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In this paper, we give a general formula for the multiple integral

1,1 1
Iz/ / / fx1+ x4+ xp)dxydxy ... dxy.
o Jo 0

As an application, the integral 7 with f(x) = log I'(x) is evaluated for all n € N.
The subsidiary computational challenges are interesting in their own right.

1. Introduction

A general idea, when faced with a multiple integral, is to lower its dimension. A
well-known example, (see [Chang and Shi 2003], for instance) is the z#-dimensional
integral

// f(x1 4+ X0+ +xp)dxy dxs ... dxp, (1-1

xX1+x2++x, =<1
X1,X2,...,X1 =0

which can be simplified to a one-dimensional integral

1 1
T /0 " (@) dt.

However, to the best of our knowledge, a similar integral,

1 pl 1
I=/ / / fx1+x+--+xp)dxydx, ... dxy,, (1-2)
o Jo 0

has no such formula.

The aim of this paper is to find a formula for the above integral I and apply it to
the special case when f(x) = log I"(x). The main results are as follows. A general
formula of [ is obtained in Theorem 4.1.
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Theorem 4.1. The integral I satisfies
1 1 1
I :/ / / fx1+ x4+ -+ xp)dxidxy ... dx,
0 0 0

1 "l ‘
:(n—l)!mz=1/0 Gm(t)f(t+m—1)dt, (1-3)
where
Gn() =Y (=)' e +m—iy (")),
i=1

When f(x) = log'(x), the value of [ is given in Theorem 5.1. The main
challenge of the proof is to find appropriate combinatorial identities to simplify 7.

Theorem 5.1.

1 pl 1
I=I(n)=/ / / logT(x1+x2+---+xn)dxydx, ... dxy,
o Jo 0

n—1 (_l)n-i—k—i-lkn (l’l—l

n—1
= %log(2n)— — H, + k )1ng’

n!

where the last sum is missing whenn =2 and H, =Y j _, 1/ k.

The paper is organized as follows. In Sections 2 and 3, we explain the main
ideas by using the cases n = 2 and 3. One can see from Figures 1 and 2 how we cut
the square and the cube so that the integral / over each subset becomes a simple
one-dimensional integral. In Section 4, a formula of [ is derived in Theorem 4.1,
and in Section 5, we evaluate / when f(x) =log I'(x).

2. Thecasen =2

When n = 2, the integral I becomes fol fol f(x + y)dx dy, where the integral
domain is a unit square. Let # = x + y. The unit square can then be divided into
two domains, D; and D, as in Figure 1, where

D ={(x,y):0<x+y<1,0<x<1,0<y<1}

Dy={(x,y): 1 <x+y=<2,0=x=<1,0=y=1}

The following lemma shows that t(} fol f(x + y)dx dy is the sum of two one-
dimensional integrals.
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D

Figure 1. Domains D and D,.

Lemma 2.1.

/01/01f(x+y)dxdy=//;)l f(x+y)dxdy+//;)2f(x+y)dxdy

1 1
:/ zf(z)dt+/ (1= f(@+1)d. 2-1)
0 0

Proof. 1t is clear that

1 1f(x—l—y)dxdyz JS(x+y)dxdy + JS(x+y)dxdy.
/0 0 D, D,

We first consider [[, f(x + y)dxdy. Note that # = x + y, and consider the
transformation (x, y) — (x, ). It is clear that the Jacobian is 1. Then

//D1 f(x+y)dxdy=/01/Otf(t)dxdt=/01lf(l)dl. (2-2)

For the integral over domain D,, we set x;y = 1 —x and y; = 1 — y. Then
(x1,¥1) € Dy and

||| resmavar=[[ re-xi-yaxan
1
=/ tf(2—1t)dt. (2-3)
0
If one sets u = 1 —1, it follows that fol tf2—t)dt = fol(l —u) f(u+1)du. Then

1
/ f(x+y)dx dy:/ (I1—w)f(u+1)du. (2-4)
D, 0

Then, identity (2-1) follows by identities (2-2) and (2-4). O
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3. Thecasen=3

When n = 3, the integral domain of [ is a unit cube. The main idea is to cut the
unit cube into several simplexes so that we can apply the integral formula (1-1)
over each one.

