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Generalized factorization theory for integral domains was initiated by D. D. An-
derson and A. Frazier in 2011 and has received considerable attention in recent
years. There has been significant progress made in studying the relation t,, for
the integers in previous undergraduate and graduate research projects. In 2013,
the second author extended the general theory of factorization to commutative
rings with zero-divisors. In this paper, we consider the same relation t, over
the modular integers, Z/mZ. We are particularly interested in which choices
of m, n € N yield a ring which satisfies the various t,-atomicity properties. In
certain circumstances, we are able to say more about these t,-finite factorization
properties of Z/mZ.

1. Introduction and background

D. D. Anderson and A. Frazier [2011] introduced a concept called t-factorization.
This provided a general theory which unified much of the existing literature on fac-
torization theory in integral domains into one general notion of factorization theory.
Recently, the second author has used several methods to extend this t-factorization
to commutative rings with zero-divisors; see [Mooney 2015a, 2015b; 2015c; 2016].

There has been a fair amount of research done on a particular 7-relation of interest
especially in the integers, Z. We discuss this in more depth in the following section.
In particular, the dissertation of S. M. Hamon [2007] answered the following
question, among others: for what n € N is Z t,-atomic? A. Florescu [2013]
investigated reduced t,-factorizations over Z. These studies helped to give a
concrete basis for t-factorization over the integers.

In this paper, we carry out a similar investigation of Z/mZ. We again are inter-
ested in the t,-finite factorization properties, especially the question of 7,-atomicity.
We use the definitions and methods established by D. D. Anderson and S. Valdez-
Leon [1996] and generalized by the second author [Mooney 2015a]. In Section 2,
we present preliminary definitions and background information in a more rigorous
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and thorough manner. In Section 3, we present several important properties of
Z/mZ which play a role in the t,-finite factorization properties. In Section 4, we
present the main results concerning 7, -finite factorization properties of Z/mZ for
various choices of m and n. Finally, in Section 5, we present further thoughts on
the remaining questions which were not answered in the present article.

2. Preliminaries

We assume R is a commutative ring with 1 £ 0. Let R* = R — {0}, U(R) be the set
of units of R, and R* = R* — U (R) be the nonzero nonunits of R. As in [Anderson
and Valdes-Leon 1996], we let

e a~bif (a) = (),
e a ~ b if there exists A € U(R) such that a = Ab,
cea=bif(1)a~band (2Q)a=b=0orif a =rb for some r € R then r € U (R).

We say a and b are associates (resp. strong associates, very strong associates)
if a ~ b (resp. a = b, a = b). As in [Anderson et al. 2004], a ring R is said to
be a strongly associate (resp. very strongly associate) ring if for any a,b € R,
a ~ b implies a ~ b (resp. a = b).

We leave the routine check that very strong associates are strong associates
and strong associates are associates as an exercise for the reader. Both ~ and
~ are equivalence relations, while = fails only to be reflexive. It is interesting
to see why, in rings with zero-divisors, these associate relations are no longer
equivalent. Any nontrivial idempotent e € R provides an example of an element
such that e &~ ¢, but e Z e. We have e = 1 - e, yet e Z e because e is not a unit
in e = e - e. This also demonstrates why = need not be reflexive. Examples
of elements which are associate, but not strongly associate are more difficult to
come by. We provide an example first given in [Fletcher 1969] and restated in
[Anderson and Valdes-Leon 1996, Example 2.3], where the details are provided.
Let R=FI[X,Y, Z]/(X — XY Z), where F is a field. Let x, y, and z be the images
of X, Y, and Z respectively in R. Then x = xyz, so x ~ xy, but there is no unit
A € U(R) such that x = Axy, so x % xy.

Let T be a symmetric relation on R*; that is, T € R* x R* and if (a, b) € 1,
then (b, a) € v and we will write a T b. For nonunits a,a; € R, and A € U(R),
a =M\aj - --ay is said to be a t-factorization if a; T a; for alli # j. If n =1, then
this is said to be a trivial T-factorization. Given the above t-factorization, we would
say that a; is a T-factor of a or write a; |; a. We note that 0 cannot appear as a
t-factor, except in the trivial factorization 0 = A0 for some A € U (R).

