-
i=1

This leaves us with

-1 0 1 O0--- 0 O 0 0 - 0 0 0
o-1 o0 1--- 0 O 0 0 - 0 0 0
o 0-1 O0--- 0 O 0 0 - 0 0 0
o 0o 0-1--- 0 O 0 0 - 0 0 0
o o0 o o0--- -1 0 1425 =25 --- 25 —2s5 2s
0O 0 0 O 0 —1 0 1 - 0 0 01,
0O 0 0 O 0o 0 -1 0 0 0 0
0O 0 0 O 0 O 0 -1 - 0 0 0

0 0 O 0 O 0 0 —1 0 1
0 0 O 0 O 0 0 --- 0 —1 0
0O 0 0 O 0 O 0 0 --- 0 0o A

where

A=—1-29-25—qQ2s)(m—r)—(m—=r) A+ =2)s)g+ ( —2)(q +5)).
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The determinant of this upper triangular matrix is A since there are an even number
of —1s along the diagonal. We can rewrite A as —1 —mqg —rs — (m —r)qrs. As
we explained in Section 3C, the determinant of the knot is the absolute value of the
determinant of this matrix, so it follows that the determinant of the knot is equal
to|l4+mg+rs+ (m—r)grs|. ([

For these values of m and n but odd r, a different phenomenon results. For
example, the T (5, 4, 3, s) family has determinants that oscillate between 5 (the
determinant of 7'(5, 4)) and 7. Next we show that this is representative of related
families of twisted torus knots, which have determinants that oscillate between the
determinant of the untwisted knot and another value that depends on m, n, and r.
We first prove the following lemma for s = 1.

Lemma 4.2. A T (m, mq + 1, r, 1) twisted torus knot, with m even and r odd, has
determinant A = |r + (mr —r* 4+ 1)q|.

Proof. Multiply the x; matrix by I‘,’ZqH. This is (11) times (6), which equals
2g+2 “2g—-1 --- 2q —2q 2q -2 -+ 2q —2q
2g+2 —-2g --- 2qg —2q 2q —2q -+ 2q —2q
2g+2 —2q - 29 —2q—-1 2q —2q -+ 2 —2q

2q —2q 29 —2q 2g—1 —2q+2 --- 2g—2 —2q+2
2q —2q - 29 —2q 2q—2 —2q+3 --- 2g—2 —2q+2
2q —2q - 29 —29 2q—2 —2q4+2 --- 2g—1 —2g+3
2q —2q - 29 —29 2q—2 —2q+2 --- 2q—2 —2g+3
2g+1 —2¢q - 29 29 2q—-2 —2g+2 --- 2q—2 —2g+2

Note the change from row R,,_, to R,,_,4+1. Subtract I,,, and remove the first row
and column:

—2g—12¢g—-1.-.-- 2q —2q 2q —2q 2q —2q
29 2g—1--- 2q —2q 2q —2q 2q —2q
—2q 2q - 2g—1 —2g—1 2q —2q 2q —2q
—2q 2q 2g —2g—-12g—-1 —2g+2 --- 2q—2 —2g+2
—2q 2q 2q —2qg 2q—3 —2g+3 --- 2qg—2 —2g+2
—2q 2q 2q 29 2q-2 2g+2 --- 2q—1 —2g+2
—2q 2q 2q -2q 2q—-2 —2g+2 --- 2q—3 —2g+3
—2q 2q 2q 29 2q—-2 2g+2 --- 2qg—2 —2g+1
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Reducing with Ry - R{ — Ry, R» > Ry — R3, ..., Ry—» = Ry_2 — Ry, gives

