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We study some combinatorial objects related to the flag manifold X of Lie
type G,. Using the moment graph of X, we calculate all the curve neighborhoods
for Schubert classes. We use this calculation to investigate the ordinary and
quantum cohomology rings of X. As an application, we obtain positive Schubert
polynomials for the cohomology ring of X and we find quantum Schubert poly-
nomials which represent Schubert classes in the quantum cohomology ring of X.

1. Introduction

One of the major theorems in algebra is the classification of complex semisimple Lie
algebras. There are four classical infinite series (of types A,, B,, C,, D,) and five
exceptional finite series (of types Fg, E7, Eg, F4, G3). To each algebra, one can asso-
ciate a group and to each group a certain geometric object called a flag manifold. In
type A, the points of this flag manifold are sequences V; C V, C - - - C C" of vector
spaces V; of dimension i. The algebra of type G, is considered the simplest among
the exceptional series, and we denote by X the flag manifold for type G,. The study
of flag manifolds has a long and rich history starting in the 1950s, and it lies at the in-
tersection of algebraic geometry, combinatorics, topology and representation theory.

One can associate a ring to the flag manifold X called the cohomology ring H*(X).
This ring has a distinguished basis given by Schubert classes o,,, indexed by the
elements w in the Weyl group W of type G;; see Section 4 below. We recall
that W is actually isomorphic to the dihedral group with 12 elements, although we
will use a different realization of it which is more suitable for our purposes. This
ring is generated by Schubert classes oy, , o5, for the simple reflections s1, 52 in W.
Therefore, at least in principle, the full multiplication table in the ring is determined
by a formula to multiply one Schubert class by another for either s; or s,. This is
called a Chevalley formula. There has been a substantial amount of work to find
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Chevalley formulas for this ring, starting with Chevalley [1994] in the 1950s. This
formula can be expressed combinatorially in terms of the root system and the Weyl
group for type G;. Alternatively, the cohomology ring has a “Borel” presentation
H*(X) = Q[x1, x2]/1, where I is the ideal generated by x]2 —X1X2 +x§ and x]6. A
natural question is to find out what is the relation between this “algebraic” presenta-
tion and the “geometric” one which involves the Schubert basis. In other words, one
needs to find a polynomial in Q[x;, x,] which represents a Schubert class o,, under
the isomorphism H*(X) = Q[x;, x]. This is called a Schubert polynomial. Such
polynomials are not unique, as their class in Q[x1, x2]/1 is unchanged if one changes
a polynomial by elements in /. In Section 5, we use the Chevalley rule to find Schu-
bert polynomials for ¢,,. Some of our polynomials coincide with similar Schubert
polynomials found by D. Anderson [2011], via different methods. The polynomials
we found are homogeneous and have positive coefficients. Given that the positivity
of Schubert polynomial coefficients has geometric interpretations in type A, (see
the paper of A. Knutson and E. Miller [2005]), this is a desirable property.

The current paper also focuses on a deformation of the ring above called the
quantum cohomology ring QH*(X). It is a deformation of H*(X) with the addition
of quantum parameters qd = qf‘qu for degrees d = (d, d»). If d = (0, 0), or
equivalently g; = g» = 0, the product reduces to the corresponding calculation
in H*(X). More detail will be given in Section 4. See [Fulton and Pandharipande
1997] for more information about the background/history of this ring. Similar to the
ring H*(X), the quantum cohomology ring has a Z[q]-basis consisting of Schubert
classes oy, (Where g = (q1, q2) are the quantum parameters), and it is generated as
aring by the classes oy, and oy, for the simple reflections s1 and s;.

The quantum Chevalley formula is a formula for the quantum multiplication
oy *x 0y, (i =1, 2). An explicit form of this formula, which uses combinatorics of the
root system of Lie type G, was obtained by Fulton and Woodward [2004]. In this pa-
per, we use the “curve neighborhoods” method to write down the explicit Chevalley
formula. This alternative method, obtained by Buch and Mihalcea [2015], involves
an interesting graph associated to the flag manifold, called the moment graph. Its
definition and properties are found in Section 3. It also has the advantage that it leads
to a conjectural Chevalley formula in a further deformation of the quantum cohomol-
ogy ring, called quantum K -theory. This will be addressed in a follow-up paper.

