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ON THE CHOICE OF FUNCTIONS SPACES IN THE LIMIT ANALYSIS FOR
MASONRY BODIES

MASSIMILIANO LUCCHESI, MIROSLAV SILHAVY AND NICOLA ZANI

The kinematic and static problems of limit analysis of no-tension bodies are formulated. The kinematic
problem involves the infimum of kinematically admissible multipliers, and the static problem the supre-
mum of statically admissible multipliers. The central question of the paper is under which conditions
these two numbers coincide. This involves choices of function spaces for the competitor displacements
and competitor stresses. A whole ordered scale of these spaces is presented. These problems are
formulated as convex variational problems considered by Ekeland and Témam. The static problem is
unconditionally shown to be the dual problem (in the sense of the mentioned reference) of the kinematic
problem. A necessary and sufficient condition, the normality, guarantees that the kinematic and static
problems give the same result. The normality is not always satisfied, as examples show (one of which
is presented here). The qualification hypothesis of Ekeland and Témam, sufficient for the equality of the
static and kinematic problems, is never satisfied in the spaces of admissible displacements of bounded
deformation or of functions integrable together with the gradient in the power p, 1 < p < co. In the cases
of lipschitzian displacements and of smooth displacements, the qualification hypothesis is equivalent to
simple conditions that can be satisfied in the case of the pure traction problem. However, it is shown that
then the space of admissible stresses must be enlarged to contain stress fields represented by finitely or
countably additive tensor-valued measures.

1. Introduction

No-tension (masonry-like) materials [Anzellotti 1985; Giaquinta and Giusti 1985; Del Piero 1989; Di Pas-
quale 1992; Lucchesi et al. 2008a] cannot support all stresses: only negative semidefinite stresses are
possible. Therefore, bodies made of no-tension materials cannot support all loads, certain loads lead
to the collapse of the body. The goal of limit analysis is to determine the limit load, i.e., the largest
possible load prior to collapse. It is customary to assume that the loads depend affinely on a scalar
parameter A, the loading multiplier, as described in Section 2A, and the problem reduces to determining
the collapse multiplier, i.e., the value of A corresponding to the limit load. Limit analysis is tradition-
ally based on the static and kinematic theorems, which determine the limit load as the supremum of
statically admissible multipliers and the infimum of kinematically admissible multipliers, respectively.
The traditional definition identifies the collapse multiplier as one with the collapse mechanism (called
strong mechanism in Section 2C below). Under this assumption the supremum of statically admissible
multipliers and the infimum of kinematically admissible multipliers are the same and coincide with the

This research was supported by the Regione of Toscana (project “Tools for modeling and assessing the structural behavior
of ancient constructions: the NOSA-ITACA code”, PAR FAS 2007-2013). Silhavy’s research was also supported by RVO:
67985840. Both forms of support are gratefully acknowledged.

Keywords: limit analysis, static and kinematic theorems, duality of displacements and forces.

795


http://msp.org/jomms
http://dx.doi.org/10.2140/jomms.2012.7-8-9
http://msp.org

796 MASSIMILIANO LUCCHESI, MIROSLAV SILHAVY AND NICOLA ZANI

collapse multiplier. The reader is referred to [Del Piero 1998] for the proofs of the static and kinematic
theorems under this definition. There is no definition of the collapse multiplier in the present paper since
the strong mechanism need not exist (see Example 7.6), and the supremum and infimum can be different,
depending of the choice of the function spaces, as discussed in Example 7.12.

In this paper we call the definitions of the infimum and of the supremum mentioned above the kine-
matic and static problems of limit analysis of no-tension bodies. The kinematic problem involves the
choice of the function space for admissible displacements. The static problem involves the choice of the
function space for admissible stress fields. The central question of the paper is under which conditions
these two numbers coincide. Various choices of the spaces are discussed in detail: for the space of
displacements we consider the subspaces satisfying the null boundary condition on the fixed part of the
boundary of (a) functions of bounded deformation, (b) the Sobolev spaces whr 1< p < 00, (c) the
Sobolev space W of lipschitzian displacements, and (d) the space C' of all smooth displacements on
the closure of the body. Corresponding to these choices we are led to stress spaces which consist, respec-
tively, of (a’) the space of continuous functions, (b’) the space LY of stress fields that are integrable with
the power ¢ where ¢ is the Holder conjugate exponent of p, (c’) the stress fields represented by finitely
additive measures on the body that are absolutely continuous with respect to the Lebesgue measure, and
(d') the stress fields represented by countably additive Borel measures on the closure of the body.

The problems mentioned are formulated as convex variational problems considered in [Ekeland and
Témam 1999, Chapter III]. Following the similar application of the duality theory to the deformation
(Hencky) theory of plasticity in [Témam and Strang 1980] and [Témam 1983], the static problem of the
limit analysis is unconditionally shown to be the dual problem (in the sense of [Ekeland and Témam
1999]) of the kinematic problem. The theory provides a necessary and sufficient condition for the primal
and dual variational problems giving the same result, the normality. This is particularized to the static
and kinematic problems of no-tension bodies. The condition can be applied with any choice of function
spaces, and different choices lead to different results. Another condition, called qualification hypothesis
in [Ekeland and Témam 1999, Chapter 111, Remark 2.4], provides a sufficient condition. However, normal-
ity is difficult to verify. The qualification hypothesis even cannot be satisfied, with some function spaces,
by the no-tension material, at variance with the deformation theory of plasticity. This failure occurs in
the spaces of admissible displacements as in (a) and (b), no matter how tame the loads. An example is
presented in which the static and kinematic problems give different results. The necessary and sufficient
condition and the qualification hypothesis can be satisfied with the choices (c) and (d). However, then
the space of admissible stresses must be enlarged to contain measures as mentioned above.

Another application of the duality theory, different from the one employed in [Témam 1983], is used
to derive a simple condition for the static admissibility of a given multiplier.

In the introductions to the subsequent sections we give brief outlines of the material presented. We
also refer to the summary in Section 8 for a more detailed discussion of the results of the paper.

Throughout, we use the conventions for vectors and second order tensors identical with those in [Gurtin
1981]. Thus Lin denotes the set of all second order tensors on R”, i.e., linear transformations from R”
into itself, Sym is the subspace of symmetric tensors, Sym™ the set of all positive semidefinite elements
of Sym; additionally Sym™ is the set of all negative semidefinite elements of Sym. The scalar product
of A, B € Lin is defined by A- B =tr(A BT) and | - | denotes the associated euclidean norm on Lin. If
A, B € Sym, we write A > B to say that A — B € Sym™*. We denote by 1 the unit tensor in Sym.
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2. Abstract setting of the limit analysis for no-tension materials

We start this section with an informal introduction to the no-tension body and applied loads, i.e., surface
tractions and body forces. Section 2B formulates the problem abstractly, with the energy of the loads
as linear functionals on displacements and stresses as linear functionals on strains. Section 2C gives
definitions of kinematically and statically admissible multipliers, of the infima and suprema thereof,
of the collapse mechanism, and strong collapse mechanism. Section 2D reviews the duality theory
of Ekeland and Témam. It presents the normality condition, which is equivalent to the equality of
the results of the primal and dual problems, and a sufficient condition, the qualification hypothesis.
Section 2E particularizes Section 2D to the kinematic and static problems of limit analysis of no-tension
bodies. Proposition 2.5 gives a necessary condition for the equality of the results of the kinematic and
static problems (i.e., for the normality) and Proposition 2.6 a sufficient condition (i.e., the qualification
hypothesis). Finally Proposition 2.8 gives a necessary and sufficient condition for a multiplier to be
statically admissible.

2A. Loads and potential energy. Let 2 be a reference configuration of a continuous body made of a
no-tension material; it is assumed that €2 is a bounded connected open set in R" (typically n =2 or n = 3)
with Lipschitz boundary 9€2 in the sense of [Ekeland and Témam 1999, Chapter X, Section 2.2], of outer
normal n. The body is fixed on an area measurable subset % of 92 while on & := 92 \ & the body
is subjected to surface tractions depending on the loading multiplier as specified below. We consider
displacements v : Q2 — R” from a Banach space of displacements V. Several choices of V are given
below, and in all these choices it is meaningful to speak about the values of v on the boundary 02, and
in particular it is meaningful to require that

v=0 on 9%, (2-1)

either in the classical or in some generalized sense. We denote by W the set of all displacements from
V which satisfy (2-1).

We assume that the body is subjected to loads consisting of a surface traction on & and a body force in
2; both the surface traction and the body force depend affinely on a real parameter A called the loading
multiplier. Thus if A € R, the surface tractions s(}) : ¥ — R" and the body force b(A) : 2 — R" are
given by

s(\) =$o+AS, b(L) = b, + b,

where s, and § are vector-valued functions on & and b, and b are vector-valued functions on €. The
functions s, §, b,, b have to belong to appropriate spaces to make the discussion that follows meaningful.
We call the pair (s(X), b(X)) the loads corresponding to A, the pair (s,, b,) the permanent loads and the
pair (s, b) the variable loads. We define the potential energy (I(1), v) of the loads corresponding to A
on a displacement v by

(), v) = (Lo, v) + A(l, v) (2-2)

where

(lo,v):/ bo-vd££”+fso-vd%”_l, (2-3)
Q 2
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and
a, v):/l;-vdiﬁ"+/§-vd‘z7€”_1, (2-4)
Q 4

for v e W, with £" and #"~! the volume and area measures, i.c., the Lebesgue measure and the (n—1)-
dimensional Hausdorff measure in R"”. Here the integrals are interpreted either classically or in an
appropriate generalized sense to be precisely specified below.

We further define the infinitesimal strain tensor E (v) of the displacement v € W by

E®) =1(Vv+ VoD, (2-5)

which will be either a function defined for almost all points of €2, taking the values in the space Sym, or
a Sym-valued measure. Throughout, “almost all”, “almost every” and “almost everywhere” mean with
respect to the Lebesgue measure. It is then meaningful to consider the space W of all displacements
v € W for which E (v) is either a positive semidefinite tensor for almost every point of €2 or a measure
taking values in the set of positive semidefinite tensors. This is a convex cone in W, i.e., we have the
following implications:

vweWt = v4+weWT,
veWtandteR, r>0 = rtveW.

We assume that for the selected space W, the strain tensors Ew :Q— Sym belong to some Banach
space Y, which will form either an appropriately chosen class of functions F : Q — Sym, possibly
defined only almost everywhere in €2, or the space of Sym valued measures. We furthermore denote
by YT the convex cone of all F € Y such that either F is positive semidefinite almost everywhere or a
measure with values in the space of positive semidefinite tensors. Thus if v € W, then EweY™.

Next, we consider the stress fields T'. In the classical cases, this will be a function from €2 to Sym,
possibly defined only almost everywhere. We shall also consider stress fields T represented by a more
general object, viz., a finitely additive or countably additive measure to be specified in the subsequent
formal treatment. We denote by Y* the linear space of all stress fields, which we assume to form a
closed subspace of the Banach space Y’ of all continuous linear functionals on Y, i.e., the dual of Y. We
denote by (T, F) the pairing between elements T' € Y* and elements F € Y, i.e., the value of the linear
functional T on an element F'. In the classical case we have

(T, F) =/ T -Fd¥, (2-6)
Q

the integral has to be interpreted in a generalized sense in the more general cases of Y and Y*. The stress
fields in the masonry bodies take negative semidefinite values. If T : 2 — Sym is a negative semidefinite
classical function, we have

(T,F)<0 forall FeY™. 2-7)

In the classical case we denote by Y*~ the set of all stress fields on €2 which take negative semidefinite
values almost everywhere on 2. When the stress field T € Y* is not represented by a function, we define
Y*~ as the set of all elements of Y* which satisfy (2-7). (In the classical case this leads to the requirement
posed previously.) We say that a stress field T is Y* admissible if T € Y*~.
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2B. Abstract setting of the problem. We summarize the essential features of the discussion in the pre-
ceding section. We consider general objects

Wa la loa Y’ Y*’ EA, Y+’ Y*_ (2_8)
of the following nature:

(i) W is a Banach space;

(ii) I, and I are elements in the dual W* of W;
(iii) Y is a Banach space and Y* is a closed subspace of the dual Y’ of Y;
@iv) E is a continuous linear transformation from W to ¥ ;

(v) YT and Y*~ are closed convex cones in Y and in the dual Y* of Y, respectively, which are dual to
each other in the sense that

(FeY:(T,F)y<OforeveryT eY* }=Y",
{TeY*:(T,F)<Oforevery FeYT}=Y*".

