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ON THE ELASTIC MODULI AND COMPLIANCES OF TRANSVERSELY
ISOTROPIC AND ORTHOTROPIC MATERIALS

VLADO A. LUBARDA AND MICHELLE C. CHEN

The relationships between the elastic moduli and compliances of transversely isotropic and orthotropic
materials, which correspond to different appealing sets of linearly independent fourth-order base tensors
used to cast the elastic moduli and compliances tensors, are derived by performing explicit inversions
of the involved fourth-order tensors. The deduced sets of elastic constants are related to each other and
to common engineering constants expressed in the Voigt notation with respect to the coordinate axes
aligned along the directions orthogonal to the planes of material symmetry. The results are applied to a
transversely isotropic monocrystalline zinc and an orthotropic human femural bone.

1. Introduction

There has been a significant amount of research devoted to tensorial representation of elastic constants
of anisotropic materials, which are the components of the fourth-order tensors in three-dimensional
geometrical space, or the second-order tensors in six-dimensional stress or strain space. This was par-
ticularly important for the spectral decompositions of the fourth-order stiffness and compliance tensors
and the determination of the corresponding eigenvalues and eigentensors for materials with different
types of elastic anisotropy. The spectral decomposition, for example, allows an additive decomposition
of the elastic strain energy into a sum of six or fewer uncoupled energy modes, which are given by
trace products of the corresponding pairs of stress and strain eigentensors. The representative references
include [Rychlewski 1984; Walpole 1984; Theocaris and Philippidis 1989; Mehrabadi and Cowin 1990;
Sutcliffe 1992; Theocaris and Sokolis 2000]. A study of the fourth-order tensors of elastic constants, and
their equivalent matrix representations, is also important in the analysis of the invariants of the fourth-
order tensors and identification of the invariant combinations of anisotropic elastic constants [Srinivasan
and Nigam 1969; Betten 1987; Zheng 1994; Ting 1987; 2000; Ting and He 2006]. Furthermore, a
study of the representation of the fourth-order tensors with respect to different bases can facilitate tensor
operations and the analytical determination of the inverse tensors [Kunin 1981; 1983; Walpole 1984;
Lubarda and Krajcinovic 1994; Nadeau and Ferrari 1998; Gangi 2000].

The objective of the present paper is to derive the relationships between the elastic moduli and compli-
ances of transversely isotropic and orthotropic materials, which correspond to different appealing sets of
linearly independent fourth-order base tensors used to cast the elastic stiffness and compliance tensors.
In the case of transversely isotropic materials we begin the analysis with a stress-strain relationship
which follows from the representation theorem for transversely isotropic tensor functions of a symmetric
second-order tensor and a unit vector. This leads to the representation of the stiffness tensor in terms of
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6 linearly independent tensors (I) forming a basis of an algebra of fourth-order tensors that are made
of the Kronecker delta and the unit vector. The corresponding elastic moduli are denoted by c¢,. Since
the multiplication table for I, tensors is dense with nonzero tensors, and thus operationally less practical,
we introduce a set of new base tensors (J,) following the procedure developed by Kunin [1981] and
Walpole [1984]. The corresponding elastic moduli, denoted by c¢,, are related to the original moduli c,.
We then derive the explicit expressions for the elastic compliances tensor with respect to both bases, and
the relationships between the corresponding parameters s, and s, and the original moduli ¢, and ¢,. The
two sets of elastic constants are also expressed in terms of the engineering constants, defined with respect
to the coordinate system in which one of the axes is parallel to the axis of material symmetry.

Extending the analysis to orthotropic materials, three different representations of the elastic moduli
tensor are constructed by using three different sets of 12 linearly independent fourth-order base tensors.
This is achieved on the basis of the representation theorems for orthotropic tensor functions of a sym-
metric second-order tensor and the structural tensors associated with the principal axes of orthotropy
[Spencer 1982; Boehler 1987]. The three sets of different elastic moduli, denoted by ¢, ¢,s and ¢, (nine
of which are independent in each case) are related to each other. The tensor of elastic compliances is
then deduced by explicit inversion of the stiffness tensor expressed with respect to all three sets of base
tensors. The corresponding compliances, denoted by s,, 5,5, and §,,, are related to each other and to the
moduli ¢,, ¢,5, and ¢,s. The three sets of elastic constants are then expressed in terms of engineering
constants, appearing in the Voigt notation as the entries of 6 x 6 matrices [Voigt 1928], which do not
constitute the components of the second-order tensor [Hearmon 1961; Nye 1964; Cowin and Mehrabadi
1995] and which are thus not amenable to easy tensor manipulations. The results are applied to calculate
the different sets of elastic constants for a transversely isotropic monocrystalline zinc and an orthotropic
human femur.

