a journal of mathematics

Radio number for fourth power paths

Min-Lin Lo and Linda Victoria Alegria

:-msp

2016 vol. 9, no. 2



INVOLVE 9:2(2016)
dx.doi.org/10.2140/involve.2016.9.317

Radio number for fourth power paths

Min-Lin Lo and Linda Victoria Alegria
(Communicated by Jerrold Griggs)

Let G be a connected graph. For any two vertices u and v, let d(u, v) denote
the distance between u and v in G. The maximum distance between any pair
of vertices of G is called the diameter of G and denoted by diam(G). A radio
labeling (or multilevel distance labeling) of G is a function f that assigns to
each vertex a label from the set {0, 1, 2, ...} such that the following holds for
any vertices u and v: | f(u) — f(v)| > diam(G) — d(u, v) + 1. The span of f is
defined as max, ,ev(G){| f (1) — f(v)|}. The radio number of G is the minimum
span over all radio labelings of G. The fourth power of G is a graph constructed
from G by adding edges between vertices of distance four or less apart in G. In
this paper, we completely determine the radio number for the fourth power of any
path, except when its order is congruent to 1 (mod 8).

1. Introduction

Motivated by the channel assignment problem [Hale 1980] of dividing the radio
broadcasting spectrum among radio stations in such a way that the interference
caused by their proximity is minimized, radio labeling was introduced by Chartrand
et al. [2001] to model the problem of finding the optimal distribution of channels
using the smallest necessary range of frequencies.

Let G be a connected graph. For any two vertices u and v of G, the distance
between u and v is the length of a shortest u-v path in G and is denoted by d¢ (u, v)
or simply d(u, v) if the graph G under consideration is clear. The diameter of G,
denoted by diam(G), is the greatest distance between any two vertices of G. A
radio labeling (or multilevel distance labeling [Liu 2008; Liu and Zhu 2005]) of a
connected graph G is a function f : V(G) — {0, 1, 2, 3, ...} with the property that

| f(u) — f(v)| = diam(G) + 1 — d(u, v)
for every two distinct vertices u and v of G. The span of f is defined as

max {|f(u)— f(v)|}.

u,veV(G)
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The radio number of G, denoted by rn(G), is defined as
min{span of f : f is a radio labeling of G}.

A radio labeling for G with span equal to rn(G) is called an optimal radio labeling.

Finding the radio number for a graph is an interesting yet challenging task. So
far the value is known only for very limited families of graphs. The radio numbers
for paths and cycles were investigated in [Chartrand et al. 2001; Chartrand, Erwin
and Zhang 2005; Zhang 2002]and were completely solved by Liu and Zhu [2005].
The radio number for trees was investigated in [Liu 2008].

The r-th power of a graph G, denoted by G, is the graph constructed from G by
adding edges between vertices of distance r or less apart in G. The radio number
for the square of a path on n vertices, denoted by Pnz, was completely determined
by Liu and Xie [2009], who also partially solved the problem for the square of
a cycle on n vertices, denoted by C,% [2004]. Motivated by [Liu and Xie 2009],
Lo [2010] and Sooryanarayana et al. [2010] determined rn(Pn3).

This paper will follow the structure in [Liu and Xie 2009] closely to determine
the radio number of the fourth power of paths (or simply, fourth power paths). It
is our hope that this paper will be helpful for those readers who wish to pursue
finding the radio number for P>, PS, and eventually P! for any positive integer r.

Theorem 1. Let P,f be a fourth power path on n vertices where n > 6 and let
k =diam(P}) = [1(n —1)]. Then

2k% 41 ifn=0,3,6,0r7 (mod8) orn=29,
m(PH=12k24+2 ifn=4o0r5 (mod8),
2k? if n=2 (mod 8).

If n=1 (mod 8) and n > 17 (where n is of the form 8q + 1), then

2k*+2 <rn(Py, ) <2k*+q.

2. General properties and notation

The diameter of P2 is H(n — 1)-| , based on the definition of P2, Figure 1 shows Pg‘ .

"‘

Q, D
iawmn\

Figure 1. A fourth power path on 8 vertices, denoted by Pg' .
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Proposition 2. For any u, v € V(P}), we have

d(u,v) = Ha’pn (u, v)].

