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We show that the rings of invariants for the three-dimensional modular represen-
tations of an elementary abelian p-group of rank four are complete intersections
with embedding dimension at most five. Our results confirm the conjectures of
Campbell, Shank and Wehlau (Transform. Groups 18 (2013), 1-22) for these
representations.

Introduction

We continue the investigation of the rings of invariants of modular representations
of elementary abelian p-groups initiated in [Campbell et al. 2013]. We show that
the rings of invariants for three-dimensional modular representations of groups of
rank four are complete intersections and we confirm the conjectures of [loc. cit., §8]
for these representations.

Let V denote an n-dimensional representation of a group G over a field F of
characteristic p for a prime number p. We will usually assume that G is finite and
that p divides the order of G, in other words, that V is a modular representation
of G. We view V as a left module over the group ring FG and the dual, V* as a
right FG-module. Let F[V] denote the symmetric algebra on V* The action of G
on V* extends to an action by degree-preserving algebra automorphisms on F[V']. By
choosing a basis {xy, x2, ..., x,} for V* we identify F[ V'] with the algebra of polyno-
mials F[xy, x2, ..., x,]. Our convention that F[V]is aright FG-module is consistent
with the convention used by the invariant theory package in the computer algebra
software Magma [Bosma et al. 1997]. The ring of invariants, F[V]°, is the subring
of [[ V] consisting of those polynomials fixed by the action of G. Note that elements
of F[V] represent polynomial functions on V and that elements of F[V]¢ represent
polynomial functions on the set of orbits V/G. For G finite and F algebraically
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closed, F[V] is the ring of regular functions on the categorical quotient V /G. For
background on the invariant theory of finite groups, see [Benson 1993; Campbell
and Wehlau 2011; Derksen and Kemper 2002; Neusel and Smith 2002].

Computing the ring of invariants for a modular representation is typically a
difficult problem; the rings are often not Cohen—Macaulay. It is natural to take
p-groups as a starting point and recent work of David Wehlau [2013] gives us a
good understanding in the case of a cyclic group of order p. The next step is to look
at elementary abelian p-groups. The rings of invariants for the two-dimensional
modular representations of elementary abelian p-groups were computed in Section 2
of [Campbell et al. 2013] and the three-dimensional modular representations were
classified in Section 4 of that paper. The only three-dimensional representations
for which computing the ring of invariants is not straightforward are those of
type (1, 1, 1), in other words, those representations for which dim(V¢) = 1 and
dim((V/V%)%) = 1. Our goal here is to compute the rings of invariants for
representations of type (1, 1, 1) for groups of rank four. The methods we use are
essentially the same as the methods used in [loc. cit.]. As the rank increases, the
complexity of the required calculations increases; we believe that it is not feasible
to use the methods here for rank greater than four.

We denote by E = (eq, ez, e3,e4) = (Z/ p)* a rank-four elementary abelian
p-group. Note that E only has representations of type (1,1, 1) if p > 2, so we
make this assumption throughout the paper. As in Section 4 of [loc. cit.], define
o :F? = GL3(F) by

1 2c¢; c%-i—cz
o(ci,c) =10 1 C1
00 1

Note that o defines a representation of the group (F2, +). For a matrix

Mo (Cll cr2 13 Cl4)
€21 €22 €23 €24
with ¢;; € F, the assignment e; — o(cyj, ¢z;) determines a three-dimensional
representation of E, which we denote by Vj,. The action of E on F[x, y, z] is
given by right multiplicationon x =[0 0 1], y=[0 1 0] and z=[1 0 0]. Thus
x-o(c,c)=x, y-o(ci,cp)=y+cixand z-o(cy,c2) =z4+2c1y+ (c%—i—cz)x.
The representation V), is of type (1, 1, 1) if at least one ¢y ; is nonzero. Furthermore,
by Proposition 4.1 of [loc. cit.], for every representation of type (1, 1, 1), there
exists a choice of basis for which the action is given by some matrix M.

In this paper, we compute F[V),]Z for all M e F>*4 We give a stratification
of F2**4 and show that within each stratum there is a uniform computation of F[Vy,]E.
Note that the automorphism group of E' is isomorphic to GL4([F,), where [, denotes
the field of p elements. Since [, C [, there is a natural right action of GL4([F))
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on F2*4 If M and M’ lie in the same GLy4(F,)-orbit, then F[Vy/]Z = F[Vjr]E.
Essentially, we study subrings of F[x, y, z] parametrised by points in [F2**/ GL4(Fp)
and use elements of F[F2**1344Fr) to describe the stratification.

In Section 2, we work over the field K :=F,(x;; | i € {1,2}, j €{l,2,3,4}) and
compute K[V]¥ for the generic matrix

X11 X12 X13 X14
M= ( 3 ) .
X21 X22 X23 X24
We show that K[Vy(]¥ is a complete intersection of embedding dimension five

with generators in degrees 1, p2, p>+2p, p> +2 and p*, and relations in
degrees p® 4 2p? and p* +2p. Consider the 10 x 4 matrix

(Xn X12 X13 X14

X21 X22 X23 X24
p P P P
X1 X2 X3 Xig

p P P D
:=|]*1 %2 X3 X4

4 4 4 4
ptoopt ot b
11 %12 X113 Xua
4 4 e

Pt p
X1 Xpp Xo3 A4

and for a subsequence (i, j, k, £) of (1,2, ..., 10), let y;;x¢ denote the associated
4 x 4 minor of I'. Note that y;x¢ € F[F>**]S1®») and, for g € GL4(F,), we have
g (Vijke) = det(g)y;jke- We use zero-sets of various y;jxe to define the stratification
of F2**/ GL4(F,). In Section 3, we show that for M € F>** with y1234(M) # 0,
y1235(M) # 0 and y357(M) # 0O, the generic calculation survives evaluation. In
Sections 4 through 10, we compute the rings of invariants for the remaining strata.

Section 4: y1357(M) # 0, y1235(M) # 0, y1234(M) = 0. We show F[Vy 1 is a
complete intersection with generators in degrees 1, 2p, p>, p® +2 and p* and
relations in degrees 2p> and p* + 2p.

Section 5: y1357(M) #0, y1235(M) =0, y1234(M) #0. If y1245(M) #0 then F[Vj 1*
is a complete intersection with generators in degrees 1, p% p>+p, pP+p+2
and p* and relations in degrees p> + p? and p* + p? +2p. Otherwise, F[Vj]F is
a hypersurface with generators in degrees 1, p% p?-+2 and p* with the relation in
degree p* +2p>

Section 6: )/1357(M) =0, )/1235(M) 75 0, )/1234(M) 75 0. We show [F[VM]E is a
complete intersection with generators in degrees 1, p? p>+2p, p>+1 and p*,
and relations in degrees p* 4+ 2p? and p* + p.

Section 7: yi357(M) # 0, yi23s(M) =0, y1234(M) = 0. We show F[Vy]E is a
hypersurface. If y257(M) = 0, then the generators are in degrees 1, 2, p4 and p4
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and the relation is in degree 2p* Otherwise, the generators are in degrees 1, p,
p? 4+ p?> 4+ p+2, p* and the relation is in degree p* + p* + p> +2p.

Section 8: y1357(M) = 0, y1235(M) # 0, y1234(M) = 0. We show F[Vy]F is a
complete intersection with generators in degrees 1, 2p, p3, p*>+ 1 and p* with
relations in degrees 2p? and p* + p.

Section 9: y1357(M) = 0, y1235(M) = 0, y1234(M) # 0. If y1245(M) # 0, then
F[Vy 1 is a complete intersection with generators in degrees 1, p% p>+p, p>+1
and p? with relations in degrees p> + p? and p* + p. Otherwise, F[Vy]F is a
hypersurface with generators in degrees 1, p% p?+ 1 and p* with a relation in
degree p* + p>

Section 10: y1357(M) = 0, y1235(M) = 0, y1234(M) = 0. If y1246(M) # O then
F[Va]F is a hypersurface with generators in degrees 1, p, p>+1, p* and a relation
in degree p* 4 p. Otherwise, the representation is either not faithful or not of
type (1, 1, 1); in either case, the invariants were computed in [Campbell et al. 2013].

1. Preliminaries

We make extensive use of the theory of SAGBI bases to compute rings of invariants.
A SAGBI basis is the subalgebra analogue of a Grobner basis for ideals, and is a
particularly nice generating set for the subalgebra. The concept was introduced
independently by Robbiano and Sweedler [1990] and Kapur and Madlener [1989];
a useful reference is Chapter 11 of Sturmfels [1996]. We adopt the convention that
a monomial is a product of variables and a term is a monomial with a coefficient.
We use the graded reverse lexicographic order with x < y < z. For a polynomial
f €[Flx, y, z], we denote the lead monomial of f by LM(f) and the lead term of f
by LT(f). For B = {h1, ..., he¢} CFlx,y,z]l and I = (i, ..., i), a sequence of
nonnegative integers, denote ]—[f-:l h;j by h'l. A téte-a-téte for B is a pair (h!, h')
with LM(h!) = LM(h’); we say that a téte-a-téte is nontrivial if the support
of I is disjoint from the support of J. The reduction of an S-polynomial is a
fundamental calculation in the theory of Grobner bases. The analogous calculation
for SAGBI bases is the subduction of a téte-a-t€te. For any f € F[x, y, z], if there
exists a sequence I such that LM(f) = LM(h’), we can choose ¢ € F so that
LT(f) = LT(ch’). Then LT(f — ch!) < LT(f). If by iterating this process we
can write f as a polynomial in the /;, we say that f subducts to zero (using B).
For a téte-a-téte (h!, h”'), choose c so that LT(h!) = LT(ch’). We say that the
téte-a-téte subducts to zero if 1’ —ch”’ subducts to zero. A subset B of a subalgebra
A C F[x1,...,x,] 1s a SAGBI basis for A if the lead monomials of the elements
of B generate the lead term algebra of A or, equivalently, every nontrivial téte-a-téte
for B subducts to zero. For background material on term orders and Grobner bases,
we recommend [Adams and Loustaunau 1994].



ELEMENTARY ABELIAN p-GROUPS 555

The following specialisation of Theorem 1.1 of [Campbell et al. 2013] is our pri-
mary computational tool. Note that under the hypotheses of the theorem, {x, &1, i}
is a homogeneous system of parameters and, therefore, F[V),]¥ is an integral
extension of A.

Theorem 1.1. For homogeneous hy, ..., hy € F[Vy1F with LM(h;) = y' for
some i >0, LM(hy) =z’ for some j > 0and LM(hy) € Fly, zl fork=2,...,£—1,
define B .= {x, hy,...,hy} and let A denote the algebra generated by B. If
Alx N =F[Vy1E[x~ "] and B is a SAGBI basis for A, then A = F[Vy1F and B is
a SAGBI basis for F[Vi]E.

Note that, if an algebra is generated by a finite SAGBI basis, then for the
corresponding presentation, the ideal of relations is generated by elements corre-
sponding to the subductions of the nontrivial téte-a-tétes (see Corollary 11.6 of
[Sturmfels 1996]). We use the term complete intersection to refer to an algebra with
a presentation for which the ideal of relations is generated by a regular sequence.
Since the Krull dimension of F[V,,]% is three, the ring is a complete intersection if
the number of generators minus the number of nontrivial téte-a-tétes is three.