2. Elastic moduli of transversely isotropic materials

The stress-strain relationship for a linearly elastic transversely isotropic material, based on the represen-
tation theorems for transversely isotropic tensor function of a strain tensor and a unit vector [Spencer
1982], can be written as

0ij = Aepidij +2ue€ij +a(ngni€pdij +ninjegr) +2(o — ) (ningeg; +njngeg;) + Bninjngnieg. (1)

The rectangular components of the unit vector parallel to the axis of transverse isotropy are n;. The
elastic shear modulus within the plane of isotropy is u, the other Lamé constant is A, and the out-of-
plane elastic shear modulus is . The remaining two moduli reflecting different elastic properties in the
plane of isotropy and perpendicular to it are denoted by « and S.

The elastic stiffness tensor A corresponding to Equation (1), and defined such that o;; = A;jx€n, 18

6
A=) ol @
r=1
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where the fourth-order base tensors I, are defined by

112%806, 12:867 13:p67 I4:8p7 (3)
Is=1pos, Is=pp.

The second order tensor p has the components p;; = n;n ;. The tensor products between the second-order
tensors p and § are such that

Pijkt = pijdr, (Pod)iju= % (pixdji + pudjk + pjidix + pjkdir)- “4)

In the component form, the fourth-order tensors I, are

1 2
I[(jk)[ = 3881+ 8i8x) 1,-(]-;31 = 8ij 6kl
3 4
Ii(jk)l =nin;dk, Ii(jk)l = dijnini, )
1), = LS jni + Sun g + 8 ming + 8 miny), 1S, = nin;
ijkl = 2Ok j imnjng jIning jkning), ijkl = il jneny.
The material parameters (elastic moduli), appearing in Equation (2), are
c=2u, =i ca=au=ao c5=2u—wn), cc=24. (6)

The set of linearly independent tensors I, forms a basis of an algebra (of order 6) of the fourth-rank
tensors made up of the Kronecker delta and the unit vector, symmetric with respect to first and second
pair of indices, but not necessarily with respect to permutation of pairs. All such fourth-rank tensors can
be represented as a linear combination of the base tensors.

Since the multiplication table of the tensors I, is dense with nonzero tensors (see the upper left corner
of Table 9 in the Appendix), and thus less convenient for tensor operations and the determination of the
inverse tensors, we recast the elastic stiffness tensor (2) in terms of an alternative set of base tensors J,,
which is characterized by a simple multiplication table, in which each product is equal to either zero
tensor or to one of the tensors from the basis. Thus,

6
A= ZErJra (7)
r=1

where the modified elastic moduli are
cr=ci+cy+2c3+2cs+ce=A+4pn0—21+ 20 + B,
cr=c1+2c=201+pn),
G3=cr=v2(cr+c3) =2 (A +0a),

Cs=cC1 =2, Ce=c1+c5=2up,

()
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with the inverse relationships

1 - - - -
c1=Cs, =35 (c2—Cs), C€5=Cp— Cs,
1

C3=C4=—E3—%(52_55)7 ©)

V2

06:514-%52—\/5534-%55—256.
The base tensors J, are defined by Walpole [1984], !

Ji=pp. J.=1qq,
J=— Ji=— (10)
3:_pq1 4:_qp9
V2 V2
Js=3(@oq—qq), Js=poq.

The second order tensor q is introduced such that
qgij = 8ij — pij,  pij =ninj. (11
When applied to an arbitrary vector v}, the tensors p and q decompose that vector into its components
parallel to n;, p;jv; = (v;jn;)n;, and orthogonal to it, g;;n; = v; — p;;v;. It readily follows that
DikPkj = Pij»  Pijpij=1, pi=1,
qikqkj = qij qijqij =2,  qii =2,
Pikqrj =0, gikprj = 0. (12)

The two types of tensor products between the involved second-order tensors are defined by the type
Equation (4), that is,

PDijx = pijgr, PoQijk = % (pikqji + pitqjx + Pjigik + Pjxqi)- (13)

It can be easily verified that
peq=qop, Ppop=2pp. (14)
The trace products of the tensors J, : J; of the type Jl.(j',ln J,ffrf  can be readily evaluated by using

Equation (12), with the results listed in Table 1. The symbol " indicates that the products are in the
order: a tensor from the left column traced with a tensor from the top row.

