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The governing equations for each of two perfectly bonded, dissimilar thermoelastic half-spaces include
as special cases the Fourier heat conduction model and models with either one or two thermal relaxation
times. An exact solution in transform space for the problem of line loads applied in one half-space is
obtained.

Study of the Stoneley function shows that conditions for existence of roots are more restrictive than in
the isothermal case, and that both real and imaginary roots are possible. For the limit case of line loads
applied to the interface, an analytical expression for the time transform of the corresponding residue
contribution to interface temperature change is derived.

Asymptotic expressions for the inverses that are valid for either very long or very short times after load-
ing occurs show that long-time behavior obeys Fourier heat conduction. Short-time results are sensitive
to thermal relaxation effects. In particular, a time step load produces a propagating step in temperature
for the Fourier and double-relaxation time models, but a propagating impulse for the single-relaxation
time model.

1. Introduction

Joined dissimilar elastic materials occur in geological formations [Cagniard 1962] and as structural el-
ements [Jones 1999]. Transient analyses [Stoneley 1924; Cagniard 1962] show that dynamic loading
of these can produce, in addition to dilatational and rotational waves, interface (Stoneley) waves. Such
waves are similar to Rayleigh surface waves [Lamb 1904] and so may be important in assessing interface
integrity.

Studies such as [Stoneley 1924; Cagniard 1962] focus on isothermal materials. Studies such as [Brock
1997a; 1997b] consider both Stoneley and Rayleigh waves for materials that satisfy equations for coupled
thermoelasticity [Chadwick 1960]. However, the equations are based on classical Fourier heat conduction
[Carrier and Pearson 1988], and the Stoneley and Rayleigh signals are examined for times after the
application of loading that greatly exceed the thermoelastic characteristic time.

Joseph and Preziosi [1989] have surveyed models that include the phenomenon of thermal relaxation in
heat conduction. Lord and Shulman [1967], Green and Lindsay [1972] and Chandrasekharia [1986] have
included thermal relaxation in formulations for coupled thermoelasticity. Sharma and Sharma [2002]
have applied such formulations to homogeneous plates. Based on all this work, and on an effort in
(nontransient) dynamic steady-state analysis of two joined half-spaces governed by the Fourier model
[Brock and Georgiadis 1999], this article considers two perfectly bonded, dissimilar elastic half-spaces

Keywords: coupled thermolasticity, Fourier heat conduction, thermal relaxation, transforms, Stoneley roots and signals, waves.
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1724 LOUIS MILTON BROCK

that are subject to thermal-mechanical line loads applied to the interface. Both half-spaces obey equations
for coupled thermoelasticity that include the Fourier model [Chadwick 1960], and the single- and double-
relaxation time models of Lord and Shulman [1967] and Green and Lindsay [1972], respectively, as
special cases.

The study begins with construction of the exact solution in transform space for the general case of line
loads applied in one of the half-spaces. The solution exhibits a Stoneley function that is more complicated
in form than its isothermal counterpart [Cagniard 1962]. Conditions for the existence of Stoneley roots
are determined, and found to be more restrictive than those for the isothermal case. Expressions for these
roots, analytic to within a single integration, are developed, and found to give both real and imaginary
values, again in contrast to the isothermal case. An exact formula for the time transform of the change in
interface temperature when the line loads are applied to the interface is developed. Analytical expressions
for the change itself, valid for either very long or very short times after loading is applied, are obtained
for each of the three models. Consistent with previous observation [Brock 2004] the long-time results all
have the character of the Fourier model, and describe a temperature change wave. The short-time results,
on the other hand, are sensitive to the particular model but the Stoneley signals are again in the form of
waves.

2. Statement of general problem and governing equations

In terms of Cartesian coordinates (x, y, z) two half-spaces of dissimilar isotropic, homogeneous, linear
thermoelastic material are perfectly bonded along the plane y = 0. For time # < 0, both are at rest
at the uniform ambient (absolute) temperature 7y when, at ¢ = 0, thermal-mechanical disturbances are
introduced along the line x = 0, y = L. The disturbances may be time-dependent, but do not vary along
the line, so that a state of plane strain is generated. For half-space 1(y > 0) the field equations for # > 0
are

v =2 2 ) + (i, i)(mlAl D6 =~ (Fy F)Ss(y— L), (1)
" or? dx’ dy 1
2 9 (& 1
hiV01 —s,1—| —D1A1 — D6 | = Fré(x)é(y — L), (1b)
ot \ oy
1 11 Oty 3uy1
—(0x1, 0y1,071) = (M — DAy —ay Dy 01 + 2| —, ,0), (Ic)
M1 dx 9y
1 oy Oy
—Oxyl = - —. (1d)
Ui dy ax

In (1) (uxy, uy1, Ay, 61) are, respectively, displacement components, dilatation and change in tem-
perature from Ty, and (oy1, 0y1, 071, Oxy1) are stress components. These vary with (x, y, 7). In (la),
(1b) (Fy, Fy, Fr) are the t-dependent line loads, and § is the Dirac function. For the Fourier model F
[Chadwick 1960] and single- and double-relaxation time model I [Lord and Shulman 1967] and II [Green
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and Lindsay 1972], respectively,

