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INDENTATION AND RESIDUAL STRESS IN THE AXIALLY SYMMETRIC
ELASTOPLASTIC CONTACT PROBLEM

TIAN-HU HAO

Most theoretical studies of mechanical indention, going back to Boussinesq, Hertz, and later Sneddon,
address the relations between indenter pressure, indention size, and stress components. However, the
relationship between indention and residual stress is also interesting. Here we use the Dorris and Nemat-
Nasser method to derive a relation between the indention and the residual stress components for an
axisymmetric load.

1. Introduction

The elastic contact problem plays a key role in interpreting experimental results of indention. This study
was first considered by Boussinesq and Hertz in the late nineteenth century, and later Sneddon made
major contributions. These authors derived general relationships among the load, the displacement, and
the contact area for an axisymmetric indenter.

Also of interest is the relationship between the indention and the residual stress. This has been ad-
dressed for example in [Suresh and Giannakopoulos 1998], where it is stated that the residual stress
cannot be determined using the loading theory of elasticity. In [Hao 2006] we made some progress
in the study of the problem in the framework of the theory of finite elasticity. The paper continues
that investigation, by considering the important unloading case. As in the previous paper, we derive the
elastoplastic deformation is derived using the DNN method [Dorris and Nemat-Nasser 1980]. The elastic
deformation is eliminated from the total deformation, leading to the residual plastic deformation. Thus
we determine the relation between the residual stress and the residual plastic deformation.

2. Analysis of the axially symmetrical finite elastic-plastic case
Following Dorris and Nemat-Nasser we write, for the axially symmetrical case,
Dap =0.5Wap +pa)s Dgg =v2/x2 (1)

where x; and x; denote z and r, v, is the increment displacement, v, , = dv,/9xp and D,p; Dgg are the
components of the rate tensor. Note that in [Dorris and Nemat-Nasser 1980] v, is the velocity, but in this
paper, it is the incremental displacement, whose dimension is length. Since we are dealing with small
deformations superposed on initial stress body, the increment displacement v, of the small deformation
is a small part of the whole displacement.
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Still following Dorris and Nemat-Nasser, we use the current configuration as the reference one. We
deal with the first Piola—Kirchhoff stress increment do,;, where the index a denotes the direction of the
stress and the index b denotes the normal to the surface subjected to do,;, in the reference configuration
(note that 6o, # 80p,). Only the incompressible case is considered; the compressible case can be derived
from the results of the incompressible case and it will be studied in another paper.

We turn to the constitutive equations, still following [Dorris and Nemat-Nasser 1980]. Similarly to
what is done in Appendix A — compare A — we can write

Saub = q)ubceDce + Paab - Dacch - DbcTca + va,ccha (2)

where @ ... will be discussed later, P is an unknown scalar function (hydrostatic pressure), and T, is
the Cauchy stress. For the flow theory, the constitutive equation is

)
Dupee = 2U8acdpe — 6AU*ST 0T/, /TY), A3)

where u is the elastic constant, S equals (24/3 +2u)~!, T), and D/, are the deviatoric parts of the
Cauchy stress T, and rate Dy, the scalar A is defined as 1 if 7, D/, > 0and as 0if 7/, D/, <0, and

T =1.5T/,T/,.
1 1\
h=(—-—=) ,
E, E

The value of & is given by
where E is the initial Young’s modulus and E; is the instantaneous tangent modulus. E; equals do/de =
En (a/ay)l_l/ " for 0 <n <1, o is the true stress, o, is the yield stress and € is the logarithmic strain (o
and € are of simple tension or compression).

From total deformation theory, one has

q)abce = 2”(7/V0)n713ac3be - MTa/bTC/e/TZ (4)
for some n satisfying 0 < n < 1; here ¥ is the effective increment strain and yy is a reference increment
strain.

Because (3) and (4) are in similar form, from now on, only the flow theory case is discussed. When
A=0,1ie., chbD(’lb < 0oro <oy, we are in the unloading case or the elastic case, and we can deal
with this problem as in [Hao 2006]. The case A =1, i.e., Ta’bD;b >0 and o > oy, is the loading case,
to be considered in this paper. As the cone indention causes compressive stresses, in order to satisfy the
requirement of the loading case A = 1, the residual stress must also be compressive.