2.1. Elastic compliances of transversely isotropic materials. To derive the elastic compliances tensor,
it is more convenient to invert the elastic stiffness tensor A in its representation (7) than (2). Thus, by
writing
6
Ix_l = ZErJrs (15)
r=1

and by using Table 1 to expand the trace products appearing in
A:AT=A"TA=T, (16)

1 An alternative set of base tensors was used by Kunin[1981; 1983] and Lubarda and Krajcinovic [1994].
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Py 2| Js | Ja | Js | Js
Ji | N 0| J 0 0 0
o0 | J2] O | Js] O 0
Jo |0 [ J ] 0 [ Ji | 0] O
0
0

Ja | Ja | O | J2 ] O 0
Js 0 0 0 0 Js
Js 0 0 0 0 0 Je

Table 1. Table of products J, : J;.

there follows

S1=0C/¢, S)=c1/¢, S3=353=—c3/¢c, Ss5=1/cs5, $56=1/Ce, (17)
where
c=216— 3. (18)
Note that the fourth-order identity tensor I} can be expressed in terms of the base tensors J, as

L=Ji+J+J5+J6,

which was used in Equation (16).
The elastic compliances tensor can be expressed in the original basis I, by using the connections
between the two bases, which are

L :%808:1’1’4‘[’0(14‘%‘10(1:.]1+J2+J5 +Js,
L=38§5=P+QP+q =T +2J+v2J3+J4).

L=pé=pp+pq=1J +v2I, L=38p=pp+qp=Ji +v2UL, 19)
Is=pod=2pp+poq=2J;+Js, Is=pp=1J:.
Their inverse relationships are
Ji =1, Jo=3 0L - -+,
1 1
Ji= 7 (I3 —1I), Ja= 7 Iy —I¢), (20)

J5=%(211—124-134—14—215—1—16), Jo =15 — 2I.

The elastic compliance tensor is expressed in terms of the base tensors I by substituting (20) into (15).
The result is

A= Zsrlr, (21)
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with the corresponding compliances

- 1 - -
51 =Ss, 52 = 5 (52 —55),
1
- 1 - - - -
§3 =84 = —= 53— 5 (52— 55), s5 = S6 — S5,
V2
S6 =51+ 15 — V255 + 4 55 — 25. (22)

The same type of relationships hold between the moduli ¢, and ¢, appearing in Equation (2) and (7). The
inverse expressions to (22) are

51 =581+ +253+255+56, S2=151+287,
5 =5 =2 (52 +53), 55 =151,
S6 = S1 + S5. (23)

2.2. Relationships to engineering constants in Voigt notation. The parameters ¢, are related to com-
monly used engineering moduli C;; (in Voigt notation, with the axis of isotropy along the x3 direction)
by

c1=C11—C12=2C¢5, c2=C12, c3=c4=C13—Ci2,

(24)
c5 =2(Cs5s — Cep), c6=C11+C33 —2C13 —4Css,
which is in accord with [Boehler 1987]. The (symmetric) elastic moduli C;; are defined such that
(o] [CiiCaCiz 0 0 0] [en |
022 Cyp Cp C3 0 0 O €22
o3| |G CxpC33 0 0 0 €33 25)
023 o 0 0 0 C44 0 0 2623 ’
03] 0 0 0 0 C55 0 2631
_012_ L 0 0 0 0 0 C66_ _2612_

where for transversely isotropic materials: C1; = Cy, C23 = C31, Cqq4 = Css, and Ceg = (C11 — C12)/2.
The relationships between ¢, and C;; are deduced from Equation (8) and (24). They are

¢ =Csx, G =Ci+Cpn, &=3ac=+2C;, (26)
¢5 =2Cep, C6=2Css. (27)

The compliance constants s; are related to the engineering compliances S;; by

s1=S8S11—S12=3S66/2, s2=3S12, $3=154=3513—3512, (28)
s5=(S55 — S66)/2, 56 = S11+ 533 — 2813 — Ss5. (29)
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The compliances S;; are also defined with respect to the coordinate system in which the axis of isotropy
is along the x3 direction, so that, in Voigt notation,

[ S11 S12 13 0

€11 0 O o1

€22 S21 S22 823 0 0 O 022

€3 | _[S 5283 0 0 0 033 (30)
2623 0 0 0 S44 0 0 023 ’

2631 0 0 0 0 555 0 031

2612 0 0 0 0 0 566 012

where S11 = 822, 823 = 831, S4g4 = Ss5, and Se6 = 2(S11 — S12). The well known connections between S;;
and C;; are

B Cii—C3/Cs3 Cio—C%/C33

S = S, Sip= — S,
i C]] —C12 12 Cll _CIZ
C13 C11+C12
Si3=——125, S33=—-+—2S,
Cs3 Cs3
S. ! S !
4= =, 66 = "~
C44 C66
1

S = > . (31
Cii+Ci2—2C15/Cs3

The inverse relationships are obtained by reversing the role of C’s and S’s in Equation (31). The rela-
tionships between s, and S;; are obtained by substituting (28) into (23), with the result

S2=S11+S1, §5=35=+2S;3, (32)

(33)

