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We consider the pair of complex Lie groups
(G,K) = (GL(p+g¢. C), GL(p, C) x GL(q, ©))

and the finite set {Q : K-orbits on the flag variety *8}. The moment map u of
the G-action on the cotangent bundle 7*8 maps each conormal bundle closure
YT% onto the closure of a single nilpotent K -orbit, Og. We use combinatorial
techniques to describe = (Ox) ={Q e B : w(T3B) = Ok}

Introduction

We consider the pair (G, K) of complex groups equal to
(GL(p +4, C), GL(p, C) x GL(g, ©)).

Such a pair comes from the real Lie group U (p, q), and K is the complexification
of the maximal compact subgroup Kg = U(p) x U(g). We denote by g the Lie
algebra of G. The group K acts with finitely many orbits both on A/, the nilpotent
cone of g, and on ‘B, the flag variety of g. The points in the cotangent bundle 7*5
can be thought of as pairs (b, &) consisting of a Borel subalgebrab=h®n and a
covector & € n*. The projection w : (b, £) — & from the cotangent bundle 7*5 to
N is the moment map for the G-action on 7*B. If Q is a K -orbit on B, the image
M(YT%) lies in A and it is the closure of a nilpotent K -orbit. We write Ok for the
nilpotent K -orbit. We give a combinatorial algorithmic description, amenable to
computer computations, of the set

n(Ok) ={QeB : u(T3B) =0k} (0.1)

This is the content of Theorem 4.3. Our approach relies heavily on work by
Devra Garfinkle [1993], and on work by Peter Trapa [1999]. Our goal is to keep
the presentation accessible to an advanced undergraduate student. Some of our
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arguments can be simplified by using advanced results in representation theory, but
we choose instead a combinatorial approach.

We use the combinatorial notion of a clan to parametrize K-orbits in B, as in
[Matsuki and Oshima 1990]. For each nilpotent orbit, Ok, we identify a distin-
guished clan cgis € ,ufl((’)K). All other clans in M*I((’)K) are obtained from the
distinguished clan in a combinatorial manner. Following [Garfinkle 1993], we attach
to each clan ¢ a pair of equally shaped tableaux, one signed and the other numbered.
It is known, see [Trapa 1999], that the signed tableau determines M(TSC‘B) = Ok,
where Q. is the K-orbit parametrized by c. The resulting map

E :{clans} — {(Tx, ST¢)}

is a bijection. Thus, if we fix Ox and we let Tfs be the signed tableau that
corresponds to cgis € 1w~ '(Ok) under E, we have

w1 (Ok) ={Q, clans : E(¢)=(T%, ST,)}.

That is, ' (Ok) is the set of K-obits on 9B parametrized by clans ¢ having 7%
as the signed tableau in E(c¢). In order to explicitly describe the set w1 (Ok), we
use combinatorially defined operators 7; ; acting both on clans and on numbered
tableaux. The bijection E is compatible with the action of such operators. We
conclude that if ¢ € £~ (Ok), then so is T;, j c. We argue that any clan in w1 (Ok)
can be obtained from the distinguished clan by applying an appropriate sequence of
operators 7; ;. This is the content of Theorem 4.3. If n = p +¢, and the shape of the
tableau is fixed, then the action of operators 7; ; on numbered tableaux of that given
shape determines [,L_l (OGL(r,C)xGL(s,c)) for any (r, s) with r +s = n. This implies
that the algorithm is in a sense independent of the real form; see Theorem 4.5.
When nilpotent K -orbits are parametrized by two-column signed tableaux, we give
explicit effective sequences of operators 7; ; to generate w1 (Ok). We use this
result to describe the clans in 1 ~!(Ok) in special cases. The two column case is
discussed in Section 5.

The problem of describing w1 (Ok) when K =GL(p, C)xGL(q, C), considered
in this paper, is a particular instance (and an easy one) of a more general question
posted by David Vogan.

The paper is organized as follows. We fix notation, and we introduce combinato-
rial parametrizations of nilpotent orbits and K -orbits in ®B in Section 1. In Section 2,
we summarize Garfinkle’s algorithm, we describe some of its properties, and we
introduce the notion of distinguished clan. We include in Section 3 the definition
of operators T; ; at both the tableau and clan level, and we explain some of their
properties. We obtain an algorithmic description of 4 ~!(Ok) and prove our main
theorem in Section 4. In Section 5, we restrict our attention to nilpotent K -orbits
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parametrized by two-column signed tableaux and give a detailed description of
w1 (Ok) in special cases.

1. Preliminaries

The real form U (p, q). In this section we carefully define the real form of interest.
Assume p and g are positive integers with p > g. Write n = p + ¢, and let

L (e O
p.4q 0 _Iqxq’

where 1), p, I,;x4 are identity matrices. Define

Gr=U(p,q) = (g€ CL(1,C) : " I8 =1Ip}.
The map ® given by
® : GL(n,C) - GL(n, C),
A1, ,Al,,,
is an involution. We call ® the Cartan involution. Then,

GL(n,C)® ={Ae GL(n,C): ©(A)=A} =K

- {(Z‘ 0) : Z1e GL(p, C), Zr € GL(q,C)}.
0 2,

Similarly, we have
Up.9)° =U(p) x U(q) = Kz.

The differential of ®, denoted by 6, is an involution at the Lie-algebra level.
That is 6 : gl(n, C) — gl(n, C) has #? = 1. The +-eigenspace decomposition of
gl(n,C) is

g=gln,.O)=top,

where

0
= {(Zol ) :z1€9l(p, C),22egl(q,C)},
22

0 A
p= {(B O) :AeM(p xq), BeM(q xp)}.

Define h C ¢ as the Cartan subalgebra consisting of diagonal matrices of the form
diag(t, 12, ..., tp44). This is a maximally abelian subalgebra of g. The matrices
E; ; with all entries zero but for a 1 in the intersection of the i-th row, j-th column
satisfy

[diag(t1, f2, . . ., tp1g), Ei j1 = (i — 1)) E; ;.
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In other words, the E; ; are common eigenvectors of the matrices in f. They are
called root vectors. Their eigenvalues €; — €, given by

(i —€j)(diag(t, ta, ..., tpyq)) =1 — 1,

are called roots. A root ¢; — €; is said to be positive if i < j. We set

n= @ CE; ;, b=hdn, upper triangular matrices. (1.1)

i<j
The subalgebra b C g is a Borel subalgebra.

K-orbits on the flag variety of G. The flag variety of G is the variety of Borel
subalgebras of g. We describe this variety geometrically as follows.

Definition 1.2. A flag of G is a sequence of n + 1 complex vector spaces, F =
Vo, V1, ..., V), satisfying the conditions

(1) dimV; =1i;
2 {0y=VocVicVo,C---CV,=CA
We define B = {flags in C"}.

The group G acts on ‘B via

g-F=E Vo.g-Vi,....8 V).

Let {ey, ..., e,} denote the standard basis of C”, and for each integer 1 <i <n, set
V0= (el,...,e). Define Fo = ({0}, V7, ..., V). It is not difficult to see that for
any flag, F, there exists a g € G so that F = g - Fy. This implies that the action
of G on B is transitive.