Following [Dorris and Nemat-Nasser 1980], in view of the constitutive equations, one obtains

8020 = 211v2 5 +2u*Svy 1 + P, ©)
8011 = Qu—4u*S —T)vi1 + P, (6)
8021 = 2u—T)(w12+v2,1)/2+ Ty, (7
do12=Q2u—T)(vi2+v21)/2, (8)

8049 = 24uva/r 421> Sv1 1 + P, ©)
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where T is the residual stress.
The homogeneous residual stress og is equal to 7. When the xy-plane is parallel to the surface, the
residual stresses o, and oy are also equal to 7. The first equilibrium equation is

80222 + (8022 — S09g) /X2 + 80211 = 0. (10)
From the calculations in Appendix B, one obtains
20003 201 +2147Sv1 1214 P o1+ (1/x2) 2 (02,21 —v2,1/%2) + 2 —T) (2,111 4v1,121) 2+ T w211 =0 (11)
The other equilibrium equation is
8011,1 + 80122+ 8012/x2 = 0. (12)
Also in view of Appendix B, one has
(2p = 81”8 = T)vra12/2+ Paa+ 2u — T) (V122 + v1.22/%2 = v1.2/%3)/2 =0, (13)
Considering (11) and (13) and eliminating P 5, one has

2uv2.21 4+ 212 Sv1 121 + (1/x2)20(v2.21 — v2.1/%2) + Qu — T) (2,111 + v1.211)/2 4+ Tva 111
— Q2u—8u*S — Tvi112/2 — Qu — T) (V1222 + V1,22/X2 — v12/x3)/2 = 0. (14)

Let L(vy) =v220+v22/x2 — vz/x% and L(v12) =v12220+v122/%2 — vl’z/xg. Substituting into (14), one
obtains

2uL(v2) 14+ 60*Svi 112+ Qe+ T)va111/2— 2p — T)L(v12)/2 = 0. (15)
Let v, be Fjy, where Fy is 82F/8x12. In view of Appendix C, one has
(4p — 12u*S)L(F)11 + Qu+ T)LOFiypy + 2u — T)L*(F) = 0. (16)

Let G(s, x1) be fooo xoF (x1, x2)J1(sx2) dx, which is the Hankel transform of F(x;, x,) with order 1
[Sneddon 1951]. Therefore, one has

o0
4#(1—3MS)/ xoL(F)11J1(sx2) dx
0

o0 o0
reut ) [P dat @u-1) [ ol e do=0. a7
0 0
If x, — 0 and oo, x, F — 0, we have

/oosz(F)Jl (sx2) dxy = —szG(s, x1),
g (18)

o0 o0
/ X2 L2(F)Ji (sx2) dxy = —s> / x2 L(F)Ji(sx2) dxs = s*G (s, x1).
0 0

Substituting (18) into (17), one obtains

—4us*(1=3u8)G (s, x1).11+ Qu+T)G(s, x1) 1111 +5* Qu — T)G(s, x1) =0 (19)
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Let G(s, x1) = N(s) exp(mx1), where m is a function of s. We obtain G (s, x1)11 = N(s) exp(mxl)mz,
G(s,x1) 1111 = N(s) exp(mx1)m* and
st(1— Q) —25*(1 = 3uS)m* + (1+ Q)m* =0,

20
m? =r?s® = s*{(1 = 3u8) £[Q* — 6u5 — 9”12}/ (1 + Q), -

where 2 = {(1 —3uS) £[Q? — 6uS —91%5%1'/?} /(1 4+ Q) and Q = T /2. One can deal only with the
case where there are two different real positive roots rl2 and r22. It can be proved that the same results
will be obtained in the case with two conjugate complex roots.