Let E={(x,y,2): 0<x =<1, 0<y <1, 0<z <1} be the unit cube. Set
Ei={(x.y2):0=x+y+z=<1,0=x=<1,0=<y=<1, 0=<z=1},
Ey={(x,y,2): 1=x+y+z=2,0=x=<1,0=<y=<1 0=<z=<1},
E3={(x,p,2):2=x+y+2z=3,0=x=1,0=<y=1,0=z=1}.

Then E = E; U E, U E3 and the integral [ satisfies

1 1 pl
I=/ [ / f(x+y+z)dxdyd:z
o Jo Jo

= f(x+y+z)dxdydz+/ f(x+y+z2)dxdyd:z
E1 EZ

+/ f(x+y+z)dxdyd:.
E;

Using formula (1-1), it follows that fEl f(x+y+z)ydxdydz =3 fol t2f(t)dt.
The difficult parts are the integrals over E, and E3. The following lemma explains
how to simplify these two integrals to one-dimensional integrals.

Lemma 3.1.

1,1 pl
///f(x+y+z)dxdydz=
o Jo Jo

1

1 1 1
%/0 tzf(t)dt+%/0(—212+2t+1)f(t+1)dz+§/0(l—t)zf(t+2)dt. 3-1)

Proof. We introduce the transformation (x, y, z) — (x, y,¢). By formula (1-1),

1
/ f(x—i—y—l—z)dxdde:l/ 12 f(t) dt. (3-2)
E, 2 Jo

Note that integral (3-2) can be applied to calculate the integral over Ej3. Let
x;1=1—x,y; =1—yand z; =1—z. The integral over E3 becomes

f<x+y+z>dxdydz=/ FG—x1— 1 —21) dxy dyy d=y
Ej3 Eq

1
_1 / 2 f(3—1)dt. (3-3)
2 0
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Figure 2. Region E,¢ and its partition: E», Ey1, Ezs, Er3.

If one sets u = 1 —¢, it implies that fol 2 f(3—t)dt = %fol(l —u)? f(24u) du.
Hence,

1
f(x+y+z)dxdydz=%/ (l—t)zf(t+2)dt. (3-4)
E; 0
By equalities (3-2) and (3-4), it is sufficient to show that
1
f(x—l—y-i—z)dxdydz:%/ (=262 42t + 1) f(t + 1) dt. (3-5)
E,> 0

Consider the domain
Eyy={(x,y,2): 1=x4+y+2z=<2,0=<x=<2,0<y=<2 0=<z=<2}

Similar to Figure 1, we can cut E,( into 4 different domains, E,, E;1, E2»
and E,3, so that the integral over each domain can be handled easily. A picture of
this partition is shown in Figure 2.
E,={(x,y,2): 1 <x+y+2z=<2,0<x=<1,0<y=<1,0=<z=<1},
Eyi={(x,y,2): 1 <x4+py+z=<2, 1 <x=<2,0=5py=<1, 05z=1},
Eyy={(x,y,2): 1 <x4+py+2z=<2,0=<x=<1,1<y=<2, 0=5z=<1},
Eyy={(x,p.2): 1=x+y+2z<2,0=x=<1,0<y=<1, 1 <z=2},

where E20 = Ez U E21 U E22 U E23.
Again by using formula (1-1), the integral over E»g is

2 1
f(x+y+z)dxdydz:/ lzzf(z)dzzlf (+1)2f(t+1)dt. (3-6)
E»>o 1 2 2 0
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On the other hand, the integral over E satisfies
[ f(x+y+z)dxdyd:z
E>o

= fx+y+2z)dxdydz+ f(x+y+2)dxdyd:z
E;> E>

+/ f(x+y+z)dxdydz+/ fx+y+z)dxdydz. (3-7)
Ey3 E;
By the definitions of E,1, E»; and E»3, it is clear that

fx+y+2)dxdydz=| f(x+y+z)dxdydz=| f(x+y+z)dxdyd:z.