Our main application is to obtain a quantum version of the Schubert polyno-
mials. More precisely, it is known [Fulton and Pandharipande 1997, Proposi-
tion 11] that QH*(X) = Q[x1, x2, ¢1, g21/ I, where I a certain ideal which de-
forms I. Then, as in the classical case, we would like to find the polynomials
in Q[x1, x2, g1, g2] which represent each Schubert class o,, via the isomorphism
QH*(X) = Q[x1, x2, g1, qz]/f. These are called quantum Schubert polynomials.
As before, these polynomials are not unique, but we can impose some natural
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conditions that they satisfy, such as the fact that they deform the ordinary Schubert
polynomials, and that they are homogeneous with respect to a certain grading.
To our knowledge, such polynomials have not been explicitly calculated in the
literature. As a byproduct, we also use the quantum Chevalley formula to recover
the ideal I of quantum relations. This ideal has been, in principle, calculated by Kim
[1999] using different techniques, but the explicit polynomials generating this ideal
do not seem to appear in the literature. Our results are stated in Theorem 5.2 below.

2. Preliminaries: the root system and the Weyl group of type G»

2A. The G; root system. Denote by R the root system of type G,. It consists of
12 roots, which are nonzero vectors in the hyperplane in R* given by the equation
&1 + & + & = 0; our main reference is [Bourbaki 2002]. The roots are displayed
in Table 1, in terms of the natural coordinates in R*. Each root a can be written
uniquely as o = cjo1 + cpop, where «, oy are simple roots and cicy > 0. A root
is positive (negative) if both ¢y, ¢, are nonnegative (resp. nonpositive). The set of
simple roots is denoted by A = {1, oz}, where o) = €] —€; and ap = —2¢€1 +-€;+€3.
For later purposes, we need to expand each root in terms of the simple roots. The full
results are shown in Table 1. The root vectors in the A-basis can be seen in Figure 1.

We also need the dual root system consisting of coroots . The coroot o of
aroot « is defined as «” = 2«/(«, o), where («, «) is the standard inner product
in R®. Note that the coroots satisfy the properties (V)" =« and (—a)" = —a".
We denote the full set of coroots by RY and define the set AV, which holds the
simple coroots o) and a for RY. Table 1 shows the values for each of the coroots.

2B. The Weyl group of G,. The Weyl group of G,, denoted W, is the group
generated by reflections s,, where o € R. Let s; := s5o,. Geometrically, s, is the
reflection across the line perpendicular to the root «. For example, the reflection s

301420

oy +Ol/2_/)\3011 “+on
o2 3a1+0an

— aq

—QCBa+as) —an
—(2a1+az;v: (a142)

—Bai+2a)

Figure 1. The root system for G,. Each node is a root. The blue
lines represent the coordinate system using the A-basis.
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natural coordinates E-basis simple roots basis coroot a”
(€1, €2, €3) (o1, 2) o = roy+pas
€1—€ + o1 Oti/ =
€3—€] + ajtan (o1402)” =+
€3—€) + 2001 +an Qa+az)Y =2a1+as
er+e3—2€; + o oy = %Olz
€1+€3—2¢ + 301+as Bay+as)Y =a1+%a2
—€1—€2+2¢€3 + 3a1+20; Ba1+202)Y =051+%062
—(e1—€2) - —a (—an)¥ =—ay
—(e3—€) - —(a1+az) (—a1—an)Y = —a1—an
—(63—€2) - — Qa1 +az) (201 —0n)" = =201~
—(e2+e3—2¢1) - —ay (—ap)¥ = —%0!2
—(e1+e3—2€) - —Gaitm) (=301—0)" = —o— 3
—(—€1—€212¢€3) - —CBa+2a3) (=3a;—203)" = —011—%0!2

Table 1. The root system of type G,. For each root, we give its
sign, the root in terms of A-basis, and the corresponding coroot.

(corresponding to s,,) is the reflection across the line perpendicular to the o -axis
(see Figure 2). As Figure 2 shows, for any root «, we have s, = s_,. Therefore
only six unique reflections exist for the G, root system.

It is known (see, e.g., [Humphreys 1972]) that W has the presentation

W=(s1,5 :51°=52=1,(s15)°=1).

From this it follows easily that W is isomorphic to the dihedral group with 12 ele-
ments. In order to determine the reflections in W, we need the following definitions.

Definition 2.1. Consider w € W. A reduced expression for w is one involving prod-
ucts of 51 and s; in as short a way as possible (via the relations in the presentation).
If w € W, where w is a reduced expression, the length of w, denoted by £(w), is
the number of simple reflections (s; and s,) that show up in the reduced expression.

