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A NOTE ON WEAR OF ELASTIC SLIDING PARTS
WITH VARYING CONTACT AREA

MICHELE CIAVARELLA AND NICOLA MENGA

Wear of sliding parts in the transient regime depends on elastic behavior of the bulk of the materials, and
in general the contact area cannot be assumed to be constant, so that the problem is nonlinear. Here we
look at the simple example of the classical Hertzian geometry, obtaining a simple solution for transient
to uniform pressure (which is also the “rigid” limit solution) assuming out-of-plane sliding, and the
approximation of the “Winkler foundation” in plane strain. Wear is assumed to vary according to the
Reye–Archard law, which applies locally and only to the wearing indenter. As a further improvement,
we give a more refined solution using a Winkler constant which adapts to the changing size of the contact.

1. Introduction

Wear, together with fatigue, is one of the major causes of malfunctioning and disservice of engineering
components. As such, the literature on wear is huge, particularly on the experimental side. Well known
are Ashby’s wear maps [Lim and Ashby 1987], which fit a large number of experiments and permit
estimation of different regimes of wear, which depend on temperature at the interface and in the bulk,
and, correspondingly, the orders of magnitude of variation in the wear coefficient, mainly dependent on
pressure and relative speed.

Even for a constant speed, we generally distinguish two different phases: “running-in”, in which
transient processes occur, and “steady state”. It should be remarked that there are different possible
definitions of “running-in”. Some authors suggest a running-in phase in which essentially the roughness
is altered, and there is a departure from the later regime of “linear behavior”, described by the Reye–
Archard law [Reye 1860; Archard and Hirst 1956]. Another interpretation of “running-in”, more relevant
to the present paper, describes the phase where the pressure distribution changes in time due to elasticity
effects. For a contact which changes pressure and also size in time, both phenomena may in principle be
at work, but we shall concentrate in this paper on the second meaning of running-in, assuming the Reye–
Archard law to apply throughout the process. It is perhaps interesting to remark that Reye’s work, though
earlier, remained somehow unnoticed in the English-speaking literature, which tends to cite Archard’s
work [Archard and Hirst 1956].1 Both describe the dependence of worn volume V on normal load as
linear and on hardness as inverse:

V =
kPS
HB

, (1-1)

Keywords: wear, contact mechanics, finite element method, Archard wear law, Hertzian plane contact, transient wear.
1As Villaggio [2001] says, “Reye’s model became very popular in Europe (in Italy was promulgated by Panetti [1947]),

and it is still taught in university courses of applied mechanics. But, strangely enough, this theory has been totally ignored in
English and American literature.”
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where S is sliding distance, P is normal load, and HB is Brinell hardness. In this form, k is a di-
mensionless constant which, in the original Archard model, expresses the (unknown a priori) proba-
bility of an asperity to wear when sliding it by a length equal to twice its contact diameter (see also
http://en.wikipedia.org/wiki/Archard_equation). It varies from about 10−2 for mild steel on mild steel
to 2–3 orders of magnitude less for tool steels on metals, and even lower on plastic. Some values for
ceramic on ceramic are as low as 10−6. Notice that this law holds until the nominal pressure is lower
than the yield. Above that, k grows with P , and hence we depart from linearity. Naturally, the many
orders of magnitude of variation in k hide many possible changes of mechanisms and dependence on
other constants, for example, toughness of the materials; and indeed the wear rate in certain ranges can
increase, be independent of, or decrease with hardness depending on the particular toughness [Hornbogen
1975].

Often, as said before, running-in is associated to elasticity-dominated effects (see, for example, [Gory-
acheva 1998]). One class of problem is when the contact area is fixed in time, which permits special linear
techniques to be used, like the eigenfunction expansion of the transient pressure distribution. However,
another important class of problem does not neglect the change of contact area during the wear process,
and hence cannot rely on linearity and the superposition principle.

Most of the present literature is concerned with FEM implementation of Archard’s law (see, for ex-
ample, [Mattei et al. 2011; Põdra and Andersson 1999; Sfantos and Aliabadi 2007]), and therefore the
computational cost of a reasonably complex problem is significant. An approximate solution using the
Winkler approximation for the contact, namely that the displacement is a local function of the pressure, is
possible in closed form. In particular, here we extend the 2D treatment of [Goryacheva 1998] to provide
full solutions also for pressure distribution. In common with Goryacheva, we shall assume wear is only
acting on the indenter, and not in the half-plane. Finally, as a further extension, a section is added on an
“adaptive” Winkler solution, in which the modulus is corrected for the changing contact area. This gives
some hint of the degree of approximation of the solution. That the results with Winkler models can be
very good compared to the full continuum problem is known in the literature (see, for example, [Põdra
and Andersson 1997]).