E> E>> E>3

So we only need to consider IE21 f(x+y+z)dxdyd:z. Let X = x — 1; then by
equality (3-2),

/ f(x—i—y—i—z)dxdydz:/ JE+y+z+1)dxdyd:z
E21 El

1
=l/ 2 f(t+1)dt. (3-8)
2 0

Therefore, (3-6), (3-7) and (3-8) imply that
[ f(x+y+z)dxdyd:z
E,

= fx+y+2)dxdydz—3 J(x+y+z)dxdyd:
E>g E>

1 1
:%/0 (z+1)2f(z+1)dz—%/0 2 f(t+1)dt

1
= %/ (=262 42t 4+ 1) f(t + 1) dt,
0
which shows equality (3-5). ([l

4. The general case

In this section, we give a general formula for

1 pl 1
sz / / f(x1+x2+--+x5)dxydx, ... dxy
o Jo 0

in Theorem 4.1. In order to prove it, we first find a recursive formula for 7
in Theorem 4.3. The proof of Theorem 4.1 then follows by Theorem 4.4 and
Theorem 4.3.
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Theorem 4.1. The integral I satisfies

1 pl 1
I:/ / / fx1+ x4+ -+ xp)dxidxy... dxy
o Jo 0

. 1
(=1

n 1

> / Gm (1) f(t +m—1)dt, (4-1)
m=1 0
where

“ n

_ i—1 \n—1
Gn() =Y =D +m=iy (")),
i=1
The idea is to divide the n-dimensional unit box into » different polyhedrons

and the integral I over each polyhedron can be simplified to a one-dimensional

integral by applying the ideas in the 2D or 3D cases. The n different polyhedrons
are defined as follows:

Kl ={(x15x27---7xn): 05x1+x2+"'+xn519

0<x;1<1,0<x,<1, ..., 0<x, <1},
K2={(x1,x2,...,xn): I<x14+x34++x, =2,

0=<x1=<1,0=x2=<1, ..., 0=x, =1},
Kn:{(xl’XZ,,xn)n_1§x1+x2+"+xn§n7

0<x1<1,0=<x,=<1, ..., 0=Zx, < 1}.

By formula (1-1), the integral over K satisfies the following proposition.

Proposition 4.2.

1 1
f(x1+xz+---+xn)dx1dx2...dxn:—/ " f(1) dt.
K (n—="1D!Jo

Let

Im:[ fx1+x2+--+xp)dx1dxy...dx,, m=1,2,...,n.
Kin

It is obvious that / = Y _| Iy. Then the integral I reduces to the calculation of
each I, (1 <m < n). Define

Js,m:/ fx1+-+xp+m—s)dx;dxy... dxp, 4-2)
Ky

where s is an integer and 1 < < m. Note that Jp, ; = Ip,. Forany 1 <s <m —1,
Js,m can be calculated by I;. The following theorem shows that [, satisfies a
recursive formula.
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Theorem 4.3.

1
I, =
" (=1

1
[ t+m—D)""1ft+m—1)dt
0
—arJim—axJam— - —am—1Im—1,m, (4-3)
where

(m+n—i—1
a; =

) =2 m-l

Proof. We consider the region

Kpo={(x1,x2,....xp) - m—1=x1+ X244+ x5, <,

0<x1=m, 0<x,<m, ..., 0= x, <mj}.