Theorem 1.3. G acts transitively on 5.

If 7o = ({0}, (e1), (e1, €2), ..., (€1, ..., en—1),C"), then G - Fy = B = G/B,
where

e1] e1n - - el
0 exn :
B = Stabg (Fp) =
0 e e
0 -+ .- 0 ey

The following known theorem will play an important role in our work.

Theorem 1.4. K acts on B with finitely many orbits.
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Clan parametrization of K-orbits on the flag variety of G. It will be useful to
parametrize K-orbits in 8 in a combinatorial manner. To this end, we use the
notion of clans. Clans have been introduced in [Matsuki and Oshima 1990]. We
follow the presentation in [ Yamamoto 1997].

Definition 1.5. An n-indication is a sequence of symbols (c; - - - ¢,) so that
(1) ¢; is 4+, —, or a natural number;
(2) if ¢; = a € N, then there exists a unique c¢; with ¢; =¢; =a;
3) #{i : ci =)} + #{pairs of equal numbers} = p.

We define an equivalence relation between two indications. Two indications

(c1---cy) and (c] - - - c),) are equivalent if and only if there exists a permutation o
so that
o(c)) ifcieN,
ci=1 + ifci=+,
- ifc=—.

A clan is an equivalence class of indications with respect to the equivalence
relation.

Define Vi =(ey,...,ep) and V_ = (epy1, ..., €p1q).

Proposition 1.6 [ Yamamoto 1997, Proposition 2.2.7]. Let p + g = n. Given a flag
F =Wy, Vi, ..., V,) there exists a clan ¢ = (¢ - - - ¢;,) so that

M) dmV,NVy=#l:c;=+4 forl <i}+#{aeN:c;=c,=a fors <t <i};
Q) dmV,NV_=#l:¢c;=— forl <i}+#{aeN:cs=c,=a fors <t <i};
B) dimV;, —dimV,NVy —dimV,NV_=#aeN:c;=c,=a fors <i <t};
@) dmV;+n(V))=j+#aeN:cy=c,=a fors <i < j <t}

Moreover, the set of flags that corresponds to a given clan ¢, constitutes a K -orbit

in ‘B.

The converse of the proposition also holds. Hence, we have the following
theorem.

Theorem 1.7 [Yamamoto 1997]. Clans parametrize K -orbits in ‘5.
Example. Assume Gg = U (2, 2).
e The clan (+ 4+ — —) corresponds to the flag
Fo= ({0} C (e1) C (e1, e2) C (e1, €2, e3) C CY).
e The clan (122 1) corresponds to the flag

F = ({0} C (e1) C (e1, e2+e3) C (e, e, e3) C CY).
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Example. Assume Gg = U (4, 4). We attach a flag F,, satisfying (1) through (4) of
Proposition 1.6, to the clan ¢ = (12431 —23) = (c1 ¢3 ¢3 ¢4 ¢5 6 €7 cg). Write
F=(Vo={0}, V|, Va,...,C®). As ¢; = c5 = 1, we set V; = (e] + e5). Note that

dimV; NV, =0,
dimV;NV_ =0.

Similarly, we note that c; = ¢;7 = 2 and define V, = (e] + es, ex + e7). Next, as
c3 =+, we set V3 = (e] +es, ex+e7, e3). Itis easy to check, as c; = c5 and ¢ = ¢7,
that dim VsNV, =1, dim V3N V_ =0, and dim V3 —dim V3NV, —dim V;NV_ =2,

Continuing in similar manner we get
Fe=(le1+es) C (e1+es,ex+e7) Cler +es,er+e7, e3)

C (V3. eq+e5) C (Vi e1 —es) C (Vs, e6) C (Ve e2—e7) C CY).

Example. Assume Gg = U (3, 2). The flag
({0} C (e1) C (e1, e2+ea) C (e1, e2+ea, €3) C (e, €3, ea, es) C C°)
is parametrized by (+1+1 —).

Young diagrams. We introduce some combinatorial tools used in our work.
Definition 1.8. A partition of n is a tuple [dy, d, . . ., di] of positive integers with
() dy=dy>--->d; >0, and

(2) Y. dy=n.

Given a partition [dy, d3, ..., di], we form a left-justified array of n rows of
empty boxes so that the i-th row has length d;. This is called a Young diagram.

Definition 1.9. A signed tableau is a labeled Young diagram in which boxes are
labeled by + and — signs in such a way that the signs alternate along rows. Two
signed tableaux are regarded as equal if and only if one can be obtained from the
other by interchanging rows of equal length.

Definition 1.10. The signature of a signed tableau is a pair of numbers (i, j), where
i = #{+ signs in the tableau} and j = #{— signs in the tableau}.

Definition 1.11. A standard tableau is a labeled Young diagram in which boxes are
labeled by numbers that monotonically increase along rows (from left to right) and
increase strictly along columns (from top to bottom). We write b; ; for the box in
the intersection of the i-th row and j-th column.
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Nilpotent G and K-orbits. We think of a nilpotent matrix X, «, as a linear trans-
formation
Ty : C* — C" such that T* = 0 for some k.

Linear algebra tells us that we can write
C'=V, @V, ®---®V,
as a sum of vector subspaces with the following properties:
o Tx : Vy, = V).
e Each V), admits a basis such that

eI;T—X>e _1& i>e’1i>0.

In this basis Ty is represented by its Jordan form J. Moreover, if ¥ = g~!Xg
for some g € G, then the matrix of Ty with respect to the basis {g e’} is also J.
We conclude that G acts on the set of nilpotent matrices by conjugation and that
this action yields a finite number of orbits.

The Jordan decomposition theorem implies that we can attach to each nilpotent
G-orbit, G - X, a Young diagram which is completely determined by the Jordan
form of X. Indeed, the lengths of the rows of the corresponding Young diagram are
given by the size of the Jordan blocks. The following known proposition states that
the map from nilpotent G-orbits to Young diagrams is a bijection.

Proposition 1.12 [Collingwood and McGovern 1993]. There is a one-to-one cor-
respondence between the set of nilpotent orbits and the set of partitions of n. The
correspondence sends a nilpotent element X to the partition determined by the
block-size of its Jordan form. The orbit O corresponds to the partition [1, 1, ..., 1].

The group K acts by conjugation of the set "N p of nilpotent matrices of
the form
¥ — ( 0 A pxq)‘
Byxp O

C'=V*® V™, where V = (e1,....ep), Vi =(epsis.. s €piq)s
then

If we write

X: VTV,

X:v vt (.15

A generalized version of the Jordan decomposition theorem, combined with
(1.13), yields a parametrization of K-orbits on N'Np via Young diagrams with
boxes labeled by alternating signs, 4+ and —. Our next proposition is well-known
and follows from the above discussion.
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Proposition 1.14. There is a one-to-one correspondence between K -orbits in N'Np
and signed tableaux.