-1 0 1 0-- 0 O 0 0 0 0 0
0 -1 0 1 0 o0 0 0 0 0 0
0 0 -1 0 0 o0 0 0 0 0 0

0o -1 - 0 o0 0 0 0 0 0
o o o O0-- -1 0 1 -2 -2 2 -2
0O o0 0 O0- -1 2 -1 0 0 ,
0O o 0 o0- 0o 0 -1 2 0 0 0
0O o 0 o0- 0 o0 0 -1 - 0 0 0
o o o o0-.-- 0 O 0 0o - -1 2 -1
o o o o0-.-- 0 O 0 0o - 0 -1 2
—2qg 2q —2q 2q --- 2q —2q 2q—2 —2q+2 --- —2q+2 2g—2 —2q+2

where the row containing the +2s is R,,_,_;. We now reduce the last row using

(m—r—1)/2
Ry—1— Rpy—1+ Z 2iq(Ro;i — Roj—1),

i=1
(r—=3)/2
Rp—1 = Ru—i+ Y ((Qi+D0m—r)+1)q+2i)Ry_ri2
i=1

(r=1)/2

— Y (@i=Dm=r)+1)q+2i)Ru—ri2i1.
i=1

We now have the upper triangular matrix

-1 0o 1 0--- 0 O O O-- 0 0 O
oO-1r 0 1..- 0 O O O-- 0 0 O
0 0 -1 0o 0 0 O0-- 0 0 O
o o0 0-1--- 0 O O O-- 0 0 O
0 0 0 O -1 0 1 -2 -2 2 =2
0 0 0 O 0-1 2 -1 0o 01,
0 0 0 O 0 0-1 2 0 0 O
0 0 0 O 0 0 0 -1 0 0 O
0 0 0 0 O -1 2 -1
0 0 0 O 0 0 0 O 0 -1 2
0 0 0 O 0 0 0 O 0 0 A
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where
A=1-2g—-2(m—r—1)q
+((r=2)(m—=r)+1)g+r=3=2((r=2)(m—r)+1)+r —1).

Since there are an even number of —1s on the diagonal, the determinant is A,
which simplifies to —r — (mr — r?> + 1)g. The determinant of the knot is then
Ir + (mr —r*+ 1)q|. O

This immediately leads into a theorem:

Theorem 4.3. A T'(m, mq + 1, r, s) twisted torus knot, with m even and r odd, has
determinant A = |r 4+ (mr —r> 4+ 1)q| if s is odd, and determinant A = |mq + 1|
if s is even.

Proof. 1If s is odd, x; will equal the one used in the proof of Lemma 4.2, so the
determinant of T (m, mg + 1, r, s) would equal that of T(m,mqg + 1,r,1). If s
is even, x; will be the identity, so the determinant of the knot would simply be
the determinant of the 7 (m, mq + 1) torus knot, which is mqg + 1 by Lemma 2.3,
since m is even and mq + 1 is odd. ([l

4B. T(m,mq — 1, r, s) family with m even. We now proceed to investigate a
similar family to the one just analyzed. In these proofs, instead of using some power
of I';, that has a diagonal with —1s in it to the upper right of the main diagonal,
as in (6), we utilize different powers of I',, that have the property that there is a
diagonal with —1s in it to the lower left of the main diagonal, as in (7). By glancing
at the values for the 7 (4, 3, 2, s) family in Table 2, we conjecture that we will have
an arithmetic progression beginning at the determinant of the 7'(4, 3) torus knot.
We now prove that this is the case.

Theorem 4.4. A T (m, mq — 1, r, s) twisted torus knot, with m, r even, has deter-
minant A = |mq —14rs — (m —r)qrs|.

Proof. Multiply the x* matrix by [jn?~". This will be (10) times (7), which is

2g —2q --- 2q —2q 2q —2q 2q —2g+1
2g—1 —2q --- 2q —2q 2q —2q 2q —2q+2
2g —2q --- 2g—1 —2q 2q —2q 2q —2g+2
2g —2q--- 2q —29-2s—1 2q+2s —2q—2s --- 2q42s —2q+2
2g —2q --- 2q —2q—2s 2q+2s—1 —2q-—2s --- 2q+2s —2g+2

2g —2q --- 2q —2q-2s 2q+2s —2q—2s—1--- 2q+2s —2q+2

2qg —2q--- 2q —2q-2s 2q+2s —2q—2s --- 2q+2s —2q+2
2g —2q--- 2q —2q-2s 2q+2s —2q—2s --- 2q+2s—1 —2q+2
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We subtract I, from this. At this point, instead of deleting the first row and
column as we have done previously, we choose to remove the last row and column:

2g—1 —-2¢q --- 2q —2q 2q e —2q 2q
2g—1 —2g—1 --- 2q —2q 2q —2q 2q
2q —2q -+ 2g—1 —2¢g-1 2q —2q 2q
2q —2q -+ 2q —2g-2s—1 2g+4+2s—1 --- —=2q—2s 2q+2s
2q —2q -+ 2q —2g—-2s 2q+2s—1 --- —=2q-—2s 2q+2s
2q —2q -+ 2q —2g—2s 2g42s -+ —2q—2s—1 2q+2s
2q —2q -+ 2q —2g—2s 2g+2s -+ —2q—2s—1 2q+2s—1

The first row with entries containing a term with an s is R,,—,+1. We now reduce
using the row operations

Ry— Ry—R3, R3—>R3—R4, ..., Ry2—> Ry_2—Rp_1,
Ruy—1—> Ru—1—Ri, Ri—> Ri+Ry-1. (12)

Additionally, we cyclically permute the rows by moving R; to the bottom, while
shifting all of the other rows up by one. This puts the diagonal of —1s on the
main diagonal using an even number of switches. Thus, the determinant remains
unchanged. The matrix becomes

-1 o 1 --- 0 0 0 o - 0 0 0
0o -1 0 --- 0 0 0 o - 0 0 0
0 o 0 - 0 1 0 1 - 0 0 0
0 0 0 - -1 2s —2s+1 25 -+ —2s 2s —2s
0 o 0 - 0 -1 0 1 - 0 0 0
0 o 0 - 0 0 -1 o - 0 0 0 ’

o 0 --- 0 0 0 o - 0 1 0

0 o 0 --- 0 0 0 o ... -1 0 1
1 o 0 .- 0 —2s 2s  —=2s -+ 25 =2s—1 2s—1
2g —2q 2q --- 29 —« o - - o —a—1 aoa-—1

where R,,_,_; is the first row with entries =2s. (As before, & = 2g + 2s.) We now
reduce R,,_, with
(m=2)/2

Ry—2— Ry—2+ Z Ryi—1.
i=1
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We then reduce R,,_; with

(m—r—=2)/2
Ry—1— Rpy—1+ Z 2ig(Ryj—1 — Ryi)) +(m —r)qRy—r_1,
i=1
r/2
Ru—1 = Ryt + ) _((m = r)Qigs —q) = (2i =2)g = 2is) Ru—r—242:.
i=1
(r—=2)/2
Rpt = Ru_1— Y (m—r)Qigs —q)—2iq —2is)Ru—r—112.
i=1

Now we have successfully reduced the matrix into an upper-triangular matrix

~1 01 0 0 0 0 0 0 0
0-10-- 0 0 0 0 0 0 0
0 00--- 0 1 0 1 -+ 0 0 O
0 00+ —1 25 254125 --- =25 25 —2s
0 00--- 0 —I 0 1.+ 0 0 O
0O 00--- 0 0 —-1 0-- 0 0 0
0 00--- 0 O 0 0 0 1 0
0 00--- 0 O 0 0 -1 0 1
0 00--- 0 O 0 0 0 -1 0
0 00--- 0 O 0 0 0 0 A

with determinant

A=2g+2s—1=2s(m—r)qg—(m—r)((r—2)gs—q)— (r—2)qg — (r —2)s).
As before, there are an even number of —1s on the diagonal, and the row

operations did not affect the determinant. Simplifying A, the determinant of the

knotis | —14+mg+rs— (m —r)qrs|. U

To investigate this family when r is odd, we begin with a lemma for the case s = 1.

Lemma 4.5. A T (m, mq — 1, r, 1) twisted torus knot, with m even and r odd, has
determinant A = |r — (mr —r*>+1)q|.