By Proposition 4.2,

f(x1+ x4+ -+ xp)dxidxy... dx,

KmO
! / " " (@) dt

=m m—1
1 1
:m/o t+m—1)"""ft+m—1)dt. (4-4)

We define the subset K, i,...i, C Ko as follows:

Kijiy.in =4(x1, X2, ..., Xp) i m—=1<x1 +x2+ -+ x, <m,
i1—1<x1<iy, i2—1<x3<ip, ..., in—1=2xy <ip},
where iy, i,, ..., i, €[1, m]are positive integers. It is easily seen that the intersection

of any two subsets Kj,;,...;, only happens on their boundaries. We then classify all
possible Kj,i,...;, so that the integral over each one can be evaluated easily. Note
that by definition, Ky 1, .. 1 = K. To find the integral over K, we need to subtract

the integrals over all the other nonempty subsets K;,;,...i, (i1,i2,...,in €[1,m])
from meO f(x1+x2+ -+ xp)dxidxy ... dxy,.
The first step is to determine when K; j,..i, (i1,12,...,in €[1, m]) is nonempty.

For any set K ;,...i,, let

)21=X1—(l'1—1), )22=X2—(l'2—1), ey )~Cn=xn—(l'n—1). (4-5)
Then Kj,;,...i, becomes
Kijiy.iy ={(X1.%2..... %n) im4n—a—1 < Fj+Xo+--+%, <m+n—a,

0<% <1,0<%<1, ...,0<%, <1
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where o =iy + i + -+ iy. Lets = m 4+ n—«. Itis clear that Kj,;,. ., =
Eiliz-uin =K. Sincem+n—s = Z;':l ij > n, it follows thags < m. Note
that if s = m, by equality (4-2), Jyum = Im. If s =0, Kj i,...i,, = Kiyiy...i, = {0},
and if s <0, K j,..i, = Eiliz-uin = . So we only need to consider the case
1 <s <m—1. For any given s € [1, m — 1], it follows that

/ JS(x1+x2 4+ xp)dxydx;y ... dxy
K;

1i2.“in

=/~ fE1 4+ X +iy+Fip—n)dx, ... d%,
K;

liz...in
=/ fx1+-+xp+m—s)dx;... dx,
K,
= Jsm- (4-6)

It implies that the subsets Kj,i,...i, ({1.i2,....ip €[1,m], i1 +iry+---+in #n)
with nonzero measure can be classified into m — 1 classes. In each class, every
element is identical to some subset K after a shifting transformation in (4-5):
(‘x17‘x2""’“xn) H (‘%1"%2’“‘5‘%")'
Next step is to fix m and s (1 <5 <m — 1), and find out how many subsets are

identical to K. Since s =m +n—(i; +iy +---+ i), we have

m+n—s=iy+iy+---+1iy, whereiy,i,,...,I, are positive integers. (4-7)
The number of positive integer solutions (i1, iz, ..., in) for (4-7) is (™ +n"__ls _1). It
follows that the total number of subsets identical to K (s € [1,m —1]) is

W= (")

Therefore, by equalities (4-4), (4-6) and (4-8), I, satisfies

1m=/ f(xX1 4+ x4+ x0)dx; dx, ... dxy
K

1 1
=(n 1)'[ C+m—D)"1ft+m—1)dt
- Jo
—arim—arom— - —adm—1Im—1,m, (4-9)
where ag (s =1,...,m — 1) is defined by (4-8). O

By using the cases n = 2 and 3, we can show by induction that

1 ! :
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where G, (¢) is a polynomial. It follows that

Js,m:/ f(xi 4+ xp+m—s)dx;...dx,
K

1
= (n—l)!/o Gs(t) f(t+m—1)dt, 4-11)

where s is an integer and 1 < s < m. The integral [ satisfies

1,1 1 n
I=/ / / fx1+x24+--+xp)dx1dx, ... dx, = Z L,. (4-12)
o Jo 0

m=1

In order to find a formula for 7, we only need to compute the polynomial Gy, (¢) in
equality (4-10) forall 1 <m <n. Form =1, 2 and 3, a direct calculation shows that

G (t)=1"",
(4-13)
Gy(t) =@+ 1" = ('f) "t
By Theorem 4.3 and equality (4-11),

G- ()60

=@+2)"" - ('f) 4+ D"+ (’;) "

G3(1) = (t +2)"! —(

Similarly,

Ga(t) = (t +3)"' = (’f) t+2)" '+ (;) (t+1)"' = (’;) =1

It is reasonable to believe that G, (¢) follows a pattern. The following theorem
actually proves this fact.

