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JIAN DENG, WEI-CHAU XIE AND MAHESH D. PANDEY

The moment and almost-sure stochastic stability of two-degree-of-freedom coupled viscoelastic systems,
under parametric excitation of white noise, are investigated through moment Lyapunov exponents and
Lyapunov exponents, respectively. The system of stochastic differential equations of motion is first
decoupled by using the method of stochastic averaging for dynamic systems with small damping and
weak excitations. Then a new scheme for determining the moment Lyapunov exponents is proposed
for a coupled viscoelastic system. The largest Lyapunov exponent is calculated through its relation with
moment Lyapunov exponent. The moment and almost-sure stability boundaries and critical excitation are
obtained analytically. These analytical results are confirmed by numerical simulation. As an application
example, the stochastic stability of flexural-torsional viscoelastic beam is studied. It is found that, under
white noise excitation, the parameters of damping 8 and the viscoelastic intensity y have stabilizing
effects on the moment and almost-sure stability. However, viscosity parameter 7 plays a destabilizing
role. The stability index decreases from positive to negative values with the increase of the amplitude of
noise power spectrum, which suggests that the noise destabilize the system. These results are useful in
engineering applications.

1. Introduction

Dynamic responses of many engineering structures are governed in general by an equation of motion of
the form

X(t) = f(x(0). x(1).£@)), -1

where the superscript dot denotes the derivative with respect to time, x (¢) is the response vector, and
& (1) is a vector of dynamic loadings. These dynamic loadings, such as those arising from earthquakes,
wind, and blasting, can be characterized satisfactorily only by probabilistic models, which leads to the
fact that (1-1) is actually a stochastic differential equation. Oseledec [1968] showed that for continuous
dynamical systems, both deterministic and stochastic, there exist deterministic real numbers character-
izing the average exponential rates of growth or decay of the solution for large time and called them
Lyapunov exponents. The sample or almost sure stability of stochastic system (1-1) is governed by this
Lyapunov exponent which is defined as (see [Xie 2006])

A

X

1
= lim — log x|, (1-2)
t—oo

where ||x | = (xTx)!/2 is the Euclidean norm. If the largest Lyapunov exponent is negative, the trivial
solution of system (1-1) is stable with probability 1; otherwise, it is unstable almost surely. Hence, the
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vanishing of the largest Lyapunov exponent indicates the almost-sure stability boundaries in parameter
space.

On the other hand, the stability of the p-th moment E[||x || #] of the solution of system (1-1) is governed
by the p-th moment Lyapunov exponent defined by (see [Xie 2006])

o1
Ax(p) = lim — logE[|x|”] (1-3)

where E[-] denotes the expected value. If A . (p) is negative, then the p-th moment is stable; otherwise,
it is unstable. Hence, the vanishing of the p-th moment Lyapunov exponent indicates the p-th moment
stability boundaries in parameter space.

These stability properties of system (1-1) with stochastic differential equations are difficult to obtain
exactly. The method of stochastic averaging, originally formulated in [Stratonovich 1963] and mathemat-
ically proved in [Khasminskii 1966], has been widely used to solve approximately stochastic differential
equations containing a small parameter. Under certain conditions stochastic averaging can reduce the
dimension of some problems, which greatly simplifies the solution [Xie 2006]. The popularity of sto-
chastic averaging can be felt from the large number of papers in the literature, such as [Roberts and
Spanos 1986; Ariaratnam 1996; Sri Namachchivaya and Ariaratnam 1987]. Larionov [1969] justified
an averaging method in a rigorous manner for integrodifferential equations of both deterministic and
stochastic systems.

For single-degree-of-freedom (SDOF) systems, Arnold et al. [1997] constructed an approximation for
the moment Lyapunov exponents of a two-dimensional linear system driven by real or white noise, by
using a perturbation approach. At the same time, asymptotic expansion series for the moment Lyapunov
exponent and stability index are constructed and justified for the two-dimensional linear stochastic system
[Khasminskii and Moshchuk 1998]. Xie [2006] systematically studied moment Lyapunov exponents,
Lyapunov exponents, and the stability index of SDOF systems under various noise excitation in terms of
the small fluctuation parameter. In the same book, Xie proposed a Monte Carlo simulation method for
determining the moment Lyapunov exponents of stochastic systems. For two-degree-of-freedom (2DOF)
coupled systems, Namachchivaya and van Roessel [2001] studied the moment Lyapunov exponents of
two coupled elastic oscillators under real noise excitation, by using stochastic averaging method and
asymptotic expansion method. More recently, in their serial papers, Kozic el al. [2012] investigated the
Lyapunov exponent and moment Lyapunov exponents of 2DOF linear elastic systems subjected to a
white noise parametric excitation.

The stability of elastic systems has been studied extensively [Bolotin 1964]. However, in engineer-
ing applications more and more viscoelastic materials, such as polymers and composite materials, are
employed. For these materials, stress is not a function of instantaneous strain but depends on the past
time history of strain and vice versa, which is quite different from linear elastic materials. In the case
of a structural column, the viscoelastic property has a great impact on its dynamic behavior, particularly
the dynamic stability [Potapov 1994]. When viscoelasticity is properly treated, the equation of motion
becomes more complicated and turns out to be an integrodifferential equation rather than an ordinary
differential equation as in the elastic case.

The deterministic dynamic stability of viscoelastic systems has been investigated by many authors [Ah-
madi and Glocker 1983]. Ariaratnam was among the first who studied the stochastic almost-sure stability



LYAPUNOV EXPONENTS AND STOCHASTIC STABILITY OF VISCOELASTIC SYSTEMS WITH WHITE NOISE 29

of viscoelastic systems under wide band random fluctuations in the stiffness parameter [Ariaratnam 1993]
and under bounded noise excitation [Ariaratnam 1996], by evaluating the largest Lyapunov exponent
and the rotation number using the method of stochastic averaging. Abdelrahman [2002] systematically
investigated stochastic stability of coupled systems and gyroscopic systems and extended Ariaratnam’s
method from SDOF to 2DOF systems, but still only the Lyapunov exponent was calculated. Sufficient
conditions for almost-sure stability were obtained for both elastic and viscoelastic columns under the
excitation of a random wide band stationary process using Lyapunov’s direct method [Potapov 1994].
Later, Potapov [1997] described the behavior of stochastic viscoelastic systems by numerically evaluating
Lyapunov exponents of linear integrodifferential equations.

