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AXTALLY SYMMETRIC CONTACT PROBLEM OF FINITE ELASTICITY AND
ITS APPLICATION TO ESTIMATING RESIDUAL STRESSES BY CONE
INDENTATION

HAo TIAN-HU

We discuss the axially symmetric contact problem of finite elasticity (theory of small deformation on
initial stress body) and its application to estimating residual stresses by cone indentation. In particular,
we determine the relation among the penetration depth, the contact radius and the residual stress.

1. Introduction

The residual stress problem is very important in engineering. Suresh and Giannakopoulos [1998] have
pointed out that in the classical theory of elasticity the penetration depth, contact radius, and contact
pressure are all independent of the residual stress and, thus, cannot be used to determine it. This inde-
pendence can be explained as follows. In the linear theory of elasticity two independent solutions can
be superposed to form a new solution according to the principle of superposition. Therefore, the cone
indentation stress solution without residual stress and the residual (homogeneous) stress solution can be
superposed to form a new solution. This new superposed solution is for the cone indentation stress field
with residual stress and is unique due to the uniqueness of the linear theory of elasticity. It is apparent
that the cone indentation stress field is independent of the residual stress in this solution. Therefore, the
residual stress cannot be determined from it. In order to avoid this independence one has to deviate from
the classical theory of elasticity. The theory of finite elasticity, that is, the theory of small deformations
with initial stress body, is nonlinear so that two independent stress fields cannot be superposed. On the
basis of it, one can deal with the residual stress. Naturally, the theory of plasticity is also nonlinear.
However, according to it one can deal with the problem of unloading, that is, tension residual stress and
indentation, which is difficult to discuss. Therefore, the results in this paper are only an initial effort in
studying the plasticity behavior. Further developments will be discussed in another paper.

Here we address the theory of small deformation with initial stress body, which has been studied for
a long time [Southwell 1913; Green and Shield 1951; Ericksen 1953; Bernstein and Toupin 1960; Payne
and Weinberger 1961; Truesdell 1961; Hayes and Rivlin 1961; Pearson 1950; Holden 1964; Beatty
1971; Savwers and Rivlin 1973; 1977; 1978; Lurie 1990, Chapter 8; 1986; Hwang 1989]. Lurie [1990]
and Hwang [1989] summarize the known results prior to 1989. On the basis of the theory of finite
elasticity, that is, the theory of small deformations with initial stress body, we discuss in this paper the
axially symmetric contact problem. Its application to estimating residual stresses by cone indentation
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is considered. Specifically, we have determined the relation among the penetration depth, the contact
radius, and the residual stress.

2. Axially symmetric deformation and strain energy function

For the axially symmetric case let (x1, x») be the position of a point before the deformation, where x| =z,
xp =r, and (yy, y2) after the deformation. A, A2, Ag denote the initial stretches due to residual stress
with y; = A;x; +uj, for j =1, 2. For comparison, in the classical theory, y; = x; +u ;. Then,
Fy=20 s =0
ij—gj— i0ji +uij, (ug =0),
where there is no sum over i, u; ; = du; /dx; and |u; j| = O(e) K 1.

Consider the components Ag and Fpg. Since Ag is the length after the initial deformation (residual
stress) divided by the length before the deformation, and Fyg is the same ratio after the deformation, one
has

Arx20 (Aoxz +u2)0  Aoxo+up

Uz
Ao = = A2, Fog = =i+—.
X29 XZQ X2 X2

For the deformation tensor components C;; we have

_ Oy

C::=
Y axi 3x]'

= Mjuj i+ A+ A8+ O(e),

no sum over i or j implied.
Expanding C;; = C;; 0 +6C;j + O (£?) one has

Cij0=)\i)\j8ij and 5C,‘j =Ajuj,i+kiui,j.

For the deformation tensor component Cgg,

2 u
Cop = Cggo+3Cyg =)»2+2?»2x—,
2
Cooo = 13,
uz
3Cgo =2h—,
X2

8Cor =0 (0 #k),
Cik = A} + A7 + A5 +8C11 +8Ca + 8Cye,
Crio =22+ AT+ 22 =222 +23,

According to Lurie [1990], the strain energy function can utilize a variety of materials, for example,
the Money material, the Monahan material, the Blats—Ko material, semi-linear material, the neo-Hook
material, and others. It must be pointed out that Ranht et al. [1978] used the neo-Hook material for
the incompressible case. This result can only be considered as a preliminary attempt to deal with the
plasticity behavior, which we will discuss in another paper. Here, for convenience, we use the semi-linear
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material as follows:
W = gA(Cr —3)* + u(Cij = 8;)(Cij = 8;)),  W(Oi=1,u;=0)=0,

where A and p are material constants to be discussed later.
Setting A; = Ap = Ag = 1, one has