We interpret W as the set of displacement fields over €2 satisfying the kinematical constraint (2-1), and
I, and [ as the energy functionals of the permanent and variable loads. We then define I (1) by (2-2) for
any A € R. We denote by (-, -) the dual pairing between W* and W; i.e., (m, v) € R denotes the value
of the linear functional m € W* on an element v € W. The transformation E (-) associates with any
displacement v € W an element E(v) € Y, which we interpret as the strain field of v. We define W™ by

WH={veW:EweYt)

and view W as the set of all displacements with positive semidefinite strain tensor over 2. We denote
by (-, -) the dual pairing between Y* and Y, i.e., (T, F) € R denotes the value of the linear functional
T € Y* on the element F € Y. The stress fields are interpreted as the elements of Y*, and Y*~ is
interpreted as the set of all negative semidefinite stress fields. We say that T € Y* is an admissible stress
field if T € Y*~; to emphasize the space of stresses, we sometimes say that 7' is Y* admissible. We say
that a stress field T € Y* equilibrates the loads corresponding to A if

(T, E(w)) = (I(}), v)

for every v e W.
In Sections 2C and 2E, we will use the abstract setting described above. In subsequent sections we
make concrete choices for the objects introduced here.

2C. Kinematically and statically admissible multipliers. We say that a multiplier X\ is kinematically
admissible if

there existsa v € W such that (l_, v)=1 and {{(X),v)=0. (2-9)

The last notion depends on the choice of the space W, and to emphasize this, we will sometimes say that
X is W-kinematically admissible. We denote the set of all kinematically admissible multipliers by A. If
A is given, we call the element v as in (2-9) a mechanism corresponding to A.
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We say that a multiplier A € R is statically admissible if there exists an admissible stress field T which
equilibrates the loads corresponding to . We shall sometimes say that X is Y *-statically admissible. We
denote by A the set of all statically admissible multipliers.

The sets A and A are intervals, possibly empty, singletons, bounded, unbounded, open, or semiopen.
To see, e.g., that A is an interval, we note that if A, JTRS Aands>0, t >0, s+¢=1, then also SA+tu e A
since if v, w € W denote mechanisms corresponding to A and u, respectively, then sv +tw € W' is a
mechanism corresponding to sA 4t € A. That A is an interval is proved similarly.

The interval A is situated to the left of the interval A in the sense that

if A€ A and pweA then A <pu. (2-10)

Hence the intersection of A and A can contain at most one point. To prove (2-10), we note that if
is kinematically admissible and v is a mechanism corresponding to it, then u = —{l,, v) while if X is
statically admissible and T € Y*~ a corresponding stress field, then 0 > (T, E (v)) = ({(A), v) and hence
A < —{l,, v), which gives (2-10).

Central to our considerations are the numbers (or the symbols co and —o0)

Aw =inf{L e R:Ais W kinematically admissible} (2-11)
and
Ay« :=sup{A € R: A is Y™ statically admissible}. (2-12)

We call (2-11) the kinematic problem and (2-12) the static problem. We furthermore call w the critical
multiplier of the kinematic problem and Ay« the critical multiplier of the static problem. The implication
in (2-10) gives

Ay < Aw. (2-13)

We examine conditions under which we have the equality in (2-13). Example 7.12, below, shows that
under common choices of function spaces and under bounded and piecewise continuous loads we have
the strict inequality sign. In the following section we treat the equality in (2-13) by applying the duality
theory of [Ekeland and Témam 1999].

We close this section with a simple sufficient condition for the equality in (2-13). We say that the
multiplier L. € R admits a strong mechanism if there exists a statically admissible stress field T, € Y*~
corresponding to A and a v, € W such that

(I,v)=1 and (T —T., E(v.)) <0 forevery T € Y* .
Proposition 2.1. If A, admits a strong mechanism v, then
Aye = Aw = Ac (2-14)
and v, is a corresponding mechanism.
Proof. The definition requires that A. be statically admissible and hence

Ae < Ays. (2-15)
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We have (T — T, E(v.)) < 0 for every T € Y*7; replacing T by tT where ¢ > 0, we obtain another
element of Y*~ and hence (¢tT — T, E (vc)) < 0; dividing by ¢ and letting + — oo we thus obtain
(T, E (ve)) < 0, which by the assumed duality of the cones Y and Y*~ stated in the preceding section
implies that E (ve) € Y™, and hence v, € WT. Setting 7 = 0 in the inequality (T — T, E(v.)) <0
we obtain (T, E(vc)) > 0 and as also T, € Y*~ and E(v) e YT, we have (T, E(vc)) < 0 and hence
(T, E (v.)) = 0. Since T, balances the loads corresponding to A, we have

0= (Te, E(we)) = (L(Ae), V)

and since (I, v.) = 1 as part of the definition of the strong mechanism, we see that A. is kinematically
admissible and v, a mechanism corresponding to it. Thus

Aw < e (2-16)

Combining inequalities (2-15) and (2-16) with (2-13) we obtain (2-14). Then v is a corresponding
mechanism. O

Remark 2.2. In [Del Piero 1998, IV.1], a definition is given of collapse mechanism for the general case
of a normal linear material (of which the no-tension material is a special case) which eventually leads
to the properties embodied in the present definition of strong mechanism. Indeed, as a consequence of
Del Piero’s definition and of the assumptions of his kinematic theorem in the same work, the collapse
mechanism in the sense of [Del Piero 1998] is assumed to exist. If we denote it by v, it satisfies

(I, o) >0,
(T —T., E(3.)) <0 forevery T € Y*".

(Cf. the text between Equations (42) and (43), and the second sentence after Equation (37), respectively.)
It then follows that v := v /(l, ¥.) is a strong mechanism in the present sense. Thus Del Piero’s definition
of collapse mechanism is more restrictive than the present definition of strong mechanism and, hence
Proposition 2.1 covers all cases treated in the version of the kinematic theorem in [Del Piero 1998].

We consider the assumption of the existence of collapse mechanism as too restrictive. Indeed, in
Example 7.6 (below) we present loads which satisfy (2-14) and yet there is no collapse mechanism in
the sense of [Del Piero 1998, Definition I'V.1] or strong mechanism in the present sense. In the subsequent
treatment we seek to prove (2-14) under more general assumptions.

2D. Primal and dual variational problems of convex analysis. We here outline the duality theory for
convex variational problems developed in [Ekeland and Témam 1999, Chapter III].
Consider the variational problem [loc. cit., Remark 4.2]

= inf{C(v) + D(E(v)) : v € W}, (2-17)

where C : W — RU {00}, D : Y — RU {oco} are general convex functions on Banach spaces W, Y and
E(-): W — Y is a general bounded linear transformation. We call (2-17) the primal problem.
The dual problem is defined by

J =sup{—C*(—E*T)— D*(T): T € Y*}, (2-18)
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where W* is the dual of W and Y* is a closed subspace of the dual space Y’ of ¥, C*: W* — RU {00},
D* : Y* — R U {oo} are the convex conjugates of C, D, respectively, and E* : Y* — W™ is the adjoint
transformation of E. The convex conjugate functions are defined by

C*(m) =sup{(m,v) —C(v):ve W},
D*(T)=sup{(T,F)— D(F):FeY},

foreachm € W*, T € Y*, and the adjoint E* is a linear transformation defined by the relation
(T. E@w) = (E*T.v)

foreachve W, T e Y*.
We assume that the functions C and D are proper, i.e., each of them is less than co somewhere and
bigger than —oo everywhere. One has generally

—c0o<J<J<oo0.
Let H:Y — RU{—00, co} be defined by
H(F)=inf{C(v)+ D(E(v)— F) : v € W}, (2-19)

for F € Y, so that H(0) = J. The function H is convex. The problem (2-17) is said to be normal if
H (0) is finite and H is lower semicontinuous at 0.

Proposition 2.3. The following conditions are equivalent:

(1) The problem (2-17) is normal.
(i) One has
J=17 (2-20)

and this number is finite.
The problem (2-17) is said to satisfy the qualification hypothesis if there exists a v, € W such that
C(vy) < o0, D(E(vo)) < 0o and D is continuous at E(vo). (2-21)
See [Ekeland and Témam 1999, Chapter 111, Remark 2.4].

Proposition 2.4. Suppose the problem (2-17) satisfies the qualification hypothesis. Then:
(1) Equation (2-20) holds.
(i1) If the number J = J is finite, the dual problem has a solution, i.e., there exists a T € Y™* such that
J =—C*(—E*T) — D*(T).

We emphasize that the qualification hypothesis is sufficient for (2-20) but not necessary, the necessary
and sufficient condition is the normality.
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2E. Primal and dual variational problems of limit analysis. The definition (2-11) of Ay is easily seen
to be equivalent to

Ay =inf{—(,,v):ve WT, (I,v)=1}. (2-22)
Proposition 2.5. Let H : Y — RU {—o00, 00} be given by
H(F)=inf{—(l,,v):veW, E@)—FeY™, {I,v)=1}, (2-23)
F eY. Then:

(i) H is convex and nondecreasing in the sense that H(F) < H(G) whenever G — F € Y.

(i) We have
Ayx = )_\W eR

if and only if H (0) is finite and H is lower semicontinuous at (.
Here the finiteness of H (0) and the lower semicontinuity of H at 0 is the normality condition for (2-22).

Proof. The problem (2-22) can be rewritten as
Aw =inf{C (W) + D(E(v)): v e W} (2-24)

where
C:W—->RU{oo}, D:Y— RU{oco}

are the functions defined by

—({l,,v) if d(,v)=1,
Clv) = (o, v) 1 veWan (_ ) (2-25)
ifve Wand (l,v) #1,
0 ifFeyt
D(F) = e (2-26)
oo ifFeY\YT.
The dual problem reads
Ay =sup{A € R: A is statically admissible}. (2-27)
To prove the last statement, calculate C* and D*. If m € W*, then
C*(m) =sup{(m+1,,v):veW, (I, v)=1}
and since this supremum is finite if and only if m + [, and I are parallel, say m + 1, = —l for some
X € R, and then (m +1,, v) = —A, we have
C*(m) = {—A if there. exists a A € R such that (m, v) 4+ ({(A), v) =0 forevery v e W, (2.28)
oo otherwise,

me W*. Letting T € Y*, setting m = —E*T and noting that the finite regime in (2-28) occurs if and only
if T equilibrates the loads corresponding to A, in the sense that (T, E (v)) = (l(A), v) foreachv e W,

we obtain
—A if T equilibrates the loads corresponding to A,

C*(—E*T) = { ,
oo  otherwise.
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Furthermore, the definition (2-26) of D* and the fact that Y is a cone implies that

0 ifTey*
oo fTeY*\Y*"
T € Y*. Thus the right-hand side of the dual variational problem (2-18) is

D*(T)={

_CH—E*T) — D*(T) = {k it T eq.uilibrates the loads corresponding to A and T € Y*~,
—oo0 otherwise,
and (2-27) follows.
The function H of (2-19) is given by (2-23).
(i) H is convex (as stated generally in Section 2D). To prove the nondecreasing character of H, it suffices
to note that if G — F € Y™ then

fveW, E)—GeYt (Lvy=1}clveW, E—FeYt, (I,v)=1}.

(i1) This follows from Proposition 2.3. U
Proposition 2.6. Assume that
there exists a v, in W satisfying (I, o) > 0 such that E(¥,) is an interior point of Y. (2-29)
Then
Ay = Aw; (2-30)

if, additionally, the number Ay~ = Ay is finite, then A is statically admissible.
Condition (2-29) is the qualification hypothesis for Problem (2-22).