It is known that the almost-sure stability cannot assure the moment stability. To have a complete picture
of the dynamical stability of a stochastic system, it is important to study both the sample and moment
stability and to determine both the Lyapunov exponents and the moment Lyapunov exponents, because
moment Lyapunov exponents give not only the moment stability but also the almost-sure stability. Xie
was the first to deal with the determination of small noise expansion of the moment Lyapunov exponent of
a SDOF viscoelastic column under bounded noise excitation [Xie 2003]. Moment Lyapunov exponents
of such a viscoelastic system under the excitation of a wide band noise was further investigated by using
the averaging method of both first order and second order [Huang and Xie 2008].

The objective of this paper is to study the moment and almost sure stability of 2DOF coupled vis-
coelastic systems driven by white noise using the method of stochastic averaging. A new scheme for
determining the moment Lyapunov exponents is presented for 2DOF coupled viscoelastic systems, which
is an extension of [Ariaratnam et al. 1991] from elastic systems to viscoelastic and from almost-sure
stability to moment stability characterized by moment Lyapunov exponents. This paper is also different
from [Sri Namachchivaya and van Roessel 2001] where the Girsanov theorem and Feynman—Kac for-
mula were used and viscoelasticity was not considered. Furthermore, this study carries out Monte Carlo
simulation of moment Lyapunov exponents for coupled systems. This research is motivated by problems
in the dynamic stability of viscoelastic systems subjected to stochastically fluctuating loads. Examples
and numerical results are provided for illustration.

2. Formulation
Consider the coupled nongyroscopic stochastic system
iy + 26, 4y + 0f (1 —)q, + 51/2‘01(k11 41 +k124,)5(0) =0, (2-1)
G, + 28ﬂ2 4, + w%(l _5%)42 + 81/20)2(k21 q, + k22 ‘]2)5(1) =0,

where ¢,, ¢, are state coordinates, 8, B, are damping coefficients, w, w, are natural frequencies, ¢ is a
small parameter introduced to make the analysis more convenient. and the k; = 1,2 are constants.
We call k, and k,, the coupling parameters; the case of k,, = k,; = k is called symmetric coupling
and that of k,, = —k,, = k skew-symmetric coupling. 7 is a linear viscoelastic operator given by

w

21
t o0

Jf[tﬁ(t)]=/ #(t — 7)Y (7) dr, 05/ 7(0)do < 1, (2-2)
0 0

where #£(6) is the relaxation kernel. £ () is the stochastic loads imposing on the system.
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Equation (2-1) is a typical system of 2DOF coupled Stratonovich stochastic differential equations,
which is extremely difficult to directly determine its stability property. The stochastic averaging method
was often used to approximate the original Stratonovich stochastic system by an averaged It stochastic
system, which is presumably easier to study, and infer properties of the dynamics of the original system
by the understanding of the dynamics of the averaged system [Ariaratnam et al. 1991]. To apply the
averaging method, one may first consider the unperturbed system, i.e., ¢ = 0 and £(¢) = 0, which is of
the form: ¢, + a)l.qu. =0, i =1, 2. The stable solutions for the unperturbed system are found to be

Then the method of variation of parameters is used. Differentiating the first equation of (2-3) and com-
paring with the second equation lead to

a; cos ®; —a;; sin ®; = 0. (2-4)
Substituting (2-3) into (2-1) results in
a; sin®; +a;¢; cos ®; = G, (2-5)
where

G; = —e(Z,Bi w;a; sin ®; —a)l-Z%”[ai cos CD,-]) —i—sl/zé(t)a)l-(k a;cos®; +k;;ajcos P;).

l]]

By solving (2-4) and (2-5), the equations in (2-1) can be written in amplitude, a;, and phase, ¢;, as

a; —sF(1)+el/2FL§°l), q;l EF(I)—I-{-JI/ZFd()Ol), (2-6)
where
(0) = £(t)(%k;;a; sin29; + 3kija; cos @, sin ®;),
th’li) = —p;a; + B;a; cos 2®; —sin ®;w; 1,7 (a; cos ®;),
(27

a.
F:/E(,)i) =£(1) (k,-i cos® @, + a_J.kij cos ®; cos CI>j),
1

F(l) —pB;sin2®, —

1
() cos ®;w; 7,7 (a;(s) cos D;).

If the correlation function R(t) of the noise £(¢) decays sufficiently quickly to zero as t increases,
then the processes @; and ¢; converge weakly on a time interval of order 1/¢ to a Itd stochastic differential

equation for the averaged amplitudes @; and phase angles ‘731" whose solutions provide a uniformly valid
first-order approximation to the exact values

da; = em’ dl+81/220 dwe, =12, (2-8)
j=1
dg; = em! dt—i—sl/zZo aw?. i=1.2, (2-9)

j=1
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where the overbar is dropped for simplicity of presentation and W£, Wi¢, i = 1,2 are independent
standard Wiener processes. The drift coefficients em{, em? and the 2 x 2 diffusion matrices £b% =

i
60697, ¢b? = 0 (a®)", in which 6% = [08]. 0¢ =[of}). b = [b%]. b® = [b)]. are given by

o 12 or oF)

a __ (1) a,i -(0) a,i -(0)

ot =g el [ e[ 2 (G e ot i) Jor)
2

1a;
ai[—ﬂi —wifs/t//(lisc) + 13_6ki2iS0] + g;kiszOv

1

(1) ¢.i 1-(0) ¢.i -(0) _
e [ e[ (5 Y o) <ot

o
by = A / E[FY F) ]df} = L(kEad? + 2k} d?) S,

{ a,it ii%i ij
—00
i 5(0) +(0)
a __ —_
biy =4 { /_ [P Fa,;r]df} =0 (2-10)
¢ % L1 (0) 1(0) 3,2 1aj
bi; = /f//{/—oo E[F¢ i F¢,ir]df} = gkiiSo + 4a_;liSO’

J i

t

I5¢ = cos @;(1) / H(t —5)cos D, (s)ds,
0
t

I7* = sin ®; (1) / H(t —5)cos D, (s)ds,
0

Fj((r)) = Fj(o)(a,¢,§‘(l +1).t+1), i.j=1,2,
where the coupled oscillators are assumed to have noncommensurable frequencies, i.e., v, # ®,. A
Gaussian white noise process is a weakly stationary process that is delta-correlated and has mean zero.
This process is formally the derivative of the Wiener process given by £(¢) = \/S_o W (¢), with constant
cosine power spectral density S(w) = S, and sine power spectral density W(w) = 0 over the entire
frequency range.