8Cij = hiwi j+hjuji+ OE) =uij+uji+ O0() =2,

u u
6Cpp = Zkg—r =2-" = 2¢e09,
X2 X2

Cijo=1dij,
Cogo=1,
(Crk —3) = Sx + 260 — 3 =2e5 = 2(e11 + €22 + €00),
(Cij — 8ij) = 6ij + 2eij — 8ij = 2¢yj,
W = gA(Cue = 3)* + g (Cij — 8i)(Cij — &)
= 1h(e11 + &2 +e00)* + 1(e]) + €3, + €5y + 12612 + £21621).

This coincides with the classical theory. In it y is the shear modulus and A = Ev/((1 +v)(1 —2v)) is
Lamé’s constant, where E is the Young’s modulus and v is the Poisson ratio.

3. Stresses and equilibrium

The Piola stress is given by

It is not symmetric, but on the basis of moment equilibrium satisfies the identity

ox dx
Ojr—— = O —> (k=1,2).
Yk Yk

Using the Taylor series expansion f(a +8) = f(a) + f'(a)d + 0(8?%), one has

aW 5
—_— = ij + WkﬂmSC[m + 0(8 ),
ICy;

where W;; = (0W/9C;j)o, Wiju = (82W/8C,-j8Ck1)0. Here the notation ( ) means that W is a function
of the initial stretches XA; due to residual stress, but not a function of §Cy,,.
The expansion of o;; is given by

oij =0jjo+80ij,  0ijjo=20Wij,  80ij =2Wijuik + 20 WijrdCu,

006 = 0990+ 8000, 0090 =2roWos, 8099 =2Wyguts 2+ 24oWpygri8Cu.



1370 HAO TIAN-HU

In order to clarify the stress components, we now turn to the coefficients W;; and W;jy,. Since we are
interested in the axially symmetric case, Ag = Ay, ug =0, and uy, u, are functions of x;, x,. Altogether,
the coefficients are

wo— (2V S W
v=\eci; )y H=\ac; 000 )y

Wi = 1A+ 23 +23 =3+ 1u(d - 1),
Wao = Wog = SA03 + AT+ 45 —3) + (A3 — 1),
Wiz = Wap = Wig = W1 = Wag = Wy =0,
Wit = Waz = Waage = 3h + 31, Waai1 = Wag11 = Wazgp = 1A,

1
Wizi2 = Waia1 = Wigig = Woio1 = Wagoo = Weogo = 514

Since the surface of the half plane is free of traction before the press of the cone, the stress component
o110 must be zero. Therefore, one has

o110 =21Wi = %)\.1()\.(2)\.%"‘)\.% —3)—%—2,&()»%— 1)) =0.

Setting W11 = 0 and solving for A1 we get

A1
A=1-2a( 2 : (1)
A+2u

Similarly, one can obtain the relation between A, and the residual stress og = 027 ¢:

3 421
or =020 =Arp(A3 — 1)(—) or A3 —Ay= 0220(

A+2u 2
A42u '

3ap+2u?

The homogeneous residual stress o leads to residual stresses o, = o, = o when the xy plane is parallel
to the surface.

Let us now look at the stress components o;;, 0gg. Using A2 = Ay, up = 0 and the fact that uy, u, are
functions of x, x;, one obtains

3)\,+2M uy (A
00 = hapt(A3 — 1) (—) -

22 (2242423 + Koz
A42u + x2(4(2+ 1A =3+ 501

A un A
+ 2 (— -HL))»G— + —2Aouz 2 +21u11) |,
2 X2 4

3 420
0800 = At (A3 — 1)(@),
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(P2 a2 2 2 u )
8099 = > QA +AT=3) +u; =D +A5(A+2u) . + AA(Aous o+ Arug1);
2

A A
oy = x2<§(2,\§ + AT =3) (3 — 1)) + uz,z(z(zxg + AT =3) 4 (A3 — 1))

u
+)»2<(7»+2M))»2u2,2 —H»(Mul,l +K2x—2)>,
2
om0 =il L @32 +22—3 A1
20=2»A2 2( A=) +u; -1,

_ & 2, 42 2 2 uz
oy = 2(2)\2 +)\.1 3) +/,L()\2 1) +)»2()\ +2u) uz?n + AAo Alul,l +)»2x s
2

o F 2 a2 2 2 uy
o5 = 2(2)»24-)»1 D+ =1 +AT(A+20) Jui 1+ Arg )»2142,2+)»2x ,
2

o110=0,

son = (E@2 4223 214+ 22(0+2 “2).
1n= 2( 5+A =3+ — 1) +AT(A+2u1) Jur,1 +AAA2 u2,2+x2 ;