F: (D1, D!, D{") =1 (2a)
B]
1: Dl =1, (DI,DII):1+11’5 (2b)
11 II8 1 18

Constants rl’ > rll I'> 0 are thermal relaxation times, and it is noted that model I serves to introduce
thermal relaxation explicitly in constitutive Equation (1c), (1d). In (1)

1 1—v

my = , ay=2—, (3a)
1—21)1 1—21)1
,lLlT() h 1

&1 = 01121,, hy = vrlfll > Sr1 = — (3b)
P1Cv1 Url

i ki M1

‘[1 = , Up1 = —. (3C)

M1Cy1 P1

In (1) and (3) (v1, K1, P1, %1, Cy1, k1) are, respectively, Poisson’s ratio, shear modulus, mass density,
coefficient of volumetric thermal expansion, specific heat at constant volume and thermal conductivity.
In turn (&1, Ay, Sr1, V41, ‘L’lh) are, respectively, the thermal coupling constant, thermoelastic characteristic
length, rotational wave slowness, rotational wave speed, and thermoelastic characteristic time. For half-
space 2(y < 0) Equation (1)—(3) again hold, except that subscript 1 is replaced by 2 and (1a), (1b) are
homogeneous. Data in a number of sources [Chadwick 1960; Achenbach 1973; Davis 1998; Sharma
and Sharma 2002] suggests that in both half-spaces, that is, n = (1, 2), we find

Urn & O(10°) m/s, m, >2, en ~ 0(1072),

hy, ~ 0(107%) m, (!, !y~ 0(107P)s. @
These values indicate in turn that T/ > ¢/ > ¢!/
For y # 0 the initial (r < 0) conditions are
(Unx, Uny, 0,) =0, n=(1,2). (5)
For ¢t > 0 the interface (y = 0) conditions are
Uyl — Uy =0, Uy —uyy =0, 0 —6,=0
Oxyl —Oxy2 =0, oy1 —0y2 =0, klcr;—eyl—kzz—eyz =0. (6)

Equation (1a), (1b) imply for (y = L, t > 0) that

[ux1]1=0, [uy11=0, [0;1=0

3ux1 Buyl 391
w = F.8(x), piar| —— | = Fyd(x), hicoi| — | = Fré(x). (7)
dy dy dy
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Here [ F] denotes the jump in function F for a given (x, t) as one moves from y = L —0to y = L +0. For
t > 0(uy1, uyr, 61) and (ux2, uy2, 62) should vanish as y — oo and y — —o0, respectively, and singular
behavior may occur at (x = 0, y = L). By explicitly imposing (7), homogeneous forms of (1a), (1b)
can be addressed in both half-space 1 and 2. Decomposition of these in view of (5) gives for n = (1, 2),

y#(0,L)

32A 32
2 _ Hpy_ 2 no_ 2_ 2 = 8a
V*(an Ay — D) 0y) — 57, 52 , (v srnatz)rm 0 (>0 (8a)
(Ap, Oy, rxyn) =0 (=<0). (8b)

In (8), Equation (2) holds, and r,,, is rotation in plane strain.

3. Transform solution for general problem

Unilateral and bilateral [Sneddon 1972] Laplace transforms over (¢, x) are

F(x)= / F(x, 1) exp(—pt)dt, F= / F(x) exp(—pgx)dq. 9)
0 —00

Here p is positive and real, and ¢ is imaginary. Application of (9) to (8) gives eigenfunctions and
eigenvalues

exp(£pA;y), exp(£pA; y), exp(£pByy) (10a)
AF@D =2 =%  A@D) =\t =42  Bu(@®) =./s% —q% (10b)

In (10) the branch points are defined by (3) and for n = (1, 2)

+ + S
Sy =Ky Sans  San = a_ (11a)
d! ? d d! ? d
o= | (14 |G IOy o ) Il (11b)
T, D T, D P P
Here 54, is the isothermal dilatational wave slowness, and from (2), (5) and (9)
F:(d,,d)=1,
L: (dy,dD)=1+71!p, (12)

0:(dy,dy=1+7"p, dl=1+7p.
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It can be shown in view of (4) for all three models that kj[ > 1>k, > 0 and thus (s;r . Srn) > 8, for
positive real p. Inequality s, > s, (k;7 > \/a,) also holds when

&
F:p<l+-2,
my

my, + &,
9
mnf,él — (m, + Sn)Tr{
m, + &,

my(th —tl) —e,tl!

