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INTEGRAL EQUATIONS FOR 2D AND 3D PROBLEMS OF
THE SLIDING INTERFACE CRACK BETWEEN ELASTIC AND RIGID BODIES

ABDELBACET OUESLATI

This paper revisits the sliding interface crack problem between elastic and rigid half-planes studied by
Bui and Oueslati and provides an alternative method of derivation of the solution, which will then be
extended to three-dimensional (3D) crack problems. Based upon the displacement continuation tech-
nique of complex potentials, an appropriate Green function for the isolated edge dislocation dipole at the
interface is given. Then by considering the sliding condition along the interface crack, the field equations
can be obtained for the two-dimensional (2D) problem. Furthermore, it is shown that the edge dislocation
dipole in 2D appears to be a particular form of the fundamental Kupradze—Basheleishvili tensor in 3D,
which provides a method for deriving the coupled nonlinear integral equations for the same frictional
interface plane crack of an arbitrary shape. The present work describes how the 3D sliding interface
crack is related to the same problem in 2D.

1. Introduction

Cracks lying along the bonds between dissimilar materials or between elastic and rigid bodies are called
interface cracks. They are encountered in delamination of composites, film-substrate combinations, fiber-
reinforced materials, etc. Consequently, they are of great practical and theoretical importance and have
been widely investigated in the literature.

It is well known that, in opening mode under tensile remote stress, there are overlaps of the interface
crack faces due to the oscillatory behavior for the stress ahead of the crack tips [Williams 1959; England
1965; Rice 1988; Willis 1971]. To overcome this physical inconsistency, Comninou [1977; Comninou
and Dundurs 1980] introduced a contact region behind the crack tip. If the compressive normal load
is high enough, then the contact zone is the entire crack faces. Thus, the closed interface crack model
combined with unilateral contact with friction must be considered. In the literature, many works are
devoted to asymptotic solutions, including the effect of Coulomb’s law of dry friction [Deng 1994;
Audoly 2000; Bui and Oueslati 2005; Bui 1975; Bui and Oueslati 2004]. It is worth noting that analysis
of frictional cracks is rather complex because firstly the problem is nonlinear and secondly the solution
is not generally unique when no information is available on the crack history.

Crack problems have been often analyzed on the basis of Green’s function or distribution of disloca-
tions [Weertman 1996; Hills et al. 1996]. For interface cracks in bimaterials, the Green function is based
on the solution of an edge dislocation at the interface, provided by [Nakahara et al. 1972]. Interface edge
dislocation between two elastic layers was also studied by Suo and Hutchinson [1990]. In these solutions,
the singularities of displacement and stresses are merely of the same nature as in the homogeneous case
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with a little change in some coefficients: with displacement # = O (logr) and u; discontinuous (term in
atan(x,/x1)) and with stress 0 = O(1/r).

When the crack problems become 3D, the conventional methods such as Muskhelishvili’s complex
potentials can no longer be applied and appropriate methods have been developed. Without being ex-
haustive, it can be mentioned that the Neuber—Papkovich representation has been used [Kassir and Sih
1973]. An elegant and powerful tool is provided by the potential theory introduced by Kupradze [1963].
This method was used by Bui [1975] and Kossecka [1971] for deriving the integral equation for the crack
opening displacement. Later Bui [1977] and Weaver [1977] proposed an integral equations method for
the plane crack problem with an arbitrary shape. Furthermore, the weight functions for cracked bodies,
introduced by Bueckner [1973], are often used for obtaining the stress intensity factors (SIFs) for 3D
cracks. Fukuama and Madariaga [1995] derived a boundary integral equation for plane cracks in the
static and dynamic cases. It is worth noting that few 3D crack problems have been solved analytically
and the trend is to use numerical computations.

In the present work, we revisit the problem of the interface crack between an elastic half-plane and a
rigid one in the presence of Coulomb’s law of dry friction. The study is limited to the sliding branch of
the friction law. In [Bui and Oueslati 2005], the solutions in complex form for nonhomogeneous loading
at infinity were worked out. Here we derive this solution in a different manner by considering distri-
bution of edge dislocation dipoles that correspond to the 2D expression of the fundamental Kupradze—
Basheleishvili tensor in 3D. This remark allows us to extend the approach of solution to the 3D interface
crack. A set of coupled integral equations for the crack displacement discontinuities is obtained.

2. Basic equations for the 2D sliding interface crack

Consider an elastic solid, with Lamé coefficient u and A, occupying the upper half-space Q1 and bonded
to the lower rigid half-plane Q™ along the x| axis, except on the crack [, a]. We do not know the location
of the crack tips b and a, which have to be determined by the solution of the equations.

Following [Bui and Oueslati 2005], let the uncracked system be subjected to some remote, not nec-
essarily homogeneous, stress fields of]’.o(x). Let the resulting stress field near the interface, prior to
delamination, such that u; = u, = 0 at the interface be noted 08. (x). We consider that oi(} (x) is prescribed
load at the interface level, prior to delamination.