Figure 2. The reflection s,, (dashed line) which is perpendicular
to the a-axis (blue line).
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root (in A-basis) | reflection (w € W)
+oy S1
:|:O[2 52
+(Bay +a2) 5185281
+(oy + ) 525152
+Q2a; + o) 5152515281
+CBa +2a2) 5251525152

Table 2. The root reflection corresponding to each root in G5.

Example 2.2. Consider w = s15151525152. From the presentation of W, we know
that 512 = s;5; = 1 and so this expression is not reduced. However, (s151)s1525152 =
(1)s15285152 = sys25152. The latter is a reduced expression and £(w) = 4.

The 12 reduced expressions of the elements in W are

W = {1, 51, 52, 5182, $251, S1251, $25152, 51525152,

$1828182, §2818281, §1528515251, §251525152, S1S281S2S182}-

We denote by wg the longest element s15,51575152. Notice that among the twelve
elements, only six of them are the root reflections from the root system of G».
Because any reflection has order 2, it is easy to check that the root reflections
correspond to the reduced expressions of odd length.

Since the reflections s; and s, generate W, every reflection s, in the G, root
system can be expressed as a reduced expression product of s;1s and s,s. Consider
the action of W on the root system R given by the natural action of reflections on
vectors in R3. Explicitly, this action is given by s, - B8 = 54(B) = B — (B, a¥)a (see
[Humphreys 1972, p. 43]). The following lemma in proved in [loc. cit.].

Lemma 2.3. Let w € W and « € R. Then wsqw ™! = sy.0.
Example 2.4. Consider w = s1s7s1. We want to find a reflection s,, that corresponds
to w. By Lemma 2.3, 515251 = 8y, (a)» Where s1 is its own inverse and the action is

20
s1(a) = o — (@2, a1 oy = oz — (Otz, —1>O!1-

(o1, 1)

We know (a1, a1) =2, (see Table 1) so

2001 20
o — a2, —— Jou = — (o2, =5 )1 = o2 — (02, @)y
(a1, 1) 2

=ay — (—3)ay.

Thus s1(a2) = 31 + 2. The reflection 515251 is the reflection 3¢, 4, -

Table 2 shows the reflection across the line perpendicular to each root. Notice that
roots o« and —« have the same reflection and all reflections listed have odd length.
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coroot degree d
=dio)” +drar” | (d1, d2)
ar’ (1,0)
ay” 0, 1)
Bay +a2)” (1, 1
(a1 +a2)” (1,3)
Qo +a2)” (2,3)
(Boy +202)" (1,2)

Table 3. The degree for each coroot in the moment graph.

3. The moment graph and curve neighborhoods
3A. Finding the moment graph. Using the properties of the elements in the Weyl
group for Gy, it is possible to define the following graph.

Definition 3.1. The moment graph is an oriented graph that consists of a pair
(V, E), where V is the set of vertices and E is the set of edges. To each Weyl group
element v € W there corresponds a vertex v € V in this graph. For x, y € V, an
edge exists from x to y, denoted by

PRAN Yy,
if there exists a reflection s, such that y = xs, and £(y) > £(x).

Definition 3.2. A degree d is a nonnegative combination dja" 4 dyaty of simple
coroots. We will denote it as d = (d;, d»).

Since any coroot " is a linear combination in terms of ;" and e, it determines
a degree. These degrees are given in Table 3.

Example 3.3. An edge exists from s; to sos1. This is so because
L(sp51) > £(s1) and 281 = S18¢, Where s, = 51525].
Example 2.4 shows s15251 = $34,+a,- 1he edge corresponding to these two edges
has degree (3a; +2)Y; i.e.,

51 Bay+az)Y 5751
Notice that (3a; +2)" = lar) + laty/, so d = (1, 1). The edge from s; to sps; can
be represented by the degree (1, 1).

We depict the moment graph as oriented upward, as in Figure 3. To help read
the moment graph, a color code has been set up to represent the different edges.
We review some of the relevant properties of the moment graph:
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Figure 3. The moment graph for G,. The color code for the de-
grees is black = (1, 0), violet = (0, 1), red = (1, 1), green = (1, 3),
blue = (2, 3), orange = (1, 2).

» The vertices correspond to the 12 Weyl group elements.