Lip< (13)

II: p <

Application of (9) to the homogeneous versions of (1a), (1b) in light of (5) and using (10) and (12) gives
transforms (it 1y, U1y, 671) for y >0,y # L and (itay, U2y, 6,) for y < 0 as linear combinations of (10a).
Operating on (1c¢), (1d), (6) and (7) with (9) then gives the equations required to find the coefficients of
the linear combinations. For present purposes it is sufficient to display results for half-space 2:

[ii2y | g g 17 [Crexp(pAsy)
gy | = AT AS —q || C_exp(pAsy) (14a)
| 6> wny wm; 0 Cpexp(pBzy)
C] Mt MY wgMET [Fy
C_ :—S M, M~ wgMg F_|. (14b)
| Cp | P lgmy gM_ My Fp
For n = (1, 2) in view of (11) and (12),
o, = 5P nE =1 — k2 (15a)
" avndn’ " "
ity = —
n n T’]Z/lp
(15b)

— + 1 I 2 andI{
Ny =Ny, =Mn = 1+%(andn +endn)| —4, | —/—.

n

For w,, parameter d, is defined by
LF:d, =1, 1:(d,d"y=1+1"p. (16)

In (15b), however, it is defined by (12). Introduction of branch cuts Im(g) = 0, |Re(g)| > sflt and
Im(g) =0, |Re(g)| > s, such that Re(Aff, B,) > 0 in the cut g-plane guarantees that (14a) is bounded
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as y — —oo for positive real p. In (14b)

oA . F
Fr=|wm; (qF+ A7 Fy) — —— | exp(—pA{ L) (172)
hicyi
+0,F + 7 Fr -
F_=|win| (gF:+ A Fy) — o exp(—pA| L) (17b)
vl
Fp=(qFy — BiF\) exp(—pBiL). (17¢)
The matrix coefficients in (14b) are given by
+ —
o ki _ _ _ _ . ok 5
MI = ,011 512_ —wan, QK| +K5), MZ = w21, QB(K1+ +Ky)— pll S12+’ (18a)
a)181d1

M;=wzn;[nrQT(K(+K;)—nTQ;(K]*+K;)]+m<lfr—Kﬁ)(Tlez—szlK;Bz), (18b)
1 P1

_ ok _ B a)1n+k1

M- = pi S* — oot Qp(K{ +KY), M7 =wmf Qp(K; +Ki) — 2Lt (19a)
= - - - wi&1d; _

My =y [n] 07 (K +KH—ny 0F (Ky +K5) ]+ o (K —K7)(TaTia—p1nTi K5 By), (19b)

1M1
- + - - + - — + a)ln?_ + _ _

M+:a)2[772 O, (K| +K,)—n, O, (K| + K, )]+ o (Ky — K, )(T1T12—M12T2K1 Bl), (20a)
(K~ - - _ w1y _

M_=w[nf 05 (Ky +K)—n5 03 (K| +K;)]+ ml (K3 — K;)(T1Tia — piaToK By, (20b)

Mp = w00 (K + K0T~ +nyny (K7 +K5) 077 ]
—wioa[nyny (K +K5) 07 +nynd (K7 + K5 077 ]
k282d2 a)2k181d1
— (/Ola)% 7 + lh
Lp T, PP

T Tg) (K7 — K )(KF —K5). (20c)

Denominator term S is given by

k1w281d1 k2w282d2 _ _
S=—QB(pz I o2 |(A] — A))(AS — AY)
op Lp

+oron 0y (K + K +nym, (K; +K;) 1]
—wiwa[nfny (K + K) ST +nynd (KT + KD ST ] @D
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Equation (12) defines d,, in (18)—(21) and in (18)—(20) functions

StE=q"07 07 + 0507}, K =k,AF.n=(1,2), (22a)
OTi =TAT +TiAy, Q@) =TBi+TiB, (22b)
07 (q) =T+ unAy By, 05(q¢5) = Tia+ 11245 By, (22¢)
12 =2(u2 — p1) (22d)

Ti=pi+ung’.  Tr=pr—png (22e)

Tia = p1 — p2+ H12q°. (22f)

If s* in AT is replaced by the isothermal dilatational wave slowness s4,,, then (S%F 14 ---) all assume the
form of the Stoneley function S; for isothermal half-spaces [Cagniard 1962]. Thus S is the Stoneley
function for the present case, and is now discussed.

4. Stoneley function

For positive real p, S has branch cuts Im(g) =0, |[Re(g)| > s«, where in view of (13),

S, =min(s;, 55 ), s = max(sfr, s;, Sr1s 8r2). (23)

Study of (21) shows that
S(g) ~ —2(601ﬂ1351)(w2n2S§2)Mq2\/ 0—¢q2 |g|— oo, (24a)
S(0) = (02511 + p185,2) (Mipwiwz — Mot — Maw3). (24b)

In (24), (M, M, M, M1,) are defined by

M = (ki + ko) (o1 +mopo) (o +mypr), (25a)
k181d1 k282d2 _ _
(M1, M) = (o2~ o= ) (s =555 = 53), (25b)
'p ™p

My =niny (kis{ +kasy ) (pasy + p1sy) + 0y ny (kisy +kasy ) (pasy + piss)
—niny (kisy +kasy ) (pasy + p1sy) — ny ny (kisy +kas)(oasy + p1s3). (25¢)