Proof. Consider the problem (2-24) with C and D given by (2-25) and (2-26). This problem satisfies
the qualification hypothesis if and only if there exists a v, as in (2-29). Indeed, assume that the problem
satisfies the qualification hypothesis. Then there exists a point v, such that (2-21) hold; the first of these
three conditions and the definition of C gives that (l_ , Vo) = 1; the second of these conditions and the
definition of D gives @, € W, and the third condition gives that D is finite in some neighborhood of
E (v,). Then v, is as in (2-29). Conversely, if (2-29) holds, then the point v, := v,/ (l_ , Vo) satisfies (2-21).

Then the assertion of the proposition follows from Proposition 2.4. (I

Remark 2.7. Condition (2-29) is never satisfied if one uses displacements from the space BD of func-
tions of bounded deformation or if one uses displacements from the Sobolev space W!:? of functions
integrable together with the gradient in the power p where 1 < p < oco. Indeed, we shall see that
then the cone Y has empty interior; see Sections 3 and 4. The cone Y has nonempty interior if one
uses lipschitzian displacements or continuously differentiable displacements on the closure of €2, see
Sections 5 and 6. However, we shall see that in the case of continuously differentiable displacements,
(2-29) can be satisfied essentially only in the pure traction problem, when % = @. Condition (2-29) is
only sufficient for (2-30); a necessary and sufficient condition is provided by 2.5: the finiteness of H (0)
and lower semicontinuity of H at 0. The last condition is difficult to verify in concrete cases. Only
in the cases of lipschitzian displacements or of continuously differentiable displacements, the lower
semicontinuity of H at 0 reduces to verifying lower semicontinuity of a real function of real variable.
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Lower semicontinuity frequently holds even when (2-29) fails to hold, because in concrete cases of loads
we often have the equality (2-30).

We now address the problem of statical admissibility of a given multiplier A € R.

Proposition 2.8. A multiplier A is Y*-statically admissible if and only if there exists a ¢ < 0o such that
sup{{I(A),v):ve W, E(w)—F €Y'} <c|F| (2-31)
forevery F € Y, where | - | denotes the norm on Y.

Condition (2-31) is the normality of the problem of static admissibility of a given A. This condition
will be employed in Example 7.6. Clearly (2-31) implies that

(), v) <0 (2-32)

for every v € W. However, (2-32) does not suffice for the static admissibility of A; see Example 7.12
and Remark 7.15, below. Inequality (2-31) says, roughly, that if we allow displacements with slightly
negative strain, then (/(}), v) can become positive, but not too much.

Proof. Consider the problem
[ =inf{—(I(M),v):ve WT}. (2-33)

This problem takes the form

[ =inf{C(v) + D(E(v)): v € W} (2-34)
with
0 ifFeY™,

C(v)=—({IA),v) and D(F)= {oo otherwise

forve W, F €Y, and with E(-) the small strain mapping. Problem (2-34) reads explicitly

= {0 if (I(A),v) <Oforeveryve W™,

. (2-35)
—o0 otherwise.

Indeed, if (I(1), v) <0 for every v € W then the infimum in (2-33) is taken over the set of nonnegative
numbers and thus 7 > 0; on the other hand, setting v = 0 in (2-33) we obtain I <0 and thus we have
the first regime in (2-35). In the second regime we have (I(1), v) > 0 for some v € W™; setting v = sv
where s > 0 in (2-33) we obtain

I<—s(I(),v);

as this must be satisfied for all s > 0; we have the value asserted by the second regime in (2-35).
We determine the dual of (2-34). We have
0 ifm=-I),
C*(m) = { thm = 1) (2-36)
oo otherwise,

m < W*, and
0 ifTeYy*,

oo otherwise,

D*(T):{
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T € Y*. Setting m = —E*T in (2-36), we obtain

CH— BTy = 0 ifEXT =10,
oo otherwise,

T € Y*. Then )
_cr—pmy-pry= {0 TET=I0adTer,
"~ |—o00 otherwise,

T € Y*. Noting that the conditions E*T =1() and T € Y*~ mean exactly that A is Y*-statically
admissible, we have the following: the dual problem of (2-34) reads

I {0 if A is Y* statically admissible, (2-37)
—oo otherwise.
The function H : Y — RU {—o00, 0o} of (2-19) corresponding to Problem (2-34) is given by
H(F) =inf{—(I(M),v):ve W, Ew)— FeY*};
the function H has the following properties:

(i) H is convex.
(ii) H is nondecreasing in the sense that H(F) < H(G) whenever G — F € Y.
(iii) H(F) <0if —-FeY™.
(iv) H(sF)=sH(F) forevery F € Y and s > 0.
(v) either H(0) =0 or H(0) = —oo0.
Indeed, (i) follows from the convexity of the general H stated in Section 2D. (ii) follows from the fact
that if G — F € Y then
veW, EW)—GeYt)clveW, E —FeY™T).
(iii) follows from the fact that if —F € Y™ then
0Oc{veW, Ew)—FeY').
(iv) follows from the equation
fveW, E)—sFeY )=slveW, Ew)—FeY™t).

(v) is proved by noting that H (0) < 0 by (iii) and H (0) = s H(0) for every s > 0 by (iv).
By definition, the problem (2-34) is normal if and only if H(0) =0 and H is lower semicontinuous at
0. By Proposition 2.3 the normality is equivalent to / = I/ € R and this in turn is equivalent to the statical
admissibility of A. Thus, to prove that (2-31) is equivalent to the statical admissibility of A, we have to
show that the conditions H(0) = 0 and H is lower semicontinuous at 0 are equivalent to (2-31).
Indeed, let H(0) = 0 and let H be lower semicontinuous at 0. Then H is bounded from below on the
unit ball in Y in the sense that there exists a ¢ > 0 such that

H(F)>—c forall FeY with |F| <1.
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The positive homogeneity of H asserted in (iv) then implies
H(F)> —c|F| forall FeY, (2-38)

and the definition of H gives (2-31). Conversely, if (2-31) holds then we have (2-38) and this in turn
implies that H(0) > 0. As by (v) we have H(0) < 0, this implies H (0) = 0, and (2-38) gives that H is
lower semicontinuous at 0. O

Proposition 2.9. Let ) € R. If there exists a v, € W such that E (v,) is an interior point of Y then A
is Y* statically admissible if and only if (L(1), v) <0 forallve WT.

The hypothesis of this proposition is the qualification condition for the problem of the static admissi-
bility of A.

Proof. Problem (2-33) satisfies the qualification hypothesis if and only if there exists a v, € W such
that E(v,) is an interior point of Y. This is proved in the same way as in Proposition 2.6. Under the
qualification hypothesis we have the equality / = I by Proposition 2.4 and the explicit forms (2-35) and
(2-37) of the primal and dual problems show that A is Y *-statically admissible if and only if (I(A), v) <0
forallve Wt. O

3. Displacements in BD and continuous stresses

This section presents the kinematic and static problems with the choice of displacements of bounded
deformation and with the choice of continuous tensor fields as the space of stresses. The qualification
hypothesis as a sufficient condition for the equality of the results of the kinematic and static problems
can never be satisfied with this choice.

3A. Displacements, loads, and energies in the setting of BD. We define the objects (2-8) as follows.
We put

W = Wgp :={v € BD(2) : v = 0 in the sense of trace on %},

Y = M(2, Sym),
so that E (-), defined by (2-5), is a bounded linear transformation from Wpgp to M (2, Sym). (We refer to

the Appendix for an outline of the notation for the functions spaces employed here and in the subsequent
treatment.) Furthermore, we put

YT =M(R, Sym™) := {F € M(2, Sym) : F(A) > 0 for every Borel subset of Q},
WH =W, :={ve Wpp: E(w) € M(2, SymT)}.

Finally, we set
Y*=C%cl, Sym)

and the duality pairing is given by
(T, F) =/ T-dF
Q
for every T € C%(cl 2, Sym) and every F € (2, Sym). The cone Y*~ is given by
Y* =C%clQ, Sym™) ={T € C%cl 2, Sym) : T <0 on Q}.
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Remark 3.1. It is possible to introduce a duality between stresses and strains under different hypotheses
on these objects. Namely the duality theory in [Dal Maso et al. 2007, Section 3] gives the following
result (see also [Anzellotti 1983] and [Kohn and Témam 1983]): if T is a stress field in the set

S:={T € L*°(2,Sym) : divT € L"(22, R")}

and v € BD(S2) then there exists a measure [T, E (v)] € M(2, R) which behaves well under the weak
convergence of T and such that [T, E w]=T- E(v) if T is continuous on cl 2. The measure thus plays
the role of the product 7 - E (v) if T is not continuous on cl 2 and the value [T, E (v)](R2) the role of
fQ T - d E(v). We can define the duality pairing between any T € S and F in the space

Z:={F=EW+G:veBD(Q), GeL(Q,Sym)}
by
(T,F)=[T, E®](Q) +/ T -Gd¥".
Q
It is easily shown that the value of (T, F) is independent of the choice of v and G. We do not follow
this possibility here, as the results under this duality are analogous to the results presented below.

To ensure that the energies of the loads, interpreted as functionals of displacements, are in W*, we
assume that the loads are represented by functions

So, § €LY, R"Y), bo, be L"(Q,R"),
and define I, and [ classically by the integrals in (2-3) and (2-4).

3B. Limit analysis in the B D setting. We define Ay and Ay« by
Aw = Apgp :=inf{A e R: A is Wgp kinematically admissible},

(3-1)
A = o :=sup{i € R: A is C%cl 2, Sym) statically admissible}.

The sufficient condition of Proposition 2.6 for the equality A, = App (i.e., the qualification hypothesis)
is never satisfied in the present case since (2, Sym™) has empty interior. To see the last, let F be any
element of (2, Sym™), let ; C Q be a decreasing sequence of Borel sets such that £"(2;) > 0 for
all j and ﬂj’;l Q; = @, and let the sequence F; be defined by

Fi(A)=F(AN(Q\2;)-L"(AN)1
for every Borel subset A of R". Then F; ¢ (2, Sym™) for all j and F; — F in (2, Sym) as j — oo.
Thus every point of (2, Sym™) is on the boundary of (2, Sym™).
4. Displacements in W7, 1 < p < oo, and stresses in LI, 00 > ¢ > 1

In Section 4A we consider the Sobolev spaces with finite exponent as the space of displacements and the
space of power integrable tensor fields as stresses. Section 4B defines the corresponding multipliers for
the kinematic and static problems, and shows that the qualification hypothesis can never be satisfied with
this choice. Finally, in Section 4C a density condition is formulated to guarantee that the infimum of the
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kinematic problem with the space of displacements of bounded deformation equals the infimum of the
kinematic problem with the Sobolev space. Section 7B gives a sufficient condition for this density.

4A. Displacements, loads, and energies in the setting of power integrable functions. We assume that
1 < p < oo is a given number and denote by

_Jp/p=1) ifp>1,
q = .
00 if p=1,

the Holder conjugate exponent. We define the objects (2-8) as follows. We put
W=W,:={veW"”(Q,R"): v=0in the sense of trace on %},
Y = LP(2, Sym),
so that E (), defined by (2-5), is a bounded linear transformation from W), to L? (€2, Sym). We also put
YT =LP(Q,Sym") :={F €Y : F > 0 almost everywhere on },
WH=wh:={veW,: Ew) eL\(Q, Sym")}.
Finally, Y* is set equal to the dual of Y, i.e.,
Y*=L9(Q, Sym),
and the duality pairing (T, F) is given by (2-6), as is well known. The cone Y*~ is given by
Y*" =L9(Q,Sym™) ={T € L9(2, Sym) : T < 0 almost everywhere on }.