A center of P, is defined as a “middle” vertex of P,. An odd path P, has only
one center vy, 4+, while an even path P»,, has two centers v,, and v,, 1. For each ver-
tex u € V(P,), the level of u, denoted by L (u) is the smallest distance in P, from u to
a center of P,. If we denote the levels of a sequence of vertices A by L(A), we have

n=2m+1 = L@,v,...,0py1)=mm—1,...,2,1,0,1,2,...,m—1,m),
n=2m = L(,v,...,0)=m—1,...,2,1,0,0,1,2,...,m—1).
Define the left-vertices and right-vertices as follows:
If n = 2m + 1, then the left-vertices and right-vertices respectively are
{Ul, v29 LI ] vma vm—H} and {vm+17 vm+2» LI ] v2m» v2m+1}

In this case, the center v, is both a left-vertex and a right-vertex.
If n = 2m, then the left-vertices and right-vertices respectively are

{vibva, ... v} and  {Upg1, Vmg2s .o V2m )

If two vertices are both right-vertices or left-vertices, then we say that they are
on the same side; otherwise, they are on opposite sides.

Lemma 3. Ifn is odd, then for any u, v € V(Pf), we have

A, v) = H(L(u) + L(v))-l if u and v are on opposite sides,
’ HlL(u) — L(v)|—| if u and v are on the same side.

If n is even, then for any u, v € V(P,f), we have
A, v) = H(L(u) + L(v)+ 1)-| if u and v are on opposite sides,
U |_411|L(u) - L(v)|-| if u and v are on the same side.
In the proof of Lemma 7 below, the following proposition will be used frequently:

Proposition 4. For any dy, d> in N, we have

Jd [di/r1+[dy/r1—1 if (d1,d2)=(,m) (modr),wherel#0,m #0,
[ i+ ﬂ: and 2 < (dy-+ds) (mod r) <r,

' [di/r1+Tdy/r] otherwise,

[dy/r1—[dy/r]1+1 if (dy,dr) = (0,m) (modr), where m #0,
di—dy or (d,dy) = (l,m) (mod r), where l #0,m #0,
’7 —‘ and 1 <(dy—d») (modr) < (r-2),

[di/r1—[d2/r] otherwise.
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It is important for the reader to understand the notation used in the labeling of P2
so we will define a few terms and notation first.

Let M, N € N. We define a block (M, N) to be a pattern to follow when
consecutively labeling a certain group of vertices in P, . Take an (M, N)-block for
example: The first vertex labeled, x;, will have L(x;) =M (mod r). The next vertex
labeled, x; 1, will have L(x;+1) = N (mod r). The following vertex labeled, x; 7,
will have L(x;12) = M (mod r). Continue in this fashion until we end at a vertex
of level congruent to N (mod r). We may also choose to specify what side the
vertex is on by writing (LM, RN). This would mean that the first vertex labeled, x;,
would be a left-vertex with L(x;) = M (mod r), and x;; would be a right-vertex
with L(x;+1) = N (mod r), so on and so forth.

We say that a disconnection occurs when L(x;)+ L(x;+1) is not congruent to said
specified value modulo r that maximizes the distance between two consecutively
labeled vertices. This specific value changes depending upon the parity of n for P,j‘ .

A labeling pattern is a specific arrangement of blocks. Note that the same block
may appear multiple times in a labeling pattern; however, the number of vertices
in each “identical” block may be different. For any labeling pattern, P.* will be
said to have an “even” pairing if, for each (M, N)-block in the labeling pattern,
the number of vertices with level congruent to M (mod ) on one side equals the
number of vertices with level congruent to N (mod r) on the other side. Otherwise,
P} will be said to have “extra” vertices.

3. Lower bound of rn(P,f) when 7 is even

Lemma 5. Let P,f be a fourth power path on n vertices, where n > 6, and let
k=diam(P}) = [1(n — 1)]. If n is even, then

2k>+1 if n=0o0r6 (mod8),

m(PH > { 2k> if n=2 (mod 8),

2k>+2 if n=4 (mod 8).
Proof. Let f be a radio labeling for P,f'. Rearrange V(P,f) ={x1,x2,...,x,} s0
that 0 = f(x1) < f(x2) < f(x3) <--- < f(x,). Note that f(x,) is the span of f.
By definition, f(x;+1) — f(x;) > k+1—d(x;, x;4+1) for 1 <i <n —1. Summing
up these n — 1 inequalities, we have

n—1

f(xn)z(n—l)(kJrl)—Zd(xi,xiH)- (3-D

i=1
. . .. -1 . .
Thus to minimize f(x,), it suffices to maximize Z?:l d(x;, xj+1). Since n is even,

n—1

n—1
D o d(x, xip) < ) [FED) + L) + D],

i=1 i=1
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Observe, from the above inequality we have:

(1) For each i, the equality for d(x;, x;11) < H(L(xi) + L(xj41)+ 1)-| holds when
x; and x;4 are on opposite sides, or when they are on the same side but one of
them is a center and the other vertex is of level not congruent to 0 (mod 4).

(2) In the summation 27:_11 %(L(xi) + L(xi+1) + 1)-|, each vertex of Pf occurs
exactly twice, except for x| and x,, which both occur only once.