Localized shear stress and normal stress at the interface will likely cause delamination if the magnitude
of the shear stress is high enough. It should be noted that the inhomogeneous applied stress field has
been considered by Simonov [1990] for a frictionless interface crack. Note that, prior to delamination,
no slip occurs if the excess stress Q := f ng (x1,0) — 0102 (x1, 0) is negative. This is the no-slip condition.

Consider the equations in quasistatic plane strain elasticity with the complex variable z = x; + ix;.
Displacements and stresses are expressed in terms of analytical functions ¢ (z) and ¥ (z) in QT with
possible poles at infinity and singularities at the crack tips [Muskhelishvili 1977]:

2u(uy —iuz) = (kg () — 2¢'(2) — ¥ ()}, (1)
(011 +02) =4Re{¢'(2)}, )
(02 +io1) =¢'(2) +¢' (@) +7¢"(2) + ¥ (2). A3)
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The boundary conditions are

Uy =ur, =0 on the bonded zone, @)

uy =0, l|op|=—foxn (02 <0) onthesliding crack 5

with the following conditions at infinity:

o(x) = o®(x) for|x| = ocoin Q" (6)
i

¢'(z —> 00) = (oY +053) — 1+—K"1°20’ (7)

Y'(z > 00) = 3 (055 —ofY) +iof3, ®)

where ¥k = 3 — 4v in plane strain (v is the Poisson ratio) and f is the friction coefficient. In (5), the
inequality 022 < 0 is not prescribed but has to be checked a posteriori. The crack is defined by the cut
along [b, a). Particles of QT along the cut can move horizontally.

Equations (1)—(8) are strictly defined in the upper plane. However, we assume that ¢ (z) and ¥ (z)
can be extended to the whole plane with a cut along the crack by analytical continuations across the
bonded zones. Of course, expressions in the right-hand sides of (1)—(3) have no physical meaning in
the lower half-plane for the problem considered. They are introduced for mathematical purposes in the
derivation of the solution. Nevertheless, we shall see that the formal solution obtained in the lower half-
plane corresponds to a similar problem of the elastic half-plane £~ adhering on the rigid upper body Q7.
These solutions for the displacement fields in both problems are linked together by antisymmetry.

From condition (4) on the bonded zone, we obtain

2pur —iuz) = (K ®(2) —2¢'(2) — ¥ (2)}
={kP(z) —2¢'(z) —¥(z)} =0 (on the unbroken zone).
This equation suggests the following definition for the function ¥ (z) not only in Q% but also in Q~:
¥ (2) =k (2) — 28/ (2). ©)

The continuation used in (9) is normally referred to as a displacement continuation (rather than the more
common stress continuation). Using (9) for (3) and (1), we find on the real axis z =

on —iopn =¢'(2) +x¢'(2), (10)
2uur —iuz) = {kp(2) —2¢'(2) — ¥ ()} = k{p(2) — d(2)}, (11)
2uur +iun) = {kp(2) —2¢' (@) — ¥ (@)} = «c{dp(2) — d (D)} (12)

We recover the adherence condition u#; — iuy; = 0 on the bonded zone where the function ¢(z) is
continuous ¢ (z) = ¢(z). The condition that > = 0, on the cut, corresponds to the imaginary part of the
right-hand side of (12) being zero on the cut.

We introduce the auxiliary stress field 6;;(x), the corresponding auxiliary displacement field g (x), and
the associate auxiliary complex functions ®(z) and E(z) by putting

=0 —0". (13)
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Figure 1. Atoms of layer 1 stuck on the rigid interface, except the black atom.

On the crack, since the displacement components associated to a®(x) vanish, the auxiliary displace-
ment fields g (x1, 0) and g, (x1, 0) coincide with the current displacement fields u; (x;, 0) and u;(x1, 0).
At infinity, the stress field 6;;(x) vanishes; hence, the function ®'(z) vanishes at infinity:

®'(z) = 0(1/z) at infinity. (14)

Moreover, the continuity condition (or the compatibility condition) on the displacement (12) holds for
the auxiliary fields ¢ and gives

2u(qr +iq) =k{O() —O(2)} forz=z. (15)

3. The isolated edge dislocation dipole

Let us consider an atomic model of defect at the interface between an elastic medium and a rigid body
shown in Figure 1. Suppose that all atoms of layer 1 are fixed, being stuck on the rigid interface, except
the black atom, which is debonded from the substratum and can glide to the left.