To ensure that the energies of the loads, interpreted as functionals of displacements, are in W*, we
distinguish the cases p <n, p =n and p > n. If p < n, we assume that the loads are represented by
functions

so, s € L(4,R"), b, beL'(Q,R", (4-1)
where
_m=bp o
nip—1’ np—n+p’

and define I, and I classically by the integrals in (2-3) and (2-4). If p = n, we assume that the loads are
represented by functions as in (4-1), with some s, ¢ satisfying

l<s<oo, l<t<x

and again define I, and [ classically by the integrals in Equations (2-3) and (2-4). The Sobolev imbedding
theorem [Adams and Fournier 2003, Theorem 4.12, Case C] and the trace theorem [ibid., Theorem 5.36]
imply that these definitions are well posed. If p > n, then the elements of W, represent continuous
functions on the closure cl 2 of Q. In this case the loads can be more general. Namely, the surface
tractions can be represented by vector-valued measures s, and s in (¥, R") and the body forces by
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vector-valued measures b, and bin M(2, R™). For this we assume that & is a Borel set. Then [, and ]
are given by

(lo,v)=/ V- dbo+/ v-ds,, 4-2)
Q g

<i,v>=/ v-d13+/v-d§, (4-3)
Q S

for each v € W),. This formalism includes concentrated loads. The distributed case, when the loads are
represented by ordinary functions, is included by setting

So=SHTILY, §=5H"LS, bo=bL"LQ, b=bL"LQ,
where now the functions can belong to the spaces as follows:
Sor SEL' (SR, b, be L'(Q,R"
and the notation of the Appendix has been employed. Then (4-2) and (4-3) reduce to (2-3) and (2-4).

4B. Limit analysis in the setting of power integrable functions. We define Ay and Ay by
Aw = A, :=inf{A € R: A is W, kinematically admissible},

4-4
Ay= =Aqy :=sup{i € R: 1 is LY(2, Sym) statically admissible}. (44

The sufficient condition of Proposition 2.6 for the equality A, = A p (i.e., the qualification hypothesis) is
never satisfied in the present case, since L” (2, Sym™) has empty interior for all p € [1, 00). To see the
last, let F be any element of L?(2, Sym™), let j C Q2 be a decreasing sequence of measurable sets
such that £"(£2;) > 0 for all j and ﬂ;’il Q; = @, and let the sequence F; be defined by

F.— F onQ\Q;,
R O | on £2;.

Then F; ¢ LP(2,Sym™) for all j and F; — F in L”(Q, Sym) as j — oo. Thus every point of
L?(S2, Sym™) is on the boundary of L7 (2, Sym™).

Remark 4.1. Example 7.12 (below) shows that under very tame loads of a panel in the plane one can
have 1, < X,.

Remark 4.2. The choice of W, and L9(2, Sym) with p = g = 2 plays a special role. The square
integrable admissible equilibrating stress fields have a dynamical motivation in terms of the behavior of
processes of masonry bodies with dissipation for large times [Padovani et al. 2008]: if A < A;, then under
the loads corresponding to A, the processes starting from arbitrary initial data stabilize and converge to
the set of equilibrium states; on the other hand, if A > X, the processes blow up in the sense of norms, i.e.,
the collapse occurs. Further, in [Lucchesi et al. 2010] it was shown that the existence of admissible square
integrable stress fields balancing the loads is a necessary and sufficient condition for the total energy of
a masonry body to be bounded from below. In [Lucchesi et al. 2011] the equilibrium of panels subjected
both to distributed loads and concentrated forces is studied, and equilibrated tensor-valued measures are
determined. Then, by using an integration procedure for parametric measures, equilibrated stress fields
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that are represented by integrable functions are explicitly determined. Note also that L?(2, Sym) is also
the space of stress fields employed in [Del Piero 1998].

4C. Comparison of the critical multipliers in the BD and Wb? settings. Let 1 < p < oo, and let
g € (1, 00] be the Holder conjugate exponent, and assume that the energies I, and I are continuous
functionals on Wpgp. (See the conditions in Section 3.) Since W), C Wpp and the inclusion is continuous,
the restriction of I, and I to W), are continuous linear functionals on W), as well (we denote these
restrictions by the original symbols). Then in general we have

App < )_\'p

because the infimum in the definition of A p 1s taken over a smaller set than in the definition of ABD.
Similarly, we have

)\'O 5 )\'qa
since the supremum for A, is taken over a larger set than that for A,. Under the condition that

for each v € W;D such that (l_ , v) > 0, there exists a sequence v; € W;r

such that ; — v in L"/""Y(Q, R") and 9; — # in L' (3Q, R"), (4-5)

we have

ABD = Ap.
Indeed, one takes the infimum in (4-4) over a dense subset of the set in the infimum in (3-1). In particular,
if (4-5) holds for every p € [1, 00), then A p is independent of p and equal to ABD.
It does not seem that there exists a relatively easily verifiable condition to guarantee the equality
Ag = Ao. In Section 7D, below, the function g — A, is not constant and hence the equality A, = A,
cannot hold for all ¢ € (1, oc].

5. Lipschitzian displacements and finitely additive measures representing stresses

Sections SA and 5B formulate the kinematic and static problems for lipschitzian displacements and for
stresses modeled as finitely additive bounded measures that are absolutely continuous with respect to
the Lebesgue measure. A necessary and sufficient condition of Section 2 is particularized to the present
choice of spaces in Theorem 5.1 and results in an examination of a real-valued function of the real variable.
The qualification hypothesis is derived in Theorem 5.2. Theorem 5.3 gives a very simple necessary and
sufficient condition for the static admissibility of a general multiplier. Finally, Section 5C gives a density
condition for the equality of the kinematic multipliers in the lipschitzian and Sobolev spaces settings.

5A. Lipschitzian displacements and the representation of stresses. We define the objects (2-8) as fol-
lows. We put

W=Wyx:={ve WI’OO(SZ, R™) : v = 0 in the classical sense on %},
Y = L*°(2, Sym),
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so that E (+), defined by (2-5), is a bounded linear transformation from W to Y. Furthermore, we put
YT =L®(Q,Sym") :={F €Y : F > 0 almost everywhere on Q},
WH =W :={veWy:E® eL®,Sym™))}.

Under our assumption on €, the elements of W!°°(Q, R") are represented by lipschitzian functions on
the closure cl 2 of €2, i.e., by functions v : cl 2 — R”" satisfying

lv(x) —v(y)| < klx —y|

for all x, y € cI 2 and some k; see [Ekeland and Témam 1999, Chapter X, Section 2.2].

The loads can be represented by measures, as in the case p > n in the preceding section, and I, and [
are given by (4-2) and (4-3), respectively.

We denote by Y* = Xy, the dual of L°°(€2, Sym). We say that T € Xy, is negative semidefinite if
(T, F) <0 foreach F € L>(2, Sym™) and denote by X,, the set of all negative semidefinite T' € Xp,.
We interpret X, as the set of admissible stress fields. The elements T' of Xy, are in general no longer
representable by ordinary functions. Rather, the space Xy, is isomorphic to the space ba(€2, 9T, £"*; Sym)
of bounded finitely additive Sym valued measures that are absolutely continuous with respect to the
Lebesgue measure. Thus to each element T € Xy, there exists a unique element T € ba(2, 9, £"*; Sym)
such that we have

(T. F) =/ F.dT (5-1)
Q

for each F € L*°(£2, Sym), and conversely. We refer to [Fonseca and Leoni 2007, Sections 1.3.2 and
Theorem 2.44] for details in the scalar case (in particular to the definition of the integral in (5-1)) and to
an outline of the tensorial case in the Appendix. An important subset of ba(€2, 9, £"; Sym) consists of
measures of the form

T=TP"LQ

where T € L'(2, Sym). In this case the measure T is actually countably additive.

5B. Limit analysis in the setting of lipschitzian displacements. We define Ay and Ay« by

Aw = oo i=inf{A € R: A is Wao kinematically admissible}, (5-2)
Ays = Apa = sup{r € R: A is Xp, statically admissible}. )

Theorem 5.1. Let h: R — RU {—o00, oo} be defined by
h(t) =inf{—{l,, v) : v € W, E(v) > t1 almost everywhere on <2, (,v)=1},
t € R. Then:

(1) h is nondecreasing, convex and h(0) = X

(i) h(0) is finite and lirrol h(t) = h(0) if and only if Apy = *oo € R.

t<0 '
Proof. The function H defined generally in (2-23) provides h(t) = H(¢t1). The convexity and the
nondecreasing character of H, asserted by Proposition 2.5(i) gives the same properties of /. Furthermore,
clearly 7(0) = H(0) = Aoo, Which completes the proof of (i).



ON THE CHOICE OF FUNCTIONS SPACES IN THE LIMIT ANALYSIS FOR MASONRY BODIES 813

(i1) By Proposition 2.5(i) then Ay, = *oo € R if and only if H(0) = h(0) is finite and H is lower
semicontinuous at 0. If the last holds, then 2(0) € R and & is lower semicontinuous at 0 and as / is
nondecreasing, this in turn implies that

133(1) h(t) = h(0). (5-3)

t<0

Conversely, let 2(0) be finite and let (5-3) hold. If | F| denotes the L°° norm of a general F € L*°(£2, Sym)
then —|F|1 < F and hence the monotonicity of H implies

h(—|F|)=H(—|F]1) < H(F)

and thus
H0)=h(0)= lim h(—|F|) = lim H(—|F|1) <liminf H(F).
F—0 F—0 F—0
Thus H is lower semicontinuous at 0. O

Theorem 5.2. Assume that
there exists a v, in Wo'g satisfying (l_ , V) >0

such that E (9,) > o1 for some o > 0 and almost every point of 2. (5-4)
Then Apy = Aoo; if additionally Ay, = hoo € R then Ao is statically admissible, i.e., there exists a bounded

finitely additive negative semidefinite measure T that is absolutely continuous with respect to £" such
that

/ B dT = (I(i0), v)
Q

forall v e W

Paroni [2012], dealing with inextensible nets with slack, and applying the duality theory of Ekeland &
Témam, obtained balancing stresses represented by bounded finitely additive measures that are “almost
absolutely continuous” with respect to the Lebesgue measure (see the cited paper for a precise statement).

Proof. If (5-4) holds, E (¥,) is an interior point of L>®(£2, Sym™). Indeed, the interior of L>°($2, Sym™)
consists of all F € L*°(€2, Sym) which satisfy F(x) > o1 for some positive « and almost every point
x of Q. To see the sufficiency of this condition, note that if G € L°°(€2, Sym) satisfies |F — G| < /2,
where | - | is the L® norm on L*°(2, Sym), then G(x) > %al for almost every x € Q2. The necessity is
proved similarly.

Thus v, satisfies (2-29) and Proposition 2.6 implies the present proposition. (I

Next we consider the statical admissibility of a general multiplier A € R.
Theorem 5.3. A multiplier ). € R is Xp,-statically admissible if and only if
sup{{I(A), v) : v € W, E(v) > —1 almost everywhere on Q} < 0. (5-5)

The proof will show that (5-5) implies that (I(1), v) <0 for every v € W.
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Proof. Assume that A is Xp,-statically admissible and denote by T € X, an admissible equilibrating
stress field. If v € W, is such that E (v) > —1 almost everywhere on €2 then

(10, v) = (T, E@)) < (T, -1)=—(T, 1)

and thus the value of the supremum in (5-5) is less than or equal to —(7', 1). This completes the proof
of the direct implication.
Conversely, let (5-5) hold. We must prove that (2-31) also holds. We prove first that (5-5) implies

(Ir),v) <0 (5-6)
for every v € W;g. Indeed, (5-5) asserts that there exists a ¢ € R such that
(I, v) <c (5-7)

for every v € Wy, with E(v) > —1. Assume that v € WZ. Then for every t > 0 we have E@tv) > -1
and thus (5-7) gives
{L(A), tv) < c.

Fixing v, dividing by ¢ > 0 and letting + — 0o we obtain the desired conclusion (/(1), v) <0.

Let us now prove that (2-31) holds. Let F € L*°($2, Sym), F # 0, and let v € W, satisfy E‘(v) >F
almost everywhere on 2. Then E (v/|F|) = —1 almost everywhere on 2, where |F| denotes the L™
norm of F. Thus (5-5) implies

(L(A), v) <c|F|,

i.e., (2-31). If F =0, this argument does not hold but then E (v) > 0 almost everywhere on 2 and (2-31)
holds again by (5-6). ]

5C. Comparison of the critical multipliers in the lipschitzian and p integrable settings. Let 1 < p < oo,
and let ¢ € (1, oo] be the Holder conjugate exponent, and assume that the energies I, and [ are continuous
functionals on W,,. (See the conditions in Section 4.) Since W, C W, and the inclusion is continuous,
the restriction of I, and [ to Woo are continuous linear functionals on W, as well. Then in general we
have

hp < oo
because the infimum in the definition of A is taken over a smaller set than in the definition of A -
Similarly, we have

)\-q =< Abas

since the supremum for Ap, is taken over a larger set than that for A,. Under the condition that
for each v € W; such that (l_ , v) > 0 there exists a sequence v; € W;g such that v; — v in W, (5-8)
we have
Ap = Aoo-
Indeed, one takes the infimum in (5-2) over a dense subset of the set in the inﬁrr_lum in (4-4). In particular,
if (5-8) holds for every p € [1, 00), then A, is independent of p and equal to Ax.
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As in the preceding choices of function spaces, it does not seem that there exists a condition to
guarantee the equality A, = Ap,.