The averaging operator is defined as

1 t+T
()= lim — -)dr.
t ( ) TI—)OO T t ( )
When applying the averaging operator, the integration is performed over explicitly appearing ¢ only. The
term containing viscoelastic operator is averaged according to the method given in [Larionov 1969].
Applying the transformation s = # — v and changing the order of integration lead to
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1 T t
{ch}_ lim —/ H(t —s)cos D, (s) sin D;(r) ds dt
=0

T—o00 s=0

= lim —/ / H(t) sin ®;(t) cos D, (t — ) dr dt
t=0J1=0

T—oo T
(2-11)
= lim — / [ H(T)[sin(Qw;t — w; T + 2¢) + sinw; t]dr dr
T—o0 2T J:—¢
1
= 5/0 #(7) sinw;Tdtr = %Hs(wi).
Similarly, one obtains
S AUMES LA (2-12)
where
o0 oo
#H(w) = / H(t)sinwrdr, #H%(w)= [ H(t) coswt dt (2-13)
0 0
are the sine and cosine transformations of the viscoelastic kernel function #£(¢), respectively. The term
E = M) = By + Lo, —i =12 2-14
i =Bt ot A (1[°) = B+ y0,0,——, =12, (2-14)
n°+ow;

may be called pseudodamping, because it plays the role of damping but includes viscoelasticity as well.
In this study, the viscoelastic kernel function is supposed to follow ordinary Maxwell model

#H(1) =ye ", (2-15)

which can be used as an approximation to most linear viscoelastic behavior as closely as possible if
enough number of Maxwell units are arranged in parallel. Its sine and cosine transformations in (2-13)

are given by
wy

2+ 2’

vn

s —
@)= n? +w?

H () = (2-16)

It is of importance to note that both the averaged amplitude @; and phase angle equations ¢; do not
involve the phase angles and then the amplitude equations are advantageously decoupled from the phase
angle equations. Hence, the averaged amplitude vector (¢, a,) is a two dimensional diffusion process.

3. Moment Lyapunov exponents and Lyapunov exponents

To obtain moment Lyapunov exponents from (2-8), one may transform the It stochastic differential
equations for the amplitudes by using Khasminskii’s transformation [1966]

a
2 2 —-1% .
r=vaj+a;, ¢=tan = a, =rcosg, a,=rsing, P=rP, (3-1)
1

and then the moment Lyapunov exponent is given by

1
A= zl—lglo n log E[ P]. (3-2)
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The Itd equations for P can be obtained using Itd’s lemma [Xie 2006]:

dP =mp(P,@)dt +0p, AW, +0p, dW,, (3-3)
where
JaP oP JaP oP
0P1:81/2(01a13a +o 218 ) 0P2:81/2(01a28a t+o zza ) (3-4)
and
oP aP 1 a2P 82 . 2P
1 2
P{ m +—= i + = [ btll (( —2) +1)
=¢ —————— oS cos?
(b12+b31) . bgz ) :|}
—= 2" (p—2)sin2¢ + —2)sin“ @ + 1 . (3-5
2(a%+a§)(p ) sin 2¢ a%+a§((p )sin® ¢ + 1) (3-5)

To determine the diffusion terms, one may use the replacement as

which yields the equation

op 0P 0P, 0P\ [o% 3P/da,+0% OP/da,
P =0p,+0p, = 5{ Uflla"‘ 213_ Ulza"‘ozza } {

a a a
ay | | 0% 8P/da,+0%, 8P /da,

2

P\’ P P P\’
:8[((0&)2"‘(0?2)2)(@) +2(0f10§l1+‘7§l20§2)_—+((0§l1)2+(032)2)(@) i|

da, da,
P\’ P 3P P\’
S () soneas 2 2 s (2] »
Hence,
dP =mp(P,¢)dt +0p, AW, +0p, dW, =mp(P,@)dt + X p(P,p)dW. (3-7)

Similarly, one can obtain the It6 equations for ¢,
dp =m,(¢)dt + 0, dW; +0,, dW, =my(p)dt + Z,(p) dW, (3-8)

where

dp g dg dg
U(pl =81/2(0flw+031E), O'(p2=81/2(0'i128a +o gza (3-9)

g do 1 0% 0% 0%
_ a %% aV | T|pa T ¥ | pa 4 pa pa 2%
m g, (9) 8{’”1 P +m +2[ llaaf + (b7, + 21)8a18a2 + 03, 3a?
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m m4

_ 1 : 2

=¢ —?smgo—l-?cosw
aj +a; aj +a;

1 b¢ bl + b2 ba
+_|: . 11 2sin2¢_(2—21)(2cos go—l)— 2sin2g01|}, (3-10)

2l aj +a; at +a; ai +a;
and
do 2 dp 8(p dg ?

2 2 2

E¢=a¢1+0¢2=e[b?l(a) +(b?2 1) a2 b22 @
b b9, + b8 b3

=8|: 11 : Sin2¢_M31n¢COS¢+—220052§0i|- (3-11)
a? +a? ay+a; aj +a3

It is noted that the coefficients of the right-hand side terms of amplitude equations in (2-8), such as
m?, i = 1,2, are homogeneous of degree one in a, and a,, which results in the fact that the diffusion
term b“ in (2-10) are homogeneous of degree two in @, and @,. Therefore, substituting a, = r cos ¢ and
a, = rsing from (3-1) into (3-5), one finds that the drift m , (P, ¢) and diffusion term X , (P, ¢) are
functions of P of degree one and ¢. However, the drift m,(¢) in (3-10) and diffusion term X, (¢) in
(3-11) are functions of ¢ only, which shows P(¢) in (3-7) and ¢(¢) in (3-8) are coupled, although ¢(#)
is itself a diffusion process.