We fix p > g with p +¢g = n and a partition A = [r(, r2, ..., 7r¢] of n. Such a
partition determines a Young diagram of size n. Let [p;, p2, ..., pr] be the length
of the columns of the Young diagram determined by A.

Proposition 1.15. Fix p > g with p+q =n, and fix [ p1, p2, - . ., pr] integers with
> pi = n. There is a bijection

{ nilpotent K -orbits Ox parametrized by } {(tl, ..., ;) integers, s < pl,}

tableaux of column lengths [p1, . .., pr] f<th<--<I

Proof. Assume Ok is a nilpotent K-orbit parametrized by a signed tableau of
shape A. Note that such a signed tableau is completely determined by its shape
and the position of the — signs on the first column of the tableau. The proposition
follows by letting | < f, < - - - < t; denote the positions of the — signs in the first
column of the parametrizing tableau. U

2. Garfinkle’s algorithm

In this section we describe the algorithm defined in [Garfinkle 1993]. The algorithm
assigns to each clan a pair of equally shaped tableaux; one signed, the other
numbered. The resulting map has significant representational theoretical meaning.
The relevance of the algorithm in our work is explained in the introduction.

Garfinkle’s algorithm. Starting with a clan ¢ = (cy, ¢3, . . ., ¢;) form a sequence
of pairs

(i,€) ifci=¢,

(i, ]) if Ci =¢j.

Arrange the pairs in order by the largest entry, with the convention that a sign has
numerical size 0. Write my, ..., w, for the resulting ordered sequence. Suppose
that a smaller, equally shaped pair of tableaux (7., ST) has been constructed from
Ty, ..., wj—1. If m; = (k, €), then first add the sign ¢, to the topmost row of (a
signed tableau in the equivalence class of) 7. so that the resulting tableau has signs
alternating across rows. Then add the integer k£ to ST in the unique position so that
the two new tableaux have the same shape. If 7; = (k, £), first add k to ST using
the Robinson—Schensted bumping algorithm to get a new tableau S7’, and then add
a sign € (either + or — as needed) to 7 so that the result is a signed tableau 7'} of
the same shape as ST’. Then add (¢, —e) (by the same recipe as the first case) to
the first row strictly below the row to which € was added.

Example. Assume Gy = U (2, 2), and consider the clan (1 — 4+ 1). Attach to
(1 —+1) the sequence (2, —)(3, +)(1, 4).
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We associate to (2, —)(3, +) a pair of tableaux, one a signed tableau, the other a
standard tableau:

Next, we add (1, 4) to obtain

—1+] 1]3]

The algorithm assigns to (1 — + 1) the signed tableau

T+

Example. Assume Gr = U(5, 4), and consider the K -orbit parametrized by the
clan (+142332—1). Attach to (+1+2332 — 1) the sequence

(1, )3, H) (6,604, 18, —)(2,9).

We associate to (1, +)(3, +)(5, 6) a pair of tableaux, one a signed tableau, the
other a standard tableau:

+[ -] 15
|+ 13
sl 6]
Next we add (4, 7) to obtain
+| - 1|4
+ | — 315
|t 16|
il A

Our next goal is to include the pair (8, —). This gives

1
3
6|8

L7

+]+]+]+
|
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The next step is a little different. When we add the pair (2, 9), we get

2
4
8

L[+ [+ +]+

CRE[=T

Theorem 2.1 [Trapa 2005; 1999, Theorem 5.6]. (1) Garfinkle’s algorithm defines
a bijection between {Q € K /B} and the set of pairs {(Ty, ST)} consisting of a
signed Young tableau and a standard Young tableau of the same shape.

(2) If Ty q is the signed tableau attached via Garfinkle’s algorithm to Q, then Ty o
parametrizes j1(T5 (°B)).

A distinguished set of K-orbits in 23 that parametrizes nilpotent K -orbits.

Definition 2.2. Fix p > g with p +¢ = n, and fix [py, p2, ..., p,] integers with
> pi = n. Define Sgis to be the set of clans of length n satisfying the following
conditions:

(1) The first p; components of the clan (from left to right) are of the form
(1...a1€1...€1a1...1)’
where € is either + or —.

(2) Components (Czri—l "y Pk) are of the form

petl

' i—1
(Zak+1---2ak+ai €€ Zak—i—ai-'-Zak—Fl),
1

where ¢; is either 4 or —.
B)ar=ar=--->a.
@ g=> ai+) 8, withs, =1life¢=—andd, _=0ife =+.
An element of Sgjs is called a distinguished clan.

Example. The clan (124 4+ +2134—4355) is a distinguished clan. Observe
that p1 =7, po =5, p3=2;a1=ar=2,a3=1,and g =6. Theclan (12344321)
is distinguished.

Proposition 2.3. Fix p > g > 0 integers so that p +q = n. Let [p--- p;] be a
sequence of positive integers with ) _; p; = n. Denote by OWPr-Prl the nilpotent
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G-orbit parametrized by a tableau with column lengths pi, ..., p,. There is a
bijection
{nilpotem K -orbits Ok such that

[p1--pr]
G - O = Olprrrl } Sais ’

Proof. Let Ok be a nilpotent K -orbit. Assume the signed tableau that parametrizes
Ok has columns of lengths p1, p2, ..., pr. By Proposition 1.15, Ok is completely
determined by the position of — signs in the first column of its corresponding signed
tableau 7. Counting the numbers of the boxes that contain a — sign from top to
bottom, list the position of the — signs in the first column as (¢, #3, . . ., £;). Define

{1 = #{— signs in the first column of T4},

b =#{t; . 1; < pa},

L =#{t; 1 1; < pr}.
We assign to the nilpotent K -orbit, Ok, a distinguished K-orbit Q C ‘B. We
describe the clan ¢, that identifies Q as follows. Write
€q = (Cl+ CpiCpit1  CppaCprtpatl * €Y py)-
The first p; entries of ¢, are given by
(L ly 444+ 1) if p1 > 24y,
”‘)z{(1---(191—el)—---—<p1—el)---1) if pr <261

Note that £; = J#{c; € N} +#{c; = —}.
The next p, entries are

(Cl"'C

(ay---ag—---—ag---ar) if py > 245,

c -eeC = 2.4
( P+l p]+p2) {(al "'ap27£2+"'+ap27£2 al) if P2 <2€27 ( )

where the integers a; are consecutive and

ar =
! p1—41+1 ifp1<2E1.

Note that £, = 3#{c; eN: pi+1<i < pi+p2} +#{ci=+:p1+1 <i < p1+pa}.
Continuing inductively we define the remaining entries in ¢.

The above construction assigns to Ok a unique distinguished cq. It is easy to
check that Garfinkle’s algorithm attaches to ¢, a pair of tableaux with the signed
tableau parametrizing Ok . By Theorem 2.1, the orbit Q is such that (758) = Ok.
The definition of distinguished clan guarantees that the map from nilpotent orbits
to distinguished clans is onto. (]
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Example. Consider the nilpotent orbit Ok corresponding to

[+ 1]
— |+ |+
+|-|+

+_

We have pj = py =4, p3 =3, pa=2, ps=ps=p7=1and ¢; =1 for
all 1 <i < 7. The construction described in the proof of Proposition 2.3 gives
= (l ++12—--234+344+4 — +). In particular the K-orbit Q parametrized
by clan ¢, belongs to w1 (Ok).