Theorem 4.4. Gm(t) = (=)t +m—i)"—1(l.f1). (4-14)

i=1

Proof. The proof is based on the recursive formula (4-3) in Theorem 4.3 and the
identity (4-11). By formula (4-3),

{ 1 m—1
fm = <n_1>!f0 (C+m=D"" S+ m=1)dt =Y aiJim

i=1

1
:ﬁ\/(; Gm(t)f(l+m—1)dt,
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where

m-+n—i

Gm(t)=(t+m—l)"_1—ZaiGi(Z), and a,-=< n—l._l)‘ (4-15)

i=1

We show this theorem by induction. It is clear that formula (4-14) of G, (¢) holds
for m = 1. Assume that it holds for any 1 < m < k. We need to show that
formula (4-14) also holds for m = k + 1.

By (4-15) and the induction assumption, the polynomial G () satisfies

Gonr =+ k=t 4 3 (i )Z( Va+i-n (")

i=1
(4-16)
By formula (4-14), we can consider each G, (¢) (1 <m < k) as a polynomial of
(t4+m— )" (j =1,2,...,m) with coefficient (—1)/~ 1( " ) Then identity

(4-16) implies that the coefficient of (£ + p)"~! in Gy 4 (¢) is
i k+14+n—i—1 n
— _1)i—P? -
LGy = > ("7 T e (L) @
i=p+1
where p € [0, k — 1] is an integer. Similarly, Gy (¢) satisfies
=l k+n n
ey = +k—1y 4+ 3 (5 )Z( Da+i-p ().
i=1
and the coefficient of (t + p)"~! (p €[0,k —2]) in Gx(¢) is
k—1

2 (k+;—_f D ?(i_p1)- (4-18)

i=p+1
Note that Gy (1) = Y5 (=1)" =" (t + k —i)"1(,",). It follows that
k-1

2 (k+::f_l)(_1)i_p<i—;—1)=(_1)k_p_l(k—’;—1>~ (4-19)

i=p+1
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If p#0,let g = p— 1. By identity (4-19), the coefficient of (r + p)*~! in (4-17)
satisfies

Xk: (k+l;—i’ll—i—1>(_1)i—p(i_z_1)

i=p+1

S e
N kn—i—l i n
= 2 () ()

i=qg+1

= () =) @)

Lp(Gy1(1))

Identity (4-20) holds for all integers p € [1, k — 1]. It remains to consider the case
when p = 0.
If p =0, by (4-17), the coefficient of "1 in G4 () is

k

Lo@ern =2 (T (1) @

n
i=1

Next, we show that Lo(Ggr+1(t)) = (=D (Z) Note that by the binomial theorem,
the coefficient of the term x**1 in (1 4+ x)™"(1 + x)"is

k

E:“4y(n+;_l)(kii)

i=0
(_ly(n:iTl)(kii)

[l
||'Ma~
(=]

1

bl
+

_ k+14+n—j—1 k+1—j( N . .
=2 (L) e (L) =k
j=1
= (DR (Lo(Gran ) + C1F (1)), (4-22)
On the other hand, for a nonnegative integer &, the coefficient of the term x*+1 in

(14+x)7"(1 +x)" =1 is always 0. Hence, (4-22) implies that

Lo(Grs1 (1) = (=DF (). (4-23)
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Therefore, by identities (4-20) and (4-23), it follows that

k—1
Gi1(0) = (t + Ky~ +1;(—1)k"’( (o )+
k+1

= )N k41 —i)”‘l(l.fl).

i=1

This concludes the proof.