To obtain the moment Lyapunov exponent, a linear stochastic transformation is adopted:

S=T(p) P, P:T_l(cp)S, 0<ep<m,

from which one obtains

s 0S / 328 928 ;o 9%S

=T P, —=0
P T(p), ; ,

= PT’ 3-12
dp ¢ P2 (3-12)

=T ) Pl )
apaq) % 82§0 (4%

where T, (; and T, (Z(p denote the first and second derivative of T'(¢) with respect to ¢, respectively.
The It6 equation for the transformed p-th norm process S can also be derived using It6’s Lemma

S 9S 39S S
dS =mgdt + ( 35 Wi +0pagp AW+ 0y, 50 dW, +o¢2%dW2). (3-13)

The drift coefficient is given by

mS=

05 0S 1(gS s o BS o 0RS
Mmpap T (pa (bllapz + (b7, + b3, 2Pdg bzza 2

= 1P +02) T,y + (m,P +0p 0, +0py0,,)T, +mpT. (3-14)

and the diffusion terms have the relation

o o
bS = [6565)7]. Gsz[ Pl P2:|‘ (3-15)
Op1 Opa
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Substituting 0 p,, 0 p, from (3-4) and 011042 from (3-9) into (3-15) lead to
biy =0} +0p, =3} b5, = 0";1 +‘7¢2;2 = Eé’
by, = by = 0p10g1 +0p20g

5y 0P ¢
da, da

dP d¢ 9P d¢ apP 8g0

((011)2+( o12) ) +8(011021+012022)(a 8a2+8a 9 ) ((021) +(03,) )3 8

{b“ oP 8<p+ (8P 8¢+8P 8@) pa P oP 8@}
12

11 22
da, da da, da da, da, 8a2 da,
b¢ b b2
=8pP(— 5 1 5 cosgsing + — 12 2(COSZ¢—Sin2(p)+ 3 22 2cos<psin<p). (3-16)
al—l-az aj +a; aj +a;

For bounded and nonsingular transformation 7'(¢), both processes P and S are expected to have
the same stability behavior. Therefore, 7'(¢) is chosen so that the drift term of the Itd differential
Equation (3-13) is independent of the phase process ¢ so that

dS =¢eAS dt +¢'%(0g, dW, +0g, dW,). (3-17)

Comparing the drift terms of equations (3-13) and (3-17), one can find that such a transformation 7'(¢)
is given by the equation

LPO2 +02) T,y + (M, P +0p 0, +0py0,,) T, +mpT =eAS, 0<¢<m (318

in which 7' (@) is a periodic function in ¢ of period 7. Equation (3-18) defines an eigenvalue problem of
a second-order differential operator with A being the eigenvalue and 7'(¢) the associated eigenfunction.
Taking the expected value of both sides of (3-17), one can find that E[o g, dW, + o0, dW,] =0 [Xie
2006]. Hence, one obtains E[S] = ¢ AE[S]d¢, from which the eigenvalue A is seen to be the Lyapunov
exponent of the p-th moment of the system (2-1), that is, A = Aq(t)( p). It is noted that both processes
P and S have the same stability behavior.

Substituting (3-16) into (3-18) yields

L(p)T] = ( S2PT,,+[m,P+b5lT, +mpT) =eAT, 0=<¢<m, (3-19)

where E . mg, b12’ and m p are given in (3-11), (3-10), (3-16), and (3-5), respectively. Substituting

these equatlons into (3-19) yields

LT = ATy + 2Ty + 0T =AT, 0<¢<m, (3-20)
where
1 b4 b%, + b2 b?
)\2=—|: 5 11 2sinz(/)—%sinq)cosq)#— 22200s2<p:|,
2l aj +a; aj +aj a + a3
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L {[ m§cosg  msing N b sin2¢ (b9, +b3,)(2cos* 9 — 1) g, sinzgo]
=

Jaitd Vet 20a+a) 2(a +a3) 2ai+a3)
be by b3
+P(— 3y 3 COSsing + —— 2 (cos® g —sin’ g) + =2 zCOWSiW)}’
a1+a2 a1+a2 a1+a2
m‘l’ mg
A :p{—cosgo-i-—Sin(/’
0 \/a%—l-a% \/af—l-a%

+ l(L((p—m cos’ g +1) +M(p—2) sin 2¢ + b ((p—2)sin® g+ 1))}
2\ai+a;3 2(at+a3) aj+a;
Substituting @, =r cos ¢, a, = r sing into these equations, one finds that the coefficients A, A,, and
A, are functions of ¢ and p only. Solving Equation (3-20) yields the moment Lyapunov exponent A.
This idea was first applied in [Wedig 1988] to derive the eigenvalue problem for the moment Lyapunov
exponent of a SDOF linear Itd stochastic system. This paper extends to 2DOF coupled systems and
considered viscoelasticity.

Determination of moment Lyapunov exponents. It is found that the coefficients in (3-20) are periodic
with period 7, it is reasonable to consider a Fourier cosine series expansion of the eigenfunction 7'(¢)
in the form

K
T(p) = Z Ci cos(2ig). (3-21)

i=0
Here only cosine functions are adopted because sometimes the eigenvalue problems in (3-20) contains
1/ sin(2¢). This Fourier expansion method is actually a method for solving partial differential equations
and has been used in [Wedig 1988; Bolotin 1964; Sri Namachchivaya and van Roessel 2001], and

elsewhere.

Substituting this expansion and @, = r cos ¢, a, =r sin ¢ into eigenvalue problem (3-20), multiplying

both sides by cos(2j¢), j =0,1,..., K, and performing integration with respect to ¢ from 0 to 7/2
yield a set of equations for the unknown coefficients Cl., i=0,1,...,.K:
K
Y a;C=AC;, j=0,1.2,..., (3-22)
i=0
where
4 /2
a;; = —/ L(p)[cosRig)]cosje)de, j=0,1,...,K, (3-23)
7T Jo
and

n/4 ifi=j,
0 ifi #j.