021 =20 Wa1 4+ 2up 1 Wy, +2AW21218Co1 = Ao pu(Aauz,1 +A1u 2),
0210=0, do21 = Aop(Aoua 1 +Arug2);

)\,1 )Ll
012=2u1,2W22+(k—)021, o120 =0, 3012=2M1,2W22+(k—)5021- 3)
2 2

We also have the equilibrium equations

dozy Qo1 022 — Opp dop  doy o2
+ —+ =0 and —+—+—=0 fOfO'lz;éO’z].
8)(2 8)61 X2 8)62 3)(1 X2
Using the equalities 02,0 = 0ygo and o129 = 02109 = 0, and the fact that the components o;; ¢ are not
functions of x; and x,, we have

dé0 déo 80y — 80, dd0 déo So
22_|_ 21_|_ 22 00 _ 12+ 11+ 12

0 and

=0 for$ 8091.
8)62 8)61 X2 8x2 3)61 X2 a1 7& 721

Substituting the expressions for opgg, 0220 and o7 into the first equilibrium equation, we obtain
2 2 u
AVZuy — (A= A3p)uz 1+ + wrahiur, i _A(_z) =0, 4)

where A = (21 +3u)(A3 — 1) + %(x% — D+ r+4+2uand V2f = f0+f,2 /X2 + fo11. Introduce the
function ® such that

u,=—C®dy  and  u;=AV>d—Bd, (5)

where B=A — A% wand C = (A + u)AzA1. Then (4) is satisfied automatically.
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Using the equalities
§o12 = 2uy 2 War + (A1 /22)é021,
doa1 = Ap(Aouzy + AU 2),
o1 = (2Wi1 + AT +20))ur1 + A (Mot s + Aotz /x2),

the second equilibrium equation becomes

u
DV2ui +C (1,12 =20 )+ (W1 = 2Woa + (4 )3 11 =0, (©)
2

where D = (A +21)(AF — 1)/24+ a4+ w) (A3 — 1) + .
We can rewrite the above equation substituting (5) into (6) and considering Equations (4)—(6) with the
result
DAV*® — DBV?®|| — C?V2® || 4+ C?®yy; + EAV?®) — EB®;; =0, (7
where E = 2Wi; —2Wa + (A + p)AT.
Using the Hankel transform of zeroth order, one obtains

DAE*G(&,x1) +(DB—EA—2DA+CHE*G(E, x1)11+(—EB+DA— DB+ EA)G(E, x1) 1111 =0,

where G(&, x1) = fooo x2Jo(Ex2)Pdxy and Jo(§xy) is the zeroth order Bessel function. The subscript
notation used here means G, = d*G /dx12.
Letting G (£, x1) = F(£)ef®*1 we can rewrite this as a quadratic equation in H?/&:
paH? | p3H*
p1+?+ £ =0, (®)
where p; = DA, pop=(DB—EA—-2DA+ C?), and p3=(—EB+DA—- DB+ EA).
For the classical case A; = 1, the characteristic equation becomes

H* 2H?
%_—4 - %_—2 +1=0. )
When the determinant A = p% — 4p1 p3 of (8) vanishes, the equation has two equal positive roots.
One can consider that A; =1+6;, A — 0but A <0 or A > 0 and the equation has two complex roots
(A < 0) or two positive real roots (A > 0). Now one only deals with the case with two different real
positive roots r]2 and r22, where 1 > 0 and r, > 0. The other cases will be discussed in detail in Section
Al, page 1376. In the limit x; — oo, G — 0, we have

G(E, x1) = Ni(E)e 15 4 Ny(E)e 51, (10)

In what follows we write N (&) and N, (£) simply as N; and N;, respectively.
Now we turn our attention to the stress component §o,;. Using Equations (27) and (30) from the
Appendix as well as (10), one has

8021 = Ao P / EY(NL(rf +w)e "5 4 Ny (r3 +w)e ") Jy (Exy) dE, (11)
0
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where
P=MmC+MB—-—XA and w=A1A/(C+ArB—AA).

