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IN PIEZOELECTRIC MEDIA

ZHONGMIN XTAO, HONGXIA ZHANG AND BINGJIN CHEN

In this paper is proposed a dislocation emission mechanism for microcrack initi-
ation at the tip of a finite rigid conducting line in a piezoelectric solid. When a
finite rigid conducting line is embedded in a piezoelectric matrix, because of the
highly concentrated stress and electric displacement fields at its tips, dislocations
of one sign are driven away from the tip, while the stationary dislocations of the
opposite sign are left behind. As a result, a micro Zener—Stroh crack is initiated
at each tip for the in-plane case, and two microcracks at each tip for the anti-
plane case. We obtain analytical solutions of both in-plane and anti-plane exten-
sion forces for microcracks initiated at the tip of a finite rigid conducting line.
By obtaining the stress and electric displacement fields at the tip under nonzero
net Burgers vectors, we observe two critical crack lengths. We find that the in-
plane and anti-plane critical extension forces for a finite rigid conducting line are
related to those for a conventional crack in the same piezoelectric materials.

1. Introduction

Because of the intrinsic electromechanical coupling behavior, piezoelectric ceram-
ics are used as actuators in adaptive structures. However, piezoelectric ceramics
are very brittle and susceptible to fracture. The propagation of defects such as
dislocations, cracks and inclusions would degenerate the performance of devices.
It is important to understand the fracture behavior of piezoelectric ceramics.
There have been some efforts in establishing the fracture criterion for piezoelec-
tric materials in the presence of cracks. The J integral, equal to the total potential
energy release rate, has been proposed as a fracture criterion by; for example, Suo,
Kuo, Barnett and Willis [Suo et al. 1992], while Pak [1990; 1992] used it to predict
Mode III and Mode I fracture. However, so far there is no experimental support for
this criterion. Park [1993; 1995] proposed using mechanical strain energy release
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rate — the mechanical part of the total potential energy release rate — as the frac-
ture criterion, and found that this criterion agrees qualitatively with the existing
experimental observations.

Rigid line inclusions (or, for brevity, rigid lines) have been used to model certain
materials or flat defects, such as metal precipitates in a piezoelectric solid. For the
past decades, many researchers addressed rigid lines by solving the whole field
solutions for various configurations; see, for example, [Wang et al. 1985, 1986;
Li and Ting 1989; Ballarini 1990; Fan and Keer 1993; Asundi and Deng 1995].
Recently, rigid lines embedded in piezoelectric solids have been studied in [Shi
1997; Deng and Meguid 1998; Gao and Fan 2001]. All that the research work
has identified is a square root singularity at the rigid line tip, and led to a stress
intensity factor similar to that for a crack.

Based on those analyses, Xiao and Fan [1990] proposed a mechanism for Mode
I microcrack initiation at the tip of a semi-infinite rigid line in a purely elastic solid.
As a result, the fracture toughness for a rigid line was related to that for a crack in
the same solid. Xiao et al. [2003] proposed a model of two Mode III microcrack
initiations at the tip of a semi-infinite rigid line in a piezoelectric solid, and found
the relation between the fracture toughness for a rigid line and that for a crack in
the same solid. Here, the criteria of microcrack initiation at the tip of a finite rigid
line in a piezoelectric solid, both for in-plane and anti-plane cases, are formally
set, in analogy to crack propagation, as

G* = G*

er and G* =G’ , (1-1)

respectively, where G denotes the mechanical strain energy release rate when the
rigid line extends, and is termed as “the rigid line extension force”; the superscript
* 1s used for a rigid line in order to distinguish it from the crack extension force;
and the subscripts + and — represent in-plane and anti-plane cases, respectively.
The two critical values G* .. and G*  at the right-hand sides of Equations (1-1) are
deemed to be material constants that can be determined from tests. Based on the
authors’ knowledge, however, there are no such experimental results in the open
literature so far. It is our conjecture that the two critical values for a rigid line
can be correspondingly related to those for a crack in the same solid, since both
cases associate with the square root singularity in terms of the stress and electric
displacement (SED) intensity factors.

We denote by G, and G_; the mechanical strain energy release rates of a
Mode I and Mode III crack in the same piezoelectric material, respectively. Our

%

research objective is to search for possible relations between G . and G 4, as

well as between G* ., and G _,; for example

Gj—cr = Cl G+cr and Gtcr = C2 G—cra (1_2)
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in which C; and C, are constants to be determined. To perform our investigation,
models of microcrack initiation at a rigid line tip proposed by Xiao [1990; 2003]
are extended to the current problems.