51 =833,

- 1 - 1
55 =5 866, 56 = 5 Ss5-

Let E and Ej be the Young’s moduli in the plane of isotropy and in the direction perpendicular to
it; v is the Poisson ratio characterizing transverse contraction in the plane of isotropy due to applied
tension in the orthogonal direction within the plane of isotropy; vy is the same due to applied tension
perpendicular to the plane of isotropy; w is the shear modulus in the plane of isotropy, and pg in any
plane perpendicular to the plane of isotropy (see [Lekhnitskii 1981]). Then, the elastic compliances S;;
in Equation (30) are

! Sy = — S e
Si1=82=—, 3B =7, 2=—7
TR E Vo Eo E 1 2(14v) (34)
Sp3=81=——, Sus = S55 = — Se6 =2(S11—S12) = — =
Eo ; E
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The matrices [S;;] and [C;;] are inverse to each other, although their components are not the components
of the second-order tensors [Hearmon 1961; Nye 1964]. The substitution of (34) into (28) gives

1+ 1 v v Y
S = v:_’ $2=——0, S3:S4:___Ov (35)
E  2u E E E
1 1 1 142y 1
5= — ——, so=— o_ - (36)
mo M E Eo Ko
The inverse relations are
1
E = P V= _ESZ, = 2_7
1S1 + 52 S1 | 37)
Eo= , w=-E , = .
L 0 o(s2+s3), o 351 T se

These expressions reveal the relationships between the original moduli appearing in Equation (6) and the
engineering moduli. For example, the Young’s modulus in the plane of isotropy is

A+ Ay — 2 +2 177!
[ +4po — 2 +2a+ B ] ' (38)

_|_ J—

A+ +4ug—2u+20+p)— A +a)?
If o = B =0 and pg = p this reduces to the isotropic elasticity result £ = w(3A +21) /(A + ).
2.3. Elastic constants of a monocrystalline zinc. The elastic moduli C;; of a transversely isotropic

monocrystalline zinc, in units of GPa and with x3 axis as the axis of isotropy, are [Landolt-Bornstein
1979]

Cn Ci2 Ci3 160.28 29.04 47.84 Cys 39.53
Cy1 Cyp Co3 | =1 29.04 160.28 47.84 |, Css | =139.53
C31 C3 C33 47.84 47.84 60.28 Css 65.62

The moduli ¢; and ¢; follow from Equation (24) and Equation (26) and are listed in Table 2. The moduli
W, A, (o, @, and B, calculated from Equation (6), are listed in Table 3. The elastic compliances S;; (in
units of TPa~!), corresponding to elastic moduli C; ; given above, are

S11 S12 Si13 822 0.6 -7 S44 25.3

S>1 S S| = 0.6 822 -7 |, Sss | = 25.3

S31 S3p S33 -7 =7 27.7 Se6 15.24
cy [65) C3 =204 Cs Ce

131.24 | 29.04 18.80 —52.18 | —33.24

C1 [(5) C3 =C4 Cs Ce

60.28 189.32 67.66 131.24 79.06

Table 2. Elastic moduli ¢; and ¢; (in units of GPa).
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w=ci/2 | A=cy | a=c3 | po=pn+cs/2 | B=cs
65.62 29.04 18.80 39.53 —33.24

Table 3. Table of elastic moduli u, A, (g, &, and S (in units of GPa).

S1 kY] 53 =254 S5 S6
7.62 0.6 —7.6 5.03 | 24.62
S K73 §3 =254 S5 S6

27.7 | 8.82 -9.9 7.62 | 12.65

Table 4. Elastic compliances s; and 5; (in units of TPa™1).

The compliance coefficients s; and s; are readily calculated from Equation (28) and Equation (32), and
are listed in Table 4. Finally, the elastic constants E, Eg, [, (o, v, and vy are determined from Equation
(37), and are given in Table 5. Since s, = 0.6 > 0 and v = —s, E, the Poisson ratio in the (basal) plane
of isotropy is negative (v = —0.073). This was first noted by Lubarda and Meyers [1999], who also
determined the range of the directions associated with negative values of the Poisson ratio.

3. Elastic moduli of orthotropic materials

Consider an orthotropic elastic material whose principal axes of orthotropy are along the directions a,
b, and ¢, arbitrarily oriented with respect to the reference coordinate system. From the representation
theorems for orthotropic tensor functions [Spencer 1982], it follows that the components of the stress
tensor o;; can be expressed in terms of the strain components ¢;;, and the vector components a; and b;,
as

oiej = (Aekk +a1€q + 02€p)8ij + 211€i
+ (@1€xk + Breqa + Biep)aiaj + (ar€xk + B3y + Paep)bib;
+ 21 (aiakerj +ajaeri) +2u2(bibrexj + bjbrey;). (39)

The longitudinal strains in the directions of two of the principal axes of orthotropy are €, = aya;€; and
€p = bibjer;. The nine elastic moduli are A, @, wy, w2, a1, as, and By, Ba, B3. The elastic stiffness tensor