With x; =0 and §o7; = 0, the above equation simplifies to
o0
8021 = Ayt P / EX(NL(r} + w) + No(rj + w)) J1(Exz) dE =0,
0

which gives

2
ry +w

N, = —( L )Nl.
r2+w

Substituting (13) into (10), we get
G, x)) = Nl(e—rlfxl _ Qe—rzfxl)’
where _r12+k1(A/P)
r;3+xr(A/P)

1373

(12)

(13)

(14)

Let us now discuss the stress component o and displacement component #;. Substituting (14) into

(10), one obtains
8011 = R(AV?®| — BOy11) — CAAA (VD) — Dyyy),
where
R=1I020 + A7 =3) + (A — D+ AT +21) =2Wi1 + AT (A +2p0).

The zeroth order Hankel transform of (15) is
[e.¢]
/ x2Jo(6x2)8011dxs = (RA — RB)G111 + (CAhahi — RA)EZG.
0
Similarly, the zeroth order Hankel transform of u#; in (9) is

/ x2Jo(Exp)urdx; = (A — B)G — AE2G.
0

Setting x; = 0 and using Equations (14), (16) and (17), one has

011 = (—(RA—RB)(ri — 0r3) — (CAhaki — RA)(r1 — Or2)) fo £4Jo(Exa) N1dE,

ur = ((A—B)(r{ — Qr3) — A(1 — Q)) /O £3Jo(Ex2) N1dE.

The boundary conditions are

((A=B)(r{—0r3)—A(1-0)) /0 E3Jo(Exa)N1dE = [u1(x2)]ly,=0, X2 <a,

f Oos“fo@xz)zvlds =0, X >a,
0

where a is the radius of contact area, which will be discussed in detail later.

(15)

(16)

(17)
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Setting £a = p, xo =ap, p>N; = f(p), and
a*lu1 ()]s, =0 = ((A = B)(r{ — Or}) — A(1 — Q))g(p),

one has

/0 Sp)Jo(pp)dp=g(p), 0=<p=1,

00 (18)
/ f(p)pJo(pp)dp =0, o> 1.
0
Let g(p) = Z;O:o A, 0" (0 < p <1). Then from [Sneddon 1951] the solution of (18) is
I v : I'(1+n/2)
= =24 " Sin(pu) du ) = 19
f(p) N ,,2:(:) (cos p+ pfo u"sin(pu) u) TG/241/2) (19)

where T is the gamma function (recall that I'(1) = 1 and I'(3/2) = /7 /2).
We can write

[u1(p)]x,=0 =b+acota(l —p)

for 0 < p <1 and g(p) = Ap + A1 p, where « is the angle of the circular cone (the angle between the
asymmetric axis Ox;(0Oz) and the mother line of the surface of the circular cone). Then, one has

a*lu1(x2)]y=0 = ((A = B)(r{ — 0r3) — A(1 — Q))(Ag + A1),
where

(b+a cota)a* —a’ cota
Ao = 2 2 ) Ar= 2 2 :
(A=B)(ri—Qr3)—A(1-0) (A=B)(ri—Q0r;)—A(1-0Q)

Considering that A, = 0 for n > 2, from Equation (19), we get

Ag Ajp)\sin (cos p—1)
f(p) =2<—+—) Ly pz ;
T 2 P p

o011 = (=(RA=RB)(r{—0r3)—(Crrh1—RA)(r1—0r2))

2A¢ s [ i s [ (cos p—1)

x((Z2+an)a™ | dotpeysin pdp+ara™ | o(po)—"L—dp).
T 0 0 p

Since the integral fooo Jo(p) sin p dp is divergent, to make sure the stress component §oy; is finite at

the edge of the punch we require (2A4¢/7w + A1) = 0, which means b = a cota (/2 — 1) and

b4 cosp—1
[4(2. %2)]x1=0.m=0 = Fa cota, f(p)= AIT- (20)

Noting that
& cosp—1 _
/ o) L= dp = —cosh ™1/,
0
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we get
A
3011 = ((RA— RB)(r] — Qr3) + (CArohi — RA)(ry — Qrz))a—sl cosh™'(1/p). (21)

We prove in the Appendix (see (59)) that the compressive force T is given by

7 2 TRA=RB)(p1 +w(=p2+ /P1P3)) = 7 (Chhaki —RA) (/P1Ps — wps)

; (22)
2 3/2\1/2
(A= Byw+ A)(=paps +2p, " p3?)"
where the p; are the coefficients in the characteristic equation (8).
The contact radius a is therefore
1/2
_ Ttane ((A—Byw+A) (= paps +2p,"py”) B
T(RA—RB)p1 +m(RA—RB)w(—p2+ /p1p3) — m(CAahi—RA) (V/pips —wps) |
By (20), the penetration depth [u1(x1, x2)]x,=x,=0 €quals (r/2)a cot, that is,
up(xy, X2)|xl:x2:0
1/2
_T T cota ((A—Byw+A)(—paps +2p,*py”) "o
2\n(RA—RB)p1 +n(RA—RB)w(—p2+ /P1p3) — T (CAroh—RA)(/Pip3s —wp3) |

Using Equations (1) and (2), we can solve for A and A, given the constants 1, A and the residual stress
0220. We can then find the values of coefficients A, B, C, D, E, pi, p2, p3, P, w, Q, R using Equations
(4)—(8), (11), (14) and (15). We can find the contact radius a and penetration depth [u(x1, X2)]x,=0,x,=0
with the help of (23) and (24).