We pause to provide some examples of t-relations which have been of interest
in the literature.
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Example 2.1. Let R be a commutative ring with 1.

(1) t; = R* x R*. This yields the usual factorizations in R and |, is the same as
the usual divides.

(2) T = @. For every a € R*, there is only the trivial factorization and a |, b <=
a=Aibfor A€ U(R) < a~b.

(3) Let I be an ideal in R. Seta t; bifand only ifa —b € I.

(a) Let R =7 and I = (n). Then this is 7,, which was studied extensively in
[Florescu 2013; Hamon 2007].

(b) In the present work, we are interested in the case when R =7/mZ and I = (n).
We note that 7, is usually written as 7, and this relation is indeed symmetric
sincea—bel<=b—acl.

(4) We obtain the comaximal factorizations studied in [McAdam and Swan 2004] by
atbifandonlyif (a, b) = R. Furthermore, for any x-operation, we obtain x-comaxi-
mal factorizations, studied in [Juett 2012], by a 7, b if and only if (a, b)* = R.

(5) Lastly, for any set S, such as the collection of irreducible or prime elements in a
ring R, we can study ts-factorizations to obtain the atomic or prime factorizations
respectively by saying a ts b if and only if a € S and b € S.

We now summarize several definitions given in [Mooney 2015a; 2016]. Leta € R
be a nonunit. Then a is said to be t-irreducible or t-atomic if for any t-factorization
a = \ay ---a,, we have a ~ a; for some i. We say a is t-strongly irreducible or
t-strongly atomic if for any t-factorization @ = Aa; - - - a,, we have a ~ a; for
some a;. We say that a is t-m-irreducible or T-m-atomic if for any t-factorization
a = \aj ---a,, we have a ~ a; for all i. Note: the “m” is for “maximal” since
such an a is maximal among principal ideals generated by elements which occur as
t-factors of a. As in [Mooney 2016], a € R is said to be a t-unrefinable atom if a
admits only trivial t-factorizations. We say that a is t-very strongly irreducible or
T-very strongly atomic if a = a and a has no nontrivial t-factorizations. We refer
the reader to [Mooney 2015a; 2016] for a further discussion and more equivalent
definitions of these various forms of t-irreducibility.

We have the following relationship between the various types of t-irreducibles,
which is proved in [Mooney 2015a, Theorem 3.9] as well as [Mooney 2016].

Theorem 2.2. The following diagram illustrates the relationships between the
various types of t-irreducibility a might satisfy, where & represents R being a
strongly associate ring:

T-V. 8. irred. == t-unrefinably irred. = t-s. irred. =—> t-irred.

~. -~

T-m-irred.
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Let e be a nontrivial idempotent in R. Let 75 = &. Then there are no non-
trivial 75-factorizations. Thus every a € R* is t5-unrefinably atomic. However,
e - e = e shows that e Z e and thus e is not tg-very strongly atomic. To see
that none of the other reverse implications hold, we may set T = R* x R* to
obtain the usual factorizations. Examples are provided in [Anderson and Valdes-
Leon 1996] which show that the other implications are not reversible in rings
with zero-divisors.

We are now able to summarize various t,-finite factorization properties that a
ring may have.

Definition 2.3. Let « € {atomic, strongly atomic, m-atomic, unrefinably atomic, very
strongly atomic}. Let 8 € {associate, strongly associate, very strongly associate}.

(1) R is said to be -« if every nonunit has a r-factorization into elements which
are T-o.

(2) R is said to satisfy 7,,-ACCP if for every nonunit ap € R, any ascending chain
of principal ideals

(@) S(a)) S(@m)<---C(a) S(@y1) <---

such that a; 1 |; a; for each i becomes stationary.
(3) R is said to be a t,--B-unique factorization ring (UFR) if
e Ris 1,-c,
« every nonunit has a unique 7,-o factorization up to rearrangement and .