E Ey 2 Ho v Vo
121.66 | 44.11 65.62 | 49.34 | —0.073 | 0.309

Table 5. Elastic moduli E, Ey, w, (4o (in units of GPa) and Poisson’s ratios v and vy.
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corresponding to Equation (39) is
12
A=) "¢l (40)
r=1

where the material parameters ¢, are

cL=21, C2=A, C3=C4=0], C5=C6=0,

7 =21, cg=2u2, c9=p1, cio=p, cn=ci2=07,;3. @b
The fourth-order tensors I, are defined by
I =1808 1L=33,
I;=A4, I, =40A,
Is =B34, Is =48,
Ij:AoS, I::B08, (42)
Iy =AA, I,0=BB,
I;; =AB, I, =BA.
In these expressions the (idempotent) tensors A, B, and C have the components
Ajj =ajaj, B;j=bib;, Cij=ccj, (43)

which are related by the identity A;; + B;; + C;; = 8;;. Two types of tensor products are defined by the
formulas of the following type:

(AB)ijr = AijBu,
(AoB);ju = 3 (AixBji + AuBjx + Aj Bix + A ji Biy). (44)

It can be easily verified that
AoB=BoA, AocA=2AA. (45)

The symmetric tensors such as A A, and A o B are also idempotent.
The multiplication table for tensors I, (Table 9 of the Appendix) is dense with nonzero entries, al-
though these are simple multiples of one of the I, tensors, except for

I : ;= +2ly, Ig:Ig=1I3+2I, (46)

and
I : Ig=Ig:I; =A0B. 47

The latter can be expressed as a linear combination of I, tensors, given by the tensor E¢g introduced in
the sequel.
The elastic stiffness Equation (40) can be recast in terms of a more convenient set of base tensors E,,

such that
3

A= Z CrsErs + C44E44 + C55E55 + CocEeg.- (48)

r,s=1
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The corresponding moduli are

cii=ci1+c2+2c3+2c7+cog =A+2u+ 41 + 201 + B,

o =ci+cr+2c5+2cg+ci0=A+2u+ 4y + 20z + Bo,
cz=ci+c=A4+2u,

Cp=01=c+c+ces+ce=A+o+ax+ B,

C3=cp=c+tcs=Arta, (49)
cyp=cp=c+cz=A+o,

Caa =c1+ 3 =2(n+ p2),

Css =c1+c7=2(n+ p1),

Co6 = C1+ 7+ =2(n + 1 + p2).

The base E,; are defined by

Eii=AA, E;=AB, E;3=AC,
Ey=BA, E»n=BB, Ex»=BC, (50)
E;; =CA, E3»=CB, E3;3=CC,

and
Eixa=BoC, Es55=CoA Eg=Ao0B. (51)
The ordering of the last three tensors is made to facilitate the later comparison with the classical moduli

given in the Voigt notation.
The trace products of the tensors E,; are specified by the following rules [Walpole 1984]

E,, :E;,=E,,, (nosumon g),

52
qu:ErSZOa (Q#r)- 62

Furthermore, a zero trace product is obtained when any one of E44, Ess, and Egg is traced with the other
two or any one of E,; (see Table 10 of the Appendix).

An alternative representation of the elastic stiffness tensor is obtained from the representation theorem
for orthotropic tensor functions, if the stress tensor o is expressed in terms of the strain tensor € and the
structural tensors A, B, and C [Boehler 1987]. This is

0 =ClA+CB+C3C+Cs(A-e+€-A)+05(B-€e+¢€-B)+6(C-e+¢€-C). (53)
To preserve the linear dependence on strain, the functions ¢, are
¢r=C1A€e+¢oB:e+¢,5Ce, r=1,2,3, (54)

where the parameters ¢, C4 = C44, C5 = Css, and ¢ = C are the material constants. The dot (-) denotes
the inner tensor product, and : is used for the trace product. The elastic stiffness tensor associated with
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Equation (53) and (54) is

3
A= Z CrsErs +C24A 08 + C55B o8 + CesC 0 8.

r,s=1

(55)

3.1. Elastic compliances of orthotropic materials. 1If the elastic moduli tensor Equation (48) is symbol-

ically written, with respect to the basis of E, tensors, as

c11 €12 €13
A=1|cCa ¢ ¢23 |, Ca4,Cs5,Co6 (
€31 €32 €33
then its inverse, the elastic compliances tensor, can be symbolically written as [Walpole 1984]

—1

C11 C12 Ci13
-1 - - = -1 ——1 =—1
AT = €21 €22 €23 > Cqq 5 C55 5 Cgg
C31 C32 (€33
Thus,
3
71 - - - -
AT = Z SrsErs + 544E44 + 555E55 4 566Ees,,
r,s=1
where
- - - _2 - - — - — — - - - - —_ _2 -
511 = (C22€33 — C53) /¢, 512 =521 = (C31C23 — C12€33)/C,  §20 = (C11C33 — €31)/C,

- - - - - - - - - - - _ - - - - - _2 -
5§23 = 532 = (C12€31 — €11€23)/C,  §31 = 8§13 = (12023 — C31€22)/C, 533 = (C11C22 — C11)/C,
Sag4 = 1/Ca4, 555 = 1/css, S66 = 1/Ce6,

and

I - - - N )
= C11C22C33 +2C12€23C31 — C11C3 — €22C31 — C33C1-

(56)

(57)

(58)

(59)

(60)

The results for transversely isotropic materials can be recovered from the above results by taking

€22 =C11, €23 = €31, and Cs5 = C44 = C11 — C12.