We have obtained the relation between the residual stress, the contact radius and the penetration depth.
As a result, we can determine the residual stress from the contact radius or the penetration depth.

We now look at a numerical example. The result for A = 30-50 GPa, u = 60-80GPa, T = 0.23 kg
and a = 7 /12 according to (23), is plotted in Figure 1.

2 2
Contact areara” gm
A

4.2 ‘/ m=30, n=60
3.7

32

2.7 ‘/ m=50, n=80

2.2 > Residual stress Mpa
1ES 0.5E5 0 -0.42E5 -0.84ES

Figure 1. Relation between the area and residual stress: A = m GPa and y = n GPa. The
Poisson ratio is v = m/(2n + 2m) and Young’s modulus is £ = 2n +3m)u/(n + m).
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Contact areaz a® um?’

A

4.0 m=30, n=60

3.4

2.8 m=50, n=80

22

1.6 » compressive force T kg
0.15 0.18 0.21 0.23

Figure 2. Relation between contact area and compressive force for zero residual stress:
Ar=mGPa, u =nGPa,v=m/(2n+2m), E = 2n+3m)pn/(n+m).

We see that a body under tensile residual stress behaves like a string under tension. That leads to
a decrease of the contact area so that it is smaller than without the stress. However, for compressive
residual stress the opposite effect is obtained. These results coincide with those obtained in [Hao 1986].

To check the numerical results, consider the case of zero residual stress. For A = 30-50GPa, u =
60-80 GPa, and oo = 7r/12 the relation between the contact area and the compressive force T for zero
residual stress is given in Figure 2. We see that it agrees with the numerical results in Figure 1.

4. Concluding remarks

We have studied the axially symmetric contact problem in the framework of the theory of finite elasticity,
that is, the theory of small deformation on initial stress body. We have also considered its application
to estimating residual stresses by cone indentation. In particular, we have been able to determine the
relation among the penetration depth, the contact radius and the residual stress. Further study must focus
on the more general method to solve the residual stress problems and consider the plasticity behavior.

Appendix

Al. The complex root case. We consider the complex root case, where

HY=£%(r +is) =&2ne*?, =+&n'2(cos¥/2+isin®/2) —w <9 <m with cos®¥/2 > 0,
G, x)) = K(S)eénl/z(cosﬂ/%—i sin 9/2)x +L(€)e$n'/2(cosﬁ/2—i sin 9/2)x;
+M(§)87$n1/2(cos 0/2+i sin ¥ /2)x; + N(é)e,énlﬂ(cos 9/2—i sinﬁ/Z)xl.

The case x| > 0 is considered, where x; — o0 and u, o;; — O:

G, x)) = Me—énl/z(cosﬁ‘/Z—H sin9/2)x; +Ne—$n'/2(cosz9/2—i sin9/2)x; (25)

For convenience, M (§) and N (§) are replaced by M and N but they are functions of &.
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It is apparent that G (&, x;) is real; therefore,
G(&, x1) = Me 591 4 Me59%1 (26)

where d = n'/?(cos /2 +i sin®¥/2) and d = n'/*(cos ¥/2 — i sin¥/2).
Next we deal with the stress component 505 :

021 = Aottty 1 +h1u1,2) = Aop(— 22C Doy + A1 (AVZD — By),)

= Mo — (2C + 11 B) a1 + 41 (AV?D),) (27)
From Equation (54) in the Appendix, one knows that

o0

0
—()»2C+)»z3))»2M/ x2J1(Ex2) d Py +)»1A)»2,u/ x2J1(Ex2) dV*®
0 0

= (M2C + A B)Arué f D11x2Jo(6x2) dxy — )»114)»2#5/ V2®xyJo(Exy) dxy.  (28)
0 0
Hence

o0 o0
/ x2J1(§x2)8021d X2 =)»2/L/ 02J1(Ex2) (—(A2C + 2. B) D211 4+ A (AVZD),) dx,
0 0
o0 o0
=—()»2C+)»z3))»2/i/ szl(sz)d)zudm—I—MAksz X2 J1(Ex2) (VD)2 dxa
0 0
o0 o0
:_()"ZC+)"ZB))"2M/ x211($xz)d¢11+)»114)»2#/ x2J1(Ex2) dV*D
0 0