By direct calculation, we have

(L) +L(v)+4) if L(u)+L(v) =0 (mod4),
TL@W+L@)+4)—5 if L)+L(v)=1 (mod4),
L@ +Lw)+4)—2% if L(u)+L(v) =2 (mod 4),
HL@+Lw)+4)—2 if L)+L(v) =3 (mod 4).

[HL@)+Lw)+D] =

Therefore,
f4(L(xz) +L(xip)+ D] < 4(L(xz) + L(xi+1) +4),

and the equality holds only if L(x;)+ L(x;4+1) =0 (mod 4). Combining this with (1)
above, there exist at most n—4 of the i such thatd (x;, x;+1)= }‘ (L(x;))+L(xi+1)+4);
that is, there are at least three disconnections in the labeling. Note that when
L(x;)+ L(x;+1)=1, 2, or3 (mod 4), we say that there is a disconnection between
x; and x;4| of the best type, second best type, or the worst type, respectively.
Moreover, among all the vertices, only the centers are of level zero. Hence,
L(x1)+ L(x;) >=0+0=0. We conclude that

Zd(x,,x,+1><(2 (L(x,>+L<x,+1>+4>> i—i-1

i=1 i=1

%(( ZL(X; ) —L(xy)— L(xn)) +(n=1 _43_1

%(( ZL(X,) o)+(n—1)—§

(2(0+1+2+ +(3n—1)))+n—17
= gn + Zl’l — ézl
By direct calculation for (3-1) and considering that rn( P,f ) is an integer, we have

[2k%+3] =2k>+1 ifn=0 (mod8) (i.e.,n =4k and k is even),
[2k2—1] =2k? ifn=2 (mod8) (i.e.,n=4k—2 and k is odd),
[2k%42] =2k? if n=4 (mod 8) (i.e.,n =4k and k is odd),
[2k*—1]= 2k2 if n=6 (mod 8) (i.e.,n =4k—2 and k is even).

m(pP,) >
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Further investigation for a sharper lower bound of rn(P,jl ) when n =4 or 6 (mod 8)
is needed. There are three cases to consider based on the number of disconnections
that occur in the labeling pattern.

Case 1: There are at least five disconnections. Then we have,

n—1

n—1
Y dxi, xiq) < (Z F(LG) + Lxign) +4)) —f=gn’+an-
i=1 i=1

E =}

Hence, by direct calculation for (3-1) we have

(P> [(2k*+3)+3]=2k*+2 if n=4 (mod8) (i.e.,n =4k and k is odd),
" [@k2—1)+3]=2k>+1 ifn=6 (mod8) (i.e.,n =4k—2and k is even).

Case 2: There are exactly four disconnections. This case will be broken down into
two subcases based on L(x1) + L(x,).

Case 2.1: L(x1) + L(x,) > 1. Therefore,

&I

n—1 n—1
D d(xi, xiq) < (Z FLO) + L(xig) +4>) —i=gnttin—
i=1 i=1

Case 2.2: L(x1)+ L(x,) =0.
Claim. [In this case, at least two of the disconnections that occur cannot be of the

best type.

Proof of claim. For n = 4 or 6 (mod 8), we have the following types of blocks
as well as extra vertices (without loss of generality, we start each block with a
left-vertex):

(LO,RO), (L1,R3), (L2,R2), (L3,R1) L1, RI.

We wish to have exactly four disconnections and we also want L(x;) + L(x,) =
0+ 0 = 0 under this case. Therefore we must use two (L0, RO)-blocks. Thus our
new blocks become (blocks are boxed for easy identification of disconnections that
occur in the labeling pattern):

(LO,RO)|, [(L1,R3)—L1], [(L2,R2)], [R1—(L3,RD)], [(LO,RO).

Since we want L(x1) + L(x,) = 0+ 0 = 0, our labeling pattern must start and
end with the (L0, RO)-blocks. Special attention is given to the “end-1" vertices,
namely, the first and the last vertices of the two block patterns (L1, R3) — L1 and
R1 — (L3, R1) from above. All disconnections in the labeling pattern will occur
at these four end-1 vertices. The best type of disconnection would occur if an
end-1 vertex was followed or preceded by a vertex whose level was congruent to
0 (mod 4). However, there are only two such vertices available. Therefore, at least
two of the four end-1 vertices cannot have disconnections of the best type. (]
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By direct calculation, our claim, and the assumption that L(x;) + L(x,) =0,
we have,

n—1 n—1
Zd(xi, Xit1) < (Z T(L(x;)+ L(xi41) —|—4)) —S8=Int+in- 1
i=l i=1

Hence, by direct calculation for (3-1) for the two subcases, the same bounds as in
the conclusion of Case 1 are obtained.

Case 3: There are exactly three disconnections.