We routinely use the SAGBI/divide-by-x algorithm introduced in Section 1 of
[Campbell et al. 2013]. The traditional SAGBI basis algorithm proceeds by sub-
ducting téte-a-tétes and adding any nonzero subductions to the generating set. For
SAGBI/divide-by-x, if a nonzero subduction is divisible by x, we divide by the
highest possible power of x before adding the polynomial to the generating set.
While the SAGBI algorithm extends the generating set for a given subalgebra,
SAGBI/divide-by-x extends the subalgebra. If we start with a subalgebra A which
contains a homogeneous system of parameters and satisfies the condition that
Alx~'] = F[Vy1%[x '], then the SAGBI/divide-by-x algorithm will produce a
generating set for F[Vu1E (see Theorem 1.2 of [loc. cit.]).

For f € F[Vy], we define the norm of f to be the orbit product

Nu(f):=]]{f ¢lgeE)eFVul®

with the action of E determined by M. When applying Theorem 1.1, we often
take hy to be Ny (z).

Remark 1.2. Note that the action of E restricts to an action on [F[x, y] and that
Flx, y]E = [F[x, Ny (y)] (see Section 2 of [Campbell et al. 2013]). Therefore, if
h € Flx, y]¥ is homogeneous with deg(h) = |{y - g | g € E}| then A is a linear
combination of Nj;(y) and x9e®),

Define § := y? — xz and observe that

§-a(cr, ) = (v +ex)? —x(z+2c1y + (€] +e2)x) =5 — o2,
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Note that F[x, y, z][x~'] = F[x, y, —8/x][x '] and that the F[x, y, —8/x]% is a
polynomial algebra (see Theorem 3.9.2 of [Campbell and Wehlau 2011]). This
“change of basis” can be a useful way to compute the field of fractions of F[Vj,]%.
Form the matrix I by augmenting I with the column

HSIGC RO

For a subsequence J = (ji,..., js) of (1,2,...,10), let fJ € k[x,y,z][xfl]
denote the associated 5 x 5 minor of T". Let f7 denote the element of K[x, y, z]
constructed by minimally clearing the denominator of f;. Observe that f; €
K[Var]E. Furthermore, the coefficients of S liein [y [x; j]SL“([FP) and, for an arbitrary
M e F>*4, evaluating the coefficients of f; at M gives an element f, e F[Vy]E.
Invariants constructed in this way are a crucial ingredient in our calculations. Define
f11= fizsas and observe that LT(f1) = y1234y”"- Note that LT( fi346) = 712343

A straightforward calculation shows that
2 2
LT(f{ + y1234 f12346) = 2V1234 12357 2P yP +2P,
Therefore,

[+ v fizade

2xP*=2p e kIVul*

fo:

has lead term y1234)1235 yl’2+21’.
We make frequent use of the Pliicker relations for the minors of I" and I'.

Theorem 1.3. Let N be an n x m matrix with n > m. Denote by p;, i the
m X m minor of N determined by the rows iy, ..., iy. For sequences (i1, ..., im—1)
and (ji, ..., jm+1), we have the following Pliicker relation

m+1

Z(—1)“191'1,...,:',,,71,1“1?11,...,jafl,jm ..... jmi1 =0.

a=1

For a proof of the above theorem, see, for example, [Lakshmibai and Raghavan
2008, §4.1.3].

Lemma 14. For2 <i <7,

P _ r D r P
V120771234 = Y12i6Y1235 — Y12i5Y1245 T V1204V 1345 — V1203V 2345

Proof. Since taking p-th powers is [,-linear, y(12)j+2)k+2)¢+2) = yi?kg. For
example, yi;s56 = y1p234. The desired result follows from this fact, using the
(1,2,i)(3,4,5,6,7) Pliicker relation for the matrix I. O

For K = (k1, k2, . . ., ke¢) a subsequence of (1,2, ..., 10), let K; denote the subse-
quence of K formed by omitting i and let K; ; denote the subsequence of K formed
by omitting i and j. The following is Lemma 5.3 from [Campbell et al. 2013].
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Lemma 1.5. For any subsequence (i1, i, i3) of K,
(=Dyx

for some choice of €; € {0, 1}.

- c 3 € Fo —
fK[3 + (=1 ZVK[2J3fKi1 +(=1D SyKilviBfKiZ =0

i1sip

Remark 1.6. Note that y1357(M) = 0 if and only if {c;1, c12, €13, c14} is linearly
dependent over [F,,. This follows from the usual construction of the Dickson invari-
ants; see, for example, [Wilkerson 1983]. The key observation is that y;357(M)?~!
is the product of the nonzero [F,-linear combinations of {cy1, c12, c13, C14}.

2. The generic case

In this section we compute K[VrE. With fi and f> defined as in Section 1, using
Theorem 5.2 of [Campbell et al. 2013], we see that

KIVMmIE[x ™ =Kix, fi, fllx ']

Thus it is sufficient to extend {x, f1, f2, Nr(2)} to a SAGBI basis. We use the
SAGBI/divide-by-x algorithm of [loc. cit., §1] to do this. We will show that the
algorithm produces one new invariant, which we denote by f3, and that

3
LT(f3) = yi3s7y” 2.

For p =3 and p =5, this result follows from a Magma calculation. For the rest of
this section, we assume p > 5.
Expanding the definitions of fi, fi12346 and f gives

fi= )/1234yp2+)/12353pxp2_2p+3/1245xp2_pyp+V13453Xp2_2+1/2345xp2_1y,

2 2pr=2 2p%— 2p%-2 2p%—1
f12346 = — 1123487 +1123687 X7 TP 4 y1046X P TPy 4 y13465X P T yozaext Ty

and

f= FE+v1234 f12346
2= 2xP*-2p

2 2 2
+ 2p—2
= Y1234Y1235Y" 87 4+ v1234v1245X YV TP 4 123413458 x P yP

2p—1_p>4+1 , 1 2 2p.p* 1.2 2 22
+V1234Y2345X P YT 4 S y3ax P2+ S yinas 0 X T

2 2 2
- F1p2—2 -
+ 71235112458 X7 TP yP 10351134587 X P T 4 y123523456Px P Ty

1 2 1.2 2.2 24p-2
+ 3¥1234V1236X" 87 4 3¥i245x" Y7P +yvi24sy13a56x” TPTyP

2 2 2
fp—1_p+l 1 p 1.2 2 pPiop—4
+y1245V2345X 7 TP Ty P S y1034 Y1046 Y X TP 4 Sy 3458 X T

2 2
Y2p-3., 1.2 +2p—2.2
+Y1345Y23458 X7 TP Ty 4 S yapusxl TPy

1 242p—2 1 212p—1
+511234Y13460X 7 TP T F S y1034y 346X T Ty,
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. ~ < LA p+2 p .
Subducting the téte-a-téte (f; ', f, ) gives

s P p+2 2 )2 2_2p P
f=Vipsfi —Vialy tarxl T[T f
—_— — ) —

T T T3
2 2 — 2 —
p+1 2p%—2p pp—1 2p*—p (p—3)/2 (p+1)/2
Foaox? fIT Fosx T T+ agxTP T f 1 :
n Ts Ts
where
)/p+1)/ )/p+3)/
_ _~,P _ p _ Y1234 V1237 _ Y1234 V1257
a1==2Vpp35 2= ViouVius 3= T s =032
1235 Vivss
L 2.1. For p > 5, we have LT(f3) = ax2P"~2yP+2 yith
emma 2.1. For p > 5, we have LT(f3) = ax y wit
p+1 2p+2
Y1234 p+1 p p+1 V13571234
a= _(V1234V134s + Vi235Y1345V1236 — Y1235 7’1346) == .
Y1235 Y1235

Proof. We work modulo the ideal in K[x, y, z] generated by x2P-L By the definition
of f>, we have

P p 2 gp
' =T+ T3 = —Vi235V1234 1 Ji2346 — Vidsafs -
p_ P 3
As f =y1234yp and
p_.P P sp* p’ P P P p+p’
2 = VipaYi23s8" Y+ VinaaVipasx” y
p P sp 2p*-2p p} p P 2p*—p p+p
+V1234713458" % Y5 V1234V 2345% y )

we obtain
2

., p+l 14 Y4 p.2p*=2p p3

Y1234 (7’12343/1345‘H’1235V1236)‘S X y
ptl P P 2p°=pp+p

—VYi234 (712347/2345 +Y1235 V1246)x y

p+l_p 2p2-2
—Y1234 V1235 V13469 %

— _, P2 p 2P+
1=+ T3 = —Vip3, Viggsx” ¥ 77

3
.
Since

2 3 2
p+l _ p
XA =iy X i
= PEL PPt P20 =2p P
=Yz X" Y + Vi234V12358" X y
p 2p*—p PP +p p 202—2 p}
+ Vi234Y1245% y + ¥1234Y13450% o
we see that

_ . ptl P p p 2922 3
h—D+T3+T1Ti=yp, (V1235V1245 — V123571236 — V1234V1345)x S Ll

+ p+1( p+1 )x2p2—pyp3+p

P p
V1234 Y1245 = V1235V 1246 — Y1234V 2345

p+l( p P 2p?=2,p?
+ Vs (ViaasVi3as — Vin3sVi3a6) 0% ye.
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Using Lemma 1.4 for i = 3 and i = 4, along with the analogous result coming
from the (1, 3,4)(3,4,5,6,7) Pliicker relation for I', gives

2p+1 3
T\ = To4 T3+ Ta = =yt vy 27 y7 87

2p+1 2p2—p  p3+p 2p+1 2p2-2.p3
Y1234 Vioa7X y — Vizza Viza0% Yo

Since 3p? —4p >2p>—1for p > 5, we have x2P” prlp 1—V1pz3i P=p* 20" =2p,

Using the description of f, given above,

2 —
X272 ) = y0aax TP (1193587 + Yi2asx P yP 4 y13asdx 2P 72).
Thus
3 2 _
Ts = a3yihs, v %7 2P (1123587 + Y12asxP yP + 13458277 2).

Using the (1,2,4)(1,2,3,5,7) and (1, 3,5)(1, 2, 3,4, 7) Pliicker relations gives

vy vty .
_ T2 4 T3 4 T4+ TS 1234 71257 2p pyp +p 1234 13578 2p 2y

Y1235 Y1235
Expanding and reducing modulo (le’z*l), we get

2p*—p £(p=3)/2 _ 2p*—p, (p—=3)/2_(p?-3p?)/2
x2p flp 12 — 2p py15’34/y(p P/

and
2p%—p p(p+1)/2 (p+1)/2 (p+1)/2 2 343p%) 2+
x2p pfz =15 v s P py(p PI/2+p.
Thus
Ts _ (P12 2p*p p+p
1234 1235 y
and
=TI —To+ T3+ Ty + Ts + Ts = ax? ~2yr'+2,
Using the (1,2,3)(1,3,4,5,6) and (1, 3,5)(3,4, 5, 6, 7) Pliicker relations, we obtain
p+2 2p+2
_ Y234 . ptl PN _ _7’1234 Y1357
(V1345 V1356Y1235) =
Y123 Y1235
and, since we are using the grevlex term order with x < y < z, the result follows. [
Define y
~ 1235
== 375572 50 5
Vidys X202

so that LT( f3) = y1357y? 42 . Looking at the exponents of %) modulo p, it is clear
that there is only one new nontrivial té€te-a-téte: ( f3 5 fl ) In order to prove
that B := {x, f1, f>, f3, Nm(2)} is a SAGBI basis for K[V]Z, it is sufficient to
show that this téte-a-t€te subducts to zero. However, Np((z) is rather complicated
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and it is more convenient to take an indirect approach. Subducting the téte-a-téte
using only {x, fi, f2, f3} gives

3 21 2_(p+3)/2 +1)/2
Foi=Bifl = Bafl " fot Baxp gm0V p 0D/
——
T T Ty
2p—2 op*— 2p—1 (p*=1)/2— —1)/2 f(p+1)/2
+,34x p f]p I’f3+135x P fl(p )/ sz(P )/ f3(17 )/ ,

T T

where

p p
By = Y1234 (V1245Y1357 — V1235V 2357)

p? p
B1 = Vi23sViozer P2 = Vizsys

(p+1)/2 ’
Y1235
P p—1 _ (P*+p+2)/2_ (p+3)/2_ (p—3)/2
Ba = Vi234V1345V1357>  P5 = Vi 1235 1357 -

The lemma below proves that {x, f1, f2, f3, f4 /x?P} is a SAGBI basis. We then
use this in the proof of Theorem 2.3.