When we move around the black atom along the lattice, from one atom of layer 1 to another one in the
same layer 1, we recover the same unchanged positions of atoms. It is expected that displacement and
stress fields in the upper half-plane are more singular than in the case of edge dislocation in homogeneous
medium. To investigate the mathematical nature of such an isolated “defect” at the origin of the real axis
as shown in Figure 1, where g» = 0 on the real axis, g; = 0 for (x; # 0, x, =0), and ¢; # 0 at (x; =0,
x = 0), we consider the displacement on the real axis from the Q% side, given as

2u(qr +iqx) =k{O(2) —OR)} (z=12). (16)

In the continuation of functions in 27 through the bonded zone, we may consider the lower half-plane
as an elastic medium stuck on the rigid upper half-plane, except along the crack; in 7, the displacement
field is antisymmetric. Therefore, the defect shown in Figure 1 corresponds to the solution in QT of an
edge dislocation dipole in shear mode as in Figure 2 (left). The edge dislocation dipole in the opening
mode is depicted in Figure 2 (right).

Consider the function defined in the whole space (upper and lower complex plane Q1 and Q7) as

1
2ihm

with complex y =c; +icy, ¢y > 0 and ¢; < 0, and the cut along (—4, 0).

0" (z) = x {log(z +h) —log(2)} (17)
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Figure 2. Edge dislocation dipoles in shear mode (left) and opening mode (right).
Atoms of layer 1 are fixed, except the (double) black atoms moving in opposite directions
in Q" and Q™.
Outside the cut, ©"(z) is continuous so that qfh) +i qéh) = 0 on the part of the real axis where x, =0,
x; < —h, and x; > 0.
On the upper face of the cut, we find

. B k .
2u(g\" +igd") = k(@P(zF) — 0P (7)) = (e Ficy). (18)

Now taking the limit of (17) as # — 0, we obtain firstly the derivative of the logarithm function:

11
0V @) = x5~ (19)
2im
Secondly, the limit of the constant function (18) over the interval [—#, O] of vanishing length 4 — 0,
which is nothing but the Dirac delta function:

20(q” +ig\") = —k(ci +ic2)d(x)). (20)

The displacement singularity given in Q1 by the function (19) is higher than that of an isolated edge
dislocation in homogeneous medium. At the defect itself, the displacement (20) can be considered as
the Green function. Note that, for an edge dislocation in a bimaterial, the Dirac delta function appears
in the stresses at the interface: o9y +ioqy = 2§(l/x1 + mif’ ud(x1)) (for x, = 0), where B and B’ are
some bimaterial constants [Suo and Hutchinson 1990]. Here the Dirac delta function is found in the
displacement at the interface. The components of the displacement at x in the upper half-plane, x, > 0,
due to an isolated edge dislocation dipole at the origin y = 0, in the pure shear mode x = c¢; (c; = 0),
are given as (with ©(z) = ©°(z) = ¢1/2inz and ©'(2) = —c, /2i7w7?)

21(q1 +igr) =k{O(2) — O} + (z —2)®'(Z) for x3 > 0, (21)
2ugi(x1 +i0) = —kc;6(x;) and 2ug; =0 for x, =0T, (22)
Thus, we obtain for xo > 0

X2 xz()cl2 —xzz) ) xlx%

1— —c —2ici————.
T X7+ x5 7 (x? +x3)2 7 (x? +x3)2

2ulqy +igqz) = —c (23)
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L

Figure 3. Contours of the displacement field given by (23) (c; = 1): on the left 2uq;
and on the right 2uq5.

The contours of the displacement field in the upper half-plane due to an isolated dipole dislocation
given by (23) are depicted in Figure 3.

The displacement at x = (x, x2) in the entire plane due to an edge dislocation dipole at y = (y;, 0)
on the real axis (of normal e?), not necessarily at the origin, satisfies the elastic equilibrium equation and
the following boundary condition on the real axis (x* = (x1, £0)):

2u
ko1 @y ) =Hx—pel m=n=0. 24)
We recover in (20), (21), (22), and (24) the particular 2D form of the Kupradze—Basheleishvili fun-
damental tensor B(x, y, np) given for 3D solids [Kupradze 1963] with components (see Appendix A)

0 1
{2181 + 3 + ) (x; —yj)(xj'—yj)p_z}ﬁ—, (25)

- 1
B/ X,y n =
S(x, y,n(y)) 27Ot 300) W

where p = /(x; — y;)(x; — y;). The elastic displacement vector B/(x,y, np)at point x is discontinuous
at x = y on the plane P of normal np. The discontinuity along the unit vector e’ is given by

B/ (x%, y,np)==48p(x — y)e/, (26)

where §p(x — y) is the Dirac delta function on the plane P. Therefore, the vector q(O) (x*, y, e?) is the
particular form in 2D of the vector B! (x*, y, €?) in 3D with x* = (x1, x2, £0).

By integrating (25) with respect to y3, —00 < y3 < 00, we obtain the 2D singular defect ¢© (x*, y, %)
for P normal to e”. Point defects with properties (24) or (26) are purely mathematical. They are boundary
Green functions for determining the displacement field in 2D and 3D.