Equation (12) holds in (25b), and in view of (15) quantities (M, My, M>, M|>) > O for positive real p.
Study of (25a) shows for the isothermal case that S;(0) > 0, and that this guarantees roots g = :I:so, So

s = max(s,, s,2) for S; whenever S;(£s") < 0. As noted in Appendix A, the sign of S(0) depends on
parameter P_ defined by (A3) and the dimensionless ratio w;/w;. In addition (22) and (25) show that
S is real-valued at ¢ = +s, but pure imaginary for ¢ = £s* and |¢g| — oo, Im(g) = %0, respectively.
The signs of the imaginary values depend on the side of the branch cut. Study of (21), (24), (25), these
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observations, and argument theory [Hille 1959] applied in the manner of [Brock 1997b] show that three
cases arise.
S(s*£i0) S(—s*£i0)

Case A: S(0) >0, —, — —> —0, |g|— oo, (26a)
S(gl£i0) S(—Iql £i0)

S(s*+i0) S(—s*+£i0)
Case B: S(0) > 0, —, — —> +0, |g| — oo, (26b)
S(ql£i0) S(—lq|*£i0)

Case C: S(0) <O. (26¢)

For Case A, S exhibits roots g = %sg, so > 0. For Case B no roots arise in the cut g-plane. For Case C,
S exhibits roots g = Fi 1y, 79 > 0.

Following [Norris and Achenbach 1984] and [Brock 1998] an expression for s( that is analytic to
within a single integration is obtained. We introduce function

S 1
Glg) = @) N

(27)
CrarwaM(mis3)) (1252,) 5 — ¢

It has branch cuts Im(g) =0, s, < |Re(g)| < s*, approaches unity as |¢| — o0, and has no roots or zeros
in the cut g-plane. After [Noble 1958], it factors as the product of functions G+ that are analytic in the
overlapping strips Re(g) > —s, and Re(q) < s, respectively. These are given by

*

1 Im S(u+i0) d
1nGi@)=-/}m1lnl<”+f) ‘. (28)
b4 ReS(u+i0)u+gqg

Sy

Setting G = G+ G_ in (27) and evaluating it at ¢ = 0 gives the formula

1 281 + P15,2
S0 = *’ﬁ ’zAm—m——m—. (29)
G+(0)\ s*M(nisz,)(n255,) w1

Replacing sg by the term —rg in (27) gives (28) again, but (29) is replaced by

1 P25r1 + P15r2 \/
T0 = M|— —|—M2——M12. (30)
G+(0) \/s*M(n1S§1)(nzS§2)

Formula (28) shows that both G ;. and G _ are analytic at ¢ = £(s, — 0) and ¢ = =(s* 4 0). Thus setting
G = G+ G_ in (27) and evaluating at these locations shows by way of a check that S(0) and S(+s.,)
have the same sign, and that the limit in (26b) is achieved whenever S(0) < 0. Because Case A and B
are analogous to the isothermal problem, the results obtained so far are used to study Stoneley effects in
interface temperatures for these cases. For simplicity, the limit problem of interface line loads (L = 0)
is considered.
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5. Interface temperature change when L = (

When (Fy, Fy, Fr) act on the interface y = 0 itself (L = 0), (14) and (16) give the transform of the
temperature change on the interface

A

~ ~ wiwy F, ﬁy
(01,602) =012 = S qu?'i‘My?'i‘MT_- (31)

In (49) the coefficients

My = woniny (K{F =K {)[n5(Qp — QF Bo) —ny (O — Q5 B))]
+oimin, (K —K))[n7 (Qs+ QF B)) —nf (Qp+ 07 B)] (32a)

My = oy (K =KD [n5 (@% Q5 + 0pAY) —n, (7 OF + QpAT)]
+ominy (K5 — K [nf (@* 07 — QsAY) —ny (¢*QF — QpAT)] (32b)
My = + —Sz-i- - +S2—_ + +S2—_ - —Sz-i- 32
=Ny 970 1y Ny Sty — My My S1_ — My 1 S (32¢)

The inverse of the bilateral Laplace transform [Sneddon 1972] in (9) can be written as

Fw =5 f Fexp (pgx) dg. (33)

Integration is over a Bromwich contour which, for Case A, can be taken as the entire Im(g)-axis. How-
ever, (24a) and (32) show that

S~ 0(¢*/—¢?), M, ~O0(l), (34)
M, ~0G/—¢?, Mr=~0(g?, |ql— . (35)

Therefore, substitution of (31) in (33) gives integrands that vanish as |g| — oo for all x(M,, M) and
x # 0(Mr). The (M,, My)-contribution can then by Cauchy theory be obtained as principal value
integrals about segment Im(g) = 0, Re(g) < —s4(x > 0) or Im(g) = 0, Re(g) > s.(x < 0). Similarly,
the M ,-contribution becomes an integral about segment Im(g) = 0, —s* < Re(g) < —s«(x > 0) or
Im(qg) =0, s, < Re(g) < s*(x < 0) and the pole residue