 The edges represent the root reflections associated to the G, root system. There
are six different types of edges (different degree values) because there are
exactly six reflections in the G, root system. Note that edges exist between
Weyl group elements if the difference between lengths is odd.

o The bottom vertex is the element with the smallest length (id, where £(id) = 0).
The vertices in the next “row” have length 1 (s and s,). The length of these
elements increases by one as you travel up the graph. The top vertex is the
element with the largest length, wg, where £(wg) = 6.

» For any vertex, there are six edges connected to it, corresponding to the six
different coroots in R".

o For any wi, wy € W, where £(w;) = £(w>), both w; and w, will have edges
connecting to the same six vertices.

3B. Curve neighborhoods. In Section 3A, we defined the degree d to help sim-
plify the moment graph for use in future calculations. The importance of the
moment graph can be realized with the following concept defined by A. Buch and
L. Mihalcea [2015]:

Definition 3.4. Fix a degree d = (d1, d») and an element u of the Weyl group W.
The curve neighborhood, T 4(u), is a subset of W which consists of the maximal
elements in the moment graph which can be reached from u with a path of total
degree at most d.
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Example 3.5. Consider w =id and d = (1, 1). We want to determine the “highest”
path (starting at the identity) where the total degree traveled is at most (1, 1). By
inspecting the moment graph, we see that there are three initial paths starting from id:

e path d = (1, 0), which goes from id to s;. Upon reaching s, one is not allowed
to travel more than d’ = (0, 1) upwards. Further inspection of the moment graph
shows that a path exists with degree (0, 1) from s; to s152. We now have traveled a
total degree of (1,1). Thus we are done and s;s» is the largest element on this path.

e path d = (0, 1) which goes from id to s,. Upon reaching s, one is not allowed
to travel more than d’ = (1, 0) upwards. Further inspection gives a path with
degree (1, 0) from s; to sps;. We now have traveled a total degree of (1, 1). Thus
we are done and s;s; is the largest element on this path.

e path d = (1, 1) which goes from id to s;sps;. Since we traveled a total degree
of (1, 1), we are done, and s;s7s] is the largest element on this path.

We now take the maximal element that can be reached from id with degree (1, 1).
The largest of the three elements above is s1s251; thus I'(q,1)(id) = {s1s251}.

Itis clear that for any we W, there exists some degree (a, b) where I' 4 5) (W) = wy.
Then for any larger degree (a’, b’), where a’ > a and b’ > b, we have I' (7 1y (w) = wy.
Table 6 in the Appendix shows the curve neighborhoods for every element of the
Weyl group. For all the examples given, the curve neighborhood for some degree d
at u € W is always unique, a fact which was initially proved in [Buch and Mihalcea
2015] for all Lie types.

4. Quantum cohomology ring for flag manifold X

Recall that X denotes the flag manifold of type G,. The cohomology ring, denoted
by H*(X), consists of elements that can each be written uniquely as finite sums
ZweW ay oy, where a,, € Z and o, is a (geometrically defined) Schubert class.
Addition in this ring is given by

Z ayoy + Z bwaw = Z (aw +bw)aw-

weW weW weW

The quantum cohomology ring QH*(X) is a deformation of H*(X) by adding
quantum parameters, ¢¢ = qil' qu for degrees d = (dy, d»). If d = (0, 0) for any
calculation in QH*(X), we reduce down to the corresponding calculation in H*(X).
Similarly to H*(X), the elements of QH*(X) can each be written uniquely as
finite sums ),y aw(d )qdow, where a,,(d) € Z. The addition in this ring is also
straightforward:

Y aw@dqlon+ ) budqlon =) (@w(d) +by(d)goy.

weW weW weW
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The multiplication in this ring is given by certain integers c;; ’Ud called the Gromov—
Witten invariants:

w,d d
Oy *0y = E Cuv9q Ows
w,d

where the sum is over w € W and degrees d which have nonnegative components.
The (quantum) cohomology ring has two generators, namely oy, and oy, , correspond-
ing to the simple reflections s, s € W. As aresult, every element is a sum of mono-
mials in the oy,, and the quantum multiplication o, x o, by generators oy, determines
the entire ring multiplication. The formula for o, * oy, , the (quantum) Chevalley rule,
is illustrated in Section 4A. We list below a few properties that will help to understand
this ring and we refer, e.g., to [Fulton and Pandharipande 1997] for full details.

(1) The multiplication of quantum parameters is given by ql.d" ql.d ' = qidﬁds

(2) The quantum multiplication % is associative, commutative and has unit 1 = ojgq.