Letting x; — oo, v — 0, F; — 0, rq, r» > 0, similar to [Hao 2006], one obtains

oo
Gs.x0) = [ xaF (1. (52) dxs = Ny (s) explmyn) + Na(s) explona)
0
= Ni(s) exp(=risx1) + Na(s) exp(—r2sx1). 21)
Considering x; =0, o1 =0, in view of Appendix C, one has
G(s, x1) = Ni()e " + Na(s)e” ™™ = Ni(s)(e” "™ = Ue ™) (22)

where
- rrQu— T)/(2M+T).
r§’ +rQCu—T)/Cu+T)

Now, the stress component §o; and vy are discussed. According to Appendix C, one has
o
Soni=QRu—-T)UE+1) =t +1)] f sJo(sx2)s>Ni(s) ds /2, (23)
0
o0
vi=(r1—Ury) / sJo(sx2)s>Ni(s)ds. (24)
0
The boundary conditions are
o0
(r1—Ury)a® / 52 Jo(sx2) Ny (s) ds = a*[vi (x2)]y,—0  for x; =0, a >x, >0,
0
o0
f s*Jo(sx2)Ni(s)ds =0 for x; =0, x» > a, (25)
0
where a is the radius of contact area, which will be discussed in detail later. Finally,
P’Ni(s) =p’Ni(p/a)= f(p), s=p]a. (26)

3. The circular cone and the residual stress

We now turn to a circular cone on a half-space and consider the residual stress. Let « be the angle of the
circular cone (the angle between the axis of symmetry and the generatrix). Then

[vi(x2)]x,=0 =b+acota(l —x3/a) for a>x;>0 227)
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and
a*[vi(x)]y—0 = a’[b+acota(l —x2/a)l = (r — Ury)(Ag+ Aixz/a) fora=x >0  (28)

On the foundation of that the stress component o is finite at the edge of the punch, the relation between
b and a can be obtained. Similar to [Hao 2006], we obtain

f(P)=
(1)

L{A <cos + /lusin( u)du) +A <cos + /luzsin( u)du)r(3/2)} (29)
i pEp | p rGa A pEp | p NONE

According to [Hao 2006] and Appendix D, for the compressive force R on the cone, one obtains

rari(rira— B) + (ry + rira+ 1) + B
2211 (3 + 2r1r2 + 1) 1/2
2u—T 20 2_2,u—6u23

R=nQu-— T)a2 coto ; (30)

. . 2
where 8 = T and ry, rp can be calculated from the equalities ryry = B, ry +ri = AT
The contact radius a is
( Rlror1(r3 +2r1r2 + )12 )1/2 31)
a= ,
7 QRu—T)[rri(rir, —B) + (1’22 +rirn+ r12) + B] cota

2

from which the contact area wa~ is easily calculated. The penetration depth is

n R cotalrary (r3 +2r1ry +r)1/?] )1/2 32)
] )

1
v1 (X1, X2)x,=0, =o=lnacota=—(
B ? Qu—T)lrari(riro— B+ (3 +rira+rH) + B

2

4. The unloading of the indenter

Lastly, as the residual stress is determined by the indention, the unloading of the indenter is now discussed.
For the unloading case, let A be 0 in (3), i.e., S = 0 in (20). One obtains two roots ry, 5. Then, all other
related values (penetration depth, contact area) of the purely elastic case are obtained.

For an example, the penetration depth in the unloading case is studied.

h=0.5{mrRcotua[rri(ro+r1)]/Qu — T)[rori(rir; — r22r12) + (r22 +rirm+ r12) + r22r12]}1/2 (33)

where 4 is the penetration depth of the purely elastic case and the values of ry, , can be obtained where
S =0 in (20). Subtracting it from the elastoplastic case, one obtains the penetration depth for the residual
plastic deformation case.

5. Results and explanation

As an illustration, we take the specific example considered in [Hao 2006]. The parameters are u = 10—
100 GPa, o, = yield stress =200MPa, R = 0.46kg and « = 7/12. The results are in Figures 1-3.