Proof. Multiply the x} matrix by F,’Z(’_l. This is (11) multiplied by (7), which gives
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2q
2q_1 _2q e
2q
2q
2q
2q
2q
2q

—2q -

_Zq PN
_Zq PPN
_2q PPN

_2q ...
—2q ---
—2q ---

_2q

2g 29 2q
2g 29 2q
2q 29 2q

2g—1 —2g+42 2g—2 ---
2g—-2 —29+3 2g-2 ---

2q—2 —2q+2 2q-2 ---
2q—2 —2q+2 2qg-2 ---
2q—2 —2q+2 22 -

—2q 2g —2g+1
—2q 2g —2g42
—2q 2g —2q+2

—2g+42 2q—2 —2q+2
—2g+2 2q—2 —2q+2

—2g+42 2q-2 —2q+2
—2g+3 2q-2 —2q+2
—2g+2 2g—1 —2q+2

377

As in the previous proof, we delete the last row and column after subtracting 7,,:

We apply the row operations given in (12). Also,

2g -1 —2¢q —2q 2q —2q

2g—-1 —2g—1 --- =2¢ 2q —2q
2q —2q —29g—129g—-1 —2¢q
2q —2q —2qg 2g—1 —2q+1
2q —2q —2q 29—-2 —2g+3
2q —2q —2q9 2g—-2 —2q+2
2q —2q —2q9 29—-2 —2q+2
2q —2q —2q9 2g—-2 —2q+2
2q —2q —2q 2q—-2 —2g+2

the other rows are shifted up one, giving

-1 0
0 -1
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

-1 0
2g —2q

1 0
0 1

0
0 -1
0 0
0 0
0 0
0 0
0 0
0 0
0 0

0 0O 0 O

0 0O 0 O

0 0O 0 O

0 0O 0 O
-1 0 -1 2 —

0 1 -2 1

0 0 1 -2

0 0O O 1 —
0 0O 0 O

0 0O 0 O

o -2 2 =2
2¢ BB B -

2q —2q
2q —2q
2q —2q
29—2 - —2g+2
29 —3 - —2g+2
2g—1 - —2g+2
29—2 - —2g+2
29—2 - —2g+1
29—2 - —2g+3

2q

2q

2q
2q —2
2q —2
2qg —2

2g —2
2g —2
2g -3

R; is moved to the bottom, and

oS O O O

0 0 0
0 0 0
0 0 0
0 0 0
-2 2 =2
0 0 0
0 0 0
0 0 0
1 -2 1
0 1 =2
2 -2 3
-8 B —p+1

S O o O

-3
p—1
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Here, R,,,_,_ contains the sequence of alternating £2s and g =2¢q —2. The absolute
value of the determinant is unchanged by these row operations. To reduce R,,_»,

we use
(m=2)/2

RmfZ - Rm72 + Z R2i71-
i=1
In so doing, we find that adding R,,_,_ to it creates a lot of cancellation. For the
last row, we use
(m—r—1)/2
Ry—1— Ry—1+ Z 2qi(Ryi—1 — Ryi),
i=1
(r=1)/2
Rp1— Ru—1— Y ((@i=1D0n—r)+1)g—2i)Ru—r 212,
i=1
r—=1)/2
Ryt = Ruo1— Y ((Qi4+1)0n—r)=1)g —2i)Ryr 112
i=1

Our matrix has been transformed into

1 0 1 0--- 00 0 0 0-- 0 0 0 0
0-1 0 1--- 00 0 0 0-- 0 0 0 0
0 0-1 0--- 00 0 0 0O-- 0 0 0 0
0 0 0-1--- 00 0 0 0-- 0 0 0 0
00 0 0-v =10-1 2-2-- -2 2-2 2
000 0. 01 -2 1 0-- 00 0 0
000 0. 00 1-2 1-- 00 0 0}
00 0 0.+ 00 0 1-2-- 00 0 0
000 0. 00 00 0--- 1-2 1 0
000 0. 00 00 0-- 0 1-2 1
000 0. 00 00 0--- 0 0 1 -2
00 0 0~ 00 0 0 0-- 0 0 0 A

for
A=2g—-3-2(m—r—1)gq
—((r=2(m=r)+1)g— (= D) +2((r(m —r) — )g — (r — 2)).