Lemma 2.2. For p > 5, we have LT(f3) = 2)/1234)/1’;3_51)6 PP’

2p+1

Proof. We work modulo the ideal in K[x, y, z] generated by x and x2”y, which

we denote by n. Since p > 5, we have p> —2p > 2p + 1. Therefore, using the
. . 2
expressions for f] and f, given above, we have f| =, y1234y? and
2 2 _ 2
F2 =n V12341123597 87 + vi23av12asy” PP 4 yio3ayi3as8x2P 2y P
1.2 2
+ Yio3ayosasx Py 4 Ly B P2
We will need expressions modulo n for £, x2=2f; and x2~! f¥ D2 Letm

denote the ideal generated by x?y and x3. Reworking the calculations of the proof
of Lemma 2.1 to keep additional terms of f3 gives

— 3 S41 1 2_p?
f3=m 713578y + y23s7xy7 T+ Syi3sx 7zl

Thus
pP_ P sp.pt P pypttp 10 2p pt
fz =n V13578 Y" + V35727 t2Viss* 2,
3 2p—1,p3+1 4 1 2p_p°
72 f3 =0 V13578 T2y P yaasya P Ty 4 Ly iggsxP gl
x2p=1 (p+1)/2 (p+1/2_2p—1_ (p3+2)(p+1)/2
p— f =u ¥\ ey x2P yp p+D/2
Therefore
T T/ = pz( P P )xP pitp _ P P s 2p=2 0
1 2 =n V1234\Y1235V 2357 — YVi24571357) % Y V1234V1345V1357 y
2 4
Y b4 2p—1_ p*+1 2p P
V1234Y234571357% y +2V1234V1235x z
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f(p+1)/2 y(p+1)/2 (p+1)/2 py(p3+3p2)/2+17’ we have

: p
Since x 1234 Y1235

2
T\ =T+ Ty =, V1234V1345V13575x 2= y

2p—1 . pitl P> p+l 2
)/1234V2345V1357X rlyr ] %

2 V1234V1235 X2

Using the description of x>~ f3 given above, we see that

T~ Ty + T+ T,

p4+1+ p* . p+l 2p p

_ D p—1 2p—1
=n V123471357 ()/1345)/2357 - J/1357)/2345)x y 3 J/1234V1235x Z

The (2,3,5)(1,3,4,5,7) Pliicker relation gives

Y2345Y1357 — V2357Y1345 = —V1235V3457-
Thus

2 _ 4 2
N o ’ r__ D p—1 2p—1_ p*+1 p+l_2p p
Ty =T, + T3+ Ty =n V123471357 V1235 V3457 % y + 27’123471 235X 7%

Observe that

2 1f(p -D/2-p _ V1(§324 D/2=p 2p— 1y(p —p¥)/2—p3

and

2 1 p(p— 1)/2 (p—D/2_ (p— 1)/2 2p—1_(pP+p?)/2—
7 n V1234 Yi23s Pyt P2,

+1)/2

Therefore, using the description of x27~! /3 ( given above, we obtain

~ 2
fa=T -+ T3+ T+ T5 =y 27’123471235x £
and, since we are using the grevlex term order with x < y < z, the result follows. [J

Theorem 2.3. The set B := {x, f1, f2, f3, N\m(2)} is a SAGBI basis, and hence a
generating set, for K[VasE. Furthermore, K[V\(F is a complete intersection with
generating relations coming from the subduction of the téte-a-tétes ( f217 , fF +2) and

e

Proof. Define f; := f:; /x%P, B = {x, fi, />, f3, f4} and let A denote the al-
gebra generated by B'. The only nontrivial téte-a-tétes for B are ( f2 r +2)
and ( f3 h f1 . From Lemmas 2.1 and 2.2, these téte-a-tétes subduct to
zero. Therefore B/ is a SAGBI basis for A. From Theorem 5.2 of [Campbell
et al. 2013], K[V, 1E[x~ 11 = K[x, fi, fol[x~']. Thus Alx~!'] = K[VAE[x 7).
Note that LM(fy) = z”4. Therefore, by Theorem 1.1, A = K[V\(]¥ and B’ is
a SAGBI basis for K[V\(]£. Hence the lead term algebra of K[V\]¥ is gener-
ated by {x, y?’, yP't2r, yP*+2 zP"} Since the orbit of z has size p*, we see that
LM(Npy(2)) = 27" Thus LM(B) =LM(B') and B is also a SAGBI basis for K[ V(]%.
For any subalgebra with a SAGBI basis, the relatlons are generated by the nontrivial
tete-a-té€te. Hence ( f2 P +2) and ( f3 5 fl ) generate the ideal of relations
and K[V(]* is a complete intersection with embedding dimension five. (]
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3. The essentially generic case

In this section we consider representations V), for M € F>** for which y1234 (M) #0,
y1235(M) # 0 and y1357(M) # 0. With this restriction on M, we can evaluate the
coefficients of the polynomials {f; | i = 1, 2, 3, 4}, as defined in Section 2, at M
to get {fi | i =1,2,3,4} C F[Vy]E. Note that LT(f}) = y1234(M)y?" so that
LM(7) = y?". Similarly LM(f) = y?"*22, LM(f3) = y?'*2 and LM(fy) = z”".
Also, note that y357(M) = 0 if and only if {c;1, c12, c13, €14} is linearly dependent
over [,. Thus, if y1357(M) # 0, the orbit of z has size p* and LM(Ny(2)) = P

Theorem 3.1. If vio3a(M) # 0, y1235(M) # 0 and y1357(M) # 0, then the set

B := {x, fi, f. f3, Nu(2)} is a SAGBI basis, and hence a generating set, for
F[Vy1E. Furthermore, F[Vy1E is a complete intersection with generating relatlons

coming from the subduction of the téte-a-tétes ( f2 L fP +2) and ( f3 f2 fl ).

Proof. Define B := {x, f1, f2, f3, f4} and let A denote the algebra generated by B'.

The only nontrivial téte-a-tétes for B’ are ( f2 FP +2) and ( f3 f2 fl ) The

calculations in the proofs of Lemmas 2.1 and 2.2 survive evaluation at M, proving

that these téte-a-tétes subduct to zero and B’ is a SAGBI basis for A. Thus, to use

Theorem 1.1 to prove A = F[Vi1E, we need only show that Alx N =F[Vy1E[x~1].
Consider

3 232 3 3_5 3_
f12351 = V123597 — vio37y” XV TP+ y10s79P X P TP 4 y13578x P T 4+ yssyyx?

and evaluate the coefficients at M to get fl2357 € F[Vy 1% with lead monomial yPS.
Since y1357(M) # 0, we know that f1»357 has degree one as a polynomial in z.
Furthermore, the coefficient of z is —y1357(M )xl’S_l Therefore, using Theorem 2.4
of [Campbell and Chuai 2007], FIVyu1E[x~"] = Flx, Ny y), f12357 [x~ 1] Thus,
to prove A = F[Vi1E, it is sufficient to show that { Ny (y), f12357} c Alx~ 1.
Using Lemma 1.5 for the subsequence (1, 2, 4) of (1, 2, 3,4, 5, 7) shows that

Vs f12357 = vaas7 fiaast € Spang {y2357 f13a57, V1357 Foaas7).
Thus ﬂ2357 € Spanﬂx’ x—l]{ f13457, f23457}. Similarly, using the (1, 6, 7) subsequence
of (1,3,4,5,6,7), we have that fi3457 € Spang, ,—11{f13456, flpz345}. Iterating this
process gives
f12357 € Spangy, ,—1){ f12345, fir3a5: S12346}-

. = = = z p2_ 7 z _
Since fiazs = fi and fioae = 2 foxP 2P — flz, we see that fi34s7 € A[x7!]. A
similar argument shows that

_ —pi —pj
f13s79 € Spang;, -1 { fosuss [haae 3

giving f_13579 € A[x~']. Since f]3579 = y1357(M)Np(y) (see Remark 1.2), we have
Ny(y) € A[x~!']. Therefore A = F[V)/]E. As in the proof of Theorem 2.3, observe
that LM(B) = LM(B). O
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Remark 3.2. Lemmas 2.1 and 2.2 are only valid for p > 5. However, for the
Magma calculations used to verify Theorem 2.3 for p =3 and p =5, only y234
and y1»35 are inverted. Thus Theorem 3.1 remains valid for p =3 and p = 5.

4. The y1234 =0, y1235 # 0, y1357 # 0 stratum

In this section we consider representations V), for M € F2*4 for which Y1234(M) =0,
Y1235(M) # 0 and y1357(M) # 0. For convenience, we write ;e for y;jke(M).
Evaluating coefficients gives

- — 2_ _ 2_ — 2_ _ 2_
fi = 71235877 72 4 ProasyPxP TP + Praasdx P T + posasyxl
Define
= —T and = 129
Vi23sXP 2P Y1235

so that LT(h;) = y2p and LT (hy) = yp3. Note that /1, ho € F[Vy]E. Furthermore,
arguing as in the proof of Theorem 3.1, F[Vy 15 [x '] = F[x, Ny (y), hol[x 1.

Vi 71359 i3 Vs 4_y
Lemmad.l.  Ny(y) =h}+ 22 — === |hox? 7" — 3 x? 2P,
Vi35 Y1357 Y1235

Proof. Since ﬂ3579 = Y1357 Ny (y) (see Remark 1.2), we have

Ny () = y#' — 121359 N 121379 N 121579 pert-p 123579 ',
V1357 V1357 Y1357 V1357

Using the definition gives

3OVI237 2 o2 . Y1257 3_,  VI35T . 3o V2357 3
hy = y” —_—y” xP =P +_—)7po P4 —§xP 2+_—yxp 1~
Y1235 Y1235 Y1235 Y1235
Thus

_17 - —17 —
Nu(y) —hl = ((1{)237 _ )fl359)yp3xp4_p3 _ ((117257 _ ):1379)yp2xp4_p2
Y1235 V1357 Vizs Y1357

_1‘) —_ —p -

V2357 Y1579 4_ V1357 4_n V3579 4_1

_<T+—_ yPaP'or T35 sp e pt=2p  TID ) piet,
Yi23s Y1357 V1235 Y1357

Using the (1,3,5)(3,4,5,7,9), (1,3,7)(3,4,5,7,9) and (1,5,7)(3,4,5,7,9) Pliicker
relations gives

_p—l
p Y1357 /- 3 4.3 _ 2 42
Nu(y)—h =)7p—()/1345yp xP TP — i3y xP TP
1235 Y3579 - Y

_ 4 — 472
—P1as7yPxP TP — 135787 xP TP )+
Y1357
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Using the (1,2,3)(1,3,4,5,7) and (1,2,5)(1, 3,4,5,7) Pliicker relations,