3. The operators Ty g

We now describe some combinatorial tools that will play an important role in our
work. Indeed, given a nilpotent K-orbit Ok, we have defined a distinguished clan
Cgis SO that cgis € ™' (Og). We will show in Section 4 that each ¢ € ,u_l (Og) can
be obtained from cg4is by applying an appropriate sequence of operators 7 .. These
operators are defined both at the level of standard tableaux and at the level of clans.

Ty, p on standard tableaux. We follow [Garfinkle 1993, Chapter 3] and we let T
be a standard tableau.

Definition 3.1. We say that a root «; = €¢; — €41 is in the t-invariant of T if the
box in T labeled i lies on a row above that containing the box labeled i + 1.

Example. The r-invariant of

[ [N |

O [~ (W[

—
—_—

—_

0

is ©(T) = {ay1, a2, @3, a5, a6, a7, a8, 09}

Definition 3.2. Given @ =¢; —¢;11 and B = €; | — €; 42, we say that T is in Dy g,
the domain of 7, g, if ¢ ©(T) and B € ©(T'). This is the case when either (a) the
row containing label i 4 2 is below the row containing label i, which in turn is
equal to or below the row that contains i 4 1 or (b) the row containing label i 4-1 is
above the row containing label i, which in turn is equal to the row that contains
i +2. We define

Ta”g . Da,ﬂ — D,gya,

T Ty p(T),
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by switching the labels i + 1 and i + 2 in case (a) and by switching the labels i and
i + 1 in case (b).

Remark 3.3. The above definition is extended to the case 8 = ;] = €;_1 —€; in
the obvious manner. We often use the abbreviated notation 7; ; for Ty, a;-

Example. The operator 7, 5 maps the tableau

1|5
216
71317
4 18
9 |11
10
to the tableau

1] 4

216

317

5] 8

9 |11

10

Theorem 3.4 [Vogan 1979]. Fix A a partition of n and denote by S, the set of
standard tableaux of a fixed shape M. The operators T g act transitively on S;.

Ty, g on clans. 1In this subsection we introduce the notion of t-invariant on clans
and define operations T, g on clans. These notions are not new. The work of
Borho, Jantzen and Duflo established the important invariant of an irreducible
representation, its t-invariant. This is a subset of simple roots defined in terms of
wall-crossing. As part of an important study of wall-crossing, [Speh and Vogan
1980] and [Vogan 1979] give formulas for the t-invariant of a representation and
related 7, g in terms of Z5-data (in type A, Z5-data can be interpreted as clan-data).
Our combinatorial description of t-invariant and 7, g-operations on clans agrees
with the work in [Speh and Vogan 1980].

Definition 3.5. Let ¢ = (cy, ¢, ..., ¢,) be a clan. We define the t-invariant of ¢ as

{ei —€i41: (ci, ci41) 1s a pair of equal signs,
(ci, ciy1) 1s a pair of equal numbers,
(ci, ciy1) = (£, a) so that there is j <i withc; =a €N,
(ci, ciy1) = (a, L) so that there is j > i + 1 withc; =a € N,

(¢i, ci+1) = (a, b) so that there are j < k with ¢; =b, ¢y =a € N}.
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Remark 3.6. At the Lie-algebra level, each clan determines a Borel subalgebra
be=bh.®n.Cg.

The parametrization of K-orbits in G/B via clans is arranged to have the following
property: there is a unique automorphism of g carrying b, to the Borel b = @ n of
equation (1.1). Using such an automorphism, one can keep track of the action of 8
on A(n.). In particular if @ € A(h,, n.) corresponds to €; — €;11 via the mentioned
automorphism, then 6 () corresponds to

€ — € if ¢; isasignand c;11 = ¢ €N,
€ —€i41 ifcippisasignand c; =c; €N,
€ — €y ifci:ckeNandciH:czeN,

€ —€; if ¢;, ¢; are signs.

We say that @ € A(n,) corresponding to €; — €;41 1S

imaginary compact if (ci, cj41) is a pair of equal signs,
imaginary noncompact if (c;, ¢j4+1) is a pair of distinct signs,
real if (¢, ¢i+1) is a pair of equal numbers,
complex otherwise.

We write i,, for imaginary noncompact roots, i. for imaginary compact roots,
and r for real roots. For «, a positive complex root with 6 (a) > 0, we write C.
For «, a positive complex root with 6 () < 0, we write C™.

Hence, the t-invariant of clan ¢ is

T(c) = {simple roots & € A(n,) : ¢ isi. or r or C™}.

In order to define the combinatorial 7, g-action on clans we introduce a technical
definition.

Definition 3.7. Let ¢ be a clan, and write b, = b, ® n, for the corresponding Borel
subalgebra. Write € for a sign (could be + or —). Let o; € A(n.), where «;
corresponds to €; — €4 1.

(1) If o; is imaginary noncompact (i,), we define the Cayley map
Cayi(cl P 'CiZE Ci+l: — € - ..Cn) = (Cl . clzl Cl+1:1 "'Cn)-
(2) If o; is real (r), we define the inverse Cayley map

Cayi_l(cl "‘Cizl Ci+l:1"'cn)

={(c1--ci=+ cipi=—--cn)i(cr1-ci=— ciy1=+---cn)}.
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(3) If «; is complex (CT), the 8(a;) corresponds to €j — €, with j < k. We define
the cross-action s; X ¢ as

SiX(cr - ¢i=€ Cciy1=a---a---cy) =(C1-+Ci=0a Ciy1=€--a" - Cy),
Si X (Cre--a---ci=a Ciyy=€---cy) =(C1 - - Ci=€ Cip1=0a" " Cp),
siX (1 ci=a ciy1=b---cy) =(c1---c;i=b ciy1=a---cy)
for any clan ¢ with the companion of a to the left of the companion of b.

(4) If «; is complex (C7), the 6(o;) corresponds to €; — €, with j > k. We define
the cross-action

SiX(Cl - A Ci=€ Cig1=a---Cp)=(Cl- A Ci=a Cip1=€-Cp),
six(cy---ci=a cipp=€---a---cy) =(C1- C=€ Ciy1=a---Cp),
six(cr---ci=a ciy1=b---cy) =(c1---¢ci=b ciy1=a---cy)

for any clan with the companion of a to the right of the companion of b.

Definition 3.8. Given c, a clan, we define Dgﬂ = {clans : @ ¢ 7(c) and B € t(¢c)},
and we define T : D 5 — D, as

Sq X € ifacCt, BeC anda+pB€{C i,},
Sq X € ifaeCt, Bei,anda+ B €CT,
Sq X € ifa € Ct, Berandf(a+pB) #a,

Ty p(c)=1{sgxc ifaeCt, BeC anda+B€{C,i.,r},
sgxc ifaei,, BeC,
Cay, ¢ ifaeiy,, Beie,
CayglcﬂD}g,a ifaeCh, Berandf(a+pB) =a.