= (MC + A B)A2ué /000 @y1x2J0(Ex2) dxy — A1 Adopué /000 V2dx, Jo(Ex2) dixo

= o€ + M BYE(? /dxDG (€, x1) = dapuhi AE(d? dx] — ED)G (&, x1)

= (s (A2C + A1 B) = Mapth A)EG(E, x)11 + Aaph AEPG(E, x1), (29)
which leads to

8021 = /0 Oosz(mPG@, X1+ Maph AEZG(§, x1)) J1 (5 x2) dE,
G, x1) =G (& x1) = Me 5 1 M5 G(E, x))1) = EX(MdPe ™5  MdPe5).  (30)
When x; = 0, one obtains, denoting by M. the real part of M,
G 0)=M+M=2M.,  [GE Dily=0=EMd*+Md?),

son = [ 62 (e PENMA + FE) + 2haphs AE M) i Ex2) d.
0
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When x; =0, 021 =0 (x| = z, X2 =), one obtains (Md> + Md?) + 2wM,. = 0, leading to

Mre(d* + 2w +d?) 4 i Min(d* — d*) = 0,

1—(d?>+2 72 —2M,, 72
M:Mre( >+ z_u+d)): (@ +w)
(& —d) & —d)
— 14+ (d*+2 42 - (d?
M:Mre( t@d + W+ )):2Me(d j—w); an
(d*—d?) d?—ad?)
2M,. _(Cz2+w)e*§dx1 + (dz—l—w)efsd_xl
G(E, x1) = ( _ )
d* — a2
—2Mief (— (@ +w) de™541 + (d? + w)de$01)
' (d2 _ 622) s
G — 2Mre§2(—(622 +w) d?e 5 4 (d* + w)jZe—EJXI)
1= =P ,
_2]‘/[&:53 —(d_z + w) d3e—§dx + (d2 + w)npe_fgxl
Gin= ( ) (32)

(d?—d?)

Now the stress component §o; and displacement component u#; are discussed. On the basis of equations
(16)—(17), one obtains

oo = /0 §Jo(6x2)((RA = RB)G 11 + (Chighi — RA)EG) d§, (33)

U =/O £Jo(Ex2)((A— B)G 11 — AE*G) d&. (34)

For x; = 0, one has

G, x1) = 2Me,
G = oM. —(d*+ u:l);z:rj(zd2 +wyd _ M8 (dd ;Zw_) (52— d) _ M &5;; |
G11 = 2M&* @+ w[);ﬂ_—i_&(zdz +wd? = 2 M £w, 35)
Gl = —2M;e &’ s wc)zczli—;(zdz tud = —2Mre§3g2d2(d _jz)j ;)Z(dg —)
_ —2Mreg3‘72d2 +w(d?+dd +a2>.

d+d
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Substituting these into Equations (33)—(34), one obtains
—(RA—RB)2M,c&(d*d* + w(d*+dd+d?)) N (CAMA —RA)EX2 M, & (dd—w) J

5011=f0§J0(§x2) d—l—c? d—f—d_ :
d*d* + w(d*+dd+d*) [ 3
= —2(RA—RB) - / EMieJo(§x2)57d§
d+d 0 -
dd —w ° 3
+2(CAlA1—RA) d+c7 /OSMreJO(";:xZ)S d§

_ _ 72 72 2.7 72 _ Jq_ )
2(RA—RB)(d*d* + w(d*+dd+d?)) 4+ 2(CArah 1 —RA)(dd —w) / M. Jo(ExpENdE: (36)
0