For the anti-plane case, a finite rigid conducting line is loaded around its two
tips with the SED intensity fields K* = {K ol K;Z}T, where K;;; and K}, are the
anti-plane shear stress and electric displacement intensity factors; see Figure 1.

For the in-plane case, a finite rigid conducting line of length 2a, perpendic-
ular to the poling axis, is loaded at the tips by the SED intensity fields K* =
{K;; K; Kj,}', where K}, K;* and K}, are the in-plane shear stress, tensile
stress and electric displacement intensity factors; see Figure 2.

Based on the dislocation emission mechanism at the rigid line tip proposed in
[Xiao and Fan 1990; Xiao et al. 2003], dislocations of one sign are driven away
from the tip of the rigid conducting line because of the concentrated fields along
certain slip planes, while the dislocations with the opposite sign pile up at the tip
of the rigid conducting line. As a result, Zener—Stroh cracks are initiated at both
tips, as shown in Figure 3 for the anti-plane and in Figure 4 for the in-plane case.
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Figure 1. A finite conducting rigid line loaded around its tip with
the anti-plane concentrated fields.
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Figure 2. A finite conducting rigid line loaded around its tip with
the in-plane concentrated fields.
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This microcrack initiation mechanism is considered as a possible way to release the
high strain energy. It is worth mentioning that this mechanism was first observed in
[Kikuchi et al. 1981] and that the resulting crack was named an ‘““anti-Zener—Stroh
crack” in [Weertman 1986].

2. Formulation

2.1. Anti-plane case. In this case, because of the concentrated SED fields [Shi
1997], a pair of microcracks is initiated (see Figure 3) at both tips of the finite
rigid conducting line loaded with the anti-plane SED fields K* (see Figure 1). We
assume that the microcracks are still loaded with the tip SED fields K* . The pair
of microcracks at one tip has the same field variables as those at the other tip, and
the deformations of the two microcracks at each tip are anti-symmetric in the x3
direction.

Here, we will analyze only the upper-right crack. The SED distributions near
the right tip are approximated by K* /./27y, with y > 0. We will study how a
microcrack of length 2¢ is affected by the tip SED fields K* and by the net Burgers
vectors of dislocations d7 inside the microcrack.
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Figure 3. Microcracks initiated at the tip for the anti-plane case.
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Figure 4. Microcrack initiated at the tip for the in-plane case.
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The interaction between the rigid conducting line and the dislocations at both
the upper and lower half-planes causes the SED fields at the upper half-plane. We
first consider the two dislocations with Burgers vector d, one located at the point
(a, ¢) and another at (a, —¢), ¢ > 0. The SED fields induced at the point (a, y),
y > 0, by the two dislocations interacting with the rigid conducting line [Chen et al.
2005b] take the form

fosv,0) DIy, OY ., =

1 1 1 [ -
—C(——— = —— [ (. ¢.a) + hs(y.¢.a) ) d©),
yp ()h{ y—cVy 1y, ¢, a) ﬂyCaO (£)

where h1(y, ¢, a) and hs(y, ¢, a) are given in Appendix B, and where the material
property matrix C is
C= |:C44 615] ’
€15 —€&11

with c44, e15 and €11 being the elastic, piezoelectric and dielectric constants.
Because of a continuous distribution of dislocations, the SED fields along the
upper-right crack line are given by

{‘713(3»)’) D1(a,y)}T =

10/20(—#—# C v cha) + hs( ¢a>)ﬁ<c)d¢
a Jo \Ty=o Tyt e ’

where the density vector of the charged screw dislocations along the crack line is
D) ={D3(c) Da(©)}, with D4(¢) = Dy ().

With the assumption that the microcrack faces are free from surface traction and
charge, we have

K*

V2 y’

Moreover, the charged screw dislocation densities along the crack line must
satisfy

{o13(a,y) Di(a, »}' = — 0<y<2e @21

2¢
/ Di(t)yd; = df, i=34, (2-2)
0

with the net Burgers vector inside the microcrack dy = {d; d;; }T and d )Z; = dg .
Introduce the substitutions
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Equations (2-1) and (2-2) are then rewritten as

11 Dj(’”) <_ulTr — u—irﬁl<u, r, 2) —{—55(14, r, 2)) dr

K 1
= — , —1<u,r<l1,i=34, (2-3)
N2reNu+1

1 4
P Y Cinio f
j=3

and

L dr
/ Di(rydr = =%, =34, (2-4)
-1 c

where le(u, r,c/a) and }~15(u, r, c/a) are given in Appendix B, and
I%;" = K;;I’ I%jf = ng-