The compliances tensor can also be derived by the inversion of the elastic moduli tensor expressed

with respect to the set of base tensors used in Equation (55). This gives

3
A= Z SrsErs +544A 08 +555B 08+ 566C 0 8,

r,s=1
with the corresponding compliances
S11=1511 — Se6 + 544 — 555, 520 =520 — 544 + 555 — Se6, 533 = 533 — 544 + Se6 — 555,
S12 =812, 523 = 823, 8§31 = 531,

. s v s = . s 4= _ = . s 4os =
Sa4 = 5 (555 + S66 — 544), 855 = 5 (544 + S66 — 555),  S66 = 5 (44 + 555 — S66)-

(61)

(62)
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3.2. Relationships to engineering constants in Voigt notation. The elastic moduli ¢, are related to com-
monly used engineering moduli C;;, appearing in Equation (25), by

c1 =2(C44+Cs55—Ceg), ¢y = C33—cyq, c3 =c4=C31—02,
¢s =c6 = Cr3—0cy, ¢7 =2(Ce6—Cua), cg = 2(Ce6—Css), (63)
c9g = C11+C33—2C31—4Cs5, c10 = Cp+C33—2C3—4C44, c11=c12=02+C12—C3—C31.

The relationships between ¢;; and C;; are

ci1 =Cuy, ¢ = Co, c33 = Cs3,
c12=Cia, c23 = Ca3, 31 = Czy, (64)
C44 =2Cq4,  C55=2Cs5,  Co6 = 2Cg.

To derive the relationship between the moduli ¢;; appearing the stiffness representation Equation (55)
and the moduli ¢;; or C;;, we first note that

CoS=GF—-A—B)os=2I, I, —I. (65)
It then readily follows that
C11 =C11 — Ce6 + Ca4 — C55,  C12 =C12, C23 = (23,
~ - - - - A 1 ,= - - ~ 1= - -
C22 = Cpp — C44+Cs5 — Ce6,  Ca4 = 5 (C55+Co6 — Ca4),  Cs5 = 5 (Ca4 + Ce6 — C55), (66)
A - - - - A - A 1 - - -
C33 = (33 — C44 + Ce6 — C55, €31 = (31, Co6 = 5 (Ca4 + C55 — Ce6)»

in agreement with the corresponding expressions derived by other means in [Boehler 1987].
The compliance coefficients §;; are related to the usual engineering constants of orthotropic materials
(defined with respect to its principal axes of orthotropy a, b, and ¢) by

- 1 _ Vab - Vac
R A

a a a
_ 1 _ Vbe _ 1
5= —, 523 = T, BT o (67)

b c

1
544 = ! s 555 = s 566 = ! .
2Gbc ZGMC 2Gab

The compliances 5;; are actually equal to S;;, except for the shear compliances which are related by the
coefficient of 2 (that is, S44 = 2544, S55 = 2555, and Sgg = 25¢6)-
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To express the elastic compliances tensor in terms of the original base tensors, we first express the
tensors I, in terms of the tensors E,,. The connections are
I =Ei1 + Ex + E33 + E44 + Ess + Eeg,
L =E1 +E;p +E;3+Ey +Ep + Eoz + E3p + E3p + Ess,
L=En+En+E;3, L=E;+E)+E;s,
Is=Ex +Ex+Ey3, Is=En+Exn+Esp,
I; =2E; + Ess + E¢6, I3 =2E2; + Eg4 + Ege,
Iy=E;, Lo=Exn, Li=Ep ILx=Ey,

(68)

with the inverse expressions

En=I, Ep=ILi, Ep=L-I-Iy,

Ey =12, Exp=lLo, Exa=Is—I—Io,

E3j =L —Iy—lin, Ezp=I—Lo—I,

Es=L-L—-L—L—Is+ 1o+ Lo+ L+ 1o, (69)
Ey=0L-L+L+1L+1Is+1—1; —2Ljp — I;; — L2,

Ess=0I, - L+L+L+L+1—Is—2ly—I;; — Iz
Ew=-1,+L—-1;—14—Is—Ig+1; + Ig + I;; + ;5.