In the figure, N is a function of the elastic shear modulus w and the plastic constant k = E;/E (recall
that E is the initial Young’s modulus and E; is the instantaneous modulus). This parameter N equals
{(n'? /3 10)* k1=0}, where pug = 7Gpa. When E; =01i.e. k =0 or N =0, the material is soft. When
k=1or N = (u'?/3u10), the material is tough. Therefore, the parameter N is a coefficient to determine
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Figure 1. Elastoplastic case: contact radius (left) and penetration depth (right) versus

residual stress.
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Figure 2. Purely elastic case: contact radius (left) and penetration depth (right) versus

residual stress.
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Figure 3. Ratio of elastic part deformation to the whole deformation, plotted versus

residual stress.
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the softness or toughness of materials. Figure 1 shows that in the elastoplastic case, the contact radius
and the penetration depth vary with the residual stress. However, in the purely elastic case (k = 1),
when N is constant, we see in Figure 2 that the contact radius and penetration depth are nearly constant.
These figures show that the shear modulus is almost an identified factor to determine the contact area,
the contact radius and the penetration depth. These figures also show that the effect of Jaumann rate is
not notable for this case. Therefore, in the purely elastic case, when the Jaumann rate is even considered,
we hardly determine the residual stress according to the indention. This means that in order to determine
the residual stress the plastic deformation must be considered. Figure 3 shows that when N is a constant,
the larger the residual stress is, the smaller the ratio of elastic part deformation to whole deformation
becomes. Naturally, the larger the residual stress becomes, the larger the plastic part deformation also
becomes.

6. Conclusions

In this paper, the axially symmetrical elastoplastic contact problem and its application are studied. The
relation among the penetration depth, the contact radius and the residual stress has been determined.
Besides, the unloading case is considered. The essence of this method is to deviate from the linear
theory to consider Jaumann rate. When deviating from the linear theory a little, this difficult problem
can be studied easily. For an example, when studying the effects of air inside crack in the piezoelectric
materials, we must deal with the opening crack after deformation because before deformation, the crack
is closed and no air can be in it. Therefore, in this case, the replacement of the boundary after deformation
by that before deformation leads to great deviation. In order to avoid it, we use the approximate boundary
after deformation. The approximate boundary after deformation is the boundary before deformation plus
the displacement. Naturally, the displacement is found for the body before deformation as in the theory
of elasticity. On the basis of this consideration, the semipermeable boundary condition was suggested in
[Hao and Shen 1994].

Appendix A. Jaumann rate increment, reference and current configurations
According to [Dorris and Nemat-Nasser 1980], for an incompressible body, the Jaumann rate is
Oub = DT,/ Dt + (ua,c - D;C)ch - TacDéba D/ab = O-S(Ma,b + ub,a)

where u, is the velocity component, o, is the Piola stress component and 7, is the Cauchy stress
component. For convenience, only the hypo-elastic solid is dealt with

Gba = 2D}y, + PSap) + (tta.c — D) Tep — Tue DYy,
Using the variables §op, and D, from (1) to replace 63, and D; » from A, we obtain
Saba = (ZMDab + P(Sab) + (va,c - Dac)ch - Tachb

where D,p = 0.5(v4,p + Vp4), V4 1s the increment displacement component and Dgy = va/x2. There
are two configurations in our work. The configuration of the body after deformation is the current
configuration. That before deformation can be the reference configuration.
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Appendix B. Derivation of (11) and (13)

80222+ (8022 — 8049) /X2 + 60211 =0

2v2,20 + 207 Svi 12+ Po+ (1/x2)20(v22 — v2/x2) + @ — T (v2,11 4 v1,12) /24 Tz, 11 =0

202,201 + 217 Sv1 121 + Pt + (1/x2)20 (02,21 — v2,1/%2) + Qe — T) (v2,111 4+ v1,121) /2 + Tva, 111 = 0
do11,1 + 80122 +8012/x2 =0
Qu —4u*S —Thvia1 + P1+Qu—T) (212 +v1.2)/2+ Qu — T)(va,1 +v12)/2% =0
In order to consider the incompressible equation vy, | 4+ v2 2 4 v2/x2 =0, which can become vy 11 4v2,12+
v2,1/x2 =0, we have

Qu —8u*S — Thvi11/2+ Pa+ 2u—T)[(v2,12 + vi,11 +v122)/2+ (2,1 +v12)/2x2] =0 (34)
Qu—8u*S—T)vi11/2+ P1+ Qu—T)(vi2+vi2/x2)/2=0 (35)
Qu =8>S = Thvi112/2+ Pra+ Qu— T) (0102 + v1,22/%2 = v1,2/%3)/2=0  (36)