05 = Fy 03,5, Ny exp(=psolx|)
2s0p 771772MG0\/S3—7

2 | Im S(u+i0) ud
lnGO:—/tan_l m S +i0) _udu (36b)
T

(36a)

Re S(u +i0) u? — sg
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e1d; _ _ _ _
Ny = T_h("l+ — kK )0)2[7]2 (S§T2+ _O‘;Tﬁ) - ";(SgTQ — o Tﬁ)]
1
gads _ _ _ _
+ T—zh(,c; — k) o1 [n] (§T, + o Tp) —nf (5T + o Tp)].  (360)

Equation (12) governs d,, in (36¢), and

(T, T55) = p1 — p2 + 1125 — pia(epa, o5 Br) (37a)

Tp = (02 — 11250) B1 + (p1 + 1253) B2 (37b)
af =/s3 — s, KE =k, Bn=+/55— 5%, n=(1,2). (37¢)

Study of (36a) in view of (10a), (11), (12), (20)-(24) and (37) shows that 9152 appropriately vanishes
when the half-space materials are the same. For Case B a term such as (36a) does not arise. Inversion
of (36a) is now sought for Case A for the three models. To allow more insight into behavior, analytical
results are achieved with asymptotic versions of the transforms that are valid for very long or very short
times after the line loads are applied.

6. Inversion for long times
A robust asymptotic result for long times, here defined for all three models as
ko _h
t > max(t), 7)) (38)

is obtained by inverting an approximate transform valid for max(r]h D, rzh p) < 1. It is noted that all D,,-
operators (and thus corresponding d,,-factors) become unity, that is, all three models behave as Fourier
model F. For n = (1, 2) Equation (11)—(13) yield

at aé aé I3
+ ~ n + ~ n -~ n — L
k}’l ~ ’ nn ~ = ’ k}’l ~ ’ 77,; ~ ’ an - an + 81’1 (393)
h h
Tn p tn p al’l an
AL s 1 s2 p als
+ ~ n - o e ~ °rn g _ “norn
s, & , S, = =8, =, Wy X ——, A, = . (39b)
JP a: ve lyn anhy,

In light of (11) and (39), s,j > sr, > 5, and it is noted that (v}, s;) are the thermoelastic dilatational
wave speed and slowness [Brock and Georgiadis 1999]. For purposes of illustration we choose materials
so that, in view of (39),

S; <8y <Sr1<sp<Lsp <s). (40)

From Appendix A and (24) it can be shown that requirements for Case A are met if

s (1 + p2 = 21155)” — Bi[(p2 — 2157) 1 + prpaea] > 0 (41a)

an=+/55 =52, n=(1,2),  Bi=y/s%H—s%. (41b)
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If (41b) does hold then (29), (36a) and a standard table [Sneddon 1972] give

VKA +kad5 exp(Wr(0))
S0 ~ €+ p1sE/ pasr1 + p1sy ! 2 > 5, (42a)
0 P28] T P15~/ P28r1 T P15r2 rﬂ; Si\/m 2
Np
0y A~ —————— exp(—2W (50)) Fy (¢ — solx ) H (1 — solx]) (42b)
2M,/s§—sr22
klglaZUfz( O‘g) 200 | 070 k282“f”§2( 0‘(1)) 2700 _ 070
Nrp=—F""—\1——"=)(s5Ty +o;T5)+ ——=\1—— (syT, —o5Tg5). (42¢)
Tlhotvz 5 (0 1 1 ﬂ) Tzhavl 5 (0 2 2 ,3)

Here H is the Heaviside function, function Wy is defined by (B1) in Appendix B and
(1Y, T9) = p1 — p2 + 1285 — pi2(e B3, a3 B7) (43a)

Tg = (02 — w1255) By + (1 + 141250) B3 (43b)

f=\i-s2  B=yi-s. n=0.2) 430)

7. Inversion for short times: model F

The short time range for Fourier model F is defined as
< h _h
t <Kmin(t), 7). (44)
A robust asymptotic result can therefore be obtained from a transform approximation valid for
min(tlhp, rzhp) > 1.

It can be shown that for n = (1, 2)

kKt~ 1, T , k-~ , | 45a

n M _p n p M (45a)
A 52 )

O N o =8 = (45b)
vn n

From (11) and (45) it follows that now s,, > s;¥ > s,~. For purposes of illustration the materials are
chosen such that

<8, K sfr <s£Ir < 8§ < Sp2. (46)

From Appendix A and (21) it can be shown that conditions for Case A are met if (38) is satisfied, but

with (a1, op) in (41b) replaced by
oan:,/srzz—sﬁn, n=(1,2). (C9))
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If (41a) and (47) do hold then it can be shown that
Vkidi +kaody exp(Wrp(0))

So ~ sq1 + 18 Sr1+ p1s > 8§79, 48a
0~ v/ P2Sa1 + P18a2v/ P25r1 + P1512 NS soadsaona M "2 (48a)
O ~ exp(—2Wr (50)) Fy (1 — solx) H (t — solx]), (48b)