(4) R issaid to be a t,-a-half factorial ring (HFR) if R is -« and for each nonunit,
the length of every 1,,-« factorization is the same.

(5) R is said to be a t,-bounded factorization ring (BFR) if every nonunit has a
finite bound on the length of any t,-factorization.

(6) R is said to be a t,-B-finite factorization ring (FFR) if every nonunit has only
a finite number of 7,-factorizations up to rearrangement and .

(7) R is said to be a t,-B-weak finite factorization ring (WFFR) if every nonunit
has only a finite number of 7,,-divisors up to 8.

(8) R is said to be a 1,,-a-B-divisor finite ring (df ring) if every nonunit has only a
finite number of 7,,-a-divisors up to .

We include parts of the diagram from [Mooney 2016] to help the reader visualize
the relationship between these 7-finite factorization properties. In the diagram
below, V represents T being refinable and associate-preserving and we direct the
reader to [Mooney 2016] for further details:
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7-a-HFR

~

7-a-f-UFR =——— 7-B-FFR = 7-BFR == 7-ACCP == -atomic

H

7-B-WFFR

— |

T-o¢ T-o-PB-df ring = t-a-B-df ring

3. 7Z/mZ is strongly associate

We begin by studying the ring we are interested in, Z/mZ. As seen in the previous
section, the main issue with factorization in rings with zero-divisors is the number
of types of irreducibility and atomicity. We find that this ring has several nice
properties, which makes our work slightly more manageable. We find that Z/mZ is
a strongly associate ring and if p is a prime and e € N, then Z/ p°Z is présimplifiable.
Equivalently, Z/ p°Z is a very strongly associate ring. So if m is a prime power, then
for any a € R, all the associate relations and hence types of t-irreducibility coincide.
In general, even if m has multiple prime divisors, we will know that associate and
strongly associate coincide; hence t,-atomic and 7, -strongly atomic also coincide.

It was proved, in [Kaplansky 1949], that any Artinian or principal ideal ring
is strongly associate. This immediately gives us that our finite (hence Artinian)
principal ideal ring, Z/mZ, is strongly associate. We outline an elementary proof for
Z/mZ being strongly associate as well as present other useful results about Z/mZ.
We hope this is helpful for the reader, both to become familiar with the ring we
are working in and to see the relationships between the various types of associate
relations. Many of these results and similar techniques are used later when we
analyze the question of t,-atomicity of Z/mZ.

We begin with a remark about the units of a direct product of commutative rings.
This is a routine result, which can be found in any modern algebra text, and will be
left as an exercise to the reader.

Remark. Let R; and R, be commutative rings with unity and let R = R X R;. Then
UR)={(A1,22) [ A €U(R), b€ UR)} =U(Ry) x U(Ry) :=S.

That is, the units in a direct product of rings are the direct product of the collection
of units in the individual rings.

Lemma 3.1. R = R X R is strongly associate if and only if R\ and R, are both
strongly associate.
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Proof. (=) Let R = R x R be a strongly associate ring. Let (a), (b) be ideals
in R; such that a ~ b, i.e., (a) = (b). Consider the ideals (a) x Ry = (a) x (1) and
(b) x Ry = (b) x (1). Since (a) = (b), we have

((a, 1)) = (a) x (1) = (b) x (1) = ((b, 1)).

Now R = R; X R; is strongly associate, so there is a unit (A, A2) € U (R) such that
(a, 1) = (A1, A2) (b, 1). Thus a = A;b. By the above remark, we have shown that
A1 € U(Ry). Hence a ~ b. A symmetric argument demonstrates that R, is strongly
associate.

(<) Now suppose R; and R; are strongly associate rings. Let a, b € R with a ~ b.
Suppose a = (ay, az) and b = (by, by). Now a ~ b means ((a;, a)) = ((by1, b)). We
must prove that there exists a (A1, A2) € U(R) with (a;, az) = (A1, X2) (b1, by). Now

(a1) X (az) = ((a1, a2)) = ((b1, b2)) = (b1) X (b2).