There are m —r — 1 entries of —1 on the main diagonal. Since m —r — 1 is even,
the determinant of this matrix is A, which simplifies to —r + (mr — r>+1)q. The
determinant of the knot is then |r — (mr —r> 4+ 1)q|. O
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As in the proof of Theorem 4.3, this lemma leads directly to a corresponding
theorem.

Theorem 4.6. A T'(m, mq — 1, r, s) twisted torus knot, with m even and r odd, has
determinant A = |r — (mr —r> 4+ 1)q| if s is odd, and determinant A = |mq — 1|
if s is even.

4C. T (m,2mgq + 1, r, s) family with m odd. Now we begin our discussion of
twisted torus knots when both m and n are odd. This represents a major change
for two reasons. First, the 7' (m, n) torus knot that we begin with will no longer be
p-colorable for any p; by Lemma 2.3, it will have a determinant of 1. Additionally,
the powers of the I',, matrices that we use will no longer have gs in them. However,
after examination of Table 2, the trend of having either an oscillating pattern or an
arithmetic progression appears to hold when m and n are both odd (the determi-
nants of the 7' (5, 3, 4, s) family form an arithmetic progression with difference 0).
Although the details are slightly different, the methods of this section closely follow
those of Section 4A. For space considerations, we suppress the matrices involved
and only record the arithmetic details. We trust that the reader could supply the
matrices if desired.

Theorem 4.7. A T (m,2mq + 1, r, s) twisted torus knot, with m odd, r even, and
m > r, has determinant A = |rs + 1].

Proof. Multiply the x* matrix by ['n"?*". By (8), this will be (10) times (2). As
we did in Section 4A, we will return to our method of subtracting /,,, and removing
the first row and column. We do not have to reduce any of the first m —r rows, as
there are no entries to the left of the long diagonal in these rows. (The first row
containing 2s and —2s happens to be R,,_,.) Therefore, we use a different process
of row operations, as we only will work with the last r rows, as follows:

Rm—r—H - Rm—r—H - Rm—r+2a

Rm7r+2 - Rm7r+2 - Rm7r+3a oo Ry —> Ryy2— Ry (13)

All that remains is to reduce R, _j. Our procedure for doing this is

(r=2)/2

Ry—1—> Rpy—1+ Z 251 (Ryy—r42i — Ri—r+2i—1)-
i=1

This converts the matrix into an upper triangular matrix with an odd number
of —1s along the diagonal and —A = —2s — 1 — (r — 2)s as the only other diagonal
entry. The determinant of this matrix is then A = 14 rs. The determinant of the
knot is thus |1 +rs]|. O
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Similarly, we can prove that when r is odd the determinants will oscillate.
However, they now oscillate between 1 and some other value, as the determinant of
a T (m,2mq+1) torus knot is 1 by Lemma 2.3, because both m and 2mqg+-1 are odd.

Lemma 4.8. A T (m,2mq + 1, r, 1) twisted torus knot, with m, r odd, has determi-
nant A =r.

Proof. Multiply the x} matrix by I" ,%{"qH. By (8), we have (11) multiplied by (2).
We subtract I,,, and remove the first row and column. Again, we do not have to
reduce the first m — r rows. (The first row with more than two entries is R,,_,.) We
use the row operations given in (13) on the remaining rows.

The last row is the only one preventing an upper-triangular matrix. We remedy
this with

(r=3)/2
Ry—1— Ry—1— Z 2i(Rn—rs2i + R—ri2i-1) — (r = DRy 2.
i=1

This leaves an upper triangular matrix with an odd number of —1s on the
diagonal and —A in the last diagonal entry, where —A =1+ (r —3) —2(r — 1).
The determinant of this upper triangular matrix is A. Fortunately, A simplifies to r.
The determinant of the knot is then just r. (Note that » can never be negative, as it
represents the number of strands.) ([

Again this lemma leads to a full theorem.

Theorem 4.9. A T (m,2mq + 1, r, s) twisted torus knot, with m, r odd, has deter-
minant A =r if s is odd, and determinant A =1 if s is even.