(3) The quantum multiplication is graded by imposing deg(o,,) = £(w) and for
d = (d,, d»), we have deg ¢ = 2(d, + d>). This implies that deg(c, * 0,,) =
deg(o,) + deg(o,) and that c}j’”f =0 unless £(u) + £(v) = £(w) + deg qd.

(4) If we impose the substitution g; = ¢» = 0 in 0, * 0, then we obtain the
multiplication o, - g, in the ordinary cohomology ring H*(X).

4A. Quantum Chevalley rule via curve neighborhoods. Recall that each coroot o
can be written as a linear combination «" = dj«" + draey, where ), oy are the
simple coroots and d;, d> € Z. 1t follows that each @ can be identified with the
unique degree d = (d;, d»). Let d[i] denote the i-th component of the degree d
in the decomposition d = d[1]a;" +d[2]ey . In other words, d[i] = d;. Note that
«”[i] means the same thing as d[i].

The classical Chevalley rule [1994] (see also [Fulton and Woodward 2004]) is a
formula for the products oy, - o5, € H*(X):

ou-0y =y (@ [i)ous,, (1

where the sum is over positive roots « such that £(us,) = £(u) + 1.

The quantum Chevalley formula for o, x o5, =", 4 ci#q%o,, was first proved by
Fulton and Woodward [2004]. See Theorem 4.3 below. We follow here an approach
based on curve neighborhoods, recently proved by Buch and Mihalcea [2015].
If d = (0, 0) then the coefficients le),’sf-l are those from identity (1) above. If d # (0, 0)
then the quantum coefficient c;; *S‘l,i can be calculated as follows. First, let w[d] € W

be the curve neighborhood I'y(w). Then
e = dli]- 8u,wia); )
where 4, 4, 1s the Kronecker symbol and w satisfies £(w) 4 deg qd =4l(u)+1.
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Remark 4.1. Although it is not clear from the definition, it turns out that if d[i] # 0
then u = w[d] only if d = «" for some « such that £(s,) = degq"‘v — 1. This
recovers the original quantum Chevalley rule from [Fulton and Woodward 2004].

Example 4.2. Consider oy, * oy, .

o Assume d = (0, 0). We need to determine roots « such that £(s1s,) =£(s1)+1=2.
The only possible Weyl group elements to represent s, are sp and sys251. If 54 = 52
then o = a,. This implies ¥ = (0, 1), soa”[1]=0. If s, = 51525 then & = 3] +.
This implies «¥ = (1, 1), so «V[1] = 1. Thus

Z(O{v[i])ausa =0-0455, + 10555 = Ogs -
o
e Assume d # (0, 0). We need to determine w € W such that w[d] = 'y (w) = s;.
According to the curve neighborhood results table in the Appendix, the only possible
w € W are id and s1. For both elements, the possible nondegrees are (N, 0), where
N € N. Note that we also need to choose w and d such that £(w) + deg qd =
£(s1) + 1 =2. Since deg qd is never odd, £(w) must be even. This eliminates s.

As for id, £(id) = 0 so then deg qd = 2, where d = (N, 0). This implies N = 1.

Therefore cis(ljjg’o) =d[1]- 65, =1-1=1 and this represents the only nonzero

quantum term. Thus for d # (0, 0),
> alqloy=1-¢"" 0iu=1-q1-1=q.
weW.,d
Combining the classical (i.e., from H*(X)) and pure quantum terms gives us
Og, * Oy, = Og,5, T (1.
Table 4 shows the results of our quantum Chevalley computations.

Theorem 4.3 (the quantum Chevalley rule [Fulton and Woodward 2004; Buch and
Mihalcea 2015]). The following holds in QH*(X):

ourog =Y (@ [iDous, + Y _(BYING" 0us,- 3)
o B

The first sum is over positive roots o such that £(usy) = £(u) + 1 and the second
sum is over positive roots B such that £(usg) = £(u) +1 — deg(qﬁv).

5. Quantum Schubert polynomials

We know that QH*(X) is generated as a Q[¢] = Q[q1, g2]-algebra by the classes
o5, and oy,. (This means that every element in QH*(X) can be written as a sum
of monomials in the oy, with coefficients in Q[g].) Then there exists a surjective
homomorphism of Q[g]-algebras W : Q[x1, x2; g1, g2] — QH*(X) sending

V(g =qi, Y1) =05, YXI+x)=o0,.