2.2. In-plane case. The physical problem that we examine is shown in Figure 2:
a finite rigid conducting line of length 2a, loaded with the in-plane SED fields K7
in a piezoelectric solid. As discussed in Section 1, because of the concentrated
SED fields that we mentioned and were obtained by Deng and Meguid [1998],
dislocations of one sign move away from the rigid line tips, and the left-behind
dislocations form a microcrack at each tip, as shown in Figure 4. We assume
that the microcracks are still controlled by the tip fields K% . Since the physical
properties of the two microcracks are the same, we only study the one on the right.
The SED distributions near the right tip are approximated by K% / V2 (x —a),
with x > a. We study how a microcrack of length 2c is affected by the tip fields
K’ and the net Burgers vectors of the dislocations by inside the microcrack.

Based on [Chen et al. 2005a], the SED fields, arising along the crack line because
of the interaction between a single charged edge dislocation located at the point
(2a + &, 0) with the Burgers vector b and with the finite rigid conducting line, are
given by

1 b@) [~ = [e2_42 1 Wh(®)
I (x, §)|y=0 = EE(W - W iz_Zz) TN

where I, = {021 02, D }”. The real 3 x 3 matrices W and W are given by

W=H'-H'S+L, W=H'-H'S-1L,

while the real 3 x 3 matrices H, S, L can be obtained by removing the third column
and the third row of the real 4 x 4 matrices H, S, L (see Appendix A). Because of
a continuous distribution of dislocations along the crack line, the SED fields are
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given by

I (x,0) =
1 a+2c ﬁ(g_—) _ - g__z_az a+2c Wﬁ(f)
w0 o

where the density vector of the charged edge dislocations along the microcrack line
is B€) = {By,(6) By,(§) By(®))7, with By, (§) = B, (£).

The boundary conditions on the crack faces in piezoelectric solids are assumed
to be free of surface traction and charge [Deeg 1980; Pak 1990]. Therefore, one
has
K
V2n(x —a)’

The charged edge dislocation densities must satisfy

IL(x,0) = — a<x<a+2c. (2-6)

a+2c
/ B(§)d§ = br, (2-7)

where the net Burgers vector inside the crack are by = {b){1 bzz bg }T, with b; =
bT
0
The integral over [a, a + 2c] is normalized to [—1, 1] by the substitutions
xX—a E—a

t= -1, s =
c c

—1.

Equations (2-6) and (2-7) now read

| =
Z (ﬁ/mz/ —BXi ) ds
; 1 t—s

1 5 1
- G1(t, c/a) By, (s) — ~
— Wi . ds — Wi | Gi(t, B, (s)d
mt/;l G3(s,c/a)(t—s) N mi . 1( C/a) x,(s) N
8 =
=— 7G2(t)Km, —1<s,t<1l, m=1,2,3 (2-8)
and
I bT
/ B.(s)ds = —, i=1,2,3, (2-9)
—1 c
where
IET=KI? Igik:KI*» IE;ZKD*I’
1
Gi(t,c/a) =

JI+iJ/T+i+2ajc’
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1
VI+sJyT+s+2ajc

1
Gz(f)=ﬁ, G3(s,c/a) =

3. Numerical Procedure

Let ¥(s) and E(r) be bounded functions in [—1, 1], and the charged edge and
screw dislocation density vectors can be written as

B(s) = W(s) (1+)“(1 —s)P,

D(r) = E() (1+n*1 —r),
with
W(s) = {Wi(s) Wals) W)},  W3(s) = Wy(s),

E(r) = {8() Ba(n)}T, By (r) = Ey(r).

3.1. Anti-plane case. The discretized forms of Equations (2-3) and (2-4) are writ-
ten

n

4 -
! it - 14+ hi(ui,rj, c/a) .
4 JZI Witrs) ;C(’—Z)(k—2) “k(rj)(_ ” l_rj + hs(u;,rj, c/a)

K* 1
= —ISM,I’S 1, r=3,4a (3_1)

B V2mwe NT+u;

and
T

n B _ B dxr B
D WirpE(ry) = ==, r=34, (3-2)

Jj=1
where r; and u; are the roots of the Jacobi polynomials,

POy =0,  PLITMw)=0, j=1,....ni=1..n-1 (33

and Wj (rj) can be obtained from the right-hand side of Equation (3-15) by replac-
ing 5., a, B with r;, A, y, respectively.