d+d
o0 o0
uyp = f £Jo(Ex2) (—(A = B)2MyeE?w — 248> Mye) d§ = (—(A — B)2w — 24) f £ Jo(Ex2) McE7dE.
0 0
(37)
The boundary conditions are
(e8]
(—(A—B)2w —24) / £ Jo(Ex)Mie£2dE = [u1(x2)]y,=0, x1=0,0<x; <a,
0
N (38)
/ £%Jo(Ex2) Miedf =0, x1=0, x> a,
0
where a is the radius of the contact area, which will be discussed later.
Let éa = p, xo =ap, a*[uy(x2)]y,=0 = —2((A— B)w+ A)g(p), p*M. = f(p). Then
o0
/ Fp)Jo(pp)dp=5g(p), 0=p=1,
0
. (39)
/ fp)pJo(pp)dp =0, p>1
0
Let g(p) =Y .oy Anp", with 0 < p < 1; by Sneddon 1951, the solution of the equations is
00 1
_ . r'(1+n/2)
_ 12 A n+1 d M 40
fp)y=m ZO n(cosp+p/0u sin(pu) ”)F(3/2+n/2) (40)
Let [u1(p)]x,=0 =b+acota(l —p) with 0 < p < 1; thatis, g(p) = Ao+ A1p, so
—2((A=Byw+ A)(Ag+ A1p) = a*[u1(p)]=0 = a* (b +acota(l — p)),
Ag=—a*(b+acota)/2((A— B)w + A),
Ay =a*acota/2((A— B)w +A). (41)
On the basis of equation (40), one obtains
sin cosp—1
£(p) =2(Ao/7 + A1/2) p” + A 52 : 42)



1380 HAO TIAN-HU

hence

do11 = M Jo(Ex2) d&

—2(RA—RB)(d*d* + w(d*+dd+d*)) + 2(CAroh —RA)(dd—w) /oo g
d+d 0

—2(RA—RB)(d*d?> + w(d*+dd+d?*)) +2(Cirahi —RA)(dd— o0

( 1 " 5 -)) (a2l & w)/ pf(p)Jo(pp) dp
a’(d+d) 0

—2(RA—RB)(d*d* + w(d*+dd+d?)) + 2(CAihi—RA)(dd—w)

a’(d+d)

o0 sin p cosp—1
x | p|QAo/7+ A1) + Ay Jo(pp)dp
0 p p?

—2(RA—RB)(d*d* + w(d*+dd+d*)) + 2(CAroh —RA) (dd—w)
d+d

<2A0/7T + A

X —_—

a’d

cos p—1

f Jo(pp) sin pdp+ -1 / Jo(pp) dp). 43)
0 0

As the integral fooo Jo(p) sin p dp is divergent, for the finiteness of stress component 6o at the edge
of the punch, we have (2A¢/m + A;) =0, that is, b =a cota (/2 — 1). Hence

b4 cosp—1
u(xl,xg)xlzomzo=b+acotoc:Eacota, f(p)=A1————, (44)
p
—2(RA—RB)(d*d* + w(d*>+dd+d*)) + 2(Cidh1—RA)(dd — w) % cosp—1
So1 = - - Ay / Jo(pp)————dp
a’(d+d) 0 p
—2(RA—RB)(d*d? d*+dd+d?)) +2(Crrar—RA)(dd —
_ ( )( +w(d+ _)) (CAra2y )( w)Alcosh_l(l/p), 45)
a’(d+d)

a
T = —277/ [8o11]x,=0Xx2dx2
0

—2(RA—RB)(d*d* + w(d*+dd+d*)) + 2(CArrh —RA)(dd — w) 4
a’(d +d)

1
f " (cosh™ (a/mp)xa)dxa. (46)
0

The integral on the right is equal to

/oo cosh’;(av)dv _ 2 /oo cosh™! u, /oo w Sinhw3 dw — a_z;
1/a v 1 0 (coshw) 2

therefore

,—2(RA—RB)(d*d* + w(d*+dd+d*)) + 2(CAroA —RA)(dd — w) 4

T =—ma ~
a’(d+d)

1- (47)
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Substituting the value of A; from (41), we obtain

. > (RA—RB)(d*d* + w(d*+dd+d?)) — (CAihi—RA)(dd — w) cota
=7ma

d+d (A-Bw+A’ 48)
The contact radius a is thus
=( ) Ptanoz((A_—B)l_u—i-A)(d—i-cZ) ] )1/2. 49)
m(RA — RB)(d?d?> 4+ w(d*>+dd +d?)) — w(CAirr — RA)(dd — w)
The penetration depth is
[ (x1, X2) 15, =0,x,=0 = %a cote, (50)

where a is given by the previous equation.
Using the equalities d’d?> = py/ps; and d* +d* = p,/p3, we obtain successively

dd = /p1/ps, a7+d=\/—pz/p3+2w’1/p3, d*+dd+d*>=—py/ps++/pi/ps. (51)

With this one can find the value of a in (49).