Remark 3.9. We verify that 7, g in Definition 3.8 is well-defined, i.e., T, g(c) €
ng’ > DYy using the formulas given in Definition 3.7 and the definition of t-invariant
of a clan.

Compatibility of Ty, g-actions. We have defined operators T, g both at the level of
clans and of standard tableaux. In representation theoretic language these actions
correspond to actions on Z;-data and on primitive ideals. Crucial to our work is the
following theorem.

Theorem 3.10 [Garfinkle 1993, Section 4.2]. Assume p > q. Let
E : {clans of signature (p, q)} ={Q € K/B} — {(T+, ST)},
c— (Ty, ST,),

be the bijection between {Q : K -orbits on B} and pairs of equally shaped tableaux
(the first one signed and the second one standard) induced by Garfinkle’s algorithm.
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Then if a, B € Dy g(clan c), then a, B € Dy g(STe). Moreover,
E(Typc) = (T, To p(STe)).

Remark 3.11. Each clan ¢ determines an orbit Q € 8. Via the Beilinson—Bernstein
classification, such a Q determines an irreducible Harish-Chandra module with
trivial infinitesimal character, X (¢) = X (Q). By [Trapa 2005, Theorem 5.6], T{
parametrizes the associated variety of X (Q) (which, under our assumptions, agrees
with u(T;5). A result by Vogan guarantees that 7, g preserves associated variety.
Hence it preserves signed tableaux.

4. Characterization of 11 (Ok)

In this section we identify K-orbits on B with their clan parametrization. Then, we
freely write “r-invariant of Q” meaning the t-invariant of the associated clan, as
given in Section 3. Similarly we write “T;, g of an orbit”, meaning the corresponding
action on clans. Theorem 4.3 gives a combinatorial description of the set = (Ox).
Theorem 4.5 implies that the combinatoric in Theorem 4.3 is independent of the
real form.

Definition 4.1. Given ¢, ¢’ two clans parametrizing K -orbits Q, Q" € 9B, we write
Q +— Q' if there exist simple adjacent roots «, 8 with « ¢ t(c), B € t(c) so
that T, gc = ¢’. We say that Q and Q' are t-linked if there exists a sequence
(Qp, 91, ..., 9,) of K-orbits on B so that Q9=Q, Q, =9 and Qy+— Q- Q,.

Lemma 4.2. The t-linked relation on the set K /*B is an equivalence relation.
Proof. The lemma holds since in type A the operators Ty g are injective. ([

Theorem 4.3. Let Ok be a nilpotent K -orbit. Then, Q, Q" € n~"(Ox) if and only
if Qand Q are t-linked.

Proof. By Theorem 2.1, two orbits Q, Q" belong to u~!(Ok) if and only if
E(T}B) = (T2, STo) and E(T}®B) = (T2, STo) have T2 = T£". On the other
hand, by Theorem 3.4 there exists a sequence {7y, g,} so that STo =T, g o---0
Ta,,8,STq. Now the theorem follows from Theorem 3.10. (]

Definition 4.4. Fix a partition [r, 13, ..., ] of n = p 4 g. Define a t-graph of
standard tableaux of shape [r{, 2, ..., r¢] as follows. The vertices of the graph
are the standard tableaux of shape [ry, 77, ..., r¢]. Two standard tableaux (77, T»)
are linked if there is a pair of adjacent simple roots with (&, §) with o ¢ ©(T)
,3 € ‘L’(Tl) and T, = Ta,ﬁTl.

Theorem 4.5. Fix a partition [ry, ry, ..., ri] of n. Let (r, t) be any pair of integers
so that r+t =n. Let Ok be a nilpotent GL(r, C) x GL(s, C)-orbit with parametrizing
tableau of shape [r1, 2, ..., ri]. Let ¢ be the distinguished clan associated to Ok as
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in Proposition 2.3. Then, =" (Ok) is completely determined by ¢ and the t-graph
of standard tableaux of shape [ry, 12, ..., ril.

Proof. The distinguished clan ¢ parametrizes an orbit Q¢ € w1 (Ok). Garfinkle’s
algorithm attaches to Qg a pair (T{, ST¢) of shape [ry, ra, ..., ri]. By Theorem 4.3,
Q € u~'(Ok) if and only if Q is -linked to Qq. Since Garfinkle’s map commutes
with the action of operators T, g, we conclude that Q € w1 (Ok) if and only if
the standard tableau associated to Q via Garfinkle’s map belongs to the t-graph
of ST,. ([

Remark 4.6. The previous theorems imply that the equivalence relation Q ~ Q'
if and only if w(73B) = (75 *B) is independent of the real form U(r,t) of
GL(n=r+1t,C).

Remark 4.7. It is important to note that the sequence of operators {7, g} that link
two standard tableaux of the same shape is not unique. Our next example illustrates
Theorem 4.5. The example concerns tableaux of shape [2, 2, 2, 1, 1]. We show that
each standard tableau T of shape [2, 2, 2, 1, 1] can be obtained from

6
7
8

pEEnE

by a sequence of T; ;. This sequence is not unique. In Section 5, in the setting of
two-column standard tableaux, we give explicit effective sequences of operators T; ;
to generate w1 (Ok).

Example. We illustrate Theorem 4.5 in an example. First we draw the 7-graph
of tableaux of shape [2, 2,2, 1, 1]. This is a connected graph. In order to fit
the diagram, we have divided the graph into halves, shown in Figures 1 and 2.
The tableaux on the first row of Figure 2 are indeed obtained by applying 77 ¢ to
appropriate tableaux listed in Figure 1.

Next we consider two different real forms, U (5, 3) and U (4, 4). We set

+
+
—|, and T3=

+

— T =

T

I
+[+]+][+]+
[+ ]

[+]+][+] 1]

We describe 1~ '(T}), w= ' (T») and = (T3).
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We start with the standard tableau

and we choose a sequence of operators 7. . that generates all standard tableaux
of shape [2, 2,2, 1, 1]. Next, we determine ¢l gis € /j,_l(Ti) fori =1,2,3. Itis
useful to observe that E (¢’ 4s) = (T, ST). We show that the chosen sequence of
operators 7. . allows us to describe w N1, w (1) and w1 (T3) simultaneously

ST =

~

T

when applied to céis. The example illustrates Theorem 4.5.