The eigenvalue can be obtained by solution of a polynomial equation as follows. Rearranging (3-22)
leads to

/2
/ cos(2ip)cos(2jp)dp = {
0
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YA ) g3 C,
ajg  ap =N ap, ay;3 C,
4y ayy A=A ay, C, ¢ =0. (3-24)
s sy ayy ap=A | | C,
The third-order submatrix is listed here. For convenience, A is inserted in a;-
ago = 1ag (3kT) +3k3, +8k%) Sy p* + &5 (5kT, So +5k3, Sy +24k*Sy—32(E, + E,)) p—
1 2 2 2
Aoy = _4( 11 kzz) o? +32(k113 —k3,S _8(E1_E2))P’
agy = oe (ki) +k3,—8k?) Sy p* — 135 (k3 + k3, —16k?) S, p.
1 2 2 2 2 2 ¢
aro = g1 (k11 —k3,) Sop” + 15 (ki1 So—k3, Se—4(E | — E,)) p+ 15 (k1 So—k3, Sg—8(E | — E5)),
ay; = s15(TkT, +7k3, +8k2) Sy p* + 5xe (11k T, So + 11k3, Sy +40k> Sy —64(E | + E,)) p
— (k2 2, +24K2) S A, (3-29)
1 (12 2 1 1 (1.2 2
alzzT(kn k )Sop _§(E1_Ez)l’_ﬁ(kllso_kzzso_S(E1_Ez))v
1 (12 2 2, 3 (12 2 2 1 (1.2 2 2
ayo = 535 (k) +k3,—8K?) Sy p* + 35 (k11 k3, —8Kk>) S p+ 35 (kT +k3,—40k?) S,
1 (12 2 2 2 1 (72 2
ayy =T(k11 kzz)Sop +64(3k11S _3k2250_8(E1_Ez))P+E(kllso_kzzso_S(El_Ez))’
tyy = = 535 (3kT) +3k3, +8k%)So p® + 135 (5k 11 So +5k3,So +24k> Sy —32(E| + E,)) p

_11_6(k121 +k§2+ 161‘2)50_%/\’

where E; is the pseudodamping defined in (2-14).
To have a nontrivial solution of the Cy, it is required that the determination of the coefficient matrix
of (3-24) equal zero, from which the eigenvalue A(p) can be obtained,

(K)

K
) (AU o, (K)[A(K)] oot eBOAEN 1) g

(3-26)

where A X) denotes the approximate moment Lyapunov exponent under the assumption that the expan-
sion of eigenfunction 7'(¢) is up to K-th order Fourier cosine series. The set of approximate eigenvalues
obtained by this procedure converges to the corresponding true eigenvalues as K — oo. However, as
shown in Figure 1, the approximate eigenvalues converges so quickly that the approximations almost
coincide after the order K > 1. One may approximate the moment Lyapunov exponent of the system by

~ AE) (p). (3-27)

Aq(;) (p)

Determination of Lyapunov exponents. The p-th moment Lyapunov exponent A 2(0) (p) is a convex an-
alytic function in p that passes through the origin and the slope at the origin is equal to the largest
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Figure 1. Moment Lyapunov exponents for various K-th order Fourier expansion.

Lyapunov exponent Aq(t), ie.,

K
Ayn(p) = lim D) = — lim L
q() —0 P p—0 pegK)’

which is obtained directly from (3-26).

(3-28)

For comparison, the largest Lyapunov exponent for system (2-8) can be directly derived from invariant

probability density by solving a Fokker—Plank equation [Xie 2006].
(DIFkE, + k3, > 4k ,ky | ie., Ay > 0, we have

A= %[()\1 +A,) 4+ (A, —A,)coth (Al _)‘20[)]’
VAO
_ 0
where « = cosh™! ——= |
4|klzkmlSo

Q) If k], + k3, <4k ,ky, | ie., Ay <0, we have

A=

N —

A=Ay
|:(k1+kz)+(kl—kz)coth( a)],
—A,

S
4lkyaka ]Sy

) If k2, + k2, =4k ,k,, |, ie, Ay =0, we have

where o = cos™

A= % ((k1 +hy) + (hy — Ay) coth M)

k12K 1S,

(3-29)

(3-30)

(3-31)
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The constants Q and A are defined as

0= (k121+k — 4k yky1) Sy, Ay = 4(Q2 16k7,k31S0).
k

3-32
Ay =-B, _wlfe/t//(liw) + %klzl Sos —B, _wzfs/t//(lgc) + §k§250 ( )

4. Stability boundary

Moment Lyapunov exponents can be numerically determined from (3-26). When K = 0, the eigenfunc-
tion in (3-21) is T'(¢) = C; then, from a,, — A© =0, the moment Lyapunov exponent is defined as

Ay (P) ~ N (p) = 35 (3k 7, +3k3, +8k2) Sy p* + &5k, So+ 5k3, S +24k> Sy —=32(E| + E,)]p.
(4-1
If viscoelasticity is not considered, i.e., T, = 0 and E; = ;, then (4-1) reduces to the moment Lyapunov
exponent for 2DOF linear systems subjected to white noise parametric excitation which was reported in
Equation (3.19) in [Janevski et al. 2012], where the perturbation method was applied.
The moment stability boundary is then obtained as

(3k7, +3k3, + 8k?)Sop + 2[5kiy Sg + 5k3,Sq + 24k> Sy — 32(E, + Ey)]| = (4-2)

Again, if viscoelasticity and coupling parameter (k = 0) are not considered, (4-2) can be reduced to
that obtained by other approximate methods such as asymptotic expansion of integrals and stochastic
averaging; see Equation (40) of [Ariaratnam and Xie 1993].

The Lyapunov exponent is given by

0) T A(O)(p) _ 1 2 2
1O (p) = lim = 2a[5kT1So + 5k3,So + 24k> Sy — 32(E| + E,)]. (4-3)
p—>

p

The almost-sure stability region is found to be
S5k, Sy + 5k3, Sy +24k*Sy —32(E, + E,) <0. (4-4)

From (4-2) and (4-4), the almost-sure and the moment stability boundary are both a straight line in
the coordinates with £, and E,.