_ Y1237V1345 _ Y1245V1357 — Y1257V1345
Y347 = ———— and  yus7 = - .
Y1235 Y1235
Thus
| Phs V13577 V13577
135 4_ 3 V1357Y1245 4_ 1357V1345 . p4_9
Ny(y) = (V1345h2xp e e e P
V1235 Y1235 Y1235

vi4 - sp—lo -
Y1357 4 Y3579 Y1357 Y1345Y2357 4_q
— T(gpxp Py - yxP L

Y1357 5P+l

Y1235 Y1235

Using the (1, 3,5)(2,3,4,5,7) Pliicker relation, y1345Y2357 = Y1357V2345 + )711)2§51,
giving

sp—l- - Y4
Y1357 Y13457V2357 __ V2345Y1357 n );p—l

_p+1 - -p 1357 *
J/lszgrs Y1235
From the definition of 4,
p—1 -
J/ Y 3 V 4 V35719  _p-1 4_
Nu(y) = 1%57 1345 xpt=p 1357h p 2p+< )/1’;57>y pi-1
]/1235 V1235 Y135
- Y
The result follows from the fact that y,5,9 = /357 [l

As a consequence of the lemma, FIVu1E[x~"'] = Flx, hy, ha][x~']. Thus ap-
plying the SAGBI/divide-by-x algorithm to {x, &1, hp, Ny (z)} produces a generat-
2
ing set for F[Vy/]£. Subducting the téte-a-téte (h%, hf ) gives

- ) - )
hy = h% Y 2)’1237 hp(P+l)/2 pi—p? 2)11257h(p +1)/2xp37p‘
y1235 )/1235

- 2y
Lemma 4.2. LT(i3) = 22357 ypi+2, 072
V1235

-1

Proof We work modulo the ideal in F[x, y, z] generated by xP’~1. Therefore

hp Y2 hyxP’=P = y2PxP’=P and
h% zy2P3 27/1237y,, +p?  P*—p +2V1257yp +p P} p+2)/13575 P2
Y1235 Y1235 Y1235

. 3_.2 32 2 32 3.2 3, 2
Since xP" 7P hY = xP =P y?P" we have (h})PTD/2xP"=P" = xP =P yP"+P" Thus

2
hzzh{’ _271237h{;(p+1)/2 PP-p _|_2)/1257h(p +0/2,p? p+2y]3578 P2
V1235 Y1235 Vi23s

Hence fz3 = 2()71357/)71235)8y1’3x1’3_2, and the result follows. O
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Define h3 := 7123573/ (27135767 ~2) so that LT(h3) = y?'*2. Subducting the
téte-a-téte (h%, hg hp) gives

~ 3 3.2
hy = hé’ _ h1h§ —alx”hip +1)/2 +a2x2p—2h3h§p P9)/2
a3x2p—1h§p2—1)/2hgp—3)/2h§p+l)/2’

with
. (172357 )p Y1245 V1345 ) V2357 Y2345
ap = = S , O i= = , a3 i=p= — = .
Y1357 Y1235 Y1235 Y1357 Y1235
Lemma 4.3. LT(hy) = (Vms) X2
Y1357

Proof. We work modulo the ideal n := (x>?*! x2Py). Using the definition of /3
and methods analogous to the proof of Lemma 4.2, it is not hard to show that

3 % 3
Iy = 3.0y 837 +)’2357 N +1+@x22p.

Y1357 Y1357
Thus
WY =, 8737 +(V2%57> XPyP +,,+(V1235> 2
Y1357 Y1357

. 3
Since hy =, y?’, we have

V1245 V1345 V2345 _
hihy =, y? (5P+ yPxP 4 S22 5272 T2y 2P 1).
Vms Y1235 Y1235

3
Furthermore, since x”h| =, x?§P, expanding gives xf’hgp /2 =, xf’yf’4+1’. Thus
3
hY — kY —ayx PR

-~ - - P

Y1345 _2 p4 Y2345 1. p* Y1235 4

D 2P 2Pt LR 2p= il () 200
Y1235 Y1235 Y1357

=n
3_ 2 5
Note that le’_zhgp PO = x2r=2yp" =P’ Thus

3_ 2 4 % 4
xzp_2h3h§p P2 =, §2P=2 (yp 5+ )?357xy” +1>'
Y1357
Hence

3 32
R —hih} —ayxPhP P 4 apx s p O

S \P
=, oz3)c2”_1y"’4Jrl + (_111235) x2PzP",
V1357
2_ _
Since x27~ 1 p\P T2 pPmIR2p(PEDI2 2 [ 2p=1yptH e result follows. O

Define hy4 := )7135754/()71357)621’) so that LT (hy4) = Zp4.
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Theorem 4.4. If v123a(M) = 0, y1235(M) # 0 and y1357(M) # 0, then the set

B := {x, hy, hy, h3, Ny (z)} is a SAGBI basis, and hence a generating set, for
F[Vy1E. Furthermore, F[Vy1E is a complete intersection with generating relations
coming from the subduction of the téte-a-tétes (h2, hp ) and (h%, h, hp ).

Proof. Define B’ := {x, hy, ha, h3, hs} and let A denote the algebra generated
by B’. The only nontrivial téte-a-tétes for 5’ are (h3, hp ) and (h%, h h%). Using
Lemmas 4.2 and 4.3, these téte-a-tétes subduct to zero, proving that B’ is a SAGBI
basis for A. Since F[Vy1E[x~'] = F[x, k1, ho][x~'], using Theorem 1.1, A =
F[Vu]E. Finally, observe that LM(B) = LM(B). [l

5. The y1234 # 0, y1235 =0, y1357 # 0 strata

In this section we consider representations Vy; for M € F2*# for which y;235(M) =0,
Y1234(M) # 0 and y1357(M) # 0. For convenience, we write y; ke for y;jxe(M).

Lemma 5.1. If Y1234 # 0, Y1235 =0 and y1357 # 0, then y1345 # 0.

Proof. Let r; denote row i of the matrix I"(M). Since y234 #0, the set {ry, r2, 13, 14}
is linearly independent. Using this and the hypothesis that 1235 = 0, we conclude
that r5 is a linear combination of {ry, ro, r3}, say rs = ayry +axr, +asrs. Since r3 is
nonzero and the entries of r5 are the p-th powers of the entries of r3, we see that rs
is nonzero. Suppose, by way of contradiction, that 1345 = 0. Then r5 is a nonzero
linear combination of {ry, r3, r4}, say rs = byr; + b3r3 4 bars. Thus byr| + bsrz +
bara = ayry +ayry +asrs. Since {ry, rp, r3, r4} is linearly independent, by = a, =0,
a; =by, az =b3 and r5 = a r|+a3r3, contradicting the assumption that y1357 #0. U

Take fi as defined in Section 2, evaluate coefficients and divide by yj234 to get

ﬁ — yp2 + 111245 ypxpz—P + ):1345 Sxpz—z + 312345
V1234 Y1234 Y1234

21

yx?

Note that f] is of degree one in z with coefficient xp2*2)71 345/ Y1234 and so, using
Theorem 2.4 of [Campbell and Chuai 2007], F[Vy 15 [x 11 =F[x, Ny (y), fillx ™
Define ) ., . e

hy =Ny (y) — fI + o flxP 7 o fRx? 720,

with , ,
- -p -p
Y1359 YV 14
o] = ——+ Lfs and ap:= 13245.
-p -p
YI3ST iy Y1234

We work modulo the ideal n : (xp4 p’= 1y, Since )71357NM(y) = fl3579 (see
Remark 1.2), we have Ny (y) =, yl’ — (y1359/y1357)y1’ xP'=P* Therefore
_ _pZ 2
A2 3
Nu() = f = _<@ + %)yl’zx#‘” y”455” P2,
VI3ST 9 V1234



ELEMENTARY ABELIAN p-GROUPS 567

Thus
2 2
A p? Ap pt—p’ Pisas o p? pt_2p? V1%45 2 —2p?
Nu(y) — fi +O‘1f1xp b En___zgp xP T =y — yp v .
V1pz34 V1234
Hence

- a2 Ap 43 Ay 4 2
ho =Ny () — f7 +ar flxP =P +aq fix? ~2P

20{2 2 4 2 2 4 2

- - + —-p*— - +2 pt—p?-2

=y —— (Y12asy? TPxP TP 4 pausyP X TP,
Y1234

We first consider the case y1245 7% 0. Define
2 -
hy = V1234 Yo/ 2x? P Pi34571245)
so that LT(hy) = y”zﬂ’. Since Ny (y) € Flx, fi1, ha], we have

FIValElx ™1 = Flx, f1, hallx ™).

Subducting the téte-a-téte (h2, £ gives
hs = AlpH hy + ()/1345> pﬁzh%xl’z_Zp.
Y1245
pt1
Lemma 5.2. LT(h3) = (@> yPEPR2 P2,
Y1245

Proof. We work modulo the ideal (x”z_p_l). Thus fl = yf’z. Reviewing the
definition of h,, we see that

= p
=y g (@) yP 2Py ' =2p
Y1245

=
(AN

and
N 2p+2<y1345)y2p2+[)+2x1)2p2.
Y1245
Thus

. +1

p+l hp Y1345 p—2h2 p*—2p _ ) Y1345 P P +p+2. pi—p-2

y 72X = 17_ y X
1245 1245

and the result follows. O
Define 3 := 7/t s/ 2yl xP"~P=2) so that LT(h3) = y? +7+2,

Lemma 5.3. Subductmg the téte- a -téte (h f1 h%) gives an invariant with lead
term — V1245V1234Zp X2 aply p D).
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Proof. Modulo the ideal (x?**2P+1 xP*+2Py)  the expression
hg—flpz_lhz + Bihs flpz_pHxP_Z + ﬁzhzflpzxp + ﬁgﬁpZHXZP
+ Bahd £ 20 4 syl fl e
B3 F T el T s £ 02

— —1 2p2-2 2 _
+,39h2f1p Lx? +p+/310h3h§ e L
+1)/2, (p=3)/2 A(p*+1)/2— 219,
+/311h§p )/ hép )/ fl(p )/ P p*+2p 1’

with

= o p+l /- P
Y1345 Y1245 Y1234
Y1245 Y1234 Y1345
— - 2 _ 2 _
By 1 (J/1245, )p ((J/2345 )p ()/1245 )p (V1245 )p)
3.= = — — - —_ —_ )
2\ V1345 Y1345 Y1345 Y1234
1 (71345 \' Y1345 ptl Y1345 p+2
/343:——(_ , PBs:=12 s Bei=—2 .
Y1245 V1245 V1245
2
1 (71245 \' ( 71234\ 7 V1359 V1345
,372=—<_ = —, Byi=——""p
2\ V1345 V1345 Y1357 V1234
_ _ : _
Bo = 1 ()/1245 )p ()/1234 )p ()/1245)/1379 n V1579)
2\ v1345 V1345 Vizayizst  vi3s1)
. L (V1245 r-l V1234 u Y1379 . L (yi245 b V1234 P V3579
Bio:= 3| = = — Pui=z|= = —,
2\ V1345 V1345 Y1357 2\ V1345 Y1345 Y1357

2 p+p
is congruent to — y1245)/1234zp XV 4pl ).

[\

Theorem 5.4. If y1234(M) # 0, y1235(M) =0, y1357(M) # 0 and y1245(M) # 0,
then the set B .= {x, f1, ha, h3, Ny (2)} is a SAGBI basis for F[Vy1E. Further-
more, F[Vy1F is a complete intersection with generating relations coming from the

subduction of the téte-a-tétes (h%, fI™") and (h%, f7"~'n2).