Figure 1

1|6 1|5 114 113 112
217 Tsa 217 Tis 217 T3, 217 Ty 317
3/8|——3|8|——=>|3|8|——[4|8|——|4]|8
|4 |4 15 15 15
LS| 1 6] 1 6] 6] 1 6]
Te.s Te.s Ts.5
1|5 114 113 112
26| 4. [2]6 216 306
3(8|«—|3]8 418 418
4 5 5 5
7 7 7] 7]
Ts 4 Ts4
114 113 12
2|5] .. [2]5 JE
4,3
318|«—14]8 418
6 a 6
7] 7] 7]
Ty3
12
314
518
6
7]

Selel
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12 112 13 13 14
314 315 215 214 215
517 417 417 517 37
16| 16| 16| 16| 16|
18] 3] 8] 8] 18]
Ts,5 Ts,5 Ts.s Ts 5 Ts s
12 112 13 113 1|4
314 316 216 214 216
516 417 417 516 37
A 15 15 L7 15
3] 18] 18] 18] 18]
Ts4 Ts4 Tsy
112 113 1|5
315 215 216
416 416 317
A L7 |4
18] 8] 18]

Ty3

14

215

316

L7

8]

Figure 2

The GL(5, C) x GL(3, C)-orbits in B that belong to u~!(T}) are parametrized
by the clans

e 2 = B - B - B
To.sl To.sl T6,5l/

S e  E o S o N
) Ts,4l Ts,4l

1221 b 14221 144221
' T4,3l

142421

T3,2l

++12421—
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+14242-1 +1+422-1 ++1422-1 ++1242-1 +++122-1
Ts,sl Tc,sl Té.Sl Te.sl To.sl
+1424+-21 +14+++—-—1 +4+1++——1 ++124+-21 +++14+——1
T5,4l Ts.4l Ts,4l
+1+42-21 ++142-21 ++++1—-—1
T4.3l
+++12-21

The GL(5, C) x GL(3, C)-orbits in B that belong to 1~ !(7») are parametrized
by the clans

T54 Ty3 T3 T
12421343 —— 12423143 —— 12432143 —— 12342143 —— 13242143

Te,sl Ts,sl Ts,sl

12423413 <ﬁ~3~> 12432413 12342413 13242413
' T5,4l TS.Al Ts,4l
1223++13<T31232++13 13224413
Y T4,3l
13—+++13
le
1-3+++13
13—++1+43 13224143 12324143 1-3++1+43 12234143
Te.sl T(),sl To,sl TG,SJ/ T6,5l
13—41+43 13221+43 12321+43 1-34+1443 12231+43
T5,4l T5,4l T5.4l
13—1+4+43 1-31+++3 12213443
T4,3l
1-13++43

The GL(4, C) x GL(4, C)-orbits in B that belong to u~'(T3) are parametrized
by the clans

Ts 4 T43 T3.2 T
124213-3 —— 124231-3 —— 124321-3 —— 1234+21-3 —— 132421-3

Ts,sl Te.sl T6,5l

12423—13 —— 1243213 12342—13 13242—13
e Ts 4 Ts.4l Ts 4
1243-213 W 1234+-213 1324+-213
' T4,3l
1342-213

lTs,z

14+32-213



EQUIVALENCE CLASSES OF GL(p, C) x GL(¢g, C) ORBITS 613

134+2—123 1324-123 123+—-123 1+32—123 1243-231
Tﬁ,Sl Ts,sl Tﬁ,Sl Ts‘sl Tﬁ,Sl
13+21-23 132+1-23 123+1-23 1+321-23 124+32-31
T5,4l Ts,4l Ts.4l
13+12-23 1-312-23 12+23-31
T4,3l
1+132-23

5. The two-column case

Explicit computations of the action of Ty, g-operators on two-column standard
tableaux.

Proposition 5.1. Assume T is a standard tableau of shape [2',1"7"]. Further
assume that T has its b, box labeled r 4+ £ with £ < t, and has its by, box
labeled j. Then, there exists a tableau T with l;r,l labeled r + € — 1 so that one of
the following holds:

(1) =1and T =Ty, (T).
) €>1and T =Tyyp—2,40-30 Trpot1rs0-2(T).
(3) ¢>1and T = Tyyoy40(T).
(4) T has box by 5 labeled by an integer k > j + 1 — 1, the box with label k — 1 is
on the first column,and T = Ty g1 00 Tryp—2r40-30 Trqp—1.r+¢—2(T).
(5) T has box by labeled by an integer k > j 4+ £ — 1, the box with label k — 1
is on the second column, and there is a label s with j — 1 <s <k — 1 so that
T=Tss-10 0Ty ,-20Tkk-100Trys—2r+¢-30 Trie—1r+e—2(T).
The proposition is proved by induction on the label of the box b, in the in-
tersection of the last row and first column of 7. As the standard tableau T has
shape [2/, 1"7], the box b,; is labeled by an integer of the form r + £ for some
£ > 0. For expository purposes we first prove the proposition when £ =1 and £ = 2.
Lemma 5.2 concerns the case £ = 1. Lemma 5.3 treats the case £ = 2.

Let 7T, be the standard tableau of shape [2', 1"~"] with box b, ; labeled r and
box b, labeled r +¢.

Lemma 5.2. Assume T is a standard tableau of shape [2', 1""]. Further assume
that T has its b,,; box labeled r 4+ 1. Then, there exists a tableau T with b,
labeled r such that either

(1) T=T,,_1(T), or

2 T=Tjj10--0T_1,20 T,,,_l(f)for some integer j <r.
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Proof. T has b, 1 labeled r + 1. Then b,_; 1 is either labeled r — 1 or is labeled r.
There is exactly one such tableau with b,._; 1 labeled r — 1. This is 7, ,_1(7},). Thus
T=T,and T =T,,_1(T,). If the label of b,_ ; is r, then T is of the form

1| J
r—+2
T=| - |r+t|.
r
r+1
Inthis case, T =T, j 10---0T,_1, 20T, 1(Tp). U

Lemma 5.3. Assume T is a standard tableau of shape [2', 1"7"). Further assume
that T has its by 1 box labeled r + 2.

(1) If b1 has label r and r 4 1 is the label of b », then there exists a tableau T
with b,y labeled r + 1 such that T =T, ,_1 o T, 41, (T).

(2) If by 2 has label j <r and r+1 is the label of b 5, then there exists a tableau T
with b, 1 labeled r + 1 such that T =T, 1 ,(T).

(3) Ifthe label of b,_1 1 is r + 1, then there exists a tableau T with l;,’l labeled
r + 1 such that

I'=Ti-10Tit1,i0 0T r—10Tq1,(T)
for some integeri <.

Proof. Assume first that » + 1 is the label of b, ». Then b; , has label j with j <r.
When j # r, we have

1 J
r+2
T = Tr+l,r : r+t s
r
r+1

When j=r,wehave T =T, ,_j0 T,H’,(T), where 51,2 =r—1.
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We next consider the tableaux 7" with b,_1 | labeled r 4 1. Observe that 7" is of
the form

r+3
r+4

r—+t

r+1
r+2

where k < j + 1.