The substitution of Equation (69) into (58) then gives

12
Al = Z sy (70)
r=1
The corresponding elastic compliances are
§1 =555+ S66 — Sa4, §2 = 533 + S44 — 555 — S66,
§3 =S4 = 513 — 533 — 544 + 555 + 566, §5 =S¢ = 523 — 533 — 544 + 555 + 566,
§7 = 544 — 855, 5§ = 544 — S66,
59 = 511 — 2831 + 533 — 2566, $10 = §22 — 2523 + 533 — 2855,
$11 = S12 = 521 — 523 — 531 + 533 + 544 — 555 — Se6- (71)

Since s, are specified in terms of ¢,; by Equation (59), and ¢, in terms of ¢, by Equation (49), the
compliances s, in Equation (71) are all expressed in terms of the elastic moduli c,.

The relationships Equation (71) reveal the connections between the original moduli appearing in
Equation (41) and the engineering moduli. The resulting expressions in an explicit form are lengthy, but
their numerical evaluations are simple. For example, the Young’s modulus in the direction of principal
orthotropy a is

1 ¢
E,=—=

__° (72)
S11 C€22C33 — Cy3
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Cq (&) C3=C4q C5=C¢ c7 (4] C9 C10 C11=C12

14.64 | 12.96 —2.86 | —2.26 | —3.42 | —2.18 | 2.96 | 1.48 2.14

Table 6. Elastic moduli ¢; (in units of GPa).

where ¢;; are given by Equation (49) and ¢ by (60). In the case of transverse isotropy, with the axis of
isotropy parallel to ¢ (¢yp = ¢11, €23 = €31, and Cs5 = €44 = €11 — C12), this reduces to Equation (72),
while in the isotropic case (¢; = ap = 1 = B2 = 3 = 0 and u; = uy = u), we recover the result
E=pu@Br+21)/(+ pn).

3.3. Elastic constants of a human femur. Elastic moduli C;; of a human femural bone, determined by
ultrasound measurement technique, were reported in Ashman and Buskirk (1987) as

Ci1 Cpp Ci3 18 9.98 10.1 Cyy 6.23
Cy1 Cyp Crp3 | =19.98 20.2 10.7 |, Css | =|5.61 (GPa).
C3; C3 Cs3 10.1 10.7 27.6 Ces 4.52
The corresponding moduli ¢;; and ¢;; follow from (64) and (66). In units of GPa, they are
[¢11 C1o C13 | [ 18 9.98 10.1 C44 12.467]
Cr1 €y C3 | =19.98 20.2 10.7 |, cs5 | =111.22 1,
| €31 C32 €33 | | 10.1 10.7 27.6 Co6 9.04 |
[¢11 ¢1o C13 ] [10.2 9.98 10.1 Cas 3.9
Cr1 C» C3 | =19.98 992 10.7 |, Css | =|5.14 .
| C31 32 €33 [ 10.1 10.7 12.96 Co6 7.32 |

The moduli ¢;, calculated from Equation (63), are listed in Table 6.
The elastic compliances S;; (in units of TPa~!), corresponding to elastic moduli C; ;j given above, are

Si S Si3] [ 83.24 —31.45 —18.27] Sus 160.52
So1 Sy Sas | =|-3145 7418 —17.25|, |Sss|=| 178.26
S31 S» Su| [ —18.27 —17.25 49.60 | | Ses 221.24

The compliances §;; and §;; follow from (59) and (62). In units of TPa~!, they are

511 512 513 [ 83.24 —31.45 —18.27] 544 | [ 80.26
Sy1 S Sz | = | —31.45 74.18 —17.25 ], sss | = | 89.13 |,
| 531 8§32 §33 | | —18.27 —17.25 49.60 | | S66_| | 110.62
[S11 S12 813 ] [—36.24 —31.45 —18.27] [S44 ] 759.74
S21 S» S»3 | = | —31.45 —27.57 —17.25 |, Ss5 | = | 50.87
| 31§32 833 | —18.27 —17.25 -9.16 | S66 | | 29.38

The above results show that for human femur S;; and 5;; are negative for i # j, while Si j are nega-
tive for all i, j = 1, 2, 3. The compliance coefficients s;, calculated from Equation (71), are listed in
Table 7. The longitudinal and shear moduli and the Poisson ratios, with respect to the principal axes of
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S1 RY) §3=254 S5==56 §7 S8 S9 $10 S11=512

119.49 | —69.88 51.61 52.63 | —8.87 | —30.36 | —51.85 | —19.97 | —65.81

Table 7. Elastic compliances s; (in units of TPa~!).