Thus a; is associate with b; and a, is associate with b,. Hence, R; and R, are
strongly associate, so there exists A; € U(R1) and A € U(R») such that a; = A;b;
and a) = )\zbz. Therefore ()\1, )»2) S U(R) with (al, a2) = ()»1, Kz)(bl, bz). This
demonstrates R is strongly associate as desired. U

A routine induction argument on 7, the number of factors in the product, yields
the following result since R=(R; X Rp X -+ X Ry_1) X R, = R X Ry X - - - X R,,.
Lemma 3.2. R = R} X Ry X --- X R, is strongly associate if and only if R; is
strongly associate for each 1 <i <n.

Lemma 3.3. Letay,...,a, € R. Then (ajay - --a,) = (ay)(az) - - - (ap).
Proof. Let x € (a1)(a2) - - - (a,). Then

X =r1a1r12a - - Flply +121A172202 + + - TopGy + -+ - + T 1 Q17202 -+ PGy

for some r;; € R, with 1 <i, j <m, is a typical element of (a1)(az) - - - (a,). Notice
that we can factor out aja; - - - a, from each term yielding

x=(uro - rip+rirn-rg+oHrmitme o rmp)(@raz - -ay). (1)

The right-hand side of (1) demonstrates that x € (aja; - - - a,). Thus (ajas - - - a,) 2
(an)(az) - - - (an).

Let x € (ajay - - -a,). Then x =raja; - - - a, for some r € R. Then we can write
x =rajay---a, = (ra;)(lay) - - - (1a,), demonstrating x € (a;)(az) - - - (a,). Thus
(a1az---ay) S (a1)(az) - -~ (an). U

Lemma 3.4. Let p € N be a prime number and e € N. Then R = 7/ p°Z is very
strongly associate; equivalently, 7/ p°Z is présimplifiable. Moreover, this means
that 7/ p°Z is a strongly associate ring.
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Proof. Suppose a ~ b. We will show a = b. Since a ~ b, we have (a) = (b) by
definition. Thus we must prove that either a = b =0 or if a = rb for some r € R
then r € U(R).

If a =0 or b =0 we are done, so we may assume that neither a nor b is 0.
If a or b are units, then (@) = (b) = R and r = ab~', which is a unit. Thus we
may assume a and b are nonzero nonunits. Thus p|a and p|b. Let e, be the
largest integer such that p® divides a, but no larger power still divides a. Define e,
similarly. Now (a) = (b), so a|b and p® |a and therefore p® |b. This means
eq < ep. Similarly, b|a so e, < e,. This means e, = ¢p,, but by comparing the
number of factors of p in both sides of a = rb, we see that p cannot divide r. Thus
gcd(r, p)=1and r € U(Z/p°Z). Hence, R has been shown to be a very strongly
associate ring, which is equivalent to présimplifiable in the language of Bouvier
[1971; 1972a; 1972b; 1974]. Every présimplifiable ring is certainly a strongly
associate ring. O

The following theorem now follows easily from the lemmas and the Chinese
remainder theorem.

Theorem 3.5. Let m € N withm > 2 and m = p{' - -- p,". Then
Z/mZ=7p{'T xZ|pSZ X -+ X L] p"Z
is a strongly associate ring.

This means associate and strongly associate are always the same relation and
hence 7,-atomic and t,-strongly atomic coincide for our rings Z/mZ. We also
needed R to be a strongly associate ring to conclude that 7,,-m-atomic implies
7,-strongly atomic in Theorem 2.2. We find that this property of Z/mZ greatly
streamlines much of the research.

4. t1,-factorization properties of Z/mZ

Here we begin our analysis of which choices of m,n € N yield a t,-atomic (or
-strongly atomic, -m-atomic, -unrefinably atomic, -very strongly atomic) ring.
Moreover, when possible, we indicate if the ring satisfies other nice t,-finite
factorization properties.

Z[pZ. We first consider the simplest case, R = Z/pZ when p is prime.

Lemma 4.1. Let p € N be a prime number. Then R = 7/ pZ is a field.