Nfg
2M,/s§—sr22
0

kiejarv? 0 koera v? o
Np = 818200 (1 - a—z)(séTlo +alT0) + MQ - —1)(S3Tz° —ayTg).  (480)

‘L'lhavz S0 ‘L'ZhOlvl S0

Function W is now given by (B3) in Appendix B.
8. Inversion for short times: model 1
For the single-relaxation time model, valid results are obtained for
K min(rll , rzl ) (49)

with approximate transforms valid for max(rll D, 121 p) > 1. Then for n = (1, 2)

2 2 1
2k;%\/(1+ a,,z,{) +snl,{i\/<1—,/anz,{) tedl, =2« (50a)
Tn

2
~ Sin P

nin, ~ —eull. (50b)
O{nv

Wy,
It is noted that /! is a dimensionless ratio of characteristic times. In light of (13) inequality s,, > s,
holds, and one can again consider the situation (46). However, each s-parameter is now a constant, that
is, wave slowness, so that a difference of scale between s;[ and 5,7 would be due to material mismatch.
Use of Appendix A, (24) and (50) shows that Case A arises only if
Sp102
- < <Z4, M; <O. (28]
SrZaU]

Parameters z+ are given by (A6) in Appendix A, with (50) understood and
(M, My) ~ (kie\l] pa, kagaly pr) (sy —s7)(s5 —57). (52)
Parameter M; is defined as
My =0 G + 1M 00y (e 40 )M
—niny (e + o) IMTE —niny (e + 6 )M, (53a)

MY = shTh — (Tei + p1pacts), (53b)

+ 2 +2 + + ) 2
Oy =[S —Sn s Ky =Kpoy, n=(,2), Bi=/s;,—57. (53¢)
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Here (10b) and (22e) govern with argument 2. For Case A (29) is valid, with
s* =52, G+ (0) =exp VY (0). (54)

Inversion of (36a) then produces in light of (37)
1 Njexp(—2W¥;(so)) .
2

2 /2
%0 Mmnin2 So _53
arv

N; = 8111](K1+ — Kl_)a—dl[nz_(SST; —a;Tﬁ) - n;(ngz_ —(xz_T,g)]

v2

07~ — Fy(t — solx ) H (t — solx]), (55a)

2
_ alv — _
+elh (k57 —K3) - Gy (gT +af Tp) — 0 (5T +ay Tp)]. (55b)

vl
The superposed dot signifies time differentiation; W; is defined by (C1) in Appendix C.
9. Inversion for short times: model II
For the double-relaxation time model, valid results for
< mln(t1 , r2”) (56)

are obtained by examining approximate transforms valid for mm(r1 D, Tz 'p) > 1. Forn = (1,2)
asymptotic results are

2 2
2kjf%\/<1+ anl;) +enl,{’i\/<1—\/cjlﬁ) +enllt,

(57a)
o1
1,5’::—h<z,{<<1,
n
57 I
Wy X 5 r_';”, nn N, ~ —éul, (57b)
vy,

As with model I each s-parameter is wave slowness, and situation (46) can again be considered, with
the understanding that any difference in scale is due to material mismatch. Use of Appendix A, (24) and
(57) shows that Case A arises only when
ShonT
z_<ﬁ<z+, M;; <O. (58)
ayIT
S0l Ty

Again (A6) in Appendix A holds, but now

(M, Ma) ~ (k1e11{! pa, kae23" p1) (si — s7) (55 —55), (59a)
Myp=M;— (p2— piasiy) Bi (ki — k) (e — 1)1, (59b)
O5112

Q][ —K1M182Sr212 a—+K2pL281Srlll (590)

v2 v]
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It is understood that (57) now holds for all quantities, including M;. If (58) is satisfied then (29) holds,
with

¥ =5,2, Go ~ exp Wy;(0). (60)
Inversion of (36a) then gives

1 Nyexp(—2¥;;(s0))
03, ~v — LRSI (¢ solx ) H (1 — solx]), (61a)

25 2 2
O mimay/si— 3
2

Nir =il el =) 2 [y (375~ o3 Tg) =i (5375 — ez 7))
v2ty

2
+ealy! (k) — KD%["T(SSW +oi Tg) = (sgTy +a; Tp)]. (61b)

vlly

Here (57) governs and function Wy; is defined in Appendix D.

10. Some observations

Equation (21) shows that a Stoneley function arises in transform space in a dynamic study of perfectly
bonded thermoelastic half-spaces. The function includes a linear combination of four terms, each (22a)
of which has the form of an isothermal Stoneley function. Condition (26) for existence of thermoelastic
Stoneley roots is similar to those for the isothermal case, but more restrictive. Expressions (29) and
(30) for the roots, analytic to within a single integration, may depend on the unilateral Laplace (time)
transform variable p, that is, not correspond to, as in the isothermal case, a constant Stoneley wave
slowness. Moreover, a root can for positive real p be real (29) or imaginary (30).