6. Smooth displacements and countably additive measures representing stresses

Sections 6A and 6B formulate the kinematic and static problems within the context of smooth displace-
ments and stress fields modeled as countably additive measures. The qualification hypothesis specialized
in Theorem 6.1 is shown to hold only in the case of the pure traction problem. Theorem 6.3 provides
a necessary and sufficient condition for the equality of the results of the kinematic and static problems
and Theorem 6.4 a necessary and sufficient condition for the static admissibility of a general multiplier.
Sections 6C and 6D provide sufficient conditions for the equality of the kinematic multiplier as defined
here with those defined in the preceding sections.

6A. Smooth displacements and the representation of stresses. We define the objects (2-8) as follows.
We put

W=C;:={ve Cl(CIQ, R"™) : v = 0 in the classical sense on %},
Y =C%cl R, Sym),

so that E (-), defined by (2-5), is a bounded linear transformation from C; to Cocl @, Sym). Further-
more, we put
Yt =%, Sym™) :={F € C°clQ, Sym): F > 0 on cl},

WH=Cf:={veC:E@®) eCclQ, Sym").

The loads can be represented by measures as in the case p > n in Section 4; I, and [ are given by
(4-2) and (4-3), respectively.

We denote by Y* = X the dual of C%(cl 2, Sym). We say that T € X is negative semidefinite if
(T, F) <0 for each F € C°(clQ, Sym™), and denote by X, the set of all negative semidefinite T' € Y.
We interpret the elements T' of X as admissible stress fields. The elements T of Xy are in general not
representable by ordinary functions. Rather, the space X y is isomorphic with the space Jil(cl €2, Sym) of
bounded countably additive Sym-valued Borel measures on cl 2. Thus for each element 7' € X y there
exists a unique element 7' € Jl(cl €2, Sym) such that

(T,F):/F~dT
Q

for each F € C%clQ, Sym), and conversely. We refer to [Fonseca and Leoni 2007, Theorem 1.196]
for details in the scalar case and to the Appendix. for the tensorial case. Recalling Section 5, we note
that neither of the sets ba(£2, 9T, £"; Sym) and Jl(cl 2, Sym) is a subset of the other, since the measures
from Xy need not be absolutely continuous with respect to the Lebesgue measure and the measures from
ba(2, M, £*; Sym) need not be countably additive. With general elements of Jl(cl 2, Sym) there may
be stresses concentrated on sets of dimension strictly less than n. An important subset of Jl(cl €2, Sym)
consists of measures of the form
T=T%"_Q
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where T € L'(Q2, Sym).
The set X is just the set of all Borel measures on cl £ which take negative semidefinite values on
every Borel subset of cl €2.

6B. Limit analysis in the setting of smooth displacements. We define Ay and Ay« by
Aw = Ao :=1inf{A e R: 1 is C; kinematically admissible},
Ay = Ay :=sup{r € R: A is X statically admissible}.
Theorem 6.1. Assume that
there is v, in C1+ such that (l_, v,) > 0 and E(ﬁo) > ol for some o > 0 and every point of c12. (6-1)

Then we have Ay = Ao’ if, additionally, this number is finite, then Ao IS statically admissible, i.e., there
exists a bounded countably additive negative semidefinite Borel measure T such that

/ E®@) - dT = (), v)
Q

forallv e Cy.

Proof. The interior of C%(cl €2, Sym™) consists of all F € C, such that there exists a positive « satisfying
F > a1 for all points of cl 2. We thus see that the displacement v, as in (6-1) satisfies the hypothesis of
Proposition 2.6. The same proposition then gives the assertions of the present proposition. ]

Remark 6.2. Let v € Cy, and let x be a point in & and ¢ a vector that is tangent to & in the sense that
there is a smooth curve y contained in & and containing x with the tangent vector ¢ at x. Differentiating
the equation v = 0 along y at x we obtain Vv(x)t = 0. Thus E(v)(x)t -t = 0 and (6-1) cannot hold.
This applies also to points of & at the corners or edges. Thus (6-1) can be effective essentially only in
the case of the pure traction problem, when & = &.

Negative semidefinite measures with nonzero singular part equilibrating the loads in no-tension ma-
terials were proposed in [Lucchesi et al. 2006]. The general theory of stresses represented by Borel
measures is given in [Silhavy 2008].

The following two results are proved in essentially the same way as Theorems 5.1 and 5.3. The proofs
are therefore omitted.

Theorem 6.3. Let h: R — RU {—00, 00} be defined by
h(t) =inf{—(l,,v):ve Cy, E)>1t1on cl, {I,v) =1},
t € R. Then:

(i) h is nondecreasing, convex and h(0) = Xo.
(i1) h(0) is finite and limo h(t) = h(0) if and only if Ay = 1o € R.

t<0

Theorem 6.4. A multiplier ). € R is X y-statically admissible if and only if
sup{{I(A), v) :v e Cy, E(v)z—l on Q2 < oo} (6-2)

This condition implies that (/(}), v) < 0 for every v € C}, but it is stronger.
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6C. Comparison of the critical multipliers in the smooth and p integrable settings. Let 1 < p < oo,
and let ¢ € (1, oo] be the Holder conjugate exponent, and assume that I, and / are continuous functionals
on W, and hence also on Cj. Then in general we have

)_"p E ;’09
because the infimum in the definition of A, is taken over a smaller set than in the definition of A p-

Similarly, we have
kq <A

Under the condition that
for each v € Wl'f such that (l_ , v) > 0 there is a sequence v; € C 1+ such that and v; — vin W,, (6-3)

we have
Rp=Te.
This is completely analogous to (5-8).
Lucchesi et al. [2008b; 2011] have given conditions and examples under which the loads equilibrated

by measures from a certain class can be also equilibrated by stress fields represented by ordinary functions
from L>(Q, Sym™).

6D. Comparison of the critical multipliers in the smooth and lipschitzian settings. Assume that [, and
[ are continuous functionals on W, and hence also on C. Then in general we have

Moo < Ao
because the infimum in the definition of A, is taken over a smaller set than that in the definition of ..
Under the condition that

for each v € Wjo such that (l_, v) > 0 there is a sequence v; € C;rsuch that v; — v in L®(Q,R"), (6-4)

we have
hoo = Ao.
This is completely analogous to (5-8) and (6-3).
We have
Aba < A

Indeed, each Xp,-statically admissible multiplier is also X y-statically admissible, because if an admissi-
ble stress field T' € X, balances the loads corresponding to A then the restriction T' of T' to C 9l 2, Sym)
is Xy statically admissible and balances the same loads.

Remark 6.5. Returning to the functionals 7' and T from the preceding paragraph, we note that cor-
responding to T there exists a bounded finitely additive Sym-valued measure ¥ on the class 21 of all
Lebesgue measurable subsets of €2, absolutely continuous with respect to the Lebesgue measure, such
that

(T,F):/F-d‘l
Q
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for all F € L*(2, Sym). It appears that generally T need not be countably additive, despite the extra
information of balancing. At the same time there exists a finite, countably additive measure 7' on the
class B of all Borel subsets of cl €2, such that

(T,F)E(T,F):f F.-dT

clQ

for all F € C%(cl 2, Sym). It appears that generally T need not be absolutely continuous with respect
to the Lebesgue measure. A natural question arises of what is the relationship between ¥ and T. Easy
examples based on the extension of T by using the Hahn Banach theorem show that without the conditions
of negative semidefiniteness and of balancing, there need not be any immediate relationship. However,
with the two extra conditions just mentioned, the situation does not seem to be clear.

7. Monotonicity, density, and examples

Section 7A first shows that the displacements from the Sobolev spaces with positive semidefinite strain
are monotone. Next, the same section shows that each displacement with positive semidefinite strain
has to vanish, roughly speaking, on the interior of the convex hull of the set 9. Section 7B proves the
density of the smooth displacements with positive semidefinite strain in the wider spaces of displacements
considered above. Some of the results of these two sections are employed in Sections 7C and 7D which
present two examples: a collapse without a corresponding mechanism, and loads for which the kinematic
and static problems give different results.

7A. Monotonicity and the convex hull. If v lies in BD(Q) (in particular, if v € W17 (Q, R"), where
1 < p < 00), we define the precise representative v of v on 2 by setting, for every x € cl €2,

lim, .0 g ae Jae.rne V4L if the limit exists,

v(x) = :0 (7-1)

otherwise,

where B(x, r) is the open ball of center x and radius r. Denote by G (v) the set of all points x € cl 2 for
which the limit in (7-1) exists and, moreover, if x € 02, it satisfies
1

lim lv—v(x)| d£" =0. 7-2)
r—0 £"(B(x,r) N Q) Jpx.nne

If ve BD(Q) then £"(Q\ G (v)) =0and #"~ 1 (dQ\ G (v)) =0. The first assertion is the standard assertion
about Lebesgue points (and actually holds for any v € L' (2, R")); for the second assertion, see the trace
theorem in [Témam 1983, Chapter IT]. If v € W!7(Q, R") where 1 < p < oo then #"~ ! (c1 2\ G(v)) =0.
Indeed, %"~ 1(Q \ G(v)) = 0 by [Evans and Gariepy 1992, Theorem 1 in Section 4.8, Theorem 2 in
Section 5.6.3, and Theorem 4 in Section 4.7.2] and %"~ (32 \ G(v)) = 0 by [ibid., Definition and
Remark, p. 133]. For every direction t € S"~! := {t € R" : |t| = 1}, and for almost every line [ parallel to
t, v is absolutely continuous on s := [N cl & (cf. [ibid., Theorem 2, Subsection 4.9.2] for lines parallel
to the coordinate axes).

Remark 7.1. Let Q2 C R" be a bounded convex set with Lipschitz boundary and v € BD(2) (respectively,
ve Whr(Q, R") where 1 < p <00), and let ¥ be the precise representative. Then the following conditions
are equivalent:
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(1) E (v)(B) > 0 for every Borel subset B of €2 (respectively, E (v) > 0 almost everywhere on £2).
(i1) We have
(x)—v(y) - (x—y)=0 (7-3)
for every x, y € G(v).
Note that condition (ii) can be formulated even for nondifferentiable displacements.

Proof. Let o be a smooth mollifier, i.e., a nonnegative class co function on R" with the support in the
open ball with center 0 and radius 1, and fu;en o dZ" = 1. For each € > 0, let v, be the € mollification of
v, i.e., a map v, : 2. — R" given by

v = [ wmo(x-y)/e) d' ()
Q
for every x from the set
Qc:={xeQ:B(x,e) C 2}

(1) = (ii) The tensor E (ve) 1s an € mollification of E (v) on Q. (under either assumptions on v) and
hence E(v:) > 0 on .. We have

d N

d—vg(a +st)-t=Vv(a+st)t- t =Ew)(a+st)t-t>0

s

for every a € R", every s € R, and every t € S"~! for which a + st € int .. Thus the integration gives

(Ve (x) =0 (¥)) - (x —y) =0

forevery x, y € int Q.. If x, y € Q, then x, y € int Q for all sufficiently small €. We have v.(x) — v(x)
as € — 0 for every x € G(v) N Q. This limit gives (7-3) for every x, y € G(v) N 2. Next assume that
x € G(v) NI and y € G(v) N Q2. By the preceding case, we have

@) =o(y)- (' —y) =0
for every x’ € G(v) N Q. Hence, if r > 0, we have

1

T BN ND) Sy g T F) TION @ =9 dED =0

and the limit » — 0 using (7-1) and (7-2) gives (7-3). Finally, if x, y € G(v) N 92, we proceed in the
same way as above to establish (7-3) generally.