Claim. In this case, at least one of the disconnections in the labeling pattern will
not be of the best type.

Proof of claim. Similar to Case 2.2, to ensure that there are only three disconnections,
our new blocks must be

|(LO,RO)|, [(L1,R3)—L1|, [(L2,R2)], [R1—(L3,R1)].

Thus, out of the three disconnections that occur, at least two of them will occur at
the end-1 vertices. Furthermore, out of the disconnections that occur at the end-1
vertices, at least one of them will not be of the best type, unless two (L0, R0)-blocks
are used, which would increase the number of disconnections. |

By calculation, our claim, and noting that L(x;) 4+ L(x,) > 1 under this case, we
have,
n—1 n—1
Y dxi, xip) < (Z FLG) +Lxis) + 4)) —f=gn’Han—

i=1 i=1

o

Direct calculation for (3-1) in this case also leads to the same bounds as in the
conclusion of Case 1. [l

4. Lower bound of rn(P,‘,‘) when n is odd

Lemma 6. Let P,f be a fourth power path on n vertices, where n > 6, and let
k=diam(P}) = [+(n — 1)]. If n is odd, then
2k6°+2 ifn=1 (mod8)andn > 17 orn=>5 (mod 8),

m(P) =1 ,
2k +1 ifn=30r7 (mod8)orn=29.

Proof. We retain the same notation and employ the same method used in the proof
of Lemma 5. Since n is odd,

n—1 n—1
> d(xixip) < D [HLOD) + Lxign)].

i=1 i=1

Observe, from the above inequality we have:
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(1) For each i, the equality for d(x;, x;4+1) < H(L(xi) + L(x,-+1))—| holds only
when x; and x;4; are on opposite sides, unless one of them is a center.
(2) Inthe summation Z?;ll |_th (L(x;)+L(xi+ 1))—|, each vertex of P,j‘ occurs exactly

twice, except x; and x,, which each occurs only once.

By direct calculation, we have

T(L@+Lw)+3)—3 if L)+ L) =0 (mod4),
L)+ L) +3) if L(u)+ L(v)=1 (mod4),
1L +Lw)+3)—% if L)+ L(v) =2 (mod 4),
TL@+Lw)+3)—32 if L)+ L(v) =3 (mod4).

[H(Lw)+L@)]=

Therefore
[H(L(x) + Lxip1)] < $(LGx) + Lxip1) +3),

and the equality holds only if L(x;) + L(x;+1) = 1 (mod 4). Note that when
L(x;)+ L(x;+1)=2,3,0r0 (mod 4), we say that there is a disconnection between
x; and x;;| of the best type, second best type, or the worst type, respectively.
Combining this with (1), there are two possible cases to consider based on the
number of disconnections in the labeling pattern:

Case 1: There are at least three disconnections. In this case, since » is odd, there is
only one center. Therefore, L(x;) + L(x,) > 1. Then,

|G

n—1 n—1
Y dxi, xig) < (Z i(L(x,->+L(x,-+1>+3>) <’ +3n— 3.
i=1 i=1

By direct calculation for (3-1), we have

2k>+1 ifn=1 (mod8) (i.e., n=4k+1 and k is even),
N [2k24+3]=2k*+1 ifn=3 (mod8) (ie.,n=4k—1andk is odd),
T2k if n=5 (mod8) (i.e,n=4k+1 and k is odd),

[2k*4+3]=2k*+1 ifn=7 (mod8) (ie.,n=4k—1 and k is even).
Case 2: There are exactly two disconnections. In this case, neither x; nor x,, is the
center (denoted by C).

Case 2.1: n =1 (mod 8). The labeling pattern must be a permutation of the boxed
blocks

|(LO,R1) —C—(L1,R0)|, [(L2,R3)], [(L3,R2)].

Therefore, L(x1) + L(x,) > 4. By similar calculations to Case 1, we have

|

n—1 n—1
> d(xi, xiq) < (Z (L) + L(xign) +3>) —f=gttn—

i=1 i=1
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By direct calculations, since n = 4k + 1 and k is even, we have
m(P;) > [(2k* + 1) + 3] = 2k* + 2.