Ea Eb Ec Gah Gbc Guc Vab Vpe Vac

12.01 | 1348 | 20.16 | 452 | 6.23 | 5.61 | 0378 | 0.233 | 0.219

Table 8. Longitudinal and shear moduli (in units of GPa) and the Poisson ratios.

orthotropy, follow from Equation (67) and are given in Table 8. The remaining three Poisson’s ratios
are determined from the well known connections vy, = V4 Ep/Eq = 0.424, vep = vpc E./ Ep = 0.348,
and v,y = v, E./E, = 0.368.

4. Conclusion

In this paper we have derived the relationships between the elastic moduli and compliances of transversely
isotropic materials, which correspond to two different sets of linearly independent fourth-order base
tensors used to cast the tensorial representation of the elastic moduli and compliances tensors. The two
sets of elastic constants are related to engineering constants defined with respect to the coordinate system
in which one of the axes is parallel to the axis of material symmetry. Extending the analysis to orthotropic
materials, three different representations of the elastic moduli tensor are constructed by choosing three
appealing sets of twelve linearly independent fourth-order base tensors. This was accomplished on
the basis of the representation theorems for orthotropic tensor functions of a symmetric second-order
tensor and the structural tensors associated with the principal axes of orthotropy. The three sets of the
corresponding elastic moduli are related to each other. The compliances tensor is deduced by an explicit
inversion of the stiffness tensor for all considered sets of the base tensors. The different compliances are
related to each other, and to classical engineering constants expressed in the Voigt notation. The formulas
are applied to calculate the elastic constants for a transversely isotropic monocrystalline zinc and an
orthotropic human femural bone. Apart from the analytical point of view, the derived results may be of
interest for the analysis of anisotropic elastic and inelastic material response (with an elastic component
of strain or stress) in the mechanics of fiber reinforced composite materials [Hyer 1998; Vasiliev and
Morozov 2001], creep mechanics [Drozdov 1998; Betten 2002], damage-elastoplasticity [Lubarda 1994],
mechanics of brittle materials weakened by anisotropic crack distributions [Krajcinovic 1996; Voyiadjis
and Kattan 1999], and biological materials (membranes or tissues) with embedded filament networks
[Evans and Skalak 1980; Fung 1990; Humphrey 2002; Lubarda and Hoger 2002; Asaro and Lubarda
2006].
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r I L I; L Is I I; Is Io Lo I I»
L | L L I; L Is I I; Is Io Lo I Lo
I, I 31, I 314 I 31, 214 2I¢ 1 I I I
I; J & 315 B 31y Iz 314y 21y 21, Iy I I Iy

1 14 I, I 14 0 I 214 0 1 0 3 0

I | Is | 3 | Is | 3L | L | 3l 21, 2Ly Io | Lo Lo | §p)
I I I, 0 14 I I 0 2I¢ 0 | 3 0 L

L | I |23 |23 | 2y | O | 2I; | L+2k | AoB | 2L, | O | 2I; | O
I | Ig | 25 | O | 2L | 2Is | 2L | AoB | Ig+2L | O | 2L, | O | 2Ip

Iy Iy I I3 Iy 0 I 21y 0 Io 0 | OF1 0
Lo | Lo | Is 0 I» Is Lo 0 2L 0 Lo 0 In
Li | I | Is 0 Iy I I 0 214 0 I 0 Io
Ip | In | Is Is In 0 Lo 21 0 Lo 0 Lo 0

Table 9. Table of products I, : I;.

r | Eu | En | Es | Eay | Exp | Eiz | E3i | Esp | Es3 | Ea | Ess | Ee
E; | Ej E;; | Eiz 0 0 0 0 0 0 0 0 0
Ep» 0 0 0 E;; | E» | Ei3 0 0 0 0 0 0
E3 0 0 0 0 0 0 E;; | Ep | Eiz 0 0 0
Ey | Esy | Exp | Ep 0 0 0 0 0 0 0 0 0
Ex» 0 0 0 E; | En | Ex 0 0 0 0 0 0
Ej; 0 0 0 0 0 0 Ey | Exn | Ex 0 0 0
Es; | E3; | Esn | Es3 0 0 0 0 0 0 0 0 0
E; 0 0 0 E;; | Es | Es3 0 0 0 0 0 0
Es; 0 0 0 0 0 0 E;; | Es | Es3 0 0 0
Ey 0 0 0 0 0 0 0 0 0 Eyu 0 0
Ess 0 0 0 0 0 0 0 0 0 0 Ess 0
Ee¢s 0 0 0 0 0 0 0 0 0 0 0 Ee¢s

Table 10. Table of products E, : E,,.



170 VLADO A. LUBARDA AND MICHELLE C. CHEN

Appendix: Multiplication tables for tensors I, and E,

The trace products I, : I are listed in Table 9. The tensors I, are defined in Equation (42). The symbol
I indicates that the products are in the order: a tensor from the left column traced with a tensor from the
top row. The products E, : E,,, where the tensors E, are defined in Equation (50) and (51), are listed
in Table 10.
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