Appendix C. Derivation of (16), o1 and vy
Letting v, = F11, from the incompressible equation vy 1 4+ v2 2 4+ v2/x2 = 0, we have
v = (—v22 —v2/x2) = (—F-F/x2) 11, vi=—(F2+F/x2)1

Via=(—Fa—F/x2) 12 =—(Fn+ F2/x2— F/x3)1 = —L(F)1, vi12=—L(F) 11, 37
v 112 = —L(v2)1 =—L(F) 1

We have
2UL(F) 111 — 6U*SL(F) 111+ Qu+T)F11111/2+ Qu —T)L*(F) 1/2=0
(4 — 1242 S)L(F)11 4+ Qu+T)Fii + Qu —T)LA2(F) =0

8001 =QCu—T)w12+v21)/2+Tvy 1 =QCu—T)[—(F12+ F1/x2) 2+ F111]/2+TF 111
=QRu—T)IFi11—LFN/24+TF1iu=[CQu+T)F111—Qu—T)L(F)11/2

Considering G(s, x1) = Ni(s)e™""* 4+ Ny(s)e™2*"1 and fooo x2L(F)Ji(sx2) dx, = —s*>G(s, x1), one
obtains

o0
/ 28021 J1(sx2) dxy = u+T)G(s, x1) 11/2 + Qe — T)s*G (s, x1),1/2
0
[e.¢]
do21 =[C2u+T)/2] / s{G (s, x) 11 +[Qu—T)/Qu+T)Is*G(s, x1)1}J1(sx2) ds
0
Considering G (s, x1) = Ni(s)e " 4+ Na(s)e "1, G(s, x1)1= — [N1(s)rise " 4 Na(s)rpse "M,

G(s, x1)11 = N1 (8)rZs2e 1551 4+ Ny (s)r3s2e %1, G (s, x1)111= — [N1 ()i s3e 1551 + Ny (s)r3 s3e 2517,
one has
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So21 =—[Qu+T)/2] / SIN1($)ri e 55 4+ Ny(s)rys e +[2u — T)/Qu+ T)]
0
s2[N1 ($)rise™™ M 4+ No(s)rase V1 (sx2) ds  (38)
If x; =0, we get from (38)
805 —[Qu+T)/2]
X / S{N1()r3s 4+ Na(s)rss® +[2u — T)/Qu + T)1s*[N1 (s)r1s + Na(s)ras1) 1 (sx2) ds
0
Considering x; =0, §o31 =0, one has
N1(s)ri + Na(s)r5 +[2p — T)/u + T)IIN1 (s)r1 + Na(s)r2]} = 0
Ni(s)ri + 12w —T)/Qu+ T)INi(s)r1 + Na(s)r3 +[2u — T)/ 2+ T)IN2(s)r2 = 0
NI+ Qu—T)/Qu+T)ri]+ Na@s)[r3 + Qu—T)/Qu+T)ry] =0
Na(s) = =Ni()[r} + Qu —T)/Qu+T)r1/lr3 + Qu—T)/Qu+ T)r]

G(s,x1) = Ni(s){e " —e ™[} + Qu—T)/Qu+T)ril/lr3 + Qu—T)/2u + T)r21}
G(s, x1) = Ni(s)(e """ = Ue ™)

where

_ P+ Qu—T)/Qu+T)r
r3+Qu—T)/Qu+T)r

= (r1/r2)