2. General formulation

The problem we plan to solve is that of an elastic indenter that slides out-of-plane, over a Winkler
half-plane. The indenter can also be elastic but, without loss of generality, we shall assume it is rigid.
The half-plane is wearing much more slowly than the punch, so that we can neglect its wear process
altogether. This is clearly not correct in general, but is a limit approximation when the wear coefficient
of the indenter is much larger than that of the half-plane. If the contact repeats itself in some patterns,
like in the case of a pin-on-disk situation, or pad-disk assembly, this amounts to assuming that wear of
the disk is negligible compared to that of the pin or pad. The geometry and the symbols are described in
Figure 1, where d(t) is the indentation depth, b(t) is the contact semiwidth, u(x, t) is the displacement
of the Winkler foundation, w(x, t) is the indenter wear, and g0(x) is the initial gap function.

We shall consider the most interesting case, that of contact area growing in time, which is typical if the
contact load is constant or increasing in time, although the more general cases of decreasing or variable
loads require similar considerations (see, for example, [Goryacheva 1998] for the more general case).
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Figure 1. Indenter geometry and symbols. The figure takes into account the Winkler
behavior for a contact area 2b(t) that is expanding in time. Triangles are used to indicate
the elastic material in the half-plane.

2A. Formulation. With reference to Figure 1, inside the contact area the displacement field is

u(x, t)= d(t)− g0(x)−w(x, t). (2-1)

As in the classical Winkler model, simple proportionality of pressure and displacement is assumed:

p(x, t)= k(t)u(x, t), (2-2)

where k(t) is the proportionality coefficient, or Winkler constant, having units of pressure per unit dis-
placement — time-dependent in the most general formulation.

The Winkler model permits us to solve the pressure distribution in the contact area. In fact, inside the
contact region, using (2-2) in (2-1) we have

p(x, t)= k(t)[d(t)− g0(x)−w(x, t)]. (2-3)

By integrating (2-3) over the contact length [−b(t), b(t)], we find the state equation of the problem,
which relates the contact evolution (constants b, d), the indenter wear, and the external load per unit
length P(t):

P(t)
k(t)
= 2b(t)d(t)−

∫ b(t)

−b(t)
[g0(x)+w(x, t)] dx . (2-4)

2B. Indentation evolution. The profile wear is modeled by the Reye–Archard law. Hence, if v(t) is the
relative slip velocity, f is the friction coefficient, and β is the wear coefficient, we can write

∂w(x, t)
∂t

= β f v(t)p(x, t)= α(t)p(x, t), (2-5)
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where α(t)= β f v(t) is a parameter which takes into account the generally time-dependent velocity and
w(t) is the profile wear in the normal direction with respect to the contact area.

The indentation evolution d(t) is obtained by differentiating (2-4) with respect to time. Using (2-5)
and the condition that the edges of the contact region are progressively entering contact and hence have
no wear, i.e., w(b(t), t)= w(−b(t), t)= 0, we find that

P ′(t)= d ′(t)2k(t)b(t)−
[

k(t)α(t)−
k ′(t)
k(t)

]
P(t), (2-6)

which can be easy integrated to give d(t) and then b(t)= g−1
0 [d(t)].

2C. Pressure field evolution. Let us now look at the pressure behavior at a fixed position x̄ ,

p(x̄, t)= p(t).

The pressure field evolution is governed by (2-3). Differentiating it with respect to time and using (2-5),
we find

p′(t)+
[

k(t)α(t)−
k ′(t)
k(t)

]
p(t)= k(t)d ′(t), (2-7)

that is, a first-order ODE which can be solved by the variation of constants method, finding

p(t)= q(t)e−B(t), (2-8)

where B(t) is a general primitive of the coefficient,

B(t)=
∫ [

k(t)α(t)−
k ′(t)
k(t)

]
dt, (2-9)

and where

q(t)=
∫

k(t)d ′(t)eB(t) dt +C, (2-10)

with C an arbitrary constant of integration.
The initial condition to find the correct value of C depends on whether the particular value of x̄ is

inside or outside the original contact area. In particular,{
if x̄ ∈ [−b(0), b(0)], then p(x̄, 0)= k[d(0)− g0(x̄)];
else p(x̄, t)= 0 for t < t̄ ,

(2-11)

where t̄ is the time at which |x̄ | = b(t).