Equations (3-1) and (3-2) provide a system of 2n linear algebraic equations to
solve the 2n unknowns E;(r;), i =3,4, j=1,2,...,n. If E;l)(r) and Efz)(r) are
the solutions of the system

S W) wW’(r-)(—”;"(““”f’C/”) st c/a)) -~
= J\"J m \"J ui—rj ] m Y

n
ij(rj) EVr)) = 8y, m=23,4
j=1
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we obtain

V) = 8¢ and EQ0) = EP0), (3-4)

18w e K}, + eisK;, dr
33(’,) - _ ? 1Ay 158p2 H(l)(’,) + X3 H(Z)() (3_5)

2
C44811 T €75

- |87 e1sKjy — casKp, dTH
a4(r) - _ T 111 D2 (1)( ) + s (2)(’,) (3-6)

C44€11 + e15

Since there is a square root singularity at the upper tip of the upper-right micro-
crack, we take y = —1/2. As the deformations of the rigid line tip at the upper
and lower half-planes are antisymmetric along the x3 axis, we take A = —1/2. The
effect of this approximation on the upper tip is reasonably negligible [He et al.
1991].

The anti-plane SED intensity factors K_ = {Km KDZ}T at the upper tip of the
upper-right microcrack are obtained as

K= lim 27(y=20) o) DI} =-\[72CEM). G
y—2c

where Kj;; and Kp; are the anti-plane shear stress and electric displacement inten-
sity factors. Combining (3-7) with (3-4), (3-5), and (3-6) leads to

T
Kir = Va2 Ky — 22 (w820 d!, + es EP0T). G9)

NG
Kpy = V2r () K}, — jjz (els P dl — ey u?(l)dT). (3-9)

According to [Park and Sun 1995], the anti-plane crack extension force can be

defined as
B

o1
Gy_= gl_r)% 3 A o13(y) uz(d —y)dy.

Thus, the anti-plane microcrack extension force is obtained, in terms of the SED
intensity factors, as

2
. 811(K”1) + €]5K111KD2

M= 2(casens + es)

(3-10)

The anti-plane extension force for the finite rigid conducting line loaded with the
SED intensity fields K* , is obtained as

811( 111) + eisKj; Kp,
2(casen + eis)

Gt = — (3-11)
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Combined with (3-8), (3-9), and (3-11), Equation (3-10) is rewritten as

2
Gy = — (fzn E§‘>(1)) G%,_
v =) 22 [ k;; (C44 di, + eisdy) (e11Kjy + eisKp)
NG nd 2 (casrn + eis)
=(2)
7 (29
+ T) (c44 (d)* + elsdj;dg) (3-12)

Note that ’“(”)(1) R "‘(”)(rl) for large n. In our calculation, we took n = 100.
It is observed from Equatlon (3-4) that the coefficients Egl)(l) Eftl)(l) Egz)(l)
and ui )(1) depend on the ratio of the microcrack’s length of 2c¢ to the rigid line’s
length of 2a, but are independent of the material’s property constants. This makes it
possible to find the constant C, from Equation (3-12) that exhibits the relationship
among the microcrack extension force G, _, the rigid line extension force G},_,
the SED intensity factors K* , the net Burgers vectors d7, and the microcrack length
2¢. Here are the anti-plane coefficients corresponding to the ratio c/a = 10™*:

201 = g{"(1) = 0.117764,
271 = 2P(1) =0.415922.

Since these coefficients depend on the ratio c/a, the constant C; could be a function
of it.

3.2. In-plane case. Following the method in [Erdogan et al. 1973], we write the
discretized forms of Equations (2-8) and (2-9) as

IR Wi Wi Gilt,c/a) =
_ W, — — Wi G1(t,, W,
- r:”; r(sr)(tu_sr s Gotejay Wi Gl c/a)) (s7)
K,
= - Gz(tu)v -1 =s,1= 15 m = 1’2"39 (3_13)
2rc
and
n . bT
D Wils) Wilsy) = =, i=1,2,3, (3-14)
c

r=1

where s, and ¢, are the roots of the Jacobi polynomials,

PP (s)=0, PRy =0. r=1,....n u=1..n—1,
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and
Wr(sr)z
Cn+a+B+2)Tn+a+1D)T(n+B+1) po+h
_ , (3-15)
m+D!n+a+B+DTn+a+p+1) pleb i) p’fi’f)(sr)

with I'(z) being the well known Gamma function.