When k = j +1, the tableau 7, ,o0--- 0T j110T;_1 ;(T) has box b, ; labeled
r+2and by 5 labeled r +1. We have T,y , 0---0Tj js10Tj_1j(T) = Try1 (T,
with T a tableau of shape [27, 1"7"] having 5,,1 labeled r 4+ 1. As the operators
T, .1 are injective (with inverses 7,_1 ;), we have

T = Tj,j—l o Tj+1,j O---0 Tr,r—l O Tr+1,r(?)~

When k # j + 1, some box in the first column of T has label k — 1. Then, T is
of the form

r+3
r+4

k—1
T =|k+1

r—+t

r—+1
r—+2

Hence, T;_1 0 0Ty j+1 0 Tx—1 £ (T) is a tableau with box b, » labeled r + 1.
By part (2) of this lemma, we have T,_1 00 Tx k410 T—1 k(T) = T, 41 ,(T),
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where T is a tableau of shape [2', 1"7"] having l;r,l labeled r + 1. We conclude that
T =Tck-10Tkr1 60 0T r—10Ty1 (T).
Note that our argument above is independent of r and . U

Proof of Proposition 5.1. The proof is by induction on the label of the box in the
intersection of the last row first column of 7. Assume T is a standard tableau of
shape [27, 1"7"]. By Lemmas 5.2 and 5.3, the proposition holds when ¢ = 1, 2.
Assume the statement of the proposition holds for any tableau of shape [2", 17 7"]
with box b, | labeled r +m with m < £. We prove that the result holds for a tableau
of shape [2/, 1""] with box b, | labeled ¢ + r. We have two cases. Either r +¢ — 1
occurs as a label of a box in the second column of T or r +£ —1 is the label of b,_; ;.

Assume that » + £ — 1 occurs as label of a box in the second column of 7. Such
a T is of the form

1 J

r+0—1
r+£+1

T =k-1
k+1

r—+t

r+¢

Observe that Ty ¢ y4¢—1(T) = T is a tableau with B,yl labeled » + £ — 1. Since the
T.. are injective, we conclude that T = T,y p—1 y4¢(T).
If r +¢ — 1 is the label of b,_; 1, then T is of the form

1 J
k
r+4+1
T=| k+1
k+2 :
. r+t
r+£—1
r—+2£
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with k > £ — 1+ j. Note that kK — 1 can be either in the first or in the second column.
We consider the smaller tableau

~)
I
»

r+f—1

By induction hypothesis there exists T, with the box in the intersection of the
last row and first column labeled r + £ — 2, so that T is either

. 7’\: Tik—10---0Tryp—2rie— 3( ) Sl( )
. f:TSS lo---oTkk 10-- r+€—2,r+0— 3( ) SZ(T)Withj_lis’Or
« T = Trvo—3,r+e—40Trpp—2 rte— 3( ) 83( )

In each case, T has r + ¢ —2 occurring in the first column. Enlarge T to a tableau
of shape [2/, 1"7] by adding a box with label r + ¢ to the first column and ¢ — ¢
boxes to the end of the second column with consecutive labels r + £ + 1 to r +¢.
Call this new tableau 7. It is useful to note that 7 has box b,_y 1 labeled r 4+ £ —2
and box 55,2 labeled r + £ — 1. It follows that

T=5/(T) withie{l, 2,3} (5.4)

On the other hand, as T has box l;,_l,l labeled r + £ — 2 and box l;m labeled
r + Z - 13

Trsoarre1(T)=T withb . labeled r+£— 1. (5.5)

Combining equations (5.4) and (5.5) we have that T' can be obtained from T
with b .| labeled r 4+ £ — 1 by a sequence of operators 7. as prescribed by the
proposition. (]

Example. Consider the standard tableau

1|5
216

T — 317
4|8
9 |11
10
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Wehaver =6, =4,and k =8. Observethatk—1=7, k—2=6,andk -3 =5
are labels of boxes in the second column of 7. Take s = 5. Then

11 4
215
T=Ts540Tss50T760Tg70T93 316
’ ’ ’ ’ ’ 7110
8|11
19

The equivalence class of +++++++——+-+-—.

Proposition 5.6. Let O be the nilpotent K -orbit parametrized by a two-column
tableau with length-sizes (p, q) having all boxes in the first column labeled by +.
Assume that ¢ is a clan that parametrizes a K -orbit in = (). Then:

1) c1=+.

(2) The first p-entries of c are either + signs or natural numbers.

(3) The last g-entries of ¢ are either — signs or natural numbers.

(4) If ci is the last integer entry in ¢, then for all t > k ¢, = —.

(5) If j < pandc; €N, then there is exactly one i > p + 1 so that ¢; = ;.

(6) If i < jand (ci, cpys) and (cj, cpyy) are pairs of equal numbers, then s < t.
(M If j <pandcj € N, then#{c, e Nwitht < j} <#{c, =+ witht < j}.

Proof. We first observe that if ¢ € /fl((’)K), then ¢; = +. This is an easy conse-
quence of Garfinkle’s algorithm, as otherwise the algorithm would produce a signed
tableau having both a + sign and a — sign in the first column. Call ¢; the first entry
in ¢ (counting from left to right) such that ¢; = a € N. Let ¢; be the unique entry
of ¢ with i # j and ¢; = c¢;. Then we know that each entry ¢; € ¢ with7 < jisa
+ as otherwise the algorithm would not produce a two-column tableau. Similar
considerations allow us to conclude that i > p + 1 and that all entries in ¢ with
indices larger than i are — signs. Hence, we can write ¢; = ¢4, with £ > 1.

Our proof is by induction on £. We first prove that all clans in 2~ (Ok ) for which
the last integer entry (counting from left to right) is ¢4 satisfy the proposition.
Let ¢ be one such clan. As g = #{— signs in ¢} + #{pairs of equal numbers}, we
have

c=(+-+14+--+1—=---—), withcj=cpy1 =1

Hence, c satisfies the proposition.

Assume next that clans with last numerical entry in position p + £ — 1 satisfy
the proposition. We prove that it is so for those clans with last numerical entry
in position p + £. Let ¢; be a clan that parametrizes an orbit Q, € w1 (Ok)
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such that the last numerical entry in ¢, is in position p + £. By Theorem 4.3 and
Proposition 5.1, there exists an orbit Q., , € u~!(Ok) which is t-linked to Q. In
particular, ¢; can be obtained from a clan ¢,_, having its last numerical entry in
position p 4+ £ — 1, by an appropriate sequence of operators 7. . as prescribed by
Proposition 5.1. By our induction hypothesis, clan ¢,_; satisfies the proposition;
that is:

(a) Each of the first p entries is either a + sign or a natural number with ¢; = +.

(b) If (c;, cj) is a pair of equal numbers, theni < p and j > p+ 1.

(c) After the last numerical entry, the clan consists of — signs.