Proof. Let a € R*. Then gcd(a, p) = 1, so by the Euclidean algorithm, there are
integers s, ¢ € Z such that as + pt = 1. When reduced modulo p, we see that
as =1 (mod p). Thus Z/pZ is a commutative ring with unity such that every
nonzero element is a unit. Thus Z/pZ is a field. U
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Theorem 4.2. Let p € N be prime and set R =7/ pZ. Let o € {atomic, strongly
atomic, m-atomic, unrefinably atomic, very strongly atomic}. Let 8 € {associate,
strongly associate, very strongly associate}. Then for any n € N, we have:

(1) Ris t,-c.

(2) R satisfies 1,-ACCP.

(3) Risat,-BFR.

4) Risat,-a-B-UFR.

(5) Risat,-a-HFR.

(6) Risat,-B-FFR.

(7) Risat,-B-WFFR.

(8) R is a t,-a-B-df ring.
Proof. (1) Let a € R with a a nonunit. Then by Lemma 4.1, a = 0 since all nonzero
elements are units in a field. The only t,-factorizations are 0 = A0 since there are
no other nonzero nonunits. Furthermore, R is a field, so (0) is a maximal ideal and

therefore 0 is m-irreducible and thus t,-m-irreducible. Fields are integral domains,
which are présimplifiable, so all of the other forms of 7,,-« coincide. Thus R is 7,,-«.

(2) The only proper ideal is (0) since R is a field, so it certainly satisfies ACCP and
therefore 7,,-ACCP.

(3) There are no nonzero nonunits, so there can be no nontrivial 7,-factorizations.
Thus all t,,-factorizations are trivial and have length 1, making R a 7,,-BFR.

(4)-(6) We know R is 1,,-a by (1). Moreover, 0 has only 0= A0 as a t,,-factorization.
Since R is a field, 0 = 0, so we see this is the only factorization up to rearrange-
ment and B. Hence R is a 7,-a-B-UFR and a t,,-a-HFR. Again, this is the only
7,-factorization, not just the only t,-« factorization, so R is certainly a t,-8-FFR.

(7)—(8) R is a finite ring with p elements. Hence there are a finite number of 7,,- and
7,-a-divisors in the whole ring. Thus R is a t,-8-WFFR and a 7,,-a-8-df ring. [

Z[p¢Z, where e > 1. For Z/mZ, with m = p¢ (where e € N and p is prime), we
found that Z/p°Z is présimplifiable, or equivalently very strongly associate. As in
[Mooney 2016], we have the following, which we state without proof.

Lemma 4.3. Let R be a présimplifiable ring. Let a € R* be a nonzero nonunit.
Then the following are equivalent:

(1) a is t,-atomic.

(2) a is t,-strongly atomic.
3) a is t,-m-atomic.

(4) a is t,-unrefinably atomic.

(5) a is t,-very strongly atomic.
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Lemma 4.4. Let R = Z/p°Z, where p,e,n € N and p is prime. Then p is
T,-m-atomic and therefore p is T,-atomic (-strongly atomic, -m-atomic, -unrefinably
atomic, -very strongly atomic).

Proof. Let p € R = 7Z/p°Z. We show that (p) is maximal. The following are
equivalent:

e Anelementa € Z/p°Z is a unit.

. ged(a, p©) = 1.

e gcd(a, p) =1.
e p does not divide a.
s ag(p).

Thus (p) is precisely the set of nonunits. If J 2 (p), then let x € J \ (p). Then p
does not divide x, so x € J is a unit, and so J = R. This shows that (p) is a
maximal ideal (not just among principal ideals). Thus p is m-atomic and therefore
T,-m-atomic. Moreover, by Lemma 4.3 this means p is t,-atomic (-strongly atomic,
-m-atomic, -unrefinably atomic, -very strongly atomic). ([

Proposition 4.5. Let p, e, n € N, where p is prime and e > 1. The only t,,-atomic
(-strongly atomic, -m-atomic, -unrefinably atomic, -very strongly atomic) elements
of R=17/p°Z are p and unit multiples of p.