(ii) = (i) Condition (ii) implies that if ¢ € S"~', and if [ is a line parallel to ¢ then the function ¥ - £,
defined on [ := [N G(v), is nondecreasing. By Fubini’s theorem we have %' ((IN )\ [) = 0 for #"~!
almost every line parallel to £. Then v, - ¢ is nondecreasing on every closed line segment parallel to ¢ in
Q. Thus

d A
0< —v(a+st) -t=E)(a)t-t
ds s=0

for every point a of 2.. We now let ¢ — 0 and obtain (i) under either assumption on v. ]
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Proposition 7.2. Assume that Q C R" is open and convex, let % C 02, denote by int9D the relative
interior of B in Q2 and assume that int 9D is a class 1 surface. Define the sets Z;,i =1, ..., by

Z1={z€eQ:z=0—-t)x+tyforsomex,ycint®, x #y, 0 <t <1}

and
Zi={1-0x+rty:x,yeZi_;,0=<1 <1}
ifi > 2. Then:
(a) The sequence Z; is nondecreasing.
(b) Z; is open for everyi =1, ....
() Z; CQforeveryi=1,....
(d) Z; =coZ foreveryi = n+ 1, where co Z;| denotes the convex hull of Z.

Here by the relative interior of % we mean the interior with respect to the relative topology on 0€2,
defined by intersections of d€2 with open subsets of R”.

Proof. (a) The nondecreasing character of the sequence Z; is immediate.

(b), (¢) We work by induction on i. We have Z; C Q. To prove that Z; is open, let z € Z; and
z=(0—-t)x+tyforsomex,ycint®, x #y, 0 <t < 1. Define the map ® :int% x (0, 1) - Q by

oy, tY=0—-tHx+1y, (7-4)

y €int®, t' € (0, 1); hence
O(y,t) =z.

Then the continuity implies that ® maps some neighborhood N of (y, ¢) in int% x (0, 1) into some
neighborhood Jil of z that is contained in 2. One then has Al C Z; by the definition of Z;. We now
employ the implicit function theorem to show that there exists a neighborhood M’ C Jl of z and a
class 1 map W : M — N such that ® (¥ (z")) =z’ for all z’ € M’. Indeed, the map & is continuously
differentiable. To apply the implicit function theorem, we have to prove that the derivative D ®(y, ¢) :
Tan(int%, y) x R — R”" is nonsingular, where Tan(int%, y) is the tangent space to int% at y. If the
local description of int% near y is ¢(y’) = 0 where ¢ is a class 1 function with Vg(y) # 0, then
Tan(int9, y) = {y € R" : Vo(y) - y = 0}. The equation D ®(y, 1)(y, f) = 0 reads

i(y—x)+ty=0. (7-5)
Multiplying scalarly by Vg (y) and using Vg (y) - y = 0 we obtain
Vo(y)-(y —x)i =0. (7-6)

Let us now show that
Vo(y)-(y —x) #0. (7-7)

Indeed, the equation Vg (y) - (y —x) = 0 means that the vector x — y belongs to the tangent space of 9<2
at y or equivalently that x belongs to the affine space y 4+ Tan(int%, y). Since €2 is convex and x € 9€2,
it follows that the line segment with endpoints x and y belongs to d€2 and hence in particular z € 9S2.
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However, this is a contradiction as we assume that z € 2. This contradiction shows that we have (7-7).
Equation (7-6) then implies 7 = 0 and (7-5) that y = 0. Thus D ®(y, ) is nonsingular and the implicit
function theorem gives a class 1 map W : M’ — N such that ®(¥(z')) =z’ for all 7’ € Al'. This in turn
means that ¥ maps some neighborhood of (y, ¢) in int% x (0, 1) onto some neighborhood of z. Thus
Z, is open.

Let i > 2. Then (c) follows from the induction hypothesis and the convexity of 2. To prove (b), let
z=({(1—-t)x+tyforsomex,y e Z;_; and 0 <t < 1. To prove that there exist a neighborhood of z
that is contained in Z;, note that if x = y or ¢ € {0, 1} then z € Z;_ and the induction hypothesis says
that there exists a neighborhood of z that is contained in Z;_; C Z;. Thus we can assume that x # y and
0 <t < 1. Defining I': Z;_; — R" by

FrO)=0-nx+1y
for every y’ € Z;_; we find that " has the inverse A given by
A@Z) =@ =1 =Dx)/t,

for z/ € R". Hence I maps some neighborhood N' C Z;_; of y onto some neighborhood of z that is in
Z;. This completes the proof of (b) and (c).
(d) This follows from Carathéodory’s theorem on the convex hull [Rockafellar 1970, Theorem 17.1]. [J

Proposition 7.3. Let 1 < p < o0, let Q2 be convex, let B C 02 and assume that int9D is a class 1 surface.
Let Z; be the sequence defined in Proposition 7.2. If v € W; then its precise representative v satisfies

v =0 everywhere on co Z;. (7-8)

Proof. We shall prove that
v =0 everywhere on Z; (7-9)

for every i =1, ... by induction on i. Then (7-8) will follow from Proposition 7.2(d).
We prove (7-9) for i = 1. Note that if x € QN G (v) and if y € int% then

v(x)-(x—y)=0. (7-10)

Inequality (7-10) follows from Remark 7.1 if y € int @NG (v) since then v(y) = 0. Finally, if x € QNG (v)
and y in 9 is arbitrary, we make a limit in 9(x) - (x —y) >0as y' — yand y' € int 2 N G (v).
Letnowz € Z1NG(v) and write z = (1 —f)x +ty forsome x, y € int%, x #y,0 <t < 1. Then
(7-10) implies
9(z)-(z—x)>0 and ¥(z)-(z—y)>0.

This reads
to(z)-(y—x)>0 and (1—-1)v(z)-(x—y) >0,
and hence

i(z) t =0, (7-11)

where t = (y — x)/|y — x|. Define now a map ® from S to 92 x AQ by the requirement that for
each t’' € S"~! we put ®(¢') = (x', y') where x’, y’ € 9Q are uniquely determined by the conditions
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that ¢’ = (y' — x’)/|y’ — x’| and that the point z is on the (closed) line segment with endpoints x’, y’.
Since int% x int%Y is a relatively open subset of 92 x 92, the continuity of ® yields that there exists
a neighborhood N of ¢ in S"~! such that ® maps N onto some subset of int% x int%. For all ¢’ € N
we have ¥(z) - ¢’ = 0, which is possible only if ¥(z) = 0. Thus ¥ =0 on Z; N G(v) and hence v = 0
everywhere on Z;.

Leti >2. letze Z;andletz=(1—¢r)x+ty wherex,y € Z;_1,0 <t < 1. To prove that v(z) =0,
we can assume that x # y and 0 < ¢t < 1 since otherwise z € Z;_; and the equation v(z) = 0 follows
from the induction hypothesis. Let x’, y’ € Z;_; N G (v) be such that z = (1 —¢)x’ +ty’. The induction
hypothesis says that ¥(x") = v(y") = 0 and using this, we obtain v(z)-¢' =0 where t' = (y' —x') /|y’ —x'|;
varying x’ € Z;_1NG(v) and y’' € Z;_; N G(v) in such a way that z := (1 — ¢)x’ + ry’ remains fixed,
we obtain the validity of #(z) - ' = 0 for almost every ¢’ from a nonempty open subset of $"~!, which
is possible only if v(z) = 0. O

7B. Density of monotone displacements satisfying boundary condition. Let M C C'(cl1 22, R") and
M™ C M be defined by
M:={ve Cl(cl Q,R") : v =0 in a neighborhood of %},
Mt :={veM: E(v) >0 on cl2}.
We indicate here situations when
() M is dense in Wpp orin W, 1 < p < oo, in an appropriate sense, and
(B) M is dense in W;{D or in W; . The following result deals with Problem («).

Proposition 7.4. Suppose that % is relatively open in 3S2. Let 1 < p < 00, and let u € W,. Then there
exists a sequence uy € M such that

() if p < oo then uy — uin WHP(Q, R");
(i) if p = oo then uy — u uniformly on cl €2, E(uk) — E(u) almost everywhere on Q2 and

sup |Vitg|so < 00,
k=1,...

where | - | oo is the L™ norm.

This is proved in a way similar to [Témam 1977, Theorem 1.1 and 1.3].

Problem () is more difficult. The standard results for the density of C*°(cl 2, R") in BD(£2) or in
WP (Q, R"), employ constructions based on the multiplication of the function v by members 6; of a
suitable partition of unity. This operation does not preserve the positive semidefinite character of the
strain tensor: One has

E@©:v)=6,E®v) +(v® V6 + V6 @),

and the expression in the bracket is not positive semidefinite in general. It is essentially only the ho-
mothetic extension that preserves positive semidefiniteness. We are therefore forced to impose strong
hypotheses on  and & to be able to apply homothety to prove the density of M in WI‘," .

Proposition 7.5. Let Q@ C R" be an open bounded convex set with Lipschitz boundary and let 9 C 0€2.
Assume that one of the following conditions is satisfied:
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)

(1) (See figure above.) The set 9 is nonempty, convex, is contained in some hyperplane H of normal m,
is openin H, and

QC6:={xeR":x =a+ smfor some a €% and some s > 0}.

(2) intY is a class 1 surface and the set Z, defined in Proposition 7.2 is nonempty.
3) 9=0.

Let1 < p<oo0. Letu € W; . Then there exists a sequence uy € M™ such that assertions (i) and (ii) of
Proposition 7.4 are satisfied.

Proof. Suppose that (a) holds. We can assume that 0 € %. For each € > 0 let
Qe:=(1+e)QUfa+smeR":ac(1+6)D, —€ <s <0}.
We have cl Q2 C Q. and €2, is convex. Let v, : Q. — R" be defined by

v (x)_{u(x/(1+e)) if x € (1+6)Q,
e if x € Q\ (1+6)Q.

Since u = 0 on &, we have v, € BD(R2) or v. € WhP(Q,, R") for each € > 0; moreover, EA‘(vE) is
positive semidefinite. Let w, be an € /4 mollification of v, i.e., a map on 23./4 with values in R" given
by

w) =€ [ v (LX) az'w)
Q. €/4
for every y € cl Q3./4. Here o is a mollifier (see the proof of Remark 7.1). Then w. € C*(cl ¢z, R"),

we(y) =0 forevery y fromtheset {yeR":y=a+sm:ac(l +e/2)2b —€/2 < s < —€/4}. Moreover,
E(we) > 0 on ¢l Q3¢ /4 since E(we) is the 6/4 mollification of E(ve) Let u. : Q2 — R" be defined by

Uc(X) = We(x —em)

for every x € Q. Then u. € M and an argument similar to that of [Adams and Fournier 2003, proof of
Proposition 3.22, pp. 69-70] shows that u. — u in the sense of assertions (i)—(iii) of Proposition 7.4 as
€ — 0. This completes the proof under hypothesis (a).

Suppose that (b) takes place. We may suppose that 0 € Z; C co Z;. For each € > 0, let

Q. =(14+¢)22
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so that the convexity implies that c1 2 C Q.. Let v, : Q. — R" be defined by
ve(x)=u(x/(1+¢€)), xe8.
Since u = 0 on co Z; by Proposition 7.3, we have
ve=0 on A.:=(14+¢€)coZ;.
Let v. be the €/4 mollification of v, so that
ve € C®(Qae/a, R, Ew.)>00n Qscsy, ve=0o0n Asess.

Then the restriction u. of v, to Q2 satisfies u. € M' and u. — u in the sense of assertions (i) and (ii) of
Proposition 7.4.

If (c) holds, one proceeds similarly, but the proof is easier, as no boundary condition has to be satisfied.

O

7C. Example of collapse without collapse mechanism. In the example to be given here, the value A = %
corresponds to the collapse, and yet there is no corresponding mechanism.