3. Constant P , k, α

In order to develop analytical results, we will now focus on classical Hertzian indenters, although the
approach to be described does not need any kind of limitation in terms of indenter geometry. The Hertzian
indenter is characterized by its curvature radius R and

g0(x)=
x2

2R
. (3-1)
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Figure 2. Dimensionless contact area vs. dimensionless time; b0 is the initial contact area.

Assuming the load, the Winkler constant and the relative sliding speed between the indenter and the
half-plane are all constant,

P(t)= P, k(t)= k, α(t)= α, (3-2)

after some algebra (2-6) can be solved, finding

d(t)=
(

3P

4k
√

2R

)2/3

(1+αkt)2/3. (3-3)

The initial condition depends on the Winkler constant k, but the steady state does not — and this
explains the success of rigid models, which predict the steady state from purely kinematic considerations.
For example, the design of brakes systems is classically based upon rigid models (see [Sfantos and
Aliabadi 2007]). This important simplification is valid for every indenter shape described by g0(x), not
only for the Hertzian case, but it requires the assumptions of constant normal load and constant relative
sliding speed.

Further, by (3-1), the contact area evolution is

b(t)=
√

2R
(

3P

4k
√

2R

)1/3

(1+αkt)1/3, (3-4)

and it is shown in Figure 2. The “cross-over” time is a characteristic time of the process defined as

τ =
1

kα
. (3-5)

3A. Pressure field. The pressure field evolution is a little more complex to evaluate. Using the above
assumptions, (2-10) can be solved by differentiating (3-3) in time, finding

q(t)=
2αk2

3

(
3P

4k
√

2R

)2/3∫ eαkt

(1+αkt)1/3
dt +C,
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Figure 3. Pressure evolution vs. time. (a) x = 1
3 b0 and (b) x = 3

2 b0. Pressure values are
nondimensionalized to the Hertzian initial peak pressure.

and the integral can be solved in terms of the exponential integral function:∫
eαkt

(1+αkt)1/3
dt =−

(1+αkt)2/3 Ei1/3(−1−αkt)
αke

.

Therefore, according to (2-8), the pressure trend in time will be

p(t)=−
2αk2

3

(
3P

4k
√

2R

)2/3
(1+αkt)2/3 Ei1/3(−1−αkt)

αke
e−αkt

+Ce−αkt ,

where the initial condition C can be found by (2-11).
Figure 3 shows the pressure evolution in time for different fixed x̄ . As expected, inside the initial

contact area (curve (a)) the pressure is monotonically decreasing and the reduction ratio is also mono-
tonically decreasing. This is obviously due to the increase of the contact area in time because of wear.
Outside the initial contact area, the pressure is initially zero (curve (b)), because the point is not yet in
contact. When, due to wear of the indenter, contact occurs, the contact pressure suddenly increases. The
pressure increase ratio is not only influenced by the rate of wear, but also by the local slope of the unworn
profile which comes into contact. Both curves converge on the uniform pressure final stage.

4. The Winkler adaptive model

Winkler’s model can be applied to Hertzian contact as described in [Johnson 1985], which suggests that
in our case a time-varying Winkler modulus can be defined by considering the time variation of the
contact area and using the value suggested by Johnson which would give the best fit for the contact area
semiwidth in the Hertzian case. Specifically,

k(t)= m
E∗

bad(t)
(plane contact), (4-1)
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where bad(t) is the semiwidth of the contact in our case, and E∗ = E/(1−ν2) is the plain strain modulus.
The numerical coefficient m can be chosen in order to match the initial Hertzian contact solution in terms
of the contact semiwidth

bad(0)= aH , (4-2)

which gives m = 3π
8 , or the contact pressure peak

dad(0)k(0)= pH , (4-3)

which gives m = 8
3π .

Hence, (2-6) becomes

d ′ad(t)=
dad(t)P ′(t)+m Ed1/2

ad (t)αP(t)

2
√

2Rm E
[

d(t)− P(t)
4m E

] . (4-4)

Following the procedure used in the main part of the paper, it is possible to evaluate the trend of
penetration and contact area for constant normal load. After some algebra, we find that the implicit
expression for penetration is

32R
9α2 P2 d3

ad −
16R

3Pα2m E
d2

ad +
2R

α2m2 E2 dad = t2.