4. Solution of the Dirichlet boundary value problem
and the singular integral equation for the 2D sliding crack

Consider the following boundary value problem of the elastic half-plane x, > 0, where both components
of displacement g1 (¢) and g, (¢#) = 0 are prescribed on the interface (x, = 0) with g;(£o0) = 0. Find the
stresses on xp = 0.
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Using results of the previous section, in the pure shear mode and from (19) and (20), the solution is

1 /+°° —2unq(t) dt

® .
(@)= 2171 K z—t

(27)

Remark. It is possible to derive the potential ®(z) given by (27) by another method. To this end, we
search for a solution of (15) using the Cauchy integral kernel 1/(z — ¢) and by considering x (¢) as

unknown density:
1 [t oo
®(Z)=2.—f X(t)—=——f X()— (28)
in

—0
Thus, using 2u (g +ig2) = k{O(z) — O(2)} (z = 7), we obtain the density as x (t) = —2uq(t)/k.
The stress in x, > 0 is then given by (10) as
022(x1) —i012(x1) = O'(2) +kO'(2)

400 K 400

S () -2
T 2im ) 20 t—2

2 n 1 +oo +00 dt
= 7 E 1( ) K P ql( )E .
Using Plemelj formulas (z = x; +i0 and z = x; — {0), we then obtain the solution (pv = principal value)

for the stress at the interface as

dt
_xl’

I tee
O12(x1) = E(l +/<)(PV)f ql(t)t (29)

O (x1) = %(1 —K)g] (x1). (30)

Equations (29) and (30) are particular forms (for g, (¢) = 0) of the general solution derived in [Bui 1968],
where general boundary conditions g (t) # 0 and g, (¢) # 0 are considered and where the Kupradze—
Basheleishvili tensor B(x, y, n) has been used.

Equations (5), (29), and (30) allow us to establish the integral equation for the unknown qi (x1) in the
frictional sliding interface crack problem considered in this paper with data 0102 and 05)2. To this end, we
have to express the friction condition on the current stresses o2 = fop, with o = 0940, as

012 — fO = foy, — o}y

and then obtain the integral equation
2 w “ dt
— = =g (x) +—(1 +K)(pV)/ 41 () —— = fop(x1) — oy (x1). (31
K KTT b I—x

It is a Carleman integral equation with the unknown g; (x), the gradient of the horizontal displacement
on the sliding crack lip. The general theory of such integral equations is provided in [Muskhelishvili
1977; Tricomi 1985] for example.

Let us introduce the coefficients A = — f(u/k)(1—«k) and B =1i(u/x)(1+«). The index of this integral
equationis T =(1/2im)log G, where G=(A—B)/(A+B)=—((k+1)+if(k—1))/((k +1)—if (k —1)).
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According to [Muskhelishvili 1977], the solution of the integral equation (31) vanishing at infinity is

X (xr) + X (x1) 0 0
2(A—|—B)X+(x1) (fazz(xl) _Ulz(xl)) . )
+X+(xl)_X_(xl)( v) “ fo'zz(t)_o'lz(t) dt

2im PO A+ BXT0) (—x1)

gy(x1) =

(32)

where X (z) = (z — b)/*7 7 (z —a)™/?**7 is the fundamental solution of the homogenous Riemann—Hilbert
problem Xt (z) = GX ™ (2).
The closed-form expression of (32) gives

frk—=1)

0 _ 0
G+ 2+ fGe =y ot monta)

B k(e —1DXT(xp) o) ¢ fod(t)—ol(t) dt
wr(k+ D2+ 2e—02) 00 ), T Xt G—x)

g1(x1) =

(33)

Some noticeable features are that G is equal to g, the coefficient of the Hilbert problem established in
[Bui and Oueslati 2005, (22)], the index t coincides with the coefficient «r, and

fod(x) —aodx) k
= B = o),
A+ B u

where Ey(x) is the second member of the Hilbert problem derived in [Bui and Oueslati 2005].
The closed form and physical solution (square-integrable solution) of the integral equation (33) for a
polynomial remote loading (0202, 0102) for example can be found in [Bui and Oueslati 2005].

5. Integral equations for the sliding planar crack of an arbitrary shape

Analysis of the 3D problem of sliding delamination between an elastic half-space QF (x3 > 0) and a
rigid body under Coulomb’s friction is very difficult. We do not attempt to solve this problem and restrict
ourselves simply to the following one: given the auxiliary shear stresses 031 (x1, x2, 0) and 03, (x1, x2, 0)
and normal stress 633(x1, x2, 0) on the interface plane P (x3 = 0), prior to delamination, find the integral
equations for tangential auxiliary displacements @1 (x1, x2) :=¢q1(x1, x2, 0) and @, (x1, x2) := g2 (x1, X2, 0)
in the planar crack S.