When K = 1, the eigenfunction is T'(¢) = C,, + C, cos 2¢, the moment Lyapunov exponent can be
solved from
1
ago=AD g,

ayy  a;—AW =0 *+-3)

10

Expanding we get an equation, A(l))2 + e(l)A(l) + e(l) = 0, leading to an analytical expression for the
p g g q 1 0 g y p
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moment Lyapunov exponent. The coefficients for systems with white noise (S(w) = S,)) are given by

eV = L (13p2 4+ 42p—8) Sy (k2 +k2,) — & B3p> +22P—56)Syk >+ p(E, + E,),

(1) _ ¢2(7.4 4 5 4 5 3 1 .2 13
€ _SO(k11+k22)(32768p + 30967 T 31020 _2048p)

+Soki1k3y (16352 P* + 5005 P + 3095 27 + 1033 P) + S0k (oas '+ 13w P’ + 51227~ Fw )
+85 (ki) +k3)k* (z556 P* + 1033 2° + 1052 P° — 256 1)

+Sokti [~ (512 1+ 315 E2) P’ = (556 E1 + 356 B2) P+ (25 E1 — 3 E2) P

+Soka [~ (st B2+ 312 E1) P’ ~ (536 Ex + 556 E1) P* + (s E2— 51 E1) )

+Sok*(Ey+ Ey) (— 350" — 6507 + 16 P) + 3 P° (B + E3 +6E, Ez) iP(E\=EY. (46)

It can be found that on the condition of white noise, our case reduced to the results of [Janevski et al.
2012]. When k| = k,, = 0, the moment Lyapunov exponent is given by

AD(p) = (Zg P>+ L p— L)k Sy~ p(E, + E,)
+ 155 [ (3136+224p+116p7 +4p* + p*)k* 2 +2048p(p+2)(E, — E,)?] 2. (4-7)

The moment stability boundary is then obtained as A" (p) = 0. From this boundary, one can establish
the relation between E, and E,, and the critical excitation S, which will be shown in application part.
The corresponding largest Lyapunov exponents are

1 21k*S3 —56k*S,(E, + E,) + 32(E, Ez)

A 4-8
(P)=113 k25, (4-8)

The almost-sure stability region is found to be
21k*SE —56k*Sy(E, + E,) +32(E, — E,)* <0. (4-9)

The analytical accurate results of Lyapunov exponents from (3-29) and numerical results from (3-28)
are compared in Figure 2, left, which shows the two results almost overlap. Care should be taken
that for S(w) — 0, the numerical results may become unstable due to roundoff errors. Figure 2, left,
illustrates that Lyapunov moments converge quickly with the increase of expansion order K. It is noted
that although the results in Figure 2 overlap, the analytical expressions from (3-29) to (3-31) seem not
to agree with the expression given in (4-8). This can be explained by the discrepancy between exact
solutions and a sequence of approximations.

When K = 2, the eigenfunction is T'(¢) = C, + C, cos 2¢ + C, cos 4¢, and the moment Lyapunov
exponent can be solved from

2
aoo_A( ) o1 Aoy
a9 all_A(Z) ayy =0. (4-10)
2
Ay ayq a22—A( )
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Figure 2. Comparisons of largest Lyapunov exponents for varying k,, (left) and varying
K (right).

Expanding we get a cubic equation, (/\(2))3 + e§2)(A(z))2 + egz)/\(z) + e(()z) = 0. The coefficients for
symmetric coupled systems with white noise (S(w) = S, k12 = ka1 =k, and k1| = kyp = 0) are
given by

2
e = (13p2 + 12 p —21) Sk + 3 p(E, + E,),

L
56
egz):S K (zoqs P* + 553 0° = 552P” — 1350 + 18) — Sok*(E| + E,) (g5 0° + 350 = & p)

+( Ez"‘ Ez"‘?SE El)P2+(E1_E2) (%_%P)

2) _ 6 1 1 427 357
o _S k (1310721’ +65536p 32768p 163841’ + 10241’ + 10241))

+ Sok*(Ey + Ey) (35062 + 103 7" — 10230 — 355 P° + 357)
+Sok?[ (515 1 + 513 B3 + 356 E Ey) p* — (55 Bt + 1 B3 + G E1 E) P’
+ (R ET + 155 B3 + 41 E1Ey)p® — (3BT + 35 E3 — 5B o) p]
+(HE + 5 E3+ 3 E?E)+ S E E2) p*+(E}+E3—EYE,—E E2)(§p—5 p?). (4-11)

The analytical expression for moment Lyapunov exponent can then be obtained by solving this cubic
equation. However, for K > 3, no explicit expressions can be presented, as quartic equation is involved.
The Lyapunov exponent for K = 2 is given by

@
@y S0 _ LAy
p—0 pefz) 256 )\D

(4-12)
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where

Ay =22848S5kC + (14480(k7, + k3,)S, — 71680(E, + E,))Sgk*

+ {2076k}, +2076k3, — 7243, k3,) S5
+ ((10752k7, — 23040k3,) E, + (10752k3, — 23040k, ) E|) S, + 67584(E, — E2)2}Sok2

+ (ki k3, + ki kg, +T5kT) +75k3,)Sg
+ ((512k3, + 256k3,k5, — 1280k () ) E| + (512k7, + 256k3,k5, — 1280k3,) E,) S5
+ ((7680k{, — 512k3,) ET — 7168(k{, + k3,) E | E, + (7680k3, — 512k7,) E3) S,
— 16384(E3 + E} — EXE,— E,E?).

Ap = 560S2k* +48(k?, + k2,)SEk* + 3k, + 3k3, — 2k3,k3,)SE

+32((k3, — ki) E, + (ki —k3,)E,)S, + 128(E, — E,)*.

5. Stability index

The stability index is the nontrivial zero of the moment Lyapunov exponent. Hence, it can be determined
as a root-finding problem such that Aq ( t)(Sq ( t)) = 0. When the order K of the Fourier expansion is 0,
from (4-1), the stability index is given by

5ki, Sy + 5k3,S, +24k*S, —32(E, + E,) '

§ =
®
a 3k2, S, + 3k2,S, + 8k2S,

(-

When K = 1, the stability index is the nontrivial solution of A" (p) = 0 from (4-7), which is hard to
express analytically. Typical results of the stability index are shown in Figure 3. It is seen that the stability
index decreases from positive to negative values with the increase of the amplitude of power spectrum,
which suggests that the noise destabilizes the system. The larger the pseudodamping coefficient £, the
larger the stability index, and then the more stable the system.