Proof. Let a € R be a t,-irreducible (equivalently, -strongly atomic, -m-atomic,
-unrefinably atomic, -very strongly atomic) element. Since a must be a nonunit, we
know gcd(a, p) = p > 1. Therefore, p |a. Let j be the largest number of factors
of p that we can factor out of a. That is, let j be the integer such that p/ divides a,
but p/*! does not divide a. Write a =Ap’. Then ged(A, p) =1orelse p/*! | a. This
means A € U(R). If j > 1, thena=x-p/ =A-p--- pis a ,-factorization of a such
that (a) # (p). This means a is not t,-atomic and therefore a is also not 7,,-strongly
atomic (-m-atomic, -unrefinably atomic, -very strongly atomic). Thus, j = 1 and
a = Ap, showing any 1,-atomic (or -strongly atomic, -m-atomic, -unrefinably atomic,
-very strongly atomic) element of R = Z/p®Z must be a unit multiple of p. U

Theorem 4.6. Let R =7/ p°Z, where p,e,n € N and p is prime. Then we have
the following:

(1) R is t,-atomic.

(2) R is t,-strongly atomic.
(3) R is t,-m-atomic.

(4) R is t,-unrefinably atomic.

(5) R is t,-very strongly atomic.
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Proof. Let a € R be a nonunit. If a is not a unit, then ged(a, p) > 1; hence p | a.
We let j represent the integer for which p/ | a, but p/*! does not divide a. Thus
a = p’ - for some A € N. Moreover, p does not divide A, so gcd(A, p) =1 and A is
aunit. Then a = Ap - - - p, where p occurs j times. Certainly p 7, p forany n € N
since p—p =0¢€ (0) € [ for any ideal /. Thus we have found a 7,,-atomic (-strongly
atomic, -m-atomic, -unrefinably atomic, -very strongly atomic) factorization of a
by Lemma 4.3. U

Proposition 4.7. Let R=7/p°Z, where p, e, n € Nand p is prime. Let a € {atomic,
strongly atomic, m-atomic, unrefinably atomic, very strongly atomic} and let B €
{associate, strongly associate, very strongly associate}. Then we have the following:

(1) Risat,-B-WFFR.
(2) R isa t,-a-B-idf ring.
(3) R satisfies 1,-ACCP.
Proof. This is immediate again since R is a finite ring. (]

Remark. We note here that this ring nearly satisfies further 7,-finite factoriza-
tion properties; however, we have the following issue. For any j > e, we have
0=p---p=p’isa 1,-atomic (-strongly atomic, -m-atomic, -unrefinably atomic,
-very strongly atomic) factorization of 0. This means that R fails to be a 7,-BFR
(or -a-HFR, -a-B-UFR, -8-FFR). We do, on the other hand, have some positive
results for nonzero elements of Z/p°Z.

Theorem 4.8. Let p, e, n € N, where p is prime. Let o € {atomic, strongly atomic,
m-atomic, unrefinably atomic, very strongly atomic}. Let B € {associate, strongly
associate, very strongly associate}. Let a € Z/p°Z, a nonzero nonunit. Then we
have the following:

(1) Any two t,-« factorizations of a have the same length.

(2) The element a not only has a t,-a factorization, but it is unique up to re-
arrangement and f.

(3) The element a has a finite number of t,-factorizations up to rearrangement
and B.

(4) There is a bound on the length of any t,-factorization of a.

Proof. (1) Let a € R be a nonzero nonunit. We know by Theorem 4.6 that there is
a 1,-« factorization of a. As Proposition 4.5 demonstrated, p and unit multiples
of p are the only 7,,-o elements in Z/p®Z. Recall that from the construction of the
T,-a factorization in Theorem 4.6, j is the unique integer such that p/ | a, but p/+!
does not divide a. It is clear then that any t,-o factorization of @ must have precisely
Jj factors, each being some unit multiple of p.