First of all, we generalize (29) and (30) to 3D problems. Let x = (xy, x2, x3), ¥y = (y1, ¥2,0), and
Z = (21, 22, 0). The fundamental Kupradze—Basheleishvili tensor (25) gives the displacement field in Q7:

qi(x) = /S B/ (x,y,e)p;(y)dS,. (34)

To verify that, we take the limit x — y* = (y1, y2, 0") and using (26) obtain ¢;(y™) = ¢;(y). Note that
the displacement of points in P lying outside S vanishes. This means that (34) corresponds exactly to
the displacement field of the elastic body Q% stuck on the rigid surface P, except on the crack S.

The density ¢;(y) of the double layer potential (34) (see Appendix C) is exactly the displacement
in S. For convenience, the displacement representation in terms of the single layer potential is outlined
in Appendix B.
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From (34), we can calculate the stress field in Q7 and also on P. Such a calculation is somewhat
delicate because of strongly singular kernels. However, explicit formulas for the stresses on P have been
given in [Bui 1968; 1977]:

« tangential stresses

EPR 1 A+ 9 9 a1
) = - v )f L ds, + e )/( LA g”2)— ds.. (35)
9zp By,s Py, 2) 2n(k+3u) 0z1 022 ) 0ya p(¥,2)
e normal stress
2u (dp1 g
2} = 4+ =), 36
33()) A+3u(8y1 + 9y, (36)

We are now in a position to derive the integral equations for the frictional interface crack § with
prescribed stresses (6301, 0302, 0303) on the plane P. Assume that 0301 <0, 0302 <0, and 0303 < 0. Such an
assumption can only be verified a posteriori so that the friction law can be written as 031 — f o33 cos(y) =0
and 03 — fos33sin(y) = 0, where ¢ = atan(p, /). We then obtain the coupled nonlinear integral
equations for ¢,, which are the generalizations of (31) to 3D problems:

I g1 0 1 m+ @) g1 8<pz 0 1
—(pv dS;,+ ——(p ) +— z
2 81,3 ayﬂ 0(y,2) 271()»4-3/1) 811 812 ay1 p(y,2)
1 2,,& do1 | dpn 0
- f ( fff33(J’) o51(y) (37
/(p +¢? 23w \dy oy
and
uw 0 d 1 A+ 0 d 0 1
2 ov) 2] ds. + Iz 2z LICGh T )/ 991 92\ 9 :
2 S az,f; Byﬁ o(y,2) 277()»-1-3#) 3z1 3Z2 dy2 p(y, 2)
) 2u? (3% 3902) 0
f0'33(.V) 03,(y). (38)
0?42 A3y 9y

It is out of the scope of this paper to derive the solution to (37)—(38), even by a numerical method.
However, it is worth noting that these integral equations extend over the crack surface only, which has
many advantages for numerical analysis.

Finally, if we interpret the SIFs K1 and Ky along the crack front, as factors of the tangential displace-
ment discontinuity [Bui 2006], then the two sliding modes are nonlinearly coupled in the frictional 3D
crack problems.

6. Conclusion

In this paper, the problem of the frictional sliding interface crack between an elastic half-plane and a rigid
one has been analyzed by considering distribution of edge dislocation dipoles along the crack faces. We
recover the field equations obtained in [Bui and Oueslati 2005] by means of complex potential representa-
tion. Then this approach has been extended to the planar interface crack with an arbitrary shape thanks to
the fundamental Kupradze—Basheleishvili tensor. A couple of nonlinear integral equations for the crack
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displacement discontinuities have been derived. It is worth noting that these integrals are taken only over
the crack face, which will be interesting in numerical computations. This is a topic for future work.

Appendix A: The Kupradze-Basheleishvili tensor

Let Q be an elastic solid in 3D space R with a piecewise smooth boundary 92 and x be the Cartesian
coordinates. The elastic operator L is defined such that the Lamé—Navier equation reads

Lu:=puAu+GA+nw)VV-u+ f =0 in Q,

where u is the displacement field in the solid €2 and f denotes for the body force.
The corresponding traction acting on the boundary of d<2 with the outward unit normal »n is obtained
from the displacement u by applying the traction operator

0
T" := 2,u8— + An div +un Arot.
n

The fundamental Kupradze—Basheleishvili operator associated to a plane Py, with normal n, at the
point y, is defined by the tensor B satisfying

LBk(x, y;ny) =0, kef{l, 2,3}, x ¢ Py forfixed y € P,
and the boundary conditions
Bf(x, y; ny,)=0, x,yecP,andx #y.
The components of Bf(x,y:n y) read

1 Jd 1
B (x, y, 1)) = ————— (218 + 302 i =y G — yop e,
i (x,y,ny) 271()»+3,u){ ik +3(h + ) (x; — yi) (xk — yi) o }8ny,o

where p = /(x; — y;)(x; — y;) is the Euclidean distance between x and y. It should be noted that
B*(x,y;n,) = —B(y, x; ny).
Following [Bui 2006], it can be shown, for a point x on the plane P,, that the vectors defined by

B*(x*, yiny) =£'5p, (y —x)

are opposite Dirac delta distributions. Physically, the k-component of the Kupradze—Basheleishvili tensor
is a dislocation dipole in the X direction. The previous relation is often used to describe the displacement
jump on the crack faces.