Proof. Use the subduction of (hp f] h%) glven in Lemma 5.3 to construct an
invariant s14 with lead term zp Define B’ := {x, f1 ho, h3, hs} and let A denote the

algebra generated by B'. The only nontrivial téte-a-tétes for B’ are (hp fi ip +1

and (hp f1 _lhz) Using Lemmas 5.2 and 5.3, these téte-a-tétes subduct to Zero

proving that B’ is a SAGBI basis for A. Since [F[VM]E[JC_1 =[x fl, hy]lx
using Theorem 1.1, A = F[Vy]E. Finally, observe that LM(B) = LM(B').
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We now consider the case y1245 = 0. Define h2 = )/1234 hz/(2x1’ —p*=2 1’;4?1)
so that LT(hz) =y’ +2 Since Nu(y) € Fx, f1, ha], we have F[Vy]E[x~1] =
[x, fi, hollx 1.
A2 Ap2
Lemma 5.5. Subducting the téte-a-téte (hY lp +2) gives an invariant with lead
4 _ - 2
term 2P (71234x%/ 271345)) 7 .
Proof. Modulo the ideal (xf’z“, xP? y), the expression
A A2 A2
f” 242 (0t1h2f1p xp272+a2f117 +1p?
Ap Ap?— 2_ A /2 pp*=p=2)/2 2p2—
+013hgf1p Px2p 2p+a4h§(17+ )/ fl(p p=2)/ x2p P

roapi—1 op?- AP /2 p(p?=3)/2 2p2—
+oz5h2f1p 2P 2+a6h§p+)/ 1(p )/ 2P 1)’

with
- - =P - =pip
21345 ) Y1379V 1234 ) Y1359V1234
o1 = ) Gpi=—— o, W=
V1234 V1357V {h4s Y1357V1345
- _pz _ _ 2_1 _ _p2
. Y1579Y1234 . V1379V1234 . V3579Y1234
Oy = —2, o5 = —21 Og .= —ﬁ,
V1357)/1345 J/1357)/1345 Y1357Y1345
is congruent to 2 (P1234X> /(2)71345))1’ . O

Theorem 5.6. If y1234(M) # 0, y1235(M) =0, y1357(M) # 0 and y1245(M) =0,
then the set B := {x, f1, ha, Ny (2)} is a SAGBI basis for F[Vy|E. Furthermore,

FIVulE is a hypersurface with the relation coming from the subduction of the
téte-a-téte (hp , p +2).

Proof. Use the subduction of (fzp 2, prit 2) given in Lemma 5.5 to construct an
invariant hv, with lead term zp4 Deﬁne B = {x, fl, hz, hg} and let A denote the
algebra generated by B’. The only nontrivial téte-a-téte for B’ is (hp , p +2)
which subducts to zero using Lemma 5.5. Thus B’ is a SAGBI basis for A. Smce
FIVa1E[x '] = Flx, fi, ha]lx~'], using Theorem 1.1, A = F[V),]E. Finally, ob-
serve that LM(B) = LM(B). O

s

6. The y1234 # 0, Y1235 # 0, Y1357 = 0 stratum

In this section we consider representations Vy; for M € F>** for which y1234 (M) #0,
Y1235(M) # 0 and y1357(M) = 0. For convenience, we write y;ji¢ for )/,]kg(M)
Evaluating the coefficients of f and dividing by 1234 glves f1 with lead term y17
Since 1357 = 0 and y;235 #~ 0, the orbit of y has size p and Ny (y) = f12357/y1235
(see Remark 1.2). For convenience, write

Nu() =" +aay? x? 7P +ayyPx?’ P + agyx?’ !

and
Fr=y" + Ba8PxP" 7 4 ByyPx? P 4 B18x? 2 4 Boyx? T,
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with
Y1237 Y1257 Y2357
Ol2 = — = ) = 9 = — )
Y1235 Y1235 Y1235
Y1235 V1245 V1345 Y2345
3 = —_ 9 ES —_— 9 == -_ 9 == —_ .
Y1234 Y1234 V1234 Y1234

Subducting Ny (y) gives

~ A 3_9,2 A
hy = Ny () — f + BYxP =2 f2.

5 = ptl
Lemma 6.1. LT(hy) = 2(311235> yP 2Py P =P =2p

Y1234

Proof. We work modulo the ideal (xPS_PZ_p ). Using the definitions of fj7357 and

3 ~ 3 - - 2 3 2
fi234s, we have Ny (y) = yP and f]" = y7" + (71235/71234) y*P" x? ~2P". The
result follows from the observation that

3 3 Y1235 3_p2o
fixP -2p° _yp p*=2p’ +( >y2pxp P =2p 0
V1234

P*=p*=2p) 5o that LT(h,) = yP**+2P and

x2p—2+%yx2p—l>' (1)

1 1
Define h; := hz)/fgz; /(27’1!)2J3r5

hy =2 yp2 ((SP + &y”x” + &8
B3 B3

FIVa)Elx ™1 = Flx, £1, hallx 1.

Proof. Since y1357 = 0 and the first row of M is nonzero, we can use a change of
coordinates, see [Campbell et al. 2013, §4], and the GL4([F,)-action to write

M:(l C12 C13 0>'

0 ¢ c3 ¢4

Since 1235 # 0, we have cp4 # 0. With this choice of generators for E, let H denote
the subgroup generated by e; and e4. Using the calculation of F[x, y, z]" from
Theorem 6.4 of [loc. cit.], we see that F[Vy, 17 [x '] = Flx, Ny (y), Ny (§)][x ]
with Ny (y) := y? — yxP~! and Ny (8) = 87 — 8(cpax?)?~!. Thus, to compute
F[Vy1©Ix— 1= (FIVyu 12 [x~ 1) C/H | it is sufficient to compute

(Flx, Ny (»), Nu®)Ix ' D ? =Flx, Ny (y)/xP~1, Ny (8)/x*P~ 1 H[x7.

Lemma 6.2.

Note that deg(Ny (v)/xP~") = deg(Ny (8)/x*~") = 1. Furthermore
Flx, Ng (v)/xP~ " = Flx, No/u(Nu (y)/xP~h)]

and Ng/u(Nu(y)/xP~ 1) = NM(y)/xf’ -’ Us1ng the form of M given above,
we see that yi345 = —624 y1235 If we evaluate T' at M and set x = =1, y=1
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and z = 1, then first and last columns of the resulting matrix are equal. Thus
Sf12345(1, 1, 1) = Y1234 + V1245 + 72345 = 0. Using these two relations, we can write

J/2345 Y1235

Y1234
Thus we have fi /x?" =P e F[x, NH(y)/xp*I, Ny (8)/x2P~116/H is of degree one in
Ny (8)/x*~! with coefficient x”~ 1235/ 71234. Thus by Theorem 2.4 of [Campbell
and Chuai 2007], we have

fr=Nu(? - NH( )PP Ny (8)xP' =2,

Flx, Nig (0)/x" ™' Ny (8)/x*P =08 [x = =FLx, Ny (p)/x2" 7, fi/x? P11,
Therefore F[Vy]1E[x~'] = F[x, Ny (y), fl][x_l]. The result then follows from the
fact that Ny (y) € Flx, f1, hal. O

Subducting the téte-a-téte (h2, f7*7) gives

hy:=ht — fI% 428, fphzxp 2

- B5 p(Otzfl xP —Ot2l33f1p71h2x2”2_2p +061fl(p%)/zhépﬂ)/zxz”z_p)
for p> 5 and
hyi=h3 — £7 4283 2 hox®

— (@2B;” + B (fix® = B3 flhax'?) — (a1 B3 + By ' + B)h3x

for p =3.
Lemma 6.3. LT(h3) = aoBy "y? +1x?" .

Proof. For p =3, this is a Magma calculation. Suppose p > 5. We work mod-
ulo the ideal (x Pz). Since p —2p° > 2p we have fl = yf73 Furthermore,
3p? —4p > 2p?, giving flxzf’ 2 =yP *x2p'=2 . Using congruence (1) given above,
we have

hox 2P =2 = x20°=2py, (517 + 22 P yPxP 4 ﬂ(ngP—Z + @yx2p—1>
B B3 B3

j2
hgEyp3<8p+%ypxp+ﬁ_;8x2p—2+%yxzp_l) '

Using the definition of /,, we get
A 2 _ 2.3 A
FE = 2B3hax? 720 = BTV (f) — N (1)
— 8172 + IB;P (('35 _ Olz)ypzxpz _|_ﬁ]l’8px2]72—2p
+ (B — a)yPP T — gy Y.

and

Thus
3
— P —2B3hyx”” 2‘D)—IB—(OQ)’ X o yPx P gy,
3
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Furthermore, using the above expressions,

~ 2 Ap— 2 3_,2 2 2 A 2_ 2 3, .2
P = By fP T hax® 72 = yP P (6 fi = Bshax? TPy = x Py

Therefore

— PP = 2Bshax?"2P) — Br B FrH = By fP o2y
p3
_%(alypx PP agyx® ),
3

2 2 2 ~ 2 2
Note that hox2P —P = yP 2P x2P"~P and f1x2” ~P = yP" x2P"~P_Hence

A(p=3)/2, (p+1)/2 2p>—p _  pP+p 2p°—
| h2 x2PTTP = PP 2P P,

.. =~ 3 2_ .
giving h3 = agy? T1x?P l/ﬁf, as required. ]

_ _ _p+1 ) _ _ _
Note that ao/BY = 7235771234/ V12J3r5 Since 1357 = 0, ¥1235 # 0 and y3457 =
)/1235 # 0, arguing as in the proof of Lemma 5.1, we see that y,357 # 0. Define

hy i= Pl ha) (27 7 a35773s4) 0 that LT(h3) =y,
Lemma 6.4. LM(hY —h(” /2 A(P “20=D/2y _ yp bt

Proof. Worklng modulo the 1dea1 n:= (x”“ xPy), we see that f1 =, y” and
hy =, yP" 2P, giving hy— h(p +h/2 A(pz 2p=D/2 - why—y? “+r. Thus it is sufﬁ—
cient to identify the lead monomlal of hy —y? i+ Note that y” *+1 and xz”" are
consecutive monomials in the grevlex term order. Therefore, if xzP appears with
nonzero coefficient in /3, then LM (A3 — yl’3+1) = xzp3, and the result follows. Work
modulo the ideal m := (y). Then f] =m —,83sz1’2_1’ — ﬂlzxpz_l and Ny (y) =, 0.
Therefore

1

hy =m z— <zp2 P 4 ilf —57Px? PP (2P + Braxl” 1)2>.
2/33 ,33

Hence /3 has degree p> as a polynomial in z, with leading coefficient x /2a and

the result follows. O

Theorem 6.5. If y1034(M) # 0, y1235(M) # 0 and y1357(M) = 0, then the set

= {x, fl, ho, h3, Ny (2)} is a SAGBI basis for F[Vy1E. Furthermore, F[Vy1F is
a complete intersection with genemtlng relations commg from the subduction of the
téte-a-tétes (hé7 p+2) and (hp (p 2P th(p +1)/2)

Proof. Use the subduction given in Lemma 6.4 to construct an invariant 44 with lead
term zl’4. Define B’ := {x, fi, h2, h3, hs} and let A denote the algebra generated
by B'. The only nontrivial téte-a-tétes for B are

2 A, 2
(hg p+2) and (hp ](p 2p WZhé‘D +1)/2).

Using Lemmas 6.3 and 6.4, these téte-a-tétes subduct to zero, proving that B’ is
a SAGBI basis for A. By Lemma 6.2, we have FIVym1E[x~1] = Flx, fi, hollx— 1.
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Using Theorem 1.1, A = F[Vy/]. Clearly LT(Ny(z)) = P for k < 4. Since B is
a SAGBI basis for F[Vg]E, this forces k = 4, giving LM(B) = LM(B'). O

7. The y1234 = 0, y1235 =0, y1357 # 0 strata

In this section we consider representations V), for M € F2*4 for which Y1235(M) =0,
Y1234(M) = 0 and yy357(M) # 0. For convenience, we write y;jxe for y;jxe(M).