Case 2.2: n=3,5,o0r7 (mod 8). Note that Pg“q 43 and Péq 7 both have an extra pair
of vertices whose level is congruent to 1 (mod 4). Therefore, the labeling pattern
must be a permutation of the boxed blocks

[R1—(LO,R1)—C—(L1,R0)—L1], [(L2,R3)], [(L3,R2)|

Now, Pg‘q 45 has two extra pairs of vertices whose levels are congruent to 1 (mod 4)
and 2 (mod 4). The labeling pattern must be a permutation of the boxed blocks

[RT—(LO,R1)—C— (LI,RO)—L1], [(L2,R3)—L2], [R2—(L3.R2)]|

Therefore, for n =3, 5, or 7 (mod 8), considering all possible permutations men-
tioned above, L(x) + L(x,) > 3. Therefore,

n—1

n—1
D d(xi xiq) < (Z ML) + Lxit1) +3>) —2<qn’+in-

i=1 i=1

|5

Thus, by direct calculation we have,

[(2K>+1)+1]=2k>+1 ifn=3 (mod8) (i.e.,n=4k—1and k is odd),
m(PhH> [@K24+1D)+1]=2k+2 ifn=5 (mod8) (i.e.,n=4k+1and k is odd),
[(2k*+1)+1]=2k>+1 ifn=7 (mod8) (i.e.,n=4k—1 and k is even).

Now assume n =1 (mod 8) and n > 17; thatis, n =4k + 1, k is even and k > 4.
Assume to the contrary that f(x,) = 2k% 4+ 1. Then only Case 1 is possible and all
of the following must hold:

(1) {x1, xn} = {vors1, v2k42) or {vog1, vox}. That is, {x,x,} is of the form
{x1, x,} = {center, a vertex right next to center}.

(2) f(xiv) = f(xi)+k+1—d(x;, x;5) for all i.

(3) For all i > 1, the two vertices x; and x; | are on opposites sides unless one of
them is the center.

(4) There exist three ¢-values, 1 <t <n—1, such that L(x;)+ L(x;1+1) =2 (mod 4)
while L(x;) + L(x;11) =1 (mod 4) for all other i # ¢.

By (1) and by symmetry, we can assume that x; = vy 1; i.e., x; is the center.
Excluding the center, there are %k vertices whose level is congruent to O (mod 4),
1 (mod 4), 2 (mod4), and 3 (mod 4) on each side, respectively. Since x, is of
level one, by (2), (3), and (4) we have:
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(5) The labeling pattern must be the arrangement of boxed blocks

IC—(1,0]-[2,3)]-[3, 2], D].

Claim. {vq, v,} = {xk41, X3142} (e, {v1, v, } consists of the last vertex whose level
is congruent to 0 (mod 4) in the (1, 0)-block and the first vertex whose level is
congruent to 0 (mod 4) in the (0, 1)-block).

Proof of claim. Suppose vy & {xr+1, X3x+2}. Then vy is inside one of the (0, 1)- or
(1, 0)-blocks, since L(v;) =2k =0 (mod 4). Let v; = x. for some ¢, where x._;
and x4 are both vertices on the right side. Thus, L(x._1) = L(x.+1) =1 (mod 4).
Let L(x.—1) = y and L(xc+1) = z. By (2),

&) = fxem)) =5k+1-[5y],
f(xc+1) — fxe) = %k+ 1— |—£Z-|
Therefore,
f@es) = fem) =k+2—[3y]—[32].

contradicting that

Sf@ep) = fem) =k+1—[1lz—yl] (asy=z=1 (mod4), soy,z7#0).
Therefore v; € {xg41, X3x+2}. Similarly, we can show that v, € {xg41, X342}, U

By the claim, we may assume that v, = x4y and v; = x3;42 (the proof for
the other case is symmetric). By (5), L(xx) = a = 1 (mod4) and L(xgy2) =
b =2 (mod4). By (2), (3), the fact that k is even, and our assumption that
L(xpy1) = L(vy) = L(v4y1) = 2k, we have

f@rg) = fu) =3k +1—[za],

[ @) = f o) = sk +1—[3b],
and so,

fasn) = fOa) =k +2—[a] —[3b].
By definition and by Lemma 3,

fg2) — f) = k+1—[Lla—b|].

Therefore, a must equal 1. Thus L(x;) = 1, which means x; is the level-one vertex
on the left side, since xy; = v, is a right-vertex. Thus x; = vo,. Similarly, we can
show that x3;3 is of level one and on the right side. Thus, x3;4+3 = vVog+2.

Now, x, is a right-vertex since x3;42 = vy is a left-vertex, and so x, = vog4o. This
implies that x,, = vy;4+2 = x3;¢+3 and therefore k = 2, contradicting the assumption
k > 4. Therefore rn(P}) > 2k*+2if n =1 (mod 8) and n > 17.

Similar techniques can be applied for the case n = 5 (mod 8). Assume that
n=>5 (mod8) and n > 21; that is, n = 4k + 1, k is odd, and &k > 5. Assume to
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the contrary that f(x,) = 2k>+ 1. Then only Case 1 is possible and the same
requirements (1), (2), (3), and (4) for the case n =1 (mod 8) and n > 17 must hold.