Appendix B: Single layer potential

The displacement field solution of the elastic problem in the absence of body force can be obtained in
terms of an integral surface S;(x) with a continuous density i; and a kernel Vl.k (x,2):

Si(x) = 2/ VE(x, 2)Yi(z) dS..
02
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By analogy with Newton’s potential, this integral is called the single layer potential. It is continuous
across the surface 0€2, but the corresponding stresses with a component along the normal should be
discontinuous.

According to [Kupradze 1963], the stress vector exerted on the boundary 92 is obtained by using the
traction operator 7" to both sides of the previous equation:

T"S(y*) = £ (y) +2(pv) /a RACEIACLTS

Appendix C: Double layer potential

The displacement field solution of the elastic problem in the absence of body force can be represented
by an elastic potential D;(x) with a continuous density ¢;:

D)= [ Bl zim)s@ dse
a0
It can be established that D(x) is discontinuous across the surface <2 [Kupradze 1963]:
D(x")—D(x") =2¢(x).

The limit of D(x) when x tends to x~ belonging to the surface 92 gives
D) = i)+ [ Bl zim)a@ dse
3Q

References

[Audoly 2000] B. Audoly, “Asymptotic study of the interfacial crack with friction”, J. Mech. Phys. Solids 48:9 (2000), 1851—
1864.

[Bueckner 1973] H. F. Bueckner, “Field singularities and related integral representations”, pp. 239-314 in Methods of analysis
and solutions of crack problems, edited by G. C. Sih, Mechanics of Fracture 1, Springer, Dordrecht, 1973.

[Bui 1968] H. D. Bui, “Transformation des données aux limites relatives au demi-plan élastique homogene et isotrope”, Int. J.
Solids Struct. 4:10 (1968), 1025-1030.

[Bui 1975] H. D. Bui, “Application des potentiels élastiques a 1’étude des fissures planes de forme arbitraire en milieu tridi-
mensionnel”, C. R. Acad. Sci. Paris A 280 (1975), 1157-1160.

[Bui 1977] H. D. Bui, “An integral equations method for solving the problem of a plane crack of arbitrary shape”, J. Mech.
Phys. Solids 25:1 (1977), 29-39.

[Bui 2006] H. D. Bui, Fracture mechanics: inverse problems and solutions, Solid Mechanics and its Applications 139, Springer,
Dordrecht, 2006.

[Bui and Oueslati 2004] H. D. Bui and A. Oueslati, “Solutions exactes de fissure d’interface sous contact frottant avec un
milieu indéformable”, C. R. Mécanique 332:9 (2004), 709-716.

[Bui and Oueslati 2005] H. D. Bui and A. Oueslati, “The sliding interface crack with friction between elastic and rigid bodies”,
J. Mech. Phys. Solids 53:6 (2005), 1397-1421.

[Comninou 1977] M. Comninou, “Interface crack with friction in the contact zone”, J. Appl. Mech. 44:4 (1977), 780-781.

[Comninou and Dundurs 1980] M. Comninou and J. Dundurs, “Effect of friction on the interface crack loaded in shear”, J.
Elasticity 10:2 (1980), 203-212.

[Deng 1994] X. Deng, “An asymptotic analysis of stationary and moving cracks with frictional contact along bimaterial and in
homogeneous solids”, Int. J. Solids Struct. 31:17 (1994), 2407-2429.


http://dx.doi.org/10.1016/S0022-5096(99)00098-8
http://dx.doi.org/10.1007/978-94-017-2260-5_5
http://dx.doi.org/10.1016/0020-7683(68)90020-6
http://gallica.bnf.fr/ark:/12148/bpt6k6216795q/f87.image
http://gallica.bnf.fr/ark:/12148/bpt6k6216795q/f87.image
http://dx.doi.org/10.1016/0022-5096(77)90018-7
http://dx.doi.org/10.1007/978-1-4020-4837-1
http://dx.doi.org/10.1016/j.crme.2004.04.008
http://dx.doi.org/10.1016/j.crme.2004.04.008
http://dx.doi.org/10.1016/j.jmps.2004.12.007
http://dx.doi.org/10.1115/1.3424179
http://dx.doi.org/10.1007/BF00044504
http://dx.doi.org/10.1016/0020-7683(94)90160-0
http://dx.doi.org/10.1016/0020-7683(94)90160-0

366 ABDELBACET OUESLATI

[England 1965] A. H. England, “A crack between dissimilar media”, J. Appl. Mech. 32:2 (1965), 400-402.