5. Application to log-gamma function

In this section, we consider the integral of log-gamma function

1 pl 1
I=/ / [ logT(x1+x2+---+xp)dx1dx, ... dxy.
o Jo 0

605

(4-24)

(5-D

The integral of log-gamma function has its own importance in many parts of
mathematics [Amdeberhan et al. 2011; Choi and Srivastava 2005]. Actually, the
case when n = 2 is a problem proposed by Ovidiu Furdui [2010] in the Problems
and Solutions section of The College Mathematics Journal, and one of its solutions
is proposed by Geng-zhe Chang [2011]. When it comes to general dimension #, it

is quite a challenge to evaluate it.

After the preparation of Theorem 4.1 in Section 4, we can evaluate the inte-

gral (5-1). A nice formula is given in Theorem 5.1.

Theorem 5.1.

1,1 1
I:I(n):[ / / logT(x1 + x4+ xp)dx1 dxy ... dxy
o Jo 0

-1 n—1 -1 n+k+1kn
_ llogm) — "y, ¢y Y EVTTH
2 pa n!

where the last sum is missing whenn =2 and H, =Y j _; 1/ k.

(”;1) logk, (5-2)

The proof of this theorem is based on Theorem 4.1 and several combinatorial

identities in Jihuai Shi’s book [2009].
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Note that I'(r + 1) = ¢T'(¢) and G (t) = Y 7= (1)~ (¢t + m—i)"~1(,",). By
Theorem 4.1, the integral I becomes

1)' Z/ Gm(t)logT(t +m —1) dt

1
=D /0 ”; Gm(t)1og T'(1) dt

(n_1)|/0 Z Z Gm(t)log(t +k —2)dt. (5-3)

k=2m

Several combinatorial identities are introduced to simplify (5-3).

Lemma 5.2.
n k—1
Y Gy ==1i= Y0 (0L ) e e m -y,
m=k m=1

and whenk =1,% n 1 Gu(t) = (n— 1.

Proof. Note that G (1) = Y 1o (=1)" "1t +m — )"~ 1(,",). It follows that

—1)i~'@ +m—i)”—1(l.f1)

Ms

Z G () =

T
3

M*EM*

(—l)i(};)(t—l—m—l)”_l.

0

i

3
Il

By the combinatorial identity Y j—q(—1)"(7) = (—1)™ (";ll) (m < n), we have

k

i f D (F)a+m—nmt = Z(;__nl/l)(—l)k_m(t—i-m—l)”_l.

m=1

Hence,

Z 6= 3 (17O,

m=1
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In the case when k = n, the combinatorial identity > _o(— 1)k ( )(x+n—k)" =n!
implies

Z Gm(1) = Z( ) D 1y

_ (”;1)(_1)k(z+n—1—k)"—1

Therefore,

n n k—1
Y Gn) =Y Gut)= 3 Gml)
m=k m=1 m=1

k—1
:(n—1)!—2(k”m )( Dem=l¢ tm—1y1. O
m=1
Let
k k—1
Te=Y (;:;)(—1)k—m(z+m—1)"—l =3 (”;1)(—1)m(z+k—m—1)"—1.
m=1 m=0
Then

D Gm(0) = (—=DI=Tpy.

m=k
By applying Lemma 5.2, (5-3) becomes

1n—2 1 n—1

1
1
I=/ logF(Z)dt—l—/ E log(t+k) dt— E Ty log(t+k—1)dt
0 0 =0 (n=D! Jo k=1

1 n—1
= %log(2n)+(n—1)log(n—l)—n—%l—ﬁ/ Z Ty log(t+k—1) dt.
—D!Jo &
1 (5-4)

Then, the calculation of I reduces to the calculation of

1 n—1

/ > Ty log(t + k —1)dt.
0

k=1
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Note that 7y = t"~! and
1
/ Ty log(t +k—1)dt
0