By (1) and by symmetry, we can assume that x; = vyi41; i.€., x1 is the center. Ex-
cluding the center, there are %(k — 1) vertices whose level is congruent to 0 (mod 4),
%(k + 1) vertices whose level is congruent to 1 (mod 4), %(k + 1) vertices whose
level is congruent to 2 (mod 4), and %(k — 1) vertices whose level is congruent to
3 (mod 4), on each side. By (1), (2), (3), and the second part of (4), the labeling
pattern must be the arrangement of boxed blocks

[C-1-0-D|-[2-3-2)]-[2-3-2)]-[1-0-1D].

However, in this arrangement the three ¢-values for which L(x;) + L(x;41) is
not congruent to 1 (mod 4) are not all congruent to 2 (mod 4), which contradicts
the first part of (4). Therefore, rn(P,f ) > 2k2+2. [l

5. Upper bound and optimal radio labelings

To establish Theorem 1, it suffices to give radio labelings achieving the desired
spans. To this end, we will use the next lemma, which provides us with an easy
way to verify that a given labeling of P is indeed a radio labeling of P .

Lemma 7. Let P] be anr-th power path graph on n vertices, where k =diam(P)) =
H(n — 1)-|. Let {x1, x2, x3, ..., X4} be a permutation of 'V (P)) such that for any
1<i<n-2,

min{dp, (x;, Xi+1), dp, (Xi41, Xi42) } < 37k + 1

and max{dp, (x;, Xi+1), dp,(xi+1, xi+2)} Z 1 (mod r) if k is even and the equality
in the above holds. Let f be a function, f : V(P)) — {0, 1,2, ...} with f(x1)=0
and f(xi11) — f(xi))=k+1—d(x;, xj+1) forall 1 <i <n—1. Then f is a radio
labeling for P,

Before we present the proof of Lemma 7, note that Proposition 4 will be used
frequently throughout the proof of Lemma 7 below. The construction of this proof
is adapted from [Liu and Xie 2009].

Proof. Let f be a function satisfying the assumption. It suffices to prove that
f&xj)—f(xi) =2k+1—d(x;,x;)forany j >i+2. Fori=1,2,...,n—1, set

Ji=fxig1) — f(x).

For any j > i +2, it follows that f(x;) — f(x;) = fi + fix1 + fixo +-- -+ fi—1.
We divide the proof into three cases:
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Case 1: j =i+2. Assume d(x;, x;41) > d(x;+1, Xj42) (the proof for d(x;, x;41) <
d(xjy1, xi42) is similar). Then,

<

%rk—i—l—‘

r

d(xi, x 2){ {%(k+2) if k is even,
i+1, Ai+ =

J(k+1) if k is odd.
Therefore, d(x; 1, Xi42) < %(k + 2). It suffices to consider the following subcases:

Case 1.1: x; is between x;4 and x;4». Then d(x;, x;4+1) < d(x;+1, Xi4+2). Since we
assume d (x;, X;41) > d(Xi11, Xi12), we have d (x;, x;41) =d (Xi11, Xi2) < 3 (k+2)
and dp, (x;, xi+2) < (r — 1), from which we have d(x;, x;+2) = 1. Hence,

SXig2) = fxi) =k+1—d(x;, xiy1) +k+1—d(xit1, Xit2)
>k+1—d(x;, xi12).

Case 1.2: x;41 is between x; and x;4,. This implies

d(xi, xiy2) > d(x;, xiy1) +d(xiq1, Xip2) — 1.
Similar to the calculations above, we have f(x;412) — f(x;) > k+ 1 —d(x;, x;42).
Case 1.3: x;17 is between x; and x;41. Assume k is odd or

min{dp, (x;, xi+1), dp, (Xi41, Xi42) } <(3rk+1)—1,

then we have d (x;41, Xi42) < 3 (k+1) and d (x;, x;42) = d (x;, Xi11)+d (Xj 41, Xi42).
Hence, f(xj12) — f(x;) > k+1—d(x;, xj12). If k is even and

min{dp, (x;, Xi 1), dp, (xit1, Xip2) } = Srk+ 1,
then by our assumption, it must be that dp, (x; 1, Xi42) = %rk +1=1 (modr) and
dp,(xi, xi+1) # 1 (mod r). Thus we have,

d(xi, xiv2) = d(xi, xi+1) —d(Xi41, Xi42) + 1,
which implies

f(xig2) = f ) =2k +2— (d(x;, Xig2) +d(Xig1, Xip2) — 1) —d(Xit1, Xi42)
>k+1—d(x;, xi12).

Case?2: j =i+3.

Case 2.1: The sum of some pair of the distances d(x;, x;+1), d(x;j+1, X;+2), and
d(x;y7, x;y3) is at most k + 2. Then,

F(xig3) — f(xi) =3k +3—(k+2)—k
>k+1—d(x;, xi+3).