QUANTUM SCHUBERT POLYNOMIALS FOR THE G, FLAG MANIFOLD 447

w Oy * Oy Oy * Oy,
S1 [ +611 Os15p +Gszsl
$2 0515, T 05,5, 3Gs1s2+q2
5152 Os15951 +Uszsls2 zaszslsz +q2031
5281 20‘5”231 +qlasz 30‘5‘]5‘23‘] +as2S]sz
§15251 Os,51505] +q10—x1s2 +6]1612 Os505152 +20—.v2x1szsl +6]16]2
525152 O5y515251 +20'slslexz 3U‘x‘]s2s1s2 +q20—s2x1
§1528182 Oy 52515251 T 05551825152 Osys1505150 142051555
52815281 0515751525 +q1 Os)515 +61| 4205, Osy51595152 +30’31s2x1s2s1 +£11 4205,
5152515251 q10s1523152+q1q203152 Uwo+qlq2051s2
$251525152 Owy 4192 420555555, F2q102°
Wo = (S1S2)3 q105,51595152 +C]192Us251s2+611%20s1 420555157581 +CIICI2052s152+26116122031

Table 4. The quantum Chevalley table.

Note that for any P, P’ € Q[x1, x2, q1, g2], we have W(P - P') = W(P)x W (P’).
We call ¥ the quantization map. Let I be the kernel of this homomorphism. By
the first isomorphism theorem, we have an isomorphism

W Qlx1, %2, g1, 21/ T — QH*(X),

and this gives the presentation of the quantum cohomology ring. A quantum Schu-
bert polynomial for the Schubert class oy, is any polynomial P, € Q[x1, x2, g1, 2]
such that the image of P,, under W gives the class o,,. Equivalently U (P, +7 )=0y.

To find a quantum Schubert polynomial P,,, we proceed by induction on £(w),
using the quantum Chevalley formula from Table 4, and starting from the “initial
conditions” Py, = x; and Py, = x| + x2. To obtain the corresponding classical
Schubert polynomials for cohomology, set g; = g> = 0.

Example 5.1. In order to calculate P, we use the identity oy, x 0y, = 05,5, + q1
(taken from Table 4). Using that ¥ is an algebra homomorphism, we know that

W) =W *W(x) =05 x0;,, and W¥(g)) =qi.

Since W (x? — q1) = W (x?) — W(q)), it follows that W (x? — g1) = gy, . This shows
that xl2 —g1 is a quantum Schubert polynomial for oy, . The corresponding ordinary
Schubert polynomial is xf, obtained by making g; = 0.

Computations of ordinary Schubert polynomials were done for the ordinary
cohomology ring H*(X) of the G, flag manifold in a paper by Anderson [2011].
A classical result of Borel [1953] shows that H*(X) = Q[xy, x»]/1, where [ =
(xf—xl X +x%, xlé). (This can also be deduced from the classical Chevalley formula.)
Anderson used this presentation and a different method to obtain different Schubert
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Oy, our calculation  Anderson’s calculation [2011]
wo %(x? —i—xfxz) %xfxz

5152515251 %Xf %Xf

528515251852 é(xl +xz)3x1x2 %(xf +xzx12 +x§x1 +x§’)x1x2
$2515281 %xf %(4x12 —3x1x + 3)6%))6]2
$1528152 é(xl + x2)%x1x2 %(xf—i—x?xz +x12x§ +x1x§ +x§)
515281 %x% %(4)612 —3x1x1 + 3x%)x1
525152 SO +x)xixy  2x) + SxPan + $x1x3 +2x3
251 x12 3x12 —2x1x2 + 2x§

5152 X1X2 2)(12 —x1x2+2x§

52 X1+ x2 X1+ x2

S1 X1 X1

id 1 1

Table S. Classical Schubert polynomials.

polynomials, but our answers and his must be equal modulo the ideal /. The classical
Schubert polynomials we found are shown alongside Anderson’s in Table 5. In
order to check if our results are equal, we verified that the difference between our
resulting classical polynomials was a multiple of one of the elements of the ideal.