(d) Foreach c; e Nwith j < p, #{c; e Nwitht < j} <#{c;, =+ with ¢ < j}.
In order to show that ¢, also satisfies the proposition, we study the effect of the
sequence of operators 7.. on ¢;_1. The sequence of relevant operators 7. is that of
Proposition 5.1. The first operator in the sequence is T ¢—1 p4¢—2. Since ¢;—1 €
D y¢—1,p1+e—2 and it satisfies the proposition, its entries ¢,1¢—2, Cp4¢—1, Cp4¢ are of
the form (---a---b---|---ba—)or(---a---+|a—). Thus, T)y¢_1 pre—2(ce—1)
gives (---a---b---|---b—a)or(---a---+| — a). All such new clans satisfy

the proposition. The action of 7,4 ¢_2 ,+¢—3 on one such new clan depends on its
¢p+e—3 entry. We have the following possibilities:

(ea-b-|--—b—a), a4+ |—a), (G-a-b--~+]|b—a),

(-a-b--]---b——a), (--a---+b|ba), (-a--b--+|—ba),
(abc|c_ba)’ (a+|__a)’ (a+b|_ba)

The clans so produced clearly satisfy the proposition. When studying the con-
secutive action of 7. ., as prescribed by Proposition 5.1, we need to also consider
clans containing the patterns

(++a|a)’ (+a+b|b_a)’ (+a+c|ca)’
(...ab_i_clc_b...a), (++a|a)

In these cases, T; ;41 maps the above clans to new clans containing the patterns

(+a+|a)’ (++ab|b_a)’ (_J’_+ac|c_a)’
(...a_l’_bclc_b...a)’ (+a+|a)
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Conditions (1) through (6) of the proposition are clearly satisfied by these new
clans. The only nonobvious conclusion is that the clans

¢ = .’.(c:(...++a...|...a...)):(...+a+...|...a...)
and
c/=T,.(c=---++a|---a---)):(-~-+a+|---a---)

satisfy condition (7). Let A = #{+ signs in ¢ that occur to the left of a}, and let
B = #{c,; € c : integer entry to the left or at the position of a}. By the induction
hypothesis we have B < A. If B < A, then ¢’ satisfies (7). We assume that A = B
and derive a contradiction. Write the first p-entriesof cas [+y + +a---]. Let
A, denote the number of + signs in y and let B, denote the number of integers
iny. We have A=A, +3=B =B, + 1. Hence,
B, =A,+2. 6.7
If the last numerical entry in y is ¢, then, as ¢ satisfies (7) by the induction
hypothesis,
B, <#{+ signs to the left of ¢, }. (5.8)

On the other hand,
A, = #{+ signs in ¢ to the left of ¢/, }

+ #{+ signs in y occurring to the right of ¢, } — 1. (5.9)

Combining the identities in (5.7) and (5.9) with the inequality (5.8), we obtain
#{+ signs to the left of ¢, }+#{+ signs in y occurring to the right of ¢, }+1
<#{+ signs to the left of ¢, }. (5.10)

As inequality (5.10) cannot hold, we conclude that A < B. U

Corollary 5.11. Let Ok be the nilpotent K -orbit parametrized by a two-column
tableau with length-sizes (p, q) having all boxes in the first column labeled by +.
Assume that ¢ is a clan that parametrizes a K -orbit in u='(Ox). Then,

0 < #{ pairs of equal numbers in ¢} < min{ [%p], q}.

Proof. Garfinkle’s algorithm assigns to ¢ a signed tableau and a standard tableau.
The algorithm is such that each pair of equal numbers in ¢ produces a — sign in the
corresponding signed tableau. Hence, under our assumptions

#{pairs of equal numbers in ¢} < q.
On the other hand, part (7) of Proposition 5.6 implies
#{pairs of equal numbers in ¢} < [% p].

The corollary follows. (]
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On p~'(Ok) for orbits Ok parametrized by a two-column signed tableau. A
bijection between the set of nilpotent K -orbits and a set consisting of distinguished
clans is exhibited in Proposition 2.3. In this subsection we give the explicit
parametrization of nilpotent K-orbits in terms of clans in the two-column case. We
introduce some notation. We consider two-column tableaux with column lengths
(r,t) withr +t=p+q =n. Set

L = #{— signs in the first column}, (5.12)
L, = #{+ signs in the second column}. (5.13)

Proposition 5.14. Let Ok be a nilpotent K -orbit. Assume that the signed tableau
parametrizing O has two columns. Then u~'(Ox) contains the K -orbit Q. in B
for exactly one of the following:

Q8 c=(12---r—L1—---—r—Ll‘--lr-i—l---r+t—L2+---+r+t—L2---r+1),
with Ly > [5], Lo = [5]-
(2) c=(12--~r—L1—---—r—L1---1r+1-~-r+L2—---—r+L2---r+1),

with Ly > [5], Lo < [5]-

3) c=(12-~-L1+---+L1---1r+1---r+t—L2+---+r+t—L2---r+1),
with Ly < [5], Lo > [5]-

@ e=(12-Li++Ly--lr+1l-r+Ly——r+Ly-r+1), with
Li=[5] L2 = [5])

Proof. The proposition follows from Proposition 2.3 and Garfinkle’s algorithm. []

Proposition 5.15. Keep the notation just introduced. Assume ¢ € u~'(Ox), and let
N = #{pairs of equal numbers in c}. Then one has the following:

() IfLy = [5]. Ly = [ 5], and
M = min{[% max{2L, —r, 2L, — t}], min{2L; —r,2L, — t}},
then for each integer k with
n—(Li+L)<k<n—(Li+L)+M,
there exists a clan ¢ € u~ ' (Ok) so that N, =k.
() IfLy < [5]. Ly <[], and
M = min{[§ max{r — 2L, t —2Ls}], min{r — 2Ly, t — 2L,}},
then for each integer k with
Li+L<k=<(Li+L)+M,

there exists a clan ¢, € u~'(Ok) so that N, =k.
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3 IfL < [%] and Ly > [%], then for each integer k with
t—Ly<k=<t—Ly+Ly,
there exists a clan ¢, € w~ ' (Ok) so that N, =k.
@ IfLy = [%] and Ly < [%], then for each integer k with
Ly<k=<r—L+Ls,
there exists a clan ¢ € u~ ' (Ok) so that N, =k

Proof. We prove that (2) holds. Statements (1), (3), and (4) can be proved using
similar arguments. By Proposition 5.6 it is enough to show that clans of the form

(albl bZ"‘bLZGZ"'aLl+"‘+——"'—61L1"'al bLz"'bl) (516)

are in ' (Og).
We start by observing that Proposition 5.14 guarantees that ;' (Ox) contains
the clan

C=(01612"'aL|+"'+aL1"'albl"‘bLz_"‘_bLz"‘bl)-

By Theorem 4.3, the proposition is settled once an appropriate sequence of operators
T..., when applied to ¢, produces clans of the desired shape.
Clan c is in the domain of 7, ,_;. Hence, by Theorem 4.3, 7, ,_ic € w(Ok).
Similarly, we argue that 7> 10 T300---0Ty,_1(c) € u~ ' (Ok). That is,
c/:(alblaz...aLl+...+aLl "'ale"'bLz_ _bLZ...bl)’
c”:(alblbz...bLzaz...aLl + +aL1 ceeay — _bLzbl)

are clans in © ! (Ok). The next operator in the sequence is 7,41, r+1,+1, Which
when applied to ¢” gives

"
C :(albl b2"'bL2a2"'aL1 + +_aLl...a2_al [ _bLz"'bl)-
Next, we compute T,_1, 41, r—L,4+Ly—1© 0 T, r+L,+1(c”) to obtain
iv
cl :(alblb2"'bL2a2"'aL1 + ...+_aL1...a2_..._a1 bL2“'b1).

Note that now, at “the center” of the clan we have the + + - - - + — pattern. Further
applications of similar operators yield the clan in (5.16). O
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