= -l 1
- Z( m )(—1)”’/ (t+k—m—1)"""log(t +k—1)dt.
0

=0

3

When k > 1,

1
[ (t+k—m—1)"log(t +k—1)dt
0

_ (k—m)"logk — (k —m—1)"log(k —1) Vit+k—m—1)" 1
- n _/0 n(t+k—1)
_ (k=m)" = (=m)" o k_(k—m—l)"—(—M)”
a n & n
1 k" —(k—=1)" /n nr
_Z;—l’ (r)(—m) .
Let S;(1) =0,
S1(k) =
k—1
n—1 m (kK —m)" = (=m)" (k =m—1)"—(—m)"
mZ:o< - )(—1) ( . log k — - log(k—l)),
and
k—1 _ "ok — (e —1)
NCEED B (ol IEIC) gl (3 TETS
m=0 r=1

It follows that

1 n—1

n—1 n—1
/ > Tilog(t+k—1)di =" Si(k)—=_ Sy(k). (5-5)
0 k=1 k=1 k=1

The next lemma calculates Y 7| Sy (k).

Lemma 5.3.

. log(n — 1
3 Sik) = % Z(nkl)(—l)k(—k)” logk+#)(n!(n—l)—(n—l)”).

k=1 k=2
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Proof. Note that S1(1) = 0.
n—1

> Si(k)

k=1

n—1 k—1

k=1m=0
1n—2

= 3 (”;1)(—1)k(—k)”1ogk

k=2 n—2
+% Z;)(nr; : ) (=™ ((n—m—l)n—(—m)”) log(n—1).

Using the combinatorial identity Y % _o (7)(—=D*(x —k)"! = (x =n/2)(n + 1)!,
we have

n—2 n—1

;}(”;1)(—1)"1(;1—1—,%)" — 2(”;1)(—1)"1(11—1—;%)" — ”gln!,

and

n—2 n—1

> (", )EnmEmy

m=0
_”_1 n—1 ™" n ln—ll n__ 1" n_l'
= _0( o JEDEm) = () = = (= ) = Tt

Hence,

n—1 n—2

=2 log(n — 1
kz—:l S, (k) = ;kz_:z("k 1)(-1)’{(—1@" log k + %(m(n— = (n—1)").
0

The following lemma calculates ZZ;II S» (k). Here we only give the result. For
reader’s convenience, the proof of it is given in the Appendix.

Lemma 5.4.
n—1 n—1
Y Salk) = (=111 —1) = ——Hy(n 1)\,
k=1

where Hy, =Y 1_, 1/k.

Using Lemma 5.3 and Lemma 5.4, we can prove Theorem 5.1 below.
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Proof of Theorem 5.1. Let Hy, = Yy _; 1/ k. By identity (5-5), Lemma 5.3 and
Lemma 5.4, we have that

1 n—1

1 k—1)d
/0 ZTk og(t +k—1)dt
n—l1 n—1
=Y Sik)=)_ Sa(k)
k=1 k=1
1 n—2 _ | .
) Z(nkl)(_l)k(—k)" Ing""%(n!(n—l)—(n—l)n)
k=2

By identities (5-4) and (5-6), it follows that

1 n—1

1
I = Llog(2m)+(n—1) 1og(n—1)—n+1—(n_1), | > Ty log(t+k—1) dt
’ k=1
.
- 110g(271)——H n—z( )(—1)k+"+1k”logk. 0

When n = 2, 3 and 4, the values of the integral [ are

1(2) = -3 + Llog(2n),
I13) = %log(2ﬂ) + % log2 —
I(4) = $log(2m) —2log2 + %] log3 — 2

Appendix.

For reader’s convenience, the proof of Lemma 5.4 is given here.