It is found that a line load force applied directly to the interface and acting normal to it produces, from
the residue of the real root, contribution (36a) to the time transform of the interface temperature change.
The contribution has an analytical form, and asymptotic versions of this, valid for long times or short
times after the line load is applied, can be inverted analytically.

Inversion (42b) shows that the residue contribution behaves for long times as if the half-spaces obey
classical Fourier theory [Chadwick 1960] even when thermal relaxation [Lord and Shulman 1967; Green
and Lindsay 1972] is present. Conditions for existence of the Stoneley root (in asymptotic form) are
always met, and the root (42a) is a constant. As a result, (42b) describes a temperature change wave.

For short times, a constant real root (48a), (29) and (54), and (29) and (60) arises for, respectively, the
Fourier and single- and double-relaxation time models, and the contribution of the residue to the interface
temperature change for each model again defines a wave. However, existence conditions (51) and (58)
for the relaxation time models are more restrictive than condition (41a) and (47) for the Fourier model.
Moreover, contribution (48b) and (61a) for the Fourier and double-relaxation time models are propor-
tional to line load function F,. Contribution (55a) for the single-relaxation time model is proportional
to the time derivative of F.

The observation that 7/ >t/ > ¢!/, n = (1, 2) made in connection with (4) shows in view of (38), (44),
(49) and (56) that asymptotic result (42a) and (42b) are the most robust. Nevertheless, work in fluids
[Fan and Lu 2002] shows that behavior for very short times after a load is applied can be distinctive.



STONELEY SIGNALS 1737

As noted just above, this is the case here. Specifically, if F) is a step (Heaviside) function in time, the
Stoneley contribution to interface temperature for long times is a propagating step function whose form is
the same for all three models. For short times, the contribution for the Fourier (F) and double-relaxation
(II) time models are propagating step functions that are not identical, while the single-relaxation (I) time
model gives a propagating impulse.

In summary, the present analysis shows the sensitivity of Stoneley signals in perfectly bonded thermoe-
lastic half-spaces to the nature of the heat conduction model that governs. It is hoped that the results given
here may prove useful in the transient study of solids that consist of dissimilar thermoelastic materials.

Appendix A

The sign of §(0) in (24b) is determined by the second factor on its right-hand side. Equation (15) indicates
that (w, wy) for positive real p is positive, so that this factor can be studied in terms of the quadratic

2 W]
M]zZ—M]Z —Mz, Z=—>O. (Al)
w2
Its discriminant and the location of its maximum value are
2 My,
M7, —4M M, 7=—, (My, M>, M12) > 0. (A2)
2M,;
The former can be factored as
k= kD) (kS —ky)? Py P, Py = Cip15a2 + C202541 £2C34/p15a202541. (A3)

Term Py is quadratic in (\/p1542, +/02541) and (Cy, C, C3) are quadratic in (\/k1S41, vVk2Sq2):
C1 = Ciikisq1 + Crzkasan,

(Ada)
Cy = Carki5q1 + Ca2kaS42,
Cii= k{7 +kTky +h D1 +k3ky), (Adb)
Cio=kiky (k[ + k) (kS +ky),
Co = kI +kFky +k DA +kFTkD),
22 2 2R 2 1™ (Adc)

Co1 =k ky (K + k) (kS + k),

1 k k
cs=;m\/ l‘il,f‘“/ e (Add)
1

—.
1)

Equation (12) holds in (A4d) and because k,f >1>k, >0,n=(1,2), terms (Cy, C2, C3, P;) > 0.
Therefore if P_ > 0 the quadratic in (A2) has a positive maximum and two positive real roots. If P_ <0
the quadratic in (A2) is itself negative for all w;/w, > 0. It follows that

w1 w1 w1
P.>0:80)>0(z <L <z,), SO <o<0< i N | >Z+), (A5a)
w?2 () ()
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P <0:5(0) < o(ﬂ - o). (A5b)

0)]
In (ASa) the terms z4 are given by

1
= —(Mp+ /M2 —4MM>. A6
7+ 2M1< 12 0 1M, (A6)

Study of P_ is aided by several observations: its discriminant is

22 22 2 81d182d2
—CnCakisy — CnCrokysyy + PR C11Co — C12Coy |kisarkasan. (A7)
102
This quadratic in turn has discriminant
81d182d2 1 2
DyD_, D:EZW—_<\/C11C22:‘:\/C12C22> : (AB)
') p 2

The first term in D4 can be written in light of (15) as
(I =k A=k HA =D A =k 2). (A9)

Thus if (ki, k;c) have values for positive real p such that D D_ <0, then (A7) is negative in (k1s;1, k2542),
and P_ > 0in (\/p1S42, o/02541). If D1 D_ > 0 however, (A7) exhibits (ki, k;c)—dependent roots in on
the s41/s42-axis and its sign depends on (k1s41, kasz2). Then, when it is positive the sign of P_ depends

on (/p1842, \/P2541)-
Appendix B

Function W that appears in (47) is defined as

&€

52 Sri Sr2
1 Yiudu Youdu Yaudu
In ¥ = — + + , Bla
s7 5 Sr1
1 Bi 4+ T?By)As +u’T2
yr=tan! L ORBATIB) Aot (B1b)
a1 p1p2By + (T + i, A2Bo) By
2 2
Yy = tan~! u? Iiy ~ iy Bion By (Blc)
T1206232 + T2206131 + p1p2(01 By + a2 By)
1 1 MZTIZZ - (Tzzal + p1p202) B1
Y3 =tan~ — (B1d)