4D. T (n,2mq — 1, r, s) family with m odd. The final family that we will in-
vestigate with our procedure is the 7' (m,2mq — 1, r, s) family. In many ways,
these proofs correspond to those presented in Section 4B, which deal with the
T(m,mg — 1, r,s) family, just as the proofs from Section 4C correspond to those
from Section 4A. This is due to the fact that the diagonal with —1s is to the lower
left of the main diagonal, instead of the upper right. As in the previous section we
suppress the matrices to save space.

Theorem 4.10. A T (m, 2mq — 1, r, 5) twisted torus knot, with m odd, r even, and
m > r, has determinant A = |rs — 1|.

Proof. Multiply the x* matrix by '™, which is (10) times (9). As in the proofs

of Theorem 4.4 and Lemma 4.5, we opt to delete the last row and column after
subtracting I,,. Here, the first row with entries 25 is R,,—,+1. In this proof, we
use a different method of turning this matrix into a triangular matrix. Instead of
subtracting each row from the row above it and ending up with an upper triangular
matrix, we choose to subtract each row from the row below it, eventually reaching
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a lower triangular matrix. This avoids any need to cyclically permute the rows. Our
row operations are

Rmfl — Rm,1 - Rm72,

Ry—2—> Ry—2—Rpu-3, ... Ryu—ry2—> Ry—r12— Rin—r+1. (14)

Because of our different procedure, we must reduce R,,_,+ (not R,,—1). We use

(r=2)/2

Ry—r+1—> Ryp—ri1 + Z 2is(Rp—2i+1 — Rm—2i).
i=1

This gives a lower triangular matrix with an odd number of —1s along the
diagonal and —A =2s — 1+ (r —2)s in row R, _,4 as the only other entry on the
diagonal. The determinant of this matrix is A = —1 4 rs, and so the determinant
of the knot is | — 1 +rs]|. O

Our final proof of this type investigates a case where r is odd. Again, we are
confirmed by Table 2, in which one family satisfying the following conditions is
T(@,3,3,s).

Lemma 4.11. A T (m, 2mq — 1, r, 1) twisted torus knot, with m, r odd, and m > r,
has determinant A =r.

Proof. Multiply the x* matrix by [p"?~". This will be (11) multiplied by (9). As
in the proof of Theorem 4.10, we subtract I, and remove the last row and column.
We again choose to subtract each row (beginning with R,,,_, ) from the row below
it, with the intention of finding a lower-triangular matrix. Our row operations are
those given in (14).

All that remains is to reduce R,,_,+1, which we do with

(r=1)/2 r=3)/2

Rm7r+l - Rm7r+l_ Z 2iRmfZiJrl_ Z 2iRm72i'
i=1 i=1

This leaves a lower triangular matrix with an odd number of —1s along the
diagonal, with the only other entry on the diagonal being —A =1+ (r —3)—2(r—1)
in Ry,_,+1. The determinant of this matrix is A = r. Thus, the determinant of the
knot is r (which is always positive). ([

Naturally, this lemma gives a similar theorem.

Theorem 4.12. A T (m, 2mq — 1, r, s) twisted torus knot, with m, r odd, has deter-
minant A =r if s is odd, and determinant A =1 if s is even.
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4E. T(m, Qg+ 1)m+1,r,s)and T (m, 2q+1)m—1, r, s) families with m odd.
In this section, we use our previous results to prove some important corollaries.

Corollary 4.13. The determinant of a T (m, (2q + 1)m + 1, r, s) twisted torus knot
is A =|mr —r241 | form,r,s odd, and A = m for m, r odd and s even.

Proof. First, consider the case of T (m, m + 1, r, s). Using Theorem 2.1, we rewrite
this knot as T'(m + 1, m, r,s). By Theorem 4.6, we see that its determinant is
A=|r—((m+Dr—r*+1)| =|mr—r*>+1| for s odd, and A = m for s
even. Therefore, these are the determinants for the 7' (m, m 4+ 1, r, s) knots. Since
X,%l = I,, by Lemma 3.1, adding 2gm cycles doesn’t change the determinant, so
det(T(m, Q2qg+1)m+1,r, s)) = det(T(m +1,m,r, s)) for any g. O

The following three corollaries similarly follow from Theorems 4.4, 4.3, and 4.1.