Equations (3-13) and (3-14) provide a system of 3n linear algebraic equations in
the 3n unknowns W;(s,) withi = 1,2,3 and r = 1,2, ..., n. Denote by ¥} (s,)
the solutions of the set of system

n 3 - e
ZZ Wr(sr)(Wm,-Gl(sr, c/a)=WniGi(tu, c/a) W, G (tu, g)) ‘I’,-(V)(Sr)
(tu —sr) G3(sr, c/a) a

r=1 i=1

= _G2(tu) Bmy (3'16)

n
ZWr(sr) WY (s,) = Suntdyys

r=1

where m =1,2,3and y =1,2,...,6, while §;; is Kronecker’s delta.
We have

87 s (D b @

i) =)= Ky v’ + i), (3-17)
] bT bT

a(s) = | = (K e) + K3 0570) ) + 20%0) + Lwils). (3-18)

87 bT br
W3 (s) :,/T<K,*\I/3(2)(s)+K,§1\If§3)(s)) + 2wl + Lwle). (3-19)

Since a square root singularity exists at the right tip of the right microcrack, we
take B = —1/2. An oscillatory singularity at the left tip can be induced because
of the incompatibility of the piezoelectric material and the rigid line. Since the
oscillatory singularity leads to the penetration of the crack surfaces, it is physically
unfeasible. Fortunately, a pure square root singularity is restored by allowing crack
surfaces to have contact, as in [Comninou 1977]. Therefore we can take « = —1/2
in our calculations. This assumption may cause some approximation at the left tip,
but the effect on the right tip is negligible [He et al. 1991]. After all, the result
from the right tip is responsible for the crack propagation.

The in-plane SED intensity factors at the right tip of the microcrack are

K, = {Ky K; Kpi}" = lim /27(x —2a—c) I (x,0), (3-20)

x—a+2ct

where Kj;, K, and Kp; are the in-plane shear stress, the tensile stress and the
electric displacement intensity factors. Substituting (2-5) into (3-20) and following
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C11 C12 Ci13 C33 Ca4 €3] €33 eis &1 €33
GPa GPa GPa GPa GPa C/m*> C/m?> C/m*> nC/V-m nC/V-m
PZT-5H | 126 55 53 117 353 —65 233 17 15.1 13.0
PZT-5 121 754 752 111 21.1 —-54 158 123 8.11 7.35
PZT-4 139 77.8 743 115 256 —-52 151 127 6.46 5.62
PZT-7A | 148 76.8 742 131 254 -21 95 127 4.07 2.08
Table 1. Material properties for piezoelectric ceramics (the poling
direction is along the x3 axis).
the procedure in [Muskhelishvili 1977], one obtains
JTe ~ <
K+:T(W—W)\Il(1). (3-21)
Substituting (3-17)—(3-19) into (3-21), one finds
Ky = V27 fu K} + \/\/_-flz bxl, (3-22)
= V21 f Kj 4+ V21 o K+ ;i/__ (f3bl,+ faab)).,  (3-23)
Kpi = V27 f51 Kjf + V27 fn Ky + NG (f33be+f34bT), (3-24)

where
fi = Luw{m, i=1.2,
fi = Lowi™) + Lawi™, k=23, i=1,2,
fii = LioWi™() + L w21, k=23, i=3,4.

The coefficients f1;, f»; and f3; can be determined, since lIJI.(k)(l) ~ \IJi(k)(sl)
exists for large n. Also, it is observed from Equations (3-16)—(3-19) that these
coefficients depend on the ratio of the microcrack length of 2¢ to the rigid line
length of 2a. We take n = 100 in the following calculations, and select PZT-5H,
PZT-5, PZT-4 and PZT-7A ceramics for our numerical examples, with the material

constants listed in Table 1, taken from [Dunn and Taya 1994; Pak 1992].

According to [Park and Sun 1993], the crack extension force can then be cal-
culated as the mechanical strain energy released when propagating the crack an

infinitesimal distance, that is,

1 )
Gy, = lim—/ 02i(x) u;(6 —x)dx, i=1,2,
=038 Jo
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where ¢ is the assumed crack extension. Thus, the extension force for the micro-
crack, in terms of the SED intensity factors, is G,,, = %(K+)T L'K,, where
the real 2 x 3 matrix L’ is obtained by removing the third row of the inverse of L.
Substituting into this equation the values given by (3-22)—(3-24), we get

b f
2c
where X, Y and Z are the 3 x 3 matrices from Appendix C.