[Fukuama and Madariaga 1995] E. Fukuama and R. Madariaga, “Integral equation method for plane crack with an arbitrary
shape in 3D elastic medium”, Bull. Seismol. Soc. Am. 85:2 (1995), 614-628.

[Hills et al. 1996] D. A. Hills, P. A. Kelly, D. N. Dai, and A. M. Korsunsky, Solution of crack problems: the distributed
dislocation technique, Solid Mechanics and its Applications 44, Springer, Dordrecht, 1996.

[Kassir and Sih 1973] M. K. Kassir and G. C. Sih, “Application of Papkovich—Neuber potentials to a crack problem”, Int. J.
Solids Struct. 9:5 (1973), 643—-654.

[Kossecka 1971] E. Kossecka, “Defects as surface distributions of double forces”, Arch. Mech. Stos. 23 (1971), 481-494.

[Kupradze 1963] V. D. Kupradze, Progress in solid mechanics, I11: Dynamical properties in elasticity, North Holland, Amster-
dam, 1963.

[Muskhelishvili 1977] N. I. Muskhelishvili, Some basic problems of the mathematical theory of elasticity: fundamental equa-
tions, plane theory of elasticity, torsion and bending, 2nd ed., Springer, Dordrecht, 1977.

[Nakahara et al. 1972] S. Nakahara, J. B. C. Wu, and J. C. M. Li, “Dislocations in a welded interface between two isotropic
media”, Mater. Sci. Eng. 10 (1972), 291-296.

[Rice 1988] J. R. Rice, “Elastic fracture mechanics concepts for interfacial cracks”, J. Appl. Mech. 55:1 (1988), 98—103.
[Simonov 1990] L. V. Simonov, “An interface crack in an inhomogeneous stress field”, Int. J. Fract. 46:3 (1990), 223-235.

[Suo and Hutchinson 1990] Z. Suo and J. W. Hutchinson, “Interface crack between two elastic layers”, Int. J. Fract. 43:1
(1990), 1-18.

[Tricomi 1985] F. G. Tricomi, Integral equations, Dover, New York, 1985.
[Weaver 1977] J. Weaver, “Three-dimensional crack analysis”, Int. J. Solids Struct. 13:4 (1977), 321-330.
[Weertman 1996] J. Weertman, Dislocation based fracture mechanics, World Scientific, Singapore, 1996.

[Williams 1959] M. L. Williams, “The stresses around a fault or crack in dissimilar media”, Bull. Seismol. Soc. Am. 49:2 (1959),
199-204.

[Willis 1971] J. R. Willis, “Fracture mechanics of interfacial cracks”, J. Mech. Phys. Solids 19:6 (1971), 353-368.

Received 10 Mar 2014. Revised 9 Dec 2014. Accepted 25 Dec 2014.

ABDELBACET OUESLATI: abdelbacet.oueslati@univ-1illel.fr
Laboratoire de Mécanique de Lille, CNRS UMR 8107, Université de Lille 1, 59655 Villeneuve d’Ascq, France

mathematical sciences publishers :'msp


http://dx.doi.org/10.1115/1.3625813
http://bssa.geoscienceworld.org/content/85/2/614.abstract
http://bssa.geoscienceworld.org/content/85/2/614.abstract
http://dx.doi.org/10.1007/978-94-015-8648-1
http://dx.doi.org/10.1007/978-94-015-8648-1
http://dx.doi.org/10.1016/0020-7683(73)90076-0
http://dx.doi.org/10.1016/0025-5416(72)90101-2
http://dx.doi.org/10.1016/0025-5416(72)90101-2
http://dx.doi.org/10.1115/1.3173668
http://dx.doi.org/10.1007/BF00017934
http://dx.doi.org/10.1007/BF00018123
http://dx.doi.org/10.1016/0020-7683(77)90016-6
http://www.worldscientific.com/worldscibooks/10.1142/3062#t=toc
http://www.bssaonline.org/content/49/2/199.abstract
http://dx.doi.org/10.1016/0022-5096(71)90004-4
mailto:abdelbacet.oueslati@univ-lille1.fr
http://msp.org

JOURNAL OF MECHANICS OF MATERIALS AND STRUCTURES

msp.org/jomms

Founded by Charles R. Steele and Marie-Louise Steele

EDITORIAL BOARD

ADAIR R. AGUIAR
KATIA BERTOLDI
DAVIDE BIGONI
YI1BIN FU

IWONA JASIUK

C. W. Lim
THOMAS J. PENCE
DAVID STEIGMANN

ADVISORY BOARD

J. P. CARTER
D. H. HODGES
J. HUTCHINSON
D. PAMPLONA
M. B. RUBIN

PRODUCTION

S1Lvio LEVY

University of Sdo Paulo at Sdo Carlos, Brazil
Harvard University, USA

University of Trento, Italy

Keele University, UK

University of Illinois at Urbana-Champaign, USA
City University of Hong Kong

Michigan State University, USA

University of California at Berkeley, USA

University of Sydney, Australia

Georgia Institute of Technology, USA

Harvard University, USA

Universidade Catdlica do Rio de Janeiro, Brazil
Technion, Haifa, Israel

production@msp.org

Scientific Editor

See msp.org/jomms for submission guidelines.