Case 2.2: The sum of any pair of the distances d(x;, x;+1), d(x;j+1, X;+2), and
d(xiy2, x;jy3) is greater than k4-2. If we then assume that d (x;, x;+1) >d (xj41, Xi42)
(the proof for d(x;, xj+1) <d(xj+1, Xi4+2) is similar), from the calculation in Case 1,
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we have d(x;j11, Xj12) < %(k +2). By our hypothesis, it follows that d(x;, x; 1)
and d(x;42, xj+3) must both be greater than %(k +2). This result, together with
diam(P,;) = k and our assumption under this case, implies that x; must appear
before x;4,, then x;41, then x;3, from left to right on the r-th power path (or x;3
must appear before x;1, then x;,, then x;). Therefore,

d(xi, xi+3) = d(xi, xi+1) +d(Xi12, Xi+3) — d(Xi41, Xi+2) — 1.
Therefore, we have

S xi3) — f(xi) =3k +3 —d(xi, xi43) —2d (X 41, Xi42) — 1

>k+1—d(x;, xi+3).

Case 3: j > i+ 4. Since
min{dp, (x;, Xi+1), dp, (Xi41, Xi42) } < 3(k+2)

and f; > k+ 1 — d(x;, x;+1) for any i, we have max{f;, fi+1} > %k for any
1 <i <n—2. Therefore,

Sx) = fxa) = (fi + firr) + (fiva + fie3)
> (Sk+1)+ (3k+1) > k+1—d(x;, x)). O

When diam(P,) is odd, we have the following “looser” condition for checking
that a given labeling is indeed a radio labeling:

Lemma 8. Let P, be an r-th power path graph on n vertices, where k =diam(P, ) =
H(n — 1)-| is odd. Let {x1, x2, x3, ..., X} be a permutation of V (P)) such that for
anyl1 <i<n-2,

min{dp, (x;, xi11), dp, (xi1, Xi42) } < 5r(k+1).

Let f be afunction, f:V(P))—>{0,1,2,...}with f(x1)=0and f(x;+1)—f(x;)=
k+1—d(x;,xi41) forall 1 <i <n—1. Then f is a radio labeling for P, .

Proof. Assume d(x;, x; 1) >d(x;41, X;i42) (the proof for d (x;, x; 1) <d(xi11, Xi12)
is similar). Then

%r(k—i—l)

r

d(Xit1, Xiy2) < [ —‘Z%k+1§%k+2.

Note that this is the same conclusion we obtained in the beginning of the proof
of Lemma 7. Therefore we can use exactly the same proof as above for the case
when k is odd to prove this lemma. ([

For each radio labeling f of P,j‘ given in the following, we shall first define a
permutation (line-up) of the vertices V(P,f) = {x1, x2, X3, . .., X}, then define f
by f(xi)=0,andforall 1 <i <n—1, f(xit1) — f(x) =k+1—d(xi, xit1).
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Case 1: rn(Pg, ,5) < 2k* +2. Let n = 8g + 5 for some ¢ € N. Then k =
dlam(P8 5) = 2q + 1. We give a radio labeling with span 2k? + 2. The line-up of
V(P4) = {xl X2, ..., Xy} 1s given by the arrows in the display below. That is, x; is
the center, x; is the left-vertex of P;f whose level is equal to 4g+1, ..., x, is the right-
vertex of P whose level is equal to 2. The values above and below each arrow indi-
cate the distances in P,f and P,, respectively, between consecutively labeled vertices.

q+2 g+l o g+2
. L5
4g+5 4g+1 4q+5

q+l

q+1 q+2 q+1

"—+‘>R(4 +1)q—+2>L4 "“ L R(Eg-3) 2 g0t L RS Y (4g)-TTLR]
4q+5 4q+1 4q+1 4q+5 4q+1
q+2 q+1 q+2 q+1 q+1 q+2 q+1
L(4 +2) SR L) o RT - ST L6 TSR (g~ 1) L2
R(4 +2)‘1—+2>L3 "“ L R@g—2) L L7 L R6 "*2 >L(4q —1)—>R2
49+5 4q+l 4q+1

By Lemma 8, f is a radio labeling for Pg‘q +5- Observe from the above display, there
are two possible distances in Péq 5 between consecutively labeled vertices, namely,
g + 1 and g + 2, with the number of occurrences 4g + 4 and 4¢, respectively. It
follows by direct calculation that

8q+4

flrsges)=@Bq+Hk+1)— D d(xi, xiq1) =2k +2.

i=1
Case 2: rn(Pg1 4) = 2k> +2. Let n = 8q + 4 for some ¢ € N. Then k =
dlam(P8 4= 2q +1.LetG = 4 45 and H be the subgraph of G induced by the
vertices {vl, V2, ..., Ugg+4}. Then H q+4, diam(H) = diam(G) =2¢g + 1, and
dg(u,v) =dy(u, v) for every u, v € V(H). Let f be a radio labeling for G, then
flg 1s also a radio labeling for H. By Case 1, rn(Pé‘q+4) < rn(Pg'q+5) <2kZ+2.