We used our quantum Schubert polynomial results, found in Theorem 5.2 below,
to compute the ideal I of the quantum cohomology ring QH*(X). This ideal is a
deformation of the ideal / of H*(X). As an example, we will derive the degree-2
relation in /. From the quantum Chevalley table on page 447, we know the identities

* Oy * 05 = 05y T 41,

* Oy, * 05, = Oy 5, + Oy, and

* 0y, %05, = 304,5, +q2.
These three equalities can be combined to obtain

3(oy, *x 05,) + (05, * 0y,) = 3(0y, *05,) + 391 + ¢>.
Now apply the transformation under ¥ to get
3(xy-x1) 4 ((x1 +x2) - (2 +x2)) = (31 (x1 +x2)) +3q1 +q2) + 1,
which is
3x? 4 x7 +2x1x0 + x5 = Bx7 +3x1x04+3q1 +q2) + 1.

Their difference belongs to I =ker W, so (after simplification) we get

X —xixa4+x3—QBq+q)el.
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This is the degree-2 relation in I. Notice that this is clearly a deformation of the
ideal term xl2 — x1x2 + x% in I. To get the degree-6 relation, one does a similar
manipulation but using the higher-degree terms in the quantum Chevalley table on

page 447. The following is the main result of this paper.

Theorem 5.2. The quantum cohomology ring of the flag manifold of type G, is

QH*(X) = Qlq1, 92, x1, x21/(R2, Re),

where Ry 1= xl2 —X1X2 +x§ — Bq1+q2) and

13 .3 5,22 1 10.2 5 1.2

I ) 4 3 2

+q1612(—2X12 - 13_1x1X2) — %%26}2-

Under this presentation, the corresponding quantum Schubert polynomials are

wy= (slsz)3 : %(x16+xfxz)+%(—2xf—6xfx2—5x12x22—x1xg)ql,
+3 (=3x7=Tx1300—2x3)q1 g2+ 5 (—3x]—4x1X2—x3) g1 —q1 02,
sasisas152: (o) xix)+ () g,
+(—6x7—4x1 2 x2—x1x3) g2+ (8x1+5%2)q192).
sis2818281: 527 +3 (=257 —4xx0—x163) 1 H(—=3x1=2x2) g1 g2 +(—3x1—X2)q7).
sisasts2: g (o) xn2)+ 4 ((rx2) g1 +H(=3x7—x1%2)42+24142),
s2s19281% X145 ((=2x7=3x1%2)91-24192-247),
sas152: 2 ((e1x2)x1x0)+4 (1 +x2)g1—x142)
sisas1: x5 ((—2x1—x2)q1),
s1520 X1xX2+41,
8281 X12—CI1,
$20 X1+x2,
S1tX1,
id: 1.

Appendix: Table of curve neighborhood calculations

This appendix contains the curve neighborhoods for all the Weyl group elements.
In order to list them as concisely as possible, we need to define

e ¢,m=0,1,2,3,...,
e NNM=1,2,3,...,

e N.M =

2,3,4,....

If w e W then I'¢g,0)(w) = w, so we won’t include that condition in the table.
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id

S1

$2

Cv,0)(id) =1
Lo,v)(id) =52
Cv,1(id) =s15281

L, nny(id) =s5251528152
v mn(id) =wo

Cov,0)(s1) =51
Lo, ny(s1) =5152
Civ,1y(s1) =515281
Fv,nn(s1)=wo

L 0)(52) =528
Lio,m)(s2) =52

L, 1y(52) =52515281
L, vy (52) =5251528152
L mny(s2) =wo

§182

5281

515281

Ly 0)(s152) =515281
Lo, vy (5152) =5152

Ly, (s152) =s1525152581
Cv,nry(s152) =wo

Ly 0)(s251) =5251
Lo, 3y (5251) =525152
Liv,1)(s251) =52515281
Fiv, vy (s251) =wo

Cin,0)(s15251) =515281
Lo, ny(515251) =51525152
Ly, 1)(515281) =S5152518281
Cv, vy (s15281) =wp

$25182

518525152

528185281

L(n,0)(525152) = 52515251
L0, n)(525152) =525182
Conv my(s25152) =wo

L (n,0)(515285152) = 8152515281
Lo, n)(51525152) = 51525152
Cv. sy (s1528152) =wp

Ln,0)(52515251) = 5281525
r‘(O,N)(32S1S2S1)=szs1s2s1s2
F(N,M)(S2S1S2S1):w0

$152815251

$251525152

Wo

F(N,O)(Slszslszsl)=S1szs1szs1

Lo, vy (s152815281) =wq

Lo, ny(5251525152) =5251525152 T, my(wo) =wy

Ly, (5251525152) =wp

Table 6. The curve neighborhoods for every degree at every we W.
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