Example 7.6. (See figure below.) Let Q = (0, 1)? and let % = [0, 1] x {0},

—j ifred,:=(0,1)x{1}, U(x—1/22 =i ifred, :=(0,1) x {1},

So(r) =
) {0 ifre$\9,, 0 ifred\ 9,

E(I’) = !

and b, = b =0 on Q. (Here i = (1, 0) and j =1(0,1).) Then:

(i) Ag =4, =1 forall p,qe[l, ool

@) If |A] < }1 then X is L9($2, Sym)-statically admissible for any ¢ € [1, oo].
@) If |A| = ‘—1‘ then X is L9(€2, Sym)-statically admissible for any ¢ € [1, 3).

(iv) If g € [1, oo] then there is no L9 (€2, Sym) mechanism corresponding to A = le'

So
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Remarks. (a) We do not know if A = ié—lt is L9(S2, Sym)-statically admissible for g > 3.

(b) The case p = g = 2 has been treated in [Lucchesi et al. 2010, Example 2.3]. It was shown that
A=A = %, and an admissible stress field T (1) determined in [Lucchesi and Zani 2003] was shown to

balance the loads for all A € [—}L, ;11]. The stress field 7'(1) was shown to be bounded if |A]| < ;ll and to

belong to L?(L2, Sym) if |A| = le' Furthermore, it was shown that no corresponding mechanism exists
in W,. Actually, T (‘—1‘) € L1(2, Sym) for all g € [1, 3), as a closer examination shows, and thus (ii),
(iii) above follow from the construction in the cited references. Here we shall prove the existence of
T balancing the loads for multipliers as in (ii), (iii), without giving an explicit formula for it, by using
Proposition 2.8.

Lemma 7.7. Let either 0 < A < 1 and q € [1,00] or let . = } and q € [1,3). Then X is LY(2, Sym)-
statically admissible.

Proof. We employ Proposition 2.8. Hence we seek to show that corresponding to A and g there exists a
constant ¢ such that

sup{{{(X), v) :v e W), E(v) > F almost everywhere on Q} < ¢|F]|,

for every F € L7 (€2, Sym), where p is the Holder conjugate exponent to g and |F|, is the L? norm of
F.
Thus let F € L?P(€2, Sym) and let v € W), satisfy

E (v) > F almost everywhere on 2 (7-12)

and prove that
(L), v) = c|F|,. (7-13)

Write m(«) :=s(A)(«, 1) for every o € [0, 1]. For any « € [0, 1] let
[(a) :={a(a) +zm(x) : z € R}

be the line through the point a(«) := (¢, 1) € &; and of direction parallel to m(«). The line [(«) always
intersects the x-axis because m(«) is never horizontal, viz., at the point

b(a) = (B(a),0)

where
Bla) = o+ A4 —1/2)* = 1).

One has
pO)=0, p)=1L1

Ifo<a< %, then S is a nondecreasing function on the interval [0, 1] thus
0 < B(a) <1 forevery a €[0, 1];

in other words, the line [(«) intersects the x-axis at some point b(«) of the base &, where the panel is fixed.
We now consider the segment s(«) = [(«) N cl Q with endpoint a(«), b(«). The precise representative
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v of v is absolutely continuous on the segment s(«) and F(e) is defined for %¢!-almost every point of

s(a) and F is %! integrable on s(«). Equation (7-12) then gives

:—Zv(a(a) +zt)-t= E‘(v)(a(oz) +zt)t-t > F(a(o)+zt)t -t

for $!-almost every z € [0, 1], where we write ¢ = m () for brevity. Thus integrating with respect to z

over the interval [0, 1] and using v(a(a) +¢) = v(b(«)) = 0, we find that

1 1
v(a(oz))-tf—/ F(a(oz)+zt)t-tdz§/ |F(a(a)+zt)||t|2dz.
0 0

We have || = |[m(a)| <d < oo for all a(a) € ¥; and thus we obtain that

1
v@(@) - m(@) < d° / |F(a(@) +zm(@))] dz
0

and hence, integrating (7-14) over I, and using m(«) := s(1)(«, 1) we obtain

1 pl1
(l(A),v)§d2// |F(a(a) 4+ zm(a))| dzda.
0J0

Let us now estimate the integral

I := /01/01 |F((et, 1) +zm(a))| dzda.
Consider a change of variables ® from (z, «) to (x, y) = (¢, 1) 4+ zm(w)), i.e.,
x=a+z22@4@—-1/2*=1), y=1-z.
The Jacobian of this transformation J := | detD @] is
J =148 az—4Arz.

Applying Holder’s inequality to the measure J dz da we obtain

1 p1
I=// |F((a, )+ zm(@)|J "' J dzda < K'/PLV4
0JO

where

1,1 1,1
K=// |F((a, 1) + zm(a))|PJ dzdozz// |F(x,y)|” dxdy=|F|?,
0J0 0Jo

1,1 1,1
L:ff Ji-a dzdoz:// (1+8raz —4r2)' "7 dz da.
0 Jo 0Jo

We now distinguish two cases.
Case (a): Let0 <X < Alf. Then 1 4+ 8 az —4iz > 1 —4A and thus

and

I <(1—4ni=9/F],.

(7-14)

(7-15)
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Inequality (7-15) then yields
(IG), ) <d*(1 =40 PM|F),

and thus we have (7-13) with ¢ = d?(1 —41)1-9)/4, Consequently, the conclusion of Proposition 7.3
holds and thus A is L9(£2, Sym)-statically admissible for every g € [1, oo].

Case (b): A = ‘—l‘. Then
1 pl
L=f/ (1+2z0 —2)'"" dzda (7-16)
0 Jo

and hence

1
L:(z_q)—‘/ 2o — D71+ 220 — )27 de
) :

1
_—g! / Qo= 1) Q) 1) da,
0

provided g # 2. Under this assumption, it is easily found that the integrand of the last integral has the
only singularity at o« = 0, where it behaves as a constant multiple of o>~9. The apparent singularity at
o = 1/2 does not occur as

lim Qe— D Qx> 1-1)=1 —q/2.
a—>1/2
Thus, if 2 —qg > —1,1e.,if 1 <g < 3, and g # 2, the integral in (7-16) thus converges. It is easily found
that the integral in (7-16) converges also if ¢ = 2. Thus (7-15) yields
(1(3).v)<a’LV|F|,
for every F € LP($2, Sym) and we have (7-13) with ¢ = d>L'/4. O

Remark 7.8. Assertions (ii) and (iii) follow from Lemma 7.7 by noting that any A € R is L7(£2, Sym)-
statically admissible if and only if —A is too (it suffices to change the orientation of the x-axis). It also
follows from (ii) (or from Lemma 7.7) that A, < le for each g € [1, oo].

Lemma 7.9. For each A > 211 and p € [1, o0] there exists a W), mechanism corresponding to \.

Proof. Let p € [1, o] be arbitrary. If w : R — R is any nonincreasing C! function vanishing on (1, 0o)
that does not vanish identically on (0, 1) then v : @ — R?, given by

v(r) = o(x/y)r, (7-17)

r=(x,y) e Q, rt:=(—y,x) satisfies v € W, and E(v) € LP(Q,Sym™). Indeed, one finds that
v e WhP(Q, R?) and since w vanishes on (1, 00), v vanishes on

Q i={reQ:x/y>1}
and thus in particular on 9 (in the sense of trace). Hence v € W),. Furthermore,

E@)(r)=—y 2 (x/yrt@rt
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r € Q,and as @ <0 we have E(v) € LP(2, Sym™). One has
1
(I, v) = —f w(x/y)xd¥ (r) = —/ w(x)xdx
T 0

1
a, v)=4/ w(x/y)yx(1—x) d%l(r)=4/ o@)x(1 —x) dx;
T 0

J

noting that the last expression and the hypotheses on @ imply that (I, v) > 0, we thus deduce that the
value

1 1
A=— <<l;”:>> :4_1/0‘ w(x)x dx/fo w@)x(1—x) dx (7-18)

is a kinematically admissible multiplier. Fixing € € (0, 1) and taking a sequence of functions of the type
of w that converges to the function w, given by

1 ift<e,

0 otherwise,

we (1) = {

t € R, we deduce from (7-18) by evaluating the integrals that the value

A=1(1-2¢/3)

O

is kinematically admissible. Varying € € (0, 1) we obtain the interval (Alf, %)

A=

Remark 7.10. It follows from Lemma 7.9 that A p = 21; for each p €[1, oo]. Combining 21; <X p<Ag =
we obtain (i).

Lemma 7.11. If A = % and p € [1, o0] then there is no corresponding W, mechanism.

Proof. We prove thatif v € W;r and (/ (zlt)’ v) = 0 then v = 0 almost everywhere on 2. For any « < [0, 1]
let a() € ¥; and b(«) € D be as in the proof of Lemma 7.7. Then for %!-almost every a € [0, 1] we
have

(v(a(@)) —v(b(@))) - (a(@) = b(w)) > 0;

using that v(b(«)) = 0, we obtain
v(a(@))-s(3)( 1) <0.

Comparing this with

1
(1(3). v):/ v-s(§)(e 1) da=0
0
we obtain
v(a(@) - s(3)(@ 1)=0 (7-19)
for $!-almost every « € (0, 1). Furthermore, for almost every « € (0, 1) we have

(v(a(@) = v(®) -a@ 20, (v(@(@)—v(i)-(al@) —i) >0,

which reduces to
v(a(a))-a(@) >0, v(a(x))- (a(a) — i) >0 (7-20)
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for $!'-almost every « € (0, 1). It is now easily seen that (7-19) and (7-20) imply that v(a(«)) = 0 for
P!-almost every o € (0, 1). We thus have v = 0 on ¥; and on @ and thus Proposition 7.3 implies that
v =0 on co Z; which is 2. O

7D. Example of the violation of the kinematic theorem. We here give an example in which the supre-
mum of statically admissible multipliers depends dramatically on the choice of function spaces.

Example 7.12. (See figure below.) Let = (0, D2, 9=(0,1) x {0}, =0Q\D,

(I —=Mr ifred,:=(0,1) x {1},
SATr)=1@A/2-D@E+j) ifred, ={1}x(,]1),
0 ifred;:={0} x (0, 1),

b(\)=0 on 2,
for A € R. Then

A, =2forall p e[l,o00], (7-21)
2 if 1,2
Ay = % q €[l1,2), (7-22)
1 ifge[2, 00l
Ags Ap
2 0 )_\I,ZZ
|
|
|
I |
|
|
|
1 2 q
Lemma 7.13. Forany A € R, let T (1) : 2 — Sym be defined by
A-nrer/y? freQt:={reQ:y/x>1)},

Then T ()) equilibrates the loads in the sense that

(T, v) ={R),v) (7-23)
for each v from the set
M ={ve CI(CIQ, IRZ) : v = 0 near 9};
moreover,
T(\) e L1(2,Sym) forallg e[1,2)andall A € R,
T(1) e LY(2,Sym) forallg €1, o0], (7-24)
T(A) ¢ L9(QT, Sym) forallg €[2,00] and all A € R, A # 1,



830 MASSIMILIANO LUCCHESI, MIROSLAV SILHAVY AND NICOLA ZANI

and
T(M) <0 P-almost everywhereon Q@ <+ 1<1<2. (7-25)

Proof. One finds that (a) T (1) can be continuously extended to 321 \ {0} and also to Q~; (b) T (A)
satisfies the boundary condition
T(AMnr=s() on $\{0},

in the classical sense; (c) T'(A) is discontinuous across the segment [ := {r € Q : y = x}, but the normal
component of T'() is continuous across [; (d) T(A) is of class oo on Q1 and Q™ with the classical
divergence vanishing on each of these two regions:

divT(») =0 on Q.

If v € M then there exists an € > 0 such that v vanishes on the line segment {r € Q: y = €}. Applying of
the classical divergence theorem to QF = {r € Q" :y > e} and Q7 = {r € Q™ : y > €} separately (using
of the properties (a)—(d)), and adding the results gives (7-23).