6. Simulation

Monte Carlo simulation is applied to determine the p-th moment Lyapunov exponents and to check the
accuracy of the approximate results from the stochastic averaging.

Suppose the excitation is approximated by a Gaussian white noise with spectral density S(w) = #? =
constant for all w, and then £(¢) dt = ¥ dW(¢). Let

x1(t):%(t)v xz(t):ql(t)’ x3(t)ZQ2(t)7 x4(t):q.2(t)’
t t (6-1)
x5(l)=/ ye_z(t_s)ql(s)ds, x6(t)=/ ye_m_s)qz(s) ds.
0 0
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Figure 3. Stability index for system under white noise.
Equation (2-1) can be written as a six-dimensional system of Itd differential equations
dx = Axdr+ B xv dW, (6-2)
where x = {xl,xz,x3,x4,x5,x6}T, and
0o 1 0 0 0 0 ] [0 0o 0 00 0]
wi -2¢ef, 0 0 —8(012 0 —sl/za)lkll 0 —&! 2w1k12 0 00
0 0 0 1 0 0 0 0 0 0 00
A= , B = . (6-3
0 0 -w?-268, 0 -sw? 20k, 0 —2w,ky, 00 0 (6-3)
4 0 0 0 -¢ 0 0 0 0 0 00
| 0 0 y 0 0 -t i 0 0 0 0 0 0]

Equation (6-2) is linear homogeneous. We apply the algorithm proposed in [Xie 2006; Wolf et al. 1985]

to simulate the moment Lyapunov exponents and Lyapunov exponents. The norm for simulations is

lx@ll = /X5 x2.

The iteration equations are given by, using the explicit Euler scheme,

k+1 k k

X = x| + x5 - At,

k+1 _ k B k k
Xy =X, +( w? x1 2sﬁ1x2 +ew xs)At el a)l(kllx1 +k12x3)1‘} A*,

k+1 _ _k
X3 =Xy —I—x4 - At,

x{‘f‘H = x{‘f + (- a)2x3 28,32x4 +sa)§x]6‘)Az —el/za)z(kzlxiC +k22x3 )9 - Ak,
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X =k (pxk oA and KT = x4 (rxk — ey Ar

where At is the time step and & denotes the k-th iteration.

The analytical and numerical Lyapunov exponents in Figure 2 are tangent lines of results from Monte
Carlo simulation, which confirms the method of stochastic averaging is a valid first-order approximation
method. In Monte Carlo simulation, the sample size for estimating the expected value is N = 5000, time
step is At = 0.0005, and the number of iteration is 108,

7. Application: flexural-torsional stability of a rectangular beam

As an application, the flexural-torsional stability of a simply supported, uniform, narrow, rectangular,
viscoelastic beam of length L subjected to a stochastically varying concentrated load P(¢) acting at the
center of the beam cross-section as shown in Figure 4 is considered. Both nonfollower and follower
loading cases are studied.

For the elastic beam under dynamic loading, the flexural and torsional equations of motion are given
by (see [Xie 2006])

F*u  PM, ) M 3%u du
El,— 2R z —+4+D,— =0,
vz T T g0 02 Mg TPy,
(7-1)
0>y OM, du Pu oM 0%y oY
-GJ—- L —+ M, — z I 4+D,—=0
02 Tz an T T T v =0
with boundary conditions
%u(0,¢)  d*u(L,t
w(0.0) = u(L.r) = 24O ULt o6 = (L.t =0, (7-2)

0z2 9z2

P(f) (Non-Follower)
U_  P(r) (Follower)

<

|
a
\V/

Figure 4. Flexural-torsional vibration of a rectangular beam.
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where M., M s and M, are the bending moments in the x, y, and z direction, respectively. u(z) is the
lateral deflection and ¥/ (¢) is the angle of twist. £ is Young’s modulus of elasticity and G is the shear
modulus. 7, is the moment of inertia in the y direction. J is Saint-Venant’s torsional constant. E [, is
the flexural rigidity, GJ is the torsional rigidity, 7 is the mass per unit length of the beam, r is the polar
radius of gyration of the cross section, D v and D,, are the viscous damping coefficients in the ¥ and u
directions,respectively, 7 is time and z is the axial coordinate.

For a three-dimensional loading, the stress and strain tensors o and € are given by

o=0;+s, €=¢+e, (7-3)

where oy and ¢ g are the stress and strain first invariants, which produce dilatation and no distortion, also
called hydrostatic or volumetric tensor, and s and e are the stress and strain deviatoric components, which
tend to distort the body. The deviatoric stress tensor can be obtained by subtracting the hydrostatic stress
tensor from the stress tensor.

According to Boltzmann’s superposition principle, a constitutive relation for a linear viscoelastic
material under three-dimensional loading can be obtained by replacing the bulk modulus B and the
shear modulus G by appropriate Volterra operators [Drozdov 1998]. Most natural and polymer materials
exhibit a elastic dilatation whereas the shear deformation is viscoelastic. The bulk modulus is assumed
to time-independent and then the viscoelastic constitutive relation is given by

oy =3Be;, s=2G(1—-H)e, (7-4)

where « is the bulk modulus, G is the shear modulus, and .77 is the relaxation operator defined in (2-3)
for Maxwell viscoelastic materials. Therefore, for problems with viscoelastic materials, one may simply
replace the elastic moduli £ and G in elastic problems by the Voltera operators £ (1 —.¢) and G(1 — 57,
respectively. The governing equation for a viscoelastic deep beam can be obtained from (7-1) as

34 32(M y) 0°M 9%u du
EI,(1—# X2 4 —+D,— =0,
i1 Uy 922 92 TMya TPy,
(7-5)
a2w oM., du ?u M 2%y y
—GJ(1 =7 XM, — z D =0.
=Tzt T Magzt oz TPy

These equations are partial stochastic differential equations and are difficult to solve. An approximate
solution can be obtained by using Galerkin method. Seek solutions of the form

u(z 1) =g sin =, Y0 = gysin (7-6)

in which ¢, = u,, =u(3L.t), g, = ¥,, = ¥ (3 L.1t). Substituting into (7-5), multiplying by sin(rz/L),
and integrating with respect to z from 0 to L yields
Q1+2IB Q1+w1 — )0 +wk,§1)0, =0,

(7-7)
Q2+2,32Q2+602(1 H)0y +wyky §(1) Q) =0,
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where
K — 0)2(12—7'[2) IB _& ﬁ B D]// 2_(2)4E1y wz_(£>2 GJ
w, (4+n2)’ Voom® T2 omr? 1 L) m’ 2 L) mr?’
P(1) dmrL |w? — w?| |w? — w?|
)= 57 Po= 2 k= kg =t =k (7-8)
cr [(12—7T2)(4+7T2)] W@,

where B, and B, are reduced viscous damping coefficients, P, is the critical force for the simply sup-
ported narrow rectangular beam.