P+ Qu—T)/Qu+T) ri+B (39
2
ry

2reu—Tyen+n -
and B = Q2u—T)/Qu+T) =r3ri.
In view of (35), one has (2u — 8u%S — T)vi11/24+ P14+ Qu—T)(v122+v12/r)/2=0. Considering
vi= — (F.2 4+ F/x2) 1, one obtains
—(u—8u*S —T)(Fa+ F/x2) 111/2+ P1 — Qu—T)[(Fa+ F/x2) 221 + (Fa+ F/x2) 21/%21/2 =0
P=Qu—8u*S—T)(Fa+F/x).11/24+ CQu—T)(Fa+ F/x2) 22+ (F2+ F/x2) 2/x21/2
P =Qu—8u*S—T)(Fa+ F/x2) 11/24 Qu—T)[L(F) 2+ L(F)/x2]/2
In view of the (6), one has
8011 = Qu—4u*S —T)y,, + P
= —Qu—4*S = T)(Fo+ F/x2) 11 + Qu — 8>S — T)(F o+ F/x2).11/2
+QCu—T)IL(F) 2+ L(F)/r]/2
=—Qu—-T)F2+F/x2) 11/2+ Qu—T)[L(F) 2+ L(F)/r]/2
=QCu—-D)[=(F2+ F/x2) 1+ L(F)2+ L(F)/x2]1/2
80112=Qu—T)—(F2+ F/x) 211 + L(F) 22+ L(F) 2/x, — L(F)/x31/2
= Qu—T)[=L(F)11/2+ L*(F)]/2
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Now, we discuss the order-one Hankel transform of the preceding quantity.
o0
/ x2J1(sx2)8011,2dx2
0 o
—Qu-T) /O 521 (sx)[—L(F) 11/2+ LA(F)]/2 dxs

=(2M—T)%[—/O Xzfl(sz)L(F),ndxz—i-/o sz1(SX2)L2(F)dX2}

= Q2u—T)[>G11 +5*Gl/2 = Qu —T)s* N (s)[(rF 4+ 1)e ™55 — U (r2 4 1)e "]

Its Hankel retransform is
o0
so112=C2u—T) f sT1(sx2)s* N ()[(r? + De ™5 — U (r3 4+ 1)e "] ds /2 (40)
0
For x; = 0, from (40), one has

So112=Qu - +1)=U@; +1)] f sJ1(sx2)s*N1(s) ds /2
0

Son1=Qu—T)ri+1)—U@F;+ 1)]/ s/ Ji(sx2) dxos* Ny (s) ds /2
0
Considering dJo(u)/du = —J(u), one has
so11 = Q= DIUGE+ D= 03+ 1] [ sdolsns' M) ds/2
0

According to (37), one has
vip=—(Fa+ F/x2)12=—L(F) 41)

o0 o0 o0
/ xJ1(§x2)vi2dxy = —/ x2JJ1(§x2) L(F) 1 dx 252[/ x2J1(Ex2)F dxs] | =5°G| (42
0 0 0 ’
o0
V2= —/ sJ1(sx2)° N1 (s)(r1e 5% — Urpe 2% ds (43)
0
o o
V2= —f le(sxz)s3N1(s)(r1 —Ur)ds vy = —/ sf]l(sxz) dxzs3N1(s)(r1 —Ur)ds (44)
0 0
o0
v =(r1 —Ur) / sJo(sx2)s Ny (s) ds (45)
0

Appendix D. The circular cone
Letting a*[vi (x2)]x,=0 = a*[b +a cota(l — p)] = (r1 — Ur2)g(p) = (r1 — Ur2)(Ag + A1p), one has
Ag=(b+a cotoc)a4/(r1 —Ur), A= —a’ cota/(r1 —Ur) p=x3/a

where « is the angle of the circular cone (the angle between the axis of symmetry and the generatrix).
Considering (29), one obtains from [Gradshteyn and Ryzhik 1965]

f(p)=2(Ao/m + A1/2)sin p/p+ Aj(cos p — 1)/ p*
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As p>N; = f(p) and (sa) = p, one has

P N1 =2(Ao/7 + A1/2) sin p/p + Ai(cos p— 1)/ p? (46)
o1 = Qu — T)[U(r22 +1)— (rl2 + 1)] / sJo(sx2)s3N1 (s)ds/2 47)
0
2 2 o sin(sa) cos(sa) — 1
doty =(2M_T)[U(r2+1)—(r1+1)]/ sJo(sx2)| QAo/m + A1) + A, — | ds/2
0 sa (sa)
(48)

As the integral f0°° Jo(p) sin p dp is divergence, for the finiteness of stress component §oq; at the edge
of the punch, we have (2Ay/m + A;) =0, that is, b =acota(wr/2 — 1). Hence