The extension force for the rigid conducting line loaded with the tip SED inten-
sity fields K7 is obtained as

1
Gy = 52712 K)HTXK: + (K" Ybr + —(bT)T Zby, (3-25)

Gy = —3 &HTHK

where k* = {k* ki k%}7 is the tip strain intensity factors and K* = S” H~1k*.
Equation (3-25) can be rewritten in terms of G, as

27%sT Xs T

GM+:_TU *++7'[ Xll (K”) +E(K*+)TYI)T

T T
+ (b0 Zby., (3-26)

where the 2 x 2 matrix X is obtained by removing the first row and the first column
of the matrix X, and we have s’ = {§21 S31 }T with S = STH!.

Equation (3-26) gives the relationship among the microcrack extension force
G pm+, the rigid line extension force G, , the tip SED intensity factors K%, the
net Burgers vectors of dislocations by inside the microcrack, and the microcrack
length 2c¢. The elements of X, Y and Z for the ratio c¢/a = 10~* are listed in
Table 2.

4. Discussion
4.1. Critical crack length.

Anti-plane case. Equation (3-12) suggests that the upper-right microcrack tends to
reach its critical value at

2
G, = _<ﬁn sg%)) G%,

paved =01 22! . (C44d)2+615d$) (en1 Kjy+e1sKp,)
— (D &3 (D) K} dl 5
V2¢er 2(C44811+€15)
+ 8— (c44 (")’ + ersd” d(p). (4-1)
Cer
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PZT-5H PZT-5 PZT-4 PZT-7A

X 1.448x107'12 1.931x107'2 1.586x107'2 1.514x107'2
X1 1.256x107'12  1.667x107'2 1.405x107'2 1.352x107'2
X»3(X3) | 5.511x107*  9200x10~*  9.570x10~* 1.145%x1073
X33 2.172x10*  2313x10*  3.753x10*  8.592x10*
Y, 0.182 0.172 0.174 0.174
Y 0.169 0.161 0.161 0.169
Yos 2.730x 1071 2.589%x10°'"" 2.189x 107" 1.278x10°!!
Y, 6.608x107  7.593%x107  9.368x 10’ 1.287x 108
Ys; 0.020 0.024 0.024 0.017
7 2.275%10'°  1.540x10'  1.901x10'0  2.006x10'0
Z» 2.246x10'0  1.516x10'0  1.805x10'0  2.078x10'0
Z:3(Z) | 3.955 2.747 20757 1.698
73 3.323x10710 2.156x1071° 1.940x10710 7.054x 10~

Table 2. Matrices X, Y and Z under the ratio c¢/a = 107,

The two critical crack lengths can be obtained from (4-1). The anti-plane tip SED
fields K* and the net Burgers vector dt determine the two critical crack lengths.

In the absence of the electric field K}5,, of the electric displacement loading d, r
and of the piezoelectric constant e;s5, Equation (4-1) can be reduced to that for
isotropic elastic media, as

G_gjiso = — <\/§7T Egl)(l))z G~ jiso

2
=1y =@ 7 (2@
.y B3 (D) B (1) ( 3 2
cr cr
2
where G* i = — (K};;)"/ Q).

In-plane case. Equation (3-26) suggests that the right microcrack tends to reach
its critical value at

272sTX s )
Gcr = - H L+ + 7 X“ (K;;)
11
TTA/TT T A
+ X2 (K*) Yby + b)) Zby. (4-3
m( +) Yby 8cg 1) Lbr- (439)

For a general Zener—Stroh crack, loaded with external stress and nonzero net
dislocations, there are two critical crack lengths: one is stable, the other unstable
[Fan 1994]. This particular physical phenomenon is also seen in Equation (4-3).
The smaller critical crack length is a stable one under the Zener—Stroh mechanism.
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The crack propagates until it reaches its second critical crack length, which is under
the Griffith crack mechanism. Obviously, the applied SED fields K7 at the tip and
the net Burgers vectors by inside the microcrack determine the two critical crack
lengths.

The shear stress intensity factor K;; does not exist at the tip of the rigid line
embedded in isotropic elastic materials subjected to remote loading. By using the
solutions from [Wang et al. 1985; Li and Ting 1989], combined with the matrices
S, L and H for isotropic elastic materials given in [Li and Ting 1989], we can
reduce (4-3) to

. 2
= —(V2r Fy (1))ZM G jigo + Laved Fi(D) W) K bl

G .
+crliso 3_ 40 m
T K )\ 21T 12
(w1 B! H?,
8cer l—v( 2 ( )) (bx,)
where 9
R = 90 ——.
1—-v 3—4vu )
*+|iso = —jm(&*) , 1<3—4v <3.