We first consider the case y1257 = 0. Let r; denote row i of the matrix I"'(M).
Since y1357(M) #0, the set {ry, r3, 5, r7} is linearly independent. Thus r; is a linear
combination of ry, r5 and r7. Since 1235 =0, we know that r; is a linear combination
of r1, r3 and rs. Using the (1,2, 3)(3,4,5,7,9) Pliicker relation, y;237 =0. Thus r»
is a linear combination of 7, r3 and . Combining these observations, we see that r»
is a scalar multiple of . Using a change of coordinates (see Section 4 of [Campbell
et al. 2013]), we may assume that r, is zero. If the second row of M is zero, then
Vi is a symmetric square representation and the invariants are generated by x, §,
Ny () and Nyp(z). Since 1357 # 0, we have that Ny (y) and Ny (z) are both of
degree p* and there is a single relation in degree 2p* which can be constructed by
subducting the téte-a-téte (81’4, N M(y)z) (see Theorem 3.3 of [loc. cit.]).

For the rest of this section, we assume y|257 # 0. Evaluating coefﬁcients gives
the invariant f12357 Using the (1,2, 3)(3,4,5, 7 9) Pliicker relatlon )/1237 = 0.
Thus y1237 =0, and we have fio3s7 = 71257577 7P + 71357857 2 + PoasyyxP’
Divide by y1257xp P to get

)/13576 p— 2+ )/2357yx,,,1'
Y1257 Y1257

hy P4

Observe that Ny, (y) = fl3579/)71357. Subducting Ny (y) gives

~ 3 3.0p2 4_9,3 3,2 p24D 4_ 3 _~n,2
hy =Ny (y) —hy +a? h|" x? 2p —2ozp+phf+pxp p=2p

3,2 2 2 A3 2
+ 4ol PP RY TPt - - 2p,
with & 1= Y1357/ V1257
7 pPHp’+p+l PP +p>+p+2  pt—pP—pP—p-2
Lemma7.1. LT(hy) =8«x y X .

Proof. It will be convenlent to Work modulo the ideal (xp -p’ xp —p*—p*—p—1 y),
50 that NM(y) = y*" and hp = yP' 4+ a?’ 8P xP' "2 Thus Ny (y) — hp =
—aP sP xr' =2’ . Expanding gives
AT (hfi7 )2 = xP 72p3yp3 (yp3 + 2ap25p2xp3—2p2)‘
Thus
Nu(y) — hf3 +oz”3hfp2xp4_21’3 = 2ol Py §p? x Pt =P =207,
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Again expanding gives
2
2 43 .2 4_ 3 5,2 3.2 2 2
hf 2P pi=p’=2p7 _ ' -p-2p yP P (yPT 4 2P 8P x P72,
Hence
3 3. 2p2 4 3 3,2 p2 4_ .3 2
p p -2 + p+2p —p3=2
Ny (y) —hy +af h{" xP 7P =2l TP p TP xP TP 7o
3 2 3 2 4_ 3,2
= 4P TP PSP PP PP P 2
. 2 2 432 4_ 32 3.2 _
Since hf PR D D 2 = )PP P 2Py P P (WP 4 208X P 2), we have
~ 3 2 3 2 4_ 32
hy = 8P TP TPy P AP PRy pTmp =P P2
and the result follows. U
A pP+p’+p+l, pt—pi—p?—p-2 PPHp’+p+2
Define iy :=hy/ (8« X ) so that LT(hy) =y .

3 2
Lemma 7.2. Subducting the téte-a-téte (h%, h? TP +?

lead term
3 2
- p’+p°+p
( Y1257 ) P PP 2D,

2y1357

) gives an invariant with

Proof. For p = 3, this is a Magma calculation. For p > 3, the subduction is given b
p g p g y
AR N T e
27 anahiy X
1 3 2 2 2 3 3 2
p+p +2 p’+2p_pi—p*+2
+ — (ﬁ ht xP 2P _giaP ht xP P 2P
4P +retp 3 32
2 3 2 3 2 _ 3,
+2B1aP TP RY TP 4B P Py p PP P P2
3 3 3 2 2 3_,2_ 2 _
—Box? (hi7 +pxzf”—az”hlf t2yp —I—Za”“hzhf PImP P2y
34,2 341 3_pP—p—1_p—
+B3x? TP (R —ahohl TP TP PR
_ ﬁ4hép+1)/2h§P2+P+1)(P—3)/2xp3+p2+2p7l)’

with

. 5p—l
Ba = V357

- Y1357 Y1359 V1379 Y1579
. ES -_— 9 = _— 9 2 . = —_— b 3 . = — 9
Y1257 Y1357 Y1357 Y1357

To calculate the lead term, work modulo the ideal generated by x? TP +2P+1 and
xP P2y, O

Theorem 7.3. If y1234(M) =0, y1235(M) =0, y1357(M) = 0 and y1257(M) # 0,
then the set B := {x, hy, ho, Ny (2)} is a SAGBI basis for F[Vu1E. Further-

more, F{IVy1F is a hypgrs»grface with the relation coming from the subduction
of the téte-a-téte (hY, RV TP P2,
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Proof. Use the subduction given in Lemma 7.2 to construct an invariant /43 with
lead term zp4. Define B :={x, hy, ho, h3} and let A denote the algebra generated
by B'. The only nontrivial téte-a-téte for B’ is (h5, hY PP Ghich subducts
to zero using the definition of i3. Thus B’ is a SAGBI basis for A. Since h; is
of degree one in z with coefficient —ax?~!, it follows from [Campbell and Chuai
2007] that F[Vy 15 [x~ 1 = F[x, A1, Nyy(0)1[x']. Since Ny (y) € Flx, hy, hal, we
have F[Vy1E[x~']1 = Fx, A1, ho][x~']. Using Theorem 1.1, A = F[Vy]E. Clearly
LT(Ny(2)) = 2" for k < 4. Since B’ is a SAGBI basis for F[V£]%, this forces
k =4, giving LM(B) C LM(B'). O

8. The y1234 =0, y1235 # 0, y1357 = 0 stratum

In this section we consider representations Vy; with y1235(M) # 0, y1234(M) =
and y1357(M) = 0. The results of this section are valid for p > 3. For convenience,
we write ¥;jke for y;jxe(M). Observe that Ny (y) = f12357/)71235 (see Remark 1.2).
Thus Ny (y) has lead term yp Furthermore, f12345 has lead term y235 y2pxp —2p,
Define h1 := fioaas/(F1235x7 ~2P) so that LT(h}) = y27.

Lemma 8.1. FIVm1®[x ™' = Flx, by, Ny ()][x ']

Proof. We argue as in the proof of Theorem 4.4 of [Campbell et al. 2013]. Since
Ny (y) and hy/xP are algebraically independent elements of F[x, y, §/x]F with
deg(Ny () deg(h /xP) = p* = |E|, applying Theorem 3.7.5 of [Derksen and
Kemper 2002] gives F[x, v, 8/x]1% = F[x, Ny (y), h1/x"]. The result then follows
from the observation that

I]:[x,y,z]E[x_l]:U:[x,y,S/x]E[x_l]. |

2
Subducting the téte-a-téte (N ()%, h") gives
~ 2 2 _ 32 2 _ 3 2
ha = Nu()? =i + a(ylzgml’ PRI sk PPN
1

~ _ 3 3_ _
Lemma 8.2. LT(hy) = 2y2357y" Hlyp 1/7/12%5-

Proof We work modulo the 1deal (xP ). Expand NM(y)2 and observe that
hp :y2p hpxp G —y2p xP=P" and hlxp3 p—yszp3 P, ([

Using the (1,3,5)(2,3,4,5,7) Pliicker relation, we have y34572357 = )7{%51.
Thus J2357 # 0. Define a := J1235/2/(272357x7° 1) so that LT(hp) = y?"+1.

3
Lemma 8.3. LM(h5 — hg” D2y _ optyp,
Proof. A careful calculation shows that

=D
LT(hD — 172 = 11235 o p, O
2V 2357
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Theorem 8.4. If Y1234(M) =0, y1235(M) # 0 and y1357(M) = 0, then the set B :=
{x, h1, ha, Ny (), Ny (2)} is a SAGBI basis for F[Vy1E. Furthermore, F[Vy1E is
a complete intersection with relations coming from the subduction of the téte-a-tétes
(N )2, 1Y) and (h2 hP+D72),

Proof. Use the subduction from Lemma 8.3 to construct an invariant 43 with
lead term zp4. Define B’ := {x, Ny (y), h1, ha, h3} and let A denote the alge-
bra generated by B’. The nontrivial téte-a-tétes for B’ subduct to zero using
Lemmas 8.2 and 8.3. Thus B’ is a SAGBI basis for A. From Lemma 8.1,
FIVa1E[x~1] = Flx, hy, Nyy(»)1[x ™). Thus, using Theorem 1.1, A = F[Vy,]E.
Clearly LT(Ny (z)) = zf’k for k < 4. Since B’ is a SAGBI basis for F[Vz]Z, this
forces k = 4, giving LM(B) = LM(B'). [l

9. The y1234 # 0, Y1235 =0, y1357 = 0 strata

In this section we consider representations Vy; with y1235(M) =0, y1234(M) #0
and y1357(M) = 0. For convenience, we write y;jr¢ for y;jre(M). Using the
(1,3,5)(3,4,5,6,7) Plicker relation, ;345 = 0. Thus

- — 2 _ 2_ — 2_

fi = 7123aY7 + P12asyPxP TP + posasyx? T e Fx, yl.
Since 1234 # 0, the orbit of y contains at least p? elements. Thus Ny (y) = f] /Y1234
(see Remark 1.2).
Lemma 9.1. FIVaI1®[x ™" = FLx, Nu(y). frazasllx "],

Proof. We argue as in the proof of Lemma 8.1 (and Theorem 4.4 of [Campbell
et al. 2013]). Since Ny (y) and fio346 /)cl"2 are algebraically independent elements
of FLx, y, 8/x]% with deg(Ny () deg(fizsa6/x"") = p* = |E|, applying Theo-
rem 3.7.5 of [Derksen and Kemper 2002] gives

- 2
Flx, v, 8/x1% = Flx, Nu (), fizzae/x" 1.
The result then follows from the observation that
Flx,y, 21%[x "1 =Flx, y, 8/x1[x "1 O

We first consider the case yj45 # 0. Define fz = f>/ (V1234 71245xP) so that
LT(f2) = y”"+7. Subduct the téte-a-téte (£, Nar(y)?+!) to get

- -p

~ 2 Y1245 YV A 1 p2

hy =Ny — ff - (— —~ %)szM@)P PP,
Y1234 Y1245

_p+1
Lemma 9.2. LT (h3) = (%)xp2_1y1ﬁ+1.

Y1245
Proof. Expand and reduce modulo the ideal (xpz). O
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Define ot

y ~
h3 — - 1245 +1h
xP lyp
2345

so that LT(h3) = yP'+1.

. J 2 Ay . . . .

Lemma 9.3. Subducting the téte-a-téte (h%, Ny (y)P ~' ) gives an invariant with
. 4

lead monomial xPzP".