To prove the properties (7-24), we note that T (1) is bounded on 2~ while T'(A) has a singularity on
Q1 at 0. Thus we have T (1) € L(2, Sym) if and only if T'(A) € LY(Q*, Sym). We have

11=Al/y <T@ <~2[1=2l/y
for each r € Q1. Thus

[1—=A171, 5/ 1T dE* < (V2)I[1 = A1,
Qt

where

Iq=/ y 1 dS2.
Qt

One has I, < oo if and only if ¢ € [1, 2) and (7-24) follows.
Assertion (7-25) is immediate. O

Lemma 7.14. All A satisfying 1 < A < 2 are W ,-kinematically inadmissible for all p € [1, o0], and every
A€ (2,7) is Wy-kinematically admissible. In particular, we have (7-21).

Proof. Let 1 < A < 2. By (7-23) and (7-25) we have
0> (T, E@) = (M), v)

forallve M :={veM: E®)>0o0n cl 2}. The continuity of the loads on W/, for every p € [1, co] and
the density of M in W; (Proposition 7.5(a)) then imply that the inequality (I(1), v) < 0 can be extended
to W;r, i.e., we have (I(L),v) <Oforallv e W;, and all A € [1, 2). This implies that no A € [1, 2) is
kinematically admissible, as we now show. Indeed, one easily verifies from the definition that if 1 € R
is kinematically admissible then for every p > X there exists a v € W;r such that {(I(w), v) > 0. Thus
the hypothesis that some A € [1, 2) is kinematically admissible would imply that for every . > A there
isave W[‘f such that (I(«), v) > 0. However, we have shown that ({(A), v) <0 forall v € W;r, and all
A €11, 2); in particular (I(n), v) <Oforall v € Wl‘f ,and all u € (X, 2). Thus A cannot be kinematically
admissible.
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Next we prove that every A € (2, 7) is W),-kinematically admissible for every p € [1, oo] by exhibiting
a mechanism corresponding to A which is in all W,. Let s be a number satisfying 0 < s < 1, put
m = (1,s),
denote by €2, the set
Qy={r:y=1-sx},

and define v by
(r-m—1m ifreQ,

vs(r) = {0 ifreQ\ Q.

Then v, € Wl‘f for all p € [1, oo] with

N Qq,
mWr{m®m on's

o on Q\ Q.
Calculations give
((=2s% =357 +3 +35)A +25” + 357 — 65 — 6),
(=257 =35>+ 3+ 3s).
If s € (0, 1) then one finds that
(I(As), v5) =0

for
2574357 —65—6
T 2s34352-35—3"

N

The function s — A is increasing and maps the interval (0, 1) onto the interval (2, 7), as one easily finds.
Moreover,

{l,,v5) >0

for all s € (0, 1). It therefore follows that for every A € (2, 7) there exist a s, such that v, is a mechanism
corresponding to A. This proves that every A € (2, 7) is kinematically admissible. (I

Remark 7.15. The proof of Lemma 7.14 shows thatif 1 <A <2 and p € [1, co] then (I(1), v) <0 for
each v € W[‘f. Despite of this, for g € [2, oo] the multiplier A is not statically admissible, which shows
that the condition that (I(1), v) <0 for each v € W;r is only necessary, but not sufficient for the static
admissibility. Cf. the discussion following Proposition 2.8.

Lemma 7.16. A X € R is L9(<2, Sym)-statically admissible if and only if

[1,2] ifl<p<2

AEA“:LH 2= p < oo.

In particular, we have (7-22).
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Proof. All A <1 are L9(S2, Sym)-statically inadmissible for all g € [1, oo]. Indeed, if they were to be
statically admissible, then we would have s(1) -n <0 on ¥; by [Lucchesi et al. 2010, Proposition 2.1(i)],
where n is the outer normal to Q2 on ¥,, while we have s(A) - n > 0 everywhere on &, for A < 1.

Further, A =1 is L9(€2, Sym)-statically admissible for all ¢ € [1, oo]. Indeed, the stress field 7'(1) is
bounded on €2, is admissible, and equilibrates the loads I(1).

If 1 <g <2, thenevery A € [1, 2] is L9(£2, Sym)-statically admissible. Indeed, the stress field T'(}) is
admissible, is in L9 (€2, Sym), and equilibrates the loads in the sense that (7-23) holds for every v € W),
where p is the Holder conjugate of ¢. This is proved by using (7-23) for v € M and applying the density
of M in W, (Proposition 7.4) and the continuity of loads on W,,.

If2 <g <oo, thenevery A € (1, 2) is L7(£2, Sym) statically inadmissible. Let 1 < A <2 and prove that
there is no admissible stress field in L9 (€2, Sym) equilibrating the loads /(A). Assume, on the contrary,
that T is an admissible stress field equilibrating the loads. If @ : R — R is any nonincreasing C! function
vanishing on (1, co) and with @ <0 on (0, 1), let v : Q — R2, defined by (7-17). As in the proof of
Lemma 7.9, we have v € W;r . Furthermore, one finds that

(1L, v) =0.

From (I(1), v) = (T, E(v)) =0and T <0, E(v) > 0 on  we derive that T - E (v) = 0 for 2 a.e. point
of Q. We have o'(x/y) # 0 for every point of Q*. Then T'(r) - (rt®@rt) =0 forae. point of Q1 and
must be proportional to  ® r and hence we write

T(r)=nrrer/y’

for £? a.e. r = (x, y) € QT where 5 : QT — R is a £ measurable function.
As in [Lucchesi et al. 2010, proof of Example 2.4], we deduce from divT =0 in Q* and Tn = s(})
on ¥; that

T(r)y=T() onQ*. (7-26)
Indeed, the equation divT = 0 gives r(r - Vi) 4+ 3rn = 0 which gives
r-Vvn+3n=0.

The substitution 7 = 7j/y> then provides
r-vp=0.

Thus the directional derivative of 7j along any segment {r € Q" :r =cd, 0 < ¢ < d} is constant for any
d € ;. The segment is completely characterized by the slope y/x and thus there exists a function 7 on
(1, 00) such that 7(r) = 7(y/x) for every r € Q*. Thus

T =7(y/x)r®r/y’ on Q.

The boundary condition Tr = s(A) on ¥; then leads to 7(d) = (A — 1) for any d € &, and we obtain
finally (7-26). The argument above applies to the case when T is continuously differentiable. The general
argument in case T is only measurable is given in [Lucchesi et al. 2010, proof of Example 2.4]. This
part of the proof is omitted.
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To complete the proof, we note that T (1) ¢ L9(Q*, Sym) and thus we arrive at a contradiction:
Starting from arbitrary balancing stress field in L7(€2, Sym) we obtain that 7' ¢ L9(€2, Sym). Thus A is
not L9(£2, Sym)-statically admissible. [l

8. Summary
(i) A decreasing continuous sequence of function spaces
WepD---DW, DWW, D---D We DCy

(1 < p1 < p» < o0) has been presented. The kinematic problem with this decreasing sequence is more
and more restrictive in the competitors space which results in apriori inequalities for the corresponding
critical multipliers of the kinematic problems

ABD < Ap, S Ahpy <ot <Aoo < ho. (8-1)

Density conditions have been given which guarantee that the sequence (8-1) is constant.
(i1) A continuous sequence of function spaces C Ol Q, Sym), L7(2, Sym), Xy,, Xy for static prob-
lems has been given. This sequence is better wieved as increasing if the parameter g is decreasing:

C%clQ, Sym) C --- C L9(2, Sym) C L9(2, Sym) C - -- C Xpa C Xy (8-2)

(00 > q1 > g2 > 1). (With this way of ordering of the set of all ¢’s, we can consider g; and g, as the
Holder conjugates of p; and p; above, respectively.) The static problem with the sequence (8-2) admits
wider and wider competitors space which results in apriori inequalities for the corresponding critical
multipliers of the static problems

)‘vof"'f)\qlf}"qu"‘fkbaf)“ﬂ/(,- (8'3)

In the case of the choice of the spaces W, or C; in the kinematic problem, the set of all admissible
stresses has to be enlarged to contain stresses represented by either finitely or countably additive tensor-
valued measures. No condition is currently available to the authors that would guarantee that the sequence
(8-3) is constant. We also note in passing that all the multipliers in (8-1) and (8-3) coincide if

Ao = Ao (8-4)

that is, if the supremum of the statically admissible multipliers over the continuous stress fields coincides
with the infimum of the kinematically admissible multipliers over the smooth displacement fields. In this
case, the critical multipliers become independent of the choice of the function spaces. However, we do
not know any condition guaranteeing (8-4).

(iii) A necessary and sufficient condition has been given under which the supremum of statically
admissible multipliers equals the infimum of kinematically admissible multipliers. Two sufficient condi-
tions for the last equality have been given. A simple sufficient condition involves the assumption of the
existence of the strong mechanism. An example is given to show that this is not always satisfied, even
with very regular loads.

(iv) An example has been given of loads in which the function g — A, (00 > g > 1) has an increasing
jump at ¢ =2 as ¢ moves along [1, o0] from right to left. Moreover, A, < Xp for g €[1, 2).
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The above shows that the limit analysis problems are sensitive to the choice of function spaces.

Appendix: Notation for function spaces

We here describe briefly and somewhat informally the function spaces used in the main text. All spaces
below are Banach spaces but we do not specify the corresponding norms.

If Z is a finite dimensional real inner product space and 1 < p < oo then L? (2, Z) is the set of all
Lebesgue measurable functions g : € — Z such that

{f9|/3|pd§£"<oo if p < o0,
esssup{|f(x)]:x € Q} <o if p=o0.

The spaces L? (¥, Z) are defined analogously, with the Lebesgue measure replaced by the Hausdorff
measure #"~!. See, e.g., [Fonseca and Leoni 2007, Chapter 2] for the scalar-valued case. In the general
case the space Z is isometrically isomorphic to R¥ for a suitable k, and one employs the procedures of
the scalar case to components. The same applies also to the other objects with values in Z, R"” or Sym
to be considered below, without mentioning it. (The references we give below deal exclusively with the
scalar case.)

If 1 < p < oo then Wh7(Q, R") denotes the Sobolev space of all v : @ — R” such that v € L?(Q, R")
and Vv € L?(L2, Lin). See e.g., [Adams and Fournier 2003, Chapter 3].

If Z is as above and A a Borel subset of cl €2 then (A, Z) denotes the space of all countably additive
Z-valued measures, i.e., functions u : 8 — Z, where ‘B is the set of all Borel subsets of R", such that

M(U B;-) =D 1u(B)
i=1

i=1

for each disjoint sequence of Borel subsets of R", and

wn(B) =0

if B is a Borel subset of R" such that AN B = &. The elements u € AM(A, Z) are called Z-valued
countably additive measures on A. See, e.g., [Fonseca and Leoni 2007, Section 1.3.1]. Furthermore, if
w stands for the Lebesgue measure in R" or for the n — 1 dimensional Hausdorff measure and A is a
measurable subset of R”, then p | A denotes the restriction of u to A, defined as the measure on R” by

(nlLA)(B) =n(ANB)

for every p measurable set B. In this context, if 8 is a ul_ A integrable function with values in Z then
Bul_ A denote the multiple of L A by 8, defined as an element of M(A, Z), by

(BuL A)(B) = Bdu
ANB

for all © measurable sets B.

The space ba($2, 91, £"; Sym) of bounded finitely additive Sym-valued measures that are absolutely
continuous with respect to the Lebesgue measure is the set of all T : 90t — Sym, where 9 is the system
of all Lebesgue measurable subsets of R”, such that
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(a) T(AUB)=%(A)+Z(B) forevery A, B € M with AN B = &,
(b) sup{ {:1 IT(A)|: {A;} C M is a finite partition of R"} < oo;
(c) T(A) =0 for each A € 9t with " (A) = 0;

(d) €(A) =0foreach A e M with ANQ =0.

See, e.g., [Fonseca and Leoni 2007, pp. 169-171].

BD(R) is the set of all v € L' (22, R") such that E(v), interpreted as a distribution, is in (€2, Sym).
See [Témam 1983, Chapter II].

Cl'(cl 2, R") is the set of all continuously differentiable functions v : 2 — R" such that both v and
Vv have continuous extensions from €2 to the closure cl €2 of 2. We often identify v and Vv with these
extensions.

C%(cl Q, Sym) is the space of all continuous functions F : cl Q2 — Sym. See, e.g., [Fonseca and Leoni
2007, p. 126].
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