Case 3: rn(PE;t 3) = 2k?> 4+ 1. Let n = 8¢ + 3 for some ¢ € N. Then k =

diam(Pg 8y +3) =2q + 1. Similar to Case 1, we line up the vertices according to the
display below.
q+1 q+2 q+1 q+2 q+2 q+1
CorpLUg+D) T oRATL LA —3) s 4q+1 54q+5 R(g)
q+2 q+1 q+2 q+1 q+1 q+2 q+1
R(4 FD AP LA R -3) S L8 T T RS S L(dg) PRI
g+l g+l q q g+l
—>L(4q 2)—>R3—>L(4 q4=6) 1 HPRT o L24q+1 R(4g—1)
44—“>L L R(g—2) -2 L7 L R(Ag—6) L L 4g—1) - R2
q+2 4 4g+5  4g+1 4945 4q+5

By Lemma 7, f is a radio labeling for P84q 13- If follows by direct calculation that

8q+2

fxsgr3)=@Bq+2)(k+1) = > d(xi, xi41) =2k>+ 1.
i=1
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Case 4: rn(P, qu2) <2k?. Let n =8¢ 42 for some g € N. Then k = dlam(P8q+2) =

2g + 1. Similarly, we line up the vertices according to the display below.

RO Q+1 L(4 ) q+2 R4 q+1 L(4 _4) q+2 q+1 R(4 )
4q+5 4g+1 4q+5 4q+1 4q+5

%L o R4 —1)"—“>L5 "*' P REg-5) "“ L(4 —3)"—+'>R3

q

q+1 q+1 q+1 q q

44—+>L(4 4= PR Ldg—6) ] 6%3 s L24q+1 R(4q—2)

L3 "“ R(4g-3)25 L7255 R@Ag—7) -2 L5 Ldg—1)-L5R1 10,

4q+2 49+5 4q+ 4q+5 4q+5 4g+1 2

By Lemma 7, f is a radio labeling for Pg‘q 4o If follows by direct calculation that

8q+1

fOsg12) = Bg+ Dk+1) =Y d(x;, xiq1) =2k,
i=1

Case 5: rn(Pg‘ ) = 2k?> +q. Let n = 8q + 1 for some ¢ € N. Then k =

dlam(P8 p )= 2q Similarly, we line up the vertices according to the display below.
q+1 q+1 q q+1
C—>L(4q Ol R4—>L(4 Doty Lo REg)
q+1 q+1 q q g+l
—>L(4 —2)—>R3—>L(4q 6) 1P RT o L2 T Ridg — 1)
—>L(4 1)4—“>R2—>L(4 5 LRI 13 RUg—2)
4q+1 4q-3 4q9-3 4q+1
—>L(4 )"—“>R1—>L(4 —4) ‘“‘ RS—Is .. 114 R4g—3).
49-3 4q-3 4g+1

By Lemma 7, f is a radio labeling for Péq 41- 1t follows by direct calculation that

8q

fsgr) =Bk +1) =Y d(xi, xi11) =2k +4.
i=1

Case 6: rn(Péq) <2k’ +1. Let n = 8¢ for some g € N. Then k = diam(qu) =2gq.
Similarly, we line up the vertices according to the display below.

RO—>L(4 4)‘1—“>R4—>L(4 8)

q+1 q q+1
4g+1 493 L44q+1 R(dg-4)

2" 1L(4 3)"—+'>R3—>L(4q 1 "“ R7—Ls. . 111 L R(4g—1)
49-3 4q-3 4q+1
L2 o R2->L(4g—6) L R6—Ls L5121 R(4g-2)
4q+1 4q-3 4qg-3 4q+1
—>L(4 —1)"—+‘>R1—>L(4q —5)- LRS- 9137 R(dg—3)—4 L0
4g+1 49-3 49-3" " ag+1 4q-2
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By Lemma 7, f is a radio labeling for Pg‘q. It follows by direct calculation that

8qg—1
flsg)=Bq—Dk+1)— > dlxi, xiy1) =2k +1.
i=1
Case 7: rn(P4 _2) <rn(P4 Y] <2k%*41. Since k= dlam( 8q— )= dlam(P4 D=
dlam(P4 )= 2q, usmg the same subgraph argument as in Case 2, we have that
(Py, ) <Py, ) <m(Pg) <2k*+1.
Cases 1-7, together with Lemmas 5 and 6, complete the proof of Theorem 1.
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