Proof. Work modulo the ideal (x”*!, x”y) and expand to get

; 2o, V2345 g 2_ 77117223477117245 4
hy — LNy ()P~ + Z==x?" hsNy ()P P = (T)ZP xPo 0O
Y1234 iz 47;1’
Theorem 9.4. If y1234(M) #0, y1235(M) = y1357(M) = 0 and y1245(M) # 0, then
the set B := {x, Ny (y), f2, h3, Ny (2)} is a SAGBI basis for F[Vy1E. Furthermore,
FIVyu1E is a complete intersection with relations coming from the subduction of the

tete-a-tétes (f, NP+ and (b, Ny ()7~ o).

Proof. Use the subduction given in Lemma 9.3 to construct an invariant i4 with
lead term zp4. Define B’ := {x, Ny (y), fz, h3, hs} and let A denote the algebra
generated by B’. The nontrivial téte-a-tétes for B’ subduct to zero using Lemmas 9.2
and 9.3. Thus B’ is a SAGBI basis for A. From Lemma 9.1, F[Vy/]f[x~!] =
Flx, Ny (y), fiosaellx~']. However, since f> = (f+ Vi34 fizsae)/ (2xP 2P), we
see that A

Flx, Na(), fiazasllx ™' 1 =Flx, Nur(y), fllx ']

Thus, using Theorem 1.1, A = F[Vy]E. Clearly LT(Ny (z)) = 2P for k < 4. Since
B’ is a SAGBI basis for F[ V], this forces k = 4, giving LM(B) =LM(B). O

Suppose Y1245 = 0 and let r; denote row i of the matrix I'(M). Since yj234 # 0,
we see that {r, rp, r3, r4} is linearly independent. Using the assumptions that
Y1235 = Y1245 = 0, we see that rs € Span(ry, 2, r3) N Span(ry, r, r4). Therefore
rs € Span(ry, r2). However, since yj357 = 0, using a change of coordinates (see
[Campbell et al. 2013, §4]) and the GL4([F,)-action, we may assume

M= (1 C12 C13 0)
0 ¢ c23 ¢4
with ¢4 # 0. Since r5 = 1’1 ’ we conclude that 1”5 = r1. Thus p345 = —y1234.
Hence Ny (y) = fi/Pizaa = y7* — yx?'~". Define hy := — fo/ (7}3,x>"~") so that
LT(hy) = y?**!.
Theorem 9.5. If y1234(M) # 0 and y1235(M) = y13571(M) = J/1245(M) =0, then
the set B := {x, Ny(y), ha, Ny (2)} is a SAGBI basis for F[Vy1E. Furthermore,

FIVu1E is a hypersurface with the relation coming from the subduction of the
téte-a-téte (h2 , Ny ()P 1y,
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Proof. Using the definition of h> and the description given above of Ny (y), we see
that

LT(R — Nut ()P = haGeNug ()7 ) = — 12927

Thus we can use the subduction of the téte-a-téte (ﬁgz, Ny (y)l’2+1) to construct
an invariant h4 with lead term zp4. Define B’ := {x, Ny (), ﬁz, ha} and let A
denote the algebra generated by B’. The only nontrivial téte-a-téte subducts to
zero. Therefore B’ is a SAGBI basis for A. From Lemma 9.1, F[Vy]f[x~'] =
Flx, Ny (y), f12346][x_1]. However, it follows from the definition of ftz that
Flxx, Ny (¥), fizsaellx 1= Flx, Ny (), hol[x~']. Thus, using Theorem 1.1, A =
F[Vy1E. Clearly LT(Ny (z)) = z”* for k <4. Since B’ is a SAGBI basis for F[Vz]E,
this forces k = 4, giving LM(B) = LM(B'). O

10. The V1234 = 0, Y1235 = 0, Y1357 = 0 strata

In this section we consider representations Vy; with y1235(M) =0, y1234(M) =0
and yi357(M) = 0. For convenience, we write ;¢ for y;jxe(M). We assume that
the first row of M is nonzero; otherwise, the representation is of type (2, 1) and the
calculation of F[Vy,]% can be found in Section 4 of [Campbell et al. 2013]. Using
a change of coordinates, see Proposition 4.3 of [loc. cit.], the GL4([F,)-action, and
the hypothesis that y;357 = 0, we may take

1 cpp ¢ 0
M= ( 12 €13 '
0 ¢ c23 ¢
Since y1235 = 0, either cp4 =0 or {1, c12, c13} is linearly dependent over [,. We
assume cp4 # 0; otherwise the representation is not faithful and we can view Vj; as

a representation of a group of rank three. Using the GL4([F,)-action, we replace the
third column by a linear combination of the first two columns to get

(1 cn O 0)
0 cn 3 4/’

_ P €23 €24
Y1234 = (c12 — ¢},) det ( » p -
€3 Cpq

Expanding gives

Since y1234 =0, either ¢12 € F,, or {c23, c24} is linearly dependent over [F,. However,
if {c23, cp4} 1s linearly dependent over [, then the representation is not faithful. So
we may assume ci; € [F,. Using the GL4([F,)-action to replace the second column
with a linear combination of the first two columns gives

<1 0 O 0)
0 cn 3 4/’
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If y1246 = 0, then {c22, ¢23, 24} is linearly dependent over [, and again the repre-
sentation is not faithful. Thus we may assume that yj246 # 0. Using the above form
for M, it is clear that Y236 = 0, Y1346 = 0 and y1246 = —¥2346. Thus

= _ 2_ 2_
fi2346 = V1246 (YPx*P 7P — yx*P" 71y e Flx, y]*.

Since F[x, y1Z = F[x, Ny ()], we have

Ny () = fizsse/ Fraaex? ~P) = y? — yxP~ 1.
Lemma 10.1. FIVa1E[x " = Flx, Ny (»), fraaeslx~'1.

Proof. The proof is similar to the proof of Theorem 4.4 of [Campbell et al. 2013]
(and Lemmas 8.1 and 9.1). Since Ny (y) and f12463 /x” are algebralcally inde-
pendent elements of F[x, y, 8§/x]% with deg(Ny(y)) deg(f1246g/xp y=p*=|E|,
applying Theorem 3.7.5 of [Derksen and Kemper 2002] gives

FLx, y, 8/x1F = Flx, Nu(y), fizass/x" 1.
The result then follows from the observation that
I]:[x,y,z]E[x_l]:ﬂ:[x,y,S/x]E[x_l]. O
Subducting fio463 gives
hy = fioaes + )71246(NM(y)2p2 F 2Ny ()P PP P 4 2NM()’)”2+1XP3_[’)-
Lemma 10.2. LT(h)) = —2)71246xp3_1yp3+1.

Proof. We work modulo the ideal (x”3). Using the definition, fl246g = —Y1246 y2p3.
Since Ny (y) = y? — yxP~!, we have
Ny ()P = y20" P P PP =p? | 207,207 =2p% — (200 o p i p o,
Expanding and simplifying gives
NM(y)p2+pxp3—p2 + NM(y)p2+1xp3—p — yp3+p2xp3—p2 _ y”3+1x”3_1.
Thus

- _ 2 2 39 2 3
hy = fioaes + V1246 (Nt ()P + 2Ny (0)P TPxP 7P 42Ny ()P Hx? 7 P)

- 3_ 3
= —2j146x” 'y O
Define /11 := —h1/(271246x” =V so that LT(h;) = y”'+1. Note that

Flx, Nagr(v), hillx "1 = Flx, Ny (), Froaesllx 1.

. SO 3 . . . .
Lemma 10.3. Subducting the téte-a-téte (h?, Ny (y)?" 1) gives an invariant with
. 4
lead monomial xPz?".
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Proof. Refining the calculation in the proof of the previous lemma gives

h =ty Proas(=2yP H P =1 4P’
Thus
hy =2 4y yrH %ZPSX and Ay =61 oy yPp %z"4x”.

Furthermore

NM()’)p}Jrl =(xpt! xPy) yp4+p - yp4+1xp_1
and

hlNM()’)"’37‘02)6‘071 =(rt xry) yp4+1xp71-
Thus LT(:? — NI 1 — iy Nyg ()P =7y = —Lxr ' 0

Theorem 10.4. If y1234(M) =0, y1235(M) =0, y1357(M) = 0 and y1246(M) # 0,
then the set B:={x, Ny (y), h1, Ny (2)} is a SAGBI basis for F[ Vi 1E. Furthermore,
FIVyu1E is a hypersurface with the relation coming from the subduction of the
téte-a-téte (h?, Nys (y)?'+1).

Proof. Use the subduction given in Lemma 10.3 to construct an invariant /i,
with lead term zp4. Define B’ := {x, Ny (y), h1, ho} and let A denote the alge-
bra generated by B’. The single nontrivial téte-a-téte for B’ subducts to zero
using Lemma 10.3. Thus B’ is a SAGBI basis for A. From Lemma 10.1,
FIVam1E[x~!] = Flx, Np(y), h1][x~']. Thus, using Theorem 1.1, A = F[Vy,]E.
Clearly LT(Ny (z)) = zpk for k < 4. Since B is a SAGBI basis for F[Vz]E, this
forces k = 4, giving LM(B) = LM(B'). O

References

[Adams and Loustaunau 1994] W. W. Adams and P. Loustaunau, An introduction to Grobner
bases, Graduate Studies in Mathematics 3, American Mathematical Society, Providence, RI, 1994.
MR 1287608 Zbl 0803.13015

[Benson 1993] D. J. Benson, Polynomial invariants of finite groups, London Mathematical Society
Lecture Note Series 190, Cambridge University Press, 1993. MR 1249931 Zbl 0864.13001

[Bosma et al. 1997] W. Bosma, J. J. Cannon, and C. Playoust, “The Magma algebra system, I: The
user language”, J. Symbolic Comput. 24:3—4 (1997), 235-265. MR 1484478 Zbl 0898.68039

[Campbell and Chuai 2007] H. E. A. E. Campbell and J. Chuai, “Invariant fields and localized
invariant rings of p-groups”, Q. J. Math. 58:2 (2007), 151-157. MR 2334859 Zbl 1134.13002

[Campbell and Wehlau 2011] H. E. A. E. Campbell and D. L. Wehlau, Modular invariant theory,
Encyclopaedia of Mathematical Sciences 139, Springer, Berlin, 2011. MR 2759466 Zbl 1216.14001

[Campbell et al. 2013] H. E. A. E. Campbell, R. J. Shank, and D. L. Wehlau, “Rings of invariants for
modular representations of elementary abelian p-groups”, Transform. Groups 18:1 (2013), 1-22.
MR 3022756 Zbl 1264.13009

[Derksen and Kemper 2002] H. Derksen and G. Kemper, Computational invariant theory, Ency-
clopaedia of Mathematical Sciences 130, Springer, Berlin, 2002. MR 1918599 Zbl 1011.13003


http://dx.doi.org/10.1090/gsm/003
http://dx.doi.org/10.1090/gsm/003
http://msp.org/idx/mr/1287608
http://msp.org/idx/zbl/0803.13015
http://dx.doi.org/10.1017/CBO9780511565809
http://msp.org/idx/mr/1249931
http://msp.org/idx/zbl/0864.13001
http://dx.doi.org/10.1006/jsco.1996.0125
http://dx.doi.org/10.1006/jsco.1996.0125
http://msp.org/idx/mr/1484478
http://msp.org/idx/zbl/0898.68039
http://dx.doi.org/10.1093/qmath/ham011
http://dx.doi.org/10.1093/qmath/ham011
http://msp.org/idx/mr/2334859
http://msp.org/idx/zbl/1134.13002
http://dx.doi.org/10.1007/978-3-642-17404-9
http://msp.org/idx/mr/2759466
http://msp.org/idx/zbl/1216.14001
http://dx.doi.org/10.1007/s00031-013-9207-z
http://dx.doi.org/10.1007/s00031-013-9207-z
http://msp.org/idx/mr/3022756
http://msp.org/idx/zbl/1264.13009
http://dx.doi.org/10.1007/978-3-662-04958-7
http://msp.org/idx/mr/1918599
http://msp.org/idx/zbl/1011.13003