A2. About Q. Ttis known that Q = (r;>4+w)/(r2> +w), where w = A1 A/(AoC+A;B—A; A). Therefore,

r12+w r22—r12
- k]
rr+w  nitw

1-0=1-

ri+w  (n—r)(rirn—w)

rn—Qrn=r—n

24w r?+w ’
9 5 (rPri2+wr?) — (r?r? +wr?) r?—r?
rt—0n" = 5 =wW—s )
-+ w -+ w
3= Or? 2 +w) =l +w) (= r)r?r?+w(? =) (52)
17— 0’ = =
24w 24+ w
r2r? + w2 +rira+r?)
=(r1—r) 5 ,
n-+w

A3. Research on some integrals. When the integrals

o0 o0
[ mnexden wmd [Conewave
0 0
are calculated, it is supposed that
0 Ji(Ex))® —> 0 and  x2J1(Ex2) VD — 0

by letting (x;2 +x,2)!2 =r — oo.
It is known that

x> 1 Jn(l") — 0(}"_1/2) and x2J1(§-x2) N 0(1"1/2).
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In our problem, u#; and u, — 0 when r — co. In [Sneddon 1951], it is found that u; and u, — O(1/r)
when r — oo.
On view of the relation between the displacements u ; and the function @,

uy = — CPyy,
uy = AV:® — Bdy,,
one can deem that ® — O(r); that is to say,
& — O(1/r) and V?® — O(1/r).
From this, one obtains
X2 J1(Ex)) Py — O(1/r7%) and  x2J1(Ex2) V2D — O(1/r~ ). (53)

Therefore

—(xzc+/\ZB),\2M/OOOxz11(5xZ)dcbn +)»1Ak2u/000sz1(§x2)dV2d>
= —(02C + A Bt (/(;oodlel (Ex2) Dy — é /Oooqnndgxzfl (gx2)>
+ A A ( /0 Oodszl (Exy) V2D — é /0 OOV2<I>d$ Ji (§x2)x2)
= (nC + xZB)ng fo D1 dExa i (Ex2) — xlezg fo V20t Iy (Ex0)

o oo
=()»2C+)»ZB))»2/L€f ¢11X2Jo(fxz)dxz—?»1A)\2M$/ V20xy Jo(Exz)dxy,  (54)
0 0

because d(vJ1 (v)) =vJo(v)dv.

Ad4. Force on the cone, contact radius and penetration depth. For the compressive force T on the cone,
from (21), one obtains

a
T= —277/ [8011]x,=0x2d x>
0

= —27((RA—RB)(ri* — 0r2®) + (CAhahi — RA)(r — Qrz))% / (cosh™(a/x2)x2)dx>
0

=—nwa*((RA—RB)(r°> — 0r)’) + (CAdady — RA)(r — Qrz))%
2 (RA—RB)(ri* — Qr)®) + (CAdahi — RA)(r1 — Qr)) .
(A=B)(ri2—0rn?) —-A(1-0)
The contact radius a is thus
Ttana ((A— B)(r> — Qr?) — A(1 — Q)) 172
= (n(RA " RB)(r? — 0r2?) + 1(Cahahs — RAY(r1 — Qrg))

ot . (55)

) (56)
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and we know from (20) that the penetration depth is given by

T
(w1 (x1, X2) ], =0,x,=0 = - acote. (57)

For convenience, ry, rp and Q will be replaced by the coefficients of the characteristic equation. First
the expressions in Q are replaced by by expressions in ry, 7, using (52). We obtain

2 m(RA—RB)(r1*r2? + w(ri>+r1r41%)) — m(CAroh—RA) (rir—w)
((A=B)w+A)(r+r1)

( Ttana ((A— B)w + A)(ra+7r1) )1/2
N JT(RA—RB)(I’IZI’22 + w(r12+r1r2+r22)) — T (CAAA1—RA)(rir; — w) ’

cota,

(58)

from which we also obtain the penetration depth via (57).

From (8), one knows that p; are the coefficients of characteristic equation; therefore, the relations
between p; and ry, rp are exactly as in Equation (51), with ry, r; replacing d, d.

Substituting this into (58), one obtains

2 w(RA=RB)(p1/p3 +w(—p2/p3+P1/P3)) — T(CArari — RA)(V/P1/p3 — w)
(A=B)w+A)(=p2/p3 +2p17p3)

_ 2 m(RA—RB)(p1 +w(—p2+ /P1P3)) — 7(Crraki—RA) (/P1P3 — wp3)
(A= Byw+ A)(=paps+2p, 2 py%) "

T = coto

’

Ttana ((A— B)w+ A)(—pap3 + 2p2p 3/2)1/2 )1/2 -
wP3)

a =
<7T(RA—RB)(P1 +w(—p2+ /P1P3)) — T(CAhad1—RA) (/P1P3 —
and
b1
[u(x1, X2)]x;=0,x0,=0 = 54 cota.
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