For nonfollower force case, the only difference is that M), = 0 in (7-5). The equations of motion are
of the same form of (7-7), but the parameters are different,

w D D 4EI 2GJ
K=— |22 o =Zu 9g ¥ 2:(2)_{ 22(1)
w, P m P2 mr2 © L) m e L) mr?
P(t) 8mrLow,w,
£@) = p 0 taeT g2 Fes kyp = Jo,0, =ky. (7-9)

cr

It is seen that (7-7) has the same form of (2-1), except that k|| = k,, = 0. By introducing the polar
transformation and using the method of stochastic averaging, Equation (7-7) can be approximated in
amplitude by the It6 stochastic differential equations in (2-8), where the drift and diffusion terms are
given by

147
mi = a;[ = B; — Tl (F)] + 5 ki So, by = 3kijajSo. by =0, (7-10)
l

Substituting (7-10) and @, = r cos ¢, a, = r sing into (3-20) yields the eigenvalue problem, from
which moment Lyapunov exponents can be determined by solving (3-26).

Some analytical stability boundaries are discussed here. For nonfollower symmetric coupled systems
under white noise excitation, the moment stability boundaries can be obtained from (4-1) for K = 0
and (4-7) for K = 1, and the almost-sure stability boundaries is from (4-3) for K = 0 and (4-9) for
K =1, which is shown in Figure 5, left. The moment stability boundaries are more conservative than
the almost-sure boundary. With the moment order p increase, these moment boundaries become more
and more conservative.

One can also obtain the critical amplitude of power spectral density of white noise excitation for the
case K =1 from (4-7) and (4-9), which is illustrated in Figure 5, right. The critical excitation increases
with the pseudodamping coefficient, which confirms that damping and viscoelasticity would consume
some energy of motion during vibration. Smaller amplitude of excitation (S,,) would destabilize the
system in terms of higher-order moment stability, which suggests that stability region with higher-order
moment is more conservative than that with lower-order moment stability. Almost-sure stability is the
least conservative. Some numerical values for discrete points already shown in Figure 5, right, are listed
in Table 1 for reference.
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Figure 5. Left: Almost-sure and p-th moment stability boundaries. Right: Critical

excitation and pseudodamping.

E1 p=0 p=1 p=2 p=4
0 0.6667 0.2857 0.2500 0.2000
2 2.0000 0.8571 0.7500 0.6000
4 33333 1.4286 1.2500 1.0000
6 4.6667 2.0000 1.7500 1.4000
8 6.0000 2.5714 2.2500 1.8000
10 7.3333 3.1429 2.7500 2.2000

E1 p=0 p=1 p=2 p=4
0 04593 0.2500 - 0.1000
2 19512 1.6443 1.4142 1.1000
4  3.0526 2.4459 2.0000 1.4600
6 4.0836 3.1290 2.4495 1.7286
8 5.0816 3.7463 2.8284 1.9667
10 6.0605 4.3184 3.1623 2.1909

Table 1. Critical excitations SO for the cases K = 0 (left) and K =1 (right).

8. Discussion

10

Figure 6, top, shows that with the increase of f, the slope of the moment curves at the original point
change from negative to positive, which suggests the beam’s status from instability to stability and so
damping plays a stabilizing role in flexural-torsional analysis of the beam under white noise excitation.

Figure 6, bottom, shows that the viscoelastic intensity y has a stabilizing effect (left panel) but 7 plays
a destabilizing effect on systems under white noise (right panel). With an increase of y, the stability
index also increases, which means the stability region for p > 0 becomes wider, so the viscoelasticity
help stabilization. However, the decrease of 1 means the relaxation time increase, the stability region
for p > 0 also becomes wider, which shows smaller 1 or larger relaxation time helps to stabilize the
system. The effect of stabilization is prominent only when 7 is small. As n exceeds 10, large increase
of n produces very small effect on stabilization.
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Figure 6. Effect of damping (top), viscosity y (bottom left), and viscosity n (bottom
right on moment Lyapunov exponents.

9. Conclusions

The stochastic stability of coupled viscoelastic systems described by Stratonovich stochastic integro-
differential equations of 2DOF was investigated. The system was parametrically excited by white noise
of small intensity with small damping. The Stratonovich equations of motion were first decoupled
into two-dimensional Itd stochastic differential equations, by making use of the method of stochastic
averaging for the nonviscoelastic terms and the method of Larionov for viscoelastic terms. An elegant
scheme for determining the moment Lyapunov exponents was presented by only using Khasminskii
and Wedig’s mathematical transformations from the decoupled Itd equations. The moment Lyapunov
exponents and Lyapunov exponents are compared well to the Monte Carlo simulation results and other
analytical expressions from the literature.

As an application, the flexural-torsional stability of a simply supported rectangular viscoelastic beam
subjected to a stochastically varying concentrated load acting at the center of the beam cross-section is
considered. The moment and almost-sure stability boundaries and the critical amplitude of power spectral
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density are obtained. It is found that, under white noise excitation, the parameters of damping 8 and
the viscoelastic intensity y have stabilizing effects on the moment and almost-sure stability. However,
viscosity parameter 1 plays a destabilizing role. The stability index decreases from positive to negative
values with the increase of the amplitude of power spectrum, which suggests that the noise destabilize
the system. These results are useful in engineering applications.
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