ELEMENTARY ABELIAN p-GROUPS 581

[Kapur and Madlener 1989] D. Kapur and K. Madlener, “A completion procedure for computing a
canonical basis for a k-subalgebra”, pp. 1-11 in Computers and mathematics (Cambridge, MA, 1989),
edited by E. Kaltofen and S. M. Watt, Springer, New York, NY, 1989. MR 1005954 Zbl 0692.13001

[Lakshmibai and Raghavan 2008] V. Lakshmibai and K. N. Raghavan, Standard monomial theory:
invariant theoretic approach, Encyclopaedia of Mathematical Sciences 137, Springer, Berlin, 2008.
MR 2388163 Zbl 1137.14036

[Neusel and Smith 2002] M. D. Neusel and L. Smith, Invariant theory of finite groups, Mathematical
Surveys and Monographs 94, American Mathematical Society, Providence, RI, 2002. MR 1869812
Zbl 0999.13002

[Robbiano and Sweedler 1990] L. Robbiano and M. Sweedler, “Subalgebra bases”, pp. 61-87 in
Commutative algebra (Salvador, 1988), edited by W. Bruns and A. Simis, Lecture Notes in Math.
1430, Springer, Berlin, 1990. MR 1068324 Zbl 0725.13013

[Sturmfels 1996] B. Sturmfels, Grobner bases and convex polytopes, University Lecture Series 8,
American Mathematical Society, Providence, RI, 1996. MR 1363949 Zbl 0856.13020

[Wehlau 2013] D. L. Wehlau, “Invariants for the modular cyclic group of prime order via classical
invariant theory”, J. Eur. Math. Soc. 15:3 (2013), 775-803. MR 3085091 Zbl 1297.13011

[Wilkerson 1983] C. W. Wilkerson, “A primer on the Dickson invariants”, pp. 421-434 in Proceedings
of the Northwestern Homotopy Theory Conference (Evanston, IL, 1982), edited by H. R. Miller and
S. B. Priddy, Contemporary Mathematics 19, American Mathematical Society, Providence, RI, 1983.
MR 711066 Zbl 0525.55013

Received: 2014-10-22 Revised: 2015-06-30 Accepted: 2015-08-17

theo.pierron@ens-rennes.fr Département Mathématiques, ENS Rennes, 35170 BRUZ,
France
r.j.shank@kent.ac.uk School of Mathematics, Statistics & Actuarial Science,

University of Kent, Canterbury, CT2 7NF, United Kingdom

mathematical sciences publishers :.msp


http://dx.doi.org/10.1007/978-1-4613-9647-5_1
http://dx.doi.org/10.1007/978-1-4613-9647-5_1
http://msp.org/idx/mr/1005954
http://msp.org/idx/zbl/0692.13001
http://dx.doi.org/10.1007/978-3-540-76757-2
http://dx.doi.org/10.1007/978-3-540-76757-2
http://msp.org/idx/mr/2388163
http://msp.org/idx/zbl/1137.14036
http://dx.doi.org/10.1090/surv/094
http://msp.org/idx/mr/1869812
http://msp.org/idx/zbl/0999.13002
http://dx.doi.org/10.1007/BFb0085537
http://msp.org/idx/mr/1068324
http://msp.org/idx/zbl/0725.13013
http://dx.doi.org/10.1090/ulect/008
http://msp.org/idx/mr/1363949
http://msp.org/idx/zbl/0856.13020
http://dx.doi.org/10.4171/JEMS/376
http://dx.doi.org/10.4171/JEMS/376
http://msp.org/idx/mr/3085091
http://msp.org/idx/zbl/1297.13011
http://dx.doi.org/10.1090/conm/019/711066
http://msp.org/idx/mr/711066
http://msp.org/idx/zbl/0525.55013
mailto:theo.pierron@ens-rennes.fr
mailto:r.j.shank@kent.ac.uk
http://msp.org

Colin Adams

John V. Baxley
Arthur T. Benjamin
Martin Bohner
Nigel Boston
Amarjit S. Budhiraja
Pietro Cerone
Scott Chapman
Joshua N. Cooper
Jem N. Corcoran
Toka Diagana
Michael Dorff
Sever S. Dragomir
Behrouz Emamizadeh
Joel Foisy

Errin W. Fulp
Joseph Gallian
Stephan R. Garcia
Anant Godbole
Ron Gould
Andrew Granville
Jerrold Griggs

Sat Gupta

Jim Haglund
Johnny Henderson
Jim Hoste

Natalia Hritonenko
Glenn H. Hurlbert
Charles R. Johnson
K. B. Kulasekera
Gerry Ladas

involve

msp.org/involve

INVOLVE YOUR STUDENTS IN RESEARCH

Involve showcases and encourages high-quality mathematical research involving students from all
academic levels. The editorial board consists of mathematical scientists committed to nurturing
student participation in research. Bridging the gap between the extremes of purely undergraduate
research journals and mainstream research journals, Involve provides a venue to mathematicians
wishing to encourage the creative involvement of students.

MANAGING EDITOR

Kenneth S. Berenhaut

BOARD OF EDITORS

Williams College, USA
Wake Forest University, NC, USA
Harvey Mudd College, USA

Missouri U of Science and Technology, USA

University of Wisconsin, USA

U of North Carolina, Chapel Hill, USA
La Trobe University, Australia

Sam Houston State University, USA
University of South Carolina, USA
University of Colorado, USA

Howard University, USA

Brigham Young University, USA
Victoria University, Australia

The Petroleum Institute, UAE

SUNY Potsdam, USA

Wake Forest University, USA
University of Minnesota Duluth, USA
Pomona College, USA

East Tennessee State University, USA
Emory University, USA

Université Montréal, Canada
University of South Carolina, USA

U of North Carolina, Greensboro, USA
University of Pennsylvania, USA
Baylor University, USA

Pitzer College, USA

Prairie View A&M University, USA
Arizona State University, USA
College of William and Mary, USA
Clemson University, USA

University of Rhode Island, USA

Suzanne Lenhart
Chi-Kwong Li
Robert B. Lund
Gaven J. Martin
Mary Meyer
Emil Minchev
Frank Morgan

Mohammad Sal Moslehian

Zuhair Nashed

Ken Ono

Timothy E. O’Brien
Joseph O’Rourke
Yuval Peres

Y.-F. S. Pétermann
Robert J. Plemmons
Carl B. Pomerance
Vadim Ponomarenko
Bjorn Poonen
James Propp
Jozeph H. Przytycki
Richard Rebarber
Robert W. Robinson
Filip Saidak

James A. Sellers
Andrew J. Sterge
Ann Trenk

Ravi Vakil

Antonia Vecchio
Ram U. Verma
John C. Wierman
Michael E. Zieve

PRODUCTION
Silvio Levy, Scientific Editor

Wake Forest University, USA

University of Tennessee, USA
College of William and Mary, USA
Clemson University, USA

Massey University, New Zealand
Colorado State University, USA
Ruse, Bulgaria

Williams College, USA

Ferdowsi University of Mashhad, Iran
University of Central Florida, USA
Emory University, USA

Loyola University Chicago, USA
Smith College, USA

Microsoft Research, USA

Université de Geneve, Switzerland
Wake Forest University, USA
Dartmouth College, USA

San Diego State University, USA

UC Berkeley, USA

U Mass Lowell, USA

George Washington University, USA
University of Nebraska, USA
University of Georgia, USA

U of North Carolina, Greensboro, USA
Penn State University, USA
Honorary Editor

Wellesley College, USA

Stanford University, USA

Consiglio Nazionale delle Ricerche, Italy
University of Toledo, USA
Johns Hopkins University, USA
University of Michigan, USA

Cover: Alex Scorpan

See inside back cover or msp.org/involve for submission instructions. The subscription price for 2016 is US $160/year for the electronic
version, and $215/year (+$35, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues from the last

three years and changes of subscribers address should be sent to MSP.

Involve (ISSN 1944-4184 electronic, 1944-4176 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University of
California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional

mailing offices.

Involve peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

:I mathematical sciences publishers

nonprofit scientific publishing
http://msp.org/
© 2016 Mathematical Sciences Publishers


http://msp.org/involve
http://msp.org/involve
http://msp.org/
http://msp.org/

Affine hyperbolic toral automorphisms
COLIN THOMSON AND DONNA K. MOLINEK
Rings of invariants for the three-dimensional modular representations of
elementary abelian p-groups of rank four
THEO PIERRON AND R. JAMES SHANK
Bootstrap techniques for measures of center for three-dimensional rotation data
L. KATIE WILL AND MELISSA A. BINGHAM
Graphs on 21 edges that are not 2-apex
JAMISON BARSOTTI AND THOMAS W. MATTMAN
Mathematical modeling of a surface morphological instability of a thin
monocrystal film in a strong electric field
AARON WINGO, SELAHITTIN CINAR, KURT WOODS AND MIKHAIL
KHENNER
Jacobian varieties of Hurwitz curves with automorphism group PSL(2, ¢)
ALLISON FISCHER, MOUCHEN LIU AND JENNIFER PAULHUS
Avoiding approximate repetitions with respect to the longest common
subsequence distance
SERINA CAMUNGOL AND NARAD RAMPERSAD
Prime vertex labelings of several families of graphs
NATHAN DIEFENDERFER, DANA C. ERNST, MICHAEL G. HASTINGS,
LEVI N. HEATH, HANNAH PRAWZINSKY, BRIAHNA PRESTON, JEFF
RUSHALL, EMILY WHITE AND ALYSSA WHITTEMORE
Presentations of Roger and Yang’s Kauffman bracket arc algebra
MARTIN BOBB, DYLAN PEIFER, STEPHEN KENNEDY AND HELEN
WONG
Arranging kings k-dependently on hexagonal chessboards
ROBERT DOUGHTY, JESSICA GONDA, ADRIANA MORALES, BERKELEY
REISWIG, JOSIAH REISWIG, KATHERINE SLYMAN AND DANIEL
PRITIKIN
Gonality of random graphs
ANDREW DEVEAU, DAVID JENSEN, JENNA KAINIC AND DAN
MITROPOLSKY

541

551

583

591

623

639

657

667

689

699

715


http://dx.doi.org/10.2140/involve.2016.9.541
http://dx.doi.org/10.2140/involve.2016.9.583
http://dx.doi.org/10.2140/involve.2016.9.591
http://dx.doi.org/10.2140/involve.2016.9.623
http://dx.doi.org/10.2140/involve.2016.9.623
http://dx.doi.org/10.2140/involve.2016.9.639
http://dx.doi.org/10.2140/involve.2016.9.657
http://dx.doi.org/10.2140/involve.2016.9.657
http://dx.doi.org/10.2140/involve.2016.9.667
http://dx.doi.org/10.2140/involve.2016.9.689
http://dx.doi.org/10.2140/involve.2016.9.699
http://dx.doi.org/10.2140/involve.2016.9.715

	Introduction
	1. Preliminaries
	2. The generic case
	3. The essentially generic case
	4. The 1234=0, 1235=0, 1357=0 stratum
	5. The 1234=0, 1235=0, 1357=0 strata
	6. The 1234=0, 1235=0, 1357=0 stratum
	7. The 1234=0, 1235=0, 1357=0 strata
	8. The 1234=0, 1235=0, 1357=0 stratum
	9. The 1234=0, 1235=0, 1357=0 strata
	10. The 1234=0, 1235=0, 1357=0 strata
	References
	
	