Here are the numerical values of Fj(1) for different values of Poisson’s v, showing
that effect of v on Fy(1) is quite small.

v | R w1

174 | 0.140453 0.337617
173 | 0.141730 0.328747
1/2°] 0.143271 0.318310

4.2. Connection constants. Consider a very brittle piezoelectric material, and as-
sume that no dislocations are emitted from the rigid line tip and electric dislocations

s T _ 3T _ 3T _ : T _ T _
can be negligible, so that b,, = b, =b, =0 for the in-plane case and d,, =d, =0
for the anti-plane case.

Anti-plane case. Equations (4-1) and (4-2) can be reduced to G* ., = C2 G _,
with
1
= ———. 4-4)
(v2r ()Y

Equation (4-4) partially confirmed our initial conjecture in the second equation
in (1-2), both for brittle piezoelectric and for purely elastic materials. Since the
coefficient Egl)(l) is a result of the ratio ¢/a, the coefficient C; is a function of
the ratio c¢/a. The numerical values of the coefficient C; for different ratio c/a are

listed in Table 3. It shows that the absolute value of the coefficient C, decreases
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with the increasing c/a, or with the microcrack propagation. It is observed that
the C, value is almost constant when the microcrack is at the very initial stage
(c/a < 1073). The variation of C, value for different ratio ¢/a is so small that we
can consider the coefficient C, a constant. The C, value also indicated that the
crack initiation will be catastrophic.

c/a C1 C2
1078 | —5.93064 —3.653
1077 | —5.93064 —3.653
107 | —5.93064 —3.653
107° | —5.93064 —3.653
1074 | —5.93064 —3.65299
5.107* | —5.93064 —3.65295
1073 | —5.93065 —3.6529
5.1073 | —5.93068 —3.65247
1072 | —5.93073 —3.65193
5-107% | —5.93108 —3.64749
1071 | =5.9315 —3.64158
5-1071 | —5.93443 —3.58969
1 —5.93721 —3.56074

Table 3. The connection constants C; for PZT-5H and C».

For ductile piezoelectric solids, the net Burgers vector b7 inside the mixed
mode microcrack and the net Burgers vector dr inside the Mode III microcrack are
nonzero. In this case, G7 ., relies on the net Burgers vectors of shear dislocations
bfl, on the net Burgers vectors of climbing dislocations bfz, and on the net Burgers
vectors of electric dislocations bg inside the microcrack as shown in (4-3); while
G* ., relies on the net Burgers vectors of shear dislocations d;; and on the net Burg-
ers vectors of electric dislocations dg inside the microcrack as shown in Equation
(4-1). We would like to assume that b; s b;z, b; , de3 and d(pT are material-dependent
constants, which measure the magnitudes of the ductility and dielectricity of the
matrix material. Also, it is very likely that after a microcrack is initiated, no more
dislocations enter the crack, because the concentrated stress ahead of the rigid line
tip has been released. Nonetheless, all these assumptions and conjectures need
experimental support before pursuing further theoretical investigations.

In-plane case. If the rigid line isn’t loaded with the tip shear stress field K};, Equa-
tion (4-3) is reduced to

*
G+Cr = Cl G-‘rCI‘v
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with )
¢ = - Hu 4-5)
272 sT X's
Equation (4-5) partially confirmed our initial conjecture in the first equation in
(1-2), though only for very brittle materials under tensile stress and electric dis-
placement fields. The numerical values of the coefficient C; for PZT-5H, PZT-4,

PZT-5 and PZT-7A ceramics under the ratio ¢/a = 10~* are as follows:

PZT-5H PZT-5 PZT4 PZT-7A
5931 17.651 12.158 10.355

The numerical values of the coefficient C| for PZT-5H for the ratio c¢/a are listed
in Table 3. It is observed that, when the micro crack is at the very initial stage
(c/a < 1073), the coefficient C; is constant. When the micro crack propagates
further, the absolute value of the coefficient C; increases so slightly that we can
still consider it a constant in the same solid. The C; value also indicates that the
microcrack initiation is catastrophic.

For isotropic elastic materials, one finds

* . . )
G+Cr|iso — Clllso G+Cr|150’

in which
3—4v
(V2r Fi (D) (1 = 2v)2

It is worth mentioning that for the incompressible solid, v = 0.5, the numeri-
cal value of Cyiso approaches infinity, which indicates that the crack initiation is
catastrophic.