Lemma 5.4.
n—1
3 8= (r= Dl =" Hy -

where Hy =Y p_; 1/k.
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Proof. Note that

:Z:lsz(k) = % g(é(”;l)(—l)m Z: ’”—(Vﬂ(f)(_m)n_r)
=——Z("; )=DF - k)”Z( )< D’

r=1

S e ()

Let
1 n =1’
3 () [BICETO ol ) L !
and
Ro= DS (e CTEEY
m=0 r=1
Then

> Sy(k) =Ry + Ry. (A-3)

By applying the combinatorial identities

i(/ﬁ)(—l)k@—k)n_{_1 ( )(n+1)' and Z( 1)kﬂ(k)=Hn,

k=0

the sum R; can be simplified to

R1=%’§( )( D (— k)nz( )( Jyrt

r
k=1 r=1

=ﬂ((n—1)"—n_lnl). (A-4)
n 2

To simplify R,, we apply the combinatorial identity
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and it follows that

m

e (3 (5 R )

=1 r=1

Z( m)"*~ ’(n 1)’( ) )nZ( l)’"“( )(l_m—n+1)’

= 3 et 1Y T (1Y )"
r=1

Recalling the formula of R, in (A-2), we have

nRz_Z(n 1)( 1)m+nz (m—n+D)km"*_ g, Z(” 1)( 1) (—m)".

m=0
(A-5)

By the combinatorial identity Y ;s _, (Z) (=D*(x =)™ = (x—n/2)(n+1)!, we
see that

= n—1 n—1

- 1\ () — Nyt | -
Z( - )( D™ (=m)" = (1= 1)" = . (A-6)
m=0

We then simplify an_=20 (";ll)(—l)m"'” pay - %(m —n+ Dfm"k_ Note that

n—2 n
(I’l;ll>(_1)m+n Z %(Wl —n+ l)kmn_k
m=0 k=1
n (_])n n—2 n—1 . k k ks § y
- k (Z( m )(_1) Z(l)m k¥ — Dk (—1)* ) (A-7)
k=1 m=0 i=0
Let

k

P(m) — Z(lic)mn—k-‘ri(n . l)k_i(—l)k_i.

i=0
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We apply the combinatorial identity 3 _o(—1)* (3)P(k) = 0 for any polynomial
P(k) with degP(k) < n, and it follows that

= n—1 m ayy n—k+i k—i k—i
)Y G [C Ve B (4 e R e GO
m=0

i=0

BN
|
S

(") ey

3 3
= o

Il
g

(") 1P — -1 P 1)

3 3
Il
= o

(”; ! )(—l)m(—k(n “Dm™ "), (A-8)

3
Il
=

By the combinatorial identity ZZ=O(—1)k (Z) (x +n—k)" =n!, we have
n—1 n—1
—kn=1) " ( - )(—1)mm"—1 — k(i —1)(=1)"(n—1)!.
m=0

By the combinatorial identity Y % _, (Z) (=DF(x =)™ = (x—n/2)(n+1)!, we
see that
n—1

3 (”;1)(—1)%" I L

2
m=0
Then equality (A-7) becomes

n

n—2
Z (l’ln—/ll)(_l)m-i-n Z %(Wl —n4+ l)kml’l—k
m=0

k=1

“ 3 (k(”‘ DED =D+ (—D”‘lnglnz)

—1
—nl(n—1)— "

n! Hy, (A-9)
where H, =Y j_; 1/k.
Hence, by equalities (A-9) and (A-6), nR, in (A-5) can be simplified to
nRy=n!(n—1)—(n—1)"H,. (A-10)
That is,
H, n
Ry=n—DIn—-1)——m—-1)". (A-11)
n
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Therefore, by equalities (A-3), (A-4) and (A-11), it follows that

n—1
Z S>(k) = Ry + R,
k=1
- ﬂ((n—l)”—n_ln!)+(n—1)!(”—1)—ﬂ(”_1)n
n 2 n
- (n_1)!(n—1)—nz:Hn(n—1)!,
where H, :er;:l 1/i. -
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