JoMMS (ISSN 1559-3959) at Mathematical Sciences Publishers, 798 Evans Hall #6840, c/o University of California, Berkeley,
CA 94720-3840, is published in 10 issues a year. The subscription price for 2015 is US $565/year for the electronic version, and
$725/year (4+$60, if shipping outside the US) for print and electronic. Subscriptions, requests for back issues, and changes of address
should be sent to MSP.

JoMMS peer-review and production is managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2015 Mathematical Sciences Publishers


http://msp.org/jomms/
mailto:production@msp.org
http://msp.org/jomms/
http://msp.org/
http://msp.org/

Journal of Mechanics of Materials and Structures

Volume 10, No. 3 May 2015

Special issue
In Memoriam: Huy Duong Bui

Huy Duong Bui JEAN SALENCON and ANDRE ZAOUI

The reciprocity likelihood maximization: a variational approach of the reciprocity gap
method STEPHANE ANDRIEUX

Stability of discrete topological defects in graphene
MARIA PILAR ARIZA and JUAN PEDRO MENDEZ

A note on wear of elastic sliding parts with varying contact area
MICHELE CIAVARELLA and NICOLA MENGA

Fracture development on a weak interface near a wedge ALEXANDER N. GALYBIN,
ROBERT V. GOLDSTEIN and KONSTANTIN B. USTINOV

Edge flutter of long beams under follower loads
EMMANUEL DE LANGRE and OLIVIER DOARE

On the strong influence of imperfections upon the quick deviation of a mode I+III
crack from coplanarity
JEAN-BAPTISTE LEBLOND and VERONIQUE LAZARUS

Interaction between a circular inclusion and a circular void under plane strain
conditions VLADO A. LUBARDA

Dynamic conservation integrals as dissipative mechanisms in the evolution of
inhomogeneities
XANTHIPPI MARKENSCOFF and SHAILENDRA PAL VEER SINGH

Integral equations for 2D and 3D problems of the sliding interface crack between
elastic and rigid bodies ABDELBACET OUESLATI

Asymptotic stress field in the vicinity of a mixed-mode crack under plane stress
conditions for a power-law hardening material
LARISA V. STEPANOVA and EKATERINA M. YAKOVLEVA

Antiplane shear field for a class of hyperelastic incompressible brittle material:
Analytical and numerical approaches
CLAUDE STOLZ and ANDRES PARRILLA GOMEZ

Some applications of optimal control to inverse problems in elastoplasticity
CLAUDE STOLZ

Harmonic shapes in isotropic laminated plates XU WANG and PETER SCHIAVONE

207

219

239

255

265

283

299

317

331

355

367

395

411
433


http://dx.doi.org/10.2140/jomms.2015.10.207
http://dx.doi.org/10.2140/jomms.2015.10.219
http://dx.doi.org/10.2140/jomms.2015.10.219
http://dx.doi.org/10.2140/jomms.2015.10.239
http://dx.doi.org/10.2140/jomms.2015.10.255
http://dx.doi.org/10.2140/jomms.2015.10.265
http://dx.doi.org/10.2140/jomms.2015.10.283
http://dx.doi.org/10.2140/jomms.2015.10.299
http://dx.doi.org/10.2140/jomms.2015.10.299
http://dx.doi.org/10.2140/jomms.2015.10.317
http://dx.doi.org/10.2140/jomms.2015.10.317
http://dx.doi.org/10.2140/jomms.2015.10.331
http://dx.doi.org/10.2140/jomms.2015.10.331
http://dx.doi.org/10.2140/jomms.2015.10.367
http://dx.doi.org/10.2140/jomms.2015.10.367
http://dx.doi.org/10.2140/jomms.2015.10.395
http://dx.doi.org/10.2140/jomms.2015.10.395
http://dx.doi.org/10.2140/jomms.2015.10.411
http://dx.doi.org/10.2140/jomms.2015.10.433

	1. Introduction
	2. Basic equations for the 2D sliding interface crack
	3. The isolated edge dislocation dipole
	4. Solution of the Dirichlet boundary value problem and the singular integral equation for the 2D sliding crack
	5. Integral equations for the sliding planar crack of an arbitrary shape
	6. Conclusion
	Appendix A. The Kupradze–Basheleishvili tensor
	Appendix B. Single layer potential
	Appendix C. Double layer potential
	References
	
	