It is noted that microcrack initiation at other angles may occur at the rigid line
tip under some mixed loadings for the anti-plane and in-plane cases. The current
approach can also be employed to analyze such cases, if the rigid line extension
force is calculated as the mechanical strain energy released per infinitesimal trans-
lation in the inclined direction. However, the constants C; and C, may be different
and need to be further investigated for different angles.

Clliso =

Appendix A

In a Cartesian coordinate system (xp, X3, x3), for a linear piezoelectric medium
without body forces and with free charges at constant temperature, the constitutive
and equilibrium equations given in [Tieresten 1969] are

Oij = Cijki Uk, +ekji bk, Di=eixurs—eik P, 1,j,kl=1,2,3 (A-1)
Ul/v/ = O’ Di,[ = 0’ l7] = 17 2, 35 (A_z)
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where o;;, D;, u;, ¢ are the mechanical stress, electric displacement, elastic dis-
placement and electric potential, while c;jx;, ex;j, €i; are the elastic, piezoelectric
and dielectric constants.

For a two-dimensional problem in which the variables depend on x{, x, only, a
general solution to Equation (A-2), given in [Barnett and Lothe 1975], is

u=af(z), 7 =Xx1+ px2. (A-3)

Here f is an arbitrary function of z, while p and a are determined by inserting
(A-3) into (A-2). We have

[Q + PR+RT) + p*T]a = 0, (A-4)
where the matrices Q, R and T are
Cilkl €1l Cilk2  €2il Ci2k2 €22
] i b g
el —el el —En Sy e
The generalized stresses obtained by substituting (A-3) into (A-1) can be written
in terms of the stress function @ as
o, DI}l = —®,, {o2j D2} = —@,
in which
®=bfGz), b=R +pRa=-p'(Q+pR)a

From (A-4) we see that eight eigenvalues p consist of four pairs of complex
conjugates. If p,, a, are the eigenvalues and the associated eigenvectors, we let

Im(pq) > 0, Pa+4 = Pa»
aa+4=5a» b(¥+4=l_)0{7 a=17273547

where Im stands for the imaginary part and the overbar denotes complex conjuga-
tion.
Assuming that p, are distinct, the general solutions are obtained by

4 4
u = ZRG(ZEIQ fa(Za)), P = ZRG( Zba fa(za)>’

a=1 a=1

where Re stands for the real part, and

Jota = f_oz-
The 4 x 4 complex matrices A and B defined by
A= [31 ay az 34], B= [b] b2 b3 b4],
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satisfy, when properly normalized, the orthogonality relation

v vl -[o V]

The matrices H, L and S defined by

H = i2 AAT,
L = i2BB7,
S=i(AB" —1)

can be shown to be real. The matrices H and L are symmetric.

Appendix B

1 {y+4a® |1

hl(y’ ;va) - y2+4a2\/ 2 + 2P(yv ;‘va)
_ 1 Jey—4a® 1

hZ(y, ;va) - y2+4a2\/ 2 + 2P(y7 ;va)

2
P g a) = \/yfrC\/(y+§)12+4a2 ‘\/C(y+§2)+4a + %Q(y’g’a)

_ 2

PG5 = \[16a* + 29 + 422 (G2 +¢2)

Q. ¢.a) = \/16614 + 22y +)? + 4a2(y2 +2¢2 +2y¢)

hs(y.C.a) = — %(1 — ha(y. L. a)) — y%{@ - \/ghxy, ¢, a))
1

y+2¢

[r+1
| hi(u+1,r+1, a/c)

hs(u,r,cla) = %h5(u—|—1, r+1, a/c).

(1 + h4(y’ Z’ d))

le(u,r, c/a)
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Appendix C

X1 = L (fin)?

X2 = Ly(f1)* + L for fa

Xos = X3 = L, for foo + sL5s(f2 fo1 + fo1 f2)
X33 = L5 (f2)* + L' fo fa

Y =L} fu fiz

Yo = L), for fi3 + 3L55(f21 f33 + f31 f23)

Yo = LY, for faa + 3L55(f21 f3a + f1 fos)

Yo = L), fo fo3 + sLh(fo f33 + f f23)

Y33 = Ly fofor + SL55(f foa + f32 foa)

Zi = L} (fin)?

Zyn = Ly(f)* + L fs f

Zs = Ly = Ly, fo3 fos + sL5s(fo3 fa + foa f33)
Zss = Ly (f24)* + (L7);5(f39)* + Lis fos faa.
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