V(X2)x;=x,_g = b +acota =0.5macota

Because fooo Jo(pp)(cos p—1)/pdp = —cosh™!(1/p), one has

Soi=QRu—-T)UE+1) =i+ 1]Aa™ /oo saJo(saxy/a)[(cos(sa) —1)/(sa)*1dsa/2  (49)
0
So11 = —QRu—T)UFZ+1) — (r} + D]a"> A cosh™ (a/x2) /2 (50)

As foa [cosh’l(a/xz)xz] dx, =0.5a%> and A = —a° cota/(r; — Ury), one obtains for the compressive
force R on the cone

R =21 / (80111 =oX2 dxy =2 — T)[U (r3 +1) — (r} + D]a > A, / [cosh™! (a/x2)x21dx2/2
0 0
cotuo

=aQu—-TUE;+ 1)~ i+ Dla A1 2=7Qu—- T+ 1)~ Ur;+ Wm

From (39), we know that U = (r{/r2)

2
r12 +§’ where 8 = (2u — T) /(2 4 T) = r3r?2. Then, one has
.
2

r—=Ur)=r{l-— [r]2 + 1”221”12]/[1”22 +r22r12]} = 1’1{1”22 — 1”12}/[1”22 +r22r12] (51)
and

P+ 1=Ur; —U) = {r{ + 1 = (rir)[r? + 138115 + r3rd] — (r1/r)[r? + r3rd ][5 + r3rdl)

P DIZ + il — i)l i) — (1 /r) ] 473

r22 +r22r12
B r12r22 + r22r12 — (;’1;’2)[1"12 + r22r12] n [rz2 + r22r12] — (rl/rz)[rl2 + r22r12]
rz2 + r22r12 r22 + r22r12
_ rilrira(ryo —r) + (r —r)r3rdl + (13 — (r1/r)ril + r3rd — (1 /r2)rsrd
r22 —|—r22r12
= (ry—r{rilrira —r3rdl + 3 + riry + 1) ra +r3r [}/ [r3 +rard]

= (ry — r)raririry — rart + 2+ rim + 12 + r2r 3 )12 + r2rdin) (52)
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Considering the equations (51) and (52), one knows
ri+D=U@F;+1) _ (rn=r)lrari(rin —r3rd) + (13 + rira 1)) + 13 /[ 4+ 3]
r1—Ur - rl{rzz—rlz}/(rzz—l—rzzrlz)
= {—rg’rl3 + (r22 +rirm+ rlz) + 2r22r12}/r2r1(r2 +r)

= {—r23r13 + [}’22 +rirn+ r12] + 2r22r12}/[r2r1 (r22 +2rir + rlz)l/z]

Considering | and r» are the two positive roots of the equation p; + pam?/s> + psm*/s* = 0, where
p3=010+0), pp=—2—-6uS), pr=(1—0Q)and Q =T/2u, one has
rri=(pi/p)' = 1-0)"?/1+ Q) ? = 2u-1)"2/Qu+1)"2,
P34l =—pa/p3=Q2—6uS)/(1+ Q)= 2u—64>S)/2u+T)
where S can be found from (3). Then, one obtains (30). The contact radius a is then given by (31) and

the penetration depth by (32). Finally, from the expression for a and the values (r22 + rlz) = —p2/p3,
rira = (p1/p3)'?, B = (p1/p3) and T/2u = Q, one obtains

ma® = (R/2m{(p1/p3) *12(p1/p3)"/* — pa/p3]"/?)
A= O(p1/p3—p) 103+ (p1/p3)'/? = pa/ps+ p1/pslcota}  (53)

Substituting —pa/p3 =+2(1=3uS)/(1+Q), (p1/p3) =1=0)/(1+Q), (p1/p3)/*=1-0)'/?/(1 +
0)'/? into (53), one has

ma® = (R/2wytgaf{[1/(1— OHYA2(1 — @)V /(1 + Q)2 +2(1 = 3u8) /(1 + 0)]'?)
HA=O2 A+ (1 -2/ + )= (1-0)/1+ Q)]
+[(1 =/ A+ +2(1 =3uS)/1+ Q)1+ (1 - 0)/(1+Q)} (54)
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