Corollary 4.14. The determinant of a T (m, (2q + 1)m + 1, r, s) twisted torus knot
is A =|m— (m—r)rs| form odd and r even.

Corollary 4.15. The determinant of a T (m, (2q + 1)m — 1, r, s) twisted torus knot
is A= |mr —rl4 1| for m, r, s odd, and A = m for m, r odd and s even.

Corollary 4.16. The determinant of a T (m, (2q + 1)m — 1, r, s) twisted torus knot
is A =|m+ (m—r)rs| form odd and r even.

These four corollaries, together with the theorems presented in Sections 4C
and 4D, complete all cases when n = =1 (mod m) because if n = £1 (mod m),
then n =41 (mod 2m) or n = £tm + 1 (mod 2m). The theorems from Sections 4C
and 4D took care of n = +£1 (mod 2m), while the four corollaries here fully covered
the cases n = +m + 1 (mod 2m).

4F. Counting p-colorings. The p-nullity of a knot is the dimension of the mod p
nullspace of a crossing matrix for the knot. A knot with p-nullity n has p" — p
different p-colorings because there are n strands that can be assigned any of p
different colors, whereas the remaining strands are then determined (subtracting p
discards the trivial “colorings”) [Brownell et al. 2006]. Two colorings of a knot
are fundamentally different if they are not simply permutations of each other. If
two colorings are fundamentally different, then they belong to different p-coloring
classes; otherwise, they are in the same p-coloring class. Breiland, et al. [2009]
showed that if a torus knot is p-colorable, then it has only one nontrivial p-coloring
class. Our methods show a similar result for the twisted torus knots that we analyzed.

Theorem 4.17. If a twisted torus knot T (m,n,r,s), with n = 1 (mod m), is
p-colorable, it has p*> — p different p-colorings, and hence only one nontrivial
p-coloring class.
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Proof. In each of our proofs, B’ was converted into a triangular matrix by row
reduction. Note that all of the row operations were valid mod p for any p, and so
the mod p nullspace of the matrix was unchanged. After reduction, all but one of
the entries on the main diagonal were equal to &=1. If the knot being analyzed was
p-colorable — that is, if p | A — then there was only one value on the diagonal of the
reduced matrix that was divisible by p. Thus, in assigning the values of the labels to
the top strands, there were two free variables: one for the deleted column, and one
for the column containing £A. This implies that the p-nullity of the knot was 2. [J

5. Conclusion

While the theorems presented in this paper provide examples of determinants from
each of the possible combinations of the parities of the parameters of twisted torus
knots, they do not completely characterize the determinants of all twisted torus
knots. A natural goal would be a complete characterization. It may be possible to
generalize the methods presented in this paper to all twisted torus knots; however,
the families investigated in this paper were chosen because their matrices allowed
for straightforward row-reduction schemes.

Future research could also investigate the patterns in labelings of twisted torus
knots, two examples of which are shown in Figure 4. Breiland et al. [2009] showed
that all possible p-colorings of a torus knot were equivalent under permutation of

Figure 4. A 5-coloring of the 7'(5, 4, 3, 2) twisted torus knot and
an 11-coloring of the T'(4, 5, 2, 1) twisted torus knot.
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the labels to a “main coloring,” which arose from labeling the uppermost strands
of their projection with 0, 1, ..., p — 1, in that order. However, many p-colorable
twisted torus knots cannot be colored in this fashion — for example, the 7 (4, 5, 2, 1)
twisted torus knot, which has determinant 11 by Theorem 4.1, cannot be 11-colored
this way. Alternatively, the T (5, 4, 3, 2) twisted torus knot, which has determinant 5
by Corollary 4.15, can be 5-colored using the main coloring. It would be interesting
to determine which twisted torus knots can be p-colored using the main coloring.
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