GENERALIZED FACTORIZATION IN Z/mZ 389

(2) By Proposition 4.5, the only t,,-o elements are unit multiples of p. Now Z/p°Z is
présimplifiable, so all choices of § are equivalent. Thus since all 7,,-« factorizations
have the same length and all 7,-o elements are 8, it is clear that this 7,-« factoriza-
tion of a is unique.

(3) Since any t,-factorization of a is certainly a factorization of a, it suffices to show
that there are only finitely many factorizations of a up to 8. Again, let j be as in (1).
We claim that j is the largest number of nonunit factors that any factorization can
have. If each factor is a nonunit, then it must be divisible by p. By the definition
of j, we have p/ | a, but p/*! does not divide a. Thus there can be no more than
J factors in any given factorization of a. In this way, all factorizations of @ must
come as some grouping of the j factors of p or some unit multiple of p. Hence the
number of distinct factorizations up to B is certainly bounded by 2/. A better bound
would be P(j), where P(n) is the number of partitions of a set with n elements.

(4) Since there are only a finite number of t,-factorizations up to 8, we can simply
take the maximum length of these factorizations as the bound on the length of
7,-factorizations of a. Alternatively, it is clear that j, as defined in the unique factor-
ization in (1), is the longest possible 7, -factorization since any other 7,,-factorization
could be refined into this t,-« factorization and it would be at least as long. O

The above theorem shows that O is the only element preventing Z/p¢Z from
being a 7,-a¢-B8-UFR (or -a-HFR, -8-FFR, -BFR).

Z[mZ. When m has multiple distinct prime divisors, matters become more com-
plicated. There are now nontrivial idempotent elements. For instance, consider
Z/6Z and the element 3. We can factor 3 =3-3=3-3-3 =.... Often the
solution to dealing with issues that arise from idempotents is using U-factorization,
as in [Mooney 2015b]. We are still able to say a few things about certain finite
factorization properties in the affirmative, but further research will need to be
conducted to completely answer this question.

We begin with a known result which sheds some light on the situation. If
gcd(n, m) =1, then (n) = R and we have the usual factorization since t, = 74, where
7 = R* x R* yields the usual factorizations. This situation was discussed in [An-
derson and Valdes-Leon 1996] and we refer the reader here for the traditional case.

Proposition4.9. Let R=7/mZ,where m, n €. Let a € {atomic, strongly atomic,
m-atomic, unrefinably atomic, very strongly atomic}. Let B € {associate, strongly
associate, very strongly associate}. Then we have the following:

(1) Risat,-B-WFFR.
(2) Ris a t,-o-B-idf ring.
(3) R satisfies t,-ACCP.

Proof. This is immediate again since R is a finite ring. (]
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Theorem 4.10. Let o € {atomic, strongly atomic, m-atomic, unrefinably atomic,
very strongly atomic} and B €{associate, strongly associate,very strongly associate}.
Let R=17/p{' p5’ - p*Z, where pj, e;,n, k € N with p; primes. Then we have
the following:

(1) If k=1, then R is as in the previous subsection.

(2) If e; # 1 for at least one i and k > 1, then we have the following:

(a) R fails to be a t,-BFR.
(b) R fails to be a t,-B-FFR.
(c) R fails to be a t,-a-HFR.
(d) R fails to be a t,-a-B-UFR.
(3) If e, =1 forall 1 <i <k,then R is a direct product of fields and we have the
following:
(a) R is not t,-unrefinably atomic (or -very strongly atomic).
(b) R fails to be a t,-BFR.
(¢) R fails to be a t,-B-FFR.
(d) R fails to be a t,-a-HFR.
(e) R fails to be a t,-a-B-UFR.

Proof. (1) is immediate.

(2) After reordering the primes if necessary, we may assume that e; > 1. Then
consider the element (0, 1, ..., 1) and the 7, -factorizations

O 1,...,D=(. 1., (p 1, = (p, 1, D,

where j > e;. We notice that this is indeed a t,-factorization for any choice of
ideal (n) since (p,1,...,1)—(p,1,...,1) =(0,0,...,0) € (n). Furthermore,
(p,1,...,1) is both regular (not a zero-divisor) and generates a principal ideal
which is maximal. This means (p, 1,..., 1) is 7,-o and we have demonstrated
arbitrarily long t,-« factorizations of a nonunit. This proves R is not a t,-BFR (or
-B-FFR, -a-HFR, -a-8-UFR).