In Figure 4, the contact semiwidth is plotted as a function of time for both adaptive (solid line) and
constant (dashed line) Winkler modulus models. In particular, the results are obtained choosing the
coefficient m according to (2-8). As expected, the behavior is different only at small times, while the
long time limit does not depend on the Winkler stiffness, and thus the trend is the same.

The adaptive Winkler enhancement clearly affects the contact pressure evolution in time, which can
be evaluated numerically by (2-7).
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Figure 4. The comparison between contact semiwidths b obtained with constant (solid)
and adaptive (dashed) Winkler models; aH is the Hertzian contact semiwidth.
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Figure 5. The pressure distribution inside the contact area for different times. Dashed
lines give the solution obtained with constant Winkler modulus. Solid lines are obtained
by introducing the adaptive Winkler model. The quantities pH and aH represent the
Hertzian peak pressure and initial contact area.

Figure 5 shows this evolution in the cases of constant Winkler modulus (dashed line) and adaptive
Winkler model (solid line). As in the Winkler approximation, the pressure distribution is proportional to
the shape of indenter; the initial distribution is obviously parabolic, and as wear proceeds, the pressure
distribution tends towards the uniform condition. It is also possible to see that the effect of the adaptive
correction is to round the pressure distribution.

5. FEM comparison

A detailed comparison between simple and adaptive Winkler solutions and a FEM model was performed
in order to study the accuracy of the Winkler solutions. In particular, we developed an ANSYS Parametric
Design Language model of a half-cylinder with about 1000 elements. The contact between the cylinder
and the rigid plane surface was modeled using CONTA178 elements, in which the gap of each element in
contact is varied during the wear process by adding an artificial length corresponding to the progressive
wear, proportional to the local pressure at the given iteration. This process corresponds to an Euler
forward integration of the wear equations, and thus it was expected to be stable only for sufficiently small
wear coefficient. To the best of the authors’ knowledge, this FEM procedure has not been previously
suggested. However, it is extremely simple to implement, does not require remeshing of the worn profiles,
and in principle could be also used together with substructuring-superelement formulations in which only
the degrees of freedom of the nodes in contact are active.

In Figure 6 the solutions of the Winkler models (dashed= simple, solid= adaptive) are compared to
the FEM results (circles) for the contact area evolution as a function of time.

The adaptive Winkler model prediction clearly shows an improved fitting of FEM results compared
with the simple Winkler model. In particular, after a brief time interval, the adaptive Winkler model
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Figure 6. The dimensionless contact area semiwidth vs. the dimensionless time for dif-
ferent models. The circles are the FEM result, the solid line shows the adaptive Winkler
result, and the dashed line shows the simple Winkler result.

correctly matches the solution obtained by FEM simulation in terms of contact area evolution, despite
that the constants in the adaptive model are, strictly speaking, valid for a Hertzian pressure distribution.

Further, in Figure 7, the pressure distribution within the contact area is shown for the Winkler models
and the FEM elastic model, for a particular time t/τ = 0.8. As expected, the adaptive Winkler model,
while it improves the prediction of contact area size, is still somewhat far from the “exact” pressure
distribution shape obtained by FEM simulations. However, this is intrinsic from the beginning, when the
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Figure 7. The dimensionless pressure distribution within the contact area at t/τ = 0.8.
The circles are the FEM result, the solid line shows the adaptive Winkler result, and the
dashed line shows the simple Winkler result.



264 MICHELE CIAVARELLA AND NICOLA MENGA

Hertzian elliptical distribution cannot match the parabolic Winkler distribution. In this respect, the error
tends to be reduced from the initial value.

6. Conclusions

We have obtained some simple analytical results for 2D Hertzian rigid indenters sliding on a Winkler
half-plane, on the assumption that only one of the bodies (the indenter) wears out. The full solutions for
pressure distribution, contact area, and indentation depth have been obtained. The Winkler modulus can
be also changed in time in an “adaptive” way, considering the varying dimension of the contact area, so
as to improve the solution.

A comparison with a full continuum problem has been performed by means of FEM simulation using
a very simple yet effective method to model wear, which adds wear in the “initial gap” of the contact
elements. It is found that the introduction of the adaptive Winkler model improves the fixed load contact
area prediction in time, and that generally the Winkler model shows a reasonable solution, considering
the inevitable error intrinsic in the assumption of the pressure distribution shape.
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