By (T} — 2 uan Br)es + prpactt
Here (10b), (22e) and (45) hold, with argument x?, and

oy =Jut—s2, n=(1,2), B =Ju?—s}. (B2)
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In Equation (48a) and (48b) function W is given by

Sd2 Sr1 $r2
1 ( Yiudu L Youdu L Y3udu )

Y = —
F(q) n W — g2 W2 — g2 W2 — g2

Sd1 Sd2 Sr1

Equation (B1) and (B2) again hold but with modification

ap =y ut—s3, n=(,2).

Appendix C

Function W; that appears in (55) is defined by

1 % d " d i d T d r d
udu udu udu udu udu
Vi(q) dgl 2 K1;2 2 Kﬁ; 2 1ﬂ24 2 1/f25 2)’
T u>—gq u>—gq u>—gq u>—gq u>—gq

- + +
Sl SZ Sl S2

Srl

2 —tan_lof—N1 v —tan_l—1 (a; Nyt +a, Ny), ¥ —tan_lﬂ
1 — 1D19 2 = D2 1 21 2 22), 3_ D37
N.
-1 214V4 -1
= tan —, = tan .
va “D, vs B, Ds

Equation (C1b) and (Clc) employ the quantities

Ni=ny (ny St =03 S77) + 0 [n3 (K + KU — 05 (KT + K5)Uay ],

Dy =ny (n3 AL ST —ny Ay STT) oy [y (K + K Vas —nf (K + KDV ],
Not =y 05 S+ ni nd (K + K5 (p1p2Ba + T2 By) — kin{ 0y A Uy — kainynd Vi,

Ny =n507 ST+ 03 0] (K + K3 (p102B1 + T Bo) — kony ny AFUry — ko nf Vas,

Dy = 015 (A Vay — oy ky Uny) + 0y 113 (A3 Vi —ky oy U,

N3 =, [y () +15) =0y (e +15)]
03 [nf (Wit ViT+ ATUTD) + 7 (wPky VT — kT U]

D3y =y [ny e (7 + 1)) + Vo — iy (k) =iy ) Uny ]
+ny [y (WK Vi =k URD) —nf (WK VT =it URD)],

1739

(B3)

(B4)

(Cla)

(C1b)

(Cle)

(C2a)

(C2b)

(C3a)

(C3b)

(C3c)

(C4a)

(C4b)
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Na=nin; (eF +6)VE 0703 (] + VI =0 g (e +1) VEE —nin; (] +165)VEE, (CSa)

Dy=n{nd (e +eDHUT +07 05 ey +)UT 00y (e ) UL 07 nd (e +15H) UL (C5b)

(Ns, Ds) =003 (cF + ) (X7 YPD) 4y (] + ) (XH YD)
i ny () (X YD) —nnd (e + D) (X1 YD), (C6)
In (C2)-(C6) Equation (10b), (22a), (22e) and (49) hold, with argument u?, and

Uyt = T2231 + (p1p2 + M%zuzAfBl)Bz,

272 2 + (C7a)

Vox =uT + (p102B1 + T B2) Ay,
U = TEBay+ (o102 + u3,u” AT By) By, (©Tb)
Vip =u’Th+ (p1p2Ba + TS B AT,
Ul = T By + Ty By + p1pa(e By + o By),

24 2 2+ + (C7¢)
Viz =T, — upoq Biay B,
X{5 =T — (TFe + p1p20y) i,

1+ 12 29 2 (C7d)

2+ + + +
Yiy = Tiay + (p1pa — uipules ey

Appendix D

Function W;; that appears in (61) has the same form as that given for ¥; by (Cla). However, (C1b) and
(Clc) are modified:

Ni+Q1205(AF — A3)

Y =tan" '« — (Dla)
"' Di+Q10pAT (AT — AY)
¥ = tan-! af Noy 4+ a5 Noo 4+ Q12 Qp (e AT + a5 AT) (D1b)
? Dy +Q105(ATAT —a;a3) ’
J— tan”! N3+ Q12050 (af —ay) Dlo)
’ D3y — Q120547 (af —a;)
¥4 = tan”! ”iN“ . (D1d)
Dy + Q0] —a; ) (ay; —a,)
1 Ns— QT o) (el —
s = tan—! — 5 12T2B1 (O(l oy )(az 052) (Dle)

By Ds+QupTi(e) —ap)(@) —a;)
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In Equation (C2)—(C6) in Appendix C, (D1), (10b), (22a), (22¢), (C2), (56) and (58) now hold, with
argument u’.
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