(3a) We observe that the element e := (0, 1, ..., 1) is neither 7,-unrefinably atomic
nor t,-very strongly atomic. To see this, consider the 7,-factorization

e=0,1,...,1)=(@O,1,..., 1), 1,...,1).

This demonstrates that e is an idempotent and hence e % e. Thus we have found a
nontrivial t,-factorization of e. We now consider any factorization of e. We have

e=0,1,...,1)=(ar1,a12, ..., a)(az, axn, ..., ax) - - - (a1, a2, . . ., Azi).

We have 0=aj1ap; - - - a1 in Z/pf‘Z, which is a field, soayy =0 forsome 1 < f <r.
In the other coordinates, we have factorizations of 1, and thus a;; must be a unit for
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each i and j > 2. This tells us that any factorization of e must have a factor of the
form (0, Ay, ..., Ax), where Ao, ..., A are units. But this means

e=0,1,...., D=, A" ..., 470, A2, ., Ap).

This factor is a strong associate of e which is neither 7,-unrefinably atomic nor
7,-very strongly atomic. Thus there is no possible 7, -unrefinably atomic or t,-very
strongly atomic factorization of e. On the other hand, R/(e) = Z/p1Z, which
is a field, and R is a strongly associate ring, so e is t,-atomic (-strongly atomic,
-m-atomic).

(3b—3e) We again consider e := (0,1, ..., 1). We observe that e = e =¢ =

...=e/ =... yields t,-factorizations for any j > 1. This demonstrates that R is
neither a 7,,-FFR nor a 7,,-BFR. Furthermore, this gives t,,-atomic (-strongly atomic,
-m-atomic) factorizations of e of different lengths, proving R is not a t,-atomic-
(-strongly atomic-, -m-atomic-) HFR or a 7,,-atomic- (-strongly atomic-, -m-atomic-
) B-UFR. Lastly, from (3a), we know R is not even 7,-unrefinably atomic (or -very
strongly atomic), so it is certainly not a t,-unrefinably atomic- (or -very strongly
atomic-) HFR or a t,-unrefinably atomic- (or -very strongly atomic-) f-UFR. [J

5. Further thoughts on Z/m7Z with multiple prime factors

We have answered many questions regarding t,-finite factorization properties in
the negative; however, there are certainly some remaining open questions. When
there are multiple prime divisors, the question of whether R = Z/mZ is t,-atomic
(or -strongly atomic, -m-atomic) appears much more complicated and sensitive to
the choice of the ideal picked. Further research would need to be done. Indeed, this
question appears difficult even in the integers; see [Florescu 2013; Hamon 2007].
For fixed n € Z, t,-atomicity and t,-finite factorization properties, even for small 7,
have been and continue to be studied in depth in Z, especially by Reyes M. Ortiz
Albino and many of his students at The University of Puerto Rico at Mayagiiez. It
seems fertile ground for future research.

The fact that Z/mZ is strongly associate simplifies (or at least unifies) some of
these questions to make it more tractable. The existence of idempotent elements
when m has multiple prime divisors suggests that looking at t-U-factorization,
as in [Mooney 2015b], may be a better path to take. The t-U-factorizations are
particularly effective in dealing with direct products of rings. It was often idempotent
elements that were preventing the ring from satisfying further 7, -finite factorization
properties. As initiated by C. R. Fletcher [1969; 1970] and studied extensively by
M. Axtell, S. Forman, N. Roersma, and J. Stickles [Axtell 2002; Axtell et al. 2003],
the method of U-factorizations is helpful for this. When using U-factorization, rings
like Z/6Z go from not being even bounded factorization rings (3 = 3’ for all i) to
